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ABSTRACT

This thesis explores topics related to the study of quantum gravity, with a focus on
precision holography and higher-derivative supergravity. First, we study subleading
corrections to the free energy of a particular 3D N = 3 Chern-Simons-matter theory
found by Gaiotto and Tomasiello, which is given by a matrix model after supersym-
metric localization. This theory is dual to massive ITA supergravity on AdS, x CP?,
and consequently, the structure of subleading corrections to the field theory naturally
elucidates the higher-derivative corrections to the gravity dual. We extract the first
order of corrections to the free energy using resolvent methods, and our results imply
that particular terms in the supergravity action should vanish on-shell.

Next, we consider the “unreasonable effectiveness” of five-dimensional minimal
gauged supergravity. There are three independent supersymmetric four-derivative
terms that one can add to the action; nevertheless, after going on-shell (or, equiva-
lently, after a field redefinition that pushes the off-shell discrepancies to six-derivative
order), there is a unique supersymmetric invariant.

Third, we consider the effect of higher-derivative corrections in holographic renor-
malization group flows across dimensions. In particular, we construct a local holo-
graphic c-function out of metric functions and show its monotonicity via the Null
Energy Condition. We also construct a c-function from the entanglement entropy for
flows with a CFTy IR fixed point, and we show that such flows are monotonic.

Finally, we consider consistent truncations of four-derivative heterotic supergrav-
ity. In particular, we show that reducing both on an n-dimensional torus 7™ or on

S3 and truncating the vector multiplets is indeed a consistent truncation at the four-



derivative level. Moreover, we find examples of two-derivative consistent truncations

which fail to extend to four-derivative ones.
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CHAPTER I

Introduction

Einstein’s theory of General Relativity (GR) is wildly successful, encapsulating

much of the dynamics of classical gravity in a single, short line

R, — %Rg,w —Agw = EBZ#TW- (1.0.1)
The left-hand side captures the geometry of spacetime via the Ricci tensor R, the
Ricci scalar R, the metric g,,,, and the cosmological constant A. In contrast, the right-
hand side, proportional to the stress-energy tensor 7),,, is a function of the matter
and energy distribution. Thus, the shape of spacetime is determined by the matter
we put in it, and the curvature of spacetime controls the motion of matter. There
have been many experimental verifications of GR’s predictions, which include the
precession of the perihelion of Mercury’s orbit, the bending of light, the gravitational
redshift of light, Shapiro time delay, frame dragging, and gravitational waves.

However, we know the world is quantum, so we seek to upgrade general relativity

to be a theory of quantum gravity. In principle, we interpret the Einstein equation as



the classical equations of motion corresponding to a field theory with action?

3
Soray = [ Az /= R+ Loatter |+ 1.0.2
& / * g (167TGN + o ) ( )
put it into a path integral
Z g = / Dg D¢ e Sr/M, (1.0.3)

and we have quantum gravity. Unfortunately, this does not work. Unlike the Standard
Model, if we try to quantize the perturbative (Fierz-Pauli) expansion of GR, we
find that the coupling constant (the Planck mass) is dimensionful, and we expect to
obtain a non-renormalizable theory. In other words, general relativity simply fails to
accurately describe the world at sufficiently high energies.

But even classical general relativity contains hints of its non-fundamentality. Con-
sider the simplest (d-dimensional) Schwarzschild black hole solution of mass M with

metric

ds* = <1 — 2GN]V[>c2dt2 + (1 — 202“]25\34) _ldfr2 +72d02_,. (1.0.4)
This becomes singular as r — 0. Being a gauge-dependent object, the metric is not
always a good indicator of singular behavior; there is also seemingly a singularity
at the event horizon r?—3 = 2GyM/c?, but this turns out to just be an artifact of
the coordinate system. However, one can check that invariant objects such as the
Kretschmann scalar (R,,,)* will diverge as r — 0 (and are well-behaved around
the horizon).? Since infinities usually signal the existence of phenomena taking place

at new scales, something about GR must be modified at sufficiently short distances.

!Technically, we should also add a Gibbons-Hawking term to make the variational principle
well-defined.

2Although the singularity is hidden behind a horizon, GR still predicts its existence and an
infalling observer could reach it. A fundamental theory should not have such singularities.



Heuristically, given some localized matter distribution, we expect that quantum ef-
fects should begin to dominate when the Compton wavelength becomes of order the
Schwarzschild radius; this happens when the mass becomes of order the Planck mass,
so we expect the Planck scale to be the energy scale at which the theory breaks down.

Now, given the enormity of the Planck scale, one might naively believe that this
is a problem that only applies to phenomena beyond our capacity of observation such
as black hole interiors and solar system-sized® super-colliders, and that semiclassical*
gravity should be empirically adequate for everything we can observe; but this is too
hasty. Indeed, it has long been known that black holes are thermodynamic objects (see
e.g. [2-9]), even semiclassically. There is a simple thought experiment to demonstrate
this: suppose black holes have no entropy, toss in some (entropy-rich) matter, and let
the system evolve into a new black hole. By assumption, this new black hole would
still have no entropy, and thus the total entropy would have decreased, violating the
second law of thermodynamics. Hence, one concludes that black holes must have
entropy.

In particular, it can be shown that a black hole has a temperature T' related to
its surface gravity x by

T=—2 (1.0.5)
and an entropy S given by one-quarter of its horizon area Ay in Planck units

. k?BCB AH
- Gyh 4

S (1.0.6)

Remarkably, this brings together the various domains of physics: kg refers to sta-
tistical physics, Gy to gravity, ¢ to special relativity, and A to quantum mechanics.

Another surprising feature is that the entropy scales with the area of the black hole,

3To be precise, it may be possible to probe the Planck length with a collider sized as small as
10'% m, which, for context, is a tenth of the distance between earth and sun [1].
4By semiclassical, we mean classical gravity coupled to quantum matter.



rather than the volume as we would have expected. There is thus a sense in which
the degrees of freedom live in one lower dimension.
Being thermodynamic objects, black holes turn out to satisfy the four laws of

thermodynamics
0. The surface gravity (temperature) is constant over its event horizon

1. Conservation of energy®

AM = T dS + QdJ + ®dQ, (1.0.7)

where () is the angular velocity, J is the angular momentum, ® is the electric

potential, and () is the charge

2. The surface area (entropy) of a black hole never decreases®

3. The entropy of a black hole goes to a constant as the temperature vanishes

Now, the fact that black holes have entropy,” by Boltzmann’s famous equation

S = kplog (Y, (1.0.8)

implies that there must be some quantum microstates, but semiclassical gravity offers
no hints of their identity.
All this is to say that there are many open questions regarding quantum gravity.

One approach to address such fundamental questions is to detour through string

5The mass may be thought of as the internal energy for asymptotically flat black holes, but it
should be interpreted as the enthalpy for asymptotically AdS black holes, for which the cosmological
constant functions as a thermodynamic pressure [10].

6This is true classically. Quantum effects cause the black hole to emit Hawking radiation. How-
ever, a generalized second law still holds, in the sense that the total entropy of the black hole-radiation
system still increases.

"For context, a solar mass black hole would have an enormous entropy, on the order of 1077 - k.
That is about twenty orders of magnitude larger than the entropy of the sun itself.



theory, which is the only known UV-complete theory of gravity.® This will lead us to

study holographic duality, which is the theme of this dissertation.

Notation

Having left some unitful quantities for clarity in the preceding discussion, we will
now set i = ¢ = kg = 1 and Gy = 1/167 for the rest of this dissertation, although

we will occasionally leave Gy explicit for emphasis.

1.1 Holography

String theory originated as a theory of the strong nuclear force: In the late 1960s,
it was found that hadrons arranged themselves into Regge trajectories, with squared
energy proportional to their angular momentum, and theorists showed that such a
relationship emerged naturally from a rotating relativistic string. Seemingly unfor-
tunately, attempts to model hadrons as strings came with unwanted massless spin-2
excitations (whereas no such particle appears in usual hadronic physics). However,
such a particle must necessarily mediate a force with the properties of gravity [11].
So, in 1974, Scherk and Schwarz suggested that string theory was not a theory of
nuclear physics but a theory of quantum gravity [12]. Around that time, it was real-
ized that hadrons are composed of quarks and hadronic string theory was abandoned
in favor of quantum chromodynamics.® However, string theory continued to develop
independently as a theory of quantum gravity. The two theories became intertwined
once again in 1974, when 't Hooft considered the large- N limit of Yang-Mills theories
and argued that certain calculations in quantum field theory resemble calculations in

string theory in this limit [14].

8In principle, another candidate would be loop quantum gravity, which is known to be UV-
complete, but it is not known how to recover gravity from the low-energy limit.

9Tt is worth noting that the the string theory approach to non-perturbative quantum chromody-
namics has since been revived, see e.g. [13].



Later, in 1986, Brown and Henneaux investigated the asymptotic symmetries of
three-dimensional Anti-de Sitter (AdS) space [15]. If one considers diffeomorphisms
that leave the asymptotic behavior of the metric unchanged, then the algebra of these

symmetries is precisely the Virasoro algebra with central charge

3L

T oGy

(1.1.1)

where L is the AdS radius. This then hinted at a connection between AdSs; and
two-dimensional Conformal Field Theory (CFT), which also has a Virasoro symme-
try algebra. In 1995, Henneaux, along with Coussaert and van Driel, elucidated
this connection by suggesting that 3D gravity in AdS is equivalent to Liouville field
theory [16].

Meanwhile, in 1993, 't Hooft wrote a paper revisiting black hole thermodynamics
and concluded that the total number of degrees of freedom in a region of spacetime
surrounding a black hole must be proportional to the surface area of the horizon [17].
This holographic principle was subsequently expanded upon by Susskind in [18].

Finally, in 1998, Maldacena published his landmark paper that initiated the study
of AdS/CFT [19]. The essential observation was that there are two descriptions of
branes: One is the string/M-theoretic description of D/M-branes, and the other is
the supergravity description. The string/M-theoretic description gives a conformal
field theory living on the worldvolume traced out by the brane. On the other hand,
the supergravity description generally has a near-horizon limit that resembles AdS.
Hence, Maldacena conjectured that the two descriptions are, in fact, the same.

Specifically, we get a “holographic dictionary” that relates gravity and CFT quan-
tities. This dictionary generally depends on the precise correspondence under consid-
eration, but as an example, we may consider the duality obtained from a stack of N

coincident D3-branes in IIB string theory. There is both an open string description as



well as a supergravity description of these branes, which leads to the duality. On the
gravity side of this correspondence, we have IIB supergravity on AdSs x S° with N
units of flux through S°; string coupling g, AdS radius L, and string length o/ = ¢2.
On the CFT side, we have d = 4, N' = 4 super-Yang-Mills with gauge group SU(N)
and coupling gy These parameters are then related by

2 2 L2 ?

O{,

This dictionary tells us quite a bit about the dual field theory. In particular, the
supergravity description is valid for g, < 1 and o//L* < 1. This tells us that we
must have gyyy < 1 and N > 1 such that the effective coupling A = g3\ N > 1.
That is, while the gravity theory is weakly coupled, the dual field theory is strongly
coupled.

We also see that the symmetries match on both sides of the correspondence. The
AdS;5 isometry group and the 4D conformal group are both SO(4, 2); similarly, S° has
isometry group SO(6) and the R-symmetry group of N'=4 SYM is SU(4) ~ SO(6),
so we see that the “internal”!’ dimensions geometrize the R-symmetry. This is only
the bosonic symmetries, but a more careful analysis involving fermions reveals that
the full PSU(2,2 | 4) symmetry matches.

This correspondence was subsequently fleshed out in papers by Gubser, Klebanov,
and Polyakov [20] and Witten [21]. In Poincaré coordinates, the boundary of AdS

lies at z = 0, and bulk supergravity fields have boundary behavior

o(z, 2) o~ 2A¢(0) (x), (1.1.3)

where ¢ generically refers to any field and A corresponds to the conformal scaling

107 is a bit misleading to refer to the S° as “internal” since the S® radius and the AdSs radius
are equal. However, one may still consider a consistent truncation to AdSs.



dimension. ¢ is then interpreted as the source of the CF'T operator O of dimension
d — A, where d is the dimension of the dual CFT. This then means that we may
equate the bulk partition function of supergravity subject to the boundary condition

(1.1.3) with the generating functional of the CFT

Zsugra $—b(0) = ZCFT[QS(O)] (114)

This implicitly gives us n-point functions of O and formalizes the notion that “the
CFT lives on the boundary.” Making use of the semiclassical limit of supergravity,
we may use the stationary phase approximation

Zsugra ~ eusugma (1 15)

where we have used I to denote the on-shell action.!! Notably, this gives us a tractable
way to do computations for a strongly coupled field theory.

Moreover, this correspondence naturally incorporates temperature. In particular,
one may consider asymptotically AdS supergravity solutions, such as a black hole. In
Euclidean signature, the black hole temperature 1" causes time to have an asymptotic
periodicity § = 1/T. For the case of the Schwarzschild black hole, this results in a
cigar geometry, as shown in Figure 1.1. Notably, the boundary time is identified with
the CFT time, so this periodicity extends to the CFT. Thus, we see that the CFT is
also at temperature T'.

Of course, the idea of gauge/gravity duality is broader than the original AdS/CFT
correspondence. In particular, there are generalizations away from conformal sym-
metry to more general Quantum Field Theory (QFT) [22], as well as generalizations

away from AdS to Minkowski [23] and dS [24]. There are also bottom-up constructions

"This is in contrast to the “off-shell” action S[g, ¢], which is a functional that may take as input
any choice of field configuration, whereas the on-shell action I is a function of the boundary data
obtained by plugging a saddle-point configuration into S.



Figure 1.1:
1Bt The Schwarzschild geometry in Euclidean signature. Here the angular di-

rections are suppressed, which should be interpreted as a non-contractible
S9=2 at each point. The geometry smoothly caps off as we go to the hori-
zon (hence the time circle is contractible), while as r — oo, we have
periodicity 5.

that do not a priori originate from string theory or even require supersymmetry, such
as the AdS3/CFTy [16, 25], JT/SYK!'? [31], Kerr/CFT [32], and higher-spin/O(N)
[33] correspondences. This hints that holography is a general property of gravity,
and hence understanding holography implies understanding (at least some part of)
gravity. In particular, because the field theory side is generally well-defined for all
parameter regimes, holography provides a non-perturbative definition of quantum

gravity.

1.2 Supergravity

Supergravity has a long and rich history starting with its discovery in 1976 [34, 35,
and much effort has been devoted to its study (see e.g. [36, 37]). However, for our
purposes, it boils down to general relativity coupled to appropriate choices of matter
(gauge fields, scalars, spinors, etc.) in such a way as to also respect supersymmetry.
Equivalently, it is a theory of local supersymmetry [38]; this follows from the fact that
the supercharges generically anticommute to the momentum operator, which means

that to gauge diffeomorphisms, we must gauge supersymmetry and vice versa.

12 Although it will not be relevant for our present purposes, the JT/SYK correspondence provides a
duality between a near-AdSs dilaton gravity due to Jackiw and Teitelbohm [26, 27] and a particular
conformal quantum mechanics due to Sachdev, Ye, and Kitaev [28-30].



Motivated by the preceding discussion of holography, we are predominantly inter-
ested in classical supergravity solutions since we work in the large-NV, large-\ limit,
where Gyh < 1. In general, any non-vanishing fermion vacuum expectation value
would violate our spacetime isometries, so the fermions must be set to zero. Since
we want to remove the fermions anyway, we just work with the bosonic terms in
the action.'® Imposing supersymmetry then reduces to checking the vanishing of the
fermion supersymmetry variations, giving us relations that we will refer to as the

Killing spinor equations.

1.2.1 Higher derivatives

Many quantum field theories, especially non-renormalizable ones, are now gen-
erally thought of in the framework of Effective Field Theory (EFT); in particular,
Einstein gravity may be viewed as a low energy EFT of some UV complete theory of
quantum gravity [40]. From this perspective, one can be agnostic about what precise
theory the UV completion entails so long as we stay within appropriate kinematic
regions. It has long been known that the one-loop renormalization of Einstein gravity
contains higher-derivative corrections [41-45] (see also [46] for the case of two loops).
So, from a Wilsonian RG perspective, it is natural to include higher-derivative cor-
rections as irrelevant operators modifying the EFT at high energy. Several methods
for constructing such higher-derivative corrections are the Noether procedure [47],
superconformal tensor calculus [39, 48-51], ordinary superspace [52-56], harmonic
superspace [57], the superform method (ectoplasm) [58-60], and holography [61, 62].
See [63] for a comprehensive review.

Conversely, if we consider our UV completion to be a (super)string theory, then
the string has some finite size characterized by o/ = ¢2. So, if we take the relevant

curvature scale L to be much larger than the string length, L?/a/ > 1, it is natural

13The unwary reader may naively think that the fermion terms “can’t be that bad.” Said reader
is directed to look at the 227 pages of fermion terms in [39].

10



to expand the action in powers of a’. Since o/ has units of (Length)?, we also need
a couple of powers of inverse length that naturally come in the form of derivatives.
This leads to the well-known string effective actions, with the zero-slope limit being
precisely two-derivative (super)gravity. In particular, string theories have massless
modes (which we shall schematically denote ¢g) in addition to an infinite tower of
massive modes (which we shall schematically denote ¢,,), and the effective actions are

obtained by integrating out these massive modes,
etSeft[Po] — /D¢n eiS[¢0,¢’n]7 (1.2.1)

whose influence is encoded in derivatives of the massless fields, containing both clas-
sical and loop contributions. In practice, these are generally obtained from S-matrix
elements [64, 65|, sigma model S-functions [66, 67], imposing local supersymmetry
[68-71], imposing T-duality [72-76], using Double Field Theory [77-82], or using
string field theory [83-85].

One might be interested in such higher-derivative corrections because they corre-
spond to subleading (in N) corrections in holography. As an example, we may revisit
the example of IIB supergravity on AdSs x S°, with holographic dictionary given
in (1.1.2). Higher-derivative corrections give us extra powers of o/, corresponding to
subleading corrections with respect to N. This pushes us away from the strict N = oo
regime and allows us to do precision holography.

Now, a word of caution is in order. We must treat these higher-derivative terms
as corrections, or else we suffer from the infamous Ostrogradsky instability [86]. The
essential point is that a higher-derivative action, which is not thought of as corrections
to the two-derivative theory, will generically have a Hamiltonian not bounded from
below. At the quantum level, such a theory suffers from pathologies such as position

and momentum commuting, as well as ghost modes. To build some intuition, consider
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the example of a massless scalar in flat space (see [87]). We may consider a higher-

derivative modified Klein-Gordon equation
a —2
(D+——D)¢:Q (1.2.2)

where M? is some high-energy scale analogous to 1/a’ (and required for the dimen-

sions to work out). The propagator is thus

A@:Eai%ﬂ:%_ﬁ%:' (1.2.3)
The 1/p? pole is associated with the usual massless scalar, whereas the second pole
is associated with additional massive modes. For a < 0, these modes are tachyonic,
but for any choice of a they are ghosts. This is because their contribution to the
propagator has the wrong sign and must correspond to a negative-norm state. One
might hope this is a pathological example, but it is a general feature of higher-
derivative theories.

The problem is that the equations of motion become higher-order in derivatives,
which require more initial data to specify a solution. So we are forced to view the
system as having additional degrees of freedom. If we view the higher derivatives
simply as corrections and expand perturbatively around the two-derivative solutions,
then we have the same degrees of freedom as the two-derivative theory, and all our
issues with instabilities and ghosts go away [88-91|. Effectively, this discards solutions
that are not continuously connected to the two-derivative solutions, which gives us
a decrease in degrees of freedom. In the above example, we see that the ghost term
in the propagator diverges as a/M? — 0, so it would be discarded. This prescription
makes sense since we would have gotten the same result by taking the full string

4

effective action!? and expanding in «'; requiring convergence to the original string

141f we pretend for the moment that we knew the string effective action to all orders in o’.
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action automatically discards the spuriously divergent solutions. Said another way,
the spirit of effective field theory is to use the IR degrees of freedom and compute
corrections perturbatively, and we are safe so long as we do that.

However, there is a notable exception to this instability, which is when the higher-
derivative terms still lead to second-order equations of motion: This happens for the

so-called Lovelock terms [92]

6_1,60 = A,
6_151 = R,

e 'Ly = Ryupo R — 4R, R" + R,

e 'L, = 27551;11 At HRWT s (1.2.4)

where the n-th Lovelock term is the Euler density in 2n dimensions, with the zeroth
Lovelock term being a cosmological constant and the first being the usual Einstein-
Hilbert term. Since the Lovelock terms always lead to second-order equations of
motion,'® they may be treated as a proper theory without viewing them as corrections.

That being said, in this dissertation, we will still treat them as corrections.

1.2.2 Compactifications and consistent truncations

The idea of dimensional reduction dates back more than a century to the 1914
work of Nordstrém [93], who formulated a unified theory of electromagnetism and
scalar gravity starting from five-dimensional Maxwell theory, work which predates
Einstein’s 1915 theory of general relativity [94]. It was Kaluza [95] who showed in 1921
that reducing general relativity from five to four dimensions yields gravity coupled

to electromagnetism and a massless scalar, which was subsequently often set to zero.

15Such a higher-derivative term in the action is called quasi-topological.

13



Klein [96] later came up with the idea of compactifying this fifth dimension on a
circle, which led to an expansion in Fourier modes, known as the Kaluza-Klein (KK)
tower. By identifying the first Fourier mode with the electric charge, he was able
to compute the radius of the compact dimension, which turned out to be of order
the Planck length, and gave a geometric explanation for the quantization of electric
charge. On the other hand, it predicted that the first massive mode was of order the
Planck mass.

It was not until the work of Jordan in 1947 [97] and Thiry in 1948 [98] that it
was appreciated that it is inconsistent to set the scalar to zero unless the Maxwell
field is also set to zero. Later, in 1969, Hawking [99] considered the consistency of
dimensional reductions in the context of Bianchi cosmologies obtained by reducing GR
on a three-dimensional Lie group. He found that if the structure constants were not
traceless (i.e., if the group was not unimodular), then the reduction of the equations
of motion failed to match the equations of motion of the reduced Lagrangian. This
requirement was pointed out in more general reductions by Scherk and Schwarz in
1979 [100].

Let us now review the circle KK reduction to illustrate several important points.

We start with a metric in D 4+ 1 dimensions and decompose it as
d5? = gyndiMdiN = g, datda” + e*(dz + A, dat)?, (1.2.5)

where hats denote (D+1)-dimensional quantities and we have split the coordinates as
M = (2t 2). If we allow g, A, and ¢ to depend on both x and z then this is simply
a rewriting of the original metric in a particular gauge. However, we are usually
interested in getting a D-dimensional theory out, so we further impose the cylinder

condition

8. =0, (1.2.6)
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which is the statement that nothing depends on the internal coordinate z. This lets
one view the (D + 1)-dimensional spacetime manifold as a circle fibration over a
D-dimensional base.'® Moreover, the U(1) subset of (D + 1)-dimensional diffeomor-
phisms

z =z — Maz), (1.2.7)

leads to a gauge symmetry

A= A+d), (1.2.8)

and so A is naturally interpreted as a U(1) gauge field. This geometrizes the Maxwell
gauge symmetry.

There are two distinct but often confused philosophies of dimensional reduction
that we wish to distinguish: compactification and consistent truncation. In a com-
pactification, one views the resulting theory as merely an effective description of a
truly (D + 1)-dimensional theory. Hence, the fields, which we will schematically

denote as \if(x, z), may be expanded into Fourier modes as

U(x,z2) = an(a:)emzm, (1.2.9)

ne”Z

where R is the radius of the circle. We may view this as rewriting each (D + 1)-

dimensional field as an infinite tower of D-dimensional fields. The inverse is given
by

Up(x) = /027r dz e ™/ B (z, 2). (1.2.10)

Returning to our earlier example of a circle reduction, if we set A = 0 = ¢ for

16Tt is very common to refer to putting a theory on M x X. This is almost always a warped
product or just a general fibration, and rarely ever a direct product as the symbol x implies.
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simplicity!” and consider the Klein-Gordon equation for the dilaton ¢, we see

o0

Op(z,2) = Y <D— %Z)%@)émm. (1.2.11)

n=—oo

That is, the n-th mode has an effective D-dimensional mass of |n|/R. So if the
compactified dimension is very small (compared to all other relevant length scales),
then the mass is very large, and all the modes decouple. So we may effectively only
consider the zero modes ¢q, but with the idea that if we went to high enough energies,
we would see those massive modes appearing. We will take this perspective in Chapter
IV.

On the other hand, the idea of a consistent truncation is simply to view the reduced
theory as a solution to the equations of motion. That is, the cylinder condition is
consistent if the equations of motion that we get from the reduced Lagrangian match
the reduced equations of motion from the original Lagrangian, i.e., we want the

diagram

0, =0

L
9. =0

&

L &

to commute, where £ (£’) denotes the equations of motion obtained by varying (§)
the Lagrangian £ (£’). This ensures that solutions of the reduced theory uplift to
solutions of the original theory. In this sense, consistent truncations generate a new
(generally simpler) theory from one we already have, and the higher-dimensional
theory functions as an intermediate device. We will take this perspective in Chapters

V and VI. This perspective also allows us to easily see why we cannot set the scalar

17Otherwise, we would get a mess of interaction terms that obscure the point. This is, of course,
how one sees the appearance of a gauge-covariant derivative.



to zero:'® It is sourced by the Maxwell field

O¢ o< F2, (1.2.12)

where F' = dA locally, and so the truncation would only be consistent if we set F' = 0
too.

As it turns out, the cylinder condition always results in a consistent truncation
on a circle. This has to do with group theory. The situation that one worries about,

as with the dilaton above, is a field equation of the form

OH = 12, (1.2.13)

where H is a field we wish to truncate and L is a field we wish to keep. However,
for the cylinder condition, L must necessarily be a singlet under the U(1) isometry
of S, while H is necessarily charged under U(1). But no product of non-singlets can
produce a singlet on S', so nothing can ever go wrong. Likewise, it is straightforward
to generalize this procedure to the torus, which we will have more to say about in

Chapter V.

1.3 Overview of the dissertation

This dissertation explores topics in holography and supergravity in the pursuit
of further advancing our understanding of quantum gravity. The work presented is
based on articles written with my advisor Professor James T. Liu and collaborators,
Professor Leopoldo Pando Zayas and Evan Deddo. In the following, we give an
overview of the structure of the remaining parts of the thesis. A more extensive

introduction to these topics will be given in each chapter.

184 e., the further truncation ¢ = 0 is generically inconsistent in the above sense.
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Chapter II

In this chapter, we study subleading corrections to the genus-zero free energy of
the N' = 3 Gaiotto-Tomasiello theory. In general, we obtain the endpoints and free
energy as a set of parametric equations via contour integrals of the planar resolvent
up to exponentially suppressed corrections. In the case that the two gauge groups in
the quiver are of equal rank, we find an explicit (perturbative) expansion for the free
energy. If, additionally, both groups have equal levels, then we find the full expression
for the genus-zero free energy, modulo exponentially suppressed corrections. We also
verify our results numerically.

This chapter is based on [101].

Chapter 111

In this chapter, we study four-derivative corrections to pure N'= 2, D = 5 gauged
supergravity. In particular, we find that, up to field redefinitions, there is a single
four-derivative superinvariant that one can add to the action, up to factors of the
two-derivative action. Consequently, this selects a unique set of coefficients for the
four-derivative corrections. We confirm these coefficients (in the ungauged limit) on
the BMPV solution.

This chapter is based on [102].

Chapter IV

In this chapter, we study the role of higher-derivative corrections to Einstein
gravity in the context of gravitational theories describing renormalization group flows
across dimensions via AdS/CFT. We use the Null Energy Condition to derive mono-
tonicity properties of candidate holographic central charges formed by combinations
of metric functions. We also implement an entropic approach to the characterization

of the four-derivative flows using the Jacobson-Myers functional and demonstrate,
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under reasonable conditions, the monotonicity of certain terms in the entanglement
entropy via the appropriate generalization of the Ryu-Takayanagi prescription. In
particular, we show that any flow from a higher dimensional theory to a holographic
CFT, satisfies a type of monotonicity. We also uncover direct relations between
NEC-motivated and entropic central charges.

This chapter is based on [103].

Chapter V

In this chapter, we consider the torus reduction of heterotic supergravity in the
presence of four-derivative corrections. In particular, the reduction on T generically
leads to a half-maximal supergravity coupled to n vector multiplets, and we show that
it is consistent to truncate out said vector multiplets. This is done by analyzing both
the bosonic equations of motion and the Killing spinor equations. As an application of
the consistent truncation, we examine the four-derivative corrected BPS black string
that reduces to a black hole in minimal nine-dimensional supergravity.

This chapter is based on [104].

Chapter VI

At the two-derivative order, the group manifold reduction of heterotic supergravity
on S? results in a half-maximal 7D gauged supergravity coupled to three vector mul-
tiplets, and a further truncation can be taken to remove the vector multiplets. In this
chapter, we demonstrate that this truncation remains consistent at the four-derivative
level; we do so both by analysis of the equations of motion and the supersymmetry
variations.

This chapter is based on [105].
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CHAPTER II

Subleading Corrections in N = 3

Gaiotto-Tomasiello Theory

As discussed in Chapter I, the AdS/CFT correspondence conjectures a remark-
able equivalence between large-N gauge theories and string/M-theory on asymp-
totically AdS backgrounds. In this context, Chern-Simons-matter theories are of
particular interest in regards to the dynamics of M2-branes [106-112]. In particu-
lar, the worldvolume theory of N coincident M2-branes probing the singularity of
a C1/Z;, orbifold was constructed in [112] and is known as the Aharony-Bergman-
Jafferis-Maldacena (ABJM) theory. ABJM theory is an N = 6, U(N)x x U(N)_4
Chern-Simons-matter theory, and in the large-/N limit is dual to either M-theory on
AdS, x S7/7Z;, or 1IA string theory on AdS,; x CP?, depending on the limit taken.

ABJM theory and its holographic dual provide an excellent opportunity to probe
the dynamics of string/M-theory as well as quantum gravity and AdS, black holes.
However, as AdS/CFT is a strong/weak coupling duality, it is highly non-trivial to
directly compare both sides of the duality. Nevertheless, certain path integrals in
superconformal Chern-Simons-matter theories reduce to matrix models via super-
symmetric localization [113, 114]. Such localization techniques have long been stud-
ied in the context of supersymmetric and topological QFTs, and the application of

[113, 114] to superconformal field theories have proven a powerful technique to ana-
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lyze observables via matrix models. In particular, ABJM theory can be localized to a
two-matrix model [114], which can then be studied via standard methods of random
matrix theory or by novel methods such as the ideal Fermi gas approach [115].
Many important results have been obtained for the supersymmetric partition func-
tion and Wilson loop observables in ABJM theory [115-118] and the ABJ generaliza-
tion [119-122]. In particular, the S® partition function at fixed Chern-Simons levels

k and —k was shown to have the form of an Airy function

-1/3 -1/3
750 2 AR A 2 N 1k
ABIM 2k 2k 3k 24

where A(k) encodes certain quantum corrections and Z,, is a non-perturbative con-

tribution. Taking F' = log Z then leads to a fixed k expansion of the free energy

as

2 T K2 1 1
F = TRRVRNS2 [ 2\ NY2 4 Zlog N + O(1). 2.0.2
ABIM 3 NTACY + 3 + 1 og N + O(1) ( )

In the M-theory dual, the N3/ term can be matched to the on-shell classical super-
gravity action, while the N/ term is related to eight-derivative couplings in M-theory
[123, 124] which reduce to four-derivative couplings in AdS, supergravity [125, 126].
The Airy function form of the partition function holds for a wide range of Chern-
Simons-matter theories beyond ABJM theory. Then, by expanding the Airy function
at large IV, one can see that the %L log N term is universal to this full set of theories. As
an important test of quantum gravity, this log term has been reproduced successfully
by a one-loop calculation in eleven-dimensional supergravity on AdS,; x X7 [127].
Given the remarkable successes of precision tests of ABJM holography, we wish to
extend such investigations to the Gaiotto-Tomasiello (GT) case [128]. The GT theory
is an N’ = 3 Chern-Simons-matter theory and can be thought of as a generalization of

the ABJM theory to arbitrary Chern-Simons levels, k; and ko, with Fy = ki + kg # 0.
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This model is dual to massive IIA supergravity with Fy playing the role of the Romans
mass [129]. The leading order behavior of GT free energy is [130-132]

35/3 7

a1 = s oume "kt k) N (2.0.3)

The N°/3E'/3 scaling is in contrast to the N3/2k'/2 scaling of the ABJM free energy
and has confirmed on the supergravity side [133]. While this leading-order behavior
is well established and generalizes to a large class of N/ = 3 necklace quiver models
with Fj # 0, less is known about its subleading corrections, which is the focus of this
chapter.

Although the partition function for GT theory can also be mapped to a corre-
sponding ideal Fermi gas system, unlike for the ABJM model, the resulting expression
does not take the form of an Airy function [115, 134]. Furthermore, the mapping to

the quantum Fermi gas system promoted in [115] involves taking

47 1 1
— = — . 2.0.4
h ki ko (2.0.4)

This demonstrates that a small & expansion is in tension with taking ki ~ ks, the
natural realm for exploring the free energy in (2.0.3). We thus find it more natural to
work directly with the GT theory partition function written as a two-matrix model.
While a saddle point analysis was performed in [134], here we use a standard resolvent
approach and compute the genus-zero partition function as an expansion in inverse
powers of the 't Hooft parameter ¢ = g,N with g = 27mi/k where k is an effective

overall Chern-Simons level. For equal levels, k = k1 = ko, we find (at genus zero)

_ 1|3 /3x2\*? C3)\"? 72
k1=ko

up to exponentially small corrections in the large [¢| limit.
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To highlight the first subleading corrections to the planar free energy, we substitute
t = 2miN/k into (2.0.5) and expand to obtain

plite = T gy, Ty iﬁ)e*%i/f‘g(?))k‘*/?’]\ﬂ/?’ +0(1). (2.0.6)
ot 10 24 872

The leading order N°/% term matches (2.0.3), while the linear-N term was previously
obtained in [134], and is pure imaginary for real Chern-Simons levels. At the next
order, we find a N%/® term with a coefficient proportional to ¢(3). This term is of
O(1/t) compared to the leading order and has a natural interpretation in the massive
ITA supergravity dual as originating from a tree-level o*R* coupling.

The rest of this chapter is organized as follows. In Section 2.1, we predominantly
follow [130] in summarizing important results about the planar limit and the resolvent
in GT theory. We then proceed in Section 2.2 to obtain the planar free energy from the
resolvent in the limit of large 't Hooft coupling and further check our results against
numerical data. Finally, we conclude in Section 2.3 with some open questions. Some

of the more technical calculations are relegated to two appendices.

2.1 GT theory and the planar resolvent

GT theory is an N = 3 superconformal Chern-Simons-matter theory with U (Ny)y, X
U(N2), gauge group and quiver diagram given in Figure 2.1. It was originally con-
structed as a deformation of ABJM theory in [128] by allowing the two U(NN) quivers
to take on arbitrary ranks and levels, which in turn knocks the supersymmetry down
from V' = 6 to N/ = 3. On the dual gravity side, which was constructed to first order
in perturbation theory in [135], this corresponds to turning on a nonzero Romans
mass Fy = ki + ko, which is a O-form R-R flux sourced by D8-branes. The supergrav-
ity description then corresponds to the massive ITA theory where the 2-form NS-NS

B-field acquires a mass precisely equal to Fy by “eating” the 1-form gauge field in a
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U(N1)wd U(N2)k,

Bl B‘)

Fi 2.1:
1B The N = 3 GT quiver diagram. A; and A, are bifundamental hypermul-

tiplets and B; and B, are anti-bifundamental hypermultiplets coupling
the nodes of the quiver.
Higgs-like mechanism [129]. It is generally believed that there is no M-theory limit
[133] when this mass is non-vanishing.
Since GT theory still retains A/ = 3 supersymmetry, its partition function can be
localized following [114], just as in the AJBM case. The resulting matrix model takes

the form

d —S(ui,v5)
N1'N2 /H = H ”J S( (2.1.1)

where the action is given by

. Ny . No Ny 2 (Ui—Uj No 2 (Vi—V;
-s _ iky 2, ko o| Iids smh ( ) Hz<j sinh ( )

Since there are two independent Chern-Simons levels, k; and ks, we can define two
't Hooft couplings, A\ = Ni/k; and Ay = Ny/ky. However, to highlight the planar
limit, we find it more convenient to follow [130] by introducing an auxiliary parameter
k and defining

2mi N 2miN. k k
w1 Ny ty = m 2, Ky = —1, Ky = f (2.1.3)

1=

The planar limit is then taken by sending k& — oo while holding ¢; and &; fixed.
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Written in terms of the above quantities, the action now takes the form?

g 1 Klltl i 2 i Iﬂ?ztg i 2 t% il . h2 U; — Uy
= — | — U — v; - — 0g Sin I —
G2 2Neim M i<j ° 2
12 Q2 Vi — 05 tily e 2 U — U,
—FQQ log sinh® = 5 ! +N1]$22210gcosh2 - 5 L, (214)
2 o i=1 j=1

where we have introduced g, = 27i/k. While the physical Chern-Simons levels k;
and ko are real, below we will analytically continue to imaginary levels such that
the couplings ¢; and k; are real. This will allow us to work with a real action and
corresponding real saddle point equations. In particular, varying the action, (2.1.4),

with respect to u; and v; gives the saddle-point equations

t & U; — U ty 2 U; — v
_ 11 (A R i Vg
Kil; = N, Zcoth 5 N, Ztanh 5 (2.1.5a)
J#i =1
by 2 v; — v t & v; — U
_ 2 [ R ]
KoU; = N ;coth 5 N, jzltanh 5 (2.1.5b)
J#i =

At this stage, it is convenient to switch to exponentiated coordinates

2 = e™, w; = —ev. (2.1.6)

Making note of the sign in the definition of the {w;}, the saddle-point equations then

take the form

N1 N2
t1 Zi + 25 to 2 +w;
logz =+ 215 2N~ ETH 2.1.7
K1 log z ngzi—zj Ngj;zi—wj’ ( a)
N2 Nl
to W; + W, t1 W; + 25
log(—w;) = — - J _ - 2.1.7b
KQOg( w) Ngzwi—wj lewi—zj ( )

J#i i=1

!Note that this choice of parameters differs from that of [130] in the choice of sign of 2 and k.
In partiCUl&r, (t2)there = (*t2)here and (HQ)there = (*HZ)here-
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We now define the planar resolvent in terms of the exponentiated variables

t iz+zi ty 2 4 4wy

:Fl _

v(z) == v1(2) — v2(2) : (2.1.8)

2=z Ny z—w

1=

where the eigenvalues {zl}f\;ll and {wi}fvjl solve the saddle-point equations (2.1.7). In
the planar limit, & — oo, we expect the eigenvalue distributions {2}~ to localize
to a cut [c,d] C RY and {w;}2, to localize to a cut [a,b] C R™. We thus introduce

eigenvalue densities p(x) and p(z) and write the planar resolvent as

d z+x b z+x
v(z) ::tl/ dz p(x) i —tg/ dz p(x) i (2.1.9)

z2—x z—x

Note that v(z) has branch-cut discontinuities along [a,b] and [c, d] where the eigen-
values condense. In terms of this resolvent, we can rewrite the saddle-point equations

quite simply as

k1logz = 3[v(z +i0) + v(z — 0)], y € [, d], (2.1.10a)

—rolog(—z) = [v(z +i0) + v(z — i0)], y € la, b]. (2.1.10Db)

These equations can be solved by standard methods that have been developed in
random matrix theory (see e.g. [136]).

The planar resolvent for GT theory was already worked out in [130] by solving the
Riemann-Hilbert problem. The idea is to convert the saddle-point equations (2.1.10),
which correspond to the principal value of the resolvent along the two cuts, into

corresponding discontinuity equations by introducing

f(z) = . (2.1.11)

26



We then use Cauchy’s theorem to write

f(2) zf%ﬁ, (2.1.12)

where the contour is a small circle surrounding z. By deforming the contour to go
around the two cuts and using the saddle-point equations, we can obtain an integral

expression for f(z). Converted back to the resolvent, v(z), we finally obtain [130]

o (1 log(e) VE—AGE=DE=aGE=4

v(z) = — dx

o= P (e CED T CET]
v [0 log(—2) VE—aG-DE=aGE—1
— dx . 2.1.13
+2 [t N CEDEEDEET Y] (21.13)

This is the starting point for the subsequent analysis.

2.1.1 Fixing the endpoints

While the GT theory is parametrized by the couplings #; and t,, the expression
(2.1.13) for the resolvent is instead parametrized by the endpoints a, b, ¢, d of the two
cuts. We thus want to relate these two sets of parameters. The problem can be
simplified by noticing that the saddle-point equations, (2.1.7), are invariant under
z — 27t and w — w™!. This suggests that the eigenvalue distributions should also

be invariant under this map, which leads to an ansatz

ab =1, cd = 1. (2.1.14)

It was shown in [130] that this ansatz is consistent with the constraints imposed by
the asymptotic behavior of the resolvent v(z) in the limits z — oo and z — 0. We

must still relate the two undetermined parameters (say a and d) to the couplings ¢,
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and t,. This can be done using the relations

t, = LY{ dz@, (2.1.15a)
C1

4w

z
ty = L]{ dz@, (2.1.15b)
dmi Je, z

which can be derived directly from the expression (2.1.9) for the resolvent. Here C;
and Cy are contours enclosing the branch cuts [c, d] and [a, b], respectively.

While the resolvent, (2.1.13), does not appear to admit a simple analytic form, we
can work with it as an integral expression. This is facilitated in the strong coupling
limit ¢,%5 > 1, where it was shown in [131] that the endpoints of the two cuts scale

uniformly when ¢; ~ t; — co. In particular, making note of (2.1.14), we let
a=—e“, b= —e ¢, c=e", d=¢é". (2.1.16)

Since the strong coupling limit is taken with o & 3, we find it convenient to further

parametrize the endpoints by
a=vy+9, B =~—0. (2.1.17)

The symmetric case, t; = ty and k1 = K9, corresponds to 6 = 0 and

K1+ Ko 3
37T2 Py ?

at least to leading order [131]. More generally, the scaling ¢; ~ +* continues to hold,
while ¢ is of subleading order compared with . The relation between {v,d} and

{t1,t2} will be worked out in more detail below.
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2.1.2 Computing the free energy

While the leading order free energy, (2.0.3), can be obtained directly from a large-
N saddle point solution [132], since we are interested in subleading corrections, we
will instead work with the resolvent, following [130, 131]. In particular, making the
identification g5 = 2mi/k, the free energy can be written in the form of a genus

expansion

F=> g2F,t). (2.1.19)
g=0

It has long been known that the genus-zero free energy, Fy(t), for such matrix mod-
els can be written as an integral of the planar resolvent over a particular contour
[137-139].2 The basic idea is to look at the change in the leading order free energy
from adding one eigenvalue to the branch cut and use this to deduce the derivative
of the genus-zero free energy with respect to the 't Hooft parameter. The resulting
expression can then be shown to be an integral of the resolvent around the B-cycle,
a contour that starts at infinity on one Riemann sheet, passes through the branch
cut, and goes off to infinity on the other Riemann sheet. This results in a beautiful
geometric picture, where the A-cycle determines the endpoints and the B-cycle de-
termines the free energy; this is depicted in Figure 2.2 for the Chern-Simons matrix
model. This is the strategy we will employ for GT theory.

The two-node GT theory has two gauge groups whose eigenvalues condense along
separate cuts in the complex plane. As a result, there are two B-cycle integrals to
consider. We start by taking the genus-zero free energy Fy = ¢2S|y_, . from the
effective action, (2.1.4). For the first gauge group, we play the trick of adding one

more « eigenvalue to the first branch cut (i.e. we take Ny — Nj + 1). The 't Hooft

2Note that our convention for the free energy differs from that in [138, 139] in that we take the
free energy to be F' = —log Z.
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Figure 2.2:

The A and B-cycle contours for Chern-Simons theory. Note that the

Riemann sheets are curled up due to the 27i periodicity of the resolvent.

parameter correspondingly changes by At; = 27 /k. This gives

Aty 2 Ny 2

i

Integrating the resolvent, (2.1.8)

Ny
tl Z+ZZ
vil(z) = Ezz—zi’

we then obtain

A

N1 ~ e
131 o U — dz
— | h = — t1(A —log4
N ;1 og sin 5 /e v1(2)— + ty( og4),

i z

AF, & 1 & 0 — u; 1 i — vy
0 = 2lg? —751—zi:10gsi1ﬂh2 : —|—t2EZlogcosh2 5 B

(2.1.20)

(2.1.21)

(2.1.22)

where A is a large cutoff, and we have dropped exponentially small terms of the form

e A, Using this expression and a similar one for the integral of vy(z) gives, in the

large-N limit

A

F €
OF, :@ﬁz+/ U(Z)%—(tl—tg)(/&—logél).

30

(2.1.23)



Figure 2.3:

The integration contours (in exponentiated coordinates) used in the
derivation of the genus-zero free energy. Note that we no longer have
the 2w periodicity of the Riemann sheets because we are in exponenti-
ated coordinates.

We take the last eigenvalue @ at the right endpoint of the cut, (2.1.16), and write

A
OFy _ i1 go +/ o(e")du — (t1 — t2)(A — log4). (2.1.24)
on 2" T,

Geometrically, this is the Bj-cycle integral, which we have graphically depicted in
Figure 2.3. By swapping the two gauge groups, we can obtain a similar Bs-cycle
integral for 0F,/0t;. This integral will be worked out perturbatively in the next

section.

2.2 Subleading corrections to the free energy

We now turn to an evaluation of the free energy beyond leading order. As we
have seen in (2.1.13), the planar resolvent for the GT model can be written down in
integral form. While the integral is challenging to perform analytically, the general
expression will be sufficient when working out the free energy.

Our goal is to compute the derivative of the free energy, (2.1.24), up to expo-

nentially small terms in the large 't Hooft parameter limit. To do so, we insert the
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integral expression for the resolvent, (2.1.13), into (2.1.24) and work out the dou-
ble integral in the large t; and t, limit. However, since this gives an expression for
0F,/0t, as a function of the endpoints of the cuts, (2.1.16), we additionally need to
relate the endpoints to the 't Hooft couplings using the A-cycle integrals (2.1.15). We

will work this out first and then return to the free energy integral.

2.2.1 Correction to the endpoints

At leading order, the endpoints of the cuts scale with the 't Hooft couplings
according to (2.1.18). However, this will pick up corrections, both for ¢; # ¢ and
subleading in the couplings. We explicitly work out the A-cycle integral for ¢;; then
the t5 expression follows from symmetry under t; <> t5 and k1 <> ks interchange.

Substituting the integral expression for the resolvent, (2.1.13), into (2.1.18), then
explicitly writing out the A-cycle integral as an integral over the discontinuity across

the cut and finally interchanging the order of integration gives

0= gt g (2.2.1)
where
! log x
S A I(z), 2.2.2a
/c V(r—a)(x—b)(z —c)(d - ) (z) ( )
’ log(—x)
S I(z), 2.2.2b
/a \/(x_a)(b_xxc_iﬂ)(d—x) ( ) ( )
with

y z—y '

1= [ /O =9 293

Here the principal value of I(x) has to be taken in the J; integral. We proceed by
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rewriting these expressions in terms of exponentiated variables:

B I(ev

Jp :/ dv vi(e") , (2.2.4a)
-8 4\/ cosh &£ cosh 25% sinh % sinh %
(07 I _ 5V

o :/ dv vl(=e") , (2.2.4D)

—a 4\/sinh “‘2“’ sinh 95* cosh % cosh ?

and

B 4\/ cosh aT*” cosh 5% sinh % sinh ’8%“
I(z) = / du (2.2.5)

-8 ze t —1
Note that the cosh terms never vanish, while the sinh terms vanish at the endpoints.
Moreover, the square-root factors are all even under v — —v or u — —u. This

suggests that we split up the regions of integration into half intervals and write

A I
Iy = / dv vh(v) , (2.2.6)
0 4\/ cosh @3¢ cosh 25 sinh % sinh ?
2 I
o :/ dv vl3(v) , (2.2.6b)
0

4\/ sinh “T*“ sinh 95* cosh % cosh %

where

ﬁ J—
Ii(v) = / du4\/cosha7”cosh%sinh%sinhﬂ%u (Cothv - u + coth U—é—u) |
0 —

(2.2.7a)

B _
L(v) = /0 du 4\/cosh aFt cosh 454 sinh ﬂ% sinh 5%“ (tanh ! 5 T ;L u) :
(2.2.7b)
Here we see explicitly that the integrand of I; has a pole when v — u vanishes, so the
principal value should be taken when evaluating the integral.

So far, these expressions are still exact, as far as the planar resolvent is concerned.

However, the integrals are not easy to evaluate. To proceed, we now focus on the large
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't Hooft coupling limit, where «, 5 > 1. Since the integrals are over half intervals,
we can approximate o+ v > 1, §+ v > 1, and similarly for v replaced by u. As a

result, up to exponentially suppressed terms, we have

L /B " ve 30 I (v) W /a " ve~ 30 [ (v) (2.2.8)
1 — ) 2 — ; el
0 2\/ cosh “5* sinh ? 0 2\/ sinh 5 cosh ?

with

2

5 _
Ii(v) = / du 2e2 0+ \/cosh ot ginh £2% <coth % + coth HTU> , (2.2.9a)
0

) v+ u
+ tanh +

ﬁ 1
Lv) = /0 du 220+ \/cosh ot inh 254 (tanh ) . (2.2.9b)

Recall that we have defined v = (o + 3)/2 and ¢ = (a — 3)/2, following (2.1.16).
The I and I, integrals can be performed explicitly and then substituted into the
integrands for J; and J;. The remaining integrals are more challenging, and we have
been unable to obtain a closed-form expression for J; and J,. Nevertheless, they can
be reduced to polynomial expressions in v up to exponentially suppressed terms. The
integration is worked out in Appendix A.1, and the result is a relation between the
't Hooft couplings t; and t5 and the endpoints of the cuts as parameterized by v and

0. After defining convenient combinations of ¢; and ts,

t=1(t1 + to), A =1Lt —t), (2.2.10)
we find
_ 4
t= K14+2/{2 {g(y — log 4 cosh §)® + 4 tan™" sinh §(tan™" sinh 6 — &)
T
4. 301 , : 28 .
+ 5 log (50080 0) + j1.e(9) + j2e(0) + —10(0) |, (2.2.11a)
A= ﬁ14+2m2 [—277(’5&11’1 sinh § — &) + j1,,(0) + 2 log 5 cosh (5} : (2.2.11b)
T
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where
£'_’71'I€1—Ii2_7'(']{71—]{52
o 2!114—/{2—2]{314‘]{2’

(2.2.12)

is the relative difference in Chern-Simons levels. Here j;(d) and ja(0) are particular
functions explicitly defined in Appendix A.1, and the subscripts e and o denote their
even and odd parts, respectively.

For the most part, we are interested in the case of equal ranks, N; = Ny, where
the difference A vanishes. Setting A = 0 in (2.2.11) then gives a straightforward

expression for 7 in terms of §
21y(tan™" sinh 6 — &) = ji1,(6) + 27¢ log 3 cosh 4. (2.2.13)

However, we are more interested in obtaining § in terms of 7 since we are focused
on the large coupling expansion generalizing (2.1.18) where t; ~ 3 with ¢ being
subdominant. Working to leading order in 7, we can disregard the last two terms in

the expression for A in (2.2.11) so that
§ ~ sinh™ " tan (¢). (2.2.14)

However, we can do better than this. Since we assume 7 > 1, we can expand
perturbatively

1
§ ~ sinh™ ! tan (€) + % + % + 0 ($> (2.2.15)

Solving the O(«°) expression in A gives

91 = sec (§) Cly (7 + 2¢) , (2.2.16)
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where Cly(x) denotes the Clausen function
Cly(x) = Im Lig(e™). (2.2.17)

The expression for ds is rather more involved

9y = %SGC (&) Cly (m + 2¢)

- 8sec (€)
— 4sinh™" (tan (€)) — 2log (((tan © tsec (€)1 ) 2) ] : (2.2.18)

tan (£) (26 — 2gd (sinh ™" (tan (€))) + Cly (7 + 2¢))

where gd denotes the Gudermannian function
gd(z) = 2arctan tanh (1z). (2.2.19)
This is a rather messy expression, but for £ < 1, it takes the nice perturbative form

by ~ 2¢log?(2) + & <3 log?(2) — %10g(2)> +0(&%). (2.2.20)

Having obtained §, at least perturbatively, we now proceed to relate v and t.
Keeping A = 0, we first eliminate the second term in the ¢ expression in (2.2.11) to

obtain

— K1+ ke |4 " 3 2 1. .
t:W g(y—logicosh& +%(tan sinh § + £)71,0(0)

+ 4log(3 cosh ) (% log”(% cosh §) + ¢ tan™" sinh 5) + J1,6(6) + J2,e(9) |-

(2.2.21)

This expression is useful since the only v dependence appears in the first term. We

can now substitute the perturbative expression (2.2.15). To the first non-trivial order,
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we find

4 1
it ri2 —(y — log % cosh §)® — 41og(2cos &) (§ log?(2 cos &) + 52)

=
472 |3

+ %jl,o@) + J1(0) + J2.(0) + 0(7‘1)}. (2.2.22)

The transcendental functions on the second line are a bit troublesome to work with.
However, by studying the series expansion of j1(0) and js(d), we can determine em-

pirically that

1 |2~ o b cosh 8)° — 4(Cly(m — 26) +C(3) + O )|, (22.23)

=
472 3

where

Cls(z) = Re Lis(e™). (2.2.24)

We will use this expression below when computing the planar free energy.

2.2.2 The free energy

We now turn to evaluating the free energy, which can be obtained from the integral
expression (2.1.24). The B-cycle integral can be evaluated similarly to the A-cycle
integral performed above for computing the endpoint relation. In particular, using

the integral expression for the resolvent, (2.1.13), we can write

8F0 R1 59
/0 _ 252 _ — A —logd) — —K; — =K 2.2.2
o, 5 B — (t1 — t2)( og4) — 2; ( 5)
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where

d

log
K, = dx Ig(x), 2.2.26a
e V(r—a)lr-b)(z—c)(d-2) ) ( )
Ky = log(~) In(x). (2.2.26b)

dzx
o V(@—a)b—z)(c—1x)(d—1)

These integrals are similar to the J; and J; integrals in (2.2.2), except that now Iz (z)

is a B-cycle integral

A

“d — —b)(y — —d
a Y 2=y

These integrals can be evaluated up to exponentially small terms in a similar manner

as was done for the endpoint integrals. Combining 0Fy/0t; and the corresponding

expression for 0F,/0ty, we find the relatively compact expression

Fi{
aafo . ; e (v —log i coshd)® + (tan'sinhd — §)* — La* — &%), (2.2.28)

Details of the calculation are given in Appendix A.2.

We now have everything we need to obtain the planar free energy from the re-
solvent. Since the derivative 0Fy/0t is given in terms of the endpoint parameters -y
and 0, the general procedure is to first obtain these parameters from the 't Hooft
couplings t; and t, by inverting the endpoint relations (2.2.11). After doing so, it
becomes straightforward to integrate (2.2.28) to obtain the planar free energy Fy up
to a t independent constant, which remains to be fixed.

Focusing on the case A = 0, the relation (2.2.13) demonstrates that the combina-

tion (tan~'sinh§ — &) is of O(y™1). As a result, (2.2.28) can be written as

88};0 S —; e [(7 —logicoshd)? — La* — &+ (9(7_2)]. (2.2.29)
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Making use of the ¢ versus ~ relation, (2.2.23), and integrating then gives the genus

zero free energy

332\ T 2 3 (g2 £ 3
Fo=r|2 (2= ~+ 2 (CQly(r -2 —(=+e)= /3
)= [5(2) (34 Zum-20+)) - (5+e)1+ow)

+ const.] : (2.2.30)

where we have defined
gofitme _kithk (2.2.31)

2 2k

Several points are now in order. Firstly, the “constant” term is independent of ¢ but
can depend on the fractional difference of Chern-Simons levels, £. However, it cannot
be obtained directly from integrating the derivative of the free energy.® In addition,
the leading term in the large-t expansion of this expression matches what we expect
from (2.0.5). Finally, note that the O('/3) term vanishes in the & = 0 limit (ie, for
ki1 = ko). In this case, expression (2.2.30) is exact up to exponentially small terms in
t.

It is easily seen that 0 vanishes in the £ = 0 limit. As a result, (2.2.23) takes on

the simple relation

t= 2—;2 (4 +1log 2)* — ¢(3)), (2.2.32)

and the planar free energy, (2.2.30) becomes

3/3e2\? [t B3\ a2t
_ 222 - S\YJ) - —t
Fo=k [5( 5 ) (K+ %2) 12K+const.—i—(’)(e )| - (2.2.33)

Here we have dropped the bars on ¢ and s as we are considering t; =t and k1 = ka.

3In contrast, the (’)(fl/ 3) part can, in principle, be obtained term-by-term from higher-order

perturbation theory. We denote the (’)(fl/ 3) and constant terms separately to emphasize this dis-
tinction.
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If desired, this can be expanded in inverse powers of ¢

2

w36 s (5, (€GN
Fo(t) = ——t + ——(2n°t ~3n (20 2.2.34

o(t) = — Tt + g2 (27Y) nzo n <27r2t) ’ (22.34)
where ( ),, denotes the Pochhammer symbol. Since this expression holds for k; = ks,
we have set k = 1 and ¢t = 2miN/k. Note that ¢ is imaginary when we take N and k
to be real. In this case, the first term, which is linear in ¢, does not contribute to the

real part of the free energy.

2.2.3 Numerical analysis

Our main result is the expression, (2.2.30), for the genus zero free energy Fy(N, k1, ko)
at large 't Hooft coupling . While the first term is complete, additional terms of
O(#*/3) and smaller will contribute when the Chern-Simons levels are different, as
parametrized by & defined in (2.2.12). To get an idea of the size of these terms, we
carried out a numerical investigation of the large- N partition function. In this limit,
we solved the saddle-point equations in Mathematica for N ranging from 100 to 340
at fixed (real positive) 't Hooft coupling ¢ and extrapolated N — oo, using a working
precision of 50. This was done for various values of ¢ and then fitted to extract the

subleading coefficients f1(£) and f>(£) in the expansion

_ 3 /3r2\ %3 )
%@&62367) PSR & F(E) 4 o )P 1 - (2.2.35)

Throughout these fits, we hold & = 1 fixed since changing the value of & is equivalent
to an overall rescaling of k. The coefficients f1(£) and f5(&) are then extracted from
the numerical free energy for various values of & = (7/4)(k1 — k2). Due to the

computational difficulty of this process, this was only done for five sample points

T mw™ 7w 37

corresponding to £ = {0, {5, 35> 15+ 50 |-

We have verified that the leading order term in (2.2.35) is reproduced numerically
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S1(&)

Figure 2.4: . o ) o
Plot of the coefficient f;(£). The red line is the analytic prediction from

(2.2.30), and the blue dots are sample points for numerical simulations

performed in Mathematica for § = 0, 5, 55, 15, and g—g.

to very high precision and that no term of O(#*?) shows up within numerical uncer-
tainties. As a result, we subtracted the analytic value of the leading term and fit only
the subdominant coefficients. The coefficient f1(€) of the linear ¢ term shows very
good agreement and is plotted in Figure 2.4. We also plot the coefficient f5(&) of s
in Figure 2.5. Here, the coefficient is slightly less numerically stable, and we cannot

see the agreement quite as well. Nonetheless, we still see fairly good agreement with

the data.

2.3 Discussion

While the leading order N%3EkY? behavior of the free energy of GT theory was
essentially known since the model was first introduced, the subleading corrections have
been surprisingly difficult to obtain analytically. The planar resolvent was constructed
in [130]. However, its form did not readily lend itself to a simple expression for the

free energy beyond the leading order. Even the remarkable Fermi-gas approach to
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Figure 2.5: , . ' o
Plot of the coefficient f(£). The red line is the analytic prediction from

(2.2.30), and the blue dots are sample points for numerical simulations

performed in Mathematica for § = 0, [, 55, 15, and g—g.

Chern-Simons-matter theories [115] runs into limitations when exploring higher-order
corrections [134].

We obtained the planar free energy up to exponentially small corrections in the
limit of large 't Hooft coupling by working with the resolvent (2.1.13) in integral form.
The main technical observation is that the endpoints of the cuts can be obtained from
A-cycle integrals of the resolvent integral while the derivative of the free energy can
be obtained from B-cycle integrals. The order of the resulting double integrals can
then be swapped, leading to expressions that can be more readily worked with. The
key results are then the endpoint relations (2.2.11) and the free energy expression
(2.2.28).

The expressions (2.2.11) and (2.2.28) in principle allow us to obtain the planar
free energy Fo(Ny, Na, ki, ko) in the £ > 1 limit directly in terms of the parameters
of the model. However, inverting the endpoint equations is generally non-trivial.
Nevertheless, for small differences in the Chern-Simons levels, |k1 — ko| < |k1 + ko,

these equations can be inverted perturbatively, assuming the self-consistent condition
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|0] <1 on the endpoints. Focusing on the equal rank case N; = Ny, or equivalently
A = 0, we have found an explicit expansion of the free energy. If, in addition, the
Chern-Simons levels are equal, we obtain the closed-form expression (2.2.33), which
is exact up to exponentially suppressed terms.

While we have focused on the equal rank case, one can work with unequal ranks
if desired. Here some care may be needed depending on how N; and N, scale in the
large- N limit, as there are now two independent 't Hooft parameters. If the difference
in ranks, N7 — Ns, is held fixed, then A is a constant, and the perturbative inversion
of the endpoint equations (2.2.11) can be worked out as usual. However, if A is not
fixed, then the inversion of {t1,t2} <> {7,0} becomes more involved, and the free
energy as a function of two independent 't Hooft parameters becomes less obvious.

From a technical point of view, it is possible that the way we have chosen to break
the integrals into intermediate functions is not necessarily the most efficient. Many of
the expressions in Appendices A.1 and A.2 are quite complicated, and one may wonder
if there is a simpler parameterization that makes the formulation more elegant. One
possibility is to organize the expressions by the degree of transcendentality. However,
it is not clear if this would make them simpler.

One of the motivations for examining the subleading behavior of the free energy
is to compare it with the holographic dual. From this point of view, it is inter-
esting to observe that the expansion (2.2.34) involves powers of ((3)/t. From the
supergravity point of view, this is suggestive of the o/ expansion of the tree-level
closed string effective action, which starts with a term of the form ¢(3)a*R* [64].
More generally, at higher derivative order, one expects a series of corrections of the
form o3tV (3)" D R*, or equivalently o*+1)¢(3)" R*3" which would provide an
obvious source of corrections to the dual free energy.

Of course, this is only a heuristic picture for now, as many open questions remain

to be addressed before the comparison can be made rigorous. For one thing, while the
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higher derivative couplings have been extensively studied for type II strings, the dual
to GT theory is massive IIA supergravity, which may not receive the same corrections
as ordinary type II supergravity. Nevertheless, we expect the structure to be very
similar, at least if we assume a common M-theory origin.

Perhaps more importantly, advances in computing open and closed tree-level string
amplitudes have provided a clearer picture of the structure of higher derivative cor-
rections beyond o®R*. In particular, it is known that the o/ expansion yields terms
of the form ot D?*"R* (along with counterparts such as o/3t"R*™™) multiplied by
various combinations of ((n). Assuming the free energy can be expanded only in
powers of ((3) then demands that these other terms not proportional to (3)" do not
contribute to the free energy, and hence must vanish on-shell in the gravity dual.

Finally, the form of the planar free energy, (2.2.33), where the large-t expansion
involves a linear function of ¢ raised to a fractional power, may hint at some underlying
symmetry in the o/ expansion. It would be interesting to study the dual massive ITA
description of GT theory and to clarify some of these questions. One obstacle in
doing so is the lack of an explicit construction of the dual supergravity background
beyond the limit of infinitesimally small Romans mass [135]. However, we hope that

such a solution may be found in the future.
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CHAPTER III

Four-derivative Corrections to Minimal Gauged

Supergravity in Five Dimensions

While higher-derivative corrections can be obtained directly from the underlying
string theory, they can also be parameterized more generally by working directly in the
supergravity theory. Various higher derivative superinvariants have been constructed,
both in the off-shell conformal supergravity approach and in the Poincaré frame.
The former is particularly powerful, although it is generally limited to theories with
at most eight real supercharges. In this manner, four-derivative corrections have
been constructed in four-dimensional N' = 2 [140-146], five-dimensional N = 2 [48—
50, 147, 148], and six-dimensional N = (1,0) [71, 149-152] supergravities. As these
constructions are not yet in the Poincaré frame, an additional step is needed in
integrating out the auxiliary fields to obtain conformally gauge-fixed superinvariants.

Supersymmetric higher derivative actions have a wide range of applications, from
black holes to precision holography. Higher-derivative corrected black holes provide a
window into quantum gravity and can also shed light on the black hole weak gravity
conjecture and the swampland. Higher derivative corrections have also played an
important role in holographic hydrodynamics and bounds on 7/s, the ratio of the
shear viscosity to the entropy density of the plasma.

Recently, there has been interesting work on four-derivative corrections in N' = 2,
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D = 4 gauged supergravity with regards to AdS,/CFTj3 holography [125, 126, 153].
In particular, there are two off-shell four-derivative superinvariants that one can add

to the action, namely the Weyl multiplet and the Tlog multiplet
SIA—LIC]l) = SZ@ + CYISVVeyl + O42511‘10g7 (301)

where Sy denotes the usual two-derivative action. The authors of [125, 126] showed
that on-shell these reduce to a single four-derivative superinvariant, the Gauss-Bonnet

action, as well as a term proportional to the two derivative action

4
Lip = <1 + 75 (02 = 041)>[26 + aylgg, (3.0.2)

where L is the four-dimensional AdS radius. Here I denotes the on-shell value of the
action S.

At this point, a comment on our usage of off-shell and on-shell is in order, as there
are perhaps two notions of on/off-shell in the supergravity literature: on-shell in the
context of conformal supergravity and on-shell in the context of evaluating actions. In
the former, the off-shell action includes non-dynamical auxiliary fields needed for off-
shell closure of the supersymmetry algebra, while on-shell indicates that the auxiliary
fields have been integrated out. In the latter, on-shell means the equations of motion
have been used when evaluating the action, thus yielding an on-shell value that can
no longer be used for dynamics. In the interest of clarity, we will refer to on-shell in
the conformal supergravity sense as the Poincaré frame and reserve the use of on-shell
to denote computing the on-shell value of the action.’

The remarkable feature of the four-derivative on-shell action, (3.0.2), as applied

LOn-shell here should not be confused with the use of field redefinitions to transform the higher-
derivative actions. As further discussed in Section 3.1.1, we can shift the higher derivative action
by terms proportional to the two-derivative equations of motion. However, the resulting action is
still a dynamical action that is physically equivalent to the original one in that it yields identical
on-shell observables.

46



to AdS,/CFTjs, is that it provides a natural split between geometrical and theory-
dependent parameters. The former arise from the on-shell values of I,5 and Igg, while
the latter correspond to aj, as and the five-dimensional AdS radius, L. As shown in
[125], the partition function of the dual SCFT obtained from (3.0.2) thus takes the

universal form
—log Z = nF[AN?/? 4+ BN'?] — n(F — x)CN'? + o(N'/?), (3.0.3)

where F and x depend on the three-dimensional manifold that the SCFT lives on
while {4, B, C} are related to {ay, as, L}, and are specific to the SCFT in question.
This motivates us to consider the analogous case for AdS;/CFT,, namely N = 2,
D =5 gauged supergravity.

In the five-dimensional case, three independent four-derivative off-shell terms have
been constructed, corresponding to the supersymmetrization of wapo, wa and R?
[50].2 Following [50], we choose an equivalent basis of CpeC**7 + £ R?, Ry pe R*P7,

and R?. Then

SIEEIC]ZD = 528 + 041502+%R2 -+ QQS(Riem)Q + OégSRQ. (304)

After some work, we find a direct analog of the four-dimensional result for the on-shell

value of the action:

8oy — 24aig — 205 sus
115{(113 = (1 + o 2022 a3>[23 + (051 — 2a2)[GBy7 (305)

where Sgi” is the supersymmetrization of the Gauss-Bonnet action in 5D and I¢,5”

is its on-shell value. However, this is slightly more complicated than the 4D case, as
the Gauss-Bonnet action is no longer topological in 5D, and, as noted in [160], the

two-derivative solutions no longer satisfy the four-derivative equations of motion as

2The supersymmetrization of the 5D Weyl-squared action was performed in [48], and the resulting
corrections to black holes have been investigated in [154-159].
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was shown in the 4D case [125, 126].

One important aspect of (3.0.5) is that, up to field redefinitions and an overall
coefficient, the four-derivative action Sy is completely fixed. As shown in [161],
the five-dimensional Einstein-Maxwell theory admits five independent four-derivative

terms up to field redefinitions. Here we choose a somewhat different but equally valid

parametrization from that of [161]
e Lug = c1Za + 2Cupe PP FP7 + c3(F?)? + ey F* + e3¢ Rpap R ™ Ay (3.0.6)
The fields are normalized according to the two-derivative Lagrangian

1 1
—1 2 2 Vpo
L —R—|—12 ——FF — ———? F,,FUA. 3.0.7
€ 20 g | 12\/—36 pvtipo AN ( )

Here g = 1/L is the gauge coupling constant, A, is the graviphoton field with /' = dA
its corresponding field strength, and Zgp = R2,,, — 4R, + R? is the usual Gauss-
Bonnet combination. Our notational convention, here and throughout this chapter, is

that F? = F,,F* and F* = F,, F"’F,,[°*. For the supersymmetric four-derivative

invariant, Sgg, the above result, (3.0.5), fixes these coefficients up to an overall factor
¢ = —2c, =8¢y = 2V/3c5, 3 =0. (3.0.8)

Although we refer to S as the supersymmetric Gauss-Bonnet action in 5D, it
could equivalently have arisen from integrating out the auxiliary fields of the off-shell
Weyl-squared action [48]. This was done earlier in [161, 162], which however led to a

different set of coefficients [163]

24
C1 = —252 = —653 == —ﬁ@l == 2\/355 (309)
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We resolve this conflict by checking the four-derivative correction to the supersym-
metric BMPV solution [164], which corresponds to the ungauged limit (L — 00) of
(3.0.5). In particular, we show that the BPS condition, M = ‘/7§|Q|, only remains
satisfied for the present choice of coefficients, (3.0.8). We will comment further on
this discrepancy below.

The rest of this chapter is organized as follows. In Section 3.1, we show that
the three off-shell four-derivative superinvariants reduce to a single Poincaré frame
invariant, up to field redefinitions and factors of the two-derivative action. We then
proceed in Section 3.2 to check our results on the BMPV black hole solution. Finally,

we conclude in Section 3.3 with some additional comments and open questions.

3.1 Higher-derivative supergravity

Minimal D = 5 gauged supergravity has a single symplectic Majorana super-
charge. The field content is the N' = 2 gravity multiplet (e, ,, A,). The two-

derivative (bosonic) Lagrangian in the Poincaré frame is given by

1 1
S :/ R+12¢))x1——FA+xF — —FANFAA|, 3.1.1
o= [ |trs 1201 s (3.L1)

where R is the Ricci scalar, F' = dA is the field strength of the U(1) graviphoton, and
g = 1/L is the U(1) gauge coupling that may be identified as the inverse AdS radius.
Note that we choose to work in conventions such that 167Gy = 1, the metric has
signature (—,+,+,+,+), and R, = R”,,,. The two-derivative equations of motion

are

1

0=¢&"= VVFVM + mEMVpUAFVpFU)\, (312&)
1

0=E, =Ry — (FM Fp — ég,wﬁ - 4gzg,w) : (3.1.2b)
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At the four-derivative level, three terms can be added to the action, corresponding
to the supersymmetrizations of (Ruu,0)% (Ru)? and R*. However, we choose to
parametrize these as (Cpypo)? + R, (Ruvpo)?, and R?, as the supersymmetrizations
of these combinations have been found in [49, 50] via conformal supergravity methods.
We consider these three off-shell invariants below and perform the field redefinitions

necessary to transform them into the parametrization of (3.0.6).

3.1.1 The action corresponding to (C,,,)* + %R2

The supersymmetrization of the square of the Weyl tensor was originally consid-
ered in [48] using the standard Weyl multiplet, and subsequently in [49, 50] using
the dilaton Weyl multiplet. In the latter case, the supersymmetric completion of

wa oo Dicks up an additional %RQ term, and the Poincaré frame action takes the form

49, 50
— 1 vpo v 1 128 1 vpT o
e Lorpipe = 7 B BT — Ry B 4 ﬁm + ?Dz + 3empor O R "R,
32 2 16
= 5 Rurpo T T 4+ ARyypo G T + S RT G = — Ry G T
12 1 4 204
— —SR“”TUMT"V 4 gy 6—DTWG‘“’ L2008
3 3 3 9
128 128 256
— TV#TVPV“T”” + TV"T””VZ,TM) — TTWV”VUT‘“’ + 2048T*
5632 , o2 128 b D12 . ,
"~ ) g TG = S TG
256 64
- TGWMAT“”T’”VTTM - gew,mc;PWTf”vTT”A
— 326,y AG* TP N T, (3.1.3)

3Note that our conventions are 167Gy = 1, whereas the conventions in [49, 50] are that 87Gy =
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where G = dC, and we have relations

2
C, = gA,“ (3.1.4a)
3 1 /3
T, =-—G,=—\|=F,, 3.1.4b
a2 16 I 8 92 I ( )
1 1 26 1 1
D=——R-——G?*—-="T%*4+2T"@G, = ——R+ —F?, 3.14
32" 16 gt T 2 32 T 102 (3.1.4c)

We note that [49, 50] derived the above action in the context of asymptotically
Minkowski space; however, moving to the AdS case (or, equivalently, gauging the
supergravity) does not affect (3.1.3). Rather, this gauging will only affect the two-
derivative action by turning on a non-zero gauge parameter g, which does affect the
field redefinitions used in the simplifications that follow. Making use of (3.1.4), one

can simplify (3.1.3) to

- 1 vpo v 1 1 v o 61 5
€ 1£C2+%R2 = ZR,U'VPO'RM P7 — R,UJ/RM + ERQ + ZRHVpO'FM Fﬂ — _432 (F2)2 + §F4
1 1 5
——€por AP R RO s+ —RF? — ~R™F, ,F°, — (VF)?
+ 4\/66u poA s+ 9 3 " ( )
1
+3(VoF*)? — FYP[NV,,, VP, + ——=€upor FF F7V  FT
( ) [ B ] p 4\/6 pvpo A
1 3 1228 nl/ O AT
= g\ S FTE VO (3.1.5)

We now perform a set of field redefinitions to put the action, (3.1.5), into the

canonical form (3.0.6). Our starting point is a Lagrangian of the form

L= Log+ alyy, (316)

where Loy is given in (3.1.1) and we have introduced a parameter « to keep track of

the derivative expansion. Now consider a field redefinition

Guv — Guv + 0459;“/7 A,u — Ay + Oé(;A#. (317)
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Applying this to the full Lagrangian, (3.1.6), and allowing for integration by parts

results in
e 'L = e Lo+ (e Lag+ Eudg™ + EMSA,) + O(a?), (3.1.8)

where the two-derivative Einstein and Maxwell equations, £,, and &,, are given in
(3.1.2). Since we are only interested in the four-derivative effective action, we ignore
all terms of O(a?) and higher. By judicial choice of dg,, and dA,, we are then able
to transform the four-derivative Lagrangian into the form (3.0.6).

As seen in (3.1.8), field redefinitions allow us to shift the four-derivative action
by terms proportional to the two-derivative equations of motion. In practice, this
means we can substitute the two-derivative equations of motion, (3.1.2), into the
four-derivative action, (3.1.5) to transform it into canonical form. However, it is
important to note that we are treating the field redefinition, (3.1.7), perturbatively
in the derivative expansion. In particular, while we are only considering the four-
derivative terms, the field redefinition will generate an infinite set of terms beyond four
derivatives. Furthermore, a field redefinition in the path integral will transform the
measure and couplings to external sources. Nevertheless, physical (on-shell) quantities
computed before and after the field redefinition will remain unchanged at the four-
derivative order.

With the above in mind, we now use integration by parts and the two-derivative

equations of motion, (3.1.2), to make the replacements

(VF)? - —%(FQ)Q _ §F4 + Ry FFP £ 87F%,  (3.1.92)

(V, F™)2 S —%(FQ)Q + §F4, (3.1.9b)
€vpor FH FPON  FT — % [(F?)? —2F"], (3.1.9¢)
F*|V,,,V,JF*, — F* — é(F2)2 - %RW,MFWF’J" —4g°F?, (3.1.94)
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inside the four-derivative action. These replacement rules are proved in Appendix

B.1. Using (3.1.2) and (3.1.9), we find that (3.1.3) can be reduced to the simple form

1 1 1
~Tap — ZRWPUF“”FP" — —(F%? +

11 1
: = Fh b — ™" R Ry ™ Ay

24 4y/6
2
+ 567 F + 209", (3.1.10)

-1
€ Lo, 1p =
C2+5R?

where Zgp is the usual Gauss-Bonnet combination

Iop = (RW,DU)2 - 4(Ruu)2 + R%. (3.1.11)

3.1.2 The action corresponding to (R,,,,)?

We now turn to the supersymmetrization of (R,,,,)?, which was found in [49, 50]

to be
1
6_I'C(Riem)z = _5 (Rm/ab (W+) - GuuGab) (R/ﬂ/ab (W+) — GW/Gab)
1
L (R () = GaGan) (R ™ (1) = GroG7) €

o ewpa/\BpU (R/ﬂ/ab (w+) — GWGab) Vi (w+) @Gab

— V. (wy) GPV* (wy) Gap, (3.1.12)

where H =dB + %C A G and we have

1

H, = —Zefuefadech, (3.1.13a)
w+5b — wzb + H,uab7 (3113b)

where w® is the torsion-free spin connection. Making use of the standard formula

Rab(W+) = dWib + Wic VAN W+Cb7 (3114)
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we may rewrite I?,,4 in a manifestly torsion-free way

a a 1 aoc
R, b(w+) = R“IL + §€f b def[uv,,]ch

1
+3 (2GL Gy + 2G Gypuery — 2G” Gsuely + GPefely). (3.1.15)
Using (3.1.13), we also see that
1
vu(w+)Gab = V#Gab — §€£€f[a‘cedGedGc|b]. (3116)

It is now straightforward to work out that

(R,ul/ab (w—l-) - G,uzlGab>2 :(Ruyab)Q - gRﬂynguprg — 2RW,G“UGVG

1
+ §G2R —(VG)* = (V,.G")* + g(GQ)2 + §G4

3
— LG, GV G, (3.1.17)

By using some integration by parts to make the gauge invariance manifest, one also

finds

" (Ruvay (W) = G Gap) (R @ (i) = GpaG™) O
S PR b Ry O+ €07 GGV Gl
+2RG? — 8RM GG, + 2RMP7 GGy + G
= 2R G o GOy — AP H Gy G Cy

— 4P H o H, G oo GO, (3.1.18)

The last three terms in this expression look slightly concerning, but they will be

o4



precisely cancelled by those in

GMVPUABPU (leab (w+) - GMVGab) Vi (w+) Gab
1 1 1
- _RMVPUGWJGPU - ZeuupakGuyGPUVrGﬁ\ + §G4 + Z <G2)2
1
4 §€MVPU)\R“yabGPO—GabCA 4 EHVPUAquyaprgGabC)\

+ P L H, 4G e G C, (3.1.19)
Finally, we just need
1 1
(Vi (w3) Gap)? =(VGE)? = €uums GG VG — Z<G2)2 + 56" (3.1.20)

Using the above expressions along with (3.1.4) and making use of appropriate field

redefinitions, we get

1 1 1 11 1
-1 vV 1p0 2\2 4 Vpo ab
L Riem)2 = — =L =R o F*"FP7 + —(F*)" — —=F" — —=é""""R s Rpe ™ A
€ (Riem)? 2GB+2 L p +8( ) 12 2\/66 prabdlp A
5
_ §g2p2 — 60g". (3.1.21)
Thus, we immediately see that
L oo 4
E(Riem)Q + 2£02+%R2 = —gg F*— 20g 3 (3122)

which vanishes in the ungauged limit. We note here also that the supersymmetrized

Gauss-Bonnet Lagrangian may be written

ﬁzl];y = ‘C(Riem)Q + 3L (3.1.23)

1
21 1 p2)
C+6R

which we will make use of as an analog to the 4D case [125, 126].

95



3.1.3 The action corresponding to R?

Finally, the combination of the R? Lagrangian with the usual two-derivative action
has been found in [50] (in the language of very special geometry for supergravity

coupled to vector multiplets) to be

1 2 3
e 'Lriar = Z;(C +3)R+ g(104(7 —8)T?+8(C—1)D + 5CUK,OIE{bw"K

1
+ 3C’1JKp18“pJ8“pK — 24C[JKpI,0JFaI§Tab + ZGGdeeC[JKAéFb‘iF;g

9 64 64
+arp' (az# —3DR - 2RT” + 16D” + EDW +3 (T2)2> :

(3.1.24)

where C is an auxiliary field and a; parameterizes the R? corrections. The D equation

of motion gives

1 64

Substituting this back in and truncating out the vector multiplets by taking p’ to be

constant gives

3
e 'Lpiare = R+ 64T250UKpfFijabK

1
— 24CIJKpIpJF£Tab + ZEadeGCIJKALIlFbiFdIg

15 70 832 1600
" ZR? -~ DR+ —RT?—-16D?> — —DT?* — ——(T%)? .
+ap (64 3 3 g ()
(3.1.26)
Using the fact that
1 2

D=—— e 1.2

32R + 5L (3.1.27a)
64, )

R =-T% = 20¢°, (3.1.27D)
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we finally get that, after field redefinitions,

205
e Lp = —ﬂgQFQ + 100g*. (3.1.28)

3.1.4 The complete four-derivative action

Given the three invariants, a generic four-derivative action in minimal 5D super-

gravity can be parameterized by three coefficients
SHD = 523 -+ a1802+%R2 + aQS(Riem)Q + OégSRz, (3129)

where the «; are taken to be small such that the higher-derivative expansion is well-
defined. By making use (3.1.22), (3.1.23), and (3.1.28), this is equivalent (at the

four-derivative level) up to field redefinitions to

Sup = Sap + (a1 — 202) SGE”

8ay — 24ae — 205
—l—g2/{ a ?; CY?’F/\*FvL(ozl — 205 + 5a3)209% x 1.

(3.1.30)

We would like to make the last portion of this expression manifestly proportional to

Ssy. To accomplish this, we perform one additional redefinition

A— (14 ¢°h)A, (3.1.31a)

9> = (14 ¢°b2) ", (3.1.31b)
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where we assume b; ~ O(a;), so that we may ignore higher-order terms that appear.

This field redefinition will then only pick up terms from the two-derivative action

S8a — 24ai — 205
SHD :Sga + (Oél - 20&2)52;;}] + g2/ l( & (115 as — bl)F N *F
3b
+(200; — 40ty 4 1003 4 12b5)g? + 1 — 3—\/%}7 AF A A} . (3.1.32)

We may then make use of the two-derivative equations of motion to rewrite this as

Sup =S20 + (o1 — 202) Gy

1 80&1 - 240[2 - 2050[3 1
brg? — — b1 )| — | FAXF
T 3big /{[%( 2 ) 3] e

200&1 - 400(2 + 100(13 + 12b2 ) 2 1 }
+Rx1+ + 20 *x1———FANFANAG.
< 3by g 3V3
(3.1.33)
We must then choose b; and b, such that
1 8051 — 240&2 — 2050{3 1 1
2 b | = =—_Z= 3.1.34
30, ( 12 1) 37 2 (3.1.34a)
200 — 40 100 12b
o~ Hae 0 £ 1202 4 oh — 19, (3.1.34b)
3b;
This is solved by
1
b1 = 6(80[1 — 24042 - 2050[3), (3135&)
1
by = 6(—21041 + 68 + 360as3), (3.1.35b)
which finally yields
8ay — 24as — 205
SHD = (1 —+ g2 N O;Q a3)523 + (Oél — 20{2)52‘?};}] (3136)
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This is in direct analogy to the 4D case [125, 126]. By use of field redefinitions, we
have been able to rewrite the general four-derivative corrected action, (3.1.29), in the
canonical basis of (3.0.6). However, it is important to recall that this is a perturbative
result valid only to linear order in the «; coefficients. From an effective field theory
point of view, this is sufficient for most purposes, including computing the on-shell
value of the action, as physical observables are invariant under field redefinitions.
However, straightforward use of (3.1.36) is not valid for off-shell quantities unless the
effects of the field redefinitions, (3.1.7) and (3.1.31), are fully accounted for.

This result has a strong implication. Just as in the 4D case, at the four-derivative
level, the effective supergravity action is completely parametrized by two quantities,
{S20, Sap}, related to the geometry and three independent quantities, {«;, g}, related
to the particular theory.* Unlike the 4D case, however, S&y’ is not topological, so
there can be a potentially richer structure of background geometry dependence in the
AdS;/CFT} setup.

We now give the explicit form of the supersymmetrized Gauss-Bonnet action SgR”

introduced in (3.1.23). Following [161], we parameterize the 5D four-derivative La-

grangian as’
6_1£4a = clIGB + CQO“VPJF“VFpJ + 03(F2)2 + C4F4 + C56’ul/pa>\RuyabRPG abA)\. (3137)
Supersymmetry fixes this correction in terms of a single overall coefficient. Using the

definition of the five-dimensional Weyl tensor, we can make the substitution

4 1
Rupo PP FP7 = O FWFP + —F* — =

2P (F?)* - 24*F2, (3.1.38)

obtained in Appendix B.1 in the expressions (3.1.10) and (3.1.21). Taking the Gauss-

4While there are three ; parameters, they only enter in two independent combinations in (3.1.36).
SThis parametrization differs from [161] in ¢; and cg, but is chosen for easier comparison with
[163].
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Bonnet combination, (3.1.23), then gives

1 174 g 1 1 vV po a
Sap = /d5x\/__§] {IGB - EC’WWF“ Fr7 + §F4 + ﬁe“ P /\RuvabRpff "Ar|,
(3.1.39)
which corresponds to
1= —2co =8¢y = 2V3¢5, 3 =0. (3.1.40)

As mentioned in the introduction, this conflicts with some prior results [161, 163,
165]. However, support for the present result can be obtained from investigating

supersymmetric BMPV black holes, which we turn to next.

3.2 An application: the BMPYV solution

As we have just seen, our main result, (3.1.40), disagrees with several results in the
literature. Thus, we would like to establish some evidence for the present coefficients.
We note that the distinction is subtle, as the previously obtained four-derivative
action of [163] differs only by a term proportional to (F?)2 — 2F*, which will vanish
for purely electric or purely magnetic solutions. This is because a purely electric black
hole will have F},. as the only non-vanishing component of the field strength. One

then has

F2 — gﬂngUFMVFpU — Qgttgrr(Ftr)Q’ (321&)

F* = 2(g") (g )2 Fy FreFor Fre = 2(g" g™ (Fir)?)". (3.2.1b)

So then we see that the combination (F?)* — 2F" vanishes. Another way to see this

is to note that this combination can be written as

€€F = €y s €V 2AEI FR2 FES B = —3((F?)? — 2FY), (3.2.2)
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where the overall minus sign arises since we are using the signature (—,+, +, +, +).
This also vanishes for purely magnetic objects, as the combination (F?)? — 2F* is
only sensitive to solutions where both electric and magnetic fields are present. So, to
see the distinction, we must either consider a dyonic solution or a charged, rotating
solution. Hence we turn to the BMPV solution [164], which is a rotating black hole
in five dimensions.

The BMPV solution is an asymptotically Minkowski solution, which corresponds
to ungauged supergravity (or, equivalently, the g — 0 limit); we consider an asymp-
totically flat solution here as we can avoid worrying about subtleties having to do
with extra factors of the two-derivative action, which simplifies the analysis. The

BMPYV solution is as follows

ds? = —f(r)” [dt + = (sm 0deo — 00829d¢)}2

(r)[dr? + 7 (sin® 6 d¢® + cos® 0 dy” + d6?)], (3.2.3a)
A= \/§f( ) [dt + 22 (sin20.dg — cos? ed@b)} , (3.2.3h)

where
fr)y=1+ 7% (3.2.4)

This solution depends on two parameters, u, and w, and describes a charged, spinning

black hole with ADM mass

3
M= Zﬂ”’ (3.2.5)

two equal magnitude angular momenta in the independent planes defined by ¢, v,

Hw, (3.2.6a)

pw, (3.2.6Db)
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and electric charge

0o, 02

Being a supersymmetric solution, the BMPYV solution satisfies the BPS equation®

V3

M=Ql (3.2.8)

The key point is that we expect (3.2.8) to hold even after four-derivative corrections
are taken into account, as the system ought to remain supersymmetric.

There is a simple argument that the four-derivative terms (3.1.39) do not modify
the charge of the BMPV solution.” Heuristically, the four-derivative terms look like
two-derivative terms squared, so the equations of motion should pick up terms that
are more suppressed as r becomes large.® Thus, one expects the corrections to A to
be subleading in r. The charge is computed by integrating over an S3 at r — oo,
so we expect to only pick up the 1/r® terms in F. For example, one might worry
about terms of the form F?, Weyl-F', or Riem? contributing, but these must fall
off faster than 1/r% since F falls off like 1/r* and Riemann must fall off like 1/r?
in an asymptotically flat background.” Hence, the subleading corrections from the
four-derivative terms should not contribute, and the charge should not change when
one introduces higher-derivative corrections. Requiring that (3.2.8) hold in the four-
derivative case then immediately implies that the mass must not shift when one

introduces four-derivative corrections.

6In AdS, the BPS condition includes the angular momenta, M = §|Q| + (|1] + |J2])/ L, which
is another reason why the asymptotically flat case is simpler to study.

"The charge may be modified by the factor that appears in front of the two-derivative action
after going on-shell, analogous to the four-dimensional case [125, 126], but we focus only on the
four-derivative part here.

8Note this argument only works for asymptotically Minkowski space, where we expect solutions
to fall off at infinity. In AdS, we know that objects such as the Riemann tensor will go to a constant
(with respect to r) rather than disappear.

9Any black hole solution with a spatially localized horizon should look more-or-less point-like
very far away (near spatial infinity). Hence, the Riemann tensor should fall off no slower than for
Schwarzschild, which falls off as 1/r2.
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The most direct way to access the mass is to find the four-derivative corrected
solution and compute the ADM mass. However, this is difficult, so we will use a
slightly more indirect approach. The on-shell action is naturally identified with the
(classical) Gibbs free energy

Inp = BG, (3.2.9)

where 3 = T~ ! is the inverse temperature. We have the standard thermodynamic
relation

G=U-TS—dQ—QJ, (3.2.10)

where U is the internal energy, S is the entropy, ® is the electric potential, and €2 is
the angular velocity. For a black hole, the internal energy should just be the mass
M 19 Moreover, since the BMPYV solution is extremal, it has zero temperature, so we

are left with

Lnp = 5<M - \/§Q), (3.2.11)

where we have substituted in the BPS values of ® and ). Thus, we see that the

change in the action is the change in the BPS equation
AT = Iyp — Ly = BA (M . \/§Q> —0. (3.2.12)

In principle, we should evaluate the action on the four-derivative solution; however,
it will give the same result as evaluating it on the two-derivative solution. The
standard argument is as follows. We write the four-derivative solution as a two-
derivative piece plus some perturbing correction (using ® schematically for all the
fields)

d = ®y + ad® + O(a?), (3.2.13)

10Up to a contribution from the cosmological constant, which may be removed by an appropriate
boundary counterterm.
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where @ is simply the BMPV solution in this case. Then the action is

SHup [Q)] = Sga[q)o + aéi)] + aSsp [CI)() + (1/5(1)]

55
= 90| ®o] + a—22| 5D + aSuy[Po] + O(a?)
0D la,
= Sup[®o] + O(a?), (3.2.14)

where we have used the fact that 6555/ 5<I>| oy vanishes by the equations of motion.

Thus, we need only evaluate the four-derivative part of the action (3.1.37) on the
two-derivative solution. We will do this for generic coefficients ¢;, and show that this
necessarily leads to (3.1.40). Note that the BMPV solution has nice asymptotics at
infinity, so we do not need to introduce any four-derivative Gibbons-Hawking terms
or boundary counterterms to remove divergences.

The Gauss-Bonnet action can be evaluated simply to be

Am? 5wt + 2w — 1542

/ Prelop = 75T W RRH T W I(R), (3.2.15)
1

where vol(R) is the (formally infinite) factor from doing the ¢ integration since we

are working with a zero-temperature solution. The Weyl tensor contracted with

graviphoton field strengths gives

212 —160w* + 96wy + 154>
—— v

- - ol(R). (3.2.16)

/ dz eClype FH FP7 =

The two quartic field strength terms yield

4872 40wt — 48w? 152
/dg’xe(FQ)2 S ietad W on vol(R),

5 2
2472 20w — 24wy + 152
/d5:1:eF4: 5” W T BB I COU(R). (3.2.17)
1
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Finally, the mixed Chern-Simons term gives

32v/372 5w — 2w2uv

5 Voo ab _
/d e Rypap Rpo™ Ax = 3 e

ol(R). (3.2.18)

Putting these terms together gives the requirement that

2m%vol(R)

!
0=
52

[10(01 + 16¢y + 96¢5 + 24cy + 8\/505)w4
—4(—c1 + 24co + 288¢3 + T2¢4 + 8\/§c5)w2,u —15(2¢1 + ¢o — 24¢3 — 1204)u2] )

(3.2.19)

Demanding that the ¢; coefficients be independent of the solution parameters p, w

then requires that we individually set

c1 + 1662 + 9603 + 2464 + 8\/§C5 = 0,
—c1 4 24¢y + 288¢3 + T2¢4 4+ 8V3¢5 = 0,

2¢1 -+ ¢y — 24c3 — 12¢4 = 0. (3.2.20)

As we have five coefficients ¢; and only two parameters to vary, the solution is not

unique. Solving for the latter ¢; in terms of ¢; and ¢y gives

1
C3 = ——(01 + 262),

16
1
Cqy = ﬂ(%l + 802),
Cy = _g(cl -+ 662). (3221)

Since c¢; just controls the overall coefficient of the four-derivative action, this is a

one-parameter family of solutions. However, there is no ambiguity in the literature
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as to ¢y or ¢s5, so demanding that ¢y = —%cl or that c5 = ﬁgcl immediately gives us

1 1 1
2 =—501 3= 0, ca = =c1, 5=

— ¢, 3.2.22

in perfect agreement with the present result, (3.1.40).

3.3 Discussion

We have shown that the three possible supersymmetric four-derivative terms that
we can add to the 5D N = 2 supergravity action reduce after field redefinitions to a
single four-derivative superinvariant as well as factors of the original two-derivative
action. This, in turn, implied that there is a unique four-derivative piece of the action,
up to an overall factor. We checked this explicitly in the case of the BMPV black
hole and found excellent agreement.

Of particular note, we found ¢; coefficients that disagree with several results in
the literature [161-163, 165]. However, while we believe the particular ¢; determined
previously are incorrect, the results that they are used to derive are still generally
valid as they are predominantly applied to non-rotating, non-dyonic solutions, for
which the discrepancy, in the form of (F?)? —2F* vanishes. As noted in (3.2.2), this
conflict with the previous result is in the c¢3 and ¢4 coefficients, and corresponds to a
difference in the four-derivative Lagrangians

1

—1 phere _ _—1 pprevious - (0928 2Y Z2Y 2770 niT51 %) u3 a4
6 £48 — 6 £48 - 18604M1M2M3M46 F I/1F l/2F I/3F |7 (331)

This suggests that the previous determination of the ¢; had an issue when translating
the conventions of [48] to that of [161, 162]. In particular, ee = +5! or ee = —5! is
signature dependent, and an incorrect sign choice may have arisen when switching

conventions. It should also be noted that the same coefficients as in (3.1.40) were
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also found in [166, 167].

With that being said, the analysis leaves open questions. A natural solution to look
at is the Gutowski-Reall solution [168], which is a one-parameter family of charged,
spinning, supersymmetric black holes in AdS5. Naively, one expects that the four-
derivative correction to the on-shell action should vanish;!! however, after appropriate
holographic renormalization, we seem to find that the four-derivative correction to the
action does not vanish beyond what we expect from the renormalization of the AdS
radius (see Appendix B.2 for some technical details). There is a set of ¢; coefficients

such that the four-derivative action vanishes, but this requires we have either cy #

_1

5C1 OT C5 #* ﬁgcl, which seems to conflict with current results in the literature. The

alternative, however, is that there is a non-zero shift in the mass of the black hole. To
preserve the BPS relation, this would require a renormalization of either the charge
(which seems unlikely given the arguments presented in Section 3.2) or of the angular
momentum. However, a shift to the mass seems unlikely since it has been shown that
there are no corrections when the solution is uplifted to tree-level o/3-corrected type
IIB supergravity [169]. The resolution seems to be that the field redefinitions we have
used alter the boundary values of fields [167]. Indeed, many subtleties are involved
when applying the Reall-Santos trick to black holes in AdS [170], presumably, this
explains the observed discrepancies.

Additional puzzles come from some asymptotically flat solutions like supersym-
metric black rings [171] and four-dimensional dyonic STU black holes lifted to five
dimensions [165]. Of particular note is that the black ring reduces to the BMPV
solution in the limit that the ring radius goes to zero. However, both of these solu-
tions again have non-vanishing four-derivative actions. The black ring solution has
no set of coefficients ¢; such that the four-derivative action vanishes for all choices of

solution parameters; however, it does in the BMPV limit. On the other hand, the

"The stringy eight-derivative corrections to the Gutowski-Reall solution were recently explored
in [169] where the shift to the action was indeed shown to vanish in the BPS case.
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lift of the dyonic 4D STU black hole has a unique set of ¢; coefficients making the

_1

four-derivative action vanish with ¢y = 5

c; and c5 = ﬁgcl, but otherwise unrelated
to other coeflicients in the literature.

In the future, we would like to resolve these open puzzles regarding the non-
vanishing four-derivative actions of BPS solutions. Moreover, we believe it would
be fruitful to dimensionally reduce to four dimensions, which would give us N/ = 2
supergravity coupled to a vector multiplet, which is a truncation of the 4D STU
model; we could then compare this with the results of [126]. We would also like to
extend the results of this note to the 5D STU model, or more generally, N =2, D =5
supergravity coupled to vector multiplets. Finally, although motivated by holography

and subleading corrections in supersymmetric partition functions, we have yet to

explore this avenue, which we believe will be a worthwhile extension of our results.

68



CHAPTER IV

c-functions in Higher-derivative Flows Across

Dimensions

One central organizing principle in the space of QFTs is the Renormalization
Group (RG) flow. RG flow is often understood as a family of successive quantum
field theories starting at some high-energy (UV) CFT and flowing to some low-energy
(IR) CEFT. As the flow progresses, the effective number of degrees of freedom decreases
due to the process of coarse-graining. This reduction can be accurately quantified
by “counting functions,” which are monotonic along the RG flow and thus render
the flows irreversible. Of particular interest are functions that connect quantities
in the CFTs, such as A-type central charges in even dimensions and sphere free
energies in odd dimensions. Both of these quantities will be referred to as central
charges in the following discussion. There are well-established theorems regarding
such flows, including proofs of the 2d c-theorem by Zamolodchikov [172], the 3d F-
theorem by Casini and Huerta [132, 173-175], and the 4d a-theorem by Komargodski
and Schwimmer [176, 177]; an alternative approach that has been used to great effect
involves entanglement entropy and has been quite useful for proving results in d =
2,3,4 [178-180]. There also exist partial results in 5d [181-183] and 6d [184-186].

The AdS/CFT correspondence geometrizes many aspects of QFTs and has proven

a particularly useful framework for studying the properties of RG flows. Considerable

69



progress on constructing c-functions has been made from the holographic perspective:
Various holographic c-theorems have been established in this context by making use
of the Null Energy Condition (NEC) [87, 187-189], as well as using the entanglement
entropy perspective to analyze holographic RG flows [190, 191]. Holographic meth-
ods, for example, permit the construction of certain monotonic c-functions in any
dimension and at strong coupling, something way beyond the reach of field-theoretic
approaches.

Naturally, much work has been done on extending holographic c-theorems to in-
clude higher-derivative corrections [87, 189, 191-206]. Such extensions allow one to
distinguish various central charges [207, 208|. For example, in 4D, we have that a = ¢
at the two-derivative level in gravity or in the large- N limit in field theory. It is well
known, however, that a alone has a monotonic flow from the UV to the IR [177], while
¢ does not. As such, adding higher derivatives allows one to distinguish between the
central charges that have monotonic flows and the ones that do not. Such higher
derivatives correspond to sub-leading in /N corrections to the central charges.

In this chapter, we explore the notion of counting functions in RG flows across
dimensions, meaning the compactification of a D-dimensional CFT, which is the UV
fixed point, on a (D — d)-dimensional compact space, such that the IR fixed point is
a d-dimensional CFT. RG flows across dimensions are particularly amenable to holo-
graphic methods; there are many examples of supergravity solutions holographically
dual to RG flows interpolating between CFTs of different dimensions [209-216]. Some
candidate c-functions for such flows were studied in [217-219], and more recently an
explicit c-function was constructed in [220]. The holographic entanglement entropy
picture for such flows was further analyzed in [221]. In this chapter, we explore the
role of higher-derivative corrections in holographic flows across dimensions. As a
natural starting point, we generalize some of the results of Myers-Sinha [87, 189],

who considered the effect of higher-derivative terms in holographic RG flows, to flows
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across dimensions.

The holographic setup

Our starting point is Einstein gravity with a negative cosmological constant. From
an effective field theory point of view, one would expect this to be corrected by a set
of higher derivative operators. The first such terms arise at the four-derivative level
and involve a combination of RM N PQRM NPQ RM N}A%M N and R2. However, since the
Ricci terms can be shifted by a field redefinition, we may choose the Gauss-Bonnet
combination

X4 = RMNPQRMNPQ — 4RMNRMN + I:i2. (401)
As a result, we focus on the bulk (D + 1)-dimensional Lagrangian

1 [~ DMD-1)
“1p

where o parametrizes the correction. This choice of the Gauss-Bonnet combination
is convenient since in this case, the corrected Einstein equation remains second order
in derivatives. This system admits a maximally symmetric AdSp,; vacuum with an
AdS radius L}y, = L? — a(D — 2)(D — 3), to linear order in «.

We are interested in flows from AdSp,; in the UV to AdS;.1 X Mp_4 in the IR.
Such flows can be induced by coupling the gravitational Lagrangian, (4.0.2), to a
suitable matter sector, i.e., L — L + Latter- 10 parametrize the flow, we split off

the would-be internal space Mp_4 and assume a spacetime metric of the form
ds? = 2@ (n,, datda” + dz%) 4 2P g, (y)dy'dy’ . (4.0.3)

The flow is along the bulk radial coordinate, z, and we take the asymptotics to be

such that e*/ ~ €% ~ 1/2% in the UV (2 — 0) while ¢*/ ~ 1/22 with €% ~ const.
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in the IR (z — oc0). Note that this metric implicitly assumes flat slicings of AdSy,1,
although some authors have considered curved slicings [222-224].

Given a bulk metric parametrized by the two functions f(z) and g(z), we then
explicitly construct a function c¢(f,g;z) such that de/dz < 0 upon imposing the
NEC, TynEMEN > 0, on the matter sector where ¢ is a future-directed null vector.
This is the desired monotonicity property. This c-function directly generalizes the
two-derivative case [220] to which it reduces when the Gauss-Bonnet coupling « is
set to zero, as well as generalizing the four-derivative case of flows within the same
dimension [87, 189] to which it reduces in the limit that there are no compact internal
dimensions. This c-function is not unique but has two free parameters characterizing
it; despite this mild ambiguity, the IR limit of this central charge is unambiguously
the A-type central charge, as expected. In other words, lim, ., ¢(2) = ar, where ajg
is the four-derivative A-type central charge.

As in the two-derivative case [220], this c-function diverges in the UV. However,
we show that the divergence of the c-function encodes the UV central charge. As we
approach the UV, the compact extra dimensions unfurl and our massive KK towers
become increasingly light and begin to enter the spectrum, meaning that the number
of lower-dimensional degrees of freedom appears to become infinite. Dimensional
analysis alone tells us that the central charge must diverge as a pole of order the
number of compact dimensions; however, we go further and show that the coefficient

of this pole encodes the value of the UV central charge, i.e.,

z—0 auv
o(z) "~ g (4.0.4)

where ayy is the (four-derivative) A-type central charge in the UV. This is not entirely
automatic; it requires an additional constraint on the remaining free parameters of

the c-function. However, we may always choose the parameters so this is the case.
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We also construct c-functions from the entanglement entropy. In particular, we
consider entangling regions of this CFT which completely wrap the internal space.
The entanglement entropy has been shown [225-228] to then be given by finding the

extremal surface that minimizes the Jacobson-Myers functional [229]

1 1 =
Sni=—— [ davVh(1+420R) + —— [ d*'2Vh(20K), (4.0.5)
4G N Jx 2GN Jox

where ¥ is the extremal surface with boundary 0%, h is the determinant of the
induced metric on ¥, & is the induced metric (of the induced metric h) on 9%, R is
the scalar curvature of 32, and /C is the trace of the extrinsic curvature of the boundary
0%.. For the case of flows from AdSp,; to AdSs, which may be equivalently viewed
as flows from CFTp to CFTy, we explicitly obtain a monotonic c-function from the

entanglement entropy as

CEE = R@R SJM, (406)

where R is the radius of the entangling region. Given a minimal surface whose profile
is 7(z), S;m admits a first integral that can be solved for 7/(z). This allows us to
explicitly evaluate (4.0.6) and subsequently verify its monotonicity due to the NEC.
Moreover, it turns out to be the case that this c-function which one obtains from
the holographic entanglement entropy is indeed related to the local c-function ob-
tained directly from the NEC; we show that the monotonicity of one directly implies
the monotonicity of the other. Such precise connection of two a priori differently
defined c-functions opens the possibility of better understanding the connection be-
tween strong subadditivity of the entanglement entropy and the NEC as a condition
on the holographic gravity backgrounds.

The rest of this chapter is organized as follows. In Section 4.1, we explicitly con-
struct a local c-function for the case of Gauss-Bonnet corrected gravity and demon-

strate that it flows monotonically from the UV to the IR due to the null energy
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condition (NEC). In Section 4.2, we show that the IR limit of this c-function is the
A-type central charge and, although the c-function diverges in the UV, the coeffi-
cient of this divergence encodes the UV central charge. In Section 4.3, we discuss
the c-function obtained from holographic entanglement entropy and show that it is
monotonic, at least when there is no curvature of the internal space, and show that
this quantity is related to the NEC-motivated central charge constructed in Section
4.1. A summary and conclusions are given in Section 4.4. We relegate some more

technical details to Appendix C.1.

4.1 Higher-derivative gravity and NEC

We are interested in RG flows from CFTp to CFTy triggered by compactification
on a (D — d)-dimensional manifold, Mp_,4. Holographically, this corresponds to a
geometric flow from AdSp.; to AdSqi1 X Mp_4. The holographic radial coordinate
z then naturally functions as the scale for RG flow. We may explicitly realize this

setup by choosing a metric
ds? = ¥ (nuwdztdz” + d2?) + ?93) g, (y)dy'dy? (4.1.1)

such that in the UV region z — 0 the metric is asymptotically AdSp.; and in the
IR region z — oo the metric asymptotes to AdS;.1 X Mp_4. To be rigorous, the
metric (4.1.1) is not the most general metric describing holographic RG flows across
dimensions; for example, there are known holographic RG flows where the internal
space Mp_4 depends on the holographic radial coordinate z in a non-separable way
[230-232]. We restrict our attention to the separable case (4.1.1) for simplicity; we
leave it as an exercise for future research to extend our analysis of holographic c-
functions in separable flows to more general non-separable flows.

Furthermore, unless otherwise specified, we will assume that the metric g;; of
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Mp_4 is maximally symmetric with Ricci curvature

Ry = m%gzj, (4.1.2)
where Kk = —1, 0, or 1 for negative, flat, or positive curvature, respectively. This is not
the most general choice of metric on the internal space, but we make this choice for
simplicity; we will generalize this to arbitrary Einstein internal manifolds in Section
4.1.4.1.

As discussed above, we start with a two-derivative theory in the gravitational
sector, namely the Einstein-Hilbert Lagrangian with a negative cosmological constant.

At the four-derivative level, we add a Gauss-Bonnet coupling
X4 = RMNPQRMNPQ — 4RMNRMN + ﬁ?, (413)

so we end up considering the gravitational Lagrangian

1 [~ D(D-1)
—1p

coupled to a matter sector satisfying the null energy condition.
While the NEC is a condition on the matter, namely Ty n&MEN > 0, with € a
future-directed null vector, the Einstein equation allows this to be recast as a condition

on the four-derivative corrected geometry, namely

|:RMN + CY(RMPQRf?NPQR - QRPQRMPNQ —2RypRyT + RRMNH EMeN > 0.
(4.1.5)
The main result of this section is to show that the NEC (4.1.5) implies the existence

of a monotonic c-function from the UV to the IR in the background (4.1.1).
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4.1.1 Domain wall flows

Before discussing flows across dimensions, let us first review the case of flows

within the same dimension [87, 189], i.e., for which we have a metric of the form
ds? = ¥/ ) (nuwdztdz” + dz?). (4.1.6)

Pure AdS corresponds to the solution f(z) = log(L/z), with L being the AdS radius.
Then, in these coordinates, z = 0 corresponds to the UV, and z = oo corresponds to
the IR. Thus, we have a gravity solution that is a domain wall interpolating between
two AdSp.; regions; the corresponding field theory interpretation is that of an RG

flow [187, 188]. One can calculate the curvature tensor components

Rywpo = _6_2f(f/)2(77up77w — NuoMvp) Ryzw. = _62ff”77;wa

~ ~

R,uu = - [f” + (D - ]-)(f/)Q] n/“’? Rzz = _Df”' (417)

Choosing a null vector £ = 0; + 0., the NEC with Gauss-Bonnet corrections is then

simply expressed as [87, 189]
(D —1)(e7!)"(1 = 2a(D — 2)(D — 3)e™2/(")?) > 0. (4.1.8)

Note that this will be the only non-trivial NEC due to the planar symmetry of the
domain wall.

We now consider flows to the IR. In the IR, the A-type central charge may be
computed via the methods of [233, 234] to be [235]

D-1

AR =

. (1—2(D—1)(D—2)L%R), (4.1.9)

where Gy is the (D + 1)-dimensional Newton’s constant. In order to obtain a c-
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function, note that in the IR, we expect that e/ ~ Lir/z, so that (e7/) ~ 1/L.

Replacing Lig by an effective AdS radius

Les(2) = (4.1.10)

that interpolates between Lyy and Lig then leads to a natural ansatz for an unnor-

malized c-function

1

1—2a(D — 1)(D — 2)((e=H)?). 4.1.11
G’N((ef)’)D_l( ( ) )(e™))?) ( )

o(2) =

Taking a derivative with respect to z, one gets that

(D- 1) (ef)"
GN((eff)/)D

d(z) = (1—2a(D—2)(D-3)((e1))?) <0, (4.1.12)

where the final step makes use of the null energy condition (4.1.8). So, there is a
monotonically non-increasing flow of ¢(z) from the UV to the IR. Moreover, one can
check that this function ¢(z) interpolates between the UV and IR central charges in
the sense that

c(z = 00) = ag, c(z=0) = ayy. (4.1.13)

Here ajg and ayy are the A-type central charges in the IR and UV, respectively,

where
L[[J);I «Q
ayy = 1—2(D—1)(D—2)T . (4.1.14)
Gy Ly

This expression agrees with [235].

4.1.2 Two-derivative flows across dimensions

We now turn to the case at hand, which is flows across dimensions. Before consid-

ering the full case, we review the two-derivative case of flows across dimensions [220],
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i.e., without higher-derivative corrections. For such flows, we use the full metric

ansatz (4.1.1), with corresponding Ricci tensor components

Rb = —e I [f"+ f'((d = 1) f' + (D — d)g)]o",

Ri=e ™R —e Mg+ g((d—1)f + (D —d)g)]o

Rz = =7 [df" + (D = d)(¢" + ¢'(¢' = [))]- (4.1.15)

Note that because we are assuming the AdSy,; in the IR to have flat slicings, the
corresponding Ricci tensor R, will vanish.

At the two-derivative level, the null energy condition is equivalent to Ry, n&¢MEN >
0. Since the D-dimensional isometry is broken by the flow, we end up with two
independent inequalities, which correspond to choosing null vectors along t-z and t-y.

These conditions are, respectively,

NECL —(d=1)(f" = (f)*) = (D —d)(g" + d'(g' = 2/")) > 0,
(4.1.16a)
/ N/ / / / / D—d-1 2f—2
NEC2: (f' = ¢) + (f =) [d=1f + (D = d)g) + hi—p—e"" 20
(4.1.16b)
NEC1 may be suggestively rewritten as
AN (D-1)(D-4d) 7, ,
(e f) > (d1(1)2 Je~i(g2 >0, (4.1.17)
where f is an effective warp factor
< D—d
f(z) = f(2) + mg(z). (4.1.18)
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Likewise, NEC2 can be rearranged into the form

(DI P-Da(pr _ ) > _D —g — 1 @ re-d-2y (4.1.19)
Note that the sign of the right-hand side term depends on the sign of the internal
curvature, k. For k = —1 or kK = 0 the expression on the left-hand side is non-negative.
But for k = 1 the sign of this term is unconstrained.

As in the domain wall flow, we seek a c-function that flows to ajg in the IR. Before
constructing such a function, we first recall the asymptotics of the flow. Flowing from

AdSpyq in the UV to AdSy; in the IR, one expects

UV (z=0): (ef) = () = L—lv
IR (2 =o0): (ef) = Lim (e9Y =0, (4.1.20)

For AdS,; in the IR, we have

L?}gl B e(D_d)g(OO)VOI(MD,d>L;l§1 B vol(MD,d>

R G G G

_ d—1
(e%g(“’)Lm) . (4.1.21)

where Gy is the (D + 1)-dimensional Newton’s constant, and G441 is obtained by a
standard Kaluza-Klein reduction with internal space metric g;; = e29(2) gij. Taking
Ligr ~ 1/(e7/)', it is then natural to write down an unnormalized local holographic
c-function of the form

c(z) = ——. (4.1.22)

In particular, the effective warp factor f gives the precise combination of internal

volume and AdS radius needed to obtain the IR central charge. As before, one can
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verify that this is monotonic along flows
d(z) = ———— <0, (4.1.23)

since (e=1)” > 0 from NEC1, (4.1.17).

As before, we may define an effective AdS radius

Leg(z) = , (4.1.24)

(4.1.25)

Note, however, that L.g defined here does not correspond directly to the radius of
AdSy,1; instead, it is the AdS radius modified by the internal volume to account for
the dimensionally reduced Newton’s constant. Moreover, unlike the domain wall flow
case, this ¢(z) diverges in the UV. This has a natural explanation: The D-dimensional
theory appears to have an infinite number of d-dimensional degrees of freedom; i.e.,
as we approach the UV, the compact dimensions become large and we can no longer
ignore the infinite KK tower of states. As it turns out, the divergence still encodes
the UV central charge; we will return to this point in Section 4.2.2.

Note that NEC2, given in the form (4.1.19), also leads to a monotonicity of sorts.

In particular, as long as the internal curvature is non-positive, x < 0, the quantity
Cz) = e DI(f' = ¢), (4.1.26)
satisfies the inequality

C'(z)>0 (provided k < 0). (4.1.27)

80



Hence C(z) is a monotonically non-decreasing function towards the IR. Moreover,

making use of the IR behavior (4.1.20), we see that

e(Dfd)gIR LIR d
Co e — <0 4.1.28
— ( d ) , (4.1.28)

where 2 is a constant offset. Since this is negative in the IR and the flow is non-
decreasing towards the IR, we see that C(z) is negative along the entire flow. Thus
it must be the case that f’ < ¢’ along the entire flow, so long as x < 0. It would be
interesting to explore the implications of this condition as a second constraint on the

flow (for k <0).

4.1.3 A concrete example: AdS; — AdS;

We now turn to four-derivative flows across dimensions where we include the
Gauss-Bonnet coupling. Since the expressions are somewhat lengthy for arbitrary
UV and IR dimensions, D and d, we start with a simple example of flowing from

AdSs to AdSs x T? to motivate our procedure. We thus take a metric of the form
ds? = (= d? + da? + d2?) + 23 (dy? + dw?). (4.1.29)

There are various explicit solutions in this class, including supergravity solutions
describing flows of A' = 4 SYM on T? [215, 236-238]. The resulting NECs, in the

presence of a Gauss-Bonnet term in the action, are obtained by orienting the null
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vectors along the t-z and t-y directions, respectively,

NECL: — (f'(2) = ['(2)%) = 2(9"(2) + ¢/() (¢'(2) = 2/'(2)))
+4ae™ g ()¢ (2) ("(2) - ['(2)?)
+2f/(2) (¢"(z) + 9 () (¢'(:) =2/ ()] 20, (4.1:300)
NEC2: (f'(2) = ¢'(2)) + (/'(2) = (=) ('(2) + 29'(2))
+dae™O | (F(2)g'(2) (' () = 9 ()
+ /()9 () (F(2) = 6 () (F(2) = 20/ (2))] 2 0. (4.1.300)

These generalize the two-derivative NECs, (4.1.16), in the case where D =4, d = 2,
and k = 0. As a sanity check, note that NEC2 becomes trivial in the domain wall

limit, g = f, while NEC1 reduces to

=3(f"(z) = f'(2)%) (1 — dae” f'(2)?) > 0, (4.1.31)

in agreement with the domain wall flow case (4.1.8).
In order to obtain a c-function, note that, following (4.1.17), the two-derivative
NEC1 can be written as

(e*f )" > 6/ ()2, (4.1.32)

where f = f 4 2g. Examination of (4.1.30) indicates that, in the presence of the

Gauss-Bonnet correction, this can be extended to

(<6f>’ n 4aef2ff’g'2>/ > 6e*f(g’)2 [1 n %lale((f' -4y -4%)|. (41.33)

2 is non-negative, the right-hand side of the two-derivative expression,

Since (¢')
(4.1.32), is non-negative. However, the same cannot be said for (4.1.33), as the

term inside the square brackets can in principle have either sign. However, as long
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as we work perturbatively in the higher derivative coupling, «, this still leads to a
monotonic expression for the left-hand side.

Validity of the perturbative expansion requires that the four-derivative Gauss-
Bonnet term be parametrically smaller than the leading-order two derivative term,
aR? < R, or a/f* < 1 where { is some radius of curvature of the background. For
the particular higher derivative flow at hand, (4.1.33), this corresponds to the two
conditions

ae V<« 1, ae M g? <« 1, (4.1.34)

in which case, we can conclude that

/

<(ef)' + dae T f’g'2> >0 (4.1.35)

For a flow interpolating between the asymptotic regions given in (4.1.20), we note
that e/ ~e™9 ~ 2 /Luy in the UV region, z — 0. Then the perturbative conditions,
(4.1.34), translate into

<1 (4.1.36)

While this changes along the flow, the first condition in (4.1.34) corresponds to
af Lgﬁ < 1 where Leg is an effective AdS radius interpolating between Lyy and
Lig. For the second condition in (4.1.34), note that e~¢ interpolates from z/Lyy to a
constant in the IR. Hence ¢’? flows from 1/2% to 0. Since e~2/ scales as 22 throughout

the flow, the combination e~2f¢’? then interpolates between the values

. 0 z — oo (IR)
e (g = . (4.1.37)

L 250 (UV)
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The requirement that we are working perturbatively in « is, therefore,

a o«

5 ¢ < L (4.1.38)
{ Ly’ Lin }

at the endpoints of the flow, along with the assumption that the four-derivative

corrections remain parametrically small along the flow. This is equivalent to requiring

that our EFT description remains valid.

With this in mind, one may generalize the two-derivative c-function defined in

(4.1.25) by taking

co(z) = , (4.1.39)

where now

Le(2) = (4.1.40)

(e*f)/ + doe=T=21 fr(g)2
is the Gauss-Bonnet corrected effective AdS; radius, including the internal volume
factor. From (4.1.35), we immediately see that L/ ;(z) < 0, so that ¢/(z) < 0. As a
result, ¢(z) is monotonic non-increasing along the flow to the IR, so long as we work
perturbatively in ae. Note that this c-function reduces to the two-derivative c-function
in the IR where ¢’ = 0; this is a consequence of the fact that the Gauss-Bonnet term
is trivial for AdS3; and we might expect otherwise in general dimensions.

Turning our attention to NEC2, we see that it can be written as a total derivative

(ef(f' —q)(1- 4ae_2ff'g')>l >0, (4.1.41)

which generalizes (4.1.19) for the case k = 0. If we commit to being perturbatively
small in «, (4.1.34), then the interpretation of NEC2 is almost identical to the two-

derivative case [220] as summarized above. We can define a function

Cz) =e/(f' —¢)(1 —dae™ f'¢), (4.1.42)
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such that C'(z) > 0. In the IR, we have that

oo 6291R LIR 2
C(z) *° — <0 4.1.43
()R- () <o, (4.1.43)

where z; is a constant. Since this is a negative in the IR and monotonically non-
decreasing with respect to z, it must be the case that it is also negative in the UV.

Hence, we have that f’ < ¢’ along the entire flow.

4.1.4 Gauss-Bonnet flows in arbitrary dimensions

Having examined flows from AdS; to AdS3; we now turn to the general case of
Gauss-Bonnet corrected flows in arbitrary dimensions. Consider a flow from AdSp 4
to AdSgy1. As noted above, we consider two conditions arising from the null energy
condition, which we denoted NEC1 and NEC2. Our main interest is in the c-function
arising from NECI, although NEC2 will also give rise to a monotonic function from
the case k < 0.

Making use of the curvature tensor components summarized in Appendix C.1.1,

we find the t-z NEC1 to be given by

—(@=1)(f" = (F)?) ~ (D= d)(g" +g(g —2f))

+ 20 [(d = 1)(d = 2)(f)* ((d=3)(f" = /*) + (D = d){g" + g4/ — 2f)))
+2(D = d)(d=1)fg ([d=2)(f" = [*) + (D —d=1)(g" + (g —2/")
+(D=d)(D—d=1)g* ((d=1)(f" = )+ (D—d=2)(g" +¢'g —2f)))]
=275 (D= d)(D —d =1 [(d = D(f" = f*) + (D= d=2)(¢" + ¢ (g —2f))]
> 0. (4.1.44)
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One can check that upon setting f = g and x = 0, we get
(D= D)((f2 = ) (1 = 2a(D = 2)(D = 3)e ¥ (f)2) > 0, (4.1.45)

which perfectly agrees with the domain wall flow NEC (4.1.8). As a sanity check, one
can also see that setting oo = 0 recovers the correct two-derivative result (4.1.16).
We now seek a holographic c-function which could, a priori; be any arbitrary

function

c)y=c(f, [, f" 9,99 . 2). (4.1.46)

However, inspired by the form of the two-derivative c-function (4.1.22) and the
AdS; — AdS; case, namely (4.1.39) and (4.1.40), a natural generalization would
to be

1 14+ O(a)

C<Z>: —f\\d—1 — —fV d—1’
((e7)) ((e7/) + O(a))

(4.1.47)

where the O(«) terms are made from combinations of f’, ¢’ and . Hence, we propose

a candidate c-function

B Legt(2)%!
Gy
Leg(z) = [(e*f)/ + o e’f(e’” (as(f")? + as(f") g + asf'(9')* + az(g)?)

Fe2 B b)) (4.1.48
R (baf +hsg)] 1.48)

1+ a(e (@ +aaf's + aale' ) + b5,

for some choice of real coefficients {a;, b;}. The structure of the central charge contains
various occurring products of derivatives of the functions f and g. Note that we are
interested in comparing to NEC1 to obtain monotonicity, and hence have avoided any

7

terms with f” or ¢” in c¢(z) as these would lead to f” and ¢ terms in (z), as well

as (f")% and (¢")? terms.

We now fix the coefficients {a;, b;} by demanding monotonicity of ¢(z), namely
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d(z) < 0 under the assumptions of NEC1 and perturbative control. To do so, we
compute ¢/(z) and adjust the coefficients to match the f” and ¢” terms with the
structure of NEC1, namely (4.1.44). The expression for ¢/(z) is not particularly
illuminating, but it is given in Appendix C.1.2 for completeness. Comparing (z) to

NECI1, we see that for the particular choice of coefficients

a; = —2(d—1)(d — 2),
as = —4(D — d)(d — 2),
az = arbitrary,

a4:0,
4D —d)(d-2)
as = (d—l) )

w020 (BLAE=0 ) e

a; = arbitrary,
by =2(D—d)(D—-d-1),
bg - 0,

, _AD—d)(D—d-1)
3 — (d—l) 3

(4.1.49)

we get monotonicity of the c-function, in the sense that

d(z) = L) e L= h=d)

Gn d—1

(¢)?(1+0(a))| <0, (4.1.50)

where we have made crucial use of the fact that we are working perturbatively in «.
Here, O(«) denotes only terms which remain under perturbative control throughout
the flow in the sense of (4.1.34). Notice also that (4.1.48) reduces to (4.1.39) upon
setting D =4, d = 2, and k = 0, provided we take az = a; = 0.

Note that the two coefficients a3z and a; are left undetermined; a; will be the
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coefficient of a term proportional to (¢’)%, and so can never matter within the context
of our analysis, and shifting ag is equivalent to a shift in a; and a shift in ag since
we are working perturbatively in «. This freedom in choosing a3 and a; in principle
yields a family of c-functions that all flow to the same IR central charge as ¢ — 0 in
the IR. However, the UV behavior will be affected, and below we will find a preferred
combination of these coefficients. If one were to relax the above condition (4.1.50) by
replacing NEC1 with NEC1x (14 O(«)), then it would become apparent that, due to
the perturbative nature of our analysis, there are five free parameters rather than the
naively apparent two. Intuitively, this is equivalent to the freedom of perturbatively
combining the numerator of (4.1.48) with its denominator. It is convenient, however,
to keep these terms separate when taking the IR limit, as we will see in Section. 4.2.1.

We may also consider NEC2, which can be arranged in the form

{15 = ) + 20 (e (F = ) ( = (d= D= 2)(f)?
~2d=1)(D—d=1)f'g = (D-d=1)(D~d-2)(g))
+e 2 ((D=4d=1)f + (=5 + (8- 3D)D + d(~8 +6D))q') )] }
> — S D g — 14207 (3d(d + 1)f" + 3d%g"
+ (D +2d +2)d(d — 1)(f")> = d(D(3 — 2D) +dD + 4d* + 2)f'¢’
4+ (D —d—2)(D*—2dD — 4D — 2(d — 2) + 3)(g')2>
+ 2%(D —d—1)(7T+2d? — 4d(D — 2) + 2D(D — 4)))} .
(4.1.51)

One may check that setting ¢ = f and x = 0 makes the left- and right-hand sides of
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this inequality identically zero, as it should. This suggests that we define

C(z) =V [(1' = o) +2a (e (' = ) (= (d = 1)(d = 2(f')
—2(d=1)(D—d=1)f'g = (D—d=1)(D—-d-2)¢)*)
+ 6*296% ((D —dd—1)f' + (=5 + (8 — 3D)D + d(—8 + 6D))g’>)} ,

(4.1.52)

analogous to (4.1.42) for the case of AdS; — AdS;. NEC2 is then the statement that

C'(z) > —gew*l)f”f*?g(z) —d—1)(1+0(a)). (4.1.53)

Then C'(z) > 0 for Kk = —1 and C'(2) > 0 for K = 0, so long as the O(«) corrections

are parametrically small. Then in the IR, we find that

(D=d)gie /[, ¢ 2a(d — 1)(d — 2)
Z—00 € IR (07 _9 K
~ = 1— + IR —(D —4d — 1 :
C(2) I (z — Zo) ( I ae 62( )) <0

(4.1.54)
This should hold so long as «/L#; < 1 and «/¢? < 1. Then since C(z) is negative in
the IR and non-decreasing as z increases, we conclude that it must always be negative.

This imposes a constraint

0> (f = ¢)+2a(e?(f = g)( = (@=1)(d—2(f)

—2(d=1)(D—d=1)fg — (D—d=1)(D—d=-2)(¢)?)
Z

+ e

((D —4d—1)f' + (=5 + (8 — 3D)D + d(—8 + 6D))g’>>.

(4.1.55)

Heuristically, this provides an additional constraint to the c-function considerations.
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4.1.4.1 Generic Einstein internal manifolds

If we relax the condition that the internal manifold is maximally symmetric and

instead only require it to be an Einstein manifold with Ricci curvature

Rij = kgij, (4.1.56)

with g the metric on the internal space, then the null energy condition will be, in
general, more complicated. In particular, we no longer know the internal Riemann
tensor fiijkl; however, the only component of the full Riemann tensor }?MNPQ that
contains the uncontracted internal Riemann tensor is Rl-jkl with all internal indices,

which will not affect the t-z null energy condition NEC1. Then all the previous

arguments hold for the monotonicity of the c-function if we replace
- = — (4.1.57)
However, the same is not true of NEC2 since it would be dependent on Rijkl in general.

4.1.5 Changing coordinates

While we have parameterized the bulk metric according to (4.1.1), in some situa-

tions, it is convenient for one to work in a different gauge,
ds® = A0 (— dt* + A7) + dr® + PV ds,, (4.1.58)

The c-functions we have defined do not depend on the choice of coordinates. Never-
theless, we present NEC1 and the corresponding ¢(r) function in Appendix C.2.1 in

case such expressions prove useful.
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4.2 Fixed point limits of the c-function

In Section 4.1, we have constructed a monotonic c-function, (4.1.48) with coef-
ficients given in (4.1.49), for Einstein-Gauss-Bonnet flows across dimensions. This
c-function is a natural extension of its two-derivative counterpart, (4.1.22), as well as
the higher-derivative c-function, (4.1.11), for flows in the same dimension. To better
understand the physics of this NEC-motivated c-function, we now consider its UV
and IR limits and compare them to the expected central charges at the endpoints of

the flow.

4.2.1 The IR limit

One important reason for considering higher derivatives is that they break the
degeneracy between the a-type and c-type central charges. Focusing on d = 4 for the

moment, the Gauss-Bonnet correction splits the two central charges in the IR [189]

L 12a
=——(1—-— — 4.2.1
e ( Li‘h)’ (42.12)
L 4o
=——|1——=. 4.2.1b
TG ( L%R) ( )

If we do not include higher derivatives, then these are the same. In particular, a
holographic two-derivative flow cannot tell whether a or ¢ is flowing monotonically.
However, for the four-derivative central charge, (4.1.48), we find the IR limit

HWL$1< QMd—Um—QO
c(z) "~ 1-— , 4.2.2
(5) 7% G T (42:2)

where, as we show below, the (d + 1)-dimensional Newton’s constant is

1 eP=Daw\ol(Mp_,) K
= 1+2a(D —d)(D—d—1)—e 2m®) 4.2.3
o o (1+20(D - a)( Jme ). (4.23)
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While the above holds for arbitrary D and d, we can compare with the four-

dimensional IR central charges, (4.2.1), by setting d = 4. In this case, we get that

L3 12a
z—o0 LR
G () S — 4.2.4
2) Gs ( L12R>7 424)
with
1 e(D_4)gIR, K
= (142a(D -1 D—5—_2~‘71R>. 4.2.5
&= g (1+20(D 4D 55 (42:5)

This then clearly reduces to the a central charge as expected from the a-theorem, and
notably is not the ¢ central charge.
More generally, we expect the A-type central charge in the IR to be [226, 239]

d—1
LIR

d+1

A= (1 —2(d — 1)(d — 2)%{), (4.2.6)
which precisely matches the IR limit, (4.2.2). Hence, the c-function originating from
NECT1 pertains to the monotonicity of what becomes the A-type central charge in the
IR. Note that we have not imposed this fact; simply solving for the allowed parameters
{ai, b;} in (4.1.48) that give monotonicity from NEC1 has demanded that the IR limit
be unambiguously the A-type central charge.

We now return to the relation between the (D + 1)-dimensional and (d + 1)-
dimensional Newton’s constant, (4.2.5). The lower-dimensional Newton’s constant
is obtained from the compactification of the gravitational part of the Lagrangian

(4.1.4). In the IR, the spacetime is AdSgyyq1 X Mp_4. Furthermore, in this limit, the

Gauss-Bonnet term, (4.1.3), splits as

X1 — X4+ X4+ 2RR, (4.2.7)

92



where R is the internal Ricci scalar and Y4 is the internal Gauss-Bonnet term

R:EQ(D d)(D —d—1),
- ;4(17 (D —d—1)(D—d—2)(D—d—3). (4.2.8)

Then the gravitational action reduces as

1 D+1 (D 1)
= 167TGN/d T\ — |:R+ + axa

A e/ a1 | dP d e(P—dgrr /9D —a
167TGN/ Ja+ 1/
DD -1)
L?

X [(1 + 204R> R+ "———+axys+ R+ Ozx4} (4.2.9)

Integrating out the internal coordinates gives the (d + 1)-dimensional Newton’s con-

stant

1 eP=D91r\ol(Mp_,) ~
= 1+ 2aR 4.2.10
G G (1+20R). (4.2.10)

where R is given in (4.2.8). Making this substitution for R yields the above expression
n (4.2.5).

4.2.2 The UV divergence

We now turn to the UV behavior of the c-function, (4.1.48). As is often the
case when defining c-functions in flows across dimensions, this function diverges in
the UV. This, of course, is not surprising since we will see an infinite number of
lower-dimensional degrees of freedom in the UV. While (4.1.48) does not interpolate
between the UV and IR central charges, we can still ask whether its UV divergence
can be related to the UV central charge. To answer this question, we first look at the

two-derivative case.
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4.2.2.1 Two-derivative case

Ignoring higher-derivative corrections for the moment, for general D to d dimen-

sional flows, the c-function is given by (4.1.22), which we write out as

(4.2.11)

D—d )\ “"Y
d—1 '

In the UV we have e/ ~ €9 ~ Lyy/z, so

o(z) *R’ (@) o ( d=1 z> o L) (4.2.12)

z D—-1 zD—d

The numerator gives the unnormalized UV central charge. The denominator diverges

with increasing energy scale, and the power is the number of compact dimensions.

4.2.2.2 Gauss-Bonnet

Now we consider what happens when we reintroduce the Gauss-Bonnet term. For

the case of no internal curvature, x = 0, the c-function in (4.1.48) reduces to

o(2) = d-DI+D=d)g 1+ ae™® (ai(f')* + asf'g' + a3(g)?)
(_f/ _ %19/ =+ ae—?f(as(f/)zg/ + a6f/<g/)2 + a7(g’)3))d_1
(4.2.13)
which, in the UV limit, behaves as
ooy (Lo M T e)
Z -11 o 1\
<ﬂ; — m(ﬂ@ + Qg + CL7);)
(d-1 d-1 (Lyv)P! 1+ L%v (ay + as + as)
=51 (4.2.14)

ZDfd o _ d—1
<1 — m%(a@ + Qg + CL7))

Note that the curvature terms proportional to x/¢? do not affect the UV limit (4.2.14)
since e 2 f" ~ z and e 29 ~ 22 in the UV, which is to be expected since intuitively

the “compact” dimensions will appear large at very high energies. If we demand
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that c(z) o< ayy/zP~% in the UV limit, (4.2.14) places constraints on sums of the a

coefficients. In particular, compared to the known result,

L[[J);l o
avy = 1—2(D—1)(D—2)—— ), (4.2.15)
Gy Ly
we must satisfy
(d—1)"
a; + as + as + ﬁ((% + ag + CL7) = —2(D — 1)(D — 2), (4216)

which corresponds to the requirement that

D-1 [ (D —1)((D+1)(D —4) —3d(d — 3)) + (d — 3)(d — 1)(D — d) + (2d — 3)(D — d)?
a7 =

(d—1)? (D-1)

D—d
- a3] . (4.2.17)

This provides an additional constraint on the coefficients (4.1.49), reducing the num-
ber of free coefficients from two to one. Given the discussion hitherto, we may always

impose this additional requirement.

4.3 Higher-derivative gravity and holographic entanglement

entropy

In this section, we discuss the construction of monotonic c-functions from the
perspective of holographic entanglement entropy. It is well-known that finding the
entanglement entropy of a region in a holographic CFT is equivalent to finding a
bulk surface minimizing some choice of functional; at the two-derivative level, this
is just the Ryu-Takayanagi (RT) area functional [240, 241]. However, minimizing
the area of the extremal surface is insufficient when higher derivatives are present;

in particular, it has been argued [225-228] that, given a theory described by the
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Einstein-Gauss-Bonnet action

Itotal = Ibulk + IGH + Icta
D(D -1
L = /dDHﬁ {R + % + 04X4] ;

1
Igy = / dPx {K — 2« (GabK“b + g(K?’ — 3K K, + 2[@))} . (4.3.0)

where K, is the extrinsic curvature with trace K, Ky = (K4)?%, and K3 = K, K*K_ 2,

the RT functional must be replaced with the Jacobson-Myers (JM) functional® [229]

1 | -
Spvi = —— [ d%vVh(1+2aR) + —— [ e Vi2aek, (4.3.2)
4GN ) 2G!N o

where ¥ is the surface over which the functional is being minimized with boundary
0%, h is the determinant of the induced metric on %, & is the induced metric (of
the induced metric h) on 9%, R is the scalar curvature of ¥, and K is the trace of
the extrinsic curvature of the boundary 9%. The term containing K may be viewed
as a Gibbons-Hawking term that renders the variational principle well-defined. The

equation of motion that follows from the JM functional is
K+ 20(RK — 2R;K7) = 0. (4.3.3)

We may then compute the holographic entanglement entropy of a region A by mini-

mizing this functional over all surfaces homologous to A

The goal of this section is to construct monotonic c-functions from the entangle-

ment entropy. For flows down to AdSs, it is natural to obtain a monotonic c-function

!Note that for black holes, the Jacobson-Myers functional leads to the same result as Wald’s
entropy [242-244], but it is generically different.
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as the coefficient of the logarithmic term [178]
cgp = RORSEE, (435)

where R is the radius of the entangling region. An analogous quantity that interpo-

lates between free energies in AdS, flows is
CEE — R@RSEE — SEE N (436)

and its monotonicity can be proven using strong subadditivity on field-theoretic
grounds [180]. However, how to define similar quantities for AdS; and above is un-
clear. Strong subadditivity may be used to construct monotonic functions in higher

dimensions, but they no longer interpolate between central charges at the fixed points.

4.3.1 AdSD+1 — Ad83

Looking at flows from AdSp,; down to AdSs is the most tractable. Equivalently,
this may be viewed as a flow from CFTp to CFT,. Generically, we have a metric of

the form (4.1.1), but we will further specify the metric to be
ds? = 2 (—dt* + d2® + dr®) + ng(z)ds?wD%, (4.3.7)
with asymptotic behavior

z—0: f(z) = log (Luyv/z), g(z) = log (Lyv/2),

Z— 00 f(z) = log (Lir/2), 9(z) = gir. (4.3.8)
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Our CFTp lives on R x Mp_,. We will consider entangling regions? which wrap
the internal Mp_5. The induced metric on a constant time slice parameterized by a
profile 7(z) is

do? = e (1 +1/(2)?) d2* + € dsh,, . (4.3.9)

We will assume boundary conditions
r(0)=R,  7r(2)=0, 1'(2)=—o0, (4.3.10)

where R is the radius of the entangling region, and z is the deepest point in the bulk
that the minimal surface probes along the holographic radial coordinate, that is, the
turning point of the surface in the mechanical analogy. In terms of this profile, the

induced Ricci scalar is

02
" (D B 2) e 2f (1 + (7"/)2) (2f/g/ . (D . 1)(9/)2 _ 29//) + 29,7“,7“”
(1+ ()?2)* ’
(4.3.11)
which, after some integration by parts, leads to a JM functional
~ 2Vol(Mp_») F ~ K ag\ Lo~ ¢ ()
where the rescaled Gauss-Bonnet coupling
a=a(D-2)(D-23), (4.3.13)

2For a more detailed discussion of choices of entangling regions in flows across dimensions, see
[220].
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is introduced for convenience. Here, we have ignored the boundary term from inte-
grating by parts since it will automatically cancel with the Gibbons-Hawking term

IC. Since this functional is independent of r(z), Sjv admits a first integral

ref ()2 +1) (14 2a%e2) — 262 (¢)?)

C =
() + 1)

, (4.3.14)

which can be solved to give

f i

TI(Z) == )
\/1 — F2 4 4da(fe 2 — e 2 (g)%(1 — F?))

or, equivalently,

— F2 a(Le29 — e=2f(g')2(1 — F2
z'(r):—\/l +ia(; = SR )). (4.3.16)

To fix the value of C, we note that we should have 7'(z) — —o0 as z — 2; this then

requires that

K

C = eh (14207

6_290) where  fo = f(20), g0 = 9(20)- (4.3.17)

Recall that we are interested in obtaining a monotonic c-function from the entan-

glement entropy following (4.3.5), where R is given by

R=- /OZO dz7'(2). (4.3.18)

The negative sign is because 7’(2) is negative in this parameterization. We know 7’(z)
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from the integral of motion, (4.3.15), and so we may write

R:/ dz il
0 \/1 — F24+4da(fe 2 — e 2 (g)%(1 — F?))
20 F e_2f(g’)2.7:
= d 24 O(a?). 4.3.19
/0 Z[\/l—]:2+4dg£26_29+ “ 1 — F? +0(&) ( )

Note that in the second line, we have partially expanded the denominator; this will
be important to avoid triple derivatives from integrating by parts. As in the two-
derivative case, the integrand is divergent at the cap-off point zy, so it must be

integrated by parts to give

e K d 1
R =1 d 1—F2+4a—e 29— .
elj% ro " [\/ + aﬁe dr F' + 4?&[%67299’
d e_Qf(g’)Q 6—2f(g/)2
VA I~ Rl B AL ~2
+2av1 - F dr( = )} + 2a11_r>% Nz i + O0(a%)
(4.3.20)

The profile r(z) has been useful for obtaining an expression for R, but it will now be

useful to phrase matters in terms of a profile z(r) with boundary conditions
2(0) = 29, 2(0)=0, 2(R)=0. (4.3.21)
The induced Ricci scalar for this profile is

R =(D - 2)(D — 3)%529

—2f (12
e (Z) 5 (1+(z')2)(2f’g'—(D—l)(g')Q—Qg")+29’z’z” 7

P Gy

(4.3.22)
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which leads to a Jacobson-Myers functional of the form

2Vol(Mp_ Re ;
St _ 2Vol(Mp_») / dr efCOV | T+ (22 +(z/)2<1 +2@£26—2g(z<r>)>
4GN 0 g
=2F(2(r)) ( A1\2( 512 .
+25[€ (g) (’Z) _Zdef—Qfg/ ’
1+ (2)2 r=Re
(4.3.23)

where R, is the cutoff value of R such that z(R.) = e. The boundary term, while
divergent, is independent of R and so will not cause us any issues. Since the UV
boundary condition has the form zz(r = R.) = ¢, varying this boundary condition

with respect to R gives the relation

dR, dz
<4 = =0. 4.3.24
z 1R +dR 0 (4.3.24)

Moreover, as € — 0, dR./dR — 1 at the boundary. One may now apply ROg
to (4.3.23) and impose the equations of motion. Using the relation (4.3.24), the
monotonic central charge is then given by

2V01(MD,2) 6]?0

~£ —2g0
TN (1 +2a 5 )R. (4.3.25)

CEE =

This generalizes the two-derivative case [220] by simply using the four-derivative first

integral C' rather than the two-derivative one elo. Using the identity

g_; _ (f/(zo) — 4&£6—2909’<z0)>f, (4326)

substituting our expression for R (4.3.20) into cgg, and differentiating with respect
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to zg, we can show that

degr _QVOI(MD*2> f ef]ﬂf(; ne o =R 3_29096 N2 Fn
dzg 4Gy Jo drm(f,)z{(f) —ftag 7 ((f) —f)

+ae M [=2f"(¢ ) + 44" f'g +2(D —2)g"(¢')* = 2(f")*(9')* + 2(D — 2)(¢')"]

12 K 62(f—2f0—9) 4 4fo(f/)3+3<4 f (D 4) 4fo 6 2(f+f0)> (f/)Z /
“Cleh | ¢ ¢ ¢ g

— (D = 2)(—4(3D = 8)¢/ + (D(D +10) + 20)e* + 6(3D — 8)e2 /7)) (')’
+ <—8ef + (D —6)eto + 1262(f+f0)>g/f”

+ (D —2) <—46f + (D — 4)eto + 662(f+f0)>g/g”

+ (28D = 7)(g)* + g") f' (4e — 6e27+)

+de*o f'(—(3D(D — 8) +40)(¢')> + f" + Dg”)] } (4.3.27)
where, for notational simplicity, we have denoted

fo=F'(20),  gh=9(2). (4.3.28)

The above formula (4.3.27) of course assumes the use of the integral of motion (4.3.16).
Note that this agrees with [220] for & = 0.

If one sets k = 0, then we see that, schematically,

dege  2Vol(Mp_y) [T el F2f'(z) B V2 3
e, i er[NECH(D (D -2)(¢)*(1+ O(a))]

<0 (4.3.29)

Y

where the sign of f'(z) is expected to be negative from NEC1. Thus, for x = 0, we
recover a notion of monotonicity along flows from the UV to the IR. Unfortunately,

for k # 0, it is unclear what to make of the resulting expression.
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Note that upon setting D = 2, ¢ = f, and x = 0, one recovers the result for
the strip in flows within the same dimension [191]. The comparison is more direct in
the coordinates (4.1.58); the expression (4.3.27) is reexpressed in said coordinates in

Appendix C.2.2.

4.3.2 Relation to the NEC-motivated c-function

It is interesting to note that the monotonic c-function (4.3.25) constructed from
the entanglement entropy is related to the NEC-motivated c-function (4.1.48), at least

for k = 0. For arbitrary D with x = 0, we have

20
R=

J’.’
— dz——= (1 +2ae%(¢")?), 4.3.30
; Z\/l_—P( ae=*(g')?) ( )

and the entropic c-function is

20 ef—i—(D—Z)gf‘Q

dz—F—
o VI

cgp(2o) oc /0P R — (14 2ae~2/(g")?). (4.3.31)

We may split up the integrand as

—eftT(D—-2)g (! _ N T2
((f, (D=9 (1+ 2546”(9’)2)) ( i J:/(lD_if?g)f > . (4.332)

such that the right term is a total derivative. Conveniently, the left term can be
identified as

ae 2l ()2 3
f/+(D_2)g/>(1+2 (g))> (4333)

CNEC(Z) = (

the NEC-motivated c-function (4.2.13). This c-function follows the coefficient con-
straints presented in (4.1.49), and further constrains az = 2, where a3 was previously

free. However, (4.3.33) does not give ayy as its residue since it does not follow
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(4.2.16). The expression for cgg can then be integrated by parts:

20

cep(z0) < —V1 — F2 enge(z)|  + /OZO dzv1 — F? (d%ﬂ) . (4.3.34)

dz

0

After differentiating with respect to zy, the surface term disappears since F(z) = 1.
Similarly, the derivative hitting the upper integration bound gives no contribution.
When computing degg/dzg the 2o derivative does not modify dexgc/dz, so the mono-

tonicity of cyge directly translates to monotonicity of cgg.

4.3.3 AdSp.; — AdS,4; for general d

One might also consider the more general case of flows down to AdS;,; with d > 2.

We will specialize our metric to be
ds? = @) (—dt? + d2? + dr® + r2dQ5,) + 62g(z)ds?wD_d, (4.3.35)

and we will specify that our entangling region wraps Mp_,4 and has a spherical cross-

section of radius R. Given a profile r(z), this then results in an induced metric
do? = e (14 7/(2)?)d2? + ¥ r(2)d03_, + e29(z)ds?\/1Did, (4.3.36)

with induced Ricci scalar

e 2f

R —(d —2)(d - 3)

672f N2 ! / /
+W[— (1+ (1)) (2d = 2)((d = 2)f + (D = d)g')rr
+(d=2)(d = 3)(")* + ((d = 2)(d = 3)(f)* +2(d = 3)(D —d) f'g

+(D—d)(D—d- 1)%6-29

+ (D —d)(D—d—1)(¢)*+2(d—2)f"+2(D —d)g"))r?

+2(—(d—2)+ ((d—2)f + (D — d)g’)rr')rr”} . (4.3.37)
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For more details, see Appendix C.1.3. It is straightforward to check that for d = 2,

R reduces to (4.3.11). Similar to (4.3.12), the JM functional is then

- Vol (Sd_z) VO](MD_d)

Sim = 1Gn
X /dz {rd_Qe(d_l)f 1+ (r)? (1 +2a(D —d)(D —d— 1)%6_29>
+2 ‘HM[ ((d=2)(d=3)(f")+2(d—-2)(D—d)f¢
“ 1+ (r)? g g

+ (D —d)(D—d—1)(¢")*) +2(d—2)rr'((d = 3) f' + (D — d)g)

+(d—2)(d-3)(1+ 2(#)2)} } (4.3.38)

where we have we have again integrated by parts and used the boundary term to cancel

the Gibbons-Hawking term. If we set o = 0, this agrees with the two-derivative case

(f’ + 7;) R Gl +T(2T/>2 } :

(4.3.39)

[220, 221]. Moreover, setting D = d, we recover

Vol(Sd_z)

S o /dz rP=2e@=VI1 /1 4 ()2 {1 + 2a
N

which corresponds to the entanglement entropy of a spherical entangling region in
flows within the same dimension, as studied in [226, 227].

However, the method applied in the d = 2 case relied heavily on the fact that the
integrand of Sjy admitted a first integral. Since (4.3.38) contains an explicit factor of
r(2), one cannot use the same technique. Without a first integral, we cannot rewrite
7’(z) in terms of the turning point zo to produce an expression like (4.3.25). Recall
that monotonicity for the d = 2 was demonstrated with respect to zy, and it is not

clear how one would proceed when cgg is not expressed as a function of z.
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4.4 Discussion

In this chapter, we have explored higher-derivative renormalization group flows
across dimensions. Our first look at holographic flows across dimensions involved
explicitly constructing a c-function that monotonically decreases along flows from the
UV to the IR due to the NEC. This c-function, just as the one constructed in the two-
derivative case [220], is divergent; we have, however, shown that this divergence can
be made to encode the UV central charge. Our second approach was to construct a
monotonic c-function from the holographic entanglement entropy, given by a minimal
surface prescription minimizing the Jacobson-Myers functional. We looked specifically
at flows from AdSp,; to AdS3 and explicitly constructed a monotonic c-function.
More surprising is that this c-function is related to the NEC-motivated c-function.

Of course, one could ask: Given that the higher curvature corrections must be
treated perturbatively, how could our story have failed? Considering that we are
working perturbatively in o, we can move terms from the numerator of our c-function
(4.1.48) into the denominator, and so there are only 5 free parameters to consider. On
the other hand, the four-derivative part of NEC1 (4.1.44) has, up to our perturbative
omission of terms proportional to (¢’)%, 10 terms that must be matched in ¢/(z). So,
the fact that the NEC-motivated c-function evolves monotonically is a non-trivial
statement and could have easily not been the case.

We note that we could have additionally included in the action the quasi-topological
term Zpy ;1 given by

1 3(3D—5
(2D — 1)(D — 3) 8

s b oo . ) . .
Zp =Ry R RN N + RynpoRMNPCR

—3(D — 1) RynpoRMNP ,ROF 4 3(D — 1) Ry po RMT RNC
3(3D —1) - . . 3(D—-1) -
2 8
(4.4.1)

+6(D— 1) RynRN R, M —
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which was constructed in [197, 198]; this term played a prominent role in [87, 189).
For our purposes, however, this term presents some difficulties. In contrast to the
Gauss-Bonnet term, or even more generally Lovelock terms, the coefficients of Zp,4
are dimension-dependent. This presents us with a problem: We must either choose
Zp11, which is quasi-topological in the UV but which yields unsavory terms in the
IR, or we could choose Z;,, which is quasi-topological in the IR but not the UV. The
conundrum originates from the fact that Zp,; was engineered to be quasi-topological
for maximally symmetric backgrounds, and our background (4.1.1) does not satisfy
this criterion. Hence, we would generically have to deal with fourth-order derivatives
in the NEC.

As mentioned at the beginning of the chapter, the field theory techniques re-
quired for proving monotonicity theorems are very dimension-dependent. Recall that
Zamolodchikov’s proof of the c-theorem in 2d relied on properties of the correlator
of two stress-energy tensors [172] while in 4d Schwimmer and Komargodski relied on
properties of certain four-point amplitudes to prove the a-theorem [177]. The entropic
approach, due largely to Casini and collaborators, relied almost exclusively on strong
subadditivity of the relative entropy [180]. It is an outstanding problem to connect
these different approaches. Holography has furnished two sets of proofs, one following
from NEC and another related to the entropy via the Ryu-Takayanagi prescription.
We have found, at least in a particular case, that the proofs are connected. We hope
to explore this connection in more detail in the future and hope to draw lessons that
might translate to field theoretic approaches. Another question that seems particu-
larly suitable for holographic attacks is the nature of supersymmetric flows; in this

case, Einstein’s equations can be replaced by a set of linear differential equations.
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CHAPTER V

Consistent Truncations in Higher-derivative

Supergravity I: The Torus

Consistent truncations have played a pivotal role in theoretical physics, ranging
from string theory and supergravity to brane-world scenarios. As we saw in Chapter
I, the general principle is that, given a Kaluza-Klein reduction on some compact
manifold, one is interested in removing all but a finite number of modes from the
infinite Kaluza-Klein tower in such a way as to maintain consistency of the theory,
i.e., such that the solutions to the equations of motion of the truncated theory are also
solutions of the original theory. The classic example is the Scherk-Schwarz reduction
[100] wherein the internal space is taken to be a group manifold which becomes the
gauge group of the effective lower-dimensional theory. In this case, one can obtain a
consistent truncation by restricting to the singlet sector, which enforces consistency
via a symmetry principle. More generally, however, in the absence of a manifest
symmetry principle, consistent truncations have traditionally been rare and difficult
to construct; see for example [245, 246]. In particular, there is no such simple rule for
general reductions, and the consistency of a truncation imposes stringent requirements
on the field content and couplings of both the higher and lower dimensional theories.

Naturally, there has been much work on non-trivial consistent truncations. In

particular, there are many examples of coset reductions, including sphere truncations

108



[246-258] and more general coset reductions [259-263]; in such cases, the massless
sector contains charged (non-singlet) fields that one is interested in keeping and care
must be taken that these do not source the fields that one wishes to truncate away.
There are also examples of reductions wherein one is interested in keeping a finite
number of massive modes, such as those on Sasaki-Einstein spaces [264-272] and T
[273], where one is often interested in keeping massive breathing and squashing modes.
Despite the difficulty of finding consistent truncations, there are powerful results.
Indeed, one has the conjecture that any warped product AdSp x My supergravity
solution in ten or eleven dimensions has a consistent truncation to a solution of pure
gauged supergravity in D dimensions with the same amount of supersymmetry as the
original solution [274], with additional evidence having been constructed in [275-283].
It is also generally believed that truncating to just the massless graviton multiplet is
consistent [284]. Note that all of these results are at the two-derivative level.

An important, more recent development has been the use of exceptional field
theory [285-289] as a means to construct consistent truncations [290]. The power
of exceptional field theory is that consistency is guaranteed by using a generalized
Scherk-Schwarz reduction. This has led to many new examples of consistent trunca-
tions [291-298] as well as analysis of the Kaluza-Klein spectra around such trunca-
tions [299-305]. Such developments have put the Gauntlett-Varela conjecture, [274],
on firm ground. Nevertheless, despite such enormous progress in the construction of
non-trivial consistent truncations, many of the results are currently limited to the
leading-order two-derivative theory.

While it seems reasonable that consistency of a truncation at the two-derivative
level would imply consistency at higher-derivative order, it is unclear that this neces-
sarily holds. After all, one possible obstruction could be a higher-derivative coupling
between the retained modes and states in the Kaluza-Klein tower. In the supergravity

context, this could appear as additional couplings between the supergravity multi-
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plet and matter multiplets in the spectrum. To examine this possibility, we will work
specifically in the context of four-derivative heterotic supergravity reduced on a torus.
This is a very standard Kaluza-Klein reduction, and by restricting to zero modes on
the torus (i.e., the singlet sector), one is ensured to obtain a consistent truncation.
The bosonic reduction of the four-derivative theory was obtained in [306].

It is important to note that reducing heterotic supergravity on 7" leads to a half-
maximal supergravity theory in 10 — n dimensions coupled to n vector multiplets.
The question then arises whether it is consistent to truncate out the vector multiplets,
as they naturally arise at the same massless Kaluza-Klein level from the same ten-
dimensional fields that give rise to the lower-dimensional supergravity multiplet. We
answer this in the affirmative by explicitly truncating out the bosonic fields in the
vector multiplets at the level of their equations of motion as well as their superpartners
at the level of the supersymmetry variations.

While we work in general dimensions, the reduction on 7% to six dimensions was
considered in [307], which performed a truncation to N' = (1, 0) supergravity coupled
to one tensor multiplet and four hypermultiplets. This truncation further reduces the
supersymmetry and was indeed shown to be consistent. On the other hand, our trun-
cation gives N' = (1,1) supergravity which, in the A/ = (1,0) language corresponds
to supergravity coupled to one tensor and two gravitino multiplets. We show that,
while the gravitino multiplet can be consistently truncated, the tensor multiplet can-
not be removed at the four-derivative level, even though it can be decoupled from the
two-derivative theory. This is a concrete example of a higher-derivative obstruction

to a consistent truncation, even in the relatively simple example of a torus reduction.

The torus reduction

We work with the fields of ten-dimensional heterotic supergravity, (gan, ¥ar, By, A, @),

disregarding the heterotic vector multiplets. Our starting point is the torus reduction
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of the metric
ds}y = gudatdz” + gin'n, n' =dy" + Aidx“, (5.0.1)

where a# are coordinates on the base space and ¥’ are coordinates on the internal
space. The two-form B is reduced as

B = 1b,,da" Ada” + Bydat Ang'+ Lbn' A (5.0.2)
Naturally, reducing the 10D gravity multiplet on an n-dimensional torus leads to
a half-maximal gravity multiplet coupled to n vector multiplets. By analyzing the
bosonic equations of motion, we show that it is consistent to truncate out the vec-

tor multiplet, and we write down the reduced Lagrangian. The resulting bosonic

reduction ansatz, (9w, Bun, @) = (9uvs b A,([)i, ©), takes the form

% 1 —)i O/ —)t —)i
Juv = Guv; A :§AL) ’ gij=5ij+1_6Fz5v)F;5u) y
1 .
b,uzz = b,um Bm' = _§AL—)17 bzg =0,
¢ = . (5.0.3)

Here we have introduced the notation A& = Al £ 6" By, or equivalently F (F)i =

F'+ Y9G, where F' = dA" and G; = dB;. The A7 are in the vector multiplet and
are truncated out along with the scalars g;; and b;;. Note, in particular, the O(«)
addition to g;; that is required for the truncation to be consistent.

For the fermions, the gravitino 1, splits into a lower-dimensional gravitino v,
along the uncompactified directions and gaugini ¢; along the compact directions. Af-
ter an appropriate shift, we show that the truncation of the bosonic sector is consis-
tent with supersymmetry, in the sense that di; = 0 where 1; are the O(a) corrected

gaugini. In particular, if we write the gravitino variation as v, = D,e, then this
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redefinition takes the elegant form

~ a/ Ry

where F(7)? is the combination of field strengths that remains after our truncation,
and this is specifically selected out by the gaugino variation.
An O(d/) corrected black string

Finally, for illustrative purposes, we look at the four-derivative corrected BPS
black string in ten dimensions which reduces to a nine-dimensional black hole. The

leading order black hole solution takes the well-known form [308]

-2
dsg = — (1 + %) dt? + dr? + 7‘2ng,
r

1
—dt,
1+ £

1\ 12
ef = (1 + ﬁ> . (5.0.5)

We find that the four-derivative corrections to the 10D uplifted metric are then

A:

k2 180/ k?
2 2 2 2 102
ds?) = — <1+_6) (1+—2(k G)Q)dt +dr® + r°dQ;

2
18a'k? 1 180/ k2
- — _ 1 2 (50
+( r2(k+r6)2) (dz 1+,%( +r2(k+r6)2)dt) +0(a?), (5.0.6)

while the B-field remains unchanged. Similar o'-corrected heterotic black holes in

lower dimensions were considered in [155, 309-316]. In particular, the truncation
places requirements on the components of the metric in the compactified direction,
and we find that these are precisely in agreement with the four-derivative corrected
black hole solution.

The rest of this chapter is organized as follows. In Section 5.1, we review four-
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derivative heterotic supergravity and discuss the torus reduction. In Section 5.2, we
verify the consistency of truncating out the vector multiplets by analyzing the bosonic
equations of motion, and in Section 5.3, we verify the consistency by analysis of the
gaugini variations. In Section 5.4, we derive the four-derivative corrections to the ten-
dimensional BPS black string geometry and compare it with the field redefinitions
required in Section 5.2. Finally, we conclude in Section 5.5 and discuss some further

truncations.

5.1 Heterotic torus reduction

In this section, we reduce the bosonic fields of four-derivative heterotic supergrav-
ity on a torus. Our notation is such that we use M, N, ... for curved indices in 10D
and A, B, ... for rigid indices in 10D, as well as yu, v, ... for curved indices along the
base space, «, (3, ... for rigid indices along the base space, i, j, ... for curved indices
along the internal torus, and a, b, ... for rigid indices along the internal torus. That
is, we split our curved indices as M — {p, ¢} and our rigid indices as A — {«a, a}. We
use V to mean the Levi-Civita connection in 10D, while we use V for the Levi-Civita

connection on the base space.

5.1.1 Four-derivative heterotic supergravity

Heterotic supergravity is a ten-dimensional, N' = (1,0) theory with a single
Majorana-Weyl supercharge. The field content is simply the half-maximal gravity
multiplet, consisting of the metric gy;n, the Majorana-Weyl gravitino 1, the two-
form By, the Majorana-Weyl dilatino A, and the dilaton ¢. In the string frame, the
ten-dimensional bosonic Lagrangian up to four-derivative corrections takes the form

317-320]

1 - /
e L =2 | R+ 4(000)? — — H2 np + %

12 (RMNAB(Q+))2 +0(a™), (5.1.1)
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where R is the Ricci scalar and we have defined

/
H=H- O‘ngL(m), (5.1.2)

where H = dB is the three-form flux. We have implicitly truncated the heterotic
gauge fields, as they will not play an important role in our discussion. Here we have

introduced the torsionful connection !
Q, =0+ %’H HAB = Hy*Bda™, (5.1.3)
where €2 is the spin connection, and the corresponding curvature is
R(Qy) =dQ, + Q1 AQy. (5.1.4)

Such choice of connection is required so that (€24, n) transforms as an SO(9, 1)
gauge multiplet [318], where ¥y = 2V (€2-)1n) is the supercovariant gravitino

curvature. The Lorentz Chern-Simons form is
2
W3L(Q+) =Tr (Q+ A dQ+ + §Q+ A Q+ A Q+) 5 (515)

and is required by anomaly cancellation. This immediately leads to the Bianchi
identity
/
df = —O‘Z Tr [R(Q4) A R(Q)]. (5.1.6)
This is characteristic of the two-group structure.

Note that we can break up the Lagrangian (5.1.1), into two- and four-derivative

!'Note that the choice of Q0 versus Q_ is equivalent to a choice of the sign of H in the gravitino
variation, and we may always switch conventions by doing a sign flip B — —B. This is just a choice
of worldsheet parity. Our convention is opposite that used in [318].
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parts

1
Y {R +4(0m¢)* — EHJQ\/[NP} ;

/
«
~1
e Lig=—e
8

2 {(RMNAB<Q+))2 + %HMNP%LMNP(QH] : (5.1.7)

The bosonic equations of motion are

/

3 (RMNAB(QJr))Q’

1 . o
0=& mun = Run + 2V Vg — ZHMABHNAB + ZRMPAB(Q+)RNPAB<Q+)>

1
0=2E,=R— 4(0no)” + 40¢ — H}mp + —

0=_Eunp=VY (6_2¢I:IMNP>7 (5.1.8)

where we have used the dilaton equation &, to simplify the Einstein equation & .
Equivalently, one may use the fact that the variation of the action with respect to
2, is proportional to the two-derivative equations of motion [317]. These can also be

broken up into two- and four-derivative parts, and we write & = £© + /M. Then

1
EY = R — 4(0u¢)® +40¢ — HMNP,

9,

N 1
5(01341\/ = Ryn +2VuVnoé — ZHMABHNABa

EJ(LR)NP = VM (e > Hywp), (5.1.9)
and
w _ 1 1 )
&' = 24HMNPW3L Py + 8(RMNAB(Q+)) ,
1 1
gg(,l]%/[N = gHMABWSLNAB(QJr) + ZRMPAB(Q+)RNPAB(Q+),
1 N

51(;,)1\/13 = _4_162¢VM (e wspanp(21)). (5.1.10)
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5.1.1.1 Supersymmetry variations

Although we primarily focus on the reduction of the bosonic fields, the super-
symmetry variations of the fermionic fields also need to be considered to ensure a
consistent truncation. Up to O(c’), the supersymmetry transformations of the grav-

itino and dilatino are [318, 321]

1 1 -
dethy = V(2o )e = (au + ZQ— MABFAB) €= (VM - —HMNPPNP> €,

1 -
S\ = (rMaM¢ — EHMNPFMNP) €. (5.1.11)

The structure of these variations is such that the O(a/) corrections are entirely con-

tained in the definition of H given in (5.1.2). As above, we can write

Sabns = 00 + /50, 5N =000 + o5 AD, (5.1.12)
where
1 1
551%\2) = <VM — gHMNPFNP) €, 54/11(\}) = §W3L,MNPFNP€7
1 1
S A0 = (FM3M¢ - EHMNPFMNP> e, AV = 4—8W3L,MNPFMNP€- (5.1.13)

5.1.2 Torus reduction

We perform a standard Kaluza-Klein reduction on an n-dimensional torus 7" by

taking our metric to be

dsty = gudatda” + gin't?, ' =dy' + Ajdat, (5.1.14)

2To avoid confusion with & denoting O(a’) corrections, we use d. for supersymmetry transforma-
tions parameterized by a spinor e.
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where a# are coordinates on the base space and ¥’ are coordinates on the internal

space. We can introduce a natural zehnbein basis
B = efdat, E* = e, (5.1.15)

where e* is a vielbein for g,, and e® is a vielbein for g;;, so that ds?; = .,z E*E® +

Sy E*E®. Then

e” de®
E = , dE = , (5.1.16)
esn’ ded At + el F!

where the abelian field strength is given locally by F* = dA*. In components, we have

e erAl el —el Al
Eyt=1" 1, EM= . (5.1.17)
0 e 0 e’

The torsion-free spin connection can be computed to be

Wb — %gijF;ﬁnj %efFZLadx“ — %eé@agijnj

Q= | A | ‘ | , (5.1.18)
— el Flsdat + Sel0sgiin s(edel — etdey)

where w is the torsion-free spin connection on the base manifold.

5.1.2.1 Inclusion of torsion

In addition to the metric, the B-field is reduced according to

B = 1b,,da" Ada” + Bydat Ang'+ Lbm' A (5.1.19)
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Computing H = dB then gives
H=h+G;An' + 3dby An' A, (5.1.20)

where

h=db— F'A B;, Gi = Gy — by 9, G; = dB;. (5.1.21)

The one-form HAE is then

h#‘wdx“ + é“ﬁmi e (émz‘dx“ + 8abz'jnj>

H = (5.1.22)

—eia (G’Hﬂidx“ + 8ﬁbij77j> emejbdbij

Combining ‘H with the torsion-free connection €2 in (5.1.18) then gives the torsional

connection

w3~ 59y Fly — Cop )
_%eia(<gi]’Fiﬂ + Guﬁi) da’ — 95(gi; — bi )"j)
3 (90 + G} ds" = 0ulo b))
Letaeib (eodes — ecde + dby;)

Q+:

(5.1.23)

The connection €2_ may be obtained by taking H — —H. The torsionful Riemann
tensor can be calculated from R(Q,) = dQy + Q4 A Qy. The frame components are

given in Appendix D.1.

5.1.3 The bosonic reduction at leading order

Before proceeding with the truncation of the reduced vector multiplets, it is in-
structive to review the standard Kaluza-Klein reduction of the two-derivative action

and equations of motion. Since the truncation to the zero modes on the torus, (5.1.14)

118



and (5.1.19), is guaranteed to be consistent, we can directly reduce the two-derivative

Lagrangian, (5.1.7). This yields the standard Kaluza-Klein result [322]

_ _ 1
e L0 = 2 [R(w) +40,p* — thwp 1

1 ..
- Zgwgkl(augikaugjl + aubikaubjl)} , (5.1.24)

(glsz Ja + gijé;wiégw>

where the reduced dilaton ¢ is given by
1
=0¢— 1 log det g;;. (5.1.25)

It is also straightforward to directly reduce the leading order ten-dimensional
equations of motion (5.1.9). Making use of some of the reduction expressions in the

Appendix, we obtain the reduced two-derivative Einstein equations

]_ iq = = ]-
g;?(ig :R(W)aﬁ - 9 <gl]F F] +4g JGQViG57j) - Zha'yéhﬂ'yé + 2v0{v590
1 ..
- Zgwgkl(aagikaﬁgjl + 0abir0sbj1),

1 1 N o
5(?) =—e; (ezwvy( g FL) — —howéGwai—gjkajavbki)v

2

1 ~ ~
_(gikgleo]f,BFolz,B — GapiGagj)

1
g0 = —¢led (eQSDVV(e_Q“"VVgU) ~ 3

g,ab 2 a

- gkl(awgikaygﬂ — (%bikavbﬂ)), (5126)
and the reduced H-field equations of motion

E s = €V (67 hag,),
g(o) 2<pv'y —2p ijé 1 h Fz
H,ab — 6 ( g ’YOéj) + 5 ayd'ys |

Eily, = clic] (ewvv(e—wvvsz) — g F5Gos; + 29“379%87!)]-1) : (5.1.27)
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Finally, the reduced dilaton equation is

1 S s ~ 1
£y =R(w) ~ 1 <9ijFéﬂFiﬁ + QUGaﬁiGaﬂj> — 3hes +40¢ = 4(0ap)’
1 ..
- Zlg”gkl(aagikaagjl + 0abik0abj1). (5.1.28)

Since the torus reduction is consistent, these equations can also be directly obtained

from the reduced Lagrangian (5.1.24).

5.1.4 Supersymmetry variations at leading order

Along with the leading order bosonic reduction, we can consider the supersym-
metry variations of the gravitino and dilatino. When dimensionally reduced, we have
{ar, A} — {2, i, A}. As in the case of the lower-dimensional dilaton shift (5.1.25),

the dilatino also requires a shift of the form
A=A\ — T (5.1.29)

With this in mind, the reduction of the lowest-order transformations, (5.1.13), gives

1 4 ~ 1 .
Sl = (Vu(w) 1 <9¢jFﬂy - Gum>’y”1” — g(Qefﬁuei + 8ubl-j)F”> €,

1/ . - 1 |
5€w§0) - (_g <gijFﬁu + GWZ')’YW - Zau(gij - bij)’V#F]) S

1 1 - 4
5A0 = (wm — ™ + (g Fl, GMWPZ) 2 (5.1.30)

At this order, the gravitino 1/1,80) and dilatino A\(©, belong in the supergravity multiplet,

while the internal components %(o) fall into vector multiplets. This allows us to
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identify the graviphoton and vector multiplet gauge field combinations as

FSV(_) = G?FZV - 626'“”, (graviphoton)

F;V(H — egFZV + BZCNJNM. (vector) (5.1.31)
This will serve as a guide for truncating out the vector multiplets below.

5.2 Truncating out the vector multiplets

Reducing the ten-dimensional heterotic action on 7™ gives rise to a lower-dimensional
half-maximal supergravity coupled to n vector multiplets. Here we proceed to trun-
cate out the vector multiplets, leading to a pure half-maximal supergravity in lower
dimensions. The truncation of the two-derivative theory is straightforward, and
our main intent is to highlight that the truncation remains consistent at the four-

derivative level. We start by considering the two-derivative truncation.

5.2.1 The supergravity truncation at leading order

As indicated in (5.1.30) and (5.1.31), the bosonic fields in the vector multiplet
consist of the vectors F,fl,(” along with their scalar superpartners g;; — b;;. This
suggests that, at least at leading order, we can truncate out the vector multiplets by
taking

9ij = 0ij, by =0,  Gui=—F,,. (5.2.1)

(Note that, with g;; = ¢;;, the internal indices ¢, 7, ... are raised and lowered using
d;.) However, as an intermediate step, it is instructive to truncate the scalars before

considering the gauge fields. Thus we let

9ij = 0ij, bij =0, FHi = F, £ Gui (5.2.2)
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In this case, the two-derivative equations of motion, (5.1.26), (5.1.27), and (5.1.28),

take the form

1
4
1
Epoi =7 (62“”%(62“‘?52) )+ 2hcmsF 3 )

1 - 1
7 <€2¢v7<6_2@F§a_)1) hom?F( " ) ;

1
_ha'y§h6'y5 + 2VQV[S‘QO,

+)igp(+) —Yig(=)i
(FQF L FORS )—4

4 2
0 _ L (pipei | po)ip);
gl — g(Faﬁ FG 4 EGESY),
1 i i )i (=i
& = Rw) - 5 (FS R + FG RS - < him +40¢p — 4(9ap)?,
0 _
s = 7V (¢ ),
0 1 — i 1 i
Elfni = 3 PV (e 2 FD) + §how5F7(:$r)
1 e2¢vv<672wp(f)i) _ lh Jalek
9 ~ya 9 ayé 'y )
0 _ L p®ip)i  pe)ip;
At the bosonic level, we can proceed in two ways, by either setting F(*) = 0
or F(©) = 0. The former case will truncate the gauge fields in the vector mul-

tiplet, while the latter will remove the graviphotons, leading to a consistent but
non-supersymmetric truncation. Note, in particular, that the two-derivative bosonic
Lagrangian, (5.1.7), is invariant under B — — B. This is what underlies the symmetry
between F) and F() at the leading order.

We are, of course, mainly interested in a supersymmetric consistent truncation.

Thus we proceed by setting F(H) = 0. Specifically, we take

wi = —= A" (5.2.4)
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Doing so then yields the two-derivative equations of motion

1o 1
%ﬂﬁ:fﬂwhﬁ—ZFkﬂﬂg)‘”4mth6+2V£Vm&

ary Y 4

0 1 - —)i 1 —)i
5;,31 =72 e*V, (e %Fw(a) ) - §ha76F«55 )

0) _
Egi = 0,

| P P |
ﬁ”:R@Q—gﬂ}lﬁQ‘ﬁ}ﬁm+45@—4%@{

£ = V(e hags),

0 1 - )i 1 —)i
gj(q)m =73 (€2wv7 (“3 %Fw(a) ) - §hom5F'55) ) ;
i) = 0. (5.2.5)

Note, in particular, that the internal Einstein and H equations are trivial and that the
mixed Einstein and H equations are consistent with each other. This set of equations

can be derived from the reduced Lagrangian

_ _ 1 1, i
e L =e% <R + 4(d¢)* — Ehfwﬂ - g(FM ) ) : (5.2.6)
where the h Bianchi identity is given by
Lp)i g g0 Ly p ploi
h =db+ ZF NA = dh = ZF NFT (5.2.7)

This can equally well be obtained by directly substituting the truncation ansatz,

(5.2.4), into the two-derivative Lagrangian (5.1.7).

5.2.2 The supergravity truncation at O(a/)

We now wish to extend the truncation of the vector multiplets to the four-

derivative level. Working to O(a/), the supergravity truncation, (5.2.4), is expected
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to receive corrections. With a slight abuse of notation, we thus let

guu — g,u,y + O/dglw’ buy — b/“/ ‘I— a/(Sle, SD — ('0 —I— a/(SsD’

7 1 —
AM - 514& i

. . 1 .
4 a/5 AL, B = —§A,(j)’ + /B

gij = 5@']’ + O/(Sg@'j, bij =0+ Oé/(Sbl'j. (528)
The equations of motion to O(a’) then take the form
E=E0+ (56O +W). (5.2.9)

Here 6€(©) arises from inserting the corrected fields into the two-derivative equations,
and €M can be obtained from inserting the leading order fields into the four-derivative
equations.

Extending the leading order equations of motion (5.2.5) to the next order, we see
that the necessary conditions for maintaining a consistent truncation are

(55(0)

g,tJ

gty

to ensure truncation of the scalars, and

g,

1
56 + £ = 5 (5 + i), (5.2.11)

to ensure truncation of the vector multiplet gauge fields. Solving these conditions
will provide constraints on the correction terms in (5.2.8).
To calculate £1), we only need to work with the leading order truncation. This

simplifies various objects needed in the calculation. In particular, the torsionful spin
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connection reduces to

aB 1)
wy —sFE s 0
Q=" = . (5.2.12)

0 0
This gives the torsionful Riemann tensor
R af 0O )=R af 1F(_)ZF(_)1
15 (S) = Rys (“4)‘1 v tap o
« 1 i =)t
Ry 5(Q+) = _§5dv(7+)F(§5) )

1. L
Red®(Q4) = 0L FL) Y. (5.2.13)

and Lorentz Chern-Simons form

wsL,apy (24) = WaL,apy(wy),

; i (O () s
w3L,ape(24) = 5C(Ra675(w+)Fw(a) - gFtiB)]Fw(é)ij(é) )

WaL.abe(24) = 5,[)’5? (—F(é) v(+)F(5 )J)7

27 @ il

. 1o ys iy
WsL.abe(Q1) = 0li67 6% (—iFjw) ngﬂFW(a)’f). (5.2.14)

Note that we have dropped an exact term from w3y, (€2, ), which is implicitly absorbed
into a field redefinition of B. For details, see Appendix D.2
5.2.2.1 Truncating the internal Einstein equation

We first check the scalar equations of motion (5.2.10), corresponding to the inter-

nal Einstein equation. Starting with the 5;,1]%/[N from (5.1.10), we find

1 )G (=) —)i 95 L i () kp(2) G (—) k

Egiy = 1 |~ Bass(w) o (B + VDN + o B EG RS
L) p(2)d (=) k(=) kL (=) i p(2) b (=) G (=) K

b F B - S EG RSV, ] (5.2.15)
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Since this is non-zero, it would have to cancel against a similar expression in (55g i
To find this correction, we need to start from the full expression for €% g 0 (5.1.26).
To first order, we find
65(0 1 24,08 —2@8 A 1 (=) K ( )35
947 56 V(e ol gz]) + 8F Fa,é’ Gik

1 1
+4F <5F’ +0Gap; — = F >’“5bjk), (5.2.16)

where symmetry of (ij) is implied. Our main focus is on dg;; and 0b;;. Since these
carry ¢ and j indices, and since we want them to be two-derivative terms, we expect
them to be built out of bilinears in the field strengths, F ég)l We will confirm below

that an appropriate choice is to take

1 iy
0gij = 1_6F0(4B) Fo(lﬁ)Ja by = 0. (5.2.17)

Note that there is no obvious antisymmetric choice for b;;, so the only natural result
is to set it to zero.

After some manipulation, we find

1 1 RYITEY Y _
—562(‘087<6_2¢8759i]‘> = —E [_RQB’Y(SFO([,B) F,§5 )J + VWFo(zﬁ) VWFC(M)]
+ 2PV F (Rag + 2V Vi)

+2FC ”va(eww ~2ep( ”))] (5.2.18)

The terms in parentheses in the second line are almost the leading order equations

of motion (5.2.5), but are missing a few terms. By adding and subtracting, we can
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arrive at

1

1 RV Y ~
260 (0, 8) = [ Fas LR E 4 9B PG

16

Vi ()i k(b i)
2Fa6 Fv s Fa +§ha5eh55€FM Fy

+ F S F SN ahgns + hgns Flg) 'VaFL5

+ 2P IS + 2R Vo (5.2.19)

where we have normalized the graviphoton equation of motion according to g0 =

0 0 : : . . o
—4€ ; O)CZ = —281({ )m We can rewrite the torsion-free Riemann and covariant derivatives

in terms of their torsionful versions. The result is

1 1 IV Ry L
—562“037(67%37591‘]') - _ [_Raﬁﬁ(er)Fo(zﬂ) F(5 )J + Vg+)Fc(vB) VEer)FciB)j

16 K

1 . )i o)
+§F§ﬁ> F ”FéQ Fy)* 4 2F ) F IV b

+ 2P FIED) 1 oF )V £ ] (5.2.20)

Taking into account the implicit symmetrization of (ij), the term involving V,hgys

can be simplified using the Bianchi identity (5.2.7). The result is then

1 1 Z iy
—5¢70,(e770,89,5) = — ¢ [_Raﬁvé(WJr)F( VEGT 4+ VIOFG VI ES

1y (o V(- 1
+_Fo(4,8) Fo(éﬂ)kF'i(S)JFy(é) F( )F( )JF( )k F( )k

4 T g7 oo
L o(©)i (=) b (=) G (=) K (=)i p(=)i (0)
_§Fa6 ", Fwé Fso " 4280, Fg, " Eog

+2F) 'V, (5.2.21)

Inserting this into (5.2.16) and taking into account the second term in (5.2.16) as
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well, we find

1 (=)i p(=)d B (o) ()i L ()i () k(=) G () k
0610 = =15 |~ Ramslwi) FSG PG+ VORGSR + SR F GRS

1()1()() (kL ()i () k(=) g ()

+5Fus TR, ~3Fus FOEDIER

i p(=)d £(0) iy e (=)i (5 i
+ 2P LI 4 2R Vo — AF G (GFYs + Gagy) | (5.2.22)

As a result, we are left with

o

LT ayim(=)jelo )i 0)j
SENS + Eay = —5 (FGVFLIED) + FG IV aEDY = 2F ) (0F ] + 0Gag))
(5.2.23)

which vanishes by the leading order equations of motion provided
0F), 4+ 6Gas; = 0. (5.2.24)

5.2.2.2 Truncating the internal H equation

We now turn to the internal components of the H equation of motion (5.2.10).
1)
For c‘:}ﬂj, we find
1

1
gf({,)ij = - 4

1 Vi () g
562¢V7 <e’2¢F v Faﬁ ) + 262¢V < 2¢h’ya,8Fo(¢5) F[§5”>

- —v ShsasFSTES . (5.2.25)

Note that here we implicitly assume antisymmetry on [ij]. This antisymmetry will

be very useful in making many terms disappear. Along with 52)1 ;» we also have

1 ()5
6i7); = €N (7N, 8by) + {Fag Fop *ga

1 1
+ 2F <5Fa5+6Ga51 - éFéﬁ)kébik) (5.2.26)
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If we take (5.2.17) for the corrections dg;; and db;;, along with (5.2.24), we see that
this actually vanishes, namely 55}2)” = 0. Thus, to be consistent, we then need to
have S}};j vanishing as well. To see that this is indeed the case, we can manipulate
(5.2.25) by expanding out the V., derivative in the first two terms while making use

of antisymmetry on [ij]

L oy 9 2 ) (=) (=)
Elry = =1 |56 F V(e 9, E) )+ SV (€ ) L L
+ haas Vs (Fl S5 )— V. haas FGEG | (5.2.27)
We can rewrite the first term using the Bianchi identity dF(-)7 =0
1 Ry B Ry Ry B Ry
SR, (e720v,FG) = e F G, (e vaFG)). (5.2.28)

After moving V, past the dilaton factor and commuting it past the V., we end
up with part of the graviphoton equation of motion, Séo)j . Collecting terms and

simplifying then gives

1 .
(1 _ iy 07 (0) )l ( )i

This now vanishes by the lowest order equations of motion.

5.2.2.3 Compatibility of the Maxwell equations

The final expression to verify is (5.2.11), namely the consistency of the two

Maxwell equations. The shifts of the two-derivative equations of motion are straight-
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forwardly found to be

1R 1 1 .
0&5 . = ¢, {2 N (€7 gy F) — ZhW;GV‘S] + 26262"°V”( e %69 Fl ),

- 1 ) -
3EG, = del {ezwvv(e—wgwejw) + §hng”5} + eV (769U ), (5.2.30)
so that the difference, after imposing our truncation, is simply

6., — 2669, —(56“(516}{% 206, 50E0, + s €han PO FS ES

a1t gaa 321

+ 5“ CHE v, FD. (5.2.31)
The four-derivative parts of the equations of motion are simply

a 1 1
ggglczza _6 Rﬁw (w+)ha5WF(5(e + 8R (W+)V(+)F( i @ng’y) w3L70¢,87(w+>

—h

(
128 QB'YF )jF(S(E )]F56)

1
16F§6 EEDIGH RS ] (5.2.32)

and

1 1 a — 9 —)1 1
gl({,)aa _ __51‘ e2e/P | 2% Rﬁaw (W+)FA§5) _ 8F(a)JF'56 )]Fv(ts)

- 1—652 F o Z(,U3L aﬁfy(w_;,_) (5233)
By use of the torsion-free differential Bianchi identity V(o35 = 0, we have that

VP Ragys = =2V, Roja, (5.2.34)
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and so, after appropriate substitution of equations of motion and use of the h Bianchi

identity (5.2.7), we find that

ewvﬁ <672@Rﬁa75 ((U+)F,§6_) Z) =

il o1 i1 1 1 ) (i
FJ - Ak (Fa(e YE “) = 3 Volhsgehape) + 5 Rosipehiale — ghaaeF§5 TR
e L pOipei L g g
SaebyBuwllefw afel’ ge ~6 af Y6
8 16 8
1 ()ip)i _ Lpigspei L (0)
- gh&@eFﬁe ]Fo(z'y)j o ZFM ]vﬁFo(m)j + Zhﬁdvﬁhwe - vhggﬁ]a
1 0 0 1 0 1 0
- év’)’g;[,)éa - 87905;172501 - §h50¢581({,)76 + Zha’)’eg}{,)eé
+ R, (w ) VPR (5.2.35)

We then substitute this back into 5}2)%, and take the difference (55§2LG + 5&@) -
2(559(,02!(1 + Eé,lcia) We then expand out the torsionful Riemann tensors as

1
Roy " (wi) = Ryy™ + Viahy + 5h

5 o g (5.2.36)

and use the Riemann algebraic Bianchi identity Rj,g5 = 0, as well as the h Bianchi

identity (5.2.7) and the F Bianchi identity dF(7)? = 0, to get that

(1280 + E8) — 20080 + 28

g7aa g?aa) =

Lo (o) 0 1 0 0 1 0 1 0)
- 161 F’i& - V[’Yg_(g,é)}a - §v751(q,)5a - 8’YS0€§I,)(501 - Eh&legl({,)we + Zha’YEg}-Lezi
+ 0eOLER)  — 20€L00EW),, (5.2.37)

which vanishes after the application of the two-derivative equations of motion. This
verifies (5.2.11). Hence, the truncation of the vector multiplet is consistent with the

bosonic equations of motion.
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5.2.2.4 The surviving equations of motion

The above shows that it is consistent to truncate away the bosonic equations of
motion related to the reduced vector multiplet fields, namely &,;, Emi; and Ep i —
2&, «i, corresponding to the equations of motion for g;;, b;; and F, ﬁf)i, respectively.
The remaining untruncated equations of motion are those of the reduced supergravity
multiplet fields. These are the Einstein equation, &, .3, dilaton equation, &, h-field
equation, &y s and graviphoton equation, —&x o — 2E -

Combined with the two-derivative equations of motion in (5.2.5), the reduced
FEinstein equation is

| R 1~ -
Egap = B(W)ap — ZFé“/)lFﬁ(v)z = Jhaashons +2VaVie
(a0 ™) = B ) ) L
+ %F;;”Fﬂ—)nge“FM—)J' + ivg+>F§5”vg+>F75<->i), (5.2.38)

where symmetrization on («f3) is implicitly assumed. Here we have introduced

~ / 1 . . /
h=h-— O‘ZwSL(w+) = b+ ;AN RO %W3L(W+), (5.2.39)
such that
~ 1 . . /
dh = S FOIA PO - % Tr R(w,) A R(w,). (5.2.40)

This reduced & has the simple equation of motion

Ettap = €2V (e*Z%QM) (5.2.41)
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The remaining equations of motion are the dilaton equation

1 ~)i
&y = R(w) — 8Fo(¢ﬁ) Fo(é,a) 12h367+4m¢—4(8a90)2,
o HipGri L gm pe)i?
5 (Raps(@))? = Ragslwn) EG G+ S (VEFDY)
1 1 ;
+8F( RO EC ) —gF(iﬁ) FOIRC RO
L o s (i (Vo) 4
+ g Foy Fag ' Ey) Fw(g”), (5.2.42)
and the graviphoton equation
_ 2 -2 7 )i
Enai = XV (e E7) — h JF
O/ 7 =)t 7
+ Z(_haﬂvRﬁwée(WJr) ) + ha WF )de(e) F(e 2Raﬂw5(w+)vﬁ Féa)
1 1y (i ny
+ 2F< VRIS RED 2F§;>JF§E> VR
+ Fﬂ‘w)ipéé)jvgﬂFﬂ(é”) . (5.2.43)

Note that, at the order we are working at, we cannot distinguish between h and h in
the O(c) terms. Nevertheless, the use of & is expected to be natural when extending

to additional higher orders in «’.

5.2.3 The reduced Lagrangian

Since a torus reduction is known to be consistent, the reduced equations of mo-
tion will necessarily be consistent with the Kaluza-Klein reduced Lagrangian. With
the further consistent truncation of the vector multiplets, the supergravity multiplet
equations of motion, (5.2.38), (5.2.41), (5.2.42), and (5.2.43), may be derived from

the effective Lagrangian given by substituting the truncation into our Lagrangian
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(5.1.1), which gives

1 2
1 -2 2 —)1
e £=e¢PH4@@-E@W—§@LW
o 2 _ puvpo Cip)i Lo pe)i?
+ g (R,UVPO'(W"F)) - R (w-i-)Fw/ Fpa + §(Vp F,ul/ )
1 . . . . 1 . . . .
+ gFMV (—)1FVP(—)1FPU (—)JFU#(—)J _ ng,V(_)ZFVP(_)JFpU(_)ZFa“(_)J
1 . . .
+—8E§V”}NW<—N}¢;WPW“@”J)}. (5.2.44)

While higher-derivative Lagrangians can be transformed by field redefinitions, it is
important to note that such field redefinitions will also transform the equations of
motion. This form of the Lagrangian is what matches the equations of motion given
above.

Using our freedom to perform field redefinitions, we may transform this Lagrangian
into a more standard form. In particular, we can rewrite the (VF)? term using the
identity

(V/()Jr)ﬂ(”j)i)2 — RWPU(WQF;E;MF,S;M leF;(w)ZFW( )jF[E;)inG(*)j
1

v(—)s —)ipo(—)J —-)J 1 v(=)i Vi o(—)i —)j
_§FM ( )FV'D( )Fp ( )JFUM( )J+§Flu ( )FVP( )JFp ( )Fg“( )J
+262“"Vp( 2<"F Jigr pev (= Z) QfH (= ZV 5

i i o(0
—2F )V E,)iED) (5.2.45)

g

Here, the last line includes a total derivative and terms proportional to the leading

order equations of motion. The equation of motion terms can be removed by a suitable
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field redefinition, in which case we end up with the concise expression

_ _ 1, Cyin2
e 'L =e? {RJF 4(0¢)* — Ehpr g(F;) )
Oé, 2 1 uvpo (=)ip(=)i
+ g (Ruupo'(w-‘r)) - §R (w'i‘)Fp,u Fpa
1 1

RO IR ¢ LRI O, O ) } '

(5.2.46)

This reduced Lagrangian can be compared with that of Ref. [306]. Note, however,
that Ref. [306] does not use a torsionful connection. To make the comparison, we

may use the identities

1 1 1
Ryuvpe(wi)® = R2, o + 5}zﬂ”m’hwhmA _ g(hfw)z -3 X
3 A ) A 3 A A , A
+ — 32 FISV”F“”(_)JF(_)ZFW(_)J _ EFMV(—)ZFV/J(—)JFpa(—)q:gu(—)a

. ZhQ WF“;) zFVp( i 8h;w>\hpo F zF( )i ZhuuAhpGAF;(L;) ZFV(;) i

+ €2V, (€% hype VVRI) — BP0V ,ER)  — B EL)

pvo

(5.2.47)
and

RIWPU<w+)F( )’F RWPUF( )ZF( )i lFlE_)iF“V(_)jF/)(_)in”(_)j
8 14 loa
1 . . ) . 1 ) .
_ZpvE)ipe(=)ipo(-)i (=)i _ Zppvrppeo p(=)ip(=)i
1 F, ESOIE, For()i 5 hHARP F#P E)

(5.2.48)

where we have defined h* = h**?h,,)hygchpre. Note that h defined in (5.2.39) also

contributes to the four derivative action through hm,p At O(a’) we only need to
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worry about the cross-term

v v vpo 3 v o —) —)1
WY w31 e (Wi ) = BFPwsL, sy — BRMP By hpe™ — T AN R
3 : 1
+ gh“l’AhP"AF/ﬁ;)lFﬁ;” + Eh4. (5.2.49)

Making the above substitutions in (5.2.46) then gives us

eIL = {R H409)! = 2, — (FG)
5 (B = 3007 = SR U = L2, 4 on
- Zhi,,Flfp F %h#“hﬂﬁﬂﬁ) F ShWW AR
n 312F5V>1F;;>jF;;>iFg;>j _ éFA;“Fﬁ;“FCg;NFg;M
+ 116F5V>ZFV<U> POV +§hlt”ﬂw3wp>]. (5.2.50)

In particular, this agrees with the result of [306] after appropriate truncation.?

5.3 Truncating the fermionic sector

Hitherto, we have only looked at the bosonic sector of the theory; it is a non-trivial
test to additionally check that the truncation extends to the fermion sector. We start

with the O(a/) truncation

1
(
ZF“”) ’

1 ) ~
Gij = 5Z-j + o/égij, bz‘j = 0, FZ = F(_)Z7 Guui =

,U,I/ 2 Hv

(5.3.1)

3It is important to note that our conventions differ from those of [306]. In particular, one must
send B — —B to compare, so our truncation F(*) = 0 is equivalent to F(~) = 0 in the notation of
[306].
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and consider the leading order supersymmetry variations (5.1.30). We find, at the
lowest order

500 — (v Lpeyi i

Ew,u _ H( )+ 4 M g €,

sy =0,

- 1 1 ; ;
530 = (7"%@ = Sl + gF,S;W”r’) ‘ (5:3.2)

where the internal Dirac matrices I't have flat-space indices. We see that the gaugini
are consistently truncated out at this order. However, with the dg;; shift in (5.3.1),

the lowest order transformations, (5.1.30), also give rise to the O(a/) terms

3(80)

0,
1 HTJ
591] IW —Z—lauéng F, €
0.

(5 A (5.3.3)

5.3.1 The variations at O(a/)

The shift in the lowest order internal gravitino variation, d (66%(0)), will combine
with the higher order term, 54/%”, to yield the complete gaugino variation. As we
are aiming to truncate away the vector multiplets, this combined variation ought to

vanish.

Reduction of the first order internal gravitino variation, 5w§1), in (5.1.13) yields

—)i 1 —)Ji(=)J z i .

—§Faﬂ TR e (5.3.4)
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Combining this with (5.3.3) gives

0 1 L ()i o 1 Vi (s Ry A
0(B”) + ey = @F(iﬁ) Ry (wi)y™ - ZFCE[;)]FV((;)]W‘S ~ VI FIyTd

L (505 (=) kg

~ 5 TEPTEE ) e, (5.3.5)

As this is non-vanishing, the gaugino must be shifted if we are to truncate it away.
The Riemann tensor term in the variation suggests that we use the commutator of

two covariant derivatives. This can arise from the variation of a covariant derivative

of the gravitino. Since we work only to O(a’), we can take something like Vi1,

whose variation will gives V[,V je. To be more precise, consider the variation 51#,80)

in (5.3.2), which we write as Sl = D, e where

1 —)i v 1 v 1 —)i v
DM = VM@_L) + ZF/EI/) VIt = vu - ghuuA7 A + ZF;EV) YT (536)
The commutator we want is then
1 a a —)i «a —)i aTi 1 —)ip(—)t_«a
[D,,D,] :Z<R,W Blw_)y™P + (ZV[“FV(]Q) — hy, ) )7 It SEL Fig)iye?
1 . L
— §F;Q>ZF,EQ>JFW). (5.3.7)

Comparing this with (5.3.5) indicates that we need to convert between R(wy) and

R(w_). Using the h Bianchi identity, dh = 1F(5) " A F(5)7 we have

3 (2)i (=)
Raprs(w_) = Rypap(wy) — ZF[; S (5.3.8)

A bit of manipulation, including use of the F Bianchi dF(-)* = 0, then shows that
6c); = 0 where we have defined the shifted gaugino

~ /

O ()i
Vi =i — ZF’E”) Dy (5.3.9)
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This demonstrates that we can consistently truncate v; out of the fermion sector
while preserving the supersymmetry of the solution.
For completeness, we also note that the gravitino and dilatino variations have

four-derivative corrections

1 5 | NP Vi oy
56%(11) 39 [w3L,qu(w+>7 + Q(Rwaﬂ(w—k) T8 ;Eu)]Fo(cﬁ)]>Fo(eﬁ) 7T

1 i
- §Foﬂﬁ”v,§+>F;ﬁ”r”] €, (5.3.10)

and
O wp | O of Lo )3\ )i o
(Se)\ :48 W3L7Myp(w_~_)’}/ +§ Ruu (W+)—§ Y Faﬁ Faﬁ ot T

L L i pe)i

—) kijk
Fos’ sy ) F]}e. (5.3.11)

5.4 Comparing with the four-derivative corrected BPS black
string

A natural test for our truncation is considering N = 1, D = 9 supergravity [323].

The field content is the 9D metric g, the gravitino v, a vector A,, a two-form B,,,

a dilatino A, and a dilaton ¢. Black hole solutions to this minimal supergravity lift

to ten-dimensional strings, so we may compare these two cases.
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5.4.1 Two-derivative solution
Balancing the nine-dimensional graviphoton charge with the mass gives rise to a

supersymmetric black hole solution given by [308]
-2
) dt® 4 dr? 4 72dQs,

1
dt,
(5.4.1)

with all other fields vanishing. Here we have denoted the metric of the round S7 by

dQZ. This two-derivative solution uplifts to a 10D black string solution via (5.1.14)

).

-2
) dt? + dr? + r2dQ2 + [ dz + z
1+ 5

k
1
B=— —dt Adz,
76
(5.4.2)

It is straightforward to check that this satisfies the 10D two-derivative equations of

motion (5.1.26). Moreover, this is a BPS solution, in the sense that 5%(\2) = 0 and

SA0 = 0 with Killing spinor
5\ 12

O — (1 ; —6) (1~ T2 (20).
r

On An+1,n+2

where € is a covariantly constant spinor* on S7. Thus, the solution is %—BPS.
2V

4Concretely, if we write the seven angles of S” as 6,,, n = 1, ..., 7, such that the angles are defined
then €o(€27) is given by g = [],,_, exp|

recursively as dQ2 = dfZ_,, +sin® fs_,dQ2_,,
where 1) is a constant spinor, i.e., with no coordinate dependence. This can be seen via an identical

analysis to that in [324].
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5.4.2 Four-derivative correction

We now solve the ten-dimensional equations of motion, including O(«’) correc-
tions. We do so by making an ansatz for the four-derivative corrected black string

as

—2
dS%o = — (1 + %) (14 f(r)dt? + (1 + /g(r))dr? + 7"2ng

+ (1 + o'h(r)) (dz + (14 ()< il) 1+ O@?),
B=— %é(r)dt Adz + O(a?),
—1/2
e? =(1+a'l(r)) (1 + r—é) + 0(a”?), (5.4.4)

where we have explicitly assumed that the SO(8) symmetry is preserved and that the
solution continues to have 0; and 0, as Killing vectors. Demanding that our fermion

variations vanish implies the conditions

o_ [ hr)+(r) - /é(r))
dr 1+ T% ’
0= 6kf(r) — (1 v %) % (j(rf i ﬁ( )) v dr(k + rS)m/ (),
0 = 3k(24(r) — £(r) — h(r)) + r(k + %) (£ (r) — 20(r)), (5.4.5)

where we have written our BPS spinor as € = (14 a’m(r))el?). Note that since we are

demanding 67, = 0 and 0\ = 0 for a BPS solution, it is fine to require that ¢, = 0
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without any field redefinitions. In particular, (5.4.5) allows us to write

o) =) = 2i0) =en (14 55 ),
h(r)+j(r) — £(r) = — ¢ (1 + %),
ﬁ@y—%wq:ﬁﬁll§2(1+k), (5.4.6)

r(k + r6) r6

where ¢; and ¢y are undetermined constants of integration. Substituting these condi-

tions (5.4.6) into our equations of motion and solving gives the solution

18k? 1 cs + 2c6
- " 2 92— _
f“>7%k+wy+%+'“+q< 1+§> 60k +10)°
g(r) =0,
18]€2 C3
h(r) =— —
) = = o Sk T
(T) _ 18]{32 B Clk’2 B Cg
I =2 1082~ 28(k +15)  6(k +10)’
(Cl — 202)]€ 361]6 — C3 — Cg
é(T’) = 9,6 6(]€+7’6) + co + ¢y + c7,
3ci1k —c3 — cg Cr
_ il 4.
o(r) 120k + %) +c5 + 5 (5.4.7)

where the ¢; are (as yet undetermined) constants of integration, along with the four-

derivative corrected Killing spinor

% 9k? c3 + 2c6 — 6c1k
— |1+ = — ©, 4.
‘ {*’2@ﬂk+wy 2010 )| (548)
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Now, we can further reduce the number of free constants. Our mass M, electric

charge Q. B charge Q®), and scalar charge ¥ are given by

2
M =2k + o/(—(301 + 2¢4 + 4er)k + = —E CG),
QW =~k — /(2 +crk),
QY =k+ o/(c3 J6r %4 (et 07)16),
E o
Y= -5+ E(3k(01 — 2c5 — ¢7) — 3 — Cg), (5.4.9)

where the scalar charge is defined as the coefficient of = in the large-r expansion of

the dilaton

)y
¢:¢m+ﬁ+ow*% (5.4.10)
If we fix the metric at infinity, as well as the asymptotic value of the scalar ¢, and
the charges QW and QP), then this requires that all the ¢; vanish. Upon doing so,
we are left with the four-derivative corrected metric

k 180{/k2
2 2 2 2 2

2
18/’ k? 1 18a'k?
L ) P 1 t 2
+< ﬂ@+ﬁp)<z 1+%( +ﬂ@ww®0 ) 0@,

(5.4.11)

with B and ¢ left uncorrected.
We now compare this ten-dimensional solution with the form of the consistent

truncation (5.0.3). Making note of

F2:1H2:— T2k?
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we find

Oé/
Gor =1+ ZFQ, (5.4.13a)
@ s
B = <—A + 59(1 Faﬁ> A dZ (5413b)

In particular, (5.4.13a) is exactly what we expect from the general expression (5.0.3)
when n = 1. On the other hand, (5.4.13b) naively seems to have an extra term
compared with (5.3.1), but the Tr QF is precisely the term that we implicitly absorbed

into B to remove a total derivative from the Lorentz Chern-Simons form.

5.5 Discussion

In this chapter, we have shown that it is consistent to truncate out the vector
multiplets that arise in the toroidal reduction of heterotic supergravity in the pres-
ence of four-derivative corrections. In particular, this truncation does not ruin the
supersymmetry of the reduced theory. We further verified our truncation by looking
at the example of a four-derivative corrected black string solution. We view this work
as a step towards more general non-trivial truncations of higher-derivative theories,
such as what may arise from sphere reductions.

One may be tempted to interpret these results as a statement that a two-derivative
truncation automatically implies the existence of a four-derivative one. However, this
is not always the case. For example, one might consider further truncating the 7°
reduction to minimal D = 5, N/ = 2 supergravity. For n = 5, upon transforming

to the Einstein frame g = e*/3§ and dualizing h = e 2 « G = e % « dC, the two-
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derivative Lagrangian reads®

0 = iR — gdgo Axdp — %e&@/i”g ARG — }LF(‘) INFOUAC — %e—4w/3F<—>i AFEC)

(5.5.1)
where the Chern-Simons term arises from requiring that the h Bianchi identity be-
come the G equation of motion. This theory may be thought of, in bosonic N = 2
language, as a graviton multiplet (g,,,C),) coupled to a gravitino multiplet A,([)#l

and a vector multiplet (AEL_) " ¢). One may then check that it is consistent to truncate

the additional multiplets
FO = 496, FO# =, 0 =0, (5.5.2)

which, upon rescaling G = F/+/3, gives us pure minimal ungauged N’ = 2 supergrav-
ity

1 1
*LO =4R— —FAN«F — —FANF AA. (5.5.3)
2 3V3

Similarly, upon truncating, the two-derivative dilatino equation takes the form

S A0 = Fay* (1 £l (5.5.4)

;
43
where the presence of a projector is consistent with the fact that we are truncating
N = 4 supersymmetry down to N = 2.

At the four-derivative level, we naively expect the minimal N' = 2 truncation
to yield the Lagrangian (3.0.6) with coefficients (3.0.8) that we saw in Chapter III.
However, the dilaton equation of motion in the Einstein frame contains the term

1
EY > g64%0/3(RWU)2. (5.5.5)

5Here, we have chosen to use the notation % to refer to the Hodge star in the string frame and %
the Hodge star in the Einstein frame.
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As is well-known, such a term cannot be removed by field redefinitions. This spells
doom for our truncation. An alternative way of seeing the same issue is to look at

the G equation of motion (or, equivalently, the h Bianchi identity)

/

d(e % % G) ~ —%R(w+) A R(wy) + ... (5.5.6)

No such term appears in the F(-)% equation of motion and likewise cannot be removed
by a field redefinition. The issue in both cases is that the two-derivative equations
of motion have no Riemann tensors, and so field redefinitions cannot generate two
Riemann tensors.® Hence, the truncation is likely inconsistent at the four-derivative
level. We may also see this in the fermionic sector. If we now identify h=e2xG

and set F(7)#0 =0, then the four-derivative part of the dilatino variation becomes

SAD = 3% (Rwaﬁ (wy) — é ;y>1pgﬂ>1> FO T, (5.5.7)
where the Lorentz Chern-Simons piece has been absorbed into G and the last term
vanishes since 't = 0. We can indeed remove the Riemann term via a field redefini-
tion similar to what was done for ¢) but at the cost of a VI FOVH FO) term that
cannot be removed.”

What this example illustrates is that not every two-derivative consistent trunca-
tion necessarily leads to a four-derivative version, even in the case of torus reduc-
tions. It is interesting to note that the problem rests with the vector multiplet; it
is perfectly consistent to truncate out just the gravitino multiplet (leaving us with
a matter-coupled N' = 2 supergravity), but the vector multiplet gets non-trivially

sourced by the graviton multiplet at the four-derivative level. Here, the best we can

6 Although, if we are clever, we can generate one, as happened for the Maxwell equation truncation
earlier.

"Note that we are very restricted in what field redefinitions we may make since 561/150) and A
both vanish, which means we can only shift by 1,,.
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do is to truncate to minimal supergravity coupled to a universal vector multiplet. An
almost identical issue is present if one tries to truncate to pure N = 1 or N' = 2
supergravity in D = 4, which leads to difficulty recovering the expected result of
[125, 126, 153]. It should also be noted that at (a’)? order in D = 4, it is known that
the pure A/ = 1 theory has to be coupled to at least an extra chiral multiplet [325].8
One might also consider a similar truncation of the theory in D = 6. Here,
our N = (1,1) Lagrangian may be thought of, in bosonic N' = (1,0) language, as
a graviton multiplet? (g, blfy) coupled to a gravitino multiplet A,(f)i and a tensor
multiplet (b, ). As before, it is perfectly consistent to truncate out the gravitino

multiplet
FOi =, (5.5.8)

at the four-derivative level; in particular, the F(7)? equations of motion trivially

vanish when we set F(-)* = 0. This yields the truncated Lagrangian

1 - /
eI L= e R+ 4(09)" — Sh, + %(Rwaw)? : (5.5.9)

However, analogous to the vector multiplet in the D = 5 case, the universal tensor
multiplet cannot be truncated away. This can be seen from the dilaton equation
of motion, which again contains a (Rj,.(w;))? that cannot be removed with field
redefinitions, or from the dilatino variation, which again has a Riemann term as in the
D =5 case. Presumably, the truncation of [307] to N = (1,0) supergravity coupled
to a tensor multiplet and four hypermultiplets will suffer the same fate; while the
hypermultiplets can be removed by a further truncation, the tensor multiplet cannot.

While we have focused on four-derivative corrected heterotic supergravity, more

generally, the dilaton coupling to higher curvature couplings precludes it from being

8See also [326] for a related story in the torus reduction of type II supergravity.
9We denote the self-dual part of b as bT and the anti-self-dual part as b~. This is unrelated to
the + notation associated with F(+)
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consistently truncated out of the lower-dimensional theory.!® One implication is that
a top-down approach to higher-derivative holography will necessarily include, at a
minimum, the dilaton multiplet in addition to the supergravity multiplet. It would
be interesting to see how this fits with the many non-trivial consistency checks of

bottom-up holography performed in the absence of the dilaton.

10Tt should be emphasized that this is a perturbative statement. In principle, one could consider
a non-perturbative reduction with compact dimensions of size o/, which could provide a loophole.
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CHAPTER VI

Consistent Truncations in Higher-derivative

Supergravity II: The Sphere

Life is simple on a torus T™ since the truncation to the massless sector restricts
the U(1)" singlets. Products of singlets can never yield non-singlets, so symmetry
protects the truncation and there is little that can go wrong. However, there are many
subtleties involved with sphere truncations (see e.g. [246-258]) and more general coset
reductions (see e.g. [259-263]). The issue is that there are fields in the massless sector
that transform non-trivially under the isometry group; amongst these is the gauge
field that arises from the metric. In such cases, products of the retained fields may act
as sources for the very fields we wish to truncate, which spells disaster for consistency.
Hence, such truncations are quite delicate.

On the other hand, we are now entering an age of precision holography, where
higher-derivative corrections are becoming increasingly important. This is motivated
partially by advancements in the construction of higher-derivative supergravities but
also by advancements on the field theory side that allow for precise comparison.
However, such higher-derivative corrections are subtle. As we saw in the previous
chapter, not every two-derivative truncation necessarily leads to a consistent four-
derivative one. Some higher-derivative gauged supergravities could not be reached by

a consistent truncation, in particular, because of non-trivial couplings between the
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graviton and dilaton-containing multiplets. Hence, it is doubly subtle to check that
a four-derivative sphere truncation is indeed consistent.

As in Chapter V, we work in the context of heterotic supergravity with four-
derivative corrections. Here, we will be interested in the Scherk-Schwarz reduction
on S3, which yields half-maximal 7D gauged supergravity coupled to three vector
multiplets. The truncation to pure 7D supergravity is known to be consistent at
the two-derivative level [327], and, as we will show, it is indeed consistent at the
four-derivative level as well.

Our starting point is 10D heterotic supergravity with field content (gasn, ¥ar, By, A, @),

and leading order bosonic Lagrangian

1
e*cze*¢R+4@M@%—EH@M). (6.0.1)
Note that we do not include the heterotic gauge fields, as we aim to truncate to pure

7D supergravity. For the S? reduction, we take a metric ansatz
dsty = guwdada” + g, 0l =o' + A, (6.0.2)

where z# are coordinates on the 7D base space, A’ is a principal SU(2) connection,
o' is a set of left-invariant one-forms on S*, and g;; is a symmetric matrix of scalars.
We reduce the two-form as

1

B:b+&A#+2

bz’j T]z A 77j + mw(g), (603)

such that

1 , .
d(JJ(Q) = geijk o' Nal A Uk, (604)

is the volume form on S3. Here, m is the Hs flux supporting the sphere reduction.

At the two-derivative level, this reduction was worked out in [327]; the resulting
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theory is a seven-dimensional gauged supergravity with Lagrangian

— — 1 1 %
e L= |R+4(0,p)° — Ehfm - Q—gQ(FW)Q + g%, (6.0.5)

where the gauge coupling constant g is related to the flux by ¢> = —1/m. We extend
this reduction to the four-derivative level. In particular, after analyzing the bosonic
equations of motion, we find a consistent O(«’) truncation

1 ! 1

(6% i ; 7
gij = ?5” —|— 4_§4F065Fg¢ﬁ’ b” = O’ Bz - ——A . (606)

where the gauge coupling constant, g, receives an O(a) shift
=—-m—- —, (6.0.7)

This truncation reduces to the torus case of Chapter V in the ¢ — 0 limit, assuming
the fields are appropriately rescaled.

We also consider the fermionic sector. Here, the 10D gravitino 1, splits into a
7D gravitino 1, and three gaugini v¢;. Note that the left-invariant one-form basis
trivializes the spin bundle and hence the reduction preserves the full supersymmetry

of our original theory. To truncate the gaugini, we require a field redefinition

/

O i
Vi = — 2—§FWDMDW (6.0.8)

where we have denoted 4.1, = D,e. This then sets 561@- = 0 and leads to consistency
with supersymmetry.

The rest of this chapter is organized as follows. In Section 6.1, we review the
two-derivative group manifold reduction of heterotic supergravity on S®. We then

show, in Section 6.2, that the truncation is consistent at the four-derivative level by
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analysis of the equations of motion, as well as summarize the remaining equations
of motion and effective Lagrangian. In Section 6.3, we check that this truncation is

consistent with supersymmetry, and, finally, we conclude in Section 6.4.

6.1 Group manifold reduction on S*

The reduction of heterotic supergravity on S* can be viewed as a reduction on
the group manifold of SU(2). We first summarize the standard results of the group
manifold reduction [259, 327, 328]. As a matter of setting notation, we will use the
same notation for four-derivative heterotic supergravity as in Chapter V. In particular,
we split our indices as

M — {p, i}, A —{a,a}.

6.1.1 S3 reduction

We now proceed to reduce the heterotic theory on S® to arrive at half-maximal
seven-dimensional gauged supergravity coupled to three vector multiplets [327, 328].
The vector multiplets will be truncated out in the next section, but we retain them
here since we must use the full non-truncated lowest-order equations of motion to
compute their four-derivative shifts.

The sphere S? is, as a manifold, isomorphic to SU(2), which admits a basis of

globally defined left-invariant one-forms o* satisfying the Maurer-Cartan equation
i Lok 5k
do' = —563 o’ Ao (6.1.1)

Such a global frame reduces the structure group to the identity, which is just the
statement that S3 is parallelizable. Moreover, o? generates the right isometries of the
metric. The €% are the structure constants of su(2), and formally the indices should

be raised and lowered via the Cartan-Killing metric k. However, in this case, the
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Cartan-Killing metric is trivial

1
Rij = _Eekﬁieékj = (5,‘]‘, (612)

and so we will not concern ourselves with the positions of the indices of e.
We then have a metric ansatz in the form of a standard Scherk-Schwarz reduction
[100]

dsty = guwdatdz” + gim'n’, 0’ =o'+ A, (6.1.3)

where x# are coordinates on the 7D base space, g;; is a symmetric matrix of scalars

and A’ forms a principal SU(2) connection with curvature locally given by
i i Lok i k
F'=dA —§€j AT N AR (6.1.4)

Being non-abelian, our gauge field naturally has an associated gauge-covariant deriva-

tive, which we will denote as D. Given an su(2)-valued form ', D acts as

Dt' = dt' — €9k AT A tF (6.1.5)
Considering the metric (6.1.3), we choose a natural zehnbein

E* =e”, E* = ey, (6.1.6)

where e is a siebenbein for g, and e? is a dreibein for g;;, so that ds?, = 9,z E*EP +

Sy E*E®. We then compute

dE* = —w*’E”,
1, . 4 1.
AE" = Sef Fg B A EP 4 €Dyl E* N B — ée”ke?eieleb A E°. (6.1.7)
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from which one may extract the components of the spin connection

1 .
O = WP — el Fi B,

2 7 «
1
ab be e b i 6]
O = —FYES — JlF,E,
1
Q% = QP E> + §CwbEc. (6.1.8)

Here, we have made the conventional definitions

p* = ¢ep P
(0% 7 )

Qab _ ei[aDaelﬂ
o 1)

Coap = €1F [efege{f + ebedek — e?ege’ﬂ, (6.1.9)
where P and @ are the scalar kinetic term and composite SU(2) connection, respec-
tively.

We may then compute the relevant Riemann tensor components to be

« « 1 i j 1 i j
R'75 5(9) :R 675<w) — §FaﬁF'56gU — §Fa'ng(5gij7

1 , 1 S A
Roa™(Q) = = 5D, (eFap) — 5eiFag(eaDnef) — efFo, Poca

it ay

. 1 o 1,
Res**(€2) =Ds Pape + PasacDse] + Zefe?FZvajé — PoacQsab + =€/ FsCe.ap,

ab ijk a7 k cr
Rcd (Q) :Pabae J €; €i€d +e; L, P’ybd - Paaccd,abv

7Ty

a 1 i c 1
Reg™() = — 2P, Poyg — 1 Crane iheleced + 5CeasCa v (6.1.10)

where there is implicit antisymmetrization as relevant. Contracting Riemann then
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gives the Ricci tensor components

1 .
Raﬁ(Q) :Raﬁ(w) - EFang’»ygij - D,BPacc - PachB d>

1 : 1, 1,
Rap(Q) ==D, (e} F.) + €l F. ey Dyes + el P

2 1T oy 2 7 2 1T oyt Yee
) 1 ) )
Rab(Q) == prvab - Pwd (eszeg) + ZG?G?F%F% + Pvdevda - 2P’Ya[b|PVC|C]
1 .
- L—lcf,ace”’“e{ clef, (6.1.11)

and the Ricci scalar

1 . .
R(Q) = R(w) — ZFZY'BF‘?‘BQU — 2V'P, — Py P — P?
_ Z(eljkeémnhwhjmhlm + Qel]kejzﬁhk‘ﬁ)‘ (6112)

For the reduction, we also need to consider the dilaton and B-field. For derivatives

of the dilaton, we find

A A ~ A 1 , A A
vaquZS = VQV5¢, VangzS = —éeingwaA/Qb, Vavb¢ = wac“)%b. (6.1.13)

For the B-field, we make the sphere reduction ansatz

B:b—i—Bi/\anLﬁbijn’/\n]—|—mw(2), (6.1.14)
such that
1 . .
dwey = g%‘k at Aol Ao, (6.1.15)

is the volume form on S3, and m is the three-form flux supporting the reduction. This
then leads to an expression for the three-form field strength in terms of the seven-

dimensional field strengths (three-form h, two-form G, and one-form G;) according
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to
~ ;1 i i, m i j k
H2h+G1/\7] +§Gij/\77 /\?7J+E€ijk7] /\T]J/\T], (6116)
where
i m i j k
h:db—Bz/\F —EEZ‘]';CA /\A]/\A,
~ . m . k
Gi:Gi—bijFJ‘FEEijkA]/\A, GZ:DBZ,

Gij = Dbij + €pij By — mepi; A", (6.1.17)
Note that these field strengths satisfy the Bianchi identities

dh = —G; A F',
DG; = —Gyi; N FI,

DG;j = —meijiF* + €15 Gy (6.1.18)

6.1.2 The bosonic reduction at leading order

At the leading two-derivative level, the above reduction ansatz leads to the reduced

bosonic Lagrangian

1 1 . . L~ ~
e 1) — o2 [R + 4(8(,0)2 _ Ehz -3 <giijygFig + ngGWilej)
1 ..
. (Puab)Q . ZlgwgkeGuikGujé
o Z (Ez]kefmngiég]mgkn + QGZJkEJZngZ) . §m2] ) (6119)

For comparison, note that the first two lines of (6.1.19) is a gauge covariantized
version of a standard torus reduction [103, 322], while the last line is a scalar potential

generated by the gauged geometry. Note also that there is a natural identification of
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the 7D dilaton as
1
=¢— 1 log det g, (6.1.20)

Along with the reduced Lagrangian, we have a set of reduced equations of motion at

leading order. The reduced Einstein equation becomes

1/ . . -~ . 1
0 7 % €
Es = Rap(w) — 3 (F Fg.,9i5 + GariGayig" ) +2VoVsp — PacabPs™ — Zhawéhﬁw
GQZJG,BkEng ]Z
(0) 12@7*2@1’ za 1 'yéz 1~ ik J
ngab 256 D (e Fa )e —|—FLw B 4ha75G §GawG3kg e
m o
- ZGaijgwg]mekZmelga
_ 1
Sg(?czb = - e2<ﬂvv(e 2gDpvab) + 2Py (a)aQap) — ch’accf,bc
Ly mioa 5 A g 1 i j
+ 4_1 <F75F'i66i 6? - G75iG75jeaei> - EGéikGéjﬁhkeeaei
2
m
- 4 Ezkﬁejmngkmgznez €y (6121)

while the H equation becomes

0)
Eing =€V (€7 hag),
~ . ~ . 1 . 1 o
£V, = e D (e—wGW) € = 2PpiChaicly + Shans Fysel + 5ConiGaijeiel
glgzb =PV (e G piseie}) — F éa'm‘@z[aeb]j + 2QufacGacly)

— 2P70[a|ijeie|jb] — CQ[G‘deijkeéeﬁeﬁ]. (6.1.22)
Finally, the dilaton equation becomes

1
5(5)0) = R(W) 4 (FZ F ﬁgzj + GaﬂzGaﬁjgzj> o _h2 (aQO)Z + 4[]90 - (leb>2

1 ik 30 1 2 m2 ijk tmn il jm _kn
= 1 GaiGaneg™g” — 5C° = 57" g g (6.1.23)
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It is straightforward to check that the above equations of motion follow from the

Lagrangian (6.1.19), which confirms that the reduction is indeed consistent.

6.1.3 The fermionic reduction at leading order

We may also reduce the variations of the fermion fields. Since the dilaton is shifted

(6.1.20), we must likewise shift the dilatino as

A= \— T (6.1.24)

The leading order fermion transformations then reduce to

1 1 - ~ | y
5&#,@ = [Vu(w) + Z—LQuabFab + 1 (gijF,fl, — G,um') YT — gGm’jFU:| €,
1 . ~ 1 1 .
AT [ 8 (giJFiu + Gw')VW - 565 (Puab T §Gmk€i€’5>’v”w
1 c 7 k\1ab
+ g(CC,abei - meijkeaeb)I’ €,
B 1 v 1 j ~ v
5 A = {v“amo = g™+ 5 <gijFﬁy - Gm)v“ r
1 o
~3 <Cc,ab — %ezjkezceflef)f‘abc] €. (6.1.25)

Notice that the composite connection () appears in the gravitino variation to make the
derivative covariant with respect to this connection. Since the reduced gravitino, v,,,
and dilatino, \, are in the gravity multiplet, while the internal gravitino components,
1, are in the vector multiplets, we can identify the graviphoton and vector multiplet

gauge field combinations as

F,fu(i) = e?F;V - €Zé;wi, (graviphoton)

F;fu(ﬂ = G?Fﬁu + e\ Guvi- (vector) (6.1.26)
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This matches the torus case of Chapter V and will be used as a guide to truncating

out the three vector multiplets below.

6.2 The bosonic truncation

While the SU(2) reduction includes three additional vectors coming from the re-
duced B-field, it is possible to consistently truncate them away at the two-derivative
level, leading to pure 7D gauged supergravity [327, 328]. In this section, we demon-
strate that it remains consistent to truncate out the additional vector multiplets at
the four-derivative level by analysis of the bosonic equations of motion. Before doing
so, however, we review how the truncation works at the two-derivative level to set

the stage for the four-derivative truncation.

6.2.1 The leading order truncation

At the leading order, the natural choice of truncation is [327, 328]
9ij = 9_251‘3‘7 bi; =0, B; = _gijAj = —g A", (6.2.1)

where we have introduced the 7D gauge coupling constant g. Here the choice of minus
sign in the relation between B; and A® is motivated by the desire to truncate away
the vector multiplets as identified in (6.1.26). As expected for a sphere reduction,
the gauge coupling ¢ is necessarily related to the three-form flux m on S3. To fix the
relation between m and g, we note that, since B; o< A%, we expect a similar relation

with the field strengths, G; o< F*. Substituting (6.2.1) into (6.1.17), we obtain

2

Gi=—g {dA" - (1 + %)e“’%ﬂ' A A’“} : (6.2.2)

159



-2

and so we must pick m = —¢g~° in order to get a properly covariant field strength,

G, =— gijFi. This can also be seen from the truncated scalar field strength term
Gij = —eijk(m —+ 972)Ak. (623)

We expect this expression to vanish since we are truncating away the scalars with
bij = 0

Alternatively, we could have started by freezing out the scalars with
9ij = 9 2045, bij = 0, (6.2.4)

in which case the scalar equation arising from the internal Einstein equation becomes

1 o IO y 6
& = 7 (972 Pl = 42GinsGiing )00 = 5 (m* = 9. (6.2.5)

g,ab = Z

This tells us that we must pick the truncation
B; = +g72A", m = +g 2, (6.2.6)

to consistently remove this scalar equation as a constraint. At the bosonic two-
derivative level, either sign choice is valid, suggesting that either the graviphotons or
the vector multiplet vectors can be removed. However, based on supersymmetry, we
must choose the minus sign to truncate out the vector multiplets while preserving

supersymmetry in the gravity multiplet.
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After truncation, the two-derivative equations of motion become

i 1
g;?;ﬁ = Rup(w) — g 2FL F} + 2V, Ve — thhm

0) 1 - i 1 i | i
gé’ab = % |:62‘PD’7 (@ 2¢F’ya) — §ha75F,76:| 51)’
& =0

Ei s = €2V (€% hos),

‘ 1 i | i
6'](1,07)&1, _ —gil {empr (estoF’;a) — _hm(;F;é] 0,

2
51(1?,)@ =0,
R |
0) 7 7 2 2 2
EY) = R(w) — Q—QZFaﬁFaﬁ — ot~ 4U0p)* +40p + . (6.2.7)

In particular, the scalar equations vanish, and the gauge field equations are propor-
tional; hence, the truncation is indeed consistent. Note also that, after truncation,

the h Bianchi identity becomes
dh = g *F, A F". (6.2.8)

The above equations of motion, (6.2.7), correspond to the reduced Lagrangian [327,

328]

1 1 N2
~1,(0 -2 2 2 i 2
e L0 = 2| R+ 4(0p) 12h 2 (Faﬁ) +9°, (6.2.9)

which matches the bosonic sector of gauged half-maximal 7D supergravity [329] with
gauge coupling constant g related to the flux on S? according to g = —1/m. (In our

conventions, this indicates that the flux parameter m is negative.)
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6.2.2 The truncation at O(a/)

We now extend the truncation at the four-derivative level. Here it is important to
note that the two-derivative truncation, (6.2.1), may require O(«’) corrections. We

thus write
Bui=—g A, + 0By g5 =9 0 + d'dgij, bi; =0+ a'8b;;.  (6.2.10)
We also split the equations of motion as
E=E9+d/ (6@ 4+ W), (6.2.11)

where € is the shift of £©) generated by the field redefinitions (6.2.10). At the
order we are interested in, the four-derivative piece £ will only depend on the two-
derivative truncation. As in the torus reduction case, the necessary condition for
consistency of the truncation is that the scalar equations vanish

5€L")

g,tJ

+eD =0, €Y e =0, (6.2.12)

9,ij
and the vector equations are compatible
1
559(% + gg(,lo)zi =75 (551({0,23@ + gl(ﬁll)az> (6.2.13)

In order to compute the @O(a’) equations of motion, £, we require the torsionful
Riemann tensor Ry nZ(Q,) and the Lorentz-Chern-Simons form wsy,(€2,). These

can be obtained using the lowest order torsionful spin connection components, which
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become, after truncation

ap 271 i
wy —g °F, 0
Q. + )

| (6.2.14)
0 —eIR§iL 5 o

This then leads to expressions for the torsionful Riemann tensor components

Ry (1) =R (wy) — 9_2Fi5F»§57
Rg* () = — 9_1D§+)Fé55§1,

Rea®(4) =292 FL F,01°67 + €7°Fl 1675k, (6.2.15)
with all other independent components vanishing. Here D™ is taken to mean D(w,).

The Lorentz-Chern-Simons form is given by

War,apy(4) = Warapy(Wy) + 26”’“142/1%,4,’3,
war,ape(21) = 0L(297 Rap"’ (wy ) Fls — g P FiyFIsFls — 2e9F AL AL),
W3, abe(24) = 51Ei5g] (29_2F§5D£¥+)F§5 + 26" AL,

By o

W abe () = 0U6]6M (—4g 3 FL F) FE — 267F). (6.2.16)

Given the shifted H-field, (5.1.2), the additional terms proportional to A’ in w3y, ()
hint that we should define modified field strengths

_ . 1 ! ) )
h:db—Bl/\FZ—l-g(g2—%>El]kAlAA]/\Ak,
/

_ . 1 o . i
G, =G,; — bijF] -+ (—2—92 + Z)EijkAJ NA ,

/
Gij = Dbij + €4i; Bi + <9_2 - 2) exij A"

: (6.2.17)

In order for G; and @ij to be proper gauge-covariant field strengths for B; and b;;,
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we must choose the four-derivative truncation
o\ .
B; = <—g—2 + 5) Al (6.2.18)
which results in the modified field strengths truncating to

h=db+ (9‘2 — %)w3y, G; = (—g—2 + 3) Ft, Gij =0, (6.2.19)

where we have defined the Yang-Mills Chern-Simons term as usual
wyy = AVA F' 4+ %eijkAi A AT A AR (6.2.20)
One may be tempted then to view this as a shift of g
g =97~ %, (6.2.21)

Comparing with the field redefinitions of Chapter V and shifting g according to

(6.2.21), we naturally infer the truncation

1. | R 1
(SBz = §A s 6-974 = _Faﬂngﬁ — —5'

i S0 Oby =0, (6.2.22)

We will show that (6.2.22) is indeed a consistent truncation. While we omit some
details, the steps parallel those of Chapter V, with additional terms due to the gauging

that must be taken care of.
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6.2.2.1 Consistency of the truncation

We start with the internal components of the Einstein equation. Given (6.2.22),

the shift to the two-derivative equations of motion for g, are

1
(5&52) = — V(e 0 Pyap) + 20 PyaaQnap — _Cfvacdcf’bc

1, . o
+ Z(F;(;Fgé&(egeg) — 250G i€} — CsiClsidleie]))
2
m
— Teikgejmn&gkmgzne’ ei) (6.2.23)

where the (ab) indices are implicitly symmetrized. Substituting in the lowest order

equations of motion and making use of the h Bianchi identity (6.2.8), one can derive

the useful formula

eV (€70 Pa) :[_4_£]2Ra/375(w+)FéﬁF'i6 + rgzDvFiﬁDvF gt aoFas s Fys

1 7 k 1k 1 7 1 ikl i 1
2g4FaﬁF§7F75F5a B 2g4FaﬁFBVFJ F6a - g e F, BFg’yF
0) 7 i | si o
29 Dy &y ;15 — ﬁgg op 'YaFB'V (aélja)' (6.2.24)
We may also evaluate
(1) 1 i j ey —2 1 i J
gg ab — | T WF af (2R"/5 <W+) - 4g F F ) 2 4Fa -Z'Wﬁ,yﬁlY F(;a
L gk iy L DMEL DM 5 1 MR Py FY
T it ety elsa T g Py ag i~ 5.2¢ Taplpy
Lprsy = Lpip, - Lawegratpi |5 6.2.25
4 0Tyt aﬁ_ge 741647 y5 | ©(a%)> (6.2.25)
which may then be used to obtain that
1 A
(0) —1 (0) i
559 ij T gg ij — 2g (DVSH,JJ' w9 g agFj F57>, (6.2.26)
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which vanishes upon imposing the leading-order equations of motion. In particular,
the last term in (6.2.25) with the bare A’s is precisely canceled by the corresponding
shift 6G; in (6.2.23).

Similarly, 651(;)“ almost vanishes except for the bare A’ that show up to account for
the shifts to the modified field strengths G; and Gij, but these are precisely canceled
by the terms appearing in £ J(L})w Keeping careful track of terms, it is straightforward

to work out that
GE, + Y = —g  DaE N Fig — g 24 s FL F) | (6.2.27)

which also vanishes by the leading-order equations of motion. This thus confirms that
it is consistent to truncate out the scalars g;; and b;;.
Finally, we turn our attention to the compatibility of the two Yang-Mills equations.

Again, we can derive a useful formula

. . B 1 1

echDﬁ (6 2@R5a75<w+>F'y ) =19 QV“/ (FgeFeja) - Z_lv“/<h55€h’a5€) + §R7[5|B€h‘a]55
L FLFT, — i sl L b FIE

- 2g2 daelt’ npteg — g daelbyBuwllefw — 492 aBet’ gel 45

1 1 . , .
+ —F!,D°F? hspeFh Fl, — g FjsD°Fl,

2g2" P v 2_92

1 0 1 0 0
+ Zhﬁecsvﬁha'ye - v["/g;(;]a - §V'Ygl({,)6a - 8’7<ng(—1,)(§<)¢

1

0) | i 5 i
4hav65§{,)65 N5+ Rog " (wi) DY FL.

1 (0)
- §h5aeSH’76 +

(6.2.28)
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which may then be used to show that

(€8 + Eltna) + 20600+ EL)

g,aa

1 a 1 0 1 0 0 1 0 1 0
= 500 Fls| = Viyga =5 Vikirse — 019Eirsa — ghiocEiin  ghoncEiney
+ 07 (Getff), + 266180, (6:2.29)

which demonstrates that the two equations are indeed consistent after imposing the

two-derivative equations of motion.

6.2.2.2 The surviving equations of motion

Here we summarize the equations of motion for the remaining degrees of freedom,
namely the 7D metric g,,, the two-form b-field, the graviphoton A, and the dilaton
. The equations of motion for the metric become

=2 i i Lz
597%3 = R(w)ag — g Fa,yFﬂ,y — Zhﬂc75hﬂ75 + QVQVQQO
o 5 5 o
(Rl R () = 4472 R (),

+ 297 L P Bl P9 4 g2 DO Fi DY o > : (6.2.30)

where (o) symmetrization is assumed implicitly. Here, we have conveniently defined

/

- . !
h — ZW3L(W+) =db + g 2(4}35/ - ZW;J,L(OJ_;,_), (6231)

h

such that the Bianchi identity becomes

~ . . ,
dh = G 2Fi A Fi— &Z Tr R(wy) A R(w,). (6.2.32)
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This newly defined & then has the equation of motion
SH@ﬁ = 62“’V”’ (6_2(;]}30[57) . (6233)
The graviphoton equation becomes

. —9p i 1 i
gA,ai =4 162‘PV'Y(€ 290F’yoc) - Q_QhOéﬁ’YFﬁv
O/ 17 i -37 j 3 j — i
+ (—g gy Rayse(Wi) e + 9 hapy Fi F5 Fi. — 2g lRaﬁvé(WQDg) 6

+2g 0 F) F{ D\VF] — 2973 F) F} DVVF] + 497 F}, F/, DV
1
- 1 JkFgéDgﬂFjé), (6.2.34)

while the dilaton equation becomes

1

&y = R(w) — Z_ggng,BFoic,B - 1_12;%67 +40p — 4(9¢)* + §*
5 ((Rusns(a)? = 497 Rags(o) Fig i + 207 (DS’
+ 29 Ll FIFL — 297 Fl F) FisF + 297 FL F!  F s FY
-~ BLQQGiJ’fF;ﬁFgWFja). (6.2.35)

Having shown that the truncation is consistent, we may also compute the trun-

cated Lagrangian to be

1

_ _ 1 - i\ 2
e 1,6 =€ 2 R(w) =+ 4(8@0)2 — Ehiﬁ,‘/ — 2_§2(Fa,6’) + qg

o ~ i g ~ i \2
T3 ((Raﬁvé(er))z — 45 Rapns(wy) FagFas + 2§72 (DY F, )
+ 2§_4Fé5F§7F§5F§a - 2§‘4FgﬁngF§5F§a + 2g—4F;BFC{BF§5F,{5

— LgiijoiﬁFj ok >

37 J F (6.2.36)
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Notably, all of the coupling constant ¢’s at the two-derivative level combine in just
the right way with o/ to be consistent with the shift (6.2.21). Since we are working
only to first order in o/, we have also replaced g by g in the O(a’) contribution to the

Lagrangian.

6.3 The fermionic truncation

We now turn our attention to the fermion sector. The gravitino 15, naturally splits
into components along the spacetime directions 1), which should be interpreted as
the lower-dimensional gravitino, and components along the internal directions );,
which should be interpreted as gaugini for the vectors B;. Since we are truncating
away the B;, we expect to also truncate out the associated gaugini.

Since we are reducing to seven dimensions, it is useful to decompose our gamma

matrices as

*=+y"®l®d,

=177, (6.3.1)

Here the 7 form a seven-dimensional Clifford algebra CIiff(6, 1), while the 7% are

the Pauli matrices of our three-dimensional Clifford algebra Cliff(3).! We take the

0123456 789

convention that =1 and 7'®° = 4. The chirality matrix then becomes

[y, = 0123456789 — ) & ] @ o3, (6.3.2)

The choice of 10D chirality, which we take to be I';;e = —e¢, thus implies that o3¢ = e.
The ten-dimensional gravitino has the same chirality as e, while the ten-dimensional

dilatino has the opposite. Thus we can represent the heterotic Majorana-Weyl spinors

"'We have denoted Pauli matrices by both 7¢ and ¢f. While they are the same matrices, this is
done to clarify which spinor subspace they are acting on.
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1 1 0
€ ER® ) Yy — Yy @ , A= A® : (6.3.3)
0 0 1

The spinors on the right-hand side of these expressions are 16 component spinors that
further decompose into a pair of seven-dimensional spinors that are acted on by 7%.
This pair of spinors satisfies a Majorana condition that we do not concern ourselves
with here.

After truncation, the leading order supersymmetry variations become

D, (w —FZV’}/VTi €

0
p”

Ui i Y
@ij’yu T — 5 €. (634)

0,

It is also noteworthy that the composite SU(2) connection, upon truncation, becomes
the gauge SU(2) connection
Qaab = Eijké;(;ZAl,;y (635)

which is what promotes the covariant derivative to a gauge-covariant one in 0.1,
which acts by
D,e=V,e+ 514“7'*6. (6.3.6)

In analogy to the torus case, we make the definition
i P V1
D,=D,(w-)+ %Fwﬁ Tt (6.3.7)

which will be useful for the fermionic field redefinitions.

The bosonic field redefinitions (6.2.22) combined with the two-derivative trunca-
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tion (6.2.1) lead to four-derivative contributions to the supersymmetry variations

1 v . «a 1 j j i AV
5(56¢£0)) + 66¢L1) :ﬁ IWSL,MWJ(W-&-)’V P+ 4Zg ! (RHV /B<w+) o Q_QQF/iVFosz) Faﬂ’}/ T

+29 °Fl DD rid — 4z'gF,§ﬂ”Ti] 3
1 o o , .
5(04”) + 00(? =q- Fila(Ros™ (@)™ — g *Fis g™ = 2ig™ DY Flg !
_ 9y 2 i Rk ik _ QiFiBFi>e,

By v

~ ~ 1 - a 1 j ] 7 v, 1
5<55)\(0)) + 56)\(1) :4_8 {W3L,Wp(w+)7wp + 3ig ! (R/w 6(W+) - 2_g2FliVngﬁ) Faﬁ'y” T

=3 ijk i 10 i i O
— 297N FLF) B — 6g° — BigF,, " Tt — EFaﬁFaﬂl €.

(6.3.8)

While the supersymmetry variation of the gaugino, d.1;, is undesirable, it has but a

single extra term compared to the ungauged case. In particular, using the fact that

[Dy., D,Je = = (R + €/*F. T%)e, (6.3.9)

1 =

we see that an analogous field redefinition holds as that in Chapter V

/

O i
Vi = — @Fuypywyy (6.3.10)

such that

Sep; = 0. (6.3.11)

Thus truncating 1 is indeed consistent with supersymmetry.
Interestingly, the higher-derivative corrections in the variations, (6.3.8), appear in

exactly the appropriate way to be consistent with the shifted gauge coupling (6.2.21).
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This is more readily seen in the combined expressions

% i i/ o 1 i
6€,¢)H:|:D ( )+ 2~F/.Ll/ +8_§(Ruy /B(W'i')_ﬁFlJLVFiﬁ)F IB’}/ 7'*
/
i + j 4]
55\27“8gp—ih ,yw/ijiFi ’y’“’Ti—g Fz Fi
€ K 12 prp 4@ 1% 9 8§ af
iO/ 1 o/ ..
afs i v_i ijk z k

(6.3.12)

where again we make no distinction between g and g in the O(a) terms.

6.4 Discussion

In this chapter, we have shown that the SU(2) group manifold reduction of four-
derivative heterotic supergravity on S® may be consistently truncated to pure half-
maximal gauged 7D supergravity. This may be seen as supporting evidence that the
Gauntlett-Varela conjecture [274] extends to higher-derivative truncations.

We may, of course, compare our results to those of the ungauged case. This
requires that we rescale A® — gA® to recover the proper normalization and also

rescale o' — go’ so that the Maurer-Cartan equation becomes
i 9 ik g k
do' = —5€7 No". (6.4.1)

Upon sending g — 0, the field strength becomes abelian and the o’ become torus
coordinates

F'=dA",  do'=0. (6.4.2)

This also has the effect of reducing the gauge-covariant derivatives D to regular
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covariant derivatives V. Writing ¢* = dy*, we then recover the torus metric

ds® = g, datdz” + (dy’ + A")?, (6.4.3)

as well as the ungauged Lagrangian

1- 1,
-1 -2 2 2 7
(& E =€ ® R+4(&p) — EhGBV_ §(Faﬁ)
“((r 2 _4R Fi Fis+2(VOF )’
+ ] ( 06/3’75(w+)) Q/B’st(w-i-) af 76+ ( o B'y)

+ QFQBFZHF%F({Q — QF;CBF[%WF%Fga + 2FO’éﬁFiﬂF;5F§6>

(6.4.4)

Moreover, since the shift ¢ — go, A* — gA" effectively rescales g;; by ¢?, the internal
metric becomes that of the torus case

a/

i':6i'+
Gij iy

F(QBFO{B. (6.4.5)
We also recover the ungauged supersymmetry variations (in the original ten-dimensional

Dirac matrix notation)

/

1. . 1 . . ) 4
ety = [DM) 5P+ (Rw%m ~ S F )F;ﬁF"FZ

9" pr af
a/ . (+) i ..
% 1]
+ 16 Fas Vi FosT e,
53 =0, — oy, TH? + S F rﬂuruﬁl R (wy) — Ypi pi ) piper
€ up pp v o (Wt prtap | Yap
12 4 16 2
Y pi p) pkopik | (6.4.6)
94" aB” By e )
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where

. 1~ 1 o/
W =W — §h:w— §h+§w3L. (647)

Hence, our results are consistent with the previous chapter, as they should be.

It is also interesting to note that the terms proportional to g at the two-derivative
level always have corresponding four-derivative terms in exactly the way to respect
the shift (6.2.21). While we have restricted our attention to S*, there is no reason
to suspect this is specific to that setup. In particular, assuming there are no other

obstructions to truncation, we should generically expect [328§]
Hijk = mfijk, (648)

for a group manifold reduction on a unimodular Lie group G, whose Lie algebra
has structure constants f“*. In general, we expect the two-derivative truncation

~2 and ¢;; = g ?Ky;, where  is the Cartan-Killing metric. Under

to be m = —g¢g
the assumption that G is compact and semi-simple, x is necessarily symmetric, non-
degenerate, and positive-definite, so we write k;; = 6abk?k;?. The torsionful spin

connection should, in general, be
0 = — finkiklo", (6.4.9)

which leads to the terms

wspae D —2kL kKL fiji, (6.4.10)

in the Lorentz-Chern-Simons form. This then suggests that we ought always to get
the effective coupling shift (6.2.21) for a group manifold reduction of heterotic super-
gravity.

While we have truncated away the heterotic gauge fields from the start, one might

wonder if they may be included in the reduction. In the current context, since we
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were interested in truncating out all the vector multiplets, it was natural to truncate
them in 10D. As this is a truncation to gauge singlets, the initial removal of the
heterotic gauge fields is guaranteed to be consistent, even at the higher derivative
order. Nevertheless, it would be interesting to see how these play into the story of
higher-derivative consistent truncations and if they might obstruct truncation more
generally. We leave this to future work.

It would be interesting to see how our results extend to more general group man-
ifold or coset reductions. In particular, it is known that any unimodular Lie group G
may be used for a group manifold reduction of heterotic supergravity [328] and one
is free (at least at the two-derivative level) to truncate out the vector multiplets that
arise. One could then wonder if any new constraints on GG arise at the four-derivative
level. It would also be interesting to see if consistency extends to more general coset
reductions such as the SO(4)/S0O(3) coset reduction of heterotic supergravity [246].

Finally, one may ask whether such higher derivative truncations may be done
more systematically in the framework of Double Field Theory (DFT), along the lines
of [306]. In particular, gauged DFT was used in [82] to construct a large class of
consistent truncations, including the S® group manifold reduction. Indeed, after
truncating the result in [82] and performing suitable field redefinitions, one finds that
the effective action matches (6.2.36) as expected. In the process, one must truncate
the O(3,3) covariant packaging to a subsector. For example, the truncation sets half
of the components of the O(3,3) field strength F! = (F()¢ F()%) to zero. More
generally, while DFT can be extremely useful in constructing consistent truncations
where all the fields in an O(d, d) multiplet are kept, we still have to break apart the
O(d,d) covariant language to truncate away some of the multiplets and check the

consistency with the equations of motion.
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CHAPTER VII

Concluding Remarks

Throughout this thesis, we have studied precision holography and higher-derivative
supergravity. In Chapter II, we considered the NV = 3 Gaiotto-Tomasiello theory and
used resolvent techniques to compute subleading corrections to the free energy, which
were then dual to the on-shell action of massive ITA supergravity on AdS; x CP?.
In particular, our results implied that the higher-derivative D" R* and R*™®" terms
vanish on-shell, and it would be interesting to see if this can be verified directly in
the gravitational dual.

In Chapter III, we turned to the gravity side of the AdS/CFT correspondence,
focusing on minimal gauged supergravity in five dimensions. At the four-derivative
level, there are three independent supersymmetric invariants, the supersymmetriza-
tions of the curvature tensors squared. We have shown that after appropriate field
redefinitions, these three terms are all the same, up to six-derivative corrections that
we have perturbatively ignored. It would be interesting to see how this applies more
generally to theories in higher dimensions or with additional matter couplings.

In Chapter IV, we applied precision holography to study holographic RG flows
across dimensions. There, we extended previous work on higher-derivative RG flows
within the same dimension and two-derivative flows across dimensions. Adding a

Gauss-Bonnet term allowed us to distinguish the central charges, and we indeed
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found that the monotonic behavior was of the A-type central charge. In particular,
we constructed a local, monotonic c-function valid in arbitrary dimensions and for
arbitrary internal Einstein metrics by directly using the Null Energy Condition, as
well as a non-local, monotonic c-function valid for flows to AdSs with no internal
curvature by using the entanglement entropy. We further showed that these two c-
functions were intimately related in their overlapping regime of validity. It is an open
problem to incorporate non-zero internal curvature, as well as to extend the proof to
higher dimensions.

Finally, in Chapters V and VI, we turned our attention to supergravity itself.
There, we studied the consistency of truncations in the presence of four-derivative
corrections. The lesson is that truncations protected at the two-derivative level by
T-duality will automatically continue to be protected at the four-derivative level.
However, our truncation may fail when we do not have this symmetry to protect
us. We see this in the reduction of four-derivative heterotic supergravity on T°:
Attempting to truncate away the dilaton-containing multiplet is inconsistent due to
the coupling to the Riemann squared term. It is an open question whether this
statement applies only to truncations or also to the solutions. It would be interesting

to see if such solutions with an uncorrected, vanishing dilaton exist.
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APPENDIX A

GT Endpoints and Free Energy

A.1 Endpoint computations

After manipulating the A-cycle integrals for the endpoint relations, we have ar-

rived at the expression

t = ;_7;2‘]1 + ;—;Jm (A1)
where
5 /B " ve 2O+ (v) | (A2)
0 24 /cosh 252 sinh &5
with

v+u

s 1 vV—Uu
Li(v) = / du 2e2 0+ \/cosh ot ginh 2% <c0th —— coth ) . (A3)
0

up to exponentially small corrections in the large v limit. (The principal value of I;(v)
has to be taken in the J; integral.) Similar expressions for J, are given in (2.2.8) and
(2.2.9). Here we carry out the integration to obtain the endpoint relations (2.2.11).

We first work on the [;(v) integral. As it turns out, this can be integrated in
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closed form, with the result

I(v) = 2sinhv (g — tan” ' sinh 5)

+ 2e2(7+) \/cosh =% sinh 5;” [ — v+ log(2 cosh §) + log(1 — €")
— 2log <\/ l1—ev B +V1+ e“*a) }
— 9¢3(1—v) \/cosh aFv sinh % [ — 7+ log(2coshd) +log(1 —e™")

—2log (VI— e Vit e )],
(A.4)

up to exponentially small terms in the large  limit. Since I;(v) is only needed for

v € [0, 8], we can further drop exponentially small terms to get

Li(v) =e¢" (g — tan"' sinh 5) + e (7 — log(5 cosh d) — log(1 — e’“))

+ 2e207F0) \/cosh a2 sinh 5;” [ — v + log(2 cosh §) + log(1 — €”)

— 2log (m—i- \/W)]
(A.5)

Note that the replacement 2 sinh v — € in the first line of this expression is not strictly
valid for v = 0. However, the rest of the integrand for J; in (A.2) is exponentially
suppressed in this limit, so there is no harm in making this substitution.

Substituting (A.5) into (A.2) now gives

B
J1:2/ d?)
0

v

v— ™ -1 .
i (7 ()
+7 —log(3 cosh ) —log(1 — e*v))

+v (—7 + log(2 cosh ¢) + log(e” — 1) — 2log (\/1 —ev P+ V1+ e”+a>> ] :

(A.6)
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where we flipped the sign of 1 — e¥ in the log on the second line to take the principal
value into account. Some of the integrals in the second line can be readily done. We

also integrate the final log term in the second line by parts, with the result

13 g 2 1
J1:_§B —2((3)—/0 dvwv (\/(1+€va)<1_ev5)—l>

g v m
+ 2 d v=7 (= —tan"'sinh 6
; U\/(l R T (e (2 an~ - sin )

+ - log( coshé) log(l—e’”)).

(A7)

The final term proportional to log(1l —e™") is only important for v close to zero.
Thus, for this term, we can replace the square root factor in the denominator by 1 up
to exponentially small terms and then integrate. For the remaining terms, we define
x = v — [ and extend the lower range of integration to —oo (which only introduces

exponentially small corrections) to obtain

J1 = —%53 + 3% (v + log 2 — log cosh §)

0 1 .
+/_oodx <\/(1—e$)(1+6x—25) _1> (=(@+5)

+2(z + B)(y +log2 — log cosh §))

+ 2

(z+ e (ﬂ

—_—— 71 1
\/ T o \2 tan™ " sinh 6) : (A.8)

Recalling that g = v — 9, the first line gives the leading order %73 factor we expect
from (2.1.18).
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To proceed, we define a set of basis integrals

— 0 n 1 _
fn(5):/oodxx (\/(1_61)(1%36_25) 1),

0 et
gn(0) = /OO dz \/(1 0T ex—zé)' (A.9)

Some of the integrals can be performed without too much difficulty. In particular,

fo(6) = 8 —log (2 cosh ), go(9) = g — tan™ ! sinh 4. (A.10)

With some effort, it is also possible to obtain

2

fi(d6) = —% — 6% +25log2 + log” 2 + 2(cot ™' ) + (log cosh §)* — Liy (—e ™)
) 1
+ Liy (—1 - 625) 7 (A.11a)
itet\?
91(6) = 2cot™" €’ (6 + log (4 cosh §)) — Im Li, ((—z n 65) ) : (A.11Db)

This leaves just the f5(J) integral to be done to obtain a closed-form result for J;.
While we have not managed to analytically find an exact form for fs, it can never-

theless be expanded for § < 1 as

f2(5) =

1\3|"

2
( 3) +4log®(2) — m*log 2) + (_E +log?(2) +7r10g2)5
1

1
+ 4((7r —24)7 — 12(log 2 — 4) log 2)6% — 6(—8 + 7(log2 — 1) + 61og 2)6°

2

1 1
-1 ((r — 24)7 + 96 — 1210g>(2) + 121og 2) 6" + @(10(4—1—#) log(4)
272 — 457 + 123 — 6log*(4) + 151log 4
—8(5+2m))d° + (2" i 108005; &) o8 )56+O(57).

(A.12)

Although we have focused on J;, the second integral, Js, can be worked out
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similarly, with the result
Jo(8) = Ji(—6) + v(—7* — 2w tan" ' sinh &) — 27(6go(—0) + g1(—9)). (A.13)

An interesting feature of the integral (A.8) is that it is precisely a cubic function of

~ up to exponentially small terms. In particular, we find

J1 = 29% — 29°log($ cosh §) + 27 (log?(3 cosh §) + (37 — tan™"sinh 6)*) + 71 (9)
+ O(e™7), (A.14a)
Jo = 24* — 29°log (4 cosh §) + 27 (log?(% cosh §) — 17 + (tan™" sinh 6)%) + j2(d)

+O(e), (A.14b)

where most of the complication is only in the 7-independent terms j;(J) and 75(6),

defined as

J1(8) = —26° + 26 f1(8) — f2(6) + 2¢1(6) (37 — tan™"' sinh 6) — 26(47 — tan™" sinh )
+2(8* — f1(8)) log (4 cosh 8) — 25 1og”(4 cosh 4), (A.15a)
]2(5) = %(53 — 25f1<—6) — fg(—(S) — 291(—5)(%7{' — tan_l sinh 6)

+20(—17® + (tan™" sinh 6)) + 2(6* — f1(—4)) log(4 coshd)
+ 25 1og”(4 cosh 9). (A.15b)
Note that
71(0) = 2log®2 — Ir?log2 — 3¢(3),  72(0) = Zlog®2 + 7% log 2 — 1((3). (A.16)

-3 -3 2

Moreover, we can see numerically that js(9) is an even function, i.e., jo(—9) = j2(0).
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This then suggests an exact expression for the odd part of fo

foo(8) = =26 + 26 f1,(0) — 291,0(6) 37 — 2g1,.(6) tan™" sinh &
— 2§(—37% + (tan™" sinh §)%) — 2f; ,(6) log (4 cosh §) — 26 log?(3 cosh §),
(A.17)

where subscripts e and o denote even and odd parts, respectively. This has been
verified numerically. Moreover, playing around with j; and js numerically allows one
to get an empirical expression for the even part of fo

725 1

f2..(0) =2 Cl3(27 — arctan sinh §) + 46 log(cosh(4)) + o 52 log®(2sech(6))

+ log(2sech(9)) (2 (5 + log*(cosh(8)) + log*(2)) + gd*(3) %)

- A (TN (i)
s (s1m 155575 ) ) -m (1 (55 )

+ 26Li; (—e®) + Liy (ﬁ) (—d + log(sech(d)) + log(2))

+ (6 + log(sech(0)) + log(2))Lis (%(tanh(é) + 1)) +2(6°+¢(3)), (A.18)

where Clj is the Clausen function. This holds to very high precision numerically, but
we have not managed to show this identity analytically.

Finally, combining J; and J5 according to (A.1) gives

K1 + Ko
t ~ 52 [%73—27210g(% Coshé)
+ 27 (log®($ cosh §) — 17 tan™" sinh § + (tan™" sinh §)?)
+301(0) + 2(0))]
B2 oy (2n% — Lrtan~"sinh ) + 1(51(6) — ja(0 A
+ 52 27(47r 5T tan™ " sin )+2(]1() J2(0)) |- (A.19)

We can obtain a similar expression for ¢y by interchanging k; <+ ko and taking
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0 — —0. Taking sums and differences, and defining

t=1(t1 + to), A =1t —to), (A.20)

N =

then gives the expressions (2.2.11) for ¢ and A in terms of v and §. Note that the

odd combination j;, vanishes, at least numerically. Numerically, we also have
Jle — Joe =T log(% cosh 5). (A.21)

However, the remaining functions j; , and jj . + jo. that show up in (2.2.11) do not
seem to have similar compact expressions.
A.2 Free energy calculations

The integrals involved in evaluating the derivative of the free energy

OF K K K
I Mg (A~ log ) — Lk, - 2, (A1)
1 e e

are similar to those for determining the endpoints. In particular, the integrals

K= [ log ¢ In(x), (A.2a)
¢ V(r—a)(r-b)(r—c)(d—2)
Ky= [ dx log(—) Ip(z), (A.2Db)

«  V(r—a)b—z)(c—2)(d-2)

correspond directly to the J; and J; integrals, (2.2.2), except with I(x) replaced by

the B-cycle integral
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After dropping exponentially small terms, we can write

\/e“—i—ea )(er — ef)

A4
ol (A4)
This can be integrated to give
Ip(z) = —e® — L(e* — €”) (A +log4d + 1 — log(e* + €”))
a B 4, etz
—z (A +1log4 —log(e* + ¢”)) +24/(ef — 2)(e* + 2) tan R (A.5)

Note that the first line of this expression is independent of z. We can also rewrite the

K, and K, integrals over the half intervals and use reflection symmetry to write

—Ip(e™)) ~ [ qptUs(=e) — Ip(—c))
s / \/ea+e“ (e —ev)’ KQN/O d V(ew = e?)(eP + ev) , (A6)

where as usual we drop exponentially small terms. In both integrals, we only need
the antisymmetric combination Ig(z) — Ig(1/z). As a result, the z-independent part

of Ig(z) drops out, and we are left with

2wlg(e? o 2vlp(—e®
K, ~ dv UB( ) , Ky =~ dv UB(G) ,
V(1 +er=o)(1—evh) 0 V(1 —er=e)(14evF)
(A7)
where
_ -1
ip(z) = e 1B) QIW ). (A.8)

Just as with the endpoint integrals, we can work these integrals out using the

explicit form of I B(2). The arctan contribution can be integrated by parts, and after
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some manipulation, we find

Ky =p*(ir —tan'e’) — (A — v — log & cosh 6)(Bgo(0) + g1 (6))
— 5(8%90(8) + 2891(8) + g2(8)) — 2tan™" (B fo(8) + f1(9)), (A.9a)
Ky =—a’tan™' e’ 4+ (A — v — log 1 cosh 6) (ago(—0) + g1(—6))

+ %(Ozzgo(—é) + 2ag1(—=6) + ga(—0)) — 2tan"' €’ (afo(—6) + fi(—0)).

(A.9Db)
Replacing o and § with v and 9 gives
Ky = (A —~—log3coshd)(y(—im + tan ' sinh§) + k)
+7(=g1(8) — 2tan™" e’ fo(8)) + &Y, (A.10a)
Ky = (A — v —log 3 cosh §)(v(37m + tan™" sinh &) + k3)
+9(g1(=08) — 2tan™" " fo(—0)) + Ky, (A.10b)
where
k= 0go(6) — 61(9), ky' = 0go(—06) + g1(=9), (A.11)
and
k) = 0g1(6) — Lg2(6) + 2tan~" e? (0 £5(0) — f1(9)), (A.12a)
K = 601(—0) + Lga(—0) — 2tan~" (8 o(~0) + f(~0)). (A12D)

187



The derivative of the free energy can then be written as

8F0 . K1

a_tl = B ﬂQ — (A — 10g4)(t1 — tQ)

fi1—|—li2

+ (A—y—log%cosh&)(

P L - i)

K1+ K

= (g0 — 2tan~ € o) + 5K + £3))
K1 — KR —

= T (g (=g — 2tan ¢ fo) + SR — K),

(—vtan~'sinhd — %(k{\ + kéx))

(A.13)

where we have again used the e and o notation to denote the even and odd components

of the function. Note that the cutoff A should drop out of this expression. Comparison

with the expression for A in (2.2.11) indicates that this requires the identities

jl,o = _277(590,3 - gl,o)a jl,e - j2,e = _27(590,0 - gl,@)'

(A.14)

along with the assumed vanishing of ji,. These identities do hold numerically. The

result is then

OF
8_750 - %(7 —6)* + (log4 — v — log 1 cosh 6) (t; — )
1
K1+ K —
- = - 2 (Y(=g10 — 2tan”" & fo,.) + 3(K (0) + K5(5)))
K1 — K -
= T (e — 2tanT e o) + 5K (8) — K (9)),
3F0 K1 2 1
o ?(7 +6)° — (log4 — v — log 5 cosh 0) (t1 — t2)
K1+ K -1 -
- = - 2(7(910 = 2tan " e foo) + S(k)(=0) + k5(~0))
K1 — R2
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We now transform from ¢; and ¢, to ¢ and A. In particular, we have

oFy 0Fy O0Fy OFy 0F, Ol

— = = A.16
ot oty Oty OA Oty Oty ( )
After some simplification, we find
OF
87?0 S ;— 2 ((v — log 3 cosh §)* — (log 5 cosh 6)* — 2(k{, + k3 .) + 6°)
K1 — K
: 2 e (_%(k?,o - kg,o)) ) (Al?a)
OFy L
A 4A(log4 — v — log 5 cosh §)
ML (1y(Zor6 + dgy , — A(tan" sinh 6) log L cosh 8) — 2(k, + K
5 (;7(— 70 + 491, — 4(tan” " sinh §) log 5 cosh d) — =(kj , + 230))
+ M ; e (v* + Lv(4g1c + 46 tan™" sinh §) — 2(k{, — k3,.) + 6°) . (A.17b)

Since we have an explicit expression for fi(d), we should be able to verify f; =

fie + fi,, where

fie=320"— L7° + L(log L cosh §)* + L(tan~'sinh §)?, (A.18a)

fio=—imtan"" sinhd — §log 3 coshd. (A.18b)
This leads to the identities

kie+ koo =72 (6% + 57* — (log 2 cosh§)? — (tan~'sinh §)?) (A.19a)

k?yo — k:gjo = 17 tan~ ' sinh g, (A.19b)

which results in the simple expression for the ¢ derivative of the free energy given in

(2.2.28).
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APPENDIX B

Technical Details for Minimal D =5 Supergravity

B.1 Equations of motion simplifications

Here we show several helpful simplifications that we use throughout Section 3.1.
All these simplifications make use of the two-derivative equations of motion and can
be considered as perturbative field redefinitions. Some also use integration by parts
and hence are only valid inside the action.

We start by evaluating (V, F"*)? using the two-derivative equations of motion.

1
(V, F")? :ﬂe#”PUAF,,pFMeuaWFWFW

1 cpo o
— ﬂéagvﬁprFMF Ape

=—F,,F,\ Flve poAl
1 2

=~ (P 4+ 5P (B.1)
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We quickly remark that the two-derivative equations of motion (3.1.2) imply that

RMVFMUFVU — 4 _ é(FQ)Q . 4g2F2,

1
R = -F?—204°
6
Next, we evaluate

FY[V,, V) F", = FY°(R%vpFs, + R, F"5)
= [vr (R%F@ + Rgpqu“(;)

1
= Réngprp + §Ryp5,uF,u5Fl/p
1

— P - 6(F2)2 - %RWWFWF"" — 467 F?.

where (B.3c) follows from the first Bianchi identity for the Riemann tensor
Riuvplo = 0.

Now, we evaluate (VF)2 We recall the field strength Bianchi identity

Vit = 0.

This allows us to rewrite

Vb =ViFu, +VoFy,.
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(B.3d)
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Using this, we have

VuF, N E? =(V,F,, + YV, Fy ) VA FY?
=2V, F,, V' F"
— —2(V,V,F"*)F",
= — 2V, V, "), — 2|V, V,|F")F",
SV, FHN, FYP — 2F"P[V,, V| F*,
1 2

= — g(FQ)Q _ §F4 + RuypaFw/Fpa + 892F2, (B?)

where the arrows denote integration by parts, which is valid as long as we are applying
this formula inside an integral. The last line follows from the equations of motion
and (B.1) and (B.3d).

Now, we wish to evaluate

1
Eppor FM FPON F™A = ~57% \/éeu,,pMFWF""eMﬁV‘SFaﬁFw
1 « 4 e
= %5“5;%” FP? FogFys
12
= __F,F, Flwpro]
Ve T
= 2 () o B
—%V ) - 2r]. (B8)
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Finally, we compute

1
upns P F VI = S e PP gV P
1
= —§EMVPA5FA5F”5V5F“”
1 v
= _ZEMVPNSFKJBVB (F“ FA(S)

1
— Zeﬂ,,,m;(vﬁ}?ﬂﬁ)FWFNS

1
= _ZEW”’\‘SFW F’\‘SVBFBP
1 2\ 2 4
:_\/€[<F) -2 ]’

(B.9%)
(B.9b)
(B.9c)
(B.9d)
(B.9e)

(B.9f)

where (B.9a) follows from the Bianchi identity (B.6). The last line in the computation

follows from (B.8).

We can also evaluate some curvature squared terms using (3.1.2)

7 5 4
5 /J,I/:F4__F2 __2F2 4
R, R 36( ) 29 + 80g*,
and also
1 s 20
R2= —(F?)" — ==¢?F?% + 2004
gg\E ) — 59 F +200g

One last useful formula for us is

4 1

Rp,ypaFupra = (C,ul/po' + gg,upRau - gRgupgm/> FrEPe
4 1,
= Cupe F"FP + gRJ,,F””Fp" — ERF

pvpo
4

1
= Cupa PP F? 4 F = ()" —24°F”.
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B.2 The Gutowski-Reall black hole

Here we compute the on-shell value of the parametrized four-derivative corrected
action, (3.0.6), for the Gutowski-Reall black hole [168]. When viewed as an asymp-
totically AdSs x S% solution to IIB supergravity, it is known that the first correction
occurs at the eight-derivative level. The corrected action with curvature and the
Ramond-Ramond five-form was obtained in [64, 330], and it was shown in [169] that
the on-shell eight-derivative correction vanishes for the supersymmetric Gutowski-
Reall solution. However, here we take more of a bottom-up view and introduce
four-derivative corrections to the five-dimensional action as may occur in theories
with reduced supersymmetry.

The Gutowski-Reall black hole [168] is a solution of minimal gauged supergravity

in 5D given by

ds? = —U(r)A(r) " A2 + U(r) " dr? + g {(U{)Q + (ai’)2 +A(r) <ag’ — Q@) dt)Q] ,

(B.1a)
R2 R4 €R4 ’

A= 1-=2-=2 0o} B.1

V3 [( r? 2L27*2) di + 4Lr? UL} ’ (B.1b)
where
R? 2R2 2
U(T)Z( _720>(1+L_20+ﬁ)’ (B.2a)
R R
A(?”) = 1 + L27’4 — W’ <B2b)
2¢ 3  RI\R; 1 R2\RS

Qfr) — S Zo)fo (L Jo )Mo B.2
(r) LA(T)|:<2+L2)7’4 (2+4L2) | (B-2c)
ol =sin¢df — cos psin @ dip (B.2d)
0% = cos ¢ df + sin¢psinfdy, (B.2e)
ai/ =d¢ + cosfdy (B.2f)

194



and €2 = +1. We also have that

2¢et 2et

0el0,m), ¢¢€ |:T,47T+ T) , 1 €e0,2m), (B.3)

in these coordinates. This solution corresponds to a charged spinning black hole with

mass
3RZ 2R}
M = 127°R2 (1 + 2_133 + 3—L2> : (B.4)
angular momenta
Gem’ Ry 2R?
Jy = EWL 0 (1 + BL;)) , (B.5a)
Jyp =0, (B.5b)
and charge
R2
Q = 8V3r’R2 (1 + 2_L02) : (B.6)

This is easily seen to satisfy the BPS equation

V3

2
m =217 = el (B.7)

In the coordinates induced from the bulk solution, the boundary metric becomes

ds%dy =—d®* + LZQ ((02>2 + <U%)2 + (ag)Q). (B.8)

Hence, we see that the boundary topology is R x S3. As a result, we should not expect
a conformal anomaly, i.e., we do not need to cancel any logarithmic divergences.

The two-derivative action (3.1.1) is simple to compute. Using the standard Gibbons-
Hawking term [331]

Sl = 2/d4x V—-hK, (B.9)
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and boundary counterterm
CT s, (6 L

to cancel the divergences, we find the holographically renormalized two-derivative

action is

2
Ren _ T 1 4 4

Now, we must compute five pieces of the four-derivative action

S ::/d5x¢—_gRGB, (B.12a)
Sy = / Px /=g Coppo F* F?7, (B.12b)
Sy 1= /d5a:\/—_g(F2)2, (B.12¢)
Sy ::/d5:c\/—_gF4, (B.12d)

SE) = /d5I V=g euypg)\R,uuaszgA)\' (B126)

The only term we expect to give rise to divergences is S;. This can be cured with an

appropriate Gibbons Hawking term [332, 333]

SGH — 9 / d*zv—h [—§K3 + 2K K, K% — %KabeCKC“ — 4(Rab — %Rhab) Kab} ,

(B.13)
where K, is the extrinsic curvature, K = h® K, is its trace, R is the induced Ricci
tensor on the boundary, and R is the induced Ricci scalar on the boundary. We also
have boundary counterterms [334]

2 3
CT 4./

per the usual holographic renormalization procedure. With this in hand, it is straight-
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forward to compute

[Ren — W(zmﬁ +408L* R + 128R;),
I, = %(—wﬁ +66L%R2 + 55Ry),
Iy = %(3%4 +36L%R2 + 11R}),
I, = %(mﬁ +96L2R2 + 41Ry),
I = —97T2;’z£(R) (T2L°R% — TRY).

Of particular note is that

1 g 972vol(R)
20v3 T 2L?

1 1
]Ren__ s
1 22+8I+

(5L% +8RY),

(B.15a)
(B.15b)
(B.15¢)
(B.15d)

(B.15e)

(B.16)

which is neither zero nor the two-derivative result. If one writes the four-derivative

action with generic coefficients

543 = 0151 + CQSQ + 0353 + C4S4 + 0555,

then we see that I,9 = 0 requires that

—761 + 402 — 9603 — 48C4 = 0,
17¢q + 22¢o + 144¢5 + 96¢4 + 12v/3¢5 = 0,

125¢1 + 440c5 + 1056¢5 + 984c, — 28v/3¢5 = 0,
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(B.18a)
(B.18b)

(B.18¢)



which can be solved by

~151¢; + 512v/3¢s

cy = 9 (B.19a)
707¢; + 2368+/3c;
= — B.19b
C3 768 ) ( )
901c; + 3296v/3cs

= . B.19

&) 576 ( ¢)
If we enforce that ¢ = ﬁgcl, we get that
407 1891 2549

Cy = —%Cl, C3 = —%Cl, Cy = 576 Cq. (BQO)

These coefficients do not agree with any known results in the literature. Alternatively,

enforcing ¢, = —%cl gives

615 423 B 103

_615 _ 40 P B.21
2048° T 10240 © T T51203 (B.21)

C3 =

which is likewise undesirable.
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APPENDIX C

Supplemental Computations for RG Flows

C.1 Technical details

In this Appendix, we provide some supplementary technical details that were
omitted from the main text.
C.1.1 Riemann tensors

Here we collect Riemann tensors for the metric
ds? = X3, datdz” + d2?) + 2 g (y)dy'dy’. (C.1)

We will use p, v, p, ... for curved indices in the d-dimensional base space and i, j, k, ...
for curved indices on Mp_4, as well as a;, 3,7, ... for rigid indices in the d-dimensional
spacetime and a, b, c,d, ... for rigid indices in the compact directions. We will use z
to denote the curved z-direction index and z to denote the rigid z-direction index.

We will use M, N, ... for curved indices and A, B, C, ... for rigid indices of the whole
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(D + 1)-dimensional spacetime. We choose a vielbein

e = f Bl o2 = /By, 60 = e9Pe, (C.2)

so that ds? = naﬂéaéﬁ+é5é5+5abé“éb. Here we have defined e® to be a vielbein for the
flat d-dimensional space with metric 7,, and é* to be a vielbein on Mp_4. Imposing

the torsion-free condition

de?t 4+ o45eP =0, (C.3)
gives a spin connection
G = WP, (C.4a)
Wz = e TOEfe, (C.4b)
0% =0, (C.4c)
02 =e 0,967, (C.4d)
d)ab — wab’ (C4e)

where w is the spin connection on the d-dimensional base space and @ is the spin

connection on Mp_4. The Riemann curvature two-form is then given by

RAP = da*? + o AP, (C.5)
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which, in components, reads

R 5= =27 ()26, 55),
R =0,

EA
RO@W& = _6_2ff//5(71’
Ry =~ f'g'850,,
R =0,
Rz, =—e(g" — f'd +(g)?)02,

Rab = ef2gRab od = 2672f<g/>2 Ezcdg]’

(C.6a)
(C.6b)
(C.6c)
(C.6d)
(C.6¢)

(C.6f)

(C.6g)

where we have denoted the Riemann tensor on Mp_, by R® .- Note that in the

above, we have used the fact that the d-dimensional base space is flat to remove all

the corresponding curvature tensors, hence why there is no R,g.5. From here, one

can compute the Ricci tensor, Rap = R%,op, to be

Ray = ¢ Ry — e [¢" + (D = d)(¢/)* + (d = 1)J¢/]bas,

(C.7a)

(C.7h)

(C.7c)

(C.7d)

(C.Te)

(C.7f)

where ]:Eab denotes the Ricci tensor on Mp_,. Finally, the Ricci scalar is given by

R=e2R— ¢ [de” +2(D — d)g" +d(d —1)(f)? +2(d — 1)(D — d) f'g’

+(D—d+1)(D=-d)(gV).
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where R denotes the Ricci scalar on M D—d-

C.1.2 The general expression for ¢/(z)

In section 4.1.4, we made an ansatz for a candidate c-function, (4.1.48), in terms

of real parameters {a;, b;}. Given this ansatz, we find

Gif F d
d(2) :—C(JI; )
<=0 () - 0= g+ g1 -2 + P B D g

+ae™?! [f" (51(f’)2 +&f g+ 53(9,)2) +9" (f4(f/)2 +& 19 + 56(9/)2>
+ &)+ &) + Q)9 + €of (9) +Eulg)]

% [wlf” + wog” + ws(f)? +waf'g + w5(g’)2] }, (C.9)

+ ae™¥
where, for brevity, we have defined coefficients

51 = —(d — 3)@1 + S(d — 1)@4,

& = 25__{%1 —(d — 2)as + 2(d — 1)as,

& = (d—1)(ag — a3) + g__ldaz,

& =—(D—d)ay + ag + (d — 1)as,

€5 = — (D _ddz(cll — 2)a2 + 2as + 2(d — 1)ag,

g6 = — D _ddz(cll — 3)a3 +3(d — 1)ar,

& = (d—3)ay — 3(d — 1),

g =22 _ddi“f =2 1+ (d = 3)as — (D — dyas — 3(d — 1)as,

o ) [(C _dd>_“11+ 24 =2)02) (41— 3)ay — (D — d)as — 3(d — L)a,
6, — (D= (D —dd)_a21+ 2(d —2)az) (D — d)ag — 3(d— D)o,
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(i = (D—d)(l;__fas —CL?),

W = —(d— 1)(()1 — bg),
Wy = (d — 1)b3 — (D — d)bl,
W3 = (d— 1)(()1 — bg),

wi=2(D —d—1)by — (D +d — 2)by — (d — 1)bs,
(D—d)(D—d—2)
d—1

by — (D +d — 2)bs. (C.10)

Wy =

Note that the form of the ansatz, (4.1.48), was chosen so that no higher than second

derivatives of f and g appear in (C.9).

C.1.3 Induced Ricci scalar

In Section 4.3, we require an expression for the Ricci scalar of the induced metric

on the entangling surface, which we compute here. The induced metric is given by

do? = e (14 17(2)?)de? + e Cr(2)2dQ5_, + e¥Pdst, (C.11)

a

By slight abuse of notation, we will use «, 3,7, 9, ... to index the rigid indices along
the unit (d — 2)-sphere (for this section only, these indices will not run over ¢ or r).

A natural choice of vielbein is then

&F =el\/14 (r)2dz, é* =elre”, &*=e%°, (C.12)

where e® is a vielbein on the (d — 2)-sphere and é* is a vielbein on Mp_4. Note that

this notation differs from the previous subsection. As before, we make use of the
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torsion-free condition to compute the components of the spin connection

W = WP (C.13a)
e %(1”)2 (f’ + ;)é“, (C.13b)
O =0, (C.13c)
W% = @, (C.13d)
B = %, (C.13¢)

where w is the spin connection on the (d — 2)-sphere and @ is the spin connection on

Mp_4. The induced Riemann tensor components may then be computed to be

o8 _ € nap e e
R™ 5= 2 R 75_21—{—(7’) I —I— 5755, (C.14a)
[ d e_f ’r‘, e_f e—2f 7,,/ 2
R — | = (4 + ry 5.
R )> o Tl ) |
(C.14b)
[ d q e—f e—f 6_2f(g')2
Ra& T lde + 5&7 C]_4C
RS (w ¥ W) ViFoRE e (G140
—2f( 1\2
ab  _ _—2g Dab e g)° o b]
RY®  =e ¥R™® , — 2—1 ymp ol 0y (C.14d)
—2f /
ab _ g € a
R 0a = 1+ ()2 (f - )5c557 (C.14e)

where R’ .5 denotes the Riemann tensor on the (unit) (d — 1)-sphere and R*

denotes the Riemann tensor on Mp_4. Computing the induced Ricci scalar as R =

RAB 5, and using the identities for the Ricci scalars of the constituent metrics

R=(d—2)(d-3), (C.15a)
R

- (D—d)(D—d—l)%, (C.15h)
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we finally arrive at our expression for the induced Ricci scalar

R =(d —2)(d — 3)6;—§f + (D= (D —d=1)5e
672f /\2 ! ! !
+m[— (1+ (") (204 = 2((d = 2)f + (D = d)g')rr

+(d—2)(d = 3)(r")* + ((d - 2)(d = 3)(f')
+2(d=3)(D = d)f'g' + (D —d)(D —d—1)(g)?
+2(d—2)f" +2(D — d)g"))r2

+2(—(d—=2)+ ((d=2)f"+ (D —d)g")yrr")rr"|.  (C.16)

C.2 Alternate coordinates

Here we collect some of the results from the main text reexpressed in alternate
coordinates, more akin to those used in [87, 189, 191]. These are not new results, but

the reader might find them more useful for some purposes.

C.2.1 NEC-motivated c-function

One may alternately parameterize the metric as
ds? = A0y, dat da” + dr? + 22T g, (y) dy' dy’ . (C.1)

These are the coordinates that are used in [87, 189]. Pure AdS corresponds to A(r) =
B(r) = r/L, and so it is natural to identify r = 0 with the IR and r = oo with the

UV. We expect the asymptotic behavior of the metric functions to be

T r
T — 00 : Alr) = —, B(r) - —,
(r) T (r) Tov
r—0: A(r) = -, B(r) — B, (C.2)
LIR
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We still assume that the internal manifold is maximally symmetric with Ricci scalar

~ K

R=(D=-d)(D~-d-1)7. (C.3)

One can take this metric and compute the resulting ¢-z null energy condition NEC1

for arbitrary dimensions, which gives

0<—(d-1)A"—(D—-d)B"+ (D —-d)A'B" — (D —d)(B')*
+a|2(d —1)(d —2)(d — 3)(A")?A” + 4(d — 1)(d — 2)(D — d)A'B'A”
+2(d—1)(D —d)(D —d—1)(B")*A” + 2(d — 1)(d — 2)(D — d)(A")*B"
+4(d—1)(D —d)(D —d—1)A'B'B" +2(D —d)(D —d —1)(D — d — 2)(B')*B"
—2(d—1)(d—2)(D — d)(A)*B' — 2(d — 1)(D — d)(2D — 3d)(A")2(B')?

— (D —d)(D—d—1)(D —3d)A(B')* +2(D —d)(D —d — 1)(D — d — 2)(3/)4}

K
+2a(D —d)(D —d— 1)6_2[_(61 —1)A"+ (D —d- 2)(—B" + A'B' — (B’)z)].
(C4)
One might then propose a generic candidate c-function
c(r) =
G(Dfd)B (1 —|— a(a1 (A/)2 —I— (IQA/B/ + a;»,(B’)Q —|— b1€%€723))
-1’

(A + @A) + as(A)2B + a A/ (B')? + az(B')? + by e 2P Al + by fre=2P BY) )
(C.5)

where we have defined

~ D—d
A_A+ﬁB, (C.6)
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in analogy to f. This c-function is the obvious generalization of the two-derivative

case (when o = 0). As before, one computes

¢(2)

o(D—d)B

([1’ + aas(A)2B + as A (B')? + a5(B')® + bofse 2B A + bgg%eZBB')y

X { —(d—1)A"— (D —d)B" + (D — d)A'B' + (D — d)*(B')>

a6 (APA + GAB A" + &(B)PA" + &(A)B" + &AB'B' + (B B"
(A + (A) B+ (A (B + A (B + (B

K " " / / /
+ a£—2 [wlA + wyB" + w3 A'B" + wy(B )2] }, (C.7)
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where we have defined

& =3(a1 + ay4) — (a1 + 3aq)d,

D—d
fzzaz—(d—l)(a2+2a5)+2d_1a1,
D—d
&= —(d—1)as + ——as,
&=ay— (d—1)as — (D — d)ay,
D —d)(d—2
55: —2(d—1)a6+( dz(l )CLQ,

& = —3(d — 1)ar,

&= (D —d)(a1 + a),

st(D—d)(a2+a5+D_da1>,

d—1
D—d
o = (D—d)(a6+ d—laQ)’
10 = (D — d)ay,
w1 = —(d— 1)[)2,
Wy = —(d — 1)1)37

wy = (D —d—2)by+ (D —d—2)b,,

=(D+d—2)b
wy = (D + )bs + ]
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With the particular choice of

a; = —2(d —1)(d — 2), (C.9a)

as = —4(D — d)(d — 2), (C.9Db)

as =0, (C.9¢)
_ (D =d)(d-2)

as = —4 T (C.9d)
% o D 54 3d—2D) 43D C.9

a5 =——+ (d_1)2(+(—+ —2D) +3D), (C.9e)

blz2(D—d—1)((D21)d—D—d2+2)’ (C.of)

bQZQ(D—d—lc)i(D—d—Q)’ (C.9)

2(D —d)(D —d—1)(D —3d—2)
by = =) , (C.9h)

we get that

/ D=8 (NECT + L=20=0(B')2(1 4 O(a)))
d(r)=— - >0
(A’ + a(as(A)2B + a, A (B2 + a5(B) + by e 2P A + bgge—ﬂBBf))

Y

(C.10)
and hence the candidate c-function gives us a monotonic flow from the UV to the IR.
As before, we never need to use the all-internal components of the Riemann tensor

Rijiy to obtain NECI, and so the above results also trivially generalize to arbitrary

Einstein internal manifolds, as in the f and g coordinates.

C.2.2 Entanglement entropy c-function

One may also repeat the arguments of Section 4.3.1 in the alternate coordinates
(C.1). Here we focus on flows from AdSp; to AdSs, and so we specialize the metric
(C.1) to

do? = ) (—dt* + dp®) + dr® + 2Pds}, . (C.11)
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In terms of a profile p(r), the induced Ricci scalar is

R (D -2)
(1+ 20 ()’
x (400 (1) (/(r) 24/ (1) B (r) = (D = 1)B'(r)? = 2B"(1)) + 2B'(r)p' (1))
—(D-1D)B(r)? - 23”@»)) +(D-2)(D— 3)€—26 25 (C.12)

which leads to a JM functional whose first integral is

p/<7,)62A(7")+(D—2)B(r) ((1 + €2A(7")p/(7,)2) (1 + 2&8%6_2]3) B 2&3’(7”)2)

C= ,  (C.13)
(1+ €240/ (r))**
which can be solved to give
/ e A F —A—(D-2)B
p(r)= , F(r)=Ce . (C.14)

V1= F2+da(fe2 — (B2(1 - F2))

To fix the value of C, we note that we should have p'(r) — —oo as r — rg, where rg

is the deepest point in the bulk that the minimal surface. This then requires that
O = eAlro)+HD-2)B(ro >(1 +2an *2B<TO>>. (C.15)
2

Then the radius of the entangling area is

00 —A
R:/ dr p'(r / dr ¢ F
ro V1= F2 4 da(fe — (B2(1 - F2))
o e AF e 4(B"):F
— [ 4 +26———o=— |+ 0O
/m T[\/l—f2+454%623 RV (&
—A
€

— lim [ dr [\/1—]-"2—1—404—6 QBdi

Te—>00 0 62 .F 4%7_0—[ " _QBB/

—A N2 —A /
124 1—F2i(ﬂ)}+2& lim ¢ B

~2
dr T s + O(a”). (C.16)

r=rc
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Equivalently, in terms of a profile r(p), we may write

) \/1 — F2 4G (e — (B)2(1 — F2))
'(p) =e =

(C.17)

The JM functional may then be calculated as

g _2V01(MD,2)
IM = 1Gy
(D—2)B(B/)2(T/)2
d 24 N2 (D*2)B<1 2~£ *2B> 2~6
x/p[ e2A 4 (17)2e +2a5e + 20 T

o 46[6([)_2)33/

P=Pc

As before, the boundary term is independent of R and so it will not affect the suc-

ceeding analysis. The monotonic central charge is then given by

27TVOI<MD_2)

cgg = RORSiM = o
Cp

eAo+(D=2)Bo (1 + 2&%6_230> R. (C.19)

As before, this generically leads to rather complicated terms

dCEE _QVOI(MD,Q)
dTO N 4GN

i [ap 20N (p 9B+ (D) 4B + (D — 2B
'0\/1—7}“2(121’)2

+2aB'[A'((D —2)(B')*+2B") + B'(-A" + (D - 2)((D — 2)(B')> + B")]

i A"+ (D —2)(B" - AB) A" 4+ (D —2)(B" -~ A'B)

~ E —2Bg /
4e2(A-240-2B—By) (62,40 B 26,4)

A/
X (A’(Q/VB’ +B")+ B((3D —8)A'B' — 24" — (D — 2)3’/))

b
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but, if one sets kK = 0, then

degg  2Vol(Mp_»,) e(P=2)B F2 Al o _
- ————— O INEC1+ (D-1)(D-2)(B)?*1+0
. N p\/?f?(/w[ ( ) )(B)( (@))]

> 0, (C.20)

which gives monotonicity along flows to the IR. This parallels the computation that

was done in f and g coordinates.
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APPENDIX D

Torsionful Tensors

D.1 Torsionful Riemann tensor

The torsionful Riemann tensor appears at O(ca’) in the heterotic Lagrangian and
equations of motion. Although we only need its truncated form, here we give the
general frame components of the torsionful Riemann tensor. This is computed from

R(Q,) =dQ, + Qy AQy, where the torsionful connection is given in (5.1.23).

« « 1 i j
R(Q+)76 = (W+)75 7 — 2 75((9@‘ + bij)ﬂiﬁ - Gaﬁi)

1 ) )
— = ((g5 — bij) FY + G'yai)glk((gkl - bkl>F§lﬁ + Gsgr) s

2
«Q 1 i j j
R(Q4)44"" = — §€d(aw(9z‘j + i) FLy + (955 + biy) VSV FL, = VD Gopi))
1 , .
+ Zeg((gij — bij) Fy 4 Grai) 905900 — bra)
1 ) :
- Zeld((gij - bz’j)Ffiﬁ + G'y,@i)gmaa(gkl — bu),

1, .
R(Qy)ea® :ielcekd((gij + i) F., — Gari) (g1 + bkl)Fég — Gypr)

1 . .
- 56] €0 (g1 — bi) 9™ 05 (gr — bia), (D.1)
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along with

1 . . A
R(24 )" = — §glk6lbaw(9kz + ba) (955 — bi) Fy + Goai) + €0, (gi; — bij) F,

1 . ) ) :

— §€Zbaa(gij — b”)Fjé + ezb ((glj - bij>v'(y+)F§a + vgy+)G3ai>7
1 .. 1 . .

R(24)4a" Zzglkejdelbaw(gm + bk1)0a(gi; — bij) — iewejdvﬁfr)aa(gij — bi;)

1 . .
+ _ekbeld((gij + b)) F?, — Gaei) ((le - bkl)Fée + G'yek)7

4
1 ) )
R<Q+)cdab =§€kb€w€ld((gz‘j + bij)Féy - Gaw‘)ay(gkl - bkl), (D-Q)
and
R(Q21),5" = — =0, (gi; — bij) 9" 05 (grs + bra)

—" e ((gi5 — bi) Fle + Grei) (g1 — br) Fye + Gser)
1. A
R(Q4)7a" :Zemekbeld((gz‘j — bij) Fi + Gei) O0c(gr — i)

1 . )
— Ze“’ekaeld((gzj —bij) Fl. + Gvei)ae(gkl — bwt),

1 . .
R(Q4)ea®™ = — §ewekbeﬁelday(gij — bi;)05 (g1 — b)) (D.3)

In some cases, implicit antisymmetrization with weight one is needed on the two-form
indices. Note that the covariant derivative V(*) is taken with respect to the torsionful
connection {2, on frame indices, except in the R(£2),s*" term where the hat on the §
index indicates that it is corrected using the torsion-free connection 2. (The « index
is corrected using the €2, connection.)

Since the two-derivative Lagrangian, (5.1.7), and equations of motion, (5.1.9), are

written in terms of a torsion-free connection, it is useful to make note of the standard
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reduction of the torsion-free Riccl tensor
- j 1 ij 1 ij Kl
Rap(2) = Rop(w) — S Fay9ii 5y — 597 VaVagii + 7979 Oa9ikO89;1,
1

Rop(2) = €® <§V7(9ijFiy) + Zgichlwg]ka"/gjk) ;

(1 1 1 1
Ra(2) = e’ (Zgikgﬂka(stla - 559@' + Egklavgikavgﬂ - Zavgijgklavgkz) . (D.4)

In addition, the reduction of VuV N¢ yields

A A A A 1 ) A a 1 . .
vavﬁ¢ = Voavﬂ¢7 vavb¢ = _EeibFZwa'y¢a vavb¢ = §6fleia’ygijav¢'

(D.5)

D.2 A note on the torsionful Lorentz Chern-Simons term

The Lorentz Chern-Simons form, (5.1.5), is computed with the torsionful connec-

tion, Q. If we were to expand it out with 2, = Q + %’H, we would get

1 1 1
w3r(Qy) = w3 () + Tr(R(Q) ANH+ ZH ANDH + EH ANH A H) ~5 dATrQAH).
(D.1)
The final term is not Lorentz covariant but is a total derivative. Hence it can be

removed by a shift of the B-field. In particular, with

/

H=dB - %ng(m), (D.2)
we can make the shift
/
1
B— B+ % TH(QAH),  wor() = wer(2) + 5 A(TTQAH), (D.3)

to remove the total derivative from the Lorentz Chern-Simons form.
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A similar manipulation can be performed in the lower-dimensional theory. In

particular, in (5.2.14), we have made the shift
0 Q) — S (WP FOy D.4
ean(22) = win () — 5 A(WPE) (D.4)

to remove a total derivative. Note that removing this mixed component of w3y, cor-

responds to a shift of the gauge fields B,,;.
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