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ABSTRACT

The moduli spaces of non-orientable hyperbolic surfaces have conjectural similarities to in-
finite volume geometrically finite hyperbolic manifolds. This thesis establishes some of the
conjectured analogies to geometrically finite hyperbolic manifolds, which are useful in the
context of understanding the geodesic flow on the unit cotangent bundle of the moduli space.
In particular, it is shown that the Patterson-Sullivan measure is supported on the set of pro-
jective measured foliations containing no one-sided leaves. We then also show that the action
of the mapping class group on the Teichmiiller space, restricted to a finite covolume subset,
is statistically convex-cocompact. We deduce from this that the Patterson-Sullivan measure
is non-atomic, and the Bowen-Margulis measure on the unit cotangent bundle is finite, and

the geodesic flow is ergodic with respect to this measure.

vi



CHAPTER I

Introduction

The moduli space M(N,) of compact non-orientable hyperbolic surfaces of genus g is con-
jectured to have similarities to infinite volume geometrically finite manifolds (in a manner
similar to how moduli spaces of compact orientable surfaces have properties similar to finite
volume hyperbolic manifolds). The main results suggesting the analogy between moduli
spaces of non-orientable surfaces and infinite volume geometrically finite manifolds are due

to Norbury and Gendulphe.

e The M(N,) has infinite Teichmiiller volume [Genl17, Theorem 17.1]. While the as-
sociated Teichmiiller space does not have a Weil-Petersson volume form, it has an

analogous volume form with respect to which the moduli space has infinite volume as
well (see [Nor08]).

e The action of the mapping class group MCG(N,) on the Thurston boundary is not
minimal (Proposition 8.9 in [Genl7]).

e The Teichmiiller geodesic flow is not topologically transitive, and thus not ergodic with

respect to any Borel measure with full support [Genl7, Proposition 17.5].

e There exists an MCG(N,)-equivariant finite covolume deformation retract of 7 (N,).

We extend this analogy further, by showing that the limit set of MCG(N,) is contained

in the complement of a full measure dense open set.
Theorem I1.28. The limit set of MCG(N,) is contained in the complement of PMF~(N,).

Here PMF~(N,) is the set of all projective measured foliations that have one-sided
compact leaf. The fact that such foliations form a full measure dense open subset is classical,
due to Danthony-Nogueira (see [DN90]). This is analogous to limit sets of infinite volume
geometrically finite groups, where the complement of the limit set is a full measure open set

as well.



In [Genl7], Gendulphe constructed a retract of T(N) to T, (Ny), the set of points in
the Teichmiiller space that have no one-sided curves shorter than e, and showed that it has

finite covolume. They also asked the following question about 7 (V).

Question (Question 19.1 of [Genl7]). Is T~

. (N,) quasi-convex with respect to the Te-

ichmiiller metric?
We show that 7 (N) is not quasi-convex, answering the above question.

Theorem I1.30. For all € > 0, and all D > 0, there exists a Teichmuller geodesic segment

whose endpoints lie in T, (Ny) such that some point in the interior of the geodesic is more
than distance D from T_ (Nj).

Since T, (Ny) is an MCG(N,)-invariant subset of T (N;), the intersection of its closure
with the boundary must also be MCG(N,)-invariant, and therefore contain the limit set
of MCG(MN,). This suggests that if we want long geodesic segments that start and end in
7. (N), we must look for Teichmiiller geodesics that have their expanding and contracting
foliations in the limit set. Conjecture 9.1 of [Gen17] states that the limit set should exactly be
the complement of PMF ™ (N,), the set of projective measured foliations that do not contain
any one-sided leaves (denoted PMF*(N)). We prove a result that is slightly weaker than

the conjecture.

Theorem 11.15. A foliation A € PMF(N,) is in the limit set of MCG(N,) if all the

minimal components \; of X satisfy one of the following criteria.
(i) Aj is periodic.

(it) A; is ergodic and orientable, i.e. all leaves exiting one side of a transverse arc always

come back from the other side.
(i) N; is uniquely ergodic.

Furthermore, if A; is minimal, but not uniquely ergodic, there exists some other foliation X

supported on the same topological foliation as \; which is in the limit set.

Combining Theorem I1.15 with a result of Lenzhen and Masur [LM10, Proposition 1], a

complete description of the limit set can be obtained.

Theorem I.1 (Also proven independently by [EGPS23]). The limit set of MCG(N,) in
PMF(N,) is PMFT(N).



With this description of the limit set, we prove Theorem I1.30 by constructing a family of
Teichmiiller geodesics whose expanding and contracting foliations are of the kind described
by Theorem II.15, and showing that some point in the interior of the geodesic segment is
arbitrarily far from 7, (V).

By understanding the failure of convexity of 7_, (N;), we can try to strengthen the analogy
to geometrically finite manifolds by constructing a family of Patterson-Sullivan measures
on the limit set. However, we still need a convex core, if we want a good analogy with
geometrically finite manifolds: we show that the failure of convexity of 7. (N;) is not a

serious obstruction to understanding geodesic segments whose endpoints lie in 7, (V).

Theorem II1.14. For any e4 > 0, there exists constants €), and ¢, such that any geodesic
segment vy, whose length is more than ¢, with endpoints in T_ (Ny), for 0 < & < &, can be
homotoped to a segment relative to endpoints to lie entirely within T_ (Ny), such that the
length of the homotoped segment ' satisfies the following inequality.

(') < 0(v) - (1 +€q)

Theorem II1.14 shows that T_ (N,), despite not being convex, almost behaves like the
convex core of T(Ny): it is a metric subset of T(N;) (with respect to the induced path
metric) which is distorted by an arbitrarily small amount. We call 7.7 (N,) the weak convex
core of T (Nj), and focus our attention on this subspace as a metric space, where the metric
is the induced path metric. If we restrict our attention to the cotangent directions in 7 (N,)
along which the geodesic flow does not eventually leave 7. (N;), we can use those cotangent
directions to define a geodesic flow for 7. (N;). We call this collection of restricted directions
the restricted cotangent bundle over 7. (N).

In light of this, we restrict our attention to 7 (N;), and the MCG(N,) action on T, (V).
Since the action of MCG(N,) on T, (Nj) is finite vy-covolume (but not cocompact), one
might try to prove that the action is like the action of lattices in SLo(R) on H. However, the
results on lattices (and Teichmiiller spaces of orientable surfaces) rely on having a measure
preserving SLy(R) action on the unit tangent bundle (respectively on the moduli space of
quadratic differentials), and use the interplay between the geodesic flow and the horocycle
flow.

For non-orientable surfaces, we do not have an analog of the horocycle flow on the space
of quadratic differentials, so we cannot hope to directly import the techniques from the
orientable case. However, Yang [Yan18] introduced a notion of statistically convex-cocompact
action, which can replace the notion of a lattice-like action for our setting. In the setting

of T, (N), proving statistical convex-cocompactness is equivalent to proving that geodesic



segments between MCG(N) orbit points in 7., (V) enter the thin part (i.e. the region in
7., (N,) where some two-sided curve is short) with exponentially low probabilities.
Our next result is that this holds for the MCG(N,) action on T_, (Ny).

Theorem 1.2 (Corollary of Theorems I11.33 and I11.34). The action of MCG(N) on T (N,)

t

18 statistically convex-cocompact.

Using Theorem II1.14 and a result of Minsky [Min96a], we have that the projection of
balls disjoint from axes of the pseudo-Anosov elements have bounded diameter. This means
pseudo-Anosov elements are strongly contracting and most reducible elements are not (see
Lemma I11.18).

Coulon ([Cou22], [Cou24]) and Yang ([Yan18], [Yan20]) prove fairly general results in the
setting of statistically convex cocompact group actions with strongly contracting elements.
We state these results in our setting, where MCG(N) plays the role of the group, 7. (Nj)
is the metric space (where d., denotes the distance function) upon which MCG(N,) acts
via a statistically convex cocompact action, and pseudo-Anosovs play the role of strongly
contracting elements. We also denote balls of radius R with respect to the metric d., centered

at p as Bgr(p).

Theorem 1.3 (Purely exponential growth (Theorem B of [Yanl8])). There exist positive
constants A and B such that the following bounds hold for the cardinality of the MCG(Nj)
orbit of a point p € T_ (Ny) in a ball of radius R.

Aexp(hR) < # (MCG(Ny) - pN Br(p)) < Bexp(hR)

Here, h is the critical exponent for the group action.

We also have that pseudo-Anosov elements are exponentially generic with respect to the
induced metric on T, (V).

Theorem 1.4 (Exponential genericity of contracting elements (Theorem 1.4 of [Yan20])).
For a point p € T (Ny), let N(R) denote the number of mapping class elements v such that
d.,(p,vp) < R, and let N,.(R) denote the reducible mapping class elements ~ that leave a
two-sided curve invariant, d.,(p,vp) < R. Then there ezists a positive constant ¢ such that

the following holds for large enough R.

Nnc(R)
N(R)

< exp(—cR)

After picking a basepoint p € T~

- (NV), we can replicate the classical construction of

Patterson-Sullivan measures [Sul79] to get a measure v supported on the limit set PAMLT (V).

4



Since we have that the action is statistically convex cocompact, and we have plenty of
strongly contracting elements, the results of Coulon ([Cou22],[Cou24]) let us say a lot about

the Patterson-Sullivan measure v. We have the Hopf-Tsuji-Sullivan dichotomy.

Theorem 1.5 (Hopf-Tsuji-Sullivan dichotomy (Theorem 1.1 of [Cou24])). For the action of
MCG(Ny) on T (Ny), the following are equivalent.

i) The Poincaré series for MCG(N,) diverges at the critical exponent.
g
(i) The measure v gives full measure to the radial limit set.

(iii) The diagonal action on PMLT(N,) x PMLT(N,) is ergodic with respect to the product

measure Vv Q .

(iv) The geodesic flow on the unit tangent bundle (PML™ (N,) XxPMLY (N)xR)/MCG(N,)

15 ergodic with respect to the Bowen-Margulis measure.

It follows as a corollary of Theorem 1.4 that the Poincaré series for MCG(N,) diverges at
the critical exponent, and as a result, we have all the other equivalent criteria that appear

in the Hopf-Tsuji-Sullivan dichotomy.

Remark. Coulon [Cou24] states the above theorem where the role of boundary is played by
the horofunction boundary of the metric space, which for the Teichmiiller space is not the
Thurston boundary PML(N;). However, Miyachi [Miy08| proves that there is an MCG(N,)
equivariant bijective map between the uniquely ergodic points in the horofunction boundary,
and the uniquely ergodic points in the Thurston boundary. Furthermore, by condition (ii)
of the Hopf-Tsuji-Sullivan dichotomy, the radial limit points have full measure, and Masur’s
criterion gives us that radial limit points are uniquely ergodic. This lets us replace the
horofunction boundary with the Thurston boundary in the statement of the result, since

they agree on a full measure set.

In particular, we have that the action of MCG(N;) on the limit set PML"(N,), and the
double limit set PMLY(N,) x PMLY(N,) is ergodic, and that the geodesic flow is ergodic
with respect to the Bowen-Margulis measure.

Why we care about the limit set of MCG(N,) and Patterson-Sullivan measures

Counting problems

Understanding the dynamics of the geodesic flow over the moduli space of orientable surfaces
has led to solutions for two counting problems: one on the moduli space of hyperbolic

surfaces, and one on hyperbolic surfaces themselves.

5



(i) Counting closed curves in moduli space: Via techniques originally introduced to Mar-
gulis in his thesis [Mar04], one can reduce counting closed curves, which are conjugacy
classes of mapping class group orbit points, to understanding the geodesic flow over
the moduli space. The number of closed curves of length at most R, which we denote
by N(R) has the following asymptotics (see [EM11]).

exp(hR)

(LO.1) N(R) ~ =L

Here, the symbol ~ means that the ratio of the two quantities approaches a positive

constant as R goes to oo, and h is the volume growth entropy of 7 (S,), which is 6g —6.

(ii) Counting simple closed curves on orientable hyperbolic surfaces: Mirzakhani [Mir08]
proved that the counting function M (R) that counts simple closed curves satisfies a

polynomial asymptotic.
(1.0.2) M(R) ~ R"

Here, h is again the volume growth entropy, i.e. 6g — 6. This count also led to an
explicit computation of the volumes of moduli spaces of orientable hyperbolic surfaces
with boundary, as well as the calculation of expected values for various geometric

properties of Weil-Petersson random hyperbolic surfaces.

For non-orientable surfaces, the counting function does not behave like the orientable
version. Gendulphe [Gen17] showed that the counting function N, (R) and M,,(R), which is
the versions of the functions N(R) and M (R) for non-orientable surfaces satisfy the following

asymptotic.

(el -6
okt = (o )

Mo(R) = o( R*7°)

These asymptotics raise the question of whether there is an exponent h < 3g — 6 for which
the non-orientable versions of (1.0.1) and (1.0.2) continue to hold. For g = 3, Magee [Magl§]
obtained precise asymptotics, and in this case, the growth rate is a non-integer exponent
smaller than 3g — 6 = 3.

If we can upgrade ergodicity of the geodesic flow to mixing of the geodesic flow, we can
count lattice points and their conjugacy classes to obtain a non-orientable version of (1.0.1)

where the role of h is played by the critical exponent for the group action of MCG(N;) with



respect to the Teichmiiller metric.

One way to do this would be to answer the following question.

Question 1.6 (Restatement of Question II1.11). Is the action of MCG(N;) on T (N,) sta-

tistically convex cocompact, where T:*(N) plays the role of statistical convex core?

We expect the answer to this question is yes, despite our random walk methods not
working in this setting. If the answer is yes, we can use the results of Coulon, Gekhtman,
Tapie, and Yang [CGTY] to establish mixing of the geodesic flow with respect to the Bowen-
Margulis measure, and use that to count lattice points.

To explain how ergodicity of the MCG(Nj) action on PMLT(N,) might help count
simple closed curves on N, we outline Mirzakhani’s original proof of the fact for orientable

surfaces (see [Mir08] for the original proof, and [Ara22] for a gentler exposition).
Sketch of simple closed curve counting in the orientable case. The proof proceeds in 3 steps.

Step 1: For any simple closed curve v and any L > 0, consider the measure py, on the space

ML(S,) of measured laminations.

1
=T D Ofm
aEMCG(S,)

Step 2: Letting L go to oo, {ur} converges to measure p that is MCG(S,)-invariant. By
ergodicity of the MCG(S,)-action on ML(S,) with respect to the Thurston measure,
we have that the limiting measure p is a constant multiple ¢ times the Thurston

measure.

Step 3: To show that the constant c is positive, one needs to average over the moduli space

M(S,), using Mirzakhani’s integration formula for the Weil-Petersson volume form.
O

To replicate this proof in the non-orientable setting, we pick the original simple closed
curve 7y to be a two-sided curve, and replace the exponent 6g — 6 with h + 1, where h is the
critical exponent of MCG(N,).

With this replacement, we have the following question.

Question 1.7. Do the sequence of measures 7, converge to a locally finite measure supported

on ML (N,)?



Erlandsson, Gendulphe, Pasquinelli, and Souto [EGPS23] show that the MCG(N,) orbit
closure of such a point indeed is ML (N,), but the question about convergence of measures
is still open. Since our results imply ergodicity of the MCG(N,) action on PMLT(N,)
with respect to the Patterson-Sullivan measures, we can ask the following questions about
the limiting measure p as well as the product of the Patterson-Sullivan measures with the

Lebesgue measure.

Question I.8. Is the limiting measure i absolutely continuous with respect to the ergodic
measure on MLT (V) obtained by taking a product of Patterson-Sullivan measure and the

Lebesgue measure?

If the answer to the question is yes, then one will have completed Step 2 of the proof for
non-orientable surfaces.

To make Step 3 work for non-orientable surfaces, one needs to construct a recursive
formula for the volumes of 7., (N;): this has been done by Stanford [Sta23].

In the lowest complexity case, namely for AVj 5 (i.e. the projective plane with 3 punctures),
simple closed curve counting has been established via related methods. Gamburd, Magee,
and Ronan have proved a counting result for simple closed curves by constructing a conformal
measure of non-integer Hausdorff dimension on the limit set ([GMR19, Theorem 10]), and

then using that conformal measure to count simple closed curves ([Magl8, Theorem 2]).

Interval exchange transformations with flips

Teichmiiller spaces of non-orientable surfaces also show up in the context of interval exchange
transformations with flips. The dynamics of interval exchange transformations are closely
related to the dynamics of horizontal/vertical flow on an associated quadratic differential,
which is related to the geodesic flow on the Teichmiiller surface via Masur’s criterion (a
version of which holds in the non-orientable setting as well). IETs with flips do not have very
good recurrence properties: in fact, almost all of them (with respect to the Lebesgue measure)
have a periodic point (see [Nog89]) and the set of minimal IETs with flips have a lower
Hausdorff dimension (see [ST18]). To understand the IETs which are uniquely ergodic, one
is naturally led to determine which “quadratic differentials” on non-orientable surfaces are
recurrent. A necessary but not sufficient condition for recurrence of a Teichmiiller geodesic
is that its forward and backward limit points lie in the limit set. From this perspective,
Theorems I1.15 and I1.28 can be seen as a statement about the closure of the recurrent set.
Constructing a measure supported on the closure of the recurrent set can be then used to

answer questions about uniquely ergodic IETs with flips.



Geometric finiteness for mapping class subgroups

One can think of MCG(N,) as a subgroup of MCG(S,-1) (where S,_; is the orientation
double cover of N,), where the embedding is obtained by lifting mapping classes on N, to
orientation preserving mapping classes on S,_;. The image of MCG(N,) is an infinite-index
subgroup, and stabilizes an isometrically embedded copy of T(N,) inside T (Sy—1).

For subgroups of mapping class groups, the notion of convex-cocompactness was intro-
duced by Farb and Mosher [FM02]: these groups have good properties with respect to their
dynamics on the Teichmiiller space. A natural generalization of these subgroups, inspired
by the Kleinian setting, is the notion of geometric finiteness. While there is not universally
agreed upon notion of geometric finiteness for mapping class subgroups, the following two

classes of subgroups are considered to be geometrically finite by any reasonable definition.

(i) Veech groups: These are stabilizers of Teichmiiller discs in 7 (S,—;) which are finitely
generated. They are lattices in SLy(IR), and their action on the Teichmiiller discs they

stabilize is well understood via hyperbolic geometry.

(ii) Combinations of Veech groups: Leininger and Reid [LR06] show that if two Veech
groups H and K share a maximal parabolic subgroup A, the subgroup they generate

is H x4 K (after possibly conjugating by a pseudo-Anosov).

The key emphasis with these two examples is that there are only finitely many cusps,
i.e. finitely many conjugacy classes of reducible elements. However, that is not the case for
MCG(N,), it stabilizes an isometrically embedded sub-manifold, and yet there are infinitely
many conjugacy classes of reducible elements. Despite having infinitely many “cusps”, our
results show that it is still possible to do Patterson-Sullivan theory on MCG(N,), which is a
departure from the Fuchsian/Kleinian setting, where finite Bowen-Margulis measure requires

finitely many cusps.

Organization of the thesis

The main results in this thesis appear in Chapters II and III. Both the chapters begin with
the necessary background and notation required to state and prove the results in the chapter:
some of the notation differs between the chapters since they appear as two separate papers.
In Chapter IV, we list two approaches we tried in order to prove our theorem, that we did
not end up relying upon by the end. These approaches are interesting in their own right,

and lead to more questions about the mapping class group of non-orientable surfaces.



Organization of Chapter II

Section II.1.1 contains the background on non-orientable surfaces and measured foliations,
and section I1.1.2 contains the background on limit sets of mapping class subgroups. These
sections can be skipped and later referred to if some notation or definition is unclear. Section
I1.2 contains the proof of Theorem I1.15, section I1.3 contains the proof of Theorem I1.28, and
section I1.4 contains the proof of Theorem I1.30. Sections I1.2, I1.3, and I1.4 are independent
of each other, and can be read in any order.

This chapter has also appeared in publication as [Kha23].

Organization of Chapter III

In this subsection, we outline the key ideas behind the proof of the main theorems, and how

they relate to each other. Interested readers can however read the sections in any order.

Weak convexity of 7. (V)

We construct a projection map from 7 (N) to T_, (N,) which takes any one-sided curve of
length less than ¢; and increases its length to ¢;, while keeping the lengths and twists of other
curves constant. We then use Minsky’s product region theorem to show that this projection
map increases distance by only a factor of (1 + &4), where 4 can be picked to be arbitrarily

small.

Statistical convexity of 7 (N)

To show that geodesics in T (N;) stay away from the thin part, we construct a random
walk on 7. (NV;), and compute the probability of a single step of the random walk entering
the thin part, and show that this probability is small. Estimating this probability reduces
to computing an average over a ball in H because of Minsky’s product region theorem. The
random walk argument gives us that the number of geodesics of length at most R entering
the thin part is at most exp((hxp — 1)R), where hxp is the discrete analog of the volume
growth entropy of 7. (N;). However, the total number of geodesics of length at most R
grows like exp((hLp)R), where hrp is the growth rate of the number of lattice points. To
show that the probability of a geodesic entering the thin part is exponentially small, we need

to relate the two entropy terms, and show that hyp > hxp — 1.

10



Showing hLP = th

We prove entropy equality by inducting on the complexity of the surface. We first show
it for surfaces with Euler characteristic equal to —1 using direct methods, and reduce the
inductive step to proving an estimate on complexity length for geodesic segments that spend

a definite fraction of their time in thin part.

Complexity length estimate

In this section, we show that geodesic segments that spend a small but definite fraction
of time near their end in the thin part are rare. We do this by showing that hyp for a
proper subsurface is strictly smaller than hyp for the entire surface, and use the machinery
of complexity length (due to Dowdall and Masur [DM23]), which builds upon Minsky’s
product region theorem and hierarchical hyperbolicity of Teichmiiller space, to show that

geodesic segments ending in the thin part are rare.
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CHAPTER 11
Limit set of Non-Orientable Mapping Class Groups

I1.1: Background

I1.1.1: Non-Orientable Surfaces and Measured Foliations

For the purposes of this paper, the most convenient way to think about non-orientable
surfaces will be to attach crosscaps to orientable surfaces. Given a surface S, attaching a
crosscap is the operation of deleting the interior of a small embedded disc, and gluing the
boundary S! via the antipodal map. Attaching k crosscaps to a genus g surface results in a
genus 2¢g + k non-orientable surface Nyy,y (i.e. the non-orientable surface obtained by taking
the connect sum of 2g + k copies of RP?). Associated to each cross cap is a one-sided curve,
which is the image of the boundary under the quotient map. We say that a curve intersects
the crosscap if it intersects the associated one-sided curve.

Consider the set . of simple closed curves on a non-orientable surface N. The elements

of . can be classified into two types.
Two sided curves Tubular neighbourhoods are cylinders.
One sided curves Tubular neighbourhoods are Mobius bands.

The subset of two sided curves in denoted by .t and one sided curves by .~. Since
these two types are topologically distinct, they form invariant subspaces with respect to
the mapping class group action. If we think of our non-orientable surface as an orientable
subsurface with crosscaps attached, a two-sided curve is one that intersects an even number
of crosscaps, and a one-sided curve is one that intersects an odd number of crosscaps.

The orientable double cover of Ng is the orientable surface S;_;, and comes with an
orientation reversing involution ¢. Since this is an orientation double cover, the subgroup of
m1(Ny) corresponding to this cover is characteristic, i.e. left invariant by every homeomor-
phism induced automorphism of the fundamental group. A useful consequence of this fact

is that one can lift mapping classes uniquely.
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Fact. Any self homeomorphism of N lifts to a unique orientation preserving self homeo-
morphism of S,_;, and as a consequence, one has the injective homomorphism induced by

the covering map p.
p* : MCG(N) — MCG™(S;_1)

Furthermore, this inclusion preserves the mapping class type, i.e. finite order, reducible
and pseudo-Anosov maps in MCG(N,) stay finite order, reducible, and pseudo-Anosov in
MCG(S,-1).

One also obtains a map from 7T (N,) to T(S,-1) using the fact that mapping classes
can be lifted canonically. Given a point (p,¢) in T(N,), where p is a hyperbolic surface
homeomorphic to Ny, and ¢ is an isotopy class of homeomorphism from N to p, we define
the image of (p, ¢) in T(S,-1) to be (p, ), where p is the orientation double cover of p, and
¢ is the orientation preserving lift of the homeomorphism ¢. One can also explicitly describe
the image of this map. To do so, we consider the extended Teichmiiller space of S,_1, i.e. also
allowing orientation reversing markings. This space has two connected components, one for
each orientation, and there is a canonical involution, given by reversing the orientation, that
exchanges the two connected components. We denote this conjugation map by -. There is
another involution, induced by the orientation reversing deck transformation of S,_;, which
we denote by ¢*. This map also exchanges the two components of the extended Teichmiiller
space. The image of T (N,) is precisely the set of points fixed by the composition of these two
maps, i.e. t*. We skip the proof of these two facts, since they follow by relatively elementary

covering space arguments, and summarize the result in the following theorem.

Theorem II.1 (Embedding Teichmiiller spaces). Given a point (p, ) in T(Ny), there is a
unique point (p,p) in T (Sy—1), where p is the pullback of the metric, and o is the unique
orientation preserving lift of the marking. The image of the inclusion map is the intersection
of the invariant set of * with the connected component of the extended Teichmiiller space

corresponding to orientation preserving maps.

It turns out that the image of T(N,) in T(S,-1) is an isometrically embedded subman-
ifold, and the geodesic flow can be represented by the action of the diagonal subgroup of
SL(2,R).

To understand the Teichmiiller geodesic flow on T (N;), we need to determine what the
cotangent vectors look like: let X be a point in 7 (N,) and let X be the corresponding point
in 7(Sy-1). Then the map on the extended Teichmiiller space induced by the orientation

reversing deck transformation maps X to X , i.e. the conjugate Riemann surface. Following
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that with the canonical conjugation map brings us back to X. Let q be a cotangent vector at
X , 1.e. an anti-holomorphic quadratic differential on the Riemann surface X. Pulling back
¢ along the canonical conjugation map gives a holomorphic quadratic differential on X. In
local coordinate chart on X , this looks like q(z)dz? if on the corresponding chart on ; it
looked like ¢(Z)dz%. We want this to equal ¢*¢, which will also be a holomorphic quadratic

differential on X. If that happens, then (*¢ is a cotangent vector to the point X in T (N,).

Example I1.2 (A cotangent vector to a point in 7 (Nj3)). Consider the quadratic differential

q on a genus two Riemann surface pictured in Figure 2.1.

Figure 2.1: A quadratic differential ¢ on Sy given by the slit torus construction.

Observe that this particular quadratic differential is the global square of an abelian
differential, so it makes sense to talk about the pairing between /g and the homology
classes {a,d’, b, V', c,'}. Recall that the action of a mapping class like ¢ is merely relabelling
homology classes: in this case ¢ swaps a with —a’, b with ', and ¢ with —¢’. That gives us

the following expressions involving ,/g.

(IL1.1) ("Va,a) = (\/q,—a)
(I1.1.2) ("Va,b) = (Va, V)
(I1.1.3) ("v/a. ¢) = (1, )

(IL.1.4) (Va, a) = (\/q, a)
(IL.L.5) (Va.b) = (/a.b)
(IL.1.6) (Vi




For ¢ to be invariant under z, both of the above set of equations must be satisfied, which
imposes certain conditions on ¢. For instance, the complex lengths of a and @' must be
conjugates of each other, the complex lengths of b and & must be negative conjugates of
each other, and the complex length of ¢ and ¢’ must be real. Only the quadratic differentials
satisfying these constraints will be the cotangent vectors to points in the image of T (N3).
To realize the quadratic differential directly as an object on N3, we can quotient out the
flat surface given by ¢ by the orientation reversing deck transformation. Doing that for our

example gives the non-orientable flat surface gives the picture seen in Figure 2.2.

a

(=

a

Figure 2.2: A quadratic differential on Nj.

This example suggests what the right definition of a quadratic differential on a non-
orientable surface ought to be: in the flat picture, rather than allowing gluing via just the
maps z — £z + ¢, we also allow z — 4z + ¢. This leads to the definition of dianalytic
quadratic differentials (which we’ll abbreviate to DQDs).

Definition II.3 (Dianalytic quadratic differential (adapted from [Wril5])). A dianalytic
quadratic differential is the quotient of a collection of polygons in C, modulo certain equiv-

alences. The quotienting satisfies the following conditions.
(1) The interiors of the polygons are disjoint.

(2) Each edge is identified with exactly one other edge, and the mapping must be of one of

the following four forms: z+— z+4c¢, z2+— —2+c¢, 22— Z+c, or 2 — —Z + .

(3) Extending the edge identification map to a small enough open neighbourhood of a point
on the edge should not map it to an open neighbourhood of the image of the point: in

other words, it should get mapped to the “other side” of the edge.
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Two such quotiented collections of polygons are considered the same if they differ by a

composition of the following moves.

(1) A polygon may be translated, rotated by 7 radians, or reflected across the real or imag-

inary axis.

(2) A polygon may be cut along a straight line to form two polygons, or two polygons sharing

an edge may be glued together to form a single polygon.

Given a DQD, we can pull it back to the orientation double cover, getting an actual
quadratic differential: this operation corresponds to identifying a cotangent vector to a
point in T (N,) to the corresponding cotangent vector in T (S,_1).

To verify that 7(N,) is isometrically embedded, all we need to do is verify that the
Teichmiiller geodesic flow takes the quadratic differentials satisfying the symmetry condition

t*(q) = q to quadratic differentials that satisfy the symmetry conditions.
Lemma I1.4. If q satisfies .*(q) =G, then for any t, t*(9:q) = G:q.

Proof. Recall that if ¢ satisfies the given condition, we must have the following hold for any

homology class a.

(11.1.7) (Va, () = (Vg a)

If ¢ is not the global square of an abelian differential, we may have to pass to the holonomy

double cover. Observe now what g; does to gq.

(I1.1.8) (V:1q, L(a)) = e'Re(y/q, t(a)) + ie ' Im(\/q, t(a))

Using (I1.1.7), we simplify (I1.1.8) to the following.

(I1.1.9) (V1q, t(a)) = e'Re(\/q, a) —ie 'Im(\/q, a)
(11.1.10) = (Vaq, a)

This proves the lemma. O

Remark. The key idea that diagonal matrices commute: the conjugation action is really

multiplication by 0 which happens to commute with the diagonal matrices of de-

terminant 1, which are exactly the matrices corresponding to geodesic flow. On the other
hand, the conjugation matrix does not commute with the horocycle flow matrices, and that
shows that the horocycle flow is not well defined on the cotangent bundle of T (N).
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Lemma I1.4 shows that the Teichmiiller geodesic flow for the cotangent bundle of T (N,)
is the restriction of the geodesic flow for the ambient space T (S,-1).

Theorem II.1 gives us an alternative perspective into the action of MCG(N;) on T (N,).
MCG(N,) can be thought of as the subgroup of MCG(S,_1) that stabilizes a totally real iso-
metrically embedded submanifold 7 (N,). With this perspective, MCG(N,) can be thought
of as the higher dimensional generalization of the subgroups obtained by stabilizing Te-
ichmiiller discs, i.e. Veech groups.

We now state a few classical results about measured foliations on non-orientable surfaces
that show why the theory diverges significantly from the orientable case.

A measured foliation on a non-orientable surface N is singular foliation along with

L Any leaf of a

an associated transverse measure, up to equivalence by Whitehead moves
measured foliation can either be non-compact or compact: in the former case, the closure of
the non-compact leaf fills out a subsurface. Restricted to the subsurface given by the closure
of a non-compact leaf, the foliation is minimal, i.e. the orbit of every point under the flow
given by the foliation is dense. For a compact leaf, there are two possibilities for the topology
of the subsurface containing it: if the closed leaf is the core curve or the boundary curve of an
embedded Mobius strip, then the subsurface is the maximal neighbourhood of the periodic
leaf that is foliated by periodic leaves as well, and this turns out to be an embedded Mobius
strip. If the compact leaf is not the core curve or the boundary curve of an embedded Md6bius
strip, then it is the core curve of an embedded cylinder, and the maximal neighbourhood
of the periodic leaf foliated by periodic leaf is an embedded cylinder. The identification of
leaves with associated subsurfaces lets us decompose a measured foliation into its minimal
components. Note the slightly confusing terminology: when the minimal component is a
Mobius strip or a cylinder, then the foliation restricted to the component is not minimal,
but when the minimal component has higher genus, then the foliation restricted to that
component indeed is minimal.

We denote the set of measured foliations on N, by MF(N,), the set of foliations whose
minimal components do not contain a Mdbius strip by MF(N,), and the set of foliations
whose minimal components contain at least one Mébius strip by MF~(N,). Via the stan-
dard identification between simple closed curves and measured foliations, we can associate
Q-weighted two-sided multicurves on NV, to a subset of MF " (N,), denoted by MF (N, Q).

Quotienting out MF(N;) by the R -action given by scaling the transverse measure gives
us the set of projective measured foliations PMF(N,). The subsets MF~(N), MF(N),
and MF*(N,, Q) are R-invariant, and thus descend to their projective versions PMF ™ (N),

LA Whitehead move on a singular foliation is the process of collapsing a compact leaf joining two singu-
larities to a single point, or the inverse move.
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PMF*(N,), and PMF"(N,, Q). The set PMF(N,) is the boundary of the Teichmiiller
space of N, and admits a continuous mapping class group action. It is when considering
the mapping class group action that we see differences between the orientable and the non-

orientable case.

Theorem II.5 (Proposition 8.9 of [GenlT7]). The action of MCG(N,) (for g > 2) on

PMUF(N,) is not minimal. In fact, the action is not even topologically transitive.
Compare this to the case of MCG(S,).

Theorem II.6 (Theorem 6.19 of [FLP12]). The action of MCG(S,) on PMF(S,) is mini-

mal.

Remark. The proof of non minimality and topological non-transitivity in the non-orientable
case follow from the fact that one can construct a MCG(N,)-invariant non-constant contin-
uous function on MF(N,). That is because starting with a foliation in MF*(N,), it is
impossible to approximate an element of MF ™ (N,) since one does not have Dehn twists

about one-sided curves.

One can now consider subspaces of MF(N,) where the MCG(N,) action might be nicer.
There are two natural subspaces: MFT(N,), and MF~(N,). Danthony-Nogueira proved
the following theorem about MF~(N,) in [DN90].

Theorem IL.7 (Theorem II of [DN90]). MF~(N,) is an open dense subset of MF(Ny) of

full Thurston measure.

Theorem I1.7 means that the MCG(N,)-orbit closure in PMF(N,) of any point in T (N,)
is contained in PMFT(N;). In the case of MCG(S,), PMF*(S,) = PMF(S,), and the
orbit closure is actually all of PMF(S,).

Corollary II.8 (Corollary of Theorem I1.6). For any x € T(S,), MCG(S,) - tNPMF(S,) =
PMEF(S,).

Theorem I1.5 and Theorem I1.7 suggest that studying the MCG(N,) dynamics restricted
to MF~(N,) will be hard since one will not have minimality, or ergodicity with respect to

any measure with full support. In Section I1.2, we get a lower bound for the set on which
MCG(N,) acts minimally.
I1.1.2: Limit Sets of Mapping Class Subgroups

The first results on limit sets of subgroups of mapping class groups were obtained by Masur

for handlebody subgroups [Mas86], and McCarthy-Papadopoulos for general mapping class
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subgroups [MP89]. They defined two distinct notions of limit sets; while they did not give

distinct names to the two different definitions, we will do so for the sake of clarity.

Definition I1.9 (Dynamical limit set). Given a subgroup I" of the mapping class group, the
dynamical limit set Agyn(I") is the minimal closed invariant subset of PAMF under the action
of T.

Remark. In the case where I' contains two non-commuting pseudo-Anosovs, there is a unique
minimal invariant closed invariant subset of PMJF: this is Theorem 4.1 of McCarthy and
Papadopoulos [MP89].

Definition I1.10 (Geometric limit set). Given a subgroup I' of the mapping class group,
and a point z in the Teichmiiller space, its boundary orbit closure Age,(I") is intersection
of its orbit closure with the Thurston boundary, i.e. 'z N PMF. The geometric limit

set is the union of all boundary orbit closures, as we vary x in the Teichmiiller space, i.e.
Ageo(I') = User Ageoa(1)-

Remark. The specific family of subgroups considered by McCarthy-Papadopoulos were sub-
groups containing at least two non-commuting pseudo-Anosov mapping classes, in which
case the dynamical limit set is unique. The mapping class groups MCG(N,) considered as a
subgroup of MCG(S,_1) certainly satisfies this property, letting us talk about the dynamical

limit set.

Both of these definitions are natural generalizations of the limit sets of Fuchsian groups
acting on H?. In the hyperbolic setting, the two notions coincide, but for mapping class
subgroups, the dynamical limit set may be a proper subset of the geometric limit set.

For simple enough subgroups, one can explicitly work out Agy,(I') and Ageo(I'): for
instance, when I' is the stabilizer of the Teichmiiller disc associated to a Veech surface,
Agyn(I") is the visual boundary of the Teichmiiller disc, which by Veech dichotomy, only
consists of either uniquely ergodic directions on the Veech surface, or the cylinder directions,
where the coefficients on the cylinders are their moduli in the surface. On the other hand,
Ageo(I') consists of all the points in Agy, ('), but it additionally contains all possible convex
combinations of the cylinders appearing in A4y, (I') (see Section 2.1 of [KLOT]).

The gap between Age, and A4y, suggests the following operation on subsets of PMF,

which we will call saturation.

Definition II.11 (Saturation). Given a projective measured foliation A, we define its satu-
ration Sat(A) to be the image in PMUF of set of all non-zero measures invariant measures on
the topological foliation associated to A. Given a subset A, we define its saturation Sat(A)

to be the union of saturations of the projective measured laminations contained in A.
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Observe that for a uniquely ergodic foliation A, Sat(A) = {A}, for a minimal but not
uniquely ergodic A, Sat(A) is the convex hull of all the ergodic measures supported on the
topological lamination associated to A, and for a foliation with all periodic leaves, Sat(\)
consists of all foliations that can be obtained by assigning various weights to the core curves
of the cylinders.

Going back to the example of the stabilizer of the Teichmiiller disc of a Veech surface,
we see that Ageo(I') = Sat(Agyn(I')). One may ask if this is always the case.

Question I1.12. Is Ay, (I") = Sat(Agyn (L)) for all I'?

We know from Theorem II.15 that Ag(I') is contained in Sat(Agyn(I')) when I' =
MCG(N,).
McCarthy-Papadopoulos also formulated an equivalent definition of Agy,(I"), which is

easier to work with in practice.

Theorem (Theorem 4.1 of [MP89]). Agqyn(I") is the closure in PMUF of the stable and un-

stable foliations of all the pseudo-Anosov mapping classes in T.

List of notation

Here we describe some of the more commonly used symbols in the paper.
8,0 The compact orientable surface of genus g.
N,: The compact non-orientable surface of genus g.
t: The deck transformation of the orientation double cover of a non-orientable surface.
T (S): The Teichmiiller space of S.
T.. (Na): The set of points in T (Ny) where no one-sided curve is shorter than e.
MCG(S): The mapping class group of S.
MUF(S): The space of measured foliations on S.
PMF(S): The space of projective measured foliations on S.

MFH(NG), PMFT(Ny): The set of (projective) measured foliations on Ny containing

no one-sided leaves.

MF~(Ng), PMF~(Ny): The set of (projective) measured foliations on Ay containing

some one-sided leaf.
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MF(S;Q), PMF(S;Q): The set of all (projective) weighted rational multicurves on
S.

Ageo(A): The geometric limit set of the discrete group A.
Agyn(A): The dynamical limit set of the discrete group A.

l;(y): The hyperbolic length of v on the surface m;, where {m;} is a sequence in the
Teichmiiller space. We use this when we are only talking about hyperbolic lengths.
When talking about both hyperbolic and flat lengths, we disambiguate them using the

following symbols.

lhyp(M,7): The hyperbolic length of « with respect to the hyperbolic structure on
M € T(S). We will suppress M when it is clear from context.

lhat(q,v): The flat length of ~ with respect to the flat structure given by the DQD g.

We will suppress ¢ when it is clear from context.

te: The probability measure on a transverse arc given by the closed curve c.

11.2: Lower Bound for the Limit Set

A natural lower bound for Agy, (V) is the closure of the set of rational two-sided multicurves
PMF*(N,, Q). For any A € PMF(N,,Q), and any pseudo-Anosov v, conjugating v with
large enough powers of the Dehn multi-twist given by A gives us a sequence of pseudo-Anosov
maps whose stable foliation approaches A, which shows that Agy,(N,) must contain A. Note
that the same argument does not work if A € PMF ™ (N, Q), since one cannot Dehn twist
about one-sided curves. In Section II.3, we show that the geometric limit set is indeed
contained in the complement of PMF ™ (N,).
In [Gen17], Gendulphe made the following conjecture about PMF* (N, Q).

Conjecture 11.13 (Conjecture 9.1 of [Genl7]). For g > 4, PMF(N,) = PMF(N,, Q).

We prove a slightly weaker version of the above conjecture, by describing a subset of the
foliations that can be approximated by multicurves in PMF (N, Q). To state the theorem,

we need to define what it means for a minimal foliation to be orientable.

Definition I1.14 (Orientable foliation). A local orientation on a foliation is the choice of a
locally constant tangent direction on the leaves in a small open set. If the local orientation

can be extended to an entire minimal foliation, the foliation is said to be orientable.
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In the setting of orientable surfaces, the vertical foliations of translation surfaces are
orientable, while there are some directions in half-translation surfaces where the foliation is
non-orientable. There exist similar examples of orientable and non-orientable foliations on
non-orientable surfaces.

Having defined the notion of orientable foliations, we can state the main theorem of this

section.

Theorem I1.15. A foliation A\ € PMF T (N,) can be approzimated by foliations in PMF (N, Q)

if all the minimal components \; of A satisfy one of the following criteria.
(1) A; is periodic.

(it) N; is ergodic and orientable.

(111) Nj is uniquely ergodic.

Furthermore, if A; is minimal, but not uniquely ergodic, there exists some other foliation X

supported on the same topological foliation as \; that can be approximated by elements of

PMFT(N,, Q).

Before we prove this result, we need to define the orbit measure associated to simple
curve, and define what it means for an orbit measure to be almost invariant. Consider an
arc 7 transverse to a measured foliation A. We assign one of the sides of 7 to be the “up”
direction, and the other side to be the “down” direction. This lets us define the first return

map to T

Definition I1.16 (First return map). The first return map 7' maps a point p € 1 to the
point obtained by flowing along the foliation in the “up” direction until the low intersects n
again. The point of intersection is defined to be T'(p). If the flow terminates at a singularity,

T(p) is left undefined: there are only countable many points in 1 such that this happens.

Since A is a measured foliation, it defines a measure on 7: we can scale it so that it is a
probability measure. It follows from the definition of transverse measures that the measure
is T-invariant. It is a classical result of Katok [Kat73] and Veech [Vee78| that the set of
T-invariant probability measures is a finite dimensional simplex contained in the Banach
space of bounded signed measures on 7. Given an orbit of a point p under the T-action of

length L, we construct a probability measure on 7, called the orbit measure of p.
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Definition I1.17 (Orbit measure). The orbit measure of length L associated to the point p

is the following probability measure on 7.

Here, ¢, is the Dirac delta measure at the point x.

One might expect that if a point p equidistributes, then a long orbit measure starting at
p will be “close” to an invariant measure. We formalize this notion by metrizing the Banach

space of signed finite measures on 7.

Definition I1.18 (Levy-Prokhorov metric). Define ||-||5; denote the bounded Lipschitz norm

on the space of Lipschitz functions on 7.

£l = [1£]l. +SUPM

Then the Levy-Prokhorov distance dpp between the probability measures p; and pusg is
defined to be the following.

drp (i1, pr2) = sup /f(dﬁh — dpug)

fllpL<1

Using the Levy-Prokhorov metric, we can define what it means for a probability measure to

be e-almost T-invariant.

Definition I1.19 (s-almost T-invariance). A measure y is e-almost T-invariant if dyp(u, Tp) <

€. Here T is the pushforward of p under 7.
We state the following easy fact about orbit measures without proof.
Fact. An orbit measure of length L is %—almost T-invariant.
The following lemma shows that a long orbit measure is close to an invariant measure.

Lemma I1.20. Let {n;} be a sequence of positive integers and let {p;;} be orbit measures
such that 1 <1i <mn; and d(pj, Tpi;) < lj, where lim;_ o l; = 0. For any € > 0, there exists

an J large enough such that for all j > J, p;; is within distance € of an invariant measure.

Proof. Let Ay be the closure of all the p;; such that j > k. The set Ay, is compact, because
it is a closed subset of a compact set, and we have that ()~ Ay is contained in the set of

invariant measures. By compactness, we have that for some large enough J, A; must be in
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a e-neighbourhood of the set of invariant measures, and therefore every p;; for j > J must

distance at most € away from an invariant measure. O

We now sketch a proof of the following lemma about simplices in finite dimensional

normed spaces.

Lemma I1.21. Let V' be a finite dimensional normed vector space, and S be a simplex in
V. Let {p1,...,pn} be points in S such that they are all at least distance € from a vertez v.
Then there exists a positive constant k such that any convex combination of {p;} is distance

£
at least z from v.

Sketch of proof. We shift the simplex so that the vertex v is at the origin. It will also suffice
to let {p1,...,pn} be the vectors joining 0 to the other vertices scaled to have norm e. The
convex combinations of {pi,...,p,} will form a compact set not containing 0. Since the

norm is a continuous function, the norm will achieve a minimum &’ on that compact set, and
/

the minimum will not be 0. Then £k = £ is the required value of k. O
€

We now prove a lemma that gives us a criterion for deducing when a long orbit measure

is close to an ergodic measure.

Lemma I1.22. Let {n;} be a sequence of positive integers, and let {p;;} and {L;;} be points
in n and positive integers respectively, where 1 < j < n; and min; L;; goes to oo as i goes to

o0o. Consider the following sequence of probability measures, indexed by 1.

n;
2 L iy
j=11ij

If the sequence {p;} converges to an ergodic measure v, then there ezists a subsequence of

the orbit measures ji,,; 1, also converging to v.

Proof. Suppose for the sake of a contradiction that no subsequence of ji,, 1., converged to

ij
v. That would mean there exists a small enough € > 0 and a large enough 7y such that for
all 7 > 149, the measures i, r,; are more than distance e from v. Since min; L;; goes to oo,
there exists some other large enough 7, > ig such that for all ¢ > iy, Hp,;.L;; 18 within distance
 of the simplex of invariant probability measures, where k is a large integer we will pick
later: this is a consequence of Lemma I1.20. Using this, we decompose fi,,; 1., as the sum of

an invariant measure ¢;; and a signed measure e;;, such that dpp(0, e;;) < 7.

Hpij Ly = Lij T €4j
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Observe that the weighted average of i, r,, will differ from the weighted average of +;; by at
most 7. Also note that all the invariant measures ¢;; are distance at least € — 7 from v. Since

v is the vertex of a finite-dimensional convex set, we know from Theorem II.21 that any

weighted average of the ¢;; must be at least distance 8;,% from v, where the multiplicative

factor &’ only depends on the geometry of the convex set of invariant probability measures,
and not ¢ or k. By picking k > 2k’ we can ensure that any weighted average of the p,, 1.,

£
2K/

measures fi; converge to v. Hence there exists some subsequence of jui,,. .. that converges to

must be at least distance from v. But this would contradict our hypothesis that the

v, which proves the lemma. O]
We now have everything we need to prove Theorem II.15.

Proof of Theorem II.15. If a minimal component A; is periodic, then the proof is straight-
forward. Since A contains no one-sided component, the core curve of A; must be two-sided,
possibly with an irrational coefficient. Approximating the core curve with rational coeffi-
cients proves the result in case (i).

In case (i), we have that \; is not periodic, but an ergodic orientable foliation. Pick
an arc 17 transverse to \; such that the leaf passing through the left endpoint py of 7y
equidistributes with respect to the ergodic transverse measure of \;. We can find such a
leaf because almost every leaf equidistributes with respect to the ergodic measure. We now
inductively define a sequence of points {p;}, sequence of sub-intervals 7;, and a sequence of
segments {a;} of the leaf passing through py. Let p; be the first return of the leaf going up
through pg to the interval 7y. Define the sub-interval n; to be the sub-interval whose left
endpoint is py and right endpoint is p;. Let a; be the segment of the leaf starting at pg and
ending at p;. Given a point p;, define p;,; to be the first return to the interval n;, ;11 to be
the interval whose left endpoint is py and right endpoint is p;;1, and a;1 to be the segment
of the leaf starting at p; and ending at p; ;.

Since we have assumed ); is an orientable foliation, we have that the leaf we are working
with always enters 7y from the bottom, and exits from the top. If we pick 7y to be small
enough, we can pick a local orientation, and keep track of how a positively oriented frame
returns to each p;, i.e. with or without the orientation flipped (see Figure 2.3). If the
flow returns infinitely often without the orientation flipped, we join the endpoint p; to pg
by going left along 7; to get a simple closed curve that is two-sided. Furthermore, the
geodesic tightening of the resulting curve is very close to the original curve, because the
initial and final tangent vectors can be made arbitrarily close since they both face the “up”
direction: the Anosov closing lemma then tells us that an orbit of the geodesic flow that

approximately closes up can be perturbed by a small amount to exactly close up. This gives
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Figure 2.3: Two possibilities for first return to n;: on the left, the arc returns without the
local orientation flipping, and on the right, the arc returns with the local orientation flipped.

us a long geodesic that equidistributes with respect to the ergodic measure, and therefore
an approximation by two-sided curves.

If the flow does not return without the orientation flipped infinitely often, it must always
return with the orientation flipped after some large enough 7. In that case, consider the
simple two-sided curves ¢; obtained by concatenating a; with the arc on n;_; joining p;_;
and p; (see Figure 2.4). We have that as ¢ goes to oo, the length of ¢; must go to oo as
well, otherwise a subsequence would converge to a closed vertical curve starting at py, which
cannot happen since the leaf through py equidistributes. Also, note that the average of the
curves ¢; weighted by their lengths for i < i < " where ¢" > i’ is close to the ergodic
measure, since we assumed that the leaf through pg equidistributes. This lets us invoke
Lemma I1.22 to claim that there is a subsequence of ¢; whose orbit measures converge to the
ergodic measure. Consequently, the geodesic representatives of ¢; converge to \A;, since the
geodesic tightening is close to the original curve, by the virtue of the initial and final tangent
vectors being arbitrarily close. This resolves the two cases that can appear in the case of an
orientable foliation, proving the result for case (ii).

For case (iii), we define the points p;, the nested intervals 7;, and the arcs a; in a similar
manner as to case (ii). The key difference is that we no longer have that the foliation is
orientable, which means the leaf can approach p; in one of four possible ways: from the “up”
or the “down” direction, and with or without the orientation flipped.

In case that the leaf approaches p; from the “down” direction without the orientation
flipped infinitely often, the same closing argument as case (ii) works. Suppose now that the
leaf approaches p; from the “up” direction, but without the orientation flipping, infinitely

often. We then construct simple two-sided curves by concatenating the flow with the arc
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Figure 2.4: The curve ¢; is colored blue. Since the leaf from pg returns with the local
orientation flipped to both p;,_; and p;, the curve ¢; is two-sided.

joining p; to pg. While this curve does equidistribute with respect to the ergodic measure, it
is not necessary that its geodesic tightening will do so. Denote the geodesic tightening by ¢;:
we have that its intersection number with \; goes to 0 as ¢ goes to co. By the compactness
of the space of transverse probability measures, we must have that p. converges to some
projective measured foliation v which has 0 intersection number with A;, but is still supported
on a subset of the support of A\;. This means v must be another projective measured foliation
in the topological conjugacy class of A;, i.e. is supported on the same underlying foliation.
This proves the furthermore case of theorem. If A; is actually uniquely ergodic, there is only
one measure in the simplex of invariant probability measures, namely the uniquely ergodic
one, and therefore p, is forced to converge to it.

Suppose now that neither of the first two scenarios occur, i.e. the leaf returns to p; from
the “up” or “down” direction, but with the orientation always flipped. We deal with this
case like we did with the second subcase of case (ii). See Figure 2.5 for the construction
of the two-sided curves ¢;. We have that the geodesic tightenings of the curves ¢; are close
to the original curve by the Anosov closing lemma, and that the weighted averages of the
c¢; converge the ergodic measure, which means by Theorem II.22 we have a subsequence .,

that converges to the ergodic measure. This proves the result for case (iii), and therefore
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Figure 2.5: Construction of the blue curve ¢; when the leaf always returns with orientation
flipped from the “up” or “down” direction.

the theorem. O

I1.3: Upper Bound for the Limit Set

In this section, we prove that Ageo(MCG(N,)) is contained in PMFT(N,). We do so by
defining an MCG(N,)-invariant subset 7_ (N,), and showing that the intersection of its
closure with PMF(N,) is contained in PMF T (N).

Definition I1.23 (One-sided systole superlevel set). For any € > 0, the set 7. (N,) is the
set of all points in 7 (N,) where the length of the shortest one-sided curve is greater than or

equal to €.
We can state the main theorem of this section.
Theorem I1.24. For any ¢ > 0, T (N;) NPMF(N,) is contained in PMF T (Nj).

The key idea of the proof is proving a quantitative estimate on the Fenchel-Nielsen

coordinates of points converging to points in PMF ™~ (N,).

Proposition I1.25. Let {m;} be a sequence of points in T (Ny) converging to a projective
measured foliation [N|. If p is a one-sided atom of X, for any Fenchel-Nielsen coordinate

chart containing p as a cuff, the length coordinate of p goes to 0.
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Qutline of proof. The proof of Theorem I1.25 proceeds in two steps:

(i) We first show that there is a curve ps intersecting p such that ps is left invariant by
Dehn twisting along the two-sided curve that deformation retracts onto 2p (when p is
thought of as an element in 71(N;)). We do so in Theorem II.26 and Theorem I1.27.
This gives an upper bound for the length of p3 in terms of the length of p, and an
orthogeodesic going through p.

(ii) We use the upper bound obtained in the previous step to show that if the length of p3
goes to oo, the length of p must go to 0. This result can be thought of as a converse
to the collar lemma, using the additional hypotheses we manage to obtain from the

previous step.

Proof of Theorem I1.25. Consider the following decomposition of the measured foliation .
A= 1'p+)\at+)\Leb

Here, A\, are the minimal components on periodic components other than p, i.e. cylinders
and Mobius strips, and Arep, are non-periodic minimal components. In the above expression, p
is the one-sided curve considered as a measured foliation (since we'’re picking a representative
of [\], we can pick one such that p has weight 1).

Pick simple closed curves pg, p1, and py, where py is the curve p, and {py, p1, p2} bound

a pair of pants. Furthermore, we impose the following conditions on p; and ps.

i(pla )\at) =0
7:(]927 )\at) =0

Note that this can always be done, by deleting the support of \,;, and looking at the resulting
subsurfaces. Neither p; nor p, can be the same as pg, since pg is one-sided.

Consider now a collection of curves {¢} which satisfy the following two constraints.
(i) i(q.po) = 1.

We use the fact that pg is one-sided to make the following claim.

Claim I1.26. There is exactly one curve q up to homotopy that satisfies conditions (i) and

(id).
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Proof. Let ¢; and ¢, be two curves satisfying both the conditions. We can assume without
loss of generality that both ¢; and ¢» intersect pg at the same point. We now delete the curves
Do, P1, and po to get a pair of pants P: denote the boundary component corresponding to pg
by po, and the arcs corresponding to ¢; and g» by ¢; and gy. Since py was one-sided, ¢; and
g2 intersect py at two points, which are diametrically opposite (with respect to the induced
metric on the geodesic py).

On a pair of pants, two arcs going from a boundary component to the same component
must differ by Dehn twists along that component up to homotopy relative to the boundary
components: this is a consequence of the fact that the mapping class group of P is Z3,
where each Z component is generated by a Dehn twist along a boundary component. This
means that there is a some Dehn twist D along the boundary component py such that Dq;
is homotopic to ¢ relative to its endpoints. Let ¢ now denote Dgq;.

We claim that after quotienting py by the antipodal map, ¢; and ¢, map to homotopic
curves. The homotopy is obtained by moving the point of intersection of ¢ and py twice
around the curve py.

Figure 2.6 shows the two arcs on P and Figure 2.7 shows the homotopy on the quotient

that takes g3 to ¢; (the movement of the blue arc is indicated by the blue arrows in Figure 2.7).

Figure 2.6: The arcs ¢; and ¢».

We have thus constructed the desired homotopy from ¢; to ¢o. The example in Figure 2.6

also shows there is at least one such curve, proving the claim. O]

Let p3 be the geodesic representative of the curve described in Claim 11.26. We also define

p4 to be the orthogeodesic arc from pg to itself. We make the following claim about p3 and
Ps.

Claim I1.27. The arc ps and the curve ps intersect at most once.
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Figure 2.7: Homotopy taking ¢» to ¢;.

Proof. We know from Claim I1.26 that ps is homotopic to any other curve which intersects
po exactly once and does not intersect p; and py. It then suffices to construct a curve ¢ that
intersects p, at most once: since ps is the geodesic representative of ¢, it will also intersect
py4 at most once. We construct ¢ by starting along pg, near the point where p, intersects py,
and then travel parallel to ps. When the curve reaches py again, it will need to turn left or
right to close up. In one of these cases, it will have to intersect p, once, and in the other

case, it will not intersect p, at all. O

With claims 11.26 and I1.27, we have the following picture of {py, p1,p2,ps, ps} on the

pair of pants.

Figure 2.8: The curves restricted to a pair of pants.

Since i(p3, po) = 1, and pg is a component of the limiting foliation, the length of p; must
go to 0o. On the other hand, we can bound the length of p3 above and below via the lengths
of the orthogeodesic p, and the length of py.

(I1.3.1) {(ps) < €(pa) + £(po)

31



Observe that the upper bound follows from Theorem II.27 and the fact that the red and
cyan arcs are isotopic to ps relative to their endpoints being fixed. The cyan arcs have length
at most ¢(po) in this setting; if one allowed a twist parameter, the length of the cyan arcs
would be proportional to the twist parameters. The point of this inequality is that we can
estimate ¢(p4) using ¢(po), £(p1) and ¢(p2) via hyperbolic trigonometry. Cut the pair of pants
along the seams, to get a hyperbolic right-angled hexagon, pictured in Figure 2.9.

£(p1)
2

[ E(Po)

(1 =) - €po)

Figure 2.9: The right angled hexagon obtained by cutting the pants along the seams.

To get good estimates on £(p4), we need a universal lower bound on the fraction f as we
move in the Teichmiiller space. The analysis splits up into two cases, but it is not a priori
clear that these two cases are exhaustive. We will deal with the two cases, and then show

that any other case can be reduced to the second case by changing p; and p,.

Case I

We're in this case if p; and py don’t intersect the foliation A at all.

In this case, we can pass to a subsequence of {m;} such that the corresponding values of
f are always greater than % or less than % In the former case, we focus on p;, and in the
latter case, we focus on p,. Without loss of generality, we’ll suppose f > % In that case,
we cut along the orthogeodesic ps, and get a hyperbolic right-angled pentagon, which is the
top half of Figure 2.9.

Let ¢;(px) denote the length of p, on the hyperbolic surface corresponding to m;. We

can relate £;(po), £i(p1), and ¢;(ps) using the following identity for hyperbolic right-angled
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pentagons (see [Thu79] for the proof of the identity).

(I1.3.2) sinh (f - 4;(po)) - sinh (&(54)) — cosh (fi(§1)>

Now suppose for contradiction’s sake that ¢;(py) does not go to 0. Then we must have that
for all 4, ¢;(pg) > 2¢ for some € > 0. By the lower bound on f, we have that the first term
on the left hand side of the above expression is bounded below by . Rearranging the terms

gives us the following upper bound on ¢;(py).

cosh (&-(m))

(I1.3.3) 0i(ps) < 2 - sinh™! - ’

Using (I1.3.1) and (I1.3.3), we get an upper bound for ¢;(ps).

cosh <&(P1))

(I1.3.4) 0i(ps) < €(po) + 2sinh ™! - ’

Since zgg 2:\\; =0, as {m;} approaches \, the ratio of lengths of py and ps approach 0.
l;
(I1.3.5) im0
Using (I1.3.4), we have the lower bound for %.
(I1.3.6) (po) < Lilwo)

li(po) + 2sinh ™! <w> = Li(ps3)

By (I1.3.5), the left hand side of (I1.3.6) must go to 0, or equivalently, the following holds.

=0

(1L.3.7) lim 4(po)

; 4;(p1)
100 o cosh ( =512
2sinh™* (M)

£

But we also have that ¢;(py) > e: that means the only way that the above limit is 0 if ¢;(p;)
goes to co. This is where the hypotheses of the Case I come in. Since i(py, A) is 0, the
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following equality must hold.

g'(p1> _
(I1.3.8) llgglog( ) =0

This means the lower bound for (p 1; must go to 0.

=0

(11.3.9) lim blp)
i—00 1 cosh(@)
o - 2t (L)

From (II1.3.7), we have the following.

(11.3.10) lim i) TN lim cital D)
1—+00 .11 cosh(%) 1—00 .11 cosh(“%)
li(po) + 2sinh —_— 7 2 sinh —

3 3

But as ¢;(p1) approaches oo, the right hand side of (I1.3.10) approaches a non-zero con-
stant value, which contradicts the identity in (II.3.9). This contradiction means our assump-

tion that ¢;(po) was bounded away from 0 must be wrong, and thus proves the result in Case

L.

Case 11

We're in this case if the following inequality holds.
(I1.3.11) 0<i(p,\) <1

The picture in this case looks similar to Figure 2.9. However, we can’t necessarily pass to a
subsequence where f > % (and the trick of working with 1 — f won’t work, since we know
nothing about py). This is one of the points where the hypothesis on p; comes in. Since
zg = 5 is finite, we must have that the ratio of lengths % approaches some finite value
as well. The fraction f is a continuous function of ilp fg, approaching 0 only as the ratio
approaches oo (this follows from the same identity as (II.3.2)). Since the ratio approaches a
finite value, we have a positive lower bound fy for f.

Assuming as before that ¢;(py) is bounded away from 0, and 7(py) bounded away from

+00, and repeating the calculations of the previous case, we get the following two inequalities.

> Ci(p1)
gi - cosh (4tr1)
(ps) Ci(po) + 2sinh ™! (—hgoj ))
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l; (PO)

&' cosh ( 4r1)
(P:) fi(PO)JFQSmh_l( h(fo€2 )>

v

(11.3.13)

The right hand side of (II.3.13) must approach 0, and that forces either ¢;(p;) or ¢;(po) to
approach co. But that means the right hand term of (I1.3.12) must approach 1, which cannot

happen, by the hypothesis of case II. This means ¢;(py) goes to 0, proving the result in case
II.

Reducing to case 11

Suppose now that both p; and p; have an intersection number larger than 1 with A\. We can
modify one of them to have a small intersection number with A. First, we assume that Apep
is supported on a single minimal component, i.e. every leaf of Ay, is dense in the support.
We now perform a local surgery on p;: starting at a point on p; not contained in the support
of Arep, we follow along until we intersect Ao, for the first time. We denote this point by
a. We now go along p; in the opposite direction, until we hit the support of Ape, again,
but rather than stopping, we keep going until the arc has intersection number 0 < § < 1
with Arep. We then go back to «, and follow along a leaf of Arp, rather than p;, until we hit
the arc. This is guaranteed to happen by the minimality of Ar.,. Once we hit the arc, we
continue along the arc, and close up the curve. This gives a new simple closed curve which
intersection number with A is at most §. This curve is our replacement for p;. If Arqp, is not
minimal, we repeat this process for each minimal component. We pick p, in a manner such
that pg, p1, and py bound a pair of pants. Since § < 1, we have reduced to case II. This

concludes the proof of the theorem. O

Remark (On the orientable version of Theorem I1.25). The same idea also works in the
orientable setting, although the analysis of the various cases gets a little more delicate. The
first change one needs to make is in the statement of the proposition: we no longer need to
require p to be a one-sided atom, and correspondingly, either the length coordinate ¢;(p) can
go to 0, or the twist coordinate 7(py) can go to oo. To see how the twist coordinate enters
the picture, observe that (I1.3.1), which was the main inequality of the proof, turns into the

following in the orientable version.

(11.3.14) li(pa) < li(ps) < 7(po) + Li(pa)

Here, 7(py) is the twist parameter about pg, and p, is the orthogeodesic multi-arc (there may

be one or two orthogeodesics, depending on the two cases described below).
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The proof splits up into two cases, depending on whether both sides of p are the same
pair of pants, or distinct pairs of pants. This was not an issue in the non-orientable setting,
since p was one-sided. If both sides of p are the same pair of pants, then the analysis is
similar to what we just did, since the curve p3 stays within a single pair of pants. In the
other, p3 goes through two pair of pants, and its length is a function of the twist parameters,
as well the cuff lengths of four curves, rather than two curves, the four curves being the two
remaining cuffs of each pair of pants. The analysis again splits up into two cases, depending
on the intersection number of the cuffs with A, but reducing all the other cases to case II
becomes tricky because we need to simultaneously reduce the intersection number of two
curves, rather than one, as in the non-orientable setting. This added complication obscures

the main idea of the proof, which is why we chose to only prove the non-orientable version.

This quantitative estimate of Theorem I1.25 gives us a proof for Theorem I1.24.

Proof of Theorem I1.24. Suppose that the theorem were false, and there was a foliation
[A] € PMF~(N,) in the closure of T (N;). Suppose p is a one-sided atom in X. Then
Theorem I1.25 tells us that the hyperbolic length of p goes to 0, but the length of p must
be greater than ¢ in 7_ (V). This contradicts our initial assumption, and the closure of
7. (N,) can only intersect PMF(N,) in the complement of PMF ™ (N,). O

€t

Corollary I1.28. The geometric limit set Ageo(MCG(N,)) is contained in PMF T (N,).

Proof. Every point p € T (Nj) is contained in 7., (N;) for some small enough e. This means
Ageop(MCG(N)) is contained in PMFT(N,) by Theorem I1.24. Taking the union over all
p proves the result. O

I1.4: Failure of Quasi-Convexity for 7_

In the setting of Teichmiiller geometry, convexity is usually too strong of a requirement.
For instance, metric balls in Teichmiiller space are not convex, but merely quasi-convex (see

[LR11)).

Definition I1.29 (Quasi-convexity). A subset S of 7(.5) is said to be quasi-convex if there
is some uniform constant D > 0 such that the geodesic segment joining any pair of points

in S stays within distance D of S.
Our goal for this section will be to prove the following theorem.

Theorem 11.30. For g > 8, any € > 0, and all D > 0, there exists a Teichmailler geodesic
segment whose endpoints lie in T_ (Ny) such that some point in the interior of the geodesic

is more than distance D from T_; .
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Remark. Our methods actually prove the result for all non-orientable hyperbolic surfaces
except genus 5 and 7. This is not because genus 5 and 7 are special, but it is rather an
artifact of our construction. We construct two families of counterexamples, one for genera
4 + 27, and one for genera 9 4 2j: it turns out there isn’t enough “room” on a genus 5
surface to replicate our genus 9 construction, but it’s quite likely an alternate construction

will work.

We begin by finding Teichmiiller geodesic segments whose endpoints lie in 77 such that
at a point in the interior, some one-sided curve gets very short. Once we have arbitrarily
short one-sided curves in the interior of the geodesic segments, estimates relating Teichmiiller

distance and ratios of hyperbolic lengths of curves will give us the result.

Proposition I1.31. Forall g > 8 and any 6 > 0, there exists a Teichmiiller geodesic segment
I whose endpoints lie in T_ (Ny), and a point p in | such that some one-sided curve has length

less than & with respect to the hyperbolic metric on p.
To prove this result, we will need two lemmas relating hyperbolic and flat lengths.

Lemma I1.32. Let q be any area 1 DQD on Ny, and let v be a simple closed curve of q.
Suppose that luy,(v) < & (with respect to the unique hyperbolic metric coming from the flat
structure q). Then lau(y) < kvV/3, where k is some absolute constant.

Sketch of proof. If lny,(y) < 0, then there exists an annulus around v of modulus propor-

tional to %. By the results in [Min92|, this annulus can be homotoped to be a primitive
annulus, i.e. an annulus that does not pass through a singularity of the flat metric. Such
annuli are either expanding, i.e. concentric circles in the flat metric, or flat, and in either
case, we have an upper bound on the flat length of the core curve in terms of the modulus.

This proves the result. [

Lemma I1.33. Let q be an area 1 DQD on N, and consider the unique hyperbolic metric
with the same conformal structure. Let A be a primitive annulus in q, i.e. an annulus whose
interior does not pass through a singularity of the flat metric. Let the modulus of A be m.

Then the hyperbolic length of the isotopy class of the core curve of the annulus is at most -.

Sketch of proof. Without loss of generality, we can pass to the orientable double cover. This
changes the hyperbolic lengths by at most a factor of two. Consider the interior of the
annulus as a Riemann surface, and put the unique hyperbolic metric on that surface. With
respect to this hyperbolic metric, the length of the core curve is ™. Since the interior
doesn’t contain any singularities, the inclusion map is holomorphic, and holomorphic maps

are distance reducing with respect to the hyperbolic metric. This proves the result. O
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To find a geodesic segment whose endpoints lie in 7, we will construct a DQD ¢, and
use Theorem II.32 to find large enough ¢ such that both g;(¢) and g_(q) are in 7_ . We
will then show that some one sided curve on ¢ is very short using Theorem II1.33, which will

prove Theorem I1.31.

Proof of Theorem I1.31. We will prove the result by constructing explicit examples in genus
4 and 9, and then connect summing orientable surfaces of genus j to get examples in genus
4425 and 9 4 2j.

We first list the two properties we require from the DQD ¢ we want to construct, and

show that having those properties proves the result.

(a) There exists an embedded annulus in ¢ with a very large modulus whose core curve is

the square of a one-sided curve in 7 (N,).

(b) The vertical and horizontal foliations decompose as a union of cylinders, i.e. the vertical
and horizontal flow is periodic, and no closed orbit is a one-sided curve. Furthermore,
deleting the core curves of the cylinders in the horizontal or vertical direction result in

a disjoint union of orientable subsurfaces.

We now show why having these two properties proves the result. Suppose we have a
DQD ¢ satistying (a) and (b). Theorem II.33 tells us that satisfying (a) means that the
one-sided curve whose square is the core curve of the annulus will be very short. To find a
large enough t such that ¢;(¢) has no one-sided curves shorter than e, pick a ¢ enough such
that each vertical cylinder in g;(q) is at least 2k+/z wide. Consider now any closed curve who
flat length is less than ky/e. It must either be homotopic to one of the core curves of the
vertical cylinders, or can be homotoped to be completely contained in one of the subsurfaces
obtained by deleting all the core curves. That is because it was neither of these cases, it
would cross at least one of these cylinders, and since the cylinders are at least 2k+/e wide,
the flat length of the curve would exceed ky/e. If the curve is the core curve of a cylinder,
or completely contained in one of the subsurfaces, it must be two-sided, by condition (b).

This proves that all one-sided curves have flat length exceeding k+/e, and therefore hy-
perbolic length exceeding . The same argument also works for g_;(¢), proving the result.

We now construct explicitly the DQDs satisfying conditions (a) and (b) in genus 4, 9,

and above.

The g =4 case

Consider the area 1 DQD on N, depicted in Figure 2.10. We impose the following constraint
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v b
Figure 2.10: A DQD on Nj.

on the depicted DQD: the edges {c,c’,d,d'} are all oriented at an angle of &7, and have the
same length.

Observe that by making the length of ¢ (and correspondingly ¢, d, and d') go to 0, while
keeping the area 1 lets us embed an annulus of high modulus (pictured as dotted semi circle
in Figure 2.10) around any curve in {c,,d,d'}. This shows that the DQD we constructed
satisfies condition (a).

Checking condition (b) is easy, but tedious. For convenience, we have labelled the core
curves of the vertical cylinders in red, blue, and green: the reader can check that they are
all two-sided, and deleting them results in orientable subsurfaces. In fact, deleting the core

curves results in 2 pairs of pants.

The g =9 case

Consider the area 1 DQD on Ny depicted in Figure 2.11. To keep the picture from getting
cluttered, we describe the edge gluing maps in words: the edges labelled ¢ are glued via the
map z — —2z + k, the edges labelled b and e are glued via z — —z + k, where k is some

constant. All the other gluings are translation gluings. We impose the following constraints

on the DQD.

(i) The edges labelled c are oriented at an angle of &%, and the lengths of {4, yn, Z., s }

Zﬂat (C)

are W

(ii) The left edge of x, is aligned with the left edge of ¢, the left edge of y, is aligned with
the midpoint of ¢, the top edge of x, is aligned with the top edge of ¢, and the top edge
of yp, is aligned with the midpoint of c.

By making ¢ smaller, while keeping the area equal to 1, one can embed an annulus of high
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Figure 2.11: A DQD on Ny. To display the gluing maps on the small slits, we have a zoomed
in picture in the ellipses.

modulus in the DQD, pictured in dotted olive green in Figure 2.11. This shows that our
construction satisfies condition (a).

To see that deleting the core curves of the horizontal cylinders results in orientable
subsurfaces, note that deleting the core curves passing through c results in 2 pairs of pants,
and a genus 3 orientable surface with one boundary component. This is again easy, but
tedious to verify, so we leave the verification to the reader. This shows that the example

satisfies condition (b).

The induction step

To get higher genus DQDs satisfying conditions (a) and (b), we start with the ¢ = 4 and
g = 9 examples and connect-sum an orientable surface using the slit construction. To ensure
that the new surfaces still satisfy conditions (a) and (b), we need to ensure that the slit
we construct if far away from the annulus of condition (a), as well as all the vertical and
horizontal leaves passing through {c¢,c,d,d’} in the ¢ = 4 example, and the vertical and

horizontal leaves passing through c in the g = 9 example. This will ensure that the resulting
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higher genus surface still satisfies conditions (a) and (b). O
To relate Teichmiiller distance to hyperbolic lengths, we need Wolpert’s lemma ([Wol79])

Lemma I1.34 (Wolpert’s Lemma). Let M and M’ be two points in T(S,), and let vy be a
simple closed curve on S,. Let R be the Teichmiiller distance between M and M'. Then the
ratio of the hyperbolic length of v and R are related by the following inequalities.

exp(—2R) < byp (M, )

PN V< exp(2R
N ghyp<M/a’Y) < exp(2R)

Using Proposition I1.31 and Wolpert’s lemma, we can prove Theorem II.30.

Proof of Theorem I1.30. Suppose that T (N;) was indeed quasi-convex. That would mean
that there exists some R > 0, depending on ¢ such that every point in the interior of any
geodesic segment with endpoints in 7. was within R distance of some point in 7. (V).
Proposition I1.31 lets us construct a sequence of Teichmiiller geodesic segments such that
for on some interior point, the length of a given one-sided curve v goes to 0. If those points
were within distance R of 7_, there would be some point in 7., where the length of v was
at most exp(2R) times the length of 7 in the geodesic, by Wolpert’s lemma. But since the
length of v in the geodesic goes to 0, the length in the corresponding closest point in 7_;
must also go to 0. This violates the definition of 7., giving us a contradiction, and proving
the result. O
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CHAPTER 111

Towards Patterson-Sullivan Theory

II1.1: Preliminaries

I11.1.1: Non-Orientable Surfaces

Similar to orientable surfaces, compact non-orientable surfaces with (possibly empty) bound-
ary are classified by their demigenus and number of boundary components. The demigenus
of a non-orientable surfaces is the number of copies of RP? that need to be connect-summed
in order to get the non-orientable surface. An alternative way to construct non-orientable
surfaces is to start with an orientable surface, and attach crosscaps: a crosscap is attached
by deleting the interior of an embedded disc, and gluing the S' boundary of that disc to
itself via the antipodal map.

To unify notation between orientable and non-orientable surfaces, we will denote a com-
pact surface with boundary using S, ., which denotes a surface of genus g, with b boundary
components, and ¢ crosscaps attached. With this notation, a non-orientable surface N, of
demigenus g with b boundary components is S alp if g is odd, and & -2 if g is even.

One can classify simple closed curves on a non-orientable surface into two categories

based on the topology of their tubular neighbourhoods.

Two-sided curves These are curves whose tubular neighbourhoods are homeomorphic to

cylinders.

One-sided curves These are curves whose tubular neighbourhoods are homeomorphic to
Mobius bands.

The orientation double cover of N, is S;_1, where p denotes the covering map: the one-
sided curves on NV, lift to a single curve on S;_; that is twice as long, and the two-sided curves
on N, lift to two disjoint curves on S,_1, both of which are the same length as the original

curve. We also have an orientation reversing deck transformation ¢ on §;_; corresponding
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to the covering map. The map ¢ swaps the lifts of the two-sided curves, and leaves the lifts
of the one-sided curves invariant.

The subgroup m(Sy—1) < m1(N,) is a characteristic subgroup, i.e. left invariant by an au-
tomorphism of 7 (V) induced by a homeomorphism, and consequently, self-homeomorphisms
of N, have a unique orientation preserving lift to self-homeomorphisms of S,_1, giving us an

embedding p* of mapping class groups, induced by the covering map p.
p*: MCG(N,) — MCG(S,-1)

The image of MCG(N,) is an infinite-index subgroup of MCG(S,_1). The lifting map also
induces an embedding of the corresponding Teichmiiller spaces, where the image of T (N,) is

the locus left invariant by ¢*, where ¢* is the deck transformation induced map on 7(S,_1).
P TN = T(Sy-1)

This embedding is isometric, i.e. Teichmiiller geodesics joining points in the image of 7 (V)
stay within the image of T (N,).

These facts present an alternative way of thinking about mapping class groups and Te-
ichmiiller spaces of non-orientable surfaces. They can be thought of as a special infinite
index subgroup of MCG(S,_;), and a isometrically embedded totally real submanifold of
T (Sy—1). We will use this point of view to prove some of the metric properties of T (N,) we
will require, but for most other applications, we prefer to think of 7(N,) and MCG(N,) as
independent objects, without embedding them in other spaces.

The Teichmiiller space for non-orientable surfaces can be given Fenchel-Nielsen coordi-
nates using a pants decomposition for N;: the only difference from the orientable setting is
that for all the one-sided curves in the pants decomposition, there is only one coordinate,
associated to the length of the one-sided curve, rather than both the twist and length. This
means that Teichmiiller spaces of non-orientable surfaces can have odd R-dimension.

Since these Teichmiiller spaces of non-orientable surfaces can have odd dimension, we no
longer have a symplectic structure, and a corresponding volume form. However, the image
of T(Ny) in T(S,-1) is a Lagrangian submanifold, and consequently a Lagrangian volume
form. This Lagrangian volume form vy has a particularly nice description in terms of a
pants decomposition P, due to Norbury [Nor0§].

Let P be a pants decomposition for Ny: vy is defined in terms of the lengths and twists

of curves in P.
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VN = < /\ COth(“%‘))‘”(%)) A < /\ dT(%’)/\dg(%‘)>

7; one-sided v; two-sided

Here ¢(~;) denotes the length of the curve ~;, and 7(;) denotes the twist, when ~; is two-
sided.

Similar to Wolpert’s magic formula, the py has the following properties.

- The form vy does not depend on the choice of pants decomposition.

- vy is MCG(N,) invariant, up to sign.

This lets us use the absolute value of vy as a volume form on the quotient 7 (N;)/MCG(N,).
We will, for notational convenience, use vy to mean |vy].

With respect to vy, the action of MCG(N,) on T (N,) is infinite covolume: the same also
holds for the geodesic flow invariant volume on the full® unit cotangent bundle. Furthermore,
the set of cotangent directions in which the geodesic flow recurs to the MCG(N,)-cocompact
part of T(N,) has vy-measure 0: this is due to Norbury [Nor08] (see Gendulphe [Genl7] for

more analogies with infinite covolume Fuchsian groups).

I11.1.2: Critical Exponents and Patterson-Sullivan Theory

In this section, we outline techniques that are used to deal with infinite-covolume group
actions on non-positively curved metric spaces, i.e. Patterson-Sullivan theory. For the sake
of concreteness, we will state most results in this section for infinite-covolume geometri-
cally finite Fuchsian groups, and specify a generalized theorem/conjecture for the setting of
mapping class groups.

Let I be an infinite-covolume geometrically finite Fuchsian group. Geometric finiteness
in this context means that the surface H/I' is composed of finitely many components outside
of a large enough compact set, where each component is isometric to one of the following

regions.

(i) Cusps: A cusp is the quotient of a horoball (i.e. {Im(z) > ¢y} with the upper half plane

t
model) with respect to an isometry of the form

(ii) Flares: A flare is quotient of the region {Re(z) > 0} with respect to an isometry of the

0
form (q 1).
0 5

LFull referring to the entire unit cotangent bundle as opposed to the restricted unit cotangent bundle.
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Note that it is the flares of the hyperbolic surface that make its volume infinite: each of the
cusps has finite hyperbolic volume.

The presence of flares also means that the limit set of T', i.e. the set I'p N OH (for any
p € H) is a measure 0 subset of the boundary (with respect to the usual Lebesgue measure
on S1), as well as forcing the Liouville measure, which is a geodesic flow invariant measure
on the unit tangent bundle S'T'/H to be infinite.

Since most results from ergodic theory need a finite flow-invariant measure, the Liouville
measure does not work for these infinite-covolume groups. The fix to this problem is to
construct a new (family of) measure(s) {y,} on the boundary, which replaces the Lebesgue
measure, with respect to which the limit set has full measure, and then use that measure to
construct a finite geodesic flow invariant measure on the unit tangent bundle.

The family of measures on the boundary is called the Patterson-Sullivan measure, and
the corresponding measure on the unit tangent bundle is called the Bowen-Margulis-Sullivan

measure.

Construction of Patterson-Sullivan measures

We begin by picking a basepoint p € H, and a parameter h > 0, and consider the measure
,uZ , for ¢ € HL.

h 2omer €XP(—hd(p,7q))dyg

o = exp(—hd(p,p))

Here, 6., denotes the Dirac mass at d,,, and d(p, yq) denotes the hyperbolic distance between
p and vq.

For large enough h, the denominator of the expression is a convergent sum, and the
resulting measure has total mass that only depends on the choice of p and q.

Conversely, for small enough values of A > 0, the sum in the denominator diverges, and
the measure MZ is not well defined. To see this, one can use the ping pong lemma to embed
a copy of the free group F5, in I', and show that for this copy of F5, there is a small enough

h to make the sum diverge. We can now define the critical exponent hr of the group I'.

Definition ITI.1 (Critical exponent). The critical exponent Ar is the infimum of all the

values of h for which the following infinite sum converges.

> exp(—hd(p,7p))

vyerl’

Note that for h = hr, it is possible for the exponential sum to converge or diverge. If the
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sum converges at the critical exponent, the group I' is said to be of convergent type, and if
it diverges, the group I is of divergent type.

Since the measures uf} are well-defined for h > hr, and their mass is uniformly bounded
(where the bound only depends on ¢), we have that for some sequence of h \, hr, the
sequence of measures /LZ converges to some limiting measure p,. This family of limiting
measures {,} is called a Patterson-Sullivan measure. The Patterson-Sullivan measure {/,}
is not unique a priori, since picking different sequences h \, hr might lead to different
limiting measures.

In practice, the uniqueness of the Patterson-Sullivan measure follows from the ergodic-
ity of the geodesic flow with respect to the Bowen-Margulis-Sullivan measure constructed
from a given Patterson-Sullivan measure. We will skip the construction of the Bowen-
Margulis-Sullivan measure ugys, since the specifics of the construction are not relevant for

the remainder of the paper. We refer the reader to Quint [Qui06] for the construction of

HUBMS -

Some results in Patterson-Sullivan theory

The question of finiteness and ergodicity of the Bowen-Margulis-Sullivan measure is equiva-

lent to several other conditions, some of which are easier to check in some examples.

Theorem II1.2 (Hopf-Tsuji-Sullivan dichotomy; Sullivan [Sul79]). For a geometrically finite

group I, the following conditions are equivalent.
(i) The group is of divergent type.
(ii) The Bowen-Margulis-Sullivan measure is finite.
(11i) The geodesic flow is ergodic with respect to the Bowen-Marqgulis-Sullivan measure.

The ergodicity of the geodesic flow with respect to ugms can be upgraded to mixing if

the length spectrum of H/I" generates a dense subgroup of R.

Theorem II1.3 (Babillot [Bab02]). If upms is finite, and the lengths of the closed geodesics

on H/T' generate a dense subgroup of R, then the geodesic flow is mizing with respect to

HUBMS -

One can then combine Theorem II1.3 with the following result of Roblin to count lattice

points where the logarithmic error goes to 0.
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Theorem III.4 (Roblin [Rob03]). Let B,(R) denote the lattice point counting function.

By(R) = # (v €T | d(p,7p) < R)

Then there ezists a constant C', which is the upyms-volume of the unit tangent bundle of H/T,

such that B,(R) can be approximated in the following manner.

(Cexp(hFR)) »

lim log B,(R)
p

R—o0

Extending these results to subgroups of mapping class groups

In [Yanl18], Yang outlined a criterion for a non-elementary group with contracting ele-
ment acting on metric space to be of divergent type: the action must be statistically
convez-cocompact. In the context of subgroups of mapping class groups, a subgroup is
non-elementary if it contains two non-commuting pseudo-Anosov elements.

To explain what a statistically convex-cocompact action is, we first need to describe what
is means for a subset of a metric space to be statistically convex.

Let X be a metric space with a group G acting on it, and let Y be a subset of X which
is invariant under the G-action, i.e. we have a G-action on Y as well, and let p be a point in

Y. One can consider two kinds of counting functions for the G-action on Y.

Np(R) == {y € G | d(p,vp) < R}

The function N, is the standard lattice point counting function. We also want to look at
those lattice points that detect a failure of convexity of Y: we call these points concave

lattice points.

Definition IIL.5 (s-Concave lattice points). A lattice point yp is s-concave if some geodesic
segment x starting in a ball of radius s centered at p and ending in ball of radius s centered
at yp stays outside the set Y.

The path obtained by joining p to the starting point of x, then following x, and then
joining the end point of k to vp is called the concavity detecting path for ~p.

For our applications, the precise value of s will not be very important: we fix it to be
twice the diameter of the compact set 75 (N;)/MCG(N,) (any value larger that the diameter
of T=5(Ny)/MCG(N,) will work though).
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Let M,(R) denote the counting function for concave lattice points. Let h and h. be the
exponential growth rates for N,(R) and M,(R).

L lor(Ny(R)
R—o0 R

L log(My(R)
R—o0 R

Definition III.6 (Statistically convex subset). The subset Y is said to be statistically convex
if he < h.

Definition ITI.7 (Statistically convex-cocompact action). The action of G on X is statisti-
cally convex-cocompact if there exists some G-invariant subset Y such that Y is statistically

convex, and the action of G on Y is cocompact.

In [Yanl8|, Yang shows that when a non-elementary group acts statistically convex-
cocompactly on a space, the group is of divergent type.

Coulon [Cou24] shows that for groups with strongly contracting elements that act statis-
tically convex-cocompactly, a version of the Hopf-Tsuji-Sullivan dichotomy (Theorem I11.2)
holds. Combining this with Yang’s result of the group being of divergence type, one can
conclude that the Bowen-Margulis-Sullivan measure on the unit cotangent bundle has finite
mass and the geodesic flow is ergodic.

In the remainder of this paper, we show that the action of MCG(N;) on T, (N) (the
subset of T (N,) where the one-sided curves cannot be shorter than e;) is statistically convex-

cocompact.

List of notation

- S8, An orientable surface of genus g.
- Sypet A surface of genus g with b boundary components, and ¢ crosscaps attached.

- Nj: A non-orientable surface of genus g: this is the same as S 22101 if ¢ is odd, and
S%,oz if g is even.

- T(S): The Teichmiiller space of the surface S.

- 7., (S): The one-sided systole superlevel set in 7(S).

- vyt The Lagrangian volume form on 7 (N).

- B.(z): A ball of radius 7 (with respect to the Teichmiiller metric) centered at .
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- BZ*(z): A ball of radius 7 (with respect to the induced path metric on 7., (N;)) centered

at x.
- A.: The averaging operator on a ball of radius 7.

- hpp(T(5)): The exponential growth rate for the mapping class group orbit of a point
x in T(S).

- hrp(H): For a subgroup H of MCG(S), this is the exponential growth rate of for the
H-orbit of a point z in T(S).

- 9 An (g,,2¢,)-net.

- hxp(core(T(S))): This is the exponential growth rate for the net points in an (g, 2¢,,)-

net in the weak convex core of 7(S). The value of ¢, is usually clear from the context.
- M: U MmV denotes that the surfaces U and V are transverse.

- thw: U hy V denotes that U and V' are transverse when restricted to any subsurface
of W which intersects both U and V' non-trivially.

- U < V: The Behrstock partial order for transverse subsurfaces U and V.

- =<: We say a < b if a and b are equal up to a multiplicative error of k and an additive

error of ¢, where k and ¢ are some fixed constants.

IT1.2: The Weak Convex Core of T (N,)

I11.2.1: Issues with Geometric Finiteness and Statistical Convex-Cocompactness

In order to show that the action of MCG(N,) on T (N,) is geometrically finite (in the sense
of Fuchsian groups), we need to exhibit a convez core, i.e. a convex subset of T (N;) on which
the action of MCG(N,) is finite covolume. Similarly, to show that the action of MCG(N,)
on T (N,) is statistically convex-cocompact, we need to exhibit a statistical convex core,
which is a statistically convex subset (see Definition II1.6) of T (N;) on which MCG(N,) acts
cocompactly.

A candidate for the convex core was suggested by Gendulphe [Genl7], namely the one-

sided systole superlevel set T_ (Ny).

Definition ITI.8 (One-sided systole superlevel set). The one-sided systole superlevel set is
the subset of T (N;) where no one-sided curve is shorter than &;. This set is denoted 7 (Nj).
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The subset T, (V) has several properties that suggest it should be the convex core for
the MCG(W,) action.

- The space T (N;) MCG(N,)-equivariantly deformation retracts onto the subset 7. (N)
(Proposition 19.2 of [Genl7]).

- The MCG(N,) action on T_, (N,) has finite vy-covolume, where vy is the non-orientable

analog of the Weil-Petersson volume form (Proposition 19.1 of [Genl7]).

However, the subset 7. (N,) fails to be convex, in a very strong sense, as we show in a

prior paper.

Theorem III.9 (Theorem 5.2 of [Kha23]). For all e, > 0, and all D > 0, there exists a

t

Teichmiiller geodesic segment whose endpoints lie in T_, (N,) such that some point in the

interior of the geodesic is more than distance D from T (Nj).

With this obstruction, we see that 7. (N) will not work as a convex core for a geomet-
rically finite action. There are two directions one could go in with this obstruction in mind,
which we phrase as open questions.

If we wish to show that MCG(N,) acts geometrically finitely, this is the question we need

to answer.

Question ITI.10. Does there exist some other subset of 7 (N) that is finite vy-covolume,

convex, and an MCG(N,)-equivariant deformation retract of T (N;)?

Alternatively, if we wish to show that MCG(N,) acts statistically convex-cocompactly
on T (N), where T=5(N;) acts as the statistical convex core, this is the question we need to

answer.
Question IIL.11. Is 7(N,) statistically convex?

We suspect the answer to Question II1.11 is yes, despite our methods not working. Our
methods for proving statistical convexity rely on proving recurrence of random walks on
T (N,), and random walks on all of 7(NV,) have poor recurrence properties when they enter
regions where one-sided curves are short. When the random walks enter these one-sided thin
regions, they behave like symmetric random walks on Z, which we know do not have very
strong recurrence properties. We explain this in more detail in Section I11.3.3, when we set

up the machinery of Foster-Lyapunov-Margulis functions.
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I11.2.2: A Weaker Notion of Convexity

Rather than directly answering questions I11.10 or IT1.11, we define an even weaker notion of
convexity as an intermediate goal. In the next subsection, we will show that 7. () satisfies
this weaker notion of convexity. In this section, we define the notion, and explain why this

weaker notion of convexity is still sufficient for the purposes of Patterson-Sullivan theory.

Definition ITI.12 (Weak convexity). A subset S of a geodesic metric space X is said to be
eq-weak convex (for €4 > 0) if there exists a constant ¢ > 0 such that for any pair of points
x and y in S, any geodesic path v joining x and y longer than ¢ can be homotoped to a path
~' joining = and y such that + lies entirely within S, and the lengths of v and ~/ satisfy the

following inequality.

((y") < (1 +eq)l(7)

Remark. Strictly speaking, we should call a subset (g4,%)-weak convex, as the constant ¢ is
part of the data that makes a set weak convex. However, the constant ¢ will not matter for

us, so we suppress it in all mentions of weak convexity.

An e4-weak convex subset is a subset which, while not entirely undistorted, has bounded
distortion with respect to the ambient metric space at large enough scale. Weak convexity
also interacts well with results from Patterson-Sullivan theory. Suppose we have a discrete
group G acting properly discontinuously on a metric space X, and let X., be an e4-weak
convex subset of X upon which G also acts. If the critical exponent for the G action on X is

0, and the corresponding exponent for X, is d.,, we immediately get the following estimate
for 9.

) S 5ad<1+5d)

For tangent directions along which the Teichmiiller geodesic stays in 7, (N;) for arbi-
trarily large times, we can consider the Teichmiiller geodesic flow, and reparameterize the

flow speed such that the following equation holds.

de,(v,g,0) =T

If we can establish mixing results for this reparameterized geodesic flow, we can use the

techniques of Roblin [Rob03] to count lattice points in X.,, the counting results translate
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into estimates for lattice points in X.
# (Lattice points in X within distance R) < # (Lattice points in X., within distance R(1 + ¢4))

We can get even better estimates if rather than having a single £4-weak convex subset,
we have an family of subsets, such that the ¢4 goes to 0, and the union of the weak convex

subsets is the entire space.

Definition ITI.13 (Exhaustion by weak convex subsets). A metric space X is said to be
exhausted by weak convex subsets if there exists a nested family of subsets {X,}, such that

X, is g;-weak convex, where g; goes to 0, and Uf; X, =X.

When there is an exhaustion by weak convex subsets, one can get arbitrarily good bounds

for the critical exponent for the G action on X.

II1.2.3: Weak Convexity for 7_ (V)

In this section, we will show that 7. (N,) is an e4-weak convex subset of T (M), and that
T (N,) can be exhausted by the subsets 7 (V) as &, goes to 0.

Theorem IIL.14. For any 4 > 0, there exists a &, > 0 such that T (Ny) is a eq-weak
convex subset of T (N,).

The key ingredient in the proof of Theorem II1.14 is a version of Minsky’s product region
theorem [Min96b, Theorem 6.1] for non-orientable surfaces, which we prove in Section I11.6.1.

Let v = {v1,...,7,--.,7%} be a multicurve on a non-orientable surface N, where for
t < j, 7 is a two-sided curve, and for 7 > j, «; is a one-sided curve. Let X, denote the metric
space obtained as the sup-product T (N, \ 7) x Hy x -+ x H; x (Rsg)jr1 X -+ X (Rso)ks
where the H; are copies of the upper half plane with the hyperbolic metric, and Ry is
the set of positive real numbers, where the distance between x and y is ‘log (%) ‘ For any
pants decomposition that contains v, we consider the Fenchel-Nielsen coordinate systems
associated to the pants decomposition. We have a map II from 7 (N,) to X, which is called

the product region projection map.

Definition ITII.15 (Product region projection map). The product region projection map
IT: T(N,) = X, is defined in the following manner.

e The T (N, \ 7)-coordinate is obtained by setting the lengths to 0 of all the curves in y

to get a punctured hyperbolic surface.
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e The H;-coordinate is (t,%), where t is the twist (i.e. the twist coordinate in the
Fenchel-Nielsen coordinate system) of the two-sided curve «;, and £ is the hyperbolic

length.
e The (R.); coordinate is %, where /¢ is the hyperbolic length of the one-sided curve ;.

We define a metric on the product X, as the supremum of the metrics on each of the
components, where the metric on 7(N, \ 7) is the Teichmiiller metric, the metric on the
H; components is the hyperbolic metric, and the metric on the (Rq); is given by d(z,y) =

s ()

We consider the restriction of II to the thin region of Teichmiiller space, denoted T <., (N,),

, i.e. the restriction of the hyperbolic metric in H to a vertical line.

which is the region where all curves in v have hyperbolic length at most &;.

Theorem II1.73 (Product region theorem for non-orientable surfaces). For any ¢ > 0, there
exists £, > 0, such that for any e, < €}, the restriction of Il to T,<.,(Nj) is an isometry with

additive error at most c, i.e. the following holds for any x and y in T <c,(Njy).

|d(z,y) — dx, (I(x), T(y))| < ¢

We can now prove Theorem II1.14.

Proof of Theorem II1.14. We begin by picking a small constant ¢, > 0 and § > 0. We will
fix the values of these constants at the end of the proof. Let [z, y] be a geodesic segment that
starts and ends in 7;2_ (N;). Let {p;} be points on [z,y], such that = = py, d(p;, pi+1) = 0,
and d(p,,y) < 6, where p, is the last of the p;’s.

The first step of our proof is modifying the path [z, y] and estimating the length of the
modified path. We do so by constructing new points p;, where p; is obtained from p; by
increasing the length of any one-sided curve that is shorter than ¢} to ;. This ensures that
the endpoints of the segments [p, p},,] are in T, (N,). Estimating d(p}, p}, ) splits up into

two cases.
(i) When p; = p; and p;11 = p;,,: In this case d(p}, p;,,) = ¢, by construction.

(i) When at least one of p; and p;;; are not equal to p; and p},,: In this case, we can
assume without loss of generality that both p; # p; and p; 1 # p},,. If that is not the
case, and say p; # p; and p;1 = pj,,, we replace p;;1 with the last point y on [p;, piy1]
that is outside 7;2_ (N;). The interval [y, p;11] can be treated as in case (i), and we focus

on [pzv y]
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We have that the interior of [p;, p;+1] and [p], pj,,] both lie in the region where some

79
one-sided curve = is shorter than ¢;. We invoke Theorem III.73 to estimate distances

in this region: we have a constant c(g}) that depends on £} such that following holds.

o (72405 ) )] < e

Observe that when we replace p; by p; and p;41 by pi,,, the first argument sup stays

(IT1.2.1) d(pi, pit1) — sup (dT(Ng\v)<H(Pi)a (pis1)),

the same, and the second argument becomes 0.
(I11.2.2) (D}, Phsr) = sup (drov o) (T(P}), TT(p}1)), 0) | < ele})
This leads to the following estimate for d(p}, pi, ).

(111.2.3) d(p;, Pi1) < 6+ 2¢(ey)

We construct a new path A by joining p}’s, and p,, to y. If we let [ denote the length of [z, ],
we get the following estimate for ¢(\) using (I11.2.3).

ﬁ(/\)§l(1+@)

We now pick a value of ¢ small enough such that along each of the segments [p;, pi11], there
is at least one one-sided curve that stays short throughout, and then we pick €, small enough
2c(e})

so that c(e}) is small enough to make = < 4.

We now need to show that this new path stays within 7. (V) for some g, < ¢;. We
already have that z, y and all the p} are in 7;;_ (Ny) and thus in 7 (V). For the interior
of the geodesic segments [p;, p!. ], since the endpoints are in 7;; (Ny), and the length of the
segments is no more than §(1 4 4), we have that there exists some ¢, such that [p}, p}, ] lies
in 75, (N).

Finally, we have to deal with geodesic segments [w, z] which start or end in 7_ (N) \
7;; (Ny). We do so by increasing the lengths of short one-sided curves on w and z to ¢} if
there are any curves shorter than ;. Let the modified points be w’ and z": we first construct
a path joining w’ and 2’ that stays within 7_ (V) using our construction, and then prepend
that path with a path joining w with w’ and append a path joining 2z’ to z. This new path
joining w to z stays entirely withing 7_; (N;), but we now incur a fixed additive error along
with our multiplicative error as well. However, if the path is long enough, the additive error

can be absorbed in the multiplicative error, with a slightly worse constant. We do that, and
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the threshold for the path being long enough is the constant ¢ that appears in our definition

of weak convexity. This proves the result. O]

Remark. We emphasize that the key step in the above proof is going from (I11.2.1) to (I111.2.2),

where the log (%) term becomes 0. This is only possible because there cannot be any

twisting around a one-sided curve +, so the projection map that sends p; to p} and p;41 to
P, is distance reducing. If one tried to use the same proof strategy to show that the thick
part of T(S), for any orientable or non-orientable surface S is weak convex in 7(S), the step
we described would be the point of failure. In particular, if there’s a twist along v, going
from (II1.2.1) to (I11.2.2) will not be distance reducing, and will exponentially increase the

distance, leading the estimate to fail.

Now that we have established that 7. (N;) is e4-weak convex, we can justifiably call it

2
the weak convex core of T (N;). For the remainder of this paper, we fix g4 < < ) , and

1
Gg—12
a value of ¢; such that 7. (N;) is e4-weak convex.

Definition III.16 (Weak convex core of T (N;)). We call 7 (N,) the weak convex core of
T (N,), and denote it core(T (N)).

We now also provide a partial classification of the strongly contracting elements of
MCG(N,) for the metric space T_, (V).

Definition II1.17 (Strongly contracting element). An infinite order element v in MCG(N)
is said to be strongly contracting if there exists a p € T_, (V) such that the following two

conditions hold.
(1) {¥'p}icy, quasi-isometrically embeds in T, (N).

(i) For any ball of radius R disjoint from {7'p}, its projection onto {yp} has uniformly

bounded diameter.

Lemma II1.18 (Partial classification of strongly contracting elements). Let v be an infinite
order element in MCG(N,).

(i) If v is pseudo-Anosov, then v is strongly contracting.
(i1) If v leaves a two-sided curve invariant, then 7y is not strongly contracting.

Proof. We deal with the two cases separately.
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Case (i) In this case, we pick p to lie along the axis of the pseudo-Anosov . Passing to
the orientable double cover, we have that the projection of any ball disjoint from the
axis has bounded diameter, by Minsky [Min96a]. Since T (N,) isometrically embeds
inside the Teichmiiller space of the double cover, we have the claim for 7 (N;). To show
now that the result holds for 7. (Nj), observe that the induced metric on T (Nj) is
minimally distorted from the metric on 7 (N), by Lemma IIT1.14. One of two things
can happen: the axis of 7 lies in 7 (Nj), or it lies outside. In the first case, we project
as usual, and by Lemma refthm:weak-convexity, the size of the projection increases
by a bounded multiplicative factor. In the second case, we first create a new axis,
by projecting the old axis onto 7_ (V). We then get a projection of a ball by first
projecting to the old axis, and then composing that with the second projection. This
composed projection still has bounded diameter because the first projection does, and

the second projection increases distances by a multiplicative factor.

Case (ii) In this case, we need to show there is no choice of p such that the projection onto
{~'p} has bounded diameter. Suppose there is such a p: we will construct a family of
balls disjoint from ~ with arbitrarily large projections onto v. We can assume without
loss of generality that at p, one of the invariant two-sided is short. If not, we can create
a new point p’ where this is the case, and the orbits {7'p} and {7’p'} have unbounded
projections onto each other, and if a family of balls has unbounded projections on

{~*p'}, it will also have unbounded projections on {v'p}.

Since we have that some two-sided curve k is short at p, and v leaves x invariant, we
have that the entire orbit {7’p} lies in the product region associated to k. In this
product region, it is easy to verify that the projection of a ball of radius R disjoint
from {~'p} will have projection diameter approximately 2R, by Minsky’s product region

theorem.
This proves the theorem in the two cases we specified. [

Remark. The only case the above classification does not deal with is the case where 7 is a

pseudo-Anosov on a subsurface that is the complement of only one-sided curves.

ITI.3: Geodesics in the Thin Part of core(7T (N,))

Inspired by Theorem I11.14, we will focus our attention on core(7 (N,)) instead of the entirety
of T(N,). In this section, we will begin a proof of the fact that the action of MCG(N,) on
core(T (Ny)) is statistically convex-cocompact (we abbreviate that to SCC for the remainder

of the paper).
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To show that the MCG(N,) action is SCC, we need to exhibit a subset of core(7T (N,))

which has the following two properties.

(i) The action of MCG(N,) on the subset is cocompact.

(ii) The subset is statistically convex.

We claim that the subset T*(N) satisfies these properties.

Tﬂ:

t

(N,) ={z € T(N,) | No curve on z is shorter than &,}

Although we have defined 75 () as a subset of T (M), it is also a subset of core(T (Nj)) =
7., (Ng): this follows from its very definition, which is a more restrictive version of the defini-
tion of 7, (Ny). The action of MCG(N;) on T=(N) is also cocompact, because the quotient
is the thick part of the moduli space, which is known to be compact.

Showing that T(N,) is a statistically convex subset of core(7 (N)) requires more work.
We begin by rephrasing what it means for 73 (N,) to be statistically convex in a form that’s
more convenient for our methods.

Consider the metric d., on core(7T (N,)), defined by the following formula.
de,(z,y) == inf ({(N\) | A is a path in core(T(N,)) joining = and y)

This metric is not the same as the usual Teichmiiller metric d, but by Theorem I11.14, we
can make the ratio of these two metrics arbitrarily close to 1 by picking ¢; small enough.

We now define lattice point entropy, and entropy for concave lattice points.

Definition III.19 (Lattice point entropy for core(7(Nj))). Let p be a point in T=(Nj),
and let N,(R,¢e;) be the lattice point counting function.

Ny(R, ;) = # (v € MCG(N,) | dc,(p,7p) < R)

The lattice point entropy hpp(core(T (Nj)),e;) is the following quantity.

hie(core(T(N;)), &) == lim %

Remark. The lattice point entropy is a well-defined quantity since we have that N,(R, ;)
is a sub-multiplicative function, and therefore log N,(R, ;) is sub-additive, and the limit is
well defined by Fekete’s lemma.

We define a variable s = 2diam (7:5(N;)/MCG(N;)), and recall the definition of s-

concave lattice points.
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Definition ITI1.20 (Concave lattice points). A lattice point vp is s-concave if some geodesic
segment k starting in a ball of radius s centered at p and ending in ball of radius ¢ centered
at yp stays outside the set T_5(N).

The path obtained by joining p to the starting point of x, then following x, and then
joining the end point of k to vp is called the concavity detecting path for ~p.

Definition II1.21 (Entropy for concave lattice points). Let M, (R, ;) be the counting func-

tion for concave lattice points.
M,(R, &) = # (v € MCG(N,) | d.,(p,vp) < R and ~p is concave )

The entropy for concave lattice points hfp(core(T (N,)), ;) is the following quantity.

Bip(core(T(N,), &) = lim %

The statistical convexity of 72[ (N,) is equivalent to the following statement, which states

that the entropy for concave lattice points is strictly lower than entropy for all lattice points.

Theorem II1.22 (Statistical convexity). For e, > 0 small enough, the following inequality
holds.

hip(core(T (N)),er) < hp(core(T (N,)),et)

We prove Theorem II1.22 by constructing a random walk on core(7 (NV,)) and proving a
similar entropy gap between all random walk trajectories and the random walk trajectories
that spend their time outside 75 (N).

IT1.3.1: Construction of Random Walk

Let p be the projection map from core(7 (Nj)) to core(T (N,))/MCG(N,), and &, > 0 be a

fixed constant.

Definition ITI.23 ((e,, 2¢,)-net in core(7T (N))). Let 9 be a subset of core(T (N,))/MCG(N,)

satisfying the following two conditions.
(i) If z; and 25 lie in 9, then d.,(z1, 22) > €.
(ii) For any z; in core(T (N,))/MCG(N,), there exists z5 € M such that d.,(z1, z2) < 2¢,,.

An (g,,2e,)-net N in core(T(N)) is p~ (M) for any subset M satisfying the above condi-

tions.
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The random walk is defined in terms of a net 91 and a parameter 7 > 0: we pick a
starting point ry (which we call step 0) for the random walk from one of the net points, and
r, is picked uniformly at random amongst all the net points that are within distance 7 of
Tr_1-

We will be interested in counting the number of n-step trajectories of the random walk as
a function of n and 7. The count will also involve the exponential growth rate of the number

of net points in a ball of radius R, which we call the net point entropy hxp(core(T(Ny)), &r).

Definition ITI.24 (Net point entropy). Let K, (R, ;) be the counting function for net points,
where p € core(T (Nj)).

Ky(R,e0) = #(y € N de,(p,y) < R)

The net point entropy hxp(core(T (Nj)),et) is the following function defined in terms of K.

hnp (core(T (N)), &) == lim

Note that hxp(core(T(Ny)),e:) does not depend on the choice of the actual net, nor
does it depend on the parameter ¢,. Two different nets with different choices of &, will
have counting functions that differ by at most a constant multiplicative term, which will not
change the value of hyp(core(T (N,)),e:). This follows from Proposition II1.74: let n; and
ny be the number of net points of two different nets contained in a ball Br(z) of radius R
centered at a point z. We get a lower bound for vy (Bg+.,(2)) by adding up the vy volumes

of balls of radius ¢, around each point in the first net.

(T11.3.1) nici(en) < vn(Brie, (7))

We get an upper bound for vy (Bg4e, (2)) by adding up the vy volumes of radius 2¢,, around

each point in the second net.
(11132) VN(BR—l—en(Z)) S n202(25n)

Here, ¢; and ¢y are functions that appear in the statement of Proposition II1.74. Combining
(IT1.3.1) and (II1.3.2), as well as using the fact that c;(e,) is positive gives us the claim.
The above argument also shows that the number of net points in a ball of radius R
is equal (up to multiplicative errors) to the Norbury measure vy. In Section I11.3.2, we
will focus our attention on averaging functions with respect to this measure, instead of the

uniform measure obtained via the net points.
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We will replicate the proof of Theorem 1.2 of Eskin and Mirzakhani [EM11], where they
construct a random walk on a net, and use that to count concave trajectories. The key
difficulty that comes up in our proof and which does not come up in their proof is the fact
that they get an estimate for the cardinality of concave trajectories (and therefore concave
lattice points) in terms of hxp(7(S,)), which they know is the same as hpp(7T(S,)) (i-e.
6g — 6) by Theorem 1.2 of Athreya, Bufetov, Eskin, and Mirzakhani [ABEM12].

Since we are working with non-orientable surfaces, we cannot invoke Theorem 1.2 of
Athreya, Bufetov, Eskin, and Mirzakhani [ABEM12], and instead need to relate hpp and

hxp more directly: this is what we do in Sections I11.4 and IIL.5.

111.3.2: Construction of the Foster-Lyapunov-Margulis Function

One of the ways to show that a random walk on a non-compact space avoids the complement
of a compact region with high probability is to construct a proper function frry on the space
which satisfies a certain inequality when averaged over one step of the random walk. See
Eskin and Mozes [EM22] for an exposition on the construction of these functions as well as

some applications to dynamics and random walks.

Definition III.25 (Averaging operator). Let 7 > 0 be the parameter associated to the
random walk, and f be any real valued function core(7(N;)). Then the action of the

averaging operator A, on f is given by the following formula.

AN = gy ([ 10

Here, BS (x) is a ball of radius 7 around x with respect to the metric d.,.

A Foster-Lyapunov-Margulis function is a function that has strong decay properties when

the operator A, is applied to it.

Definition ITI.26 (Foster-Lyapunov-Margulis function). A proper function f on core(7T (N,))
quotiented by the MCG(N,)-action is called a Foster-Lyapunov-Margulis function if, if there
exists a polynomial p, and a compact subset Wy of core(T (N,)), and functions b(x) and ¢(z),

such that A, f satisfies the following inequality.

(Arf)(x) < () f(x) + blx)

Furthermore, b(x) is a bounded function that is supported within a compact set Wy, and
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c(x) satisfies the following inequality for all = outside of Wj,.
c(a) < p(7) - exp(=T)

Consider the function frra, defined on core(7 (N,)) in terms of the length of the shortest

two-sided curve on the surface.

1
frim (ZL‘) T \/ian two-sided E’Y ($)

This function is a proper function on 7_ (N;)/MCG(N,), since the sub-level sets of this

function are regions in T, (N,) where the hyperbolic lengths of all curves are bounded from

below.

Proposition ITI1.27. The function frim is a Foster-Lyapunov-Margulis function on core(T (Nj))

with respect to A,, for large values of .

Proof. Let Wy be the region of core(T (N;)) where all two-sided curves are longer than &;.
We divide core(T (N,)) into three regions, and prove the estimate for (A, frram)(x) for = in

these three regions. The regions R;, Ry and Rj3 are defined in the following manner.
- Ri: The subset R; is defined in the following manner.
Ry = {z | Shortest curve for any z € B*(z) is v and £,(vy) < & for z € B:*(z)}

This is the set of points x such that there exists a unique curve v which is the shortest

curve at all points in B¢ (x), and the length of v is less than &, for all points in Bt (z).

- Ry: This subset is Ry \ Ry, where Ry is defined in the following manner.
Ry == {z | Shortest curve for any z € B:*(x) shorter than &}

Rs is the region where multiple curves can be simultaneously short.

- Rs: This is all of core(T (N,)) with Ry and R, removed.

(i) Proof for x € Ry: In this case, the entire ball B2t is contained in the product region
where 7 stays short. By Theorem III.73, there exists a constant ¢(g;) such that the
ball BZt(x) contains, and is contained inside a product of balls in core(7 (N, \ 7)) and
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H (which corresponds to length and twist around 7).

BT—C(et)(xa COYG<T(A@ \ 7))) X BT—c(st)(H) C B.,E.t (Q?)
C B7'+C(5t)(x7 COI'6<T('/\[9 \ 7))) X BT+C(€t)(H)

Instead of computing the average of f over Bt (z), we can compute it over the product
of the balls as described above. To do so, we need to verify that the measure on the
product of the two balls is the product of the measures on the individual balls: we
do this in the proof of Proposition II1.74: specifically (II1.6.2). Since the volumes of
these balls grow exponentially with respect to radius, computing the average over the
product of balls will give us an average that differs from the true average by a bounded
multiplicative constant. This constant will be one of the terms that contribute to ¢
in Definition II1.26. Furthermore, note that the function frry is constant along the
core(T (N, \ 7)) component, since 7 is the shortest curve in the product of balls. It

thus suffices to compute the average of frry on a ball in H.

Parameterizing H as the upper half plane with coordinates z = (2jeal, 2im ), the function
frim(2) is the square root of the second coordinate, i.e. feram(2) = \/Zim- The average
of this function over a sphere is well-understood (see [EM22, Lemma 4.2]). We recall
the estimate here for the reader’s convenience: denoting the averaging operator over a

sphere of radius 7 in H by B,, the estimate is as follows.

(Brfrim)(2) < ¢ exp(—7) frLm(2)

We use the spherical average to compute the average over a ball by taking a weighted
average of the spherical averages. Doing so gives the following estimate for (A, frra)(2)

(where ¢ is some fixed constant).

(A frim)(2) < dTexp(—T) from(2)

Since we have already established that the value frpy(z) only depends on depends on
what happens in the H-coordinate, namely z, we get a corresponding inequality for x,

which proves the result in this case.
(Ar froim) (7)) < Texp(—7) from ()

Proof for x € Ry: In this case, let {71,...,7%} be the two-sided curves that become

shorter at some point in BZ*(z). We have that the ball lies in the product region where
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(iii)

all the curves {v1,...,7v} are short simultaneously. We have that there exists some
constant c,, depending only on g, such that k& < ¢,, since we cannot have too many

curves being short simultaneously.

Similar to the previous case, changing only the core(T(N, \ U, 7)) coordinate will
not change the value of the function fgry, so it suffices to focus our attention on the

coordinates Hle H;, where each H; corresponds to the length and twist around ~;.

Let z;im be the imaginary part of the ith copy of H in Hle H;. The function fpry on
Hle H; is given by the following formula.

frm(z) = MAaxX /2 jm

Since averaging this function over a product of balls is somewhat tedious, we relate it

to a different function fi;,, that is easier to average.
fruu(@) = Z V/Ziim
i

These two functions are equal, up to a constant multiplicative error.

from ()

. < from(@) < fem (@)

This means we can prove the averaging estimate for fi;,;, and the same estimate will

hold for frrn, with a slightly worse multiplicative constant.

Furthermore, since z;;, is constant along balls in H; for j # i, it suffices to average
just each term of the sum in the corresponding H;. We do so, using the same estimate

from the proof in the R; case.

(Ar froa) () < Texp(=7) frrm (@)

Replacing fry with frovm gives us the inequality we want, and proves the result in

this case.
(Ar from) (7) < (¢g - )T exp(—=7) frrm(z)
Proof for x € R3: Note that the region R3 is compact, which means the function fprym

is bounded in this region, and consequently, there exists a uniform upper bound for

A. from as well. Let us denote the uniform upper bounding function by b(z): we can
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modify this function to be compactly supported by multiplying it with a bump function
that is 1 on a 7-neighbourhood of R3, and decays to 0 outside. By construction, we
have for z € R3, (A, from)(x) < b(z). This proves the result for = € Rj.

Putting together the estimate from the three cases, we get the standard form of the inequality
(which holds for any x € core(T (Nj))).

(A7 frim) (%) < c(z) frim(z) + b(x)

Here, c(x) = (¢ - )T exp(—7), and b(z) is the function from the proof in case Rj. O

I11.3.3: Recurrence for Random Walks and Geodesic Segments
Recurrence for random walks

In this section, we will count the number of random walk trajectories that are s-concave,
diam (725 (W,
[ t

-

where § = D41

Definition III1.28 (Concave trajectories). A trajectory (rg,r1,...,7,—1) is said to be s-
concave if all the points in the trajectory except the first s points and the last s points are
at least T-distance away from 75 (N).

We call these middle points the concave trajectory points.

From Proposition I11.27, we have that for any of the concave trajectory points r;, the

following decay estimate for A, fpra(r;) holds.

(A from) (1) < T exp(—7) fenm(rs)

If r; is not a concave trajectory point, we only have a weaker estimate in terms of a uniformly
bounded function b(x).

(Ar frim)(rs) < b(x)

Fix an 7 in 725 (), and let P(n, ) denote the collection of n-step concave random walk
trajectories which start at r9. We will use the term r to denote trajectories in P(n, ), and

r; to denote the i*" step of the trajectory r.

Proposition III1.29. For any o, > 0, there exists a 7 > 0 large enough, and a constant
C' > 0, such that the following bound on |P(n,T)| holds.

|P(n,7)| < Cexp((hnp — 1 + Eerr)nT)
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Here, hxp = hxp(core(T(Ny)), er).

Proof. Since the frpm(z) has a positive lower bound Cj as x varies over core(T (N,)) (which
comes from the Bers constant associated to N,), we can estimate |P(n,7)| by summing up

frim(rn_1) over all the trajectories in P(n, 7).

[P(n,7)| < Z frim(rn-1)

It therefore will suffice to estimate Zrep(n ” frim(7n—1): we do so by conditioning on the
previous step of the random walk over and over again until we get to the first step ro.

We have the following recursive inequality for Zrep(n,‘r) from(rn—;).

reP(n—i+1,7) reP(n—i,r) yeN
dey(y,rp_j_1)<7

(I11.3.4) < ) / feum(y)dvn (y)

reP(n—i,T) (rn—i-1)
(I11.3.5) = Z Cun(By (Tn—i—1))(Ar frim) (rn—i—1)
reP(n—i,r)

Here, we go from (II1.3.3) to (II1.3.4) by integrating the indicator function supported in a

ball of radius £+ around each net point, and using Proposition II1.74 to uniformly bound the

integral of the indicator independent of the basepoint.

If n —7 — 1 is one of the first s or last s indices, we have the following inequality.

(I11.3.6) (Ar feom) (Tn—ic1) < 0(rn—iz1) from(Tn—i—1)

Otherwise r,,_;_1 is a concave trajectory point and we have strong bounds on (A, frrm) (Tn—i—1)-

(II1.3.7) (A; ferm) (Tn—iz1) < dTexp(=7) frm(rn—i-1)

Combining (I11.3.3) and (II1.3.6) for the case of non concave trajectory points, we get an

estimate we need to repeat 2s times.

(11138) Z fFLM(Tnfz) S Bexp((th + 8:3”)7') Z fFLM Thn—i— 1)

reP(n—i+1,7) reP(n—i,r)
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Here, B is the maximum value the function b takes over its compact support.

Combining (I11.3.3) and (II1.3.7), we get the estimate we need to repeat n — 2s times.

(111.3.9)

Z feem(rn—i) < C'1exp(—7) exp((hxp + €érr)7) Z Jrim(Tn—io1)

reP(n—i+1,7) reP(n—i,r)

/

o 18 @ constant

Here, we upper bound the vy (B2 (r,_2)) with C” exp((hnp +€.,,)7), where €
smaller than &, and C” is some large constant. The term C” is equal to CC"¢.

We now iterate (I11.3.8) 2s times and (I11.3.9) n — 2s times.

S fernilra 1) < (Be) - (C'r)" ™ expl(hwp — 1+ £l )n7) feraa (o)
reP(n,r)

= fFLM(To)

- exp ((hNP C1ie + log (C'7) (*=2) + log (Be) (%)) n7'>

T

log(C"r)( n—2s >+log(Be) ( 25 )

n n

By picking 7 large enough so that s <4 and €/ + < Eerr, We get the

T

claimed result. O

Proposition II1.29 tells us that a random walk on core(7 (N,)) is biased away from the
thin part of core(7T (Ny)). It does so by proving strong upper bounds on the probability that
a random walk trajectory with n steps stays in the thin part is less than exp((—1+ €epp)n7):

in other words, a random walk returns to 77 () with high probability.

Why the random walk approach fails for 7 (N,)

If we wanted to make Proposition II1.29 work on T (N,), we would need to similarly show
the random walk on 7 (N,) is recurrent in a similarly strong sense: i.e. the probability of a
length n trajectory staying in the thin part decays exponentially in n. A consequence of this
requirement is that the expected return time to the thick part is finite.

Unlike core(T(N)), T (N,) has two kinds of thin regions.

- Thin region where only two-sided curves get short.
- Thin region where some one-sided curve also gets short.

It is the second kind of thin region that poses a problem for 7 (N;). Minsky’s product

region theorem (Theorem II1.73) tells us that up to additive error, the metric on these
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thin regions looks like a product of metrics on some copies of R (corresponding to the one-
sided short curves), some copies of H (corresponding to the two-sided short curves), and a
Teichmiiller space of lower complexity. Since the random walk is controlled by the metric,
the random walk on this product metric space is a product of random walks on each of the
components.

In particular, the random walk on the R component is a symmetric random walk on a
net in R: i.e. a symmetric random walk on Z. Symmetric random walks on Z are known to
be recurrent, but only in a weak sense: they recur to compact subsets infinitely often, but
the expected return time is unbounded.

This means we cannot hope to prove exponentially decaying upper bounds on the prob-
ability that a long random walk trajectory stays in the thin part, since that would lead to
finite expected return times. This is why the random walk approach fails for 7 (V).

Recurrence for geodesic segments

In this section, we reduce the problem of counting geodesic segments that travel in the thin

part to counting trajectories of random walks that do the same.

Proposition II1.30. For any co. > 0, there exists a constant C', and a large enough R,

such that the following estimate holds for the counting function M, (R).
M,,(R) < C"exp((hxp — 1 + €err) R)

Here, M, (R) is the number of concave lattice points in a ball of radius R centered at ro, where

ro is a point in 72: (Ny) at which we start our random walk, and hxp = hxp(core(T (N,)), £1).

€ .
err . 1f

Proof. We first check if 7 we picked in the proof of Proposition I11.29 satisfies Zen < 5
not, we pick a larger 7. !

Let v be a mapping class such that vyp is a concave lattice point. We consider now the
concavity detecting path for «p: recall that this is a path that starts at p, and ends at p,
and the middle segment obtained by deleting a prefix of length 2-diam (75 (N;)/MCG(N,))
and a suffix of length 2-diam (7:5(N;)/MCG(N,)) stays outside T_5(N;). We turn this path
into an s-concave random walk trajectory by marking off points at distance 7 (1 — 2%) on
the segment, and then replacing those points with the nearest net point. All but the first
s and the last s points in the trajectory lie outside 7:_.?(/\/'9) Furthermore, the distance

between the adjacent points on the trajectory are at most 7. The number of steps in this

) ) [R—‘
trajectory 1sn = | —|.
7‘
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Let P denote the collection of trajectories obtained via this construction. We apply

Proposition I11.29 to count the number of such trajectories.

(I11.3.10) 4P < Cexp ((hNP 14 82) n7‘>
(IT1.3.11) < Cexp ((th 14 €2> (R+ 7))

We now determine how many different geodesic segments can map to the same random
walk trajectory. If two geodesic segments [rg,v170] and [rg,y27ro] map to the same random
walk trajectory, we must have that they fellow travel for most of their length, and as a result,
d., (0,75 "7170) is bounded above by a constant value that only depends on 7. Combining
the above fact with (I11.3.11) gives us a constant C” such that the following bound on M, (R)
holds.

M,,(R) < C'"exp <(th -1+ Ee;) (R+ 7'))

= (C"exp ((th -1+ 66;) (1 + %) (R))

Picking a value of R large enough gives us the result. O

We can now tie all of these calculations together to state our results on statistical con-
vexity of core(T (N,)). Proposition II1.30 gives us an upper bound on h§p(core(T (N,)), €t)

(by applying the result for smaller and smaller values of &4, ).
(I11.3.12) hip(core(T (N,)), &) < hnp(core(T (N,)), &) — 1

To prove Theorem II1.22, it will suffice to prove the following equality relating the lattice

point entropy and net point entropy.
(I11.3.13) hyp(core(T(N,)), &) — 1 < hyp(core(T (N,)), &)

For convenience, we also define the undistorted versions of these entropy terms, using the

Teichmiiller metric d rather than the induced metric d.,.

Definition II1.31 ((Undistorted) lattice point entropy for 7 (N)). Let p be a point in
TE(N,), and let N,(R) be the lattice point counting function.

Np(R) == # (v € MCG(N,) | d(p,7p) < R)
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The lattice point entropy hpp (T (N,)) is the following quantity.

hip(T(Ny)) = lim log N, (1)

R—o0

Definition ITI.32 ((Undistorted) net point entropy). Let K, (R, ;) be the counting function
for net points, where p € core(T (N,)).

Ky(R,e) = #(y e N|d(p,y) < R)

The net point entropy hnp(core(T (Nj))) is the following function defined in terms of K.

e (core(T(N,))) i= lim %

Note that the net point entropy does not depend on the precise value of ¢;, even though
it is counting net-points in core(7 (N,)), since the different values of ¢; change the counting
function by a multiplicative term that does not depend on R.

Recall now Theorem II1.14, which for any ¢4 > 0, provides a &; > 0 such that the ratio
of d., and d is bounded above by 1+ 4. A consequence of this is that the distorted and
the undistorted versions of the entropy terms differ by at most hxp(core(T(N;))) - €4 and
hee(T(Ny)) - €a.

In particular, if we show hxp(core(T (Ny))) = hop(T (N)), (I11.3.13) will follow (for small
enough &), and so will Theorem I11.22. We package up this result as a theorem, which we

will use in subsequent sections.

Theorem III.33. If hxp(core(T(Ny))) = hip(T(Ny)), then TZE(Nj) is statistically convez,
and the action of MCG(N,) on core(T (N,)) is statistically convez-cocompact.

II1.4: Equality of Lattice Point Entropy and Net Point Entropy

In this, and the following section, we will prove that hyp = hnp, which will let us apply
Theorem I11.33 to conclude that the MCG(N,) action on core(7(S)) is SCC for surfaces S
of finite type.

Theorem I11.34 (Entropy equality). For any surface S of finite type, the following rela-
tionship holds between the hyp and hyp.

hxp(core(T(S)), &) = hLp(T(S), &)
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Remark. In the case where S is an orientable surface, the theorem is a corollary of Athreya,
Bufetov, Eskin, and Mirzakhani [ABEM12, Theorem 1.2]. However, the proof of the stronger
theorem in the orientable setting uses facts about the dynamics of the geodesic flow on the
moduli space, which we don’t have in the non-orientable setting. The proof of the weaker
theorem only uses coarse geometric methods, and works equally well for orientable and

non-orientable surfaces.

I11.4.1: Base Case

We will prove this theorem by inducting on the Euler characteristic of the surface S. The
4 base cases we need to check are the 3 non-orientable surfaces, and one orientable surface

with Fuler characteristic —1.

811,00 This is the torus with 1 boundary component and 0 crosscaps attached.

810,10 This is a torus with 0 boundary components, and 1 crosscap attached.

Sp2.1: This is a sphere with 2 boundary components, and 1 crosscap attached.
® 5012 This is a sphere with 1 boundary component, and 2 crosscaps attached.

Lemma IIL.35 (Entropy equality: base case). For a surface S in {Si1.0,S1,01,S021,S0,1.2},
the following relationship holds between the hxp and hyp.

hxp(core(T(5)), e) = hup(T(S), &)

Proof. For S = 81,1, we will directly prove the lemma, and for the remaining three non-
orientable surfaces, we will use a description of their Teichmiiller spaces and mapping class
groups from Gendulphe [Genl7] to reduce to the first case, or show that the result follows

trivially.

e S;10: Since Sy is orientable, we have that core(7 (S11,0)) = T (S1.10), so it suffices
to look at the full Teichmiiller space. The Teichmiiller space of S; 1 is the upper half
plane H?, and the mapping class group is SL(2,7Z). In this case, the number of lattice
points in a ball of radius R grows like exp(R). More precisely, we have the following
inequality for some constants ¢ and .

# (Br(p) Np-SL(2,Z)) _ ,

I11.4.1 < <
( ) °= exp(R) =°

Here, p is a lattice point, and Bg(p) is the ball of radius R centered at p.
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To count the net points in the ball of radius, we parameterize the net points by how
far from the orbit of p they lie. Since we're looking for net points in a ball of radius
R, the furthest away they can be from the orbit is R. We have the following sum

decomposition (for an arbitrary choice of €, > 0) for the cardinality of the net points.

(IL.4.2) # (Br(p) N N) = # (Br(p) N Nee,r) + # (Br(p) N Noc,r)

Here, M<.,r denotes the net points that lie within distance e, R of the orbit of p, and

M-, r denotes the net points that lie more than distance €, R of the orbit of p.

We will show that the first term is at most p(R) exp(R(1 + &;)), for some polynomial
p(R), and that the second term grows slower than the first term. Since the choice of

g, was arbitrary, this will prove the equality of the two entropy terms.

Let M<.,r(y) denote the subset of M., r whose closest lattice point is yp. Observe
that d(p,yp) is at most R+ &, R, by the triangle inequality. We also have the following

inequality for any =, and for some polynomial p, by Lemma II1.39.

# (Br(p) N N<z,r(v)) < p(R)

Using the two facts we stated, we get the following upper bound for # (Bgr(p) N N<c,r)-

# (Br(p) N N<e,r) < p(R) - (exp(R(1 +&3)))

This is precisely the bound we needed for the first term in (I11.4.2).

Now we show that the second term of (II1.4.2) grows slower than exp(R(1 — %)). For
any point x in M., g, we can replace the geodesic [p, ] with two shorter segments,
[p, xo] and [zg, 2], where x( is the net point closest to the last point on the [p, z] which
stays within some bounded distance of a lattice point. We also have that d(p,z¢) <
R(1—¢y), by our assumption, which lets us count the number of such points zq. There
are at most exp(R(1 —¢p)) such points. Now we fix an z, and we need to estimate the
number of possibilities for z, given that [z, z] stays entirely within the thin part of
SL(2,R)/SL(2,Z). Note that this reduces to estimating the volume of the intersection
of a ball B, g(zo) with a horoball H which has z in its boundary. Working in the
upper half plane model for H, where xqg = ¢, and the region H is the set of points
whose imaginary component is greater than 1, we get that the region of integration
is contained in a rectangle, bounded by —Cexp (%) < Re(z) < Cexp (%%) and
1 <Im(z) < exp(epR), where C' is some fixed constant that we do not explicitly write
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down. The volume of this region is given by the following integral.

exp(epR) Cexp -2
(I11.4.3) Vol(Bg(zo) N H) / / —d:cdy

(I11.4.4) < C'exp ( 5 )

We thus have the following upper bound on # (Bgr(p) N N-., r) for large enough values
of R.

#(Bulp) N 9csr) < oxp (7 exp((1 - )

<on(n(i-%)

This finishes proving the two claims we made about the terms of (I11.4.2), and proves
the result for & 1.

810,11 This surface is very similar to the previous case: it’s obtained by gluing together
the boundary component of S via the antipodal map. It’s a theorem of Scharle-
mann [Sch82] and also Gendulphe [Genl7] that there is a unique one-sided curve x
in 8101 whose complement is Sy 1. As a consequence, MCG(Sy01) = MCG(S1.10),
and 7 (S1,1,0) = T (S1,0,1), where the inclusion map is given by considering a point in
T (S1.1,0), where the boundary component has length ¢;, and gluing it via the antipodal
map to get a point in 7 (S101). The inclusion map is also equivariant with respect to
the action of MCG(Sy,1,9) and MCG(Si0,1).

We consider now core(7 (S101)): the curve xk cannot get shorter than the threshold
specified by the core. We now show that x cannot be arbitrary long either. At any
point z € core(T(S101)), let £ be the shortest curve that intersects k exactly once
(see Figure 3.1). We have an upper bound for the length of ': namely the length of
the orthogeodesic arc on S o \ £ that starts and ends at . It follows from hyperbolic
trigonometry that if the length of k goes to oo, then the length of the orthogeodesic,
hence the length of x" will approach 0, the point in T (S 0,1) will leave core(7 (S10.1)).

If we consider the pants decomposition of the surface along x, and any two sided
curve, we see that the length coordinates of x in core(7T(S101)) are contained in a
compact interval [ty,t5], where ¢; > 0. This means that core(7 (S10,1)) is a bounded
neighbourhood of the image of T (S.1,).

From the previous case, we already have hxp(core(T (S1.10)),€t) = hrp(T (S1.10),€t),

72



Figure 3.1: The curves x and " on Sy ;1.

and since their mapping class groups are isomorphic, we also have hrp(7(S110), ) =
hip(T (S101), ). We now need to prove that hyp (core(T (S1.10)), ) = hnp(core(T(S10.1)), &)
to prove the result for this case. We have that the net for core(7(Sip1)) lies in a
bounded neighbourhood of the net for core(7(S1,1,0)): this implies that the cardinali-

ties of the net points in a ball of radius r differ by at most a multiplicative constant.

# (BR(p> N mCOYe(T(Sl,O,l))) <c-# (BR(p> N mCOYe(T(Sl,Lo)))

Since the two cardinalities differ by at most a multiplicative constant, they have the

same exponential growth rate.

e Sp21: The mapping class group of this surface is finite: in fact, it is isomorphic to
Z]27 x ZJ2Z (see Gendulphe [Genl7]). This means hrp(7 (Soz2.1),6:) = 0. This
surface has exactly two simple geodesics xk and x’, which intersect each other exactly

once, such that deleting either one of them results in a pair of pants (see Figure 3.2).

Figure 3.2: The curves k and &’ on Spa;.

Picking a pants decomposition along either s or x/, we see that T (Sp21) is homeomor-

phic to R+, where the homeomorphism is given by the length coordinate.
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If we now consider core(7 (Sp2,1)), the lengths of k and &’ are bounded below by the
threshold. But they are also bounded above, by an argument similar to the previous
case, namely is either k or k" are very long, the other one sided curve must be very short.
This proves that core(7 (Spz2,1)) is compact, and as a result hyp(core(Sp21),e:) = 0.

This proves the lemma for Sy 1.

So,1,2: This surface has a unique two-sided element, which we denote by 7. The one
sided curves on this surface are indexed by Z, where v, = D,79, and D,, is the Dehn

twist about 7., (see Figure 3.3).

Figure 3.3: The curves 7, 7 and y; on Sp12.

The mapping class group of this surface is also virtually generated by D,,. If we consider

the pants decomposition along v, we get a Fenchel-Nielsen map from 7 (Sp12) to the

upper half plane H?, where the y-coordinate is ﬁ, and the z-coordinate is the twist

around 7,. Furthermore, this map is also an isometry, and with respect to these

11
coordinates, D,, is the action of (O 1) on H?2.

If we now consider core(7 (Sp12)), that consists of the points in H? whose y-coordinate
is greater than some threshold value, i.e. a horoball in H?. We showed in (II1.4.3)

that for the action of D, on a horocycle, the volume growth entropy and the lat-

tice point growth entropy are both equal to % The former entropy is precisely

hxp(core(T (Sp1.2)),€t), and the latter entropy is hrp(7 (So1.2),€t)-

This concludes the proof of the lemma for the 4 surfaces with x(5) = —1. O]

I11.4.2: Good Points and Bad Points

The proof of Theorem II1.34 will split up into counting two kinds of net points, which we

will call good points and bad points.

Definition II1.36 (Good points). A point in Bg(p) N1 is good if it is at most distance e, R
away from a lattice point yp. The set of good points is denoted by N, (p, R, ).
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Definition II1.37 (Bad points). A point in Br(p) NN is bad if it is more than distance ¢, R
away from the nearest lattice point. The set of bad points is denoted by 9, (p, R, &p).

Observe that the classification of a point as good or bad depends on the choice of R, p,
and an additional parameter ¢, > 0.

We also further subdivide DM, (p, R, ;) based on what the closest lattice point is.

Definition II1.38 (Good point in the domain of 7). For v € MCG(SS), the set Ny (v, p, R, &)
denotes the subset of 91,(p, R, €,) whose closest lattice point is yp.

We will now prove a lemma that provides an upper bound on the number of good points

when restricted to a fundamental domain.

Lemma I11.39. There exists a polynomial function q, whose degree only depends on the
topological type of S, such that for any v € MCG(S), the following inequality holds for the
cardinality of points in Ny(7,p, R, ep).

# (Ny(7,p, R.ey) N Br(7p)) < q(R)

Remark. Eskin and Mirzakhani [EM11, Lemma 3.2] prove this lemma for Teichmiiller spaces
of orientable surfaces, by comparing the extremal lengths of various curves on the underlying
surfaces. We adapt the same proof for non-orientable surfaces, replacing extremal length for

hyperbolic lengths instead.

Before we prove Lemma II1.39, we will need the following lemma on packing an e,-
separated set into a ball of fixed radius in Teichmiiller space (where ¢, is the parameter

associated to our net ).

Lemma II1.40 (Packing bound). For an constants C' > 0 and e, > 0, there exists a constant
D(C,e,, S) depending on the constants C, e,, and the topological type of the surface S such
that any ball Bo(p) (independent from the choice of p) in T (S) cannot contain more than D

points that are pairwise distance at least €, apart.

Proof. First of all, note that the above lemma holds for S = &1, since T(S11,0) is H?2,
which is homogeneous.

Next, note that the lemma also holds for compact metric spaces, because we can express
D as a upper semi-continuous function of the point p, which will achieve a maximum on a
compact metric space.

Next, note that if the lemma holds for metric spaces X and Y, it also holds for X x Y,

where the metric on X X Y is the sup product without an additive error. To see this, we
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consider the minimal number of balls E(C, €, X xY) of radius % needed to cover X xY". The

covering number and the packing number D are related by the following standard inequality.
D(Ciep, X xY) < E(C,e,, X xY) < D(C,2¢,,X xXY)

Furthermore, one can easily see that for a sup-product X x Y, we can bound the covering
number of X x Y by a product of the covering number for X and Y, by taking a product of

coverings for X and Y.
E(C,en, X XY) < E(C,e,,X) X E(C,e,,Y)

Combining the two inequalities, get a bound for D(C,e,, X X Y') in terms of D(C,2¢,, X)
and D(C,2¢e,,Y).

D(C,e,, X xY) < D(C,2¢,,X) x D(C,2¢,,Y)

We now show that the lemma also holds, with a worse constant, for metric spaces that
are sup-products with an additive error ¢, where c is a constant smaller than ¢,. Let Z be a
metric space for which the lemma holds, and Z’ be a metric space with the same underlying

points, but whose metric differs from Z by an additive error c.

’dZ<x7y) - dZ’(xay)| S c

Let Z be a set of points in a ball of radius C'in Z’ that are pairwise distance at least ¢,, apart.
Consider Z as a subset of Z instead, we have that they are contained in a ball of radius
at most C' + ¢, and are pairwise distance at least ¢, — ¢ apart. We thus get the inequality

relating the packing numbers for Z and Z’.
D(C,e,, Z') < D(C +c,e, — ¢, Z)

Suppose now that we have the lemma for the Teichmiiller spaces of all surfaces with Euler
characteristic at least —n. To show the lemma for a Teichmiiller space of a surface S with
Euler characteristic —n — 1, we break up the Teichmiiller space into the thick part, where
all curves are at least € or longer, and the thin part. We pick £ such that the metric thin
part on the thin part is equal to the sup-product metric, up to an additive error ¢, where
¢ < &g, by Minsky’s product region theorem [Min96b, Theorem 6.1] (or Theorem III.73).
The mapping class group acts co-compactly on the thick, so the first reduction applies, and

on the thin part, the metric is the sup product up to an additive error of ¢, so the second
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reduction applies. O

Proof of Lemma I11.39. We begin by making three simplifying reductions. First, it will

suffice to prove the following stronger claim instead.

(I11.4.5) # (MN(y) N Br(vp)) < q(R)

Here, 91(y) denotes the set of net points whose closest lattice point is yp: D(7) is therefore
a superset of M, (v, p, R, ).

Next, note that it suffices to prove (I11.4.5) for v = 1, since our choice of basepoint p was
arbitrary.

And finally, it will suffice to prove the following claim.

Claim. There exists a set Z C T(S) such that #2Z < R’ and for y € Bg(p), there exists
az € Z and k € MCG(S) such that d(y,xz) < C, for some value f(S) that only depends
on the topological type of S, and some fixed constant C'.

To see why this suffices, suppose we have such a Z. Without loss of generality, we
can assume that for all points z € Z, the closest lattice point is p: otherwise we could
replace such a point z by kz for an appropriate choice of k. We then have that for any
n € N(1) N By(R), there exists some z € Z, such that d(z,n) < 2C. Since #2Z < RIX®),
we have that # (91(1) N B,(R)) < C'RIX(5) for some other constant C’, by Lemma II1.40.

Proof of claim: We consider short markings on the point p € teich(S). Given a pants

decomposition {aq,...,q,} of a surface, a set of short transverse curves is a collection of
curves {f1,..., Bk}, such that ; only intersects «;, and is the shortest such curve amongst
all the curves intersecting only «;. The set {aq,...,ax, 51, ..., [k} is called a marking. A

marking is said to be short if the total length of the pants curves «; is minimized amongst
the mapping class group orbit of {ay, ..., ax}.

Note that there are only many short markings at point p. We know that for each of these
short markings, the lengths of the pants curves are bounded above by some constant T
Each of these pants multicurves have N = —3x/(S) — b pants curves on them, where b is the
number of boundary components of S. Let {M;, ..., M;} denote the set of short markings.

We construct the points z € Z by just varying the lengths of these pants curves: the set

of lengths we will allow are the following.
Acceptable lengths = {T', T'exp(—1), T exp(—2),...,T (exp(—[R]) — log(s))}

Here s is the length of the shortest curve on the point p in 7(S). We define the point
Zjiriian.iy tO be the point in T(S) obtained by considering the marking M; at p, and setting
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the length of the £ pants curve to be i;, where the i, is one of the acceptable lengths. It’s
clear that the cardinality of Z is at most J - RY, which is a polynomial only depending on
the topological type of the surface S and the basepoint p.

Suppose now that y is some other point in Bg(p). We pick a kK € MCG(S) such that the
shortest marking on xy is one of the markings M; for 1 < j < J. We now need to show
that one of the z € Z is close to ky. Pick the z such that the corresponding lengths of
the pants curves are closest to the lengths of the pants curves on xky. We can now invoke
the combinatorial distance formula for Teichmiiller metric (proved by Rafi [Raf07] for the

orientable setting, and Theorem II1.76 for the non-orientable case).

d(z,ky) = ) ldy (2, 5y)]y + D _10g [dal(z, k)], + maxdy, (2, ky)

Y agl

In the above formula, the first term is the distance between the short markings when pro-
jected to non-annular subsurfaces, the second term is the distance between the short mark-
ings when projected to annular subsurfaces whose core curves are not the pants curves in
the marking, and the third term corresponds to the length and twist parameters of the short
curves.

Since both z and sy have the same short markings, the first two terms in the above sum
become 0. Also, since we picked z to be the element of Z such that the lengths were closest

to those on Ky, the third term is bounded by some constant, which proves the result. O

111.4.3: Using Complexity Length to Count Bad Points

In this section we introduce an alternative to the Teichmiiller metric, called the complexity
length (see Definition I11.68). Complexity length (denoted by £) was constructed by Dowdall
and Masur [DM23], in order to get better estimates on net points contained in the thin part
of Teichmiiller space (for orientable surfaces). We adapt the construction of complexity to
the Teichmiiller space of non-orientable surfaces in Section III.5. In this section, we state
the main results about complexity length we need in order to prove Theorem III.34.

For this section, we will state the results with a rescaled version of complexity length, in

order to compare it with Teichmiiller length.

Definition ITI1.41 (Rescaled complexity length). Let S be a surface of finite type. The

rescaled complexity length deomp on core(7(.S)) is given by the following formula.

B L(z,y)
deomp (2, ) = 3 e (T (S)) 2]
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Here, £(x,y) is the complexity length between points x and .

The first result we will need is a count of the net points with respect to the rescaled

complexity length.

Theorem IIT1.42 (Theorem 12.1 of [DM23], Theorem II1.69). There exists a polynomial
function p(R) that depends on the net N, and a parameter o, > 0, such that the following
inequality holds for any ey > 0.

# (Y € N| deomp(p, ) < R) < p(R) exp((hxp(core(T(5)), &) + €err) - R)

The next result, which is the main theorem of Section II1.5, is that if y is a bad point that
is Teichmiiller distance R away from p, then its rescaled complexity distance to p is smaller
than R by a definite amount. We state this theorem with an additional hypothesis on the
net point entropy of subsurfaces. We will establish that this hypothesis holds inductively in
Section I11.4.5.

Theorem I11.43 (Linear gap in complexity length, Theorem I11.70). Suppose that for all
proper subsurfaces V of S, the following inequality holds.

hxp (core(T (V)), e:) < hxp(core(T(S)))

Then for any €, > 0, there exists ¢ > 0, such that for all R > 0, and for any bad point vy,
i.e. a point in My(p, R, &), the following upper bound on the complerity distance between p
and y holds.

dcomp(pv y) S R(]- - C)

Remark. We give a brief outline of why the above result should hold. Complexity length
can be thought of as a weighted version of Teichmiiller length, where a specific segment is
assigned a weight based on whether it’s traveling in the thick part of Teichmiiller space, or
the thin part. In the latter case, it is assigned a smaller weight that is proportional to the net
point entropy of the product region it is traveling in. The Teichmiiller geodesics associated
to bad points spend a significant fraction traveling in the thin part, by the very definition of
bad points. It stands to reason then that the complexity length assigned to them is smaller

by a definite amount, due to the time they spend in the thin part.

Combining Theorems I11.42 and II1.43, it follows that as R goes to co, the proportion of
bad points goes to 0, which is what we need for Theorem I11.34.
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111.4.4: Entropy Gap

In the previous section, we saw that the key hypothesis we need for the complexity length

estimate was that for any proper subsurface V' of §, the following strict inequality held.
(I11.4.6) hxp(core(T(V)), &) < hnp(core(T(S)), &t)

In this section, we will prove that (II1.4.6) holds by proving a similar inequality for the
lattice point entropy, and using the fact that Theorem II1.34 holds for all proper subsurfaces
V', by the inductive hypothesis.

Lemma II1.44 (Lattice point entropy gap). Let S be a surface, and x(S) < —2. If V
is a proper subsurface and Theorem III.34 holds for V', then we have the following strict

inequality between their lattice point entropy.
hip(T(V), &) < hup(T(S), &)

Remark. We do actually need the hypothesis x(S) < —2 in the statement of the lemma
for two reasons. The first reason is that the lemma is actually false for &; ;. Recall that
this surface has the torus with one boundary component as a subsurface, but their mapping
class groups are isomorphic, and have the same lattice point growth entropy. Another reason
why we need the hypothesis is that the proof of the lemma proceeds via a construction of

pseudo-Anosov elements on S, and S o1 does not admit any pseudo-Anosov mapping classes.

Proof of Lemma I11.44. Observe that MCG(V') is a subgroup of MCG(S). We will first con-
struct an intermediate subgroup H = Z x MCG(V'), which is the free product of a pseudo-
Anosov element in MCG(S) with MCG(V'), and show that hrp(H, &) > hrp(MCG(V), &).
This is enough to prove the result, since H is a subgroup of MCG(S), we have that
hrp(MCG(S),e¢) > hip(H, &,).

We now need to show that MCG(S) contains a pseudo-Anosov element. We can invoke
Penner’s construction of pseudo-Anosov mapping classes ([Pen88, Theorem 4.1]), as long
as we can construct a filling collection of two-sided curves in S. This may not be always
possible for & where x(S) = —1, but for S with x(S) < —2, this is always possible (see
[LS18] and [KPW23| for explicit constructions). Let x denote the pseudo-Anosov mapping
class we construct.

By [Yanl18, Proposition 6.6], there exists a large enough n such that " and MCG(V)
generate their free product in MCG(S): call this subgroup H.

We now need to show that the lattice point entropy for H is strictly larger than the
MCG(V). To see this, we recall an equivalent definition of the lattice point entropy. The
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lattice point entropy is the infimum of the set of exponents h such that the following Poincaré

series transitions converges for any z € T(S).

(I11.4.7) Z exp (—h - d.,(x,yT))

Since H = Z « MCG(V), we can represent v € H as ay - by - as - - - ay, - by, where a; belong in
Z and b; belong in MCG(V'). We use this along with the triangle inequality to get an upper
bound for d(z,yz).

k
(I11.4.8) de,(z,vyz) < Z de,(x, a;x) + d.,(z, biz)

i=1

We plug inequality (I11.4.8) into (I11.4.7) to get a lower bound.

(I11.4.9)
Zexp —h - dg,(x,yz)) = <Z ZZ Zexp —h-de,(x,a1 by ay - bkx))>
yeH k=1 ar by

v

(I11.4.10) (Z exp(—h - d.,(z, ax))) Z exp(—h - dg,(z,bx))

k=1 \a€Z bEMCG(V)

We have that Theorem I11.34 holds for V', which means that core(7 (V")) is SCC. Corollary
5.4 of [Yan18] states that group actions that are SCC have Poincaré series that diverge at the
critical exponent. This means there’s small enough € > 0 such that for h = hpp(T(V), &) +¢,
the series converges to a value greater than 1. But that means the Poincaré series for H
diverges at hpp(7T(V), &) + ¢, since we have a lower bound by a geometric series whose ratio
is greater than 1. This proves that the critical exponent for H is strictly greater than the
critical exponent for MCG(V'). O

We can now prove the entropy gap result for hyp.

Lemma II1.45 (Net point entropy gap). Let S be a surface, and x(S) < —=2. If V is a
proper subsurface and Theorem II1.34 holds for V', then we have the following strict inequality

between their net point entropy.
hxp(core(T (V)), &) < hnp(core(T(S)), &)

Proof. We have the following inequality, which follows trivially from the definition of hrp
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and hnp.

(IT1.4.11) hip(T(S), &) < hap(core(T(S)), &)

From Lemma II1.44, we get the following inequality.

(111.4.12) hup(T(V), &) < hop(T(S), &)

Finally, since we have Theorem II1.34 for V', we have the following equality.
(I11.4.13) hip(T(V), &) = hxp(core(T(V)), &)

Chaining together (I11.4.11), (I11.4.12), and (I11.4.13) gives us the result.

I11.4.5: Proof of Theorem I11.34

We now have all the lemmas we need in order to prove Theorem III.34.

Proof of Theorem III.34. We will prove this lemma by inducting on the complexity of the

surface §. Lemma I11.35 proves the result for surfaces with Euler characteristic equal to —1,

which serves as the base case of the theorem.

We now assume that Theorem II1.34 already holds for all proper subsurfaces V of S: it

will suffice to show that the result holds for S.

We will establish that for any e, > 0, there exists a polynomial ¢(R), and R large enough,

such that the following bound holds.

# (Br(p) NN) < q(R) - exp(hop(T(S), &) - R+ (1 4 2z))

We first count the good points in Bg(p), by partitioning them according to the nearest

lattice point.

(I11.4.14) Wy(p.Roa)= || M(v.p.R.e)
~EMCG(S)

Observe that if y € M, (7, p, R, ep), then d(p, vp) < R(1+¢,), since d(p,y) < R and d(y,vp) <

epR. This observation leads to the following upper bound on # (M, (p, R, cp)).

(I11.4.15) # My, Roa) < Y. #(Beyr(p) N N(v,p, R, &)

~YEMCG(S)
d(p,yp)<R(1+ep)
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By Lemma II1.39, there exists a polynomial ¢(R) such that each term in the above sum is
at most ¢(R).

(I11.4.16) L Ra)< S )
~YEMCG(S)
d(p,yp)<R(1+¢p)
(I11.4.17) < q(R) - exp(hrp(T(S),e1) - R+ (14 2gy))

Here, we estimated the cardinality of vy such that d(p, vp) < R(1+¢) as at most exp(hLp(7T(S), &)
R - (1+ 2¢,)), for large enough R. We have the desired upper bound on the cardinality for
the good points. Now we show that the number of bad points is much smaller than the total
number of points in the ball, which will then prove the result.

From the inductive hypothesis, we have that Theorem II1.34 holds for all proper subsur-
faces V. By Lemma I11.45, we have that hxp(core(T (V)), ;) < hnp(core(T(S)),e;): this
is precisely the hypothesis we need to apply Theorem I11.43. Applying the theorem, we see
that if y is a bad point, deomp(p,y) < R(1 — ¢). We then apply Theorem II1.42 to get an

upper bound on the number of bad points.
# (My(p, R, &3)) < kR* - exp((hnp(core(T(S)), &) + €er) - R+ (1 — ¢))

We pick e, small enough such that the above term satisfies the following inequality for large

enough R.

expl(np{core(T(8)2) ) - (1 =) < xp (hnleoneT8).20 R - (15 ) )

On the other hand, we have that for large enough R, the total number of net points is
at least exp (hp(core(T(S)),e;) - R+ (1 —£)). Combining these two facts, we see that the

proportion of bad points goes to 0 as R goes to oo, which proves the result. O

I11.5: Linear Gap in Complexity Length

I11.5.1: An Example of Counting in Product Regions

Before we define complexity length, we will look at an example that illustrates why we need
complexity length. Theorem 1.3 of Athreya, Bufetov, Eskin, and Mirzakhani [ABEM12]
proves an estimate on the volume of balls in Teichmiiller space. From this volume estimate,

we can obtain an estimate on the cardinality of net points of an (e, 2¢,,)-net .
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Theorem II1.46 (Theorem 1.3 of [ABEM12]). For a point p in T (S) (where S is a genus g
surface with b boundary components), the number of net points in a ball of radius R centered

at the origin satisfies the following asymptotic as R goes to oc.
# (0N Br(p)) < exp((6g — 6 + 2b)R)

Here, the multiplicative and additive constants showing up in =< only depend on p and &,,.

Suppose now that we want to use the above theorem to count net points in a product
region. More concretely, let p be a point in 7(S) such that a non-separating curve v is very
short: £, (p) < 6 - exp(—Ry), for some § > 0, and some large R, and we want to estimate
the cardinality of 91N Br(p) for R < R,. Note that since R < Ry, the ball Bg(p) is still
contained in the product region of Teichmiiller space where ¢, < 4.

Since the entire ball Br(p) is in a product region, we have by Minsky’s product region
theorem (see Theorem II1.73 for a precise statement) that the ball decomposes (up to an
additive error) as the product of a ball in 7(S \ 7) and ball in H (which corresponds to the
length and twist around ). This gives us an alternative estimate for # (91N Bg(p)).

(HL5.1) # (NN Br(p)) < C- (O N Br(p, S\ 7)) - (M1 Br(p,H))

Here 91, and M, are (g, 2¢,) nets for 7(S \ v) and H, and Bg(p, S\ ) and Bg(p,H) are
projections on the ball Bg(p) to the two components. Applying Theorem I11.46 to the right
hand side of (II1.5.1), we get a better estimate than we would have gotten with a direct

application of Theorem III.46.

# (NN Br(p)) < C- (O N Br(p, S\ 7)) - (M2 N Br(p, H))
= exp((6(g —1) —6+2(b+2))R) - exp(R)
=exp((6g —6+20—1)R)

This example illustrates that in order to count net points accurately, it’s not sufficient to
just estimate the distance the between the base point p and the net point n: if the geodesic
segment [p, n| travels in a product region, the count will be lower than what Theorem I11.46
predicts. In fact, the count will also depend on the type of the product region. In the above
example, the product region had just one curve v becoming short, but in general, a product
region can have multiple curves getting short, in which case, the net point count will be even
smaller.

We now consider a geodesic [x,y] (where x and y are net points) that travels through
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several product regions m;, and possibly the thick part, which we will also consider a product
region, albeit a trivial one. Let h; be the exponent associated to the product region m;: this
is the exponent that will appear when we invoke Theorem II1.46 to count net points in the
product region ;. The order in which [z, y] travels through the product region is specified

in Figure 3.4.

b1 DPs3 DPs
| L ] i ] L ] ] E
x <1 &2 X3 <4 <5 <6 <7 8
D2 y2!

Figure 3.4: A schematic of the geodesic [z, y] traveling through several product regions.

Let z; denote the points on the geodesic segment that correspond to the times when the
geodesic enters or exits a product region: in Figure 3.4, we have labeled z; for 1 < i < 8.
Let J; denote the interval [z, z1] for ¢ = 0, the interval [z;, z;41] for 1 < ¢ < 7, and [zg, y] for
1 = 8. Let ¢; be the length of 7;, and e; be the sum of the h; for each of the product regions
that the interval J; is in. Also, for each z;, let 2/ denote the nearest net point.

Keeping x fixed, we can try to count the number of net points y that satisfy the configu-
ration we have described. We have about O(exp(eglp)) possibilities for 2], and then keeping
a 2z fixed, O(exp(e;f1)) possibilities for z, and so on. Multiplying all these estimates, we

have the following upper bound for cardinality of .

# (y) < exp (Z €i£i)

The quantity Y e;¢; serves as a re-weighted version of length of the geodesic in manner
that works well with the counting function. This is a primitive version of the complezity
length of [z,y], and motivates the actual definition.

Before we define complexity length, we note two ways in which the above estimate over-
estimates the actual number of net points: that happens when a point in the geodesic is

simultaneously in two or more product regions, which can happen in two ways.

(i) The active subsurfaces associated to product regions are disjoint: In this case, we are
accounting the length of the geodesic segment multiple times: once for each product
region we are in. However, this overcounting is still better than directly invoking
Theorem II1.46, since the sums of the exponents h; associated to each of the disjoint

product regions are smaller than the exponent associated to the entire surface.

(ii) The active subsurfaces associated toproduct regions are nested: In this case as well,
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we are accounting for the length of a geodesic multiple times, once for each product
region we are in. Unlike in the previous case, in this case, the exponents associated
to each product region can add up to a quantity larger than the exponent associated
to the entire surface, which means the presence of nested product regions can give a
worse estimate than Theorem II1.46. We will get around this problem by looking only

at product regions associated to special subsurfaces which are called witnesses.

I11.5.2: An Overview of Complexity Length

Now that we have motivated the need for complexity length, as well as considering special
subsurfaces called witnesses, we formally define them in this section. This section is a
summary for Sections 7 through 12 of Dowdall and Masur [DM23], so we refer the reader to
those sections for details we elide. One difference in our presentation is that we care about
these constructions for both orientable and non-orientable surfaces, while the original authors
only work with orientable surfaces. However, their constructions and proofs go through for
non-orientable surfaces, as long as we provide a proof of the non-orientable versions of some
of the foundational results they use. We list those theorems here, and link to the proof of

the non-orientable version that appears in Section I11.6.

(i) Minsky’s product region theorem (see Theorem II1.73).

(ii) Distance formula for Teichmiiller space (see Theorem II1.76).
(iii) Active intervals for subsurfaces (see Proposition II1.77).

(iv) Consistency and realization (see Theorem II1.79).

Let S be a surface (not necessarily orientable), and C some large arbitrary constant, and
g¢ > 0 a small constant we pick later. We also pick constants Ny, for each V S, such that
Ny only depends on the topological type of V. The precise values of the Ny ’s is specified via
Proposition 10.13 of [DM23]. We will also abuse notation slightly and use hxp(V') to refer
to hxp(core(T(V'))) whenever V' is a non-orientable surface: when V' is orientable, hyxp (V)
will refer to hxp (7 (V)).

Let [z, y] be a geodesic segment in 7 (S): we describe the set Y (z,y) of subsurfaces along

which [z, y| has large projections.

Definition I11.47 (Active subsurfaces). A subsurface V' C S is an active subsurface, i.e. in

T (z,y), if one of the following two conditions hold.

(i) The projection to C(V') has diameter at least Ny .
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(ii) If V is annular with core curve ~, then
min (¢, (z), £, (y)) < e

Associated to each active subsurface V', there is a non-empty connected sub-interval of
[z, y], which we call an active interval, and denote Z;/, which we obtain via an application of
Proposition II1.77. The active intervals associated to active subsurfaces enjoy the following

properties.
(i) La(2) < e for z € I3t and a € V.
(i) For z ¢ Z¢t, £o(2) > & for some z € OV, and some ;" < ¢, that only depends on &;.

m) For |w, 2| C |z, y| with |w, 2| N =, dy(w, z) < M., tor some M., that only depends
iii) F y] with i d M., f M., th ly d d

on &.
(iv) For UV, I} NI} = @.

For pairs of transverse subsurfaces U M V, since Z;} N Z;} = @ we can also determine

which of the subsurfaces are active first.

Definition IT1.48 (Behrstock partial order). If U and V' are a pair of transverse subsurfaces

in Y(x,y), we say U <V if Z7} appears to the left of Z7! in [z, y].

Observe that when restricted to Zy!, the geodesic is traveling in a product region, one of
whose components is 7 (V'), but trying to apply the technique from the previous subsection
leads to the problem of overcounting, namely overcounting arising from subsurfaces either
nested in V', or subsurfaces V' is nested in.

To deal with this issue, we will consider a subset of Y(x, y), called a witness family. How-
ever, to avoid overcounting, some additional properties are required of the witness families.
Rather than defining all of those properties without context, we introduce them one at a

time, after motivating the need for the property.

Definition IT1.49 (Witness family). A witness family Q(z,y) associated to the geodesic
[z,y] is a subset of Y(x,y) satisfying the following properties.

(i) For any Z € Y(x,y), Z C W for some W € Q(z,y).

(i) f ZC W, and Z € Q(z,y) and W € Y(x,y), then W must also either be a witness,
or must be transverse to a witness V' € Q(z,y) such that Z C V.
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The first condition of the definition ensures that when we restrict our attention from
all active subsurfaces to witnesses, we do not lose information, i.e. every active subsurface
contributes to whichever witness it is contained in. The second condition is a more technical
requirement that is required to ensure that the other properties we define later work nicely.

We now make the notion of an active subsurface contributing to a witness more precise.

Definition III.50 (Complete witness family). For an active subsurface V', a witness W is
said to be the (2-completion of V', denoted V% if W is the minimal (by inclusion) witness
containing V. If W = VQ, we say V' contributes to W. Furthermore, a witness family is

complete if every active subsurface has a unique 2-completion.

By partitioning off the collection active subsurfaces into classes, where each class is rep-
resented by a witness, and only considering the product regions associated to the witnesses,
rather than all the active subsurfaces, we can cut down on the overcount we obtain by
considering all active subsurfaces.

We now look at an extreme example of a complete witness families to motivate further

properties that we will need from the witness families in order to count well.

Example IT1.51 (Trivial witness family). Let v be a pseudo-Anosov mapping class on S,
such that v has large translation distance on C(S), and ¢ a reducible mapping class, acting
on a subsurface V' such that the action of § on C(V') has large translation distance as well.
Let = be a point in 7(S), and y = 676 'z. The active subsurfaces for [z,y] contain
the surfaces S, V', and vV: however, we can pick Q(z,y) = {S}, and check that this is a

complete witness family.

In the above example, since we only have one subsurface in our witness family, we cer-
tainly do not overcount via overlapping product regions, but we do end up ignoring the fact
that the geodesic [z, y] travels in a smaller product region near the beginning of the segment,
as well as the end. For the initial and the final segment of the geodesic, the witness S is too
big for the subsurface the geodesic is actually traveling in. This suggest that a better choice
of a witness family would be to include both V' and vV as witnesses too. We can take this
approach further, and include every subsurface in Y(z,y) as a witness: this will still form
a complete witness family. However, this approach also leads to multiple witnesses nested
within one another, which is something we want to avoid as much as possible.

The drawback of Example I11.51 motivates the next property we will require from witness
families, which is the notion of being insulated. Informally, a witness family Q(zx,y) is
insulated if all the maximal active subsurfaces that are active near the beginning or end of

[z, y] are also witnesses.

88



Definition II1.52 (Insulated witness family). A witness family (x,y) is insulated if for
every E € Q(z,y), all subsurfaces V' C F satisfying the following properties are also wit-

nesses.
(i) Ve X(z,y).

(i) de(C(V),z) < 9C, or dg(C(V),y) < 9C, where we consider C(V') to be a subset of
C(E).

(iii) V is topologically maximal among the subsurfaces that satisfy (i) and (ii).

Once we have an insulated witness family, we can order a nested pair of witnesses W C V
based on whether W is active near the beginning or the end of the geodesic [z, y| projected
to C(V).

Definition II1.53 (Subordering). Let [z, y] be a geodesic in T(S) and (x,y) a complete
insulated witness family associated to [z,y]. Then for each nested pair of witnesses W C V,

a subordering is an assignment of exactly one of the following two possibilities:
i) W,V
(i) VN W

The orderings / and “\, satisfy the following properties.

(i) If Z, V, and W are witnesses such that Z — V = W, then Z ,/ W it V. /W
(equivalently, W N\, Z iff W \ V).

(i) If Z, V and W are witnesses such that Z /' V \, W, then Z hy W and Z < W.

(iii) If Z and V' are witnesses, and W an active subsurface such that Z / V < W, or
W <V \,Z, then Z thy W.

(iv) If Z and V are witnesses, such that Z /' V (or Z V), then there does not exist any
active subsurface W such that the (2-closure of W is V and W < Z (or Z < W).

Here Z My W refers to notion of two subsurfaces cutting each other relative to V.

Definition ITI.54 (Relative cutting). Given a subsurface V' of S, we say two subsurfaces Z
and W of S cut relative to V' if for any subsurfaces Z' C Z and W' C W that intersect V,
Z'h W'
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We now provide some motivation for the various conditions that appear in the above
definition. First of all, when we see Z W, we are to read that as the geodesic [x,y]
makes progress in the nested subsurface Z, before making progress in the supersurface W.
Similarly, when we see W \, Z, we are to read that as the geodesic [x,y] make progress in
the supersurface W before making progress in the nested subsurface Z. With this description
of the subordering, conditions (i) and (iv) of the definition are easy to understand. The
conditions (ii) and (iii) let us upgrade / and Y\, to transversality and time-ordering. A
more intuitive reading of condition (ii) for instance would be, if Z /' V N\, W, that means
the geodesic makes progress in Z before V', and then makes progress in W. That means if
we just look at V' and W, it makes progress in V' and then W. And since neither of them
are nested in the other, the only way they can be time-ordered is by cutting relative to V.

We can also see how the subordering on a witness family interacts with the witness family

being insulated: recall the pair of witnesses V' C E from Definition I11.52.
o If dg(C(V),z) <9C, then V /' E, since the geodesic makes progress in V' before E.
o If dp(C(V),Y) <9C, then E N\, V, since the geodesic makes progress in F before V.

However, the above example does not capture all the ways in which we can have V /' F
or £ N\, V. Consider a decomposition of a Teichmiiller geodesic by the active intervals

corresponding to witnesses illustrated in Figure 3.5.

[2
Iy v

1

IVS [Wl — IW3

S] |

I

Figure 3.5: Examples of V; ,/ F and E \ W,.

In this example, all of the witnesses V; satisfy V; ,/ F, and all of the witnesses WW; satisfy
E N  W,;, but dg(C(V;),z) need not be less than 9C for i« = 2 or ¢ = 3, and similarly,
dg(C(W;),y) need not be less than 9C for ¢ = 2 or i = 3.

In fact, the above example illustrates that for witnesses V' that are not within distance 9C
from one of the endpoints, the choice between assigning V', E and E \ V is ambiguous,
which is what the property of being wide tries to fix. The property of being wide also tells
when an active subsurface V' nested in a witness £ contributes to E: this happens when V'

appears in the “middle” of the segment [z, y].

Definition ITI.55 (Wide witness families). An insulated complete subordered witness family

is wide if for each V in the witness family, both of the following quantities are at most %
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e For W a witness such that W /' V| the quantity diamy (z,C(W)).
e For W a witness such that V \, W the quantity diamy (y,C(W)).

The idea behind a wide witness family is to create a buffer zone of length at least % in

the middle of the projection of the geodesic to C(V') for any witness V' such that:

e If any subsurface W is active to the left of the buffer zone, it contributes to a subsurface
Z such that Z /' V.

e If any subsurface W is active to the right of the buffer zone, it contributes to a sub-
surface Z such that V \  Z.

e If a subsurface W is active within the buffer zone, it contributes to V.

The upshot of defining wide, insulated, subordered, and complete witness families (which
will be abbreviated to WISC witness families) is that it gives us a better idea the order in
which progress is made in various active subsurfaces. If we were working with just the
collection of active subsurfaces, the only time we can tell if a geodesic makes progress in a
subsurface V' followed by the subsurface W is when V' th W. When working with a WISC
witness family, we can do that, but we can also make similar statements about pairs of nested
witnesses V' [ W, namely we can have either V', W or W \ V.

The following lemma asserts that WISC witness families exist, and their cardinality can

be uniformly bounded.

Lemma IT1.56 (Lemmas 7.29 and 7.30 from [DM23]). Let S be surface, and [x,y] a geodesic
segment in T (S). Then there exists a WISC witness family Q(x,y) for [z,y]. Furthermore,
the cardinality of Q(z,y) depends only on S, and not the points x and y.

Remark. While the statements of Lemmas 7.29 and 7.30 in Dowdall and Masur [DM23] are
for orientable surfaces, they go through without any changes for non-orientable surfaces as

well.

We now get to the raison d’étre of witness families: turning points on the geodesic
segment [x,y] in 7(S) into points in 7 (V'), where V' is a witness in Q(x,y). We will do so by
assigning to each point w in a neighbourhood of [z, y] a point wz in C(Z) for all subsurfaces
Z contained in V', and then showing this assignment is consistent. Then the realization
theorem (Theorem I11.79) will give us a point @* in 7 (V) which has the same projections
in C(Z) as the original point W.

91



Definition III.57 (Projection tuple). Let Q(z,y) be a WISC witness family for a Te-
ichmiiller geodesic [z,y] in T(S). Let w be a point in 7(S) satisfying the following bound

for every subsurface V.
dy (z,w) + dv(w,y) < dv(z,y) +9C

Then for any U € Q(z,y), the projection tuple w of w is the point in [],-;,C(Z) given by

the following formula (where 75 is the usual projection map from 7 (S) to C(Z2)).

wz(y), if Z € Y(x,y) and Z" U
Wz = | my(x), if Z€Y(x,y)and U \79

mz(w), otherwise

Observe that this is different from the usual projection map from 7(S) to C(Z): for
subsurfaces Z that contribute to a witness nested in U, and consequently, Z" v U or
U\, EQ, we change the projection from 7z (w) to mz(y) or mz(x) respectively.

This new projection map, despite being a modification of the usual projection map, is

still consistent.

Proposition II1.58 (Proposition 8.4 of [DM23]). The projection tuple wy is k-consistent

for some k depending only on C.

Using the above proposition, and the realization theorem for non-orientable surfaces
(Theorem II1.79), we can turn a projection tuple into a point in 7 (U), which Dowdall and
Masur [DM23] refer to as resolving a point w in T (U).

Definition IIT.59 (Resolution point). Let [z, y] be a geodesic segment in 7 (S), and Q(z, y)
an associated WISC witness family. For w € {z,y}, and U € Q(x,y), we define @} as

follows.

e If U is non-annular, then @} € T(U) is the thick point whose projections to C(V)
for V. C U are coarsely equal to the projection tuple @y (which exists due to the
Realization theorem (Theorem II1.79)).

e If U is annular, then wy is an element of Z, and we set ;! to be the point in H whose

twist coordinate is wy, and whose length coordinate is — .
min (g4, Loy (w))

We can now define the complexity length associated to a witness family €.
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Definition ITI1.60 (Complexity of witness family). Let [z, y] be a geodesic segment in 7 (S),
and Q an associated WISC witness family. The complexity £q(x,y) of Q is the following
quantity.

La(z,y) =Y Wp(U) - dran (@S, 51)
UeQ

Here, hip(U) is the net point growth entropy for 7 (U) when U is non-annular, and when U

is annular, hip(U) is 1 when both Zf and 3 are e,-thick, and 2 if not.

We now address why we used a modified version of the projection map in Definition I11.57

instead of the usual projection map to curve complexes, by revisiting Example II1.51.

Example II1.61. Let v be a pseudo-Anosov mapping class on §, with large translation
distance on C(S) and small projections elsewhere. Let é be a reducible mapping class, which
is psuedo-Anosov on a subsurface V, with large translation distance on C(V') and small
translation distance everywhere. Let = be a point in 7(S) such that OV is a component of
the short marking on z, and y = §vd~'z. We first verify that YT (z,y) = {S,V,07V}. To
see this, we consider the following tuple of points (z,dz,dvyx, dyd 'x). We claim that each
of the points in the tuple lies coarsely on the geodesic [z,y]. To see this, we compute the

projections of adjacent pairs of points in tuple to various curve complexes.
- [z, dz] has large projections on C(V') and small projections on other curve complexes.

- [0z, dyz] has large projections on the C(4S), which is the same as C(S), and small

projections elsewhere.
- [6yx, 66 tx] has large projections on C(6vV'), and small projections elsewhere.

Consider the path x obtained by concatenating Teichmiiller geodesics between z and dzx,
dz and dyz, and dyz and 6 'xz. The curve complex calculations above show that the
projection of this path to any curve complex is a quasi-geodesic. That indicates this path
is a hierarchy path, in the language of hierarchically hyperbolic spaces. Furthermore, x does
not have large projections on disjoint subsurfaces: this indicates the hierarchy path x fellow
travels the geodesic [z, y].

Let Q(z,y) = Y(x,y) =4{S,V,07V}. One can verify that this is a WISC witness family
for [x,y]. Furthermore, we have that V' ,/ S and S \ V.

We now compute the resolution of the points x and y in 7(V), T(vV), and T (S). Observe
that the geodesic [z, y] almost immediately moves into a product region associated to V' at

the beginning, leaves that product region at some point w along the geodesic, and then
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enters the product region associated to vV at some point z, and then stays in that product
region almost all the way up to the end. We will abuse notation slightly, and refer to x and
w as points in T (V'), when we mean their projection via the product region map, and z and
y will refer to points in 7 (vV) Resolving points in 7 (V) and T (V) is easy, since there’s
no other witnesses nested in them, which means the projection tuple for those subsurfaces

is the usual projection map.

=1
52 = w
ZE\SV:Z
?j»?vzy

To resolve points in 7(S), we have to use our modified projection map, instead of the usual

one. Doing so, the points x and y resolve in the following manner.

7 =w

~0
Ys = 2

With these resolutions, we get the following estimate for complexity in terms of Te-

ichmiller distance.

La(z,y) = p(V) - droy (@, w) + hip(S) - drs)(w, 2) + hyp(YV) - drevy (2, 9)
< hxp(S) - drs)(z,y)

Compare this to the complexity £, we would have gotten if we used the usual projection

map instead of the modified projection map.

Lo, y) = hip(V) - drony(z,w) + hip(S) - drs) (@, y) + hip(YV) - dryvy(2,9)
> hp(S) - drs)(z,y)

If we use Rafi’s distance formula to estimate the distance between the resolution points 7}
and T} we do not get very good bounds for dr (T}, Z}): at best, we accrue multiplicative
and additive errors. For our applications however, the most we can tolerate is additive error.
To do this, we will need to refine to notion of active interval for a subsurface to something

more useful for the estimate: the contribution set A% of a witness V. We first define two
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intermediate collections of subintervals of a geodesic segment [z, y].

MV) = J{Z |WeQwith WV }
C(V) = U {Z | Z contributes to V'}

Definition IT1.62 (Contribution set). For a witness V € €, the contribution set A is a

subset of the geodesic segment [x,y] defined in the following manner.
AR = (T3 \ M(V) uC(V)

Remark. The reason we remove M (V') and then later add C'(V') again is because it is possible
for several different subsurfaces to be active at the same time: orthogonal subsurfaces for
instance. One can have V and W as witnesses, with W C V', and Z C V an active subsurface
but not a witness, such that W L Z with 7}, and Z/ overlapping. In that case, removing
M (V') would also remove part of 77/, and adding back C(V') would add back the deleted

portion.

The following theorem estimates dr(Z{}, 7}}) using A{.

Theorem III.63 (Theorem 9.4 of [DM23]). There exists a uniform constant C' such that
the following bound holds for any x, y, and witness V.

)
dro) (T3, 5) < / Ly +C

Contribution sets help us make precise the notion of “overcounting” when multiple prod-
uct regions are active at the same time. More precisely, when a segment of [z,y] is a part
of two or more contribution sets, that segment shows up multiple times when computing
La(z,y), thanks to Theorem II1.63. If the overlapping segment is sufficiently long, one could
even end up having £o(z,y) > hip(S) - drs)(z,y), which as we will see, leads to a worse
count for net points than the usual methods. This phenomenon of contribution sets overlap-
ping is called badness, and while we will not be able to eliminate it entirely, we will be able

to minimize it.

Definition II1.64 (Bad set). We say a point p in A is bad if there exists some other
witness W such that p also belongs in A$},. The bad set B} denotes the set of all bad points
in AY, and !BW denotes the total length of this set, when we think of B§} as a subset of the

geodesic segment [z, y].

For our applications, we won’t need to eliminate badness entirely, or even bound the
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length of the bad set uniformly: it will suffice to show that the length of the bad set is a
very small multiple of drs)(z,y).

Definition ITI.65 (Admissible and limited). A witness family € associated to a geodesic

segment [z, y] is said to be:

d
o admissible if |BY| < %
|4

depend on the topological type of V.

, for all V' € €1, and some constants Ky that only

e limited if |Q| is uniformly bounded, independent of x and y.

Remark. Our definition of limited is a weaker version of Definition 10.7 from Dowdall and

Masur [DM23], but since we don’t need the stronger version, we present this version instead.

Dowdall and Masur [DM23] prove that WISC witness families that are admissible and

limited exist. They call these witness families WISCAL witness families.

Proposition IT1.66 (Section 10.3 of [DM23]). For all [z, y], there exists an associated WISC

witness family that is also admissible and limited.

For WISCAL witness families, the following result relating complexity and Teichmiiller

distance follows easily from Theorem II1.63 and the definition of admissible.
Proposition IT1.67. IfQ is a WISCAL witness family associated to [x,y], then the following
inequality holds.

K

Here, K is some uniform constant depending only on §.

We now define complexity length, which follows from the definition of the complexity of

a witness family.

Definition IT1.68 (Complexity length). For a pair of points z and y in 7 (S), the complexity
length £(x,y) is defined to be the following.

£z, y) = inf Lo(z,y)

Here, we take the infimum over all WISCAL witness families for [z, y].

With the machinery of complexity length set up, it is now possible to count net points

with respect to complexity length.
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Theorem II1.69 (Theorem 12.1 of [DM23]). For any large enough C > 0, and any ¢, > 0,
there exists an polynomial function p(r), and r > 0 large enough such that the following
bound holds for net points in T (S).

#yeN|Lx,y) <) <p(r) exp((1+ecem)r)

Remark. The above theorem is a weaker version of the theorem that appears in Dowdall and
Masur [DM23]: their version does not have the eq,. The reason we have the weaker version
is that in the proof of their theorem, they count the number of net points in 7 (V') in a ball
of radius R, where V' is a witness, using Theorem I11.46, which gives them that the number
of net points is equal, up to multiplicative error, to exp(hxp(U)R). Since Theorem I11.46
only holds orientable surfaces, and we want to state our results for non-orientable surfaces
as well, we will need to use a weaker counting result to count net points in 7 (V'), namely

the following bound, which holds for any €., > 0 and large enough R.

# (v € M| dry(z,y) < R) <exp ((hap(V) + €cnt) R)

We sketch out a proof of Theorem II1.69 below: the proof proceeds identically to the
proof in Dowdall and Masur [DM23], except at one point, where we plug in our weaker

bound for net points in 7 (V') for witnesses V.

Sketch of proof for Theorem II1.69. For each y € 9 such that £(z,y) < r, we have a WIS-
CAL witness family Q such that £g(x,y) < r. We can turn that witness family into a graph

in the following manner.
e Add a vertex for every witness V' € ().
e Label the vertex associated with V with the tuple (hip(V), |dron (T 7))

e [f we have a pair of witnesses V', W, we join the vertices associated to them with a

directed edge labeled “SW”: V SWow

e If we have a pair of witnesses W N\ V, we join the vertices associated to them with a

directed edge labeled “SE”: W Py

e If we have a pair of witnesses W M V', with W < V| we join the vertices associated to
them with a directed edge labelled “P”: W ki 78

We first count how many distinct possibilities are there for such labeled graphs that

correspond to y for which £(x,y) < r. Since the cardinality of a WISCAL family is uniformly
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bounded, there are at most k£ many vertices, for some constant k. As for the labels on the
vertices, there are at most m possibilities for a label on vertex which corresponds to a
subsurface which is homeomorphic to V. From this, we conclude that there are at most p(r)
possibilities for the combinatorial type of the graph, where p(r) is a polynomial in 7.

It will suffice to compute how many distinct net points give rise to witness families whose
graph is of a given type. To do so, we consider initial subsets of the graph, i.e. a subset W
of the vertices V of the graph such that there is no directed edge from ¥V \ W to W.

Given an initial subset W of the graph, we construct points y such that the witness
family associated to [z, y] has the combinatorial type W. We then consider an enlargement

of W by one-additional vertex v, such that the enlargement is still an initial subset.
Claim. The entire graph V' can be built up from such one-step enlargements.

We then count the number of net points whose associated witness families have the
combinatorial type WU{v}, after we fix one witness family associated to W. More concretely,
let w be a point such that the combinatorial type of the witness family associated to [z, w]
is W. Suppose now that we add a vertex (h,rg) to the graph W. To extend Q(z,w) so that
its combinatorial type is WU {(h,79)}, we need to add a witness U whose net point entropy
is h, and a point y € T (U) such that the following holds.

dran(@P,y) < ro

There are only finitely many choices for such subsurfaces U (because their boundary
curves must get short near w), and once we’ve made a choice of U, we have a choice
exp ((hxp (V') + €ent)70) points for y.

Multiplying out the counts for each vertex added, we get the following estimate for the

cardinality associated to each combinatorial type.

# (y | Q(z,y) has combinatorial type V) = Z exp ((h + ent)$)
(h,s)eV

<exp (14 o))

We get the second inequality by picking €., small enough, and observing that > hs <r. O

I11.5.3: Linear Gap for Bad Points

In this subsection, we will prove our main result involving complexity length: on the com-

plexity length of bad points.
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Theorem II1.70. Suppose that for all proper subsurfaces V' of S, the following inequality
holds.

th (V) < th (S)

Then for any €, > 0, there exists ¢ > 0, and R large enough, such that for any bad point y,
i.e. a point in My(p, R, ep), the following upper bound holds for the complexity length between
p and y.

£(p,y) < hwe(S)(1—¢)R

Proof. Let Q be a WISCAL witness family for [p, y]: the proof of Theorem II1.70 splits into
two cases depending on whether the surface S is a witness in ) or not.

The case where S is a witness is harder, so we deal with that first.

We consider the triple of points (p, 7%, y), and first estimate £(p,7%).

By applying Proposition I11.67, we get a bound for £(p,72).

(11L5.2) 20, 78) < (xe(S) + ) lrio (7)) + KC

C

We next estimate £(7%,y): we claim that there exists a WISCAL witness family (' for
92, y] that does not have S as a witness. The first thing we need in order to get such a
witness family is verify that on the Teichmiiller geodesic [7%, y], S is not an active subsurface.
This follows from the fact that the S-coordinate in the projection tuple of y is equal to the
S-coordinate of the projection of 7§ to C(S), by construction of 7¢. We now use Proposition
I11.66 to get a witness family which does not contain §, since S is not an active subsurface.

Since the witness family €’ does not have S as a witness, we can do better than Proposi-
tion I11.67 when estimating £(7%,y). We have from our hypothesis that hnp(S) > hxp(V),
so there exists a constant h such that h < hxp(S) but h > hxp(V). Using Theorem I11.63,

we get the following estimate for £(7%,y).

K
(I11.5.3) £g,y) < (h + 6) drs)(Us,y) + KC

From the triangle inequality for complexity length, we also have the following

(II1.5.4) L(p.y) < £(p,73) + £(U3, )
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We plug in (I11.5.2) and (I11.5.3) into (II1.5.4).

£(py) < (th<8> + g) (drs)(p,35)) + (h + g) dr(s)(s,y) + 2KC

= (th(S) + g) (drs) (P, 7s) + dr(s)(7s,y))

— (hxp(S) — h) dr(s)(Us, )
1 2KC

We now claim that §¢ is within a bounded distance of a point ¢ on [p,y]. Consider the
triple (x, 7%, y): this is a strongly aligned tuple, i.e. its projections onto all curve complexes
satisfy a coarse reverse triangle inequality (see Definition 3.21 of [DM23]). Lemma 9.10 of
[DM23] asserts the existence of ¢ on [z, y] that satisfies the following properties.

- For any subsurface V' such that vi=s , dv (7%, q) < M for some fixed constant M.

- For any subsurfaces V' such that 7 v SorS N\ VQ, q lies outside the active interval
for V.

In the case where V' v~ 8, we have that dy(q,y) < M, since ¢ lies outside the active
interval for V. But note that by construction of the projection tuple, 7y (7%) = y, thus
dv(72,q) < M. Similarly, we have dy(7%,q) < M for S N\ 7" as well. Thus, by Rafi’s
distance formula, we have that yg is within a bounded distance of ¢ on [p,y]: we have
drs)(p, 7%) + dr(s) (72, y) < R+ J, for some constant J. Furthermore, drs)(ys,y) > &R,
by the hypothesis of y being a bad point, since 7§ is in the thick part of Teichmiiller space.
This simplifies the expression for £(z,y).

e(n,y) < (th(S) + g) R — (hap(S) — h)(e)R + 2K C

K
=R (th(S) —d+ 6) +2KC

Here, d = ¢, (hnp(S) — h), which is a positive constant, since hyp(S) > h. By picking C
and R large enough, we get the statement of the theorem, which proves the result in the first
case of § being in the witness family.

When S is not in the witness family, we set ¢ = p, and the rest of the proof follows
identically. [
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IT1.6: Geometry of T (N,)

In this section, we prove some standard results about the geometry of Teichmiiller spaces
of non-orientable surfaces that we use in Section III.5. We do so by lifting the hyperbolic
structures and markings on the non-orientable surfaces to their double covers, which give us
points in the Teichmiiller space and curve complex of the double cover.

The fact that these lifts are well-defined and respect the metric properties are encapsu-

lated in the following two theorems.

Theorem III.71 (Isometric embedding of Teichmiiller spaces (Theorem 2.1 of [Kha23])).
The map i : T(Ny) — T(S,—1) given by lifting the hyperbolic structure and marking from
N, to S,-1 is an isometric embedding. Furthermore, the image of T(Ny) in T (S,-1) is the
subset of T(Sy—1) is fized by v*, where 1* is the map induced by the orientation reversing deck

transformation v on Sg_y.

Theorem III.72 (Quasi isometric embedding of curve complexes (Lemma 6.3 from [MS13])).
The map C(Ny) — C(S,-1) obtained by lifting curves in Ny to S,_1 is a quasi-isometric em-
bedding.

We will use the above two theorems, along with Lemma III.75, to reduce statements
about the geometry of T(N,) to statements about the geometry of 7(S,_;). However, we
postpone the statement and the proof of Lemma III.75 until Section II1.6.3, since it’s not
required for Section II1.6.1.

We set up some notation for this section.

- d(z,y) and d(z,y): Given points z and y in T (N,), d(x, y) is the distance in Teichmiiller
metric between them, and d(z,y) is the distance in 7(S,_1) between their images,

and y.

- my(p,) and 7wy (x): If p, is a marking/curve on a surface, the my(u,) denotes the
subsurface projection to the subsurface V. If x is a point in the Teichmiiller space, the

v (x) = my (i), where p, is the Bers marking on x.

- dy (pg, py) and dy(x,y): If p, and p, are markings/curves on a surface, and V is a
subsurface, then dy (y, ) refers to the curve complex distance between the subsurface
projections of g, and p, in C(V). When z and y are points in Teichmiiller space,

dy (z,y) refers to dy (g, f1,), where g1, and g, are the Bers marking on x and y.
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I11.6.1: Minsky’s Product Region Theorem

In this section, we prove a version of Minsky’s product region theorem [Min96b, Theorem
6.1] for non-orientable surfaces.
We recall the following objects that were defined in Section I11.2.3.

(i) The multicurve v on N
(ii) The metric space X, and the projection map II.
(iii) The thin region T,<., (Ny).

Theorem II1.73 (Product region theorem for non-orientable surfaces). For any ¢ > 0, there
exists a small enough e, > 0, such that the restriction of II to To<c,(N,) is an isometry with

additive error at most c, i.e. the following holds for any x and y in Tr<c,(Njy).

|d(z,y) — dx, (I(2), T(y))| < ¢

Proof. We will prove this result by reducing the distance calculation in 7 (Nj) to a distance
calculation in 7 (S,_1), where S,_; is the orientation double cover, and invoking the classical
product region theorem in that setting.

We begin the proof by constructing some points in 7(S,_1) and a multicurve on S,_;.
Recall that 7 (N,) isometrically embeds inside 7(S,-1): let  and y denote the points in
T (Sy—1) that are the images of z and y under the embedding. Let 7 denote the lift of the
multicurve v: if v; is a two-sided curve, it will have two disjoint lifts in the cover, and if
v; is a one-sided curve, it will have single lift in the double cover. We have that the region
Tr<e,(Sg—1) C T(Sy—1) intersects the image of T(N,) at the image of T,<.,(N;) C T(N).
Let ¢ denote the orientation reversing deck transformation on §,_; which corresponds to the

covering map.

Claim. Let TIj, denote the projection map from T (N,) to the k"™ component of X.,, and ﬁ;
denote the projection map from 7(S,_;) to the lift of the k™ component of v to S,_;. This

map is an isometric embedding.

d(TTi (), T (y)) = d(T(@), k(7))

Proof of claim. We need to verify the claim on the three kinds of factors of X,.

(i) Ny \ v: The lift of MV, \ v to S;,—1 will have two components if N, \ ~ is orientable,
which we call S; and S;. Both S and Sy are homeomorphic to N, \ 7. If N\ 7 is

non-orientable, then its lift in S, is the orientation double cover.
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(iii)

In the first case, T(N; \ ) maps to the diagonal subspace in 7 (S;) x T(S2), and the
metric on 7 (S;) X T(S2) is the sup metric. The space T (N,) maps to the diagonal
subspace because its image must be invariant under the map ¢, which isometrically
swaps 51 and So. This map is an isometric embedding, and thus for any points z and
y in T(N, \ 7), the distance between their images in 7(S1) x T (S2) is the same as the
distance in T (N \ 7).

In the second case, we have that T (N, \ 7) also isometrically embeds inside the Te-

ichmiiller space of its double cover, by Theorem III.71, so the claim follows.

;i (for ~; two-sided): The lift of ~; in this case are two disjoint curves on S;_1, which
are swapped by the deck transformation ¢. This means the H-coordinate given by
length and twist of 7; maps to the diagonal in H x H, which correspond the length and
twist around the two lifts. Since H mapped to the diagonal in H x H is an isometric

embedding with sup metric, the claim follows in this case.

7; (for ~; one-sided): The lift of 7; in this case is a single curve 4; on S, which is left
invariant by the deck transformation . We will show that the twist coordinate around
7; cannot be changed without leaving the image of T(N,) in T(S,-1), i.e. any T and
y have the same twist coordinate around ~;. Once we have established that, the claim
will follow, since only the length coordinate of 7; can be changed, which corresponds
to Ryp.

Suppose now that x is a point in 7 (N;) and Z the corresponding point in 7 (S,-1).
Consider a pants decomposition on N, that contains ; as one of the curves. There is
a unique one-sided curve k that intersects v; and does not intersect any of the other
pants curves. Let k be the lift of k to Sy_1: we will use this curve to measure twisting
around 7;. Let 2’ be another point in 7(S,_1) obtained by taking z, and twisting by
some amount around 7;, without changing the length of 4;. On 2/, the length of x will
be different from the length on . However, this means that 2’ is not contained in the
image of T (N,), since if it were, the length of K would have to be the same, since that’s

the lift of the curve k, whose length only depends on the length of ;.

The following equality follows from the claim.

dx, (I1(7),11(y)) = dx, (1L(x), IL(y))
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We also have that T (N,) isometrically embeds into 7(S,-1).

d(z,y) = d(z,y)

And finally, have that the region Tr<.,(S,-1) C T(S,-1) intersects the image of T (N,) at the
image of T,<.,(N,) C T(N,). Combining these three facts, and applying Minsky’s product

region theorem for orientable surfaces, the result follows. m

I11.6.2: Uniform Bounds for the Volume of a Ball

In this section, , we show that the for balls of fixed radius in core(7 (N;)), the vy volume of

the ball is bounded above and below by constants that are independent of the center of the
ball.

Let P be a pants decomposition for N;: recall the formula for vy.

vy = ( A coth@(%))de(%)) A ( N dr(m) Ade(%-)>

7; one-sided v; two-sided

Here ¢(~;) denotes the length of the curve ~;, and 7(7;) denotes the twist, when ~; is two-
sided.

Proposition II1.74. For any k > 0, and &; > 0 small enough, there exist positive constants®
c1 and ¢y (depending only on k and ;) such the vy volume of a ball B (x) of radius k centered

at x € T, (Ny) are bounded below and above by ¢, and c,.
a <vn(Bi (7)) < e

Proof. Note that since the points we are considering lie in 7 (N), we have the following

upper bound and lower bound for coth(¢(;)), where 7, is a one sided curve.
(I11.6.1) 1 < coth(4(~;)) < coth(g;)

In particular, the vy volume of a ball can be bounded above and below by coth(e;)v}, and
V;Va where VJ/V = </\'yl one-sided d€(71)> N </\% two-sided dﬁ(Vz) A d€(71)> :

We now split up 7., (V) into two regions: TF(N), and the complementary region.
Since MCG(N) acts cocompactly on TF(Ny), and vy (BZ (x)) is continuous in z, the desired

2We will also consider ¢; and cy as functions of x elsewhere in the paper.
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bounds hold in this region. It will therefore suffice to prove the bounds in the complementary
region.

Note that for any x in the complementary region, there is some two-sided curve ~ that
is short. By Theorem III.73, the ball BZ(z) is contained in a product of balls, one in H,
and one in 72 (N, \ 7). We pick v to be part of a pants decomposition P, and write vy as

follows.
(111.6.2) vy = (dr() A de(y)) A eV

Here, u]/\\]/“"\w denotes the volume form on 7 (N, \ 7). As a result, we have that the vy measure
of a product of the two balls is the product of the corresponding measures of those balls.
The measure of any ball of a fixed radius in H is constant, since H is homogeneous. The
y%gw measure of a ball in 7 (N \ 7) is again bounded above and below by fixed constants,
by inducting on a surface of lower complexity.
Since we have uniform bounds for both the terms in the product, we get uniform bounds

for the measure of a ball in T (Nj). O

I11.6.3: Teichmiiller Geodesics and Geodesics in the Curve Complex

In this section, we will deduce some standard results about Teichmiiller geodesics and the
corresponding curve complex geodesics for non-orientable surfaces by reducing to the ori-
entable case. The following lemma will be the main tool for the reduction to the orientable

case.

Lemma II1.75. Let [x,y] be a Teichmiiller geodesic segment in T (N'), where N is a non-
orientable surface, and [z,y] be its image in T (S), where S is the orientable double cover of
N. Let V be a subsurface of S: then the following statements hold for dy(T,7y).

(i) If V' is the lift of an orientable subsurface W in N, then dy(Z,y) = d,)(T,y) =

(ii) If V is the lift of a non-orientable subsurface W in N, then dy(Z,y) < dw(x,y).

(ii1) If V is not a lift of a subsurface in N, then there exists a uniform constant ko, inde-
pendent of x, y, and V', such that dy(Z,y) < k.

Proof. We deal with the proof in cases.

(i) If V' is the lift of an orientable surface, we have that the covering map restricted to V'
is a homeomorphism, and the same holds for ¢«(V'), so the result follows in this case as

well.
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(ii) If V is the lift of a non-orientable subsurface W, then by Theorem II1.72, we have that
C(W) quasi-isometrically embeds into C(V'), and the result follows.

(iii) If V' is not a lift at all, that means V' and (V) are transverse subsurfaces. By the

Behrstock inequality, there exists a kg such that the following holds.

(I11.6.3) min (dy (7, 0(V)), dy (3, V) < %

But we also have that z is fixed by ¢, which gives us the following equality of curve

complex distances.
(111.6.4) dy(z,0u(V)) = dyvy(z,0V)

Combining (II1.6.3) and (I11.6.4), we get the following bound on the C(V') distance
between z and du(V).

- k
dy (7,0u(V)) < 3
We have that the same bounds also hold for y, so the result follows from the above

inequality and the triangle inequality.
This shows the result for all the cases and concludes the proof. O

We begin by proving the distance formula for points in Teichmiiller space. Let x and y
be a pair of points in T (N;), and let I' be the set of curves that are short on both = and v,
I, the set of curves that are only short on z, and I'y the set of curves that are only short
on y. Let p, and p, be short markings on = and y respectively. Let C* and C~ denote the
set of two-sided and one-sided curves on N,. Finally, let [z], be the function which is 0 for
x < k, and identity for z > k.

Theorem IIL.76 (Distance formula). The distance between x and y in T(Ny) is given by

the following formula.

d(z,y) =Y ldy (e )], + Y [og(dapa 1)),

Y aclenCt
(I11.6.5) + max dy,(z,y) + max dm.o).(sy)
+ max log —— + maxlog

a€l, ly(a)  aely ly (o)
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Proof. Let  and y be the images of  and y in T (S,—1) under the isometric embedding
map. Since d(x,y) = d(z,7y), it will suffice to estimate d(z,y) using distances in the curve
complexes. Let j, and i, be the lifts of p, and p,. Both p, and y, are short markings on =
and 7 respectively. We have by Rafi’s distance formula [Raf07, Theorem 6.1], the following
estimate on d(Z, 7).

AT, ) =) [dy (i 1))y, + > Hog(da iz, 15,)],,

aefc
(111.6.6) + max dy, (7, y)
ael’
1
+ maxlog + max log ——

acl;  lx(@)  oaely 7 ()

Here, f, f;, and f; are curves on r and y that are simultaneously short, short on x and not
on 7, and short on i and not on ¥ respectively.

It will suffice to show that for a large enough choice of k, the right hand side of (I11.6.5)
is equal to the right hand side of (II1.6.6), up to an additive and multiplicative constant.
We consider the first term in the right hand side of (II1.6.6), namely the sum over the non-
annular subsurfaces Y. There are three possibilities for Y in S,_;, which we deal with using
Lemma II1.75.

(i) Y is one component of a lift of an orientable subsurface Z of N: In this case we have
dy (P, ty) = dz (s, f1y) (and the same equality with Y replaced with ¢(Y")). Thus, for
every term associated to an orientable non-annular subsurface Z in (II1.6.5), we get

two corresponding equal terms in (I11.6.6).

(ii) Y is the lift of a non-orientable subsurface Z of N;: In this case, we have dy (1, f1,) <

dz(fte, ty).-

(iii) Y is not a lift of a subsurface of AV,;: In this case, we have the following for some k.

dY (ZJ’\;a E;) S kO

If we pick a threshold k > kg, the subsurfaces Y that do not arise from lifts will not
contribute to the right hand side of (II1.6.6).

We now do the same case analysis for annular subsurfaces: consider a curve o on S,
that is contained in I'¢, i.e. it is not simultaneously short on z and y. There are three

possibilities for a.
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(i) a is one component of a lift of a two-sided curve v on N;: In this case, o and () are
disjoint, and the restriction of the covering map to these curves is a homeomorphism.
We have do (s, tty) = dy (s, pty): consequently, for every term in I'*NCT in (II1.6.5),

we have two equal terms in (I11.6.6).

(ii) « is the lift of a one-sided curve on Nj: In this case a = t(«), but the transformation ¢
reverses orientation on the surface S,_;. That means (ux) and p,, cannot have a relative
twist between them along «, because if they did, L(Zux)) and L(Zuy)) would have the
opposite twist. On the other hand p; = «(p1;) for i = x and ¢ = y, which means the
relative twist must be 0. This proves that the a which are lifts of one-sided curves do
not contribute to the second term of (II1.6.6).

(iii) « is not a lift of a curve on N,: In this case @ and ¢(«) intersect each other, and are
not equal, which means they are transverse. We deal with this the same way we dealt

with transverse non-annular subsurfaces, i.e. via the Behrstock inequality.

This case analysis proves that the second terms on the right hand side of (III.6.5) and
(II1.6.6) are equal, up to an additive and multiplicative constant.

We now deal with the last three terms of (II1.6.6). These terms deal with short curves on
x or y: we claim that the short curves must be lifts of either one-sided or two-sided curves in
N,. Suppose a curve « is short and not a lift. Then « has positive intersection number with
t(cv), but since ¢ is an isometry, ¢(«) must also be short. For a sufficiently small threshold
for what we call short, we can’t have a short curve intersecting another short curve, which
proves the claim that all the short curves arise as lifts.

Since the curves in I' are all lifts, the third term of (II1.6.6) can be split up into two
terms: the lifts of the two-sided and one-sided curves. For the two-sided curves, the distance
calculation involves both the length and twist coordinate, and for the one-sided curves, only
the length coordinate is involved. This follows from Theorem II1.73.

Finally, the last two terms in (II1.6.6) are the same as the last two terms of (II1.6.5), up
to an additive error of (6¢) - log(2), since the lift of a short curve can double its length, and
there are no more than 6g short curves.

We have shown that the right hand sides of (III.6.5) and (II.6.6) are equal, up to a

multiplicative and additive constant, which proves the result. O

We now verify that Teichmiiller geodesics can be broken up into active intervals associated
to subsurfaces, which are subintervals of the geodesic associated to each subsurface V', along
which the projection to V' is large, and outside of which, the projection is bounded. The

following lemma of Dowdall and Masur [DM23, Lemma 3.26] (which itself is a generalization
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of Rafi [Raf07, Proposition 3.7]) describes the subsegments of [z, y] along which the geodesic

makes progress in the curve complex of a subsurface.

Proposition II1.77. For each sufficiently small e, > 0, there exists 0 < g’ < &, and M., > 0
such that for any subsurface VT S, there’s a (possibly empty) connected interval Ii} C [z, y]
such that the following five conditions hold.

(1) If dy(x,y) > M.,, then Ii! is a non-empty subinterval of |x,y].

(it) Lo(2) < & for all z € If and a € V.

(iii) For all z € [x,y] \ Iy}, some component o of OV has o (2) > &'.

(v) dy(w, z) < M., for every subinterval [w, z] C [z,y] if [w,z] NI = @
(v) For a pair of traverse subsurfaces U and V, I; NI} = &

Proof of Theorem III.77 for non-orientable surfaces. Let N' be the non-orientable surface,
and S its double cover. We consider the image [z, y] of the geodesic [z, y] in T(S). We know
that the result holds for [Z,7], although with ¢;" replaced with %/, since lifting can double
the lengths of some curves.

The main fact we need to verify is that the only subsurfaces V' that have non-empty Z;/
come from lifts. If V' is a subsurface of S that is not a lift, we use case (iii) of Lemma II1.75
to conclude that dy (z,y) < ko for some fixed constant ky. Picking M., > ky guarantees that
the only subsurfaces for which Z{ is non-empty arise from lifts, which proves the result for

non-orientable surfaces. O

Finally, we show that the consistency and the realization results (Behrstock, Kleiner,
Minsky, and Mosher [BKMM12]) hold for Teichmiiller spaces of non-orientable surfaces as

well. We begin by recalling the definition of consistency.

Definition II1.78 (Consistency). For a connected surface S, and a parameter 6 > 1, we say
a tuple (2v) € [[,ogC(V) is f-consistent if the following two conditions holds for all pairs

of subsurfaces U and V.

(i) If U MV, then
min(dU(zU, 8V), dv<Zv, GU)) S 0
(ii) If U C V, then

min(dU(zU, WU(Zv)), dv(ZV, 8U)) S 9
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The following theorem (Behrstock, Kleiner, Minsky, and Mosher [BKMM12, Theorem
4.3]) states that the projection from Teichmiiller space to the curve complexes of all the

subsurfaces is coarsely surjective onto the set of consistent tuples.

Theorem III.79 (Consistency and realization). There is a constant K > 1, and function
¢: Ry — Ry such that the following holds for any surface S.

e (Consistency) For every x € T(S), the projection tuple (my(x))yvrs is K -consistent.

e (Realization) For every 0-consistent tuple (zv)vcs, there exists a point z € T (S) such
that dy (my(z), zv) < €(0) for all V.

Proof sketch of Theorem II1.79 for non-orientable surfaces. We first show that the projec-
tion map is consistent, and then show consistent tuples lie coarsely in the image of the

projection map.

e (Consistency) We map = to x in the Teichmiiller space of the double cover S. By
applying the theorem for orientable surfaces, we have the (my (7)), g, and we restrict
to the subsurfaces in the tuple which arise as lifts. These points lie in the image of the
quasi-isometric embedding map from Theorem II1.72, which means consistency also
holds for the tuples in S.

e (Realization) Given a 0-consistent tuple (zy )y s, we construct a #'-consistent tuple
in the double cover S. For subsurfaces of S that arise as lifts, we use the map from
Theorem II1.72. For the subsurfaces W that are not lifts, we set zy = my (0(t(W))).
The fact that this is a #’-consistent tuple follows from the Behrstock inequality (for
some #' > 6)3. We now use this point to construct y € T(§), and deduce that y is
coarsely fixed by ¢*, i.e. the distance between y and ¢*(y) is bounded above by a uniform
constant C'. Consider the midpoint = of the Teichmiiller geodesic segment joining y
and ¢*(y): by Teichmiiller’s uniqueness theorem, z is fixed under the (*-action. This
means there is some x € 7 (S) whose image is Z, and therefore the projection maps

are coarsely (zy).

3A longer but a more thorough way of seeing this would be to verify that the Teichmiiller space of a
non-orientable surface satisfies the 9 axioms for hierarchical hyperbolicity that are enumerated in Behrstock,
Hagen, and Sisto [BHS19].

110



CHAPTER IV

Future Directions

In this chapter, we list some stronger results that we tried to prove, but still remain open,

as well as alternative approaches to some of the techniques we used.

IV.1: Statistical Convex Core of T (N,)

Recall that in this thesis, we showed that the action of MCG(N;) on T_, (V) is statistically
convex-cocompact for arbitrarily small ,. While this is good enough to get many of the
Patterson-Sullivan theoretic results, since the limit set of the MCG(N;) action on T (Nj)
is the same as the limit set of MCG(N,) action on T (Ny), and T, (N,) is distorted by an
arbitrarily small amount in 7 (NV,). However, having the action of MCG(N,) on all of T (N,)
be statistically convex-cocompact would provide us better error terms for the counting results
we obtain from Patterson-Sullivan theory.

The main issue with showing statistical convex-cocompactness for T(N,) is that the
random walk methods no longer work. We outline why that is the case in Section III.3.3,
but we reproduce the argument here for the reader’s convenience.

If we wanted to make Proposition I11.29 work on 7 (N,), we would need to similarly show
the random walk on 7 (N,) is recurrent in a similarly strong sense: i.e. the probability of
a length n trajectory staying in the thin part decays exponentially in n. A consequence of
this requirement is that the expected return time to the thick part is finite.

Unlike core(T (Ny)), T (N,) has two kinds of thin regions.

- Thin region where only two-sided curves get short.
- Thin region where some one-sided curve also gets short.

It is the second kind of thin region that poses a problem for T (N). Minsky’s product
region theorem (Theorem II1.73) tells us that up to additive error, the metric on these
thin regions looks like a product of metrics on some copies of R (corresponding to the one-

sided short curves), some copies of H (corresponding to the two-sided short curves), and a
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Teichmiiller space of lower complexity. Since the random walk is controlled by the metric,
the random walk on this product metric space is a product of random walks on each of the
components.

In particular, the random walk on the R component is a symmetric random walk on a
net in R: i.e. a symmetric random walk on Z. Symmetric random walks on Z are known to
be recurrent, but only in a weak sense: they recur to compact subsets infinitely often, but
the expected return time is unbounded.

This means we cannot hope to prove exponentially decaying upper bounds on the prob-
ability that a long random walk trajectory stays in the thin part, since that would lead to
finite expected return times. This is why the random walk approach fails for 7 (V).

Despite the failure of the random walk methods, we still believe that the action of
MCG(N,) on T(N,) is statistically convex-cocompact. To see why that might be true,
we consider our examples of geodesic segments that leave 7_ (N): they are coarsely of the
form [p,yp], where v is a psuedo-Anosov on a subsurface where some boundary component
is one-sided. As a result of that, the boundary component gets short, and the geodesic
segments leaves T (N;). However, we have seen that the number of mapping classes has a
lower exponential growth rate than the exponential growth rate of the entire mapping class
group (this is the content of Section I11.4.4). If we can show that all the geodesic segments

that leave T (N;) are of this form, we will have established statistical convex-cocompactness

for T(N).

IV.2: Upgrading Random Walk Phenonomena to Uniform Measure

Recall that in order to prove equality of net point entropy and lattice point (i.e. the contents
of Sections II1.4 and I11.5), we needed to show that the proportion of bad points (see Defini-
tion I11.37) goes to 0 with respect to the uniform measure on a ball of radius R as R goes to
oo. If one replaces the requirement that the net points be sampled from the uniform measure
on a ball of radius R, and instead allow them to sampled from an n-fold convolution of a
finitely supported measure (i.e. the random walk measure associated to an n-step random
walk), the result is easier to prove.

In fact, in the random walk measure setting, the following result of Taylor and Sisto
holds.

Theorem IV.1 (Theorem 1.1 of [ST19]). Let p be a finitely supported measure on MCG(S),
where S is a surface of finite type. Let w, be the random walk on MCG(S) driven by the

112



measure p. Then there exists a constant C' such that the following holds with high probability.

logn

< sup devy(1,wy,) < Clogn
veCsS

Inspired by the above result, we can make a similar statement (and pose a question)

about net points with respect to the uniform measure on a ball of radius R.

Question IV.2. Let wg be a net point picked uniformly at random from a ball of radius R.
Does there exist a constant C' > 0 such that the following holds with high probability?

1
(IV.2.1) oen

< sup dev)(1,wy,) < Clogn
veS

How does the above question relate to bad points? Recall that for a geodesic segment
joining a bad point that is within distance R of the base point p to the base point spends at
least €, R time in the thin part of 7(S). If a geodesic segment spends &, R time in the thin
part, then its subsurface projection to some subsurface grows faster than log R, i.e. it grows
linearly in R.

If we can answer a version of Question IV.2, we can prove the results of Section III1.4
without reducing to the complexity length arguments in Section II1.5.

More generally, it is easier to prove statistical results with respect to n-fold random walk
measures, as opposed to uniform measures, since we can exploit independence between the
steps of the random walk. One can in such situations ask whether a statement made with
respect to the random walk measure continues to hold with respect to the uniform measure.
An example of such a random walk measure to uniform measure upgrade appears in Choi
[Cho22]. They show that in a ball of radius R in the mapping class group (with respect to
the word metric), the proportion of elements that are not pseudo-Anosov goes exponentially
decays to 0, by showing a similar result holds when counting with respect to the n-fold
convolution of the random walk generating measure, and transferring the estimate (with a
worse exponential decay constant) to the uniform measure case.

Performing such a transformation from random walk phenomena to uniform measure
phenomena in a very general setting might be quite hard, since it is known that the hitting
measure of the random walk on the boundary is mutually singular with respect to the

limiting measure of the uniform measure, at least in the orientable case (see Gadre, Maher,

and Tiozzo [GMT15]).
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