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ABSTRACT

We study the !-pullback functor and the theory of (relative) D-modules along morphisms of
qcqgs schemes px : X — S which are almost of finite presentation and finite tor-amplitude.
Key to our approach is the category of quasicoherent sheaves on X xg X supported on the
diagonal. In particular we indicate that “reduction formulae” can be used as foundations for
the theory of Grothendieck Duality. We also set-up the theory of D-modules from scratch
using this approach and show that in cases of overlap, it agrees with classical definitions

using embeddings or the de Rham stack.
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CHAPTER 1

Introduction

For an oriented compact manifold without boundary M, Poincaré duality tells us that the
cohomology of M is (derived) self-dual up to a cohomological shift by the dimension. If the
manifold M was not oriented, the cohomology of M is instead dual to the cohomology with
coefficients in the orientation sheaf, up to the same shift. For a proper variety X over a field,
Grothendieck duality analogously equates the dual of the coherent cohomology of X with the
cohomology of the dualizing complex of X.

A common approach to proving Poincaré duality starts with the introduction of cohomology
with compact support, which allows us to formulate a generalization of Poincaré duality
to the setting of non-compact manifolds. In the appendix of [Har66], Deligne employed a
similar approach to prove Grothendieck duality, using the theory of pro-coherent sheaves.
In [Nee96], Neeman showed that Grothendieck duality also follows from adjoint functor
theorems, without needing to modify the usual category of quasicoherent sheaves. However,
it is difficult to study the dualizing complex from the latter approach as the global duality
does not arise from any local formulation.

In [AILN10], Avramov, Iyengar, Lipman, and Nayak found an interesting formula for the

dualizing complex in the local/affine setting, which they refer to as “reduction formulae”.

WA/k :A®A®kA Homk(A,A) (1.1)

This is Corollary 4.7 in loc.cit.!. Note that the idea of using the diagonal to study the
dualizing complex goes back to Verdier.

In a paper titled Grothendieck Duality Made Simple [Nee20], Neeman related the dualizing
complex from the adjoint functor theorem directly with the formula (1.1) above. This is
in contrast to the situation prior where the two were related only through the construction

of the exceptional inverse image functor (!-pullback) in general using inputs from algebraic

'The tensor products are implicitly derived



geometry. This allows us to trade algebro-geometric techniques for categorical techniques
and opens the door for generalizations.

Our thesis starts with the observation that in (1.1), the %-pullback of the quasicoherent
sheaf Homy(A, A) on Spec A x Spec A to the diagonal is unchanged if we first take the
(derived) torsion part of Homy (A, A) with respect to the diagonal. Hence,

wA/k :A®A®kA FA HOIIlk(A,A) (12)

This simple observation allows us to simplify the proof of Neeman relating the reduction
formula with the dualizing complex from the adjoint functor theorem, as we will explain in
the next section.

In [SVAB97], Smith and Van Den Bergh observed that the zeroth cohomology of
['A Homy (A, A) computes the ring of Grothendieck differential operators on A relative to k,
as defined by Grothendieck in [Gro64]. In the same paper, Smith and Van Den Bergh also
study the higher cohomologies of I'a(Homy(A, A))- including showing they vanish when A is
smooth over k.

In fact, the entire complex I'a (Homy (A, A)) is always an E;-ring (which is the analogue of
an associative ring to the setting of spectra). In this thesis, we study D-modules as defined
as modules over this ring—showing that it agrees with other approaches to D-modules for
possibly non-smooth varieties. In characteristic zero, this follows from the work of [GR14]

using properties of Grothendieck duality.

1.1 Grothendieck Duality

Suppose X is a finite-type, separated, flat scheme over a Noetherian base scheme S, Propo-
sition 3.3 of [Neel8] (building on Theorem 4.6 of [AILN10] and Lemma 3.2.1 of [ILN15])),
shows the isomorphism

ETea (1.3)



where the maps are defined as in the diagram

k (1.4)
T f

Here, f. denotes the exceptional pullback functor in Grothendieck duality, defined in a
classical way, and 7, denotes the right adjoint to the pushforward functor 7 .. This formula
has the advantage over classical definitions in that it does not depend on a choice of a
compactification of X. Inspired by this, one may ask if it is possible to develop Grothendieck
Duality from scratch using this formula, and thus bypassing the issue of compactifications.
This was the approach taken by the thesis of Hafiz Khusyairi [Khul7], which proved many
properties of (1.3) in the situation of flat morphisms, as above. In [Nee20], Neeman extends
this work and gives some indication that (1.3) can be used as a foundation for Grothendieck
duality—proving Serre duality without resorting to any existing theory of Grothendieck duality.

One source of complication for developing Grothendieck duality using (1.3) appears in
Section 4.2 of [Nee20]. We need to show that the right hand side of (1.3) is local on X.
Namely, if we write f. for the right hand side of (1.3) and u : U — X is an open immersion,

we need to show that
utf) = (uf),

The majority of Section 4.2 of [Nee20] is devoted to a proof of this fact. In this thesis, we
try to provide a more conceptual framework to understand statements like this one and
their proofs, by relying everywhere on the category I'a(QCoh(X xg X)). We note that the
category I'a(QCoh(X xg X)) appears in Neeman’s writing as well. However, though he
makes use of it more sparingly, we aim to use this category whenever possible.

The key point is that the formula §*m; f* is not inherently local on X, due to the
appearance of the (non colimit-preserving) functor 7. Additionally, the sheaf of categories
U — QCoh(U xg U) is not a quasicoherent sheaf of categories on X (in a precise sense
which we define in Proposition 3.1.3). However, as we will see in Proposition 3.1.3, the sheaf
U+ T'a(QCoh(U xgU)) is, where the latter category is the full subcategory of QCoh(U xgU)
supported on the diagonal. Additionally, as 0* only sees the part of the quasicoherent sheaf



on X xg X that is supported on the diagonal, we can actually rewrite §*7; f* in a way which
bypasses the category QCoh(X x X). Namely,

S RS
where
0" : TaA(QCoh(X xg X)) — QCoh(X)

and
7~T1>< : QCOh(X) — FA(QCOh(X Xg X))

are analogues of * and 7, involving only I'a (QCoh(X x g X)) (see Section 3.1 for the precise
definitions). Therefore, we achieve a rewriting of f} which is manifestly local. All the technical

inputs are cleanly packaged into two statements:
1. U~ I'a(QCoh(X xg X)) is quasi-coherent sheaf of categories (Proposition 3.1.3)

2. 7, is a quasicoherent map (Proposition 3.1.6)

1.2 D-modules

Modules over the ring of differential operators, or D-modules for short, were first studied
following ideas of Mikio Sato. D-modules provide an algebraic framework in which one
could study differential equations and constitute a vast generalization of the theory of flat
connections on vector bundles. Since then, D-modules have become an invaluable tool in
algebraic geometry and representation theory.

For X = Spec A, a smooth affine variety over a field k, the Grothendieck ring of differential

operators on X relative to k, D/, is the increasing union

DX/k = U D(n) g Homk(A,A)

n>0
where D™ C Homy(A, A) is defined inductively by
DY =0

and
D™ = {f € Homy(A, A)|Va € A, [f,a] € D™V}

(a € A is thought of as an element Homg (A, A) via multiplication by a)



By a D-module on X, we then refer to a module over the ring Dx/;. For X a general
smooth variety, we can glue this definition Zariski-locally: Dx/, becomes a quasicoherent
sheaf of algebras (though with two different actions of the structure sheaf-on the left and
right), and a Dx/,-module refers to a quasicoherent sheaf with an action of Dx ;. If one only
studies D-modules on smooth varieties, such a definition will suffice. However, over singular
varieties, the same definition will lead to many unpleasant properties.

For this reason, two alternative definitions were proposed for studying D-modules on
singular varieties over a field k. The first stems from Kashiwara’s equivalence, which says
that if Z is embedded in a smooth variety X via a closed immersion, then the category of
D-modules on X supported on Z is independent of the choice of X and in the cases where Z
is smooth agree with the category of D-modules on Z. Therefore, when Z is singular, one
can define D-modules on Z as D-modules on X supported on Z, after a closed embedding
Z — X into a smooth ambient variety X has been chosen.

A more intrinsic definition was given by Grothendieck. Namely, for any variety X, smooth
or singular, we can consider the (small) site of infinitesimal thickenings U — T where U
varies over open subsets of X. A crystal (for the infinitesimal site) on X is then (roughly
speaking) the data of a quasicoherent Or module Fr for each thickening U — T, such that

for any morphism of thickenings in the infinitesimal site, the natural map
[R(T) = F(T)

is an isomorphism. It is possible to show these two definitions agree (in the sense of an
equivalence of categories), giving a consistent notion of a D-module on a singular variety.
Nevertheless, one may ask whether there is a third approach, more similar to the definition
in the smooth setting, where we can explicit construct a quasicoherent sheaf of algebras Dy
on a singular variety X such that Dx modules will give the same category of D-modules as
the two approaches mentioned above.

In the present thesis, we will show that this is indeed possible, and that the correct
definition of Dx will simply the derived version of one of the standard definitions for Dy
in the smooth setting. Let us now indicate which definition of Dx we intend to derive. For
simplicity, we will assume X = Spec A is an affine underived Noetherian scheme. In this

setting, it is well known that in the case A is smooth, there is an isomorphism
D4 = colim,(Homu ((A ®; A)/Ix, A))

where I is the kernel of the multiplication map 4 : A ®, A — A, and the formula is the

same whether we read it in a derived way or not. In the case A is singular, we can simply



take the same definition, but now require that we read it in a fully derived manner. However,
it is not extremely clear what the algebra structure on D, is in this form.
We note the following isomorphisms which follow simply from tensor-hom adjunction (all

the tensor products are derived)

colim,, (Hom4((A @y A)/Ix, A)) = colim,,(Homa((A ®; A) @ag,a (A Rk A)/IR, A))
= colim, (Hom g, 4((A ®; A)/IX, Homa(A® A, A))

colim,,(Hom g, 4((A ®% A)/Ix, Homy(A, A)))

= T'a(Homg (A, A))

I

where 'y means taking local-cohomology (as a complex) at the diagonal of Spec A. Note
that this presentation makes the algebra structure evident. In fact, unfolding the definition
of H%(T'a(Homy (A, A))) recovers exactly the definition of k-linear differential operators on A
as defined by Grothendieck. This formula for the ring of differential operators first appeared
in Section 2.1 of [SVABI7|, where they also briefly study the derived ring of differential
operators.

It is Da(Homy(A, A)) that we will take as definition for D,4. Using this ring, we will
define the category of D-modules and show that most of the constructions one can do with
D-modules in the smooth setting carry over directly. We will also show using Kashiwara’s
equivalence in our setup that it agrees with classical definitions when they overlap.

Additional discussions on the derived ring of differential operators can be found in [Jef21],
though the goals of that paper is markedly different from ours. The derived ring of differential
operators is also defined in [GR14], and expanded on in [Yan21]. However we our description

of the ring is more explicit in the non-smooth case (we also work in a larger generality).

1.3 Terminology and Conventions

The most general setting in which this thesis applies will be for a map of spectral Deligne-
Mumford stack px : X — S which is locally almost of finite presentation and finite tor-
amplitude. The reader can find the precise definitions of these terms in [Lurl8], however we
take this section to give the reader a guide to these assumptions and why we need them (or
at least think we need them).

First, we will say nothing about the definition of a spectral Deligne-Mumford stack except
that étale locally, it is isomorphic to a spectral affine scheme. In fact this is also the only
thing that we will use about them. Our theory extends to spectral Deligne-Mumford stacks

formally via étale descent. The rest of the conditions are local, so for the rest of this section



we will stick with spectral affine schemes.

A spectral affine scheme is completely determined by a connective E.-ring, just as usual
affine schemes are completely determined by a commutative ring. E.-rings are a vast
generalization of commutative rings to the realms of homotopy theory. Unlike a commutative
ring, which has an underlying abelian group, a connective E,.-ring has a underlying connective
spectra. Connective spectra are to spaces (homotopy types) what abelian groups are to sets.

The reason that spectral affine schemes shows up in this thesis, even if one only cares about
the results in the classical setting, is that we work with the product X xgX. If px : X — S'is
not flat, then taking the fibre product in schemes (instead of spectral schemes) will not yield
the correct results. One explicit way to see the failure is to note that many base-change results
fail if the underived fibre product is taken (this is why the standard push-pull isomorphism for
schemes is often stated with tor-independence conditions). However, if the reader is willing
to work in the setting of px being flat, they are free to ignore this issue. The theory is still
interesting in that case—in particular the case of a singular variety over a field will fall within
those assumptions. A fair warning that the ring of differential operators can nevertheless be
a non-connective ring in that setting (meaning it can have cohomology).

The condition that the map is almost of finite presentation is analogous to the usual
condition for a map of rings to be finitely presented, which is that it is given by adding
finitely many generators and relations. The term almost means (roughly) that we allow
infinitely many generators and relations (killing off cells) but only if the dimension of the
generators and cells goes to infinity. This condition is useful to obtain finiteness properties of
the pushforward maps which occur in the theory.

Finally, a very important condition for us is the finite tor-amplitude condition. We say
that a map k& — A of E_.-rings is finite tor-amplitude if for any k-module M which is discrete
(only having ), the tensor product M ®; A has vanishing homotopy groups outside of a
uniform bound independent of M. For a discrete ring k, this means that A is isomorphic to
a finite complex of flat k-modules. This is done to ensure that the exceptional inverse image
functor preserves colimits and that the category of D-modules can actually be realized as
modules over a ring.

A note on conventions: In this thesis, all categories, unless stated otherwise will be
(00, 1)-categories. All functors, such as Hom, ®, colim, and lim will be fully derived/done
at the co-categorical level unless stated otherwise. A stable category will refer to a stable
oo-category. All modules/quasicoherent sheaves will also be assumed to be fully derived. We
will aim to follow the terminology of Lurie in [Lur09], [Lurl7], and [Lurl8]. For the affine
scheme corresponding to the ring R, we will abuse notation and also refer to the associated

spectral Deligne-Mumford stacks as Spec R instead of Spét R.



1.4 Summary of Results

In this section, we summarize the main results in the thesis. Many results here are presented
with stronger assumptions than in the main text for ease of exposition.

Fix px : X — S a map of qcgs spectral schemes which is almost of finite presentation
and finite tor-amplitude. For simplicity, let us assume py is separated. All separatedness
conditions can be dropped with suitable modifications which we leave to the main text.

We show that the category I'a(QCoh(X xg X)) is a quasicoherent sheaf of categories on

X in the following sense (see Proposition 3.1.3 in the main text).

Proposition 1.4.1. For a separated étale map v : U — X, we have

QCOh(U) ®QCoh(X) FA(QCOh(X Xg X)) = FA(QCOh(U Xg U))
where QCoh(X) acts on QCoh(U) wvia j* and QCoh(X) acts on I'a(QCoh(X xg X)) via
Ca7l (i.e. by tensoring on the left).

This in particular shows that I'a (QCoh(X xg X)) satisfies étale descent. Next, we show
that the functor 7;* is a map of quasicoherent categories for formal reasons, see Proposition

3.1.6 in the main text.

Proposition 1.4.2. For a separated étale map u: U — X,

Ty QCoh(U) — I'a(QCoh(U x5 U))
is QCoh(U) linear and agrees with 7| . for X base changed to U, i.e. tensored with QCoh(U)
over QCoh(X).

The two propositions above provide the backbone for our results developing Grothendieck
duality using 1.3. We start with the definition (Definition 3.2.1 in the main text),

Definition 1.4.3.
Py = 61 px : QCoh(S) — QCoh(X)

where the maps are as shown in the diagram (1.4).

We prove the exceptional pullback (also referred to as upper shriek) functor defined above
satisfies the following properties. The following is contained in Equation (3.2), Corollary
3.2.15, Proposition 3.2.3, and Theorem 3.2.21 in the text. Parts of this theorem are contained
in [Nee20], but we take a slightly different approach.

Theorem 1.4.4. 1. p'y is colimit-preserving (in fact QCoh(S)-linear)

8



2. If px is proper, then py = p%.

3. If px is étale, then p'y = pk.

4. If g : X' — X is also finite tor-amplitude and locally almost of finite-presentation, then
g1 =(fg)

The theorem below can be found in the text in Theorem 4.1.12, Theorem 4.2.1, and
Theorem 4.5.3.

Theorem 1.4.5. For px : X — S as above, there is an object
Dx/s € FA(QCOh(X Xg X))

such that if X = Spec A and S = Speck, then Dx;s = I'a Homy (A, A). This is what we can
the (sheaf of ) ring of differential operators on X relative to S.

FA<QCOh(X Xg X))

is the subcategory of QCoh(X xg X) supported on the diagonal. It acquires a monoidal

structure via the isomorphism
QCOh(X Xg X) = HOHIQCOh(S)(QCOh(X), QCOh(X))

where on the right hand side the Hom is taken in QCoh(S)—Mod” (see Appendiz A.1). It
is this convolutional monoidal product that is used in the rest of the theorem. Dx;s is an
E;-algebra in I'a(QCoh(X xg X)).

As TaA(QCoh(X xg X)) acts on QCoh(X), Dx/g defines a monad on QCoh(X) and we

can consider the category of Dx;s modules
Dx;s—Mod

Additionally, T'a(QCoh(X xg X)) carries a natural involution via swapping the two copies
of X. The image of Dx;s under this involution is called Dx;s°®. We can also consider the

modules under this monad, which we call
DX/SOp—Mod
Both Dx,;s—Mod and Dx;s°*—Mod satisfies €étale (in fact fppf in the truncated setting)

9



descent with respect to X and fpqc descent with respect to S. Also, we have the following

1somorphisms

Dx/SOp—MOd = COlimAsop (FA(QCOh(XnJrl)), *)
= QCoh(X) ®r,(Qon(x xx)) QCoh(X)

Dx;s—Mod = liAm(FA(QCOh(X"H)), *)

= Homp, (qeon(xxx)) (QCoh(X), QCoh(X))

where the last Hom is taken in T'x(QCoh(X xg X))—Mod".

Of vital importance in D-module theory are the pushforward and pullback functors. We
define them in Section 4.3. The following is a rewriting of the beginning of Section 4.3. The

last claim below is clear from definitions, see Section 4.3 for details.

Theorem 1.4.6. Suppose S is a qcgs spectral scheme and f: X — Y is a map between qcqs
schemes which are locally almost of finite presentation and finite tor-amplitude over S. Then,

there is a natural pullback functor
/T : Dy;s—Mod — Dx,;s—Mod
that when written as a map?
It liAr?(FA(QCoh(Y"H)), *) — liAril(FA(QCoh(X”H)), %)

is defined by quasicoherent pullback (upper star) termuwise.

There is dually a natural pushforward functor
f+ 1 Dx;s®—Mod — Dy,s°*—Mod
that when written as a map
fi: liAr?(FA(QCoh(X”“)), ) — liAnsq(FA(QCoh(Y”“)), %)

is defined by quasicoherent pushforward (lower-star) termwise.

2The category of quasicoherent sheaves with diagonal support must be defined by descent if X or Y is not
separated over S

10



Both functors compose well, in the sense that if f : X —Y and g:Y — Z, then
fra" = (gf)"

and
gi fy = (9f)+

In addition, we have (see Theorem/Definition 4.3.2 for details)

Proposition 1.4.7. With the same assumptions as above, the functors f, and f* correspond

to the tranfer (Dx/s, Dy;s)-bimodule
Ff(OX X wy> € Ff(QCOh(X Xg Y))

where I'y means restricting to sections supported on the graph of X inside X xg Y.

We also prove a left-right switch for D-modules with our definitions. The following is

Theorem 4.2.9 in the main text, combined with the discussion above that Theorem.

Theorem 1.4.8. There is an isomorphism
Dx/s—Mod = Dx/5°"—Mod
induced by the (Dx/s?, Dx/g)-bimodule
La(wx/s Mwxys)
and the inverse is induced by the (Dx/g, Dx/s°)-bimodule
CA(Ox K Ox)

This isomorphism is given by tensoring with the relative dualizing complex on the underlying

quasicoherent sheaf.

Lastly in the theory of D-modules, we also prove a form of Kashiwara’s equivalence with

our definitions—this is Theorem 4.4.5 in the main text.

Theorem 1.4.9. Let px : X — S be a locally almost of finite presentation, finite tor-amplitude
map of truncated qcqs spectral schemes. Suppose z : Z — X is a finite tor-amplitude, locally

almost of finite presentation closed immersion. Then, the functor
Z+ : DX/S—MOd — Dz/S—MOd

11



restricts to an equivalence of categories on I'z(Dx/s—Mod)-the full subcategory supported on
7. Dually, the functor
24 1 Dgzyg—Mod — Dx /5P —Mod

is an equivalence onto the full subcategory I z(Dx/s°*—Mod) of the codomain.

Finally, we prove that D-modules agrees with quasicoherent sheaves on the de Rham stack
(note that the conditions here are more restrictive than above). This is stated as Theorem

4.6.7 in the text. For the last claim below, see Appendix C.

Theorem 1.4.10. Let S be an truncated Noetherian scheme and X be a scheme finite-type

and finite tor-amplitude over S, then there is a natural isomorphism
QCOh((X/S)dR) = Dx/s—MOd

The former is also naturally isomorphic to the category of quasi-coherent crystals on the small

or big infinitesimal site.

We also prove a decategorification of Proposition 4.2.5 in [Ber19] in the smooth setting.
It is (one of) the main results of Section 4.7, and we leave the explanation of the notation
to that section. It is possible to deduce the algebra statement from the category statement,

however there are some subtleties which we explore in Section 4.7.

Proposition 1.4.11. In the setting of where X = Spec A is affine and smooth over a base

S = Spec k which is discrete, we have the following isomorphism

Aigoo
D,y = % HH' (A/k) (1.5)

Lastly, we provide an application of the theory to recover a main result of Ben-Zvi and
Nevins in [BZN04]. See Section 5.1 or [BZN04] for the relevant definitions. The following is
the Theorem 5.1.6 in the text and Theorem 1.4 of [BZN04].

Theorem 1.4.12. Suppose 7 : X — X is a good cuspidal quotient of good Cohen-Macaulay

varieties over a field k, then D and Dx are concentrated in degree O and Morita equivalent.

12



CHAPTER 2

Preliminaries

2.1 Support of Quasicoherent Sheaves

In this section we study quasicoherent sheaves supported on a closed immersion which is
locally almost of finite presentation.

We adopt the terminology of [Lurl8]. Let z : Z — X be a closed immersion almost of
finite presentation of spectral Deligne-Mumford stacks and u : U — X be the inclusion of the
complement open of Z (u is a quasicompact morphism). We define I'z(QCoh(X)) to be the
fibre of the functor

J* 1 QCoh(X) — QCoh(U)

The map j* admits a colimit-preserving right adjoint (which is also a section), namely
J« : QCoh(U) — QCoh(X)
where we use crucially the quasicompactness of u. Let
iz : I'z(QCoh(X)) — QCoh(X)
denote the inclusion functor of that subcategory. Let
'z : QCoh(X) — I'z(QCoh(X))

be the right adjoint of iz, or equivalently the left Kan extension of the identity functor on
I'2(QCoh(X)) to the entirety of QCoh(X). The fact that j, preserves colimits implies the
same for I'y which in turn shows that iz preserves (and reflects) compact objects. The

following is a split-exact sequence of categories (in the sense of Definition A.2.3)
['7(QCoh(X)) — QCoh(X) — QCoh(U) (2.1)
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Note that I'(QCoh(X)) carries a symmetric monoidal structure with unit I'z(Ox).

If X is an affine spectral scheme, i.e. X = Spec R. Then Z = Spec S where my(R) — mo(.5)
is a surjective with finitely generated kernel I. Let (¢1,...,t,) denote a sequence (not
necessarily regular) in mo(R) generating I and let R/(t1,...,t,) denote the (derived) R-

module constructed from the Koszul complex on the sequence.

Lemma 2.1.1. For X = Spec R and Z being cut out by finitely many equations ty,...,t, €
mo(R), the category I'z(QCoh(R)) is compactly generated by R/(ty, ... ty).

Proof. Since R/(t1,...,t,) is compact, we only need to show it is a generator. In this
situation, it suffices to show if Homg(R/(t1,...,t,), M) = 0 and M is in I'z(QCoh(X)) then
M is zero. For a general M € QCoh(X), by writing j,7*M as a finite (Cech) limit, we can
calculate that the fibre of the map M — 7,7*M is given by

colimy, Homp(R/(t}, ... t5), M)

Now suppose M € I'z(QCoh(X)) and Hompg(R/(t1,...,t,), M) = 0, then the above colimit
is M. However, since each R/(t¥ ... t%) is generated under finite colimits from R/(ty, ..., t,),

each term in the colimit is zero. Hence, M = 0. [

Proposition 2.1.2. The category I'z(QCoh(X)) is compactly generated for a locally almost

of finite presentation closed immersion of qcqs algebraic spaces z : Z — X.

Proof. By Proposition 8.2.5.1 of [Lurl8], we can reduce to showing the full category of
connective objects is compactly generated (same as the reduction of Proposition 9.6.1.1 to
Proposition 9.6.1.2 in loc. cit.). Then, by choosing the scallop decomposition to start with a
cover of the complement of Z, the same arguments (of Proposition 9.6.2.1 of [Lurl8] which is

just a rewording of Proposition 9.6.1.2) carries through completely. |

The following lemma crucially relies on the truncated-ness of X and will be an important

input to the theory of D-modules later.

Lemma 2.1.3. For a closed immersion z : Z — X of truncated spectral Deligne-Mumford

stacks which is locally almost of finite presentation,
¥ = z"y : T2(QCoh(X)) — QCoh(Z)
1s conservative. If X is a qcqs truncated spectral algebraic space,
2% = 2%z : T2(QCoh(X)) — QCoh(Z)
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18 conservative.

Proof. We first reduce to the case where X is affine. The first statement reduces immediately,
the second reduces using Proposition B.0.3. So we can let X = Spec R and Z = Spec S.

Because R/(t1,...,t,) has finitely many homotopy groups and each homotopy group is a
mo(S)-module, the localizing subcategory generated by my(S) contains R/(t1,...,t,). Hence
the localizing subcategory generated by S does also.

For the first statement, let N be a R-module supported on Z such that S ®g N = 0.
Consider the collection of R-modules M such that M ®r N = 0, this is a localizing subcategory.
So since this collection contains S, it also contains R/(ti,...,t,) and hence N is zero by

Lemma 2.1.1. The second statement follows similarly. [

Proposition 2.1.4. Suppose z : Z — X is a closed immersion of spectral Deligne-Mumford

stacks which factors through an étale map u : U — X, then u* induces an isomorphism
I'2(QCoh(X)) = I'z(QCoh(U))

Proof. We may assume X is affine by étale descent on X. If u is an open immersion, the
statement follow from Zariski descent of quasicoherent sheaves for the covering of X consisting
of U and the complement of |Z|.

Since étale maps are open, by Zariski descent on U and the analogous result for open
immersions, we can reduce to the case where u is affine and surjective. The map |Z| — u~!(|Z])
(coming from the fact that Z lifts to U) is open (as sections of étale maps are étale by [Lurl7]
Remark 7.5.1.7), hence without loss of generality we can assume u™'(|Z]) = |Z|.

Then the statement follows from taking fibres along the Nisnevich excision square of

quasicoherent sheaves ([Lurl8] Theorem 3.7.5.1 + Nisnevich descent) .

U\Z — U

Ll

X\Z — X

2.2 Adjoints and Duality in Algebraic Geometry

In this section, we explore two categorical dualities which will be relevant later. The first
duality interchanges a dualizable object in a symmetric monoidal category with its dual, which

we refer to as up-down duality. The second duality interchanges a dualizable category with its
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dual (inside ¥ —Mod” for some ¥), which we refer to as left-right duality. Up-down duality
allows us to conjugate compact object preserving functors with taking duals of compact
objects to obtain new functors (when compact objects coincide with dualizable objects).
Left-right duality produces from a colimit-preserving functor between dualizable categories
a functor in the opposite direction on their duals. We will often be in a situation where
our categories are in fact self-dual, where left-right duality produces simply a functor in the
reverse direction. For up-down duality, we quote extensively from [BDS16].

Let us start with up-down duality. For a compactly generated presentable stable category
2, we denote by Z°¢ the stable subcategory of compact objects. Similarly, if f is a colimit
preserving functor between compactly generated presentable stable categories which preserves
compact objects, we let f¢ be the functor restricted to compact objects. Suppose f: 2~ — %
is a map of compactly generated stable categories with a anti-automorphism on the compact
objects which preserves compact objects (for us this will always just be taking the dual of the
object in a symmetric monoidal category where all compact objects are dualizable). Then,

we can conjugate the functor f¢ by the anti-automorphism to get a functor
(f)7 (2P = (Z)

By viewing (f€) as a functor from 27¢ to #¢, we can extend it uniquely to a colimit

preserving functor

AN
We record two lemmas paraphrased from [BDS16] (Lemma 2.6 in loc. cit)

Lemma 2.2.1. Suppose f: Z — % is a colimit-preserving functor of compactly generated
presentable stable categories which preserves compact objects. Then, f¢: Z¢ — %€ has a
right adjoint if and only if the right adjoint of f preserves compact objects. In which case the
right adjoint of f is induced by the right adjoint of f¢.

Lemma 2.2.2. Suppose [ : X — % is a colimil-preserving functor of compactly generated
presentable stable categories which preserves compact objects. Then, f¢: Z¢ — %€ has a
left adjoint if and only if f has a left adjoint. In which case the left adjoint of f is induced
by the left adjoint of f€.

We also record the following proposition from [BDS16]

Proposition 2.2.3. Suppose f : X — ¥ is a colimit-preserving functor of compactly
generated presentable stable categories (with anti-automorphisms as above) which preserves
compact objects and such that fP = f. Let g be the right adjoint of f. Then, f preserves

limats if and only if g preserves compact objects.
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Proof. We know that f preserves limits if and only if f has a left adjoint. By the second
lemma above, f has a left adjoint if and only if f¢ has a left adjoint. Now, f¢ has a left
adjoint if and only if it has a right adjoint because it is invariant under duality. Finally, f¢

has a right adjoint if and only if ¢ preserves compact objects by the first lemma above. W
As a consequence, we have the following lemmas, which can be proven directly.

Lemma 2.2.4. Suppose [ : X — % is a map of compactly generated stable categories with a
anti-automorphism on the compact objects which preserves compact objects. Let g be the right

adjoint of f and suppose g preserves compact objects. Then, g” is the left adjoint of fP.

Lemma 2.2.5. Suppose f: X — % is a map of compactly generated stable categories with
a anti-automorphism on the compact objects which preserves compact objects and limits. Let
g be the left adjoint of f. Then, g” is the right adjoint of fP.

Now let us discuss left-right duality. Suppose 2 and % are dualizable ¥ '-categories, in
the notation of Appendix A.1. Then for f: 2 — % a colimit-preserving ¥ -linear functor,

there is a colimit preserving dual functor
Yooy v

We refer to this duality as left-right duality. Left-right duality also interchanges adjunctions,

namely the following is easily seen.

Proposition 2.2.6. Suppose f : X — ¥ s left adjoint to g : & — Z and both are

colimit-preserving ¥ -linear functors between ¥ -dualizable categories, then g is left adjoint
to fV.

Corollary 2.2.7. Suppose f : X — % is a V-linear colimit-preserving functor between
compactly generated ¥ -module categories. Then [ preserves compacts if and only if f is

limat preserving.

Proof. f preserves compact objects if and only if it has a colimit-preserving right adjoint,

which is true if and only if /¥ has a left adjoint, which is equivalent to f" preserving limits. W

Left-right duality does not change the kernels of Fourier-Mukai transforms. More precisely,

the following is also easily checked

Proposition 2.2.8. Suppose
f: X >
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1s given by the Fourier-Mukai transform with kernel
KeZ2ZV®y%
(all colimit-preserving ¥ -linear functors are of this form) then
ey - 2
1s given by the same kernel K inside
(@) @y 2V 22V Ry W

Remark 2.2.9. Suppose ¥ = k—Mod for a commutative ring k, & = A—Mod, and
% = B—Mod for some k-algebras A and B. Let f : A—Mod — B—Mod be given by
tensoring over A with some (B, A) bimodule M. In this case f¥ : B°?—~Mod — A°®—Mod is
given by tensoring over B°P with the same M, thought of as a (A°®, B°?) bimodule.

In practice we will almost never use the superscript ¥ to denote left-right duality. We
note here that if X is a qcgs spectral algebraic space over S, QCoh(X) is always self-
dual over QCoh(S) (see [Lurl8] 9.4.2.2, 9.4.3.1, 9.4.4.6, and 9.6.1.1). As a consequence of
the Proposition 2.2.8, we note that left-right duality switches quasicoherent pullback with
quasicoherent pushforward, as they are given by the same Fourier-Mukai kernels. Finally,
suppose we are given qcqs spectral algebraic spaces X over S. Let iz : Z — X be a locally

almost of finite presentation closed immersion of X. Then

Proposition 2.2.10. T'z(QCoh(X)) is self-dual and left-right duality interchanges iy with
I'y.

Proof. We can apply the same argument as the standard proof that QCoh(X) is self-dual
when X is a perfect stack (for example Corollary 4.8 in [BZFN10], though note that they
use a stronger than necessary definition of perfect stack). The only difference is that when
showing QCoh(X) is self-dual, the unit and counit maps are given Fourier-Mukai transforms
with the kernel

On € QCoh(X xg X)

Whereas to show I'z(QCoh(X)) is self-dual, we use instead the kernel

[2(Os) € T£(QCoh(X)) Bacon(s) T2(QC(X))
The rest of the proof proceeds the same way as in [BZFN10].
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For the second part of the proposition, simply check that both functors are given by the

same Fourier-Mukai kernel, namely,

I'7(Oa) € I'z(QCoh (X)) ®qcon(s) QCoh(X)
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CHAPTER 3

Grothendieck Duality

3.1 Diagonally Supported Sheaves

In this section, we introduce the “quasicoherent” sheaf of categories I'a(QCoh(X x X)),
which is in a sense the main player of the entire thesis.

We adopt the terminology of [Lurl8]. Fix a spectral affine scheme S as the base. In this
section, let X be a spectral affine scheme with a structure map py : X — S which is almost
of finite presentation and finite tor-amplitude. By the results of this section, the theory can
be bootstrapped to the case of X a spectral Deligne-Mumford stack using étale descent, such
that the map to S is locally almost of finite presentation, finite tor-amplitude. It is also
possible to work over a much more general base because of descent of the construction with
respect to the fpqc or descendable topology on the base, see Remark 3.1.8.

Let X x¢ X be the pullback of py along itself. We define 7; and 75 to be the two projection

maps of this pullback. Here is a diagram,

X xgX 25 X

™ Bpx (3.1)

Let A denote the diagonal inside X xg X (which is abstractly isomorphic to X). The
inclusion ¢ : X — X xgX is locally almost of finite presentation by [Lurl8] Proposition 4.2.1.6
and [Lurl7] Corollary 7.4.3.19. Thus we can consider the subcategory I'a(QCoh(X xg X))
of quasicoherent sheaves on X xg X which is supported on the diagonal. Let us denote the

inclusion functor by ia and its right adjoint by I'a.
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We write

10 : TA(QCoh(X xg X)) — QCoh(X)

for the composition m ,in and
7~T1>< : QCOh(X) — FA(QCOh<X Xg X))

for the right adjoint of 71 .. Importantly, 7} is a colimit-preserving functor. This follows
from the following theorem because all the categories in sight are compactly generated (see
Lemma 2.1.2).

Theorem 3.1.1. 7, preserves compact objects.

Proof. Because ia preserves compact objects, any compact object
S FA(QCOh(X X g X))

can be thought of as a compact object x € QCoh(X xg X) supported at the diagonal.
By Proposition 5.6.5.2 in [Lurl8|, m .(z) is almost perfect. Because px : X — S is finite
tor-amplitude, 7 () is also finite tor-amplitude. Therefore, m .(z) is perfect by [Lurl7]

Proposition 7.2.4.23, hence compact. [ |

Corollary 3.1.2. 7] is a colimit-preserving QCoh(X)-linear functor, where QCoh(X) acts
on T'A(QCoh(X x X)) via Tany (i.e. tensoring on the left).

Proof. Follows from the theorem above and Theorem A.1.6. |

Etale descent of the category I'a(QCoh(X xg X)) will follow from the fact that U —
LA(QCoh(U xg U)) is a “quasicoherent” sheaf of categories on the affine étale site of X'
where QCoh(U) acts on I'a(QCoh(U x5 U)) via I'an} A (i.e. it acts by tensoring on the first

component).

Proposition 3.1.3. For an affine étale map u: U — X, we have
QCOh(U) ®QCoh(X) FA(QCOh(X Xg X)) = FA(QCOh(U Xg U))

where QCoh(X) acts on QCoh(U) wvia j* and QCoh(X) acts on I'a(QCoh(X xg X)) via

Ca7y (i.e. tensoring on the left).

'for a non separated U we have to be slightly careful with the definitions of support, but we can avoid
this issue by restricting to affine étale maps (the topos is unchanged so there’s no loss of generality).
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Proof. The left hand side is canonically
QCOh(U Xg X) ®QCoh(X><sX) FA(QCOh(X Xg X)) = FA(QCOh(U X9 X))

because tensor products preserve split-exact sequences of presentable stable categories (see
Proposition A.2.7). Now the result follows from the Proposition 2.1.4 applied to the diagonal
closed immersion U — U x X which factors through the map U x U — U x U. |

Corollary 3.1.4.
U— FA(QCOh(U Xg U))

is a sheaf on the affine étale site of X.

Proof. This follows from the above proposition as all quasicoherent sheaves of categories
satisfy étale descent (see Remark 10.1.2.10 of [Lurl8] or Proposition 3.45 of [Mat16]), though
in this case it is easy to check directly that I'a(U xg¢ X) is an étale sheaf directly as well. W

Remark 3.1.5. Proposition 5.1.3 and Corollary 3.1.4 admit obvious generalizations to

products of more than two terms.
Next, we show that 7;* is a “quasicoherent” map of (quasicoherent) sheaves of categories.

Proposition 3.1.6. For an affine étale map u: U — X,
Ty QCoh(U) — I'a(QCoh(U x5 U))

is QCoh(U)-linear, colimit-preserving, and agrees with %fx for X base changed to U, i.e.
tensored with QCoh(U) over QCoh(X).

Proof. The map above is QCoh(U)-linear and colimit-preserving by Corollary 3.1.2. The
second claim above follows because tensoring with QCoh(U) over QCoh(X) preserves adjoints

of colimit-preserving functors and 7 , for X tensored to U agrees with 7 , for U. [ |

For F € TA(QCoh(X xg X)), and an affine étale map u : U — X, we denote by F|y the
(quasicoherent) pullback of F in

FA<QCOh(U Xs U))
Proposition 3.1.7. For F € QCoh(X) and an affine étale map u : U — X,

Tx (Flv = 7y (Flu)



Proof. This is a direct consequence of Theorem A.1.4 applied to pullback along u : U — X

and upper cross functor 7;° and the above proposition. [ |

Remark 3.1.8. Note that from étale descent in X, we can define
FA<QCOh(X Xg X))

for X a locally almost of finite presentation and finite tor-amplitude spectral Deligne Mumgford
stack over S. Also because
FA(QCOh(X Xs X))

admits descent with respect to the fpgc/descendable topology on S, we can even generalize to
px : X — S being a locally almost of finite presentation, finite tor-amplitude map of sheaves

which 1s a relative spectral Deligne-Mumford stack.

3.2 Dualizing Complexes and the Upper Shriek Functor

This section is dedicated to defining the upper shriek functor and proving some properties
of it. Almost all of the results in this section are, in some form, contained in [ILN15] and
[Neel8]. The key differences are the order of presentation—we define the upper shriek functor
without compactifications at all and develop its properties from scratch—and the fact that
we make heavy use of the category ['a(QCoh(X xg X)), which is morally “proper” over X.
We are motivated to study this subcategory for its own sake in view of its connections with
differential operators.

We begin by defining the upper shriek functor for an almost of finite presentation and finite
tor-amplitude map px : X — S between spectral affine schemes. As before, globalization to
a more general base S will be immediate by construction and to a more general X will follow

from the results proven.

Definition 3.2.1. The upper shrick functor py : QCoh(S) — QCoh(X) is defined by
Pl i= 0w
where 0 : X — X xg X is the diagonal map.

Remark 3.2.2. Following [BBST?24], it may be possible to give an alternative definition for

this functor. Namely, we can define it by

px (1) == px () ®wxss
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and to define wx,s be the (necessarily unique if it exists) unit of some symmetric monoidal
category of (quasi)-coherent sheaves on X whose monoidal structure is given by cross-pullback
along the diagonal, i.e.

F©G =5 (FRG)

We don’t know how to do this in our generality (in some smaller generality one can use the
subcategory of homologically bounded quasicoherent sheaves with coherent homotopy groups).

However, using the results of this thesis, we can identify wx,s as the unit of the category of
right Dx,s modules with monoidal structure given by cross pullback along the diagonal (Note
that the definition of right D-modules as a inverse limit does not depend on the results of this
section). Similarly, we can also identify wx, s as the image of the structure sheaf under the
left-right switch of D-modules (here also the functor from right D-modules to left D-modules

can be defined without the results of this section, as the reader can verify).

This formula (often referred to as a reduction formula) for the upper shriek functor appears
in many places in the literature, e.g. [Neel8] Proposition 3.3, however here we will take it as
a definition. The main property of upper shriek is that it behaves well under composition,
that is

(fo) =g'f

and that it interpolates between upper-cross pullback in the proper case and upper-star
pullback in the étale case. This is what we aim to show in this section.

The pullback functor along the diagonal
0" : QCoh(X xg X) — QCoh(X)
factors through the local cohomology functor I'a, namely
0* 2 6" T'a

Therefore,
Py =0T Dk (3.2)

From the above we see the upper shriek functor is colimit preserving and QCoh(.S)-linear.

Proposition 3.2.3. Suppose u : U — X is an affine étale map, then

Proof. This follows from the Proposition 2.1.4 applied to the closed immersion U — U x x X
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with a lift to U x x U. Namely, we know that
T : Ta(QCoh(U x x U)) — QCoh(U)

is an isomorphism and its inverse and adjoint (on both sides) is [a7f (where m : Uxx U — U

is the projection map to the first component). Therefore

Proposition 3.2.4. Suppose u : U — X s an affine étale map, and py : U — S s the

structure map, then
PR BN
Py =UDpx =UupPx

Proof. The second isomorphism follows from the previous proposition, the first follows because

= ~*U7~T1X,UU*JU_>§(]:
= 0y (7] xPx F)lu
=’ jfﬁixp}]:
where the third isomorphism uses Proposition 3.1.7. [

Remark 3.2.5. By defining the category T'a(QCoh(X xg X)) by descent on relative spectral
Deligne-Mumford stacks such that the map from X to S is locally almost of finite presentation
and finite tor-amplitude, we can define the \-pullback for all such maps. In this way we can

drop the assumption that u is an affine map in the previous propositions.

Definition 3.2.6. For any map px : X — S of spectral Deligne-Mumford stacks which is
locally almost of finite presentation and finite tor-amplitude, we define the relative dualizing

complex of X over S to be
wx/s = x(Os) (3.3)

where p'y is defined as in Remark 3.2.5.

Because of the Proposition 3.2.4 and Remark 3.2.5, for an étale u : U — X, we have

'3
Uwx/s = Wy/s
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Also, w behaves well under base-change with respect to S. Namely, if ¢ : S — S is a map of

spectral affine schemes, there is an isomorphism

Wxxgs /s = (id x q)" (wx/s)

To be general,

Theorem 3.2.7. Suppose we have the following pullback diagram of spectral Deligne-Mumford

stacks where py s locally almost of finite presentation and finite tor-amplitude

s

Y5/§YXSS/—2>Y

where py is finite tor-amplitude and all maps are almost of finite presentation. Then

Y

D ox o~y k|
T Ps = TPy

Proof. The entire construction base-changes well with respect to S, so this is clear. |

Because p'y is colimit preserving and QCoh(.S)-linear, we have
P (F) = wx/s @ pxF (3.4)

Remark 3.2.8. Equation (3.4), combined with the analogous statement for the classically
defined upper-shriek functor (see [Neel]] Remark 1.22) implies via Corollary 4.7 of [AILN10]
that our upper-shriek functor agrees with the classical one for finite tor-amplitude, finite-type,

separated morphisms of non-derived Noetherian schemes.
Remark 3.2.9. The above statements generalize to relative spectral Deligne-Mumford stacks.

Proposition 3.2.10. Suppose px : X — S is a separated map of qcqs algebraic spaces,
which is locally almost of finite presentation and finite tor-amplitude. Then there is a natural

transformation
X !
DPx — Px
and hence also a natural map

Hom(px.F,G) — Hom(F,p'yG)
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for F € QCoh(X) and G € QCoh(S).

Proof. Consider the square
Xxg X — X

T p

From the push-pull isomorphism ([Lurl8] Proposition 6.3.4.1), there is a map

T1+TaDx = PYDXDx — Px
hence by adjunction, we have a map
DX — T Px
Pulling back along ¢ gives a map
px = 8Tk = vy

where we use the fact that Definition 3.2.1 applies for separated, locally almost of finite

presentation, finite tor-amplitude maps of relative qcqs algebraic spaces. [ |
Remark 3.2.11. This proposition can be generalized to a more general base S.

We recall the following proposition from [Lurl8|, which we will refer to as pull-cross
isomorphism. We note that for qcqs spectral algebraic spaces, it follows directly from the
fact ([Lurl8] Theorem 6.1.3.2) that pushforward along maps which are locally almost of
finite presentation, proper, and finite tor-amplitude preserve compact objects as well as
categorical base-change results of Appendix A.1 (Theorem A.1.4) together with the fact that
colimit-preserving adjunctions of module categories are preserved under extension of scalars

[of categories]).

Proposition 3.2.12. [[Lurl8] Proposition 6.4.2.1] Suppose py is a proper, locally almost
of finite presentation, finite tor-amplitude map which is a relative spectral algebraic space.

Then, if ps : 8" — S is any map of spectral Deligne-Mumford stacks,

X _ % ~v * X
T Pgr = ToPx
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where the notation is as in the diagram

YS/gYXSS/LY

S\ —— S

Theorem 3.2.13. Suppose px : X — S and g : Y — X are locally almost of finite
presentation, finite tor-amplitude maps of qcgs algebraic spaces. Suppose px is separated and
the composition p, o g is proper. Then (this result is Lemma 3.1 in [Neel8]), the natural

transformation py — p!X s an isomorphism after post-composition with g*.
Proof. Consider the diagram

Yoxg X 29 v x Ty x

The outer rectangle exhibits pull-cross base-change (Proposition 3.2.12), namely,

"x X X ~v

T g px = (9 x id) Ty px

The map exhibiting the isomorphism is formed using the pull-cross base-change maps for the
two smaller squares. Now we post-compose the above isomorphism with the pullback along
the graph of g, 0, : Y =Y x5 X, to get

X ~ X, X, %

97 px = 0,(g x id) w3 py

Now looking at the pull-cross base-change for the diagram (since g is also proper by Lemma
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01W6 in [Stal8])

1)
Y -2y xg X
g gxid

X % X x¢X

namely,
g 0" =6,(g xid)”
We have,

X ~~ X Xk

9 px = 5;<9 X id) "y py = g7 6" Ty py = QXP!X

One checks that the map agrees with the map in the previous proposition post-composed
with g™ by staring at the following combined diagram using the fact that the base-change for

the left tall rectangle is trivial.

7r’l T pbx

Remark 3.2.14. The base S can be made more general in this proposition by descent.

Corollary 3.2.15. Suppose px : X — S is a proper, almost of finite presentation, finite

tor-amplitude map of spectral algebraic spaces, then py = p'x.

Theorem 3.2.16. Let px be a separated, locally almost of finite presentation, finite tor-
amplitude map of qcqs algebraic spaces. Suppose A is a co-compact closed subset of | X| which

is proper over S (or rather the reduced closed subspace is proper), then

Tapx = Taply
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Proof. Repeat the argument used to prove Theorem 3.2.13, rephrased in terms of categories of
quasicoherent sheaves and then substitute I'y (QCoh(X)) wherever QCoh(Y') appears, using
the fact that px .ix preserves compact objects. This is because i, preserves compacts and
Px,s is finite tor-amplitude and sends perfect objects supported on A to almost perfect objects

(see SAG Proposition 5.6.5.2). |

Remark 3.2.17. Note that the generalization of this theorem to S being a stack needs to
require that the map from the reduced closed substack A to S to be proper.

Corollary 3.2.18. The map
Hom(px .F,G) — Hom(F,pG)

in Theorem 3.2.10 is an isomorphism if F is supported on a proper (over S) subscheme.

Corollary 3.2.19. Suppose px : X — S and py : Y — S are locally almost of finite
presentation, finite tor-amplitude maps of qcqs algebraic spaces, such that px is separated.
Suppose g = Y — X is a proper morphism over S (not necessarily finite tor-amplitude!).

Then, there is a canonical isomorphism

x, ! ~ !

9 Px =Py

This isomorphism is compatible with the natural transformations p% — p'y and py — py

Proof. Let 6, :Y — Y x5 X be the graph of g and let
5, TyQCoh(Y xs X) — QCoh(Y)

be the upper-cross pullback functor restricted to quasicoherent sheaves supported on the

graph of g.
We have
Py F = o5m
~ Sg><7~T§Y><X),!p!Yf
~ ~gx7~T§YxX),' LF
28;7}£Y><X),><p{xf
= g pyF

where we used Theorem 3.2.16 in line 2 and 4, the compatibility with the maps follow from
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similar diagram chasing as above, using in particular the pull-cross isomorphism for the maps
g and my 1 Y xg X — X when restricted to the subcategory I';QCoh(Y xg X).
[ |

Remark 3.2.20. The above corollary allows us to strength Theorem 3.2.13 by dropping the

finite tor-amplitude assumption on g.
We conclude by showing that upper shriek composes well.

Theorem 3.2.21. Suppose g : Y — X and px are almost of finite presentation and finite
tor-amplitude maps of spectral Deligne-Mumford stacks. Then,

[ !

9Px = Py
Proof. By étale descent we reduce to the case where X and Y are both affine. Consider the

diagram
XxsY —25Y

We have

12

Tx ~(YXY), *
p!Y 5Y7T§ - )XPY

I

- X
53 (g x id) 75 pr

I

= /_\-./X~X Y,! .
dy(g x id) 77% ) )pY
X

5 (g x id) 7

1%

XXY),* |
%X)px

where %éXXY)’! = waéxxy)’! and similarly for the ﬁéxxy)’x. The third isomorphism is

Theorem 3.2.13. The last isomorphism follows from Theorem 3.2.7. Now look at the cartesian

diagram
d=idxp, id
Y xx Y XY xgY
T2 gxid
65]
Y ——— X xgY
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So,

R Oy A (X XY)
Py 283 (g x id) 7Py
AU ox *N X~X Y),* |
~by97(g < id) AT
o g;ﬁ_éYxXY),x 5;7?§XXY)’*]7!X

= §yay XV gl

=~ g'p

[ |
Remark 3.2.22. The statements of this sections indicates that Grothendieck duality, in the
sense of constructing an upper shriek functor satisfies section 2 of [Neel8], can be developed
from scratch using Definition 3.2.1 by making ample use of the category T'a(QCoh(X x X)).
In Section 3.5, we follow Neeman and show that we can easily identify wx with the sheaf of

top differential forms (shifted appropriatedly) in the smooth case.
Howewver, one of the limitations of this thesis is that we do not include a proof of the full

homotopy coherence of the upper shriek functor. One approach could be to use the definitions

indicated in Remark 3.2.2. We leave this for a possible future work.

Remark 3.2.23. Bhargav Bhatt pointed out that the upper shriek functor is also characterized

on separated truncated qeqs algebraic spaces (up to isomorphism) by the following properties.
1. There is a map p%x — p'x such that the induced map
Hom(px .F,G) — Hom(F,pG)

is an isomorphism when F has proper support over S (this is the second half of Corollary

3.2.18).

2. Theorem 3.2.7 holds.
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This observation can be deduced from the following diagram

X

Condition (2) implies that

*

|~ % | TR N
Py =0 mopyx = 0mpY

Now condition (1) implies
id = 571 — 0%

18 an isomorphism. Hence

5Pk = 0"
using Lemma 2.1.5.

Remark 3.2.24. Suresh Nayak pointed out to us that it is possible to define the upper
shriek functor along arbitary maps of finitely presented separated schemes which are finite

tor-amplitude over a Noetherian base by factoring such a map
f: X—=>Y
as the composition of the graph of f
I'y: X - XxY
composed with the projection map
Ty : X XY =Y

Then, we can define f' by the composition F?ﬂ, where Ty 1is finite tor-amplitude and hence
we can define upper shriek along it using the techniques in this paper. However, for such
a definition to be compatible with compositions, we must restrict to the subcategory D;c of

objects with bounded below cohomology. However, we do not currently know how to adapt the
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category-theoretic proofs in this paper to this setting.

3.3 Dualizing Complexes and the Lower Shriek Functor

In this section, we introduce the lower shriek functor and prove some Hochschild-type formulas

which appear in [Neel8]. We have seen that the upper shriek functor satisfies

Now the lower shriek functor will turn out to satisfy an analogous equation, namely,

p(o) Zp(-Qw)

In fact, these two are simply related by left-right duality. We also caution that our use of the
symbol lower shriek is not necessarily standard, in particular it is not analogous to the étale
lower shriek. However, this notation is not original either, for example see [Per19]. We insist
on this notation because it is consistent with how the rest of our notation behaves under
left-right duality. Much of this section is inspired by arguments in [BDS16] and [Neel§|.
Suppose px : X — S is a locally almost of finite presentation, finite tor-amplitude map of
qcgs algebraic spaces. Generalization to a more general base S is possible, but we ignore this

issue in this section. The following theorem is the left-right dual of Theorem 3.1.1.

Theorem /Definition 3.3.1. Denote by 7} the functor
FAﬂ'T : QCOh(X) — FA(QCOh<X Xs X))

Then, 7} preserves limits—we denote by T x its left adjoint. We remind the reader that if px

18 not separated, the right hand side is defined by descent.

Proof. 7} is the left-right dual of 7 ., so the theorem follows from Corollary 2.2.7 applied to
Theorem 3.1.1. We implicitly use that QCoh(X) is self-dual as a QCoh(S)-module category
(using the same proof as in [BZFN10]). |

Remark 3.3.2. We note that 71 « preserves compact objects because 7} is colimit-preserving.

Also, 71« is left-right dual to 7y .

Let 6 : X — X Xxg X be the diagonal map. Then,
J, 1 QCoh(X) — QCoh(X x5 X)
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factors through
in : TA(QCoh(X xg X)) = QCoh(X xg X)

Namely,

We are now ready to define the lower shriek functor, in analogy to the upper shriek functor.

Definition 3.3.3. The lower shriek functor px, : QCoh(X) — QCoh(S) is defined by

DX} 1= PX T % Ox
Remark 3.3.4. By comparison with (3.2) it is clear that px., is the left-right dual of py. We
implicitly use Proposition 2.2.10.

We can now take most of the results of section 2 and apply left-right duality to them
to obtains new results about lower shriek. For example, we have the following analogue of

Proposition 3.2.4, which follows directly from left-right duality.

Proposition 3.3.5. Suppose v : U — X is an étale map , then

PU) = Dx U = px o

Also, we can take the left-right dual of (3.4) to get

Proposition 3.3.6.
px(F) & px«(F @ wx)

Remark 3.3.7. We can also show these results directly by arquing with compact objects,

however we choose to present the proofs by duality because they are cleaner.
As a preparation for the next theorem, we need the following result.

Proposition 3.3.8. For F € QCoh(X),
T x0F 257 F 2 F @wx/s

as QCoh(X)-linear colimit-preserving functors.

Proof. Both the first and second expression are QQCoh(X )-linear colimit preserving functors
of F by Corollary 3.1.2 and Corollary 3.3.1. QCoh(X)-linear colimit preserving functors from
QCoh(X) to itself are automatically self-dual because they are simply given by tensoring
with a quasicoherent sheaf on X, showing the first equality. In this case, it is easy to see the

functor is given by tensoring with wx/s. This shows the claim. [
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We are now ready to establish a Hochschild-style formula which is known in some form
since [AILN10] and is elaborated on in [Neel§|.

Theorem 3.3.9. Let px be a locally of finite presentation, finite tor-amplitude map of qcgs
algebraic spaces. For F € QCoh(S) and G € QCoh(X), we have

ST Hoorrn(py F,G) = Hoonn (P F, G)

where 72272 denotes internal Hom of quasicoherent sheaves.

Proof. Consider
* 1 QCoh(X xg X) — QCoh(X)

which is right adjoint to
8. 2 iaTab. = ind,

Hence,

0 =2 0*I'a
where 6% is right adjoint to 0,.

Therefore, given H € QCoh(X), we have

Homx (H, 87 Home(pic F, G)) = I—Iomx(’;’-[,(5X7~T>1k Horm(pxF,G))
~ Homx (71,50, H, Hom (p F,G))
> HomX(wX/s Q@ H, Hom (PxF,G))
= Homx(wx/s @ px F @ H,G)
(
(

>~ Homx (pxF @ H,G)
>~ Homx (H, Horm(px F,G))

Notice that if X = Spec A and S = Speck, then this theorem says (in a special case)
Homuga(A, A® A) = Homy(wa, A)

Corollary 3.3.10. Let px be a locally of finite presentation, finite tor-amplitude map of qcqs
algebraic spaces.

Hom (Wx)s,wx/s) = Ox
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Proof.

12
S
X
M
N %
&
~

%m((x)x, WX)

12
S
X
M\
=X
S
~

I
S
<

The first isomorphism comes from the theorem above and the second follows from Theorem
3.2.16. -

Remark 3.3.11. Both statements above generalize to a more general base S.

We record here a proposition which is morally dual to Proposition 3.2.10 and Corollary

3.2.18, though we don’t know how to show it directly by duality.

Proposition 3.3.12. Let px be a locally of finite presentation, finite tor-amplitude, and

separated map of qcqs algebraic spaces. There is a natural map
Hom(px,F,G) — Hom(F,px9)

which is an isomorphism if the support of F is inside a co-compact closed subset which (the

reduced closed substack) is proper over S.

Proof. The map is constructed as follows

Hom(px,F,G) & Hom(px 71,6, F,G)
=~ Hom(6.F, 71pxG)
— Hom(0,F, 7ipG)
>~ Hom(§,F,TamhpiG)
>~ Hom(F,0*TamypiG)
>~ Hom(F, 0 T amyp%G)
>~ Hom(F, 0" 75 p%G)
= Hom(F,p%x9)

where the map in the third line comes from Proposition 3.2.10. The fourth line is base-change
for upper shriek (see Theorem 3.2.7). On the sixth line we apply Theorem 3.2.16.

If Z contains support of F, then assuming Z is proper over S, we want to show that the
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map on line three is an isomorphism. Indeed,

Hom(6,F, 7 p%G) = Hom(6,F, T 5, s T amipiG)
=~ Hom(8,F,Tal 227 pXG)
= Hom(6,F, TamiT 2p%G)
>~ Hom(6.F,Talx w275 pxG)
~ Hom(8,F, T zx 2T amy )
= Hom(g F,LamspxG)

where the fourth isomorphism follows from Theorem A.1.4 applied to ¥ = QCoh(S), 2" =
['7(QCoh(X)), and # = QCoh(X), where the map f =zp% : ¥ — 2 is the right adjoint
of

px iz 2 I'z(QCoh(X)) = QCoh(S)

f is colimit-preserving because px .iz preserves compact objects (argue as in Theorem 3.1.1).

The map g : ¥ — % is just the quasicoherent pullback. [ |
Lastly, we record a theorem about how our functors interact with up-down duality?.

Theorem 3.3.13. Let px be a locally of finite presentation, finite tor-amplitude map of qcqs

algebraic spaces.

(ﬁl,X)D =

77-1,*
and the isomorphism is étale local.

Proof. We can reduce to the affine case. It suffices to show there is a natural isomorphism

Homqcon(x) (71,4 (K), L) = Homqeoen(x) (711, K)", L)

2see Section 2.2

38



for K compact in I'A(QCoh(X xg X)) and L in QCoh(X). But this follows from

HomQCOh(X)(ﬁ-l,X(KV)? L)« HomFA(QCoh(XxX))<KV= L)
= Homr, (qCon(x xx) (K", TamiL)
&~ HOIHQCoh(XxX)(Kv7 m L)
= Homgqeoh(xxx)(Oxxx, K ®oy, x T L)
= Homqeon(x)(Ox, T1,+(K @0y, x T1L))
= Homqcon(x)(Ox, M« K ®o, L)

)(
%HomQCoh ((7T1* )> )
y(F1.K)Y, L)

= Homqcon(x

where by abuse of notation K can also be thought of as an object in QCoh(X xg X). N

3.4 Grothendieck Differential Operators

In this section, we define the sheaf of Grothendieck differential operators and show that it
satisfies étale descent. Let X be a spectral affine scheme which is almost of finite presentation

and finite tor-amplitude over S, another spectral affine scheme.

Theorem/Definition 3.4.1. There is a natural convolution monoidal structure on
I'A(QCoh(X xg X)). QCoh(X) has the structure of a left I'a(QCoh(X x X)) module with

respect to this monoidal structure.?

Proof. We construct it by inducing it from QCoh(X xg X). We have the isomorphism
QCoh(X xg X) = Endg(QCoh(X), QCoh(X))

The right hand side is endomorphisms of QCoh(X) inside QCoh(S)—Mod”, and thus has a
natural monoidal structure. This gives the desired monoidal structure on QCoh(X xg X).
It is easy to see that I'a(QCoh(X xg X)) is closed under this product, and so inherits a
convolution monoidal structure. The second part of the theorem is clear from our construction.
To be explicit, given two quasicoherent sheaves F' and G on X x X, their convolution is
simply
FxG =1 3.(m oF @ m53G)

3As mentioned in the introduction, with this monoidal product this category is a the categorified ring of
differential operators.
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where

Tij i XXX XX = XxX
are the obvious projection maps. [ |

Remark 3.4.2. If X = Spec A, this tensor product for A-bimodules is simply given by

tensoring the two A-bimodules together over A.

Remark 3.4.3. QCoh(X) as a I'a(QCoh(X xg X))-module category is gives rise to an
enrichment of QCoh(X) over I'a(QCoh(X xgX)). One can check that under this enrichment
Horre(F,G) € TA(QCoh(X x5 X)) is the spectrum of differential operators.

In particular, if X = Spec A and S = Speck are affine, then

Hom (M, N) 2 T 5 (Homy (M, N))

This is a full subcategory of the category of D-modules on X (with F corresponding to
DX/S Qo ]:)

For U affine étale over X, it’s clear from the definition that the pullback map
FA(QCoh(X xg X)) = T'a(QCoh(U x5 U))

is monoidal with respect to the convolution product.

Definition 3.4.4. Let X = Spec A and S = Speck. The sheaf of Grothendieck differential

operator on X over S is defined to be
DX/S = FA<HOH1k<A, A)) = FAﬂ'lXOX c FA(QCOh(X Xg X))

where 7y is the right adjoint of the pushforward functor m .. The first expression shows that
Dx/s is a ring in the monoidal category I'a(QCoh(X x g X)). Often we will suppress S from

the notation and write simply Dx .

Remark 3.4.5. The functor m . : A ®, A—Mod — A—Mod is given by the formula
T14(M) = (A @ A) @agya (M)

where A acts on the left A in the tensor and A ® A acts on A ® A by multiplication inside
A® A. Therefore its right adjoint is given by the formula

7 (M) = Homa(A ® A, M) = Homy (A, M)
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The second isomorphism follows by adjunction—the A ®; A module structure has the left A
acting on M (the codomain) and the right A acting on A (the domain). This means the left
A acts by postcomposition of the k-linear function with multiplication by an element of A

and the right A acts by precomposition. Visually, we have

(a1 @ a2) f) () = a1 f(az7)
for f € Homg (A, M).

It is easily checked that the entire story behaves well with respect to base-change in S.

For example, suppose we have a map ¢ : S’ — S of spectral affine schemes, then we can
consider X’ = X xg 5" living over S’. The base-change of Dx /g to I'a(QCoh(X’ xg X)) is
then DX’/S’ .

Corollary 3.4.6. For any étale map v : U — X,

Dx;slv = Dyys

Proof. Follows from Proposition 3.1.7. [ |

The following alternative description of the Dx/s is known as the Grothendieck-Sato

formula.

Corollary 3.4.7.
DX/S = FA(W;(UJX)) = FA(OX X (UX)

Proof. By Theorem 3.2.16 we have the isomorphism
Pamy(Ox) 2 Tam(Ox)
By base-change for upper shriek (Theorem 3.2.7) we have the desired result. |
If we write X = Spec A and S = Spec k, then the above implies
Wak = Dajk @aga A= Homy (A, A) ®ag,4 A

Therefore

wask = 6" Dx/s

Remark 3.4.8. Just from the definitions, we can see that I'a(QCoh(X xg X)) looks like
a categorification of Dx/g. Indeed this viewpoint was explored in [Ber21] and [Ber19]. The
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reason that the Grothendieck-Sato formula involves the dualizing complex and the categorified
expression does not is that one categorical level higher, the morphism px : X — S behaves
like a 1-proper morphism with trivial 1-dualizing complex. By this I simply mean that the
the categorified pushforward and pullback maps of quasicoherent categories (see [Gail5]) are
adjoint in both directions. As a fun aside, proper morphisms with trivial dualizing complexes
also exist by considering the free loop stack of a smooth proper variety. On such schemes, the
left-right switch is literally trivial (as opposed to say for Calabi- Yau varieties where it is a
shift). In fact the D-ring on these free loop stacks are simply obtained by taking Hochschild
homology of the categorified ring of differential operators of the smooth proper variety.

3.5 Comparison with Classical Definitions for Smooth

Varieties

In this section, assume X is a smooth over a non-derived base affine scheme S = Speck. In
this case, Grothendieck defined the ring (sheaf of rings) of Grothendieck differential operators
on X relative to S ([Gro64]). We will show in this section that our definition agrees with
this standard definition in this case. Moreover, we will show that the dualizing complex is
given by the sheaf of top differential forms homologically shifted by the dimension of the
variety, following Neeman [Nee20]. Taken together, this yields a simple and powerful method
for deducing Serre duality from scratch.

We begin by showing that the ring of Grothendieck differential operators classically defined
agrees with our definition. The following theorem is known, for example see [SVAB97], but

we provide a proof here as well.

Theorem 3.5.1. In the case of X a smooth variety over a discrete base S, our definition of
Dx agrees with the classical definition of Grothendieck differential operators (and hence is

discrete).

Proof. We will show that affine locally, there is a canonical isomorphism. This will then
imply the global statement.

Suppose we have X = Spec R smooth over S = Spec k, both discrete rings. Our definition
in this case yields Dg/, = I'a(Homy (R, R)). We will take as the classical definition of the

Grothendieck differential operators

D:= D™

n>0
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the union of the increasing sequence of subspaces D™ C Homy(R, R) defined inductively by
DY =0

and

D™ = {f € Homy(R, R)|Vr € R,[f,r] € D"V}

where € R is thought of as an element Homy (R, R) via multiplication by 7.
Now let I be the ideal in R ®; R defining the diagonal. Recall that Homy (R, R) has an
action of R ®, R via

(a1 ® az) f)(2) = a1 f(azz)

Therefore, the condition that
VreR,[f,r] € D"V

is equivalent to

VreR,(rol)f—(1®r)f e DY

which is further equivalent to
If e D"V

Therefore, we can conclude that
D™ = H°Hompe, r((R ®; R)/I", Hom,(R, R))
To remove the H°, we compute via adjunction

HOIIlR®kR((R R R)/In, HOIIlk(R, R)) = HOIHR@)kR((R Rk R)/In, HOIIlR<R R R, R))
~ Homp((R® R)/I", R)

where the R action is on the first factor of the tensor. However, because R is smooth, we

have a noncanonical isomorphism
(R® R)/I" = & (Sym ()
and hence we can remove the H°
D™ = Hompg, r((R ® R)/I", Homy (R, R))

since (R ®; R)/I™ is projective.
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Therefore, as filtered colimits are exact

D = colim,, Hompgg, r((R ®% R)/I", Homg(R, R))
= FA(HOHlk<R, R))
= Dp/k

where the second isomorphism follows because [ is locally generated by a regular sequence
(Lemma 067U in [Stal8]) and a standard formula for local cohomology (for example see the
proof of Lemma 0A6R in [Stal§]). |

Now let us move on to verifying that our definition of the dualizing complex gives the top
differential forms in homological degree n in the smooth setting. The idea of the following
proof is due to Lipman and is written in [ATJLL14], it is also presented in Section 3.2 of
[Nee20].

The intermediate object connecting differential forms with wy is Hochschild homology,
which can be written as

HH.(X/S) := 6°6,0x = 6*5,0x

Because of the isomorphism

1,0, = 1dQcon(x)

there is a natural map (by adjunction)
0,0x — 7Oy

Therefore by applying 6* on both sides there is a natural map

HH.(X/S) — wx
By the HKR isomorphism, in the smooth case, we also have a map

X/sln] & m>, HH.(X/S) — HH.(X/9)
where Q% /s is the sheaf of i-forms. These combine to form a natural map
T)Lc/s[“] — Wx

in the smooth case. We wish to show it’s an isomorphism.

By étale descent, it is enough to check it for A". Now, for X,Y over S satisfying our
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standing assumptions
FA(QCOh((X Xg Y) Xg (X Xg Y))) = FA(QCOh<X Xg X)) & FA(QCOh(Y X9 Y))

and

therefore also

Hence we have
Dxyy & Dx X Dy

Pulling back along the diagonal, we get
wxxy = wy Kwy

We also have similar results for Hochschild homology and 2% / ¢n] compatible with the maps
between them. Therefore, it suffices to show the isomorphism for A!. So the result follows

from

Lemma 3.5.2. For S a discrete affine scheme
wat/s = Opiys(l]

and the map
Opr @ Q1] 2 HH.(AY) — wys

s an isomorphism in degree 1.

Proof. By base-change results, we can assume S = SpecZ. We have (by Definition 3.2.6)

wze)/z = Dz /z @y 2s) Z[7]

where the map

L]y, xo) — Z[x]
sends z; and x5 to x. Z[z] has the following resolution over Z[xy, x].

(x1—22)-

Lwy, 19) ——= L1, 15] — ZL[2]
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Hence by tensoring with Dy, z, we have the following exact triangle in QCoh(Z[x1, 2]).
[z,]
Dz} — Dzp) = wzjy]

where the first map is conjugating by multiplication by x.
By a direct computation Dz, is a free Z module on the generators {52}, -y, Therefore

the map
[, ] : Dapyjz — Dz

is surjective and the kernel is just Z[z]. Therefore,
wafa) = Z[z][1]
Now, we also have the triangle (by the same resolution of Z[z] above)
2] 2 z[2] - HH.(Z[2])
which naturally maps to the triangle
Dy EEN Dyja) — wzp

The lemma follows from direct calculation. [ |
We have therefore shown

Theorem 3.5.3. For px : X — S a smooth map of discrete schemes of relative dimension n,

there is a natural isomorphism

wx/s = Vx)g 1]
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CHAPTER 4

D-Modules

4.1 The Category of Dx°°~-Modules

In this section we define the category of Dx°’-modules and identify it with the category
of modules over a monad on QCoh(X) corresponding to the “opposite” of the sheaf Dy/g
defined in 3.4.4. Our approach is somewhat similar to the approach taken in section 5 of
the paper D-modules and Crystals [GR14] by Gaitsgory and Rozenblyum. However their
starting point is de Rham stack and the completion of X x X at the diagonal (part of
what they call the infinitesimal groupoid) is defined in terms of the de Rham stack. In our
approach we do the reverse. We view their approach as more stack-theoretic and ours as
more category-theoretic. This justifies our choice to give a self-contained presentation of an
arguably well-known theory. From a pedagogical perspectively, our presentation also has the
benefit of not relying on the theory of stacks and ind-coherent sheaves. However, we do have
to limit ourselves to the finite tor-amplitude situation (roughly the eventually coconnective
situation in the language of [GR14]).

Let px : X — S be a map between spectral affine schemes which is locally almost of finite
presentation and finite tor-amplitude (we can reduce to the affine case in general). Recall
that we defined Dx/g as (if X = Spét R and S = Spét k)

Dyx/s = T'a(Homy(R, R)) = 71 Ox € I'a(QCoh(X x5 X))
in Definition 3.4.4, it is an algebra viewed as an element of
QCoh(X x5 X) = HomQCOh(S)_MOdL(QCOh(X), QCoh(X))
Here the tilde refers to fact that we apply the projection functor I'a after the 7. In general,

we use tilde to denote modification of functors which are related to the unmodified version
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by the functors
r,
QCOh(X,) (L Fz/<QCOh(X/>>
7

relating the category of quasicoherent sheaves supported on a locally almost finitely presented
closed subscheme Z’ of X’ with the entire category of quasicoherent sheaves on X'.

We can identify Dx/g with a colimit-preserving QCoh(S)-linear endofunctor of QCoh(X).
The “opposite” of Dx/g corresponds to the endofunctor which is left-right dual (in the sense
of Section 2.2) to the endofunctor of Dx/g. As an element of I'a(QCoh(X x X)), Dx/s" is
the image of Dx/g under the automorphism of I'a (QCoh(X x X)), which switches the X’s.
Hence,

Dyx/s™ = 75 0Ox € Ta(QCoh(X xg X))

The corresponding endofunctor to Dy, is 7 .75 .
We will show in this section that the category of modules over Dx,s° is the colimit (in

PrL)) of the simplicial diagram
... TA(QCoh(X x X x X)) 3 T'a(QCoh(X x X)) = QCoh(X)

where the transition maps are (tilde of) quasicoherent pushforward maps. For example, the

two maps

TA(QCoh(X x X)) = QCoh(X)

are simply 7, and 7o .

In Remark 4.1.15, we describe how to arrive at the following description from first principles,
even though this expression for the category of D-modules is well-known (see [GR14] for
instance).

To be more precise, we can consider the simplex category A consisting of objects {[n]},>0
where [n] = {0,...,n}, and morphisms order-preserving (preserving >) maps between them.
We can define a functor

A’ — QCoh(S)—Mod”

by sending
[n] = TAQCoh(X"1)

and an order preserving map [n] — [m] to the functor
v : TA(QCoh(X™H1)) — LA (QCoh(X™))

where g : X™ — X"*1 is defined in the obvious way from the map [n| — [m]. The category
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which we propose is the category of right Dx modules is then the colimit of this functor, for
which we write

colimaor (A (QCoh(X™1)), %)

Let us denote by Ay the subcategory of A where the morphisms are required to be
injective. By [Lur09] 6.5.3.7, the category A °P is cofinal in A°, and hence our colimit above

can be computed over A,°P instead, as
colimaor ([ (QCoh (X)), %) (4.1)

The advantage of using Ay is that for any injective morphism [n] — [m], the transition
functor
G : TA(QCoh(X™ 1)) — T'A(QCoh(X™th))

described above is compact object preserving, by a mild generalization of Theorem 3.1.1.
The proof is identical so we do not repeat it here. Intuitively, when taking the colimit over

AP one encounters degeneracy maps of simplices which induce functors such as
5, : QCoh(X) — T'A(QCoh(X x X))

which are not compact object preserving if X is not smooth. This problem disappears when
we use A;. We will see the relevance of preserving compact objects shortly.

Let us denote by
Fp oo : QCoh(X) — colima, (Da(QCoh(X™1)), %)

the inclusion functor into the colimit associated with the object [0] in Ag. Denote by Gp,
its right adjoint.

Recall that the underlying category of a colimit in Pr¥, can also be written as a limit
in Prf . with the transition functors the right adjoints. This fact is due to Lurie [Lur09],
however we find Lemma 1.3.3 in [Gail2] the most convenient reference. The essence is that
adjunction provides an anti-equivalence of categories between Pr§, and Prf. With this in

mind, Gp,or can be written as the projection map
Gpyor : liAm(l"A(QCoh(X"H)), x) — QCoh(X)

where the transition maps are tilde of upper cross functors (the right adjoint of tilde of lower

star) and the limit is taken in Prf. We remind the reader that if we are only interested in
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the underlying category of the limit we can also take the limit in @. The functor Gp,er
is also QCoh(S)-linear (see Theorem A.1.6).!

Our aim for the rest of the section is to show that adjunction above is monadic, with the
monad given by?

~ = ~ X ~v ()
GDXOpFDXop :7]'1’*7]'2 :DX/S p®OX7
However, we will need a few preliminary results

Lemma 4.1.1. For m,n > 0, there is a canonical isomorphism
['A(QCoh(X™ 1)) 22 A (QCoh(X™ 1)) ®qcon(x) Ta(QCoh(X ™))

where QCoh(X) acts on the right most copy of X in Ta(QCoh(X™)) and the left most
copy of X in Ta(QCoh(X"™)) via tilde x-pullback.

Proof. Because tensor products preserves split-exact sequences (see Appendix A.2 for the

definition of a split-exact sequence), both sides are full subcategories of
QCOh(XernJrl) = QCOh(Xerl) ®QCOh(X) QCOh(Xn+1>

It suffices to show they have the same objects. Let us denote by U the complement of the
diagonal in X™*" 1. The category ['a(QCoh(X™™ 1)) can then be characterized as the
subcategory of QCoh(X ™™™ *1) which vanish when restricted to U.

Now let V be the complement of the diagonal in X™*! and W the complement of the

diagonal in X™*1. Then, we can express U as a union
U=V xx X""TUX" xx W

Therefore, vanishing on U is equivalent to vanishing on V' x y X" and X" x x W.

It is then clear that everything in
I'A(QCoh(X ™)) ®qcon(x) Ta(QCoh(X ™))

vanishes on U. For the reverse, suppose a quasicoherent sheaf F vanishes on U. It then lives
inside T'a(QCoh(X ™)) ®qcon(x) QCoh(X ™) because it vanishes on V' xxy X", Then,

!This limit presentation of the category of right D-modules can be seen to be the category cross quasico-
herent sheaves (see Appendix B) on the Céch nerve of X — (X/S)qr when the de Rham stack is defined (see
Section 4.6).

2The monadic part is rather straightforward, most of the work is to identify the monad.
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because it also vanishes on X™*1 x y W, it is then inside the kernel of the map
FA(QCOh(Xerl)) @QCoh(X) QCOh(XnJrl) — FA(QCOh(Xerl)) ®QCoh(X) QCoh(WW)

Because tensor product of stable categories preserve split-exact sequences, we see that F is
inside
FA(QCOh<Xm+1>> ®QCOh(X) FA(QCOh(XnJrl))

Remark 4.1.2. The previous lemma leads to an interesting observation. The simplicial
diagram
[n] — ['a(QCoh(X™1))

roughly specifies the data of category internal to QCoh(S)—Mod” on the object QCoh(X),
relative to the tensor product of categories. This internal category is the categorical analogue

of the infinitesimal groupoid on X.

We move to the second preliminary result. Recall that we can equip I'a(QCoh(X x X))
with the convolution monoidal structure (Definition 3.4.1). Under this monoidal structure,
QCoh(X) is naturally a left ' (QCoh(X x X)) module. We will give a resolution of QCoh(X)
as a I'a(QCoh(X x X)) module. We exhibit this resolution as an augmented simplicial diagram

... TA(QCoh(X x X x X)) = TA(QCoh(X x X)) = QCoh(X) (4.2)
The augmentation map is
71 a(QCoh(X x X)) — QCoh(X)

The two maps
FA(QCoh(X x X x X)) = T'a(QCoh(X x X))

are 794 and 7 3,. More generally, all the transition maps preserve the left most copy of
X. We omit writing down the complete specification of this simplicial diagram and trust
that the reader is able to do so if they wish. Importantly, the action of I'a(QCoh(X x X))
is always on the left most copy of X which is preserved. The following proposition shows
that this is indeed a resolution, i.e. that the geometric realization of the simplicial diagram
recovers QCoh(X).

Proposition 4.1.3. There is a natural resolution of QCoh(X) as a left 'A(QCoh(X x X))-
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module category given by
...TA(QCoh(X x X x X)) = I'a(QCoh(X x X)) = QCoh(X) (4.3)

where the maps are specified above.

Proof. We apply Lemma 6.1.3.17 from [Lur09]. The augmented simplicial diagram above

arises from a simplicial object
...TA(QCoh(X x X x X)) = T'a(QCoh(X x X)) = QCoh(X)

by forgetting all the morphisms which do not preserve the left most copy of X. Therefore it
is a colimit diagram in QCoh(S)—Mod*. Because the forgetful functor from I'a(QCoh(X x
X))—Mod" to QCoh(S)—Mod” reflects colimits (because it preserves colimits by Corollary
4.2.3.7 of [Lur17] and is conservative), it is also a colimit diagram in I'x (QCoh(X x X))—Mod*.

|

The above proposition has an important corollary.

Corollary 4.1.4.
colimaer (I'a(QCoh(X")), *) = QCoh(X) ®r ,(qcon(xxx)) QCoh(X) (4.4)
Proof. Using Proposition 4.1.3, we can write the right hand side as
colima ,or (QCoh(X) @1, (QCoh(x x X)) LA(QCoh(X"™1?))
Using Lemma 4.1.1, we can write ['x(QCoh(X""?)) as
T'a(QCoh(X x X)) ®qcon(x) ['a(QCoh(X" 1))
Therefore, the right hand side is isomorphic to
colima ,or ([a(QCoh(X ")), %)

as desired. [ |

Remark 4.1.5. This expression for the category of right D-modules appears as Equation
(4.5) in the proof of Proposition 4.2.5 in [Ber19].

92



The adjunction between Fp, o and Gp,eor can be described in terms of the isomorphism

above. Because of the isomorphism
QCOh(X) = QCOh(X) @A (QCoh(X x X)) FA(QCOh(X X X))

The map
71 1 Ta(QCoh(X x X)) — QCoh(X)

induces a functor
id® 7~T1’* : QCOh(X) — QCOh(X) ®FA(QCoh(X><X)) QCOh(X)

Tracing through the proof of Corollary 4.1.4, we see this agrees with functor Fp,or, after

identifying the two sides of Corollary 4.1.4. Namely,
Fpyor =2 id @ Ty 4 (4.5)
Now, the right adjoint of 7 .,
7 1 QCoh(X) — T'A(QCoh(X x X))

is also I'a(QCoh(X x X)) linear. Let us spell out the reason in detail as this statement is

important in the following sections.

Proposition 4.1.6.
71 1 QCoh(X) — I'a(QCoh(X x X))

is PA(QCoh(X x X)) linear in the natural way coming from the Beck-Chevalley conditions.

Proof. Let’s unwind why this should be a Beck-Chevalley condition. Consider the following
diagram which witnesses part of the the condition that 7y , is I'a(QCoh(X x X))-linear.

TA(QCoh(X x X x X)) 2% TA(QCoh(X x X))

13, 1%

TA(QCoh(X x X)) — "4 QCoh(X)

This diagram is right adjointable in the terminology of [Lurl7]. This follows from Theorem
A.1.1 using Theorem A.1.6 and Theorem 3.1.1 together to chasing the diagrams to show that
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the isomorphism comes from the one from the Beck-Chevalley condition. Then we observe

this is what was to be proved. [ |

Remark 4.1.7. If we knew that O generates I'a(QCoh(X x X)) we could give an alternative
proof using the fact that T'x(QCoh(X xg X)) is generated by dualizable objects (with the

convolutional product) but we do not know if it is true in our generality.

Hence, we can construct the functor
id ® ﬁ'lx : QCOh(X) ®FA(QCoh(X><X)) QCOh(X) — QCOh(X)

Using the unit and counit maps of the adjunction 7y, 4 7}, we can see that our id ® 7 is

right adjoint to Fp,or and hence
Gpyor 2 id ® ) (4.6)
By examination, or by the involution on
colimaor (T'a(QCoh(X"11)), %)

which reverse the order of the X’s in X"™*! (for all n), we can also arrive at the isomorphism
(4.4) through a resolution of the left copy of QCoh(X) as a right I'a(QCoh(X x X)) module
(analogously to Proposition 4.1.3) By arriving at the isomorphism this way, we can also
express F'p,or as

Fpyor & 7y, ®id (4.7)

This expression for Fp o» implies
Gpyor = 75 ®id (4.8)

Finally, we can deliver on our promise

Theorem 4.1.8. The adjunction Fp,oo 4 Gpov is monadic and
Gpyor Fpyor = 71,705 (4.9)

Proof. By Lurie-Barr-Beck (Theorem 4.7.3.5 in [Lurl7]), to show the adjunction is monadic

it is enough to show that G'p, o is conservative and colimit-preserving. Because all the
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transition maps used to construct the cosimplicial limit
lim(LA(QCoh(X™*1)), x)

are colimit-preserving, G'p, o is automatically colimit-preserving. To show that Gp,or is

conservative, we need to show that an object
Fe liAm(FA(QCoh(X”“)), X))

is zero if the projection of F to QCoh(X) is zero. For this, it is enough to show that the
projection to T'a(QCoh(X™1)) is zero for any n. But this follows from the fact that [0] is
weakly initial in Ag.

For the second part of the theorem, let us apply Theorem A.1.1 to 2 := QCoh(X),
% := QCoh(X), and ¥ := 'a(QCoh(X x X)), with functors 75 : 2" — ¥ and 71, : ¥V — ¥..

Then, we have the commutative diagram

1®ﬁ'1,*

QCoh(X) QCoh(X) ®r,(qcoh(xxx)) QCoh(X)

X ~ X
T Ty ®1

IA(QCoh(X x X)) > QCoh(X)
Now the theorem follows from expressions (4.5) and (4.8). [
Remark 4.1.9. We also have
Gpor Fpyor 22 o 77 (4.10)

Because of the isomorphism

~  ~X ~  ~X

which can be simply explained by observing there is a symmetry which switches the order of
the two X’s in I'a(QCoh(X x X)).

Remark 4.1.10. The functor Fp or : QCoh(X) — QCoh(X) ®r, (qcoh(xxx)) QCoh(X) can

also be arrived at via the monoidal functor

5, - QCoh(X) — T'a(QCoh(X x X))
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which by functoriality induces a functor

QCOh(X) ®QCoh(X) QCOh(X) — QCOh(X) ®FA(QCoh(X><X)) QCOh(X)

as desired. The fact that this agrees with the prior definitions can be checked using one of the

resolutions above.?

Remark 4.1.11. We can directly check that Dggs as an algebra agrees with the algebra

structure corresponding to the monad 7y .75 above.

Theorem /Definition 4.1.12. The category of Dx;s°"-modules is defined to be the category

of algebras over the monad 7y .5 corresponding to Dx;s”. We have the isomorphisms
Dx/s®—Mod 2 colima ,or (I'a (QCoh (X)), %)

Dx/s*®—Mod = liAm(FA(QCoh(X”“)), X )
Additionally, we have the isomorphism (where T'A(QCoh(X x X)) is equipped with the
convolutional monoidal product)

Dx /5" —Mod = QCoh(X) QT A (QCoh(X x X)) QCoh(X)

Also, Dxs°P—Mod satisfies étale descent with respect to X and fpgc/descendable descent
with respect to S.

Proof. All but the last sentence follow directly from Theorem 4.1.8 and Corollary 4.1.4. For

the last part, use the isomorphism
DX/SOP—MOd = liAm(FA(QCOh(Xn+1)), X)

each of the I'x(QCoh(X™*1)) has étale descent with respect to X (by a variant of Corollary
3.1.4) and all the transition maps base-change correctly (by a variant of Proposition 3.1.6).
The fpqc/descendable descent relative to S follow from fpqc/descendable descent of QCoh
(Proposition 6.2.3.1 in [Lurl8]) and the fact that we can write I'z(QCoh(X)) as the kernel in

the split-exact sequence
['7(QCoh(X)) — QCoh(X) — QCoh(U)

where U is the complement of Z in X. [ |

3This presentation is the most natural one when thinking of Fp,or as the pushforward map on cross-
quasicoherent sheaves from X to the de Rham stack of X.
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Remark 4.1.13. It is also possible to prove Theorem 4.1.8 by giving an explicit description

of Gpyor as a functor
G pyor : colima,or ([a(QCoh(X"™ 1)), %) — QCoh(X)
To specify such a functor, it suffices to specify a collection of functors
G oo - Ta(QCoh(X ™), %) — QCoh(X)

together with compatibility isomorphisms. We call the process of constructing Gpo» from the
Gg))(op 's assembly. By equation (4.6), we can write Gpor as the map induced (via colimit

over AsP) by the following map of simplicial diagrams

.. Ta(QCoh(X x X x X)) ———— T'a(QCoh(X x X)) —————=2 QCoh(X)

~ X ~ X ~ X
lﬂl,Z,B lﬁ,z lﬁ

.. Ta(QCoh(X x X x X x X)) = T'a(QUoh(X x X x X)) == I'a(QCoh(X x X))

Therefore, we can compute

(n) ~ = ~ X
GDXOp — 7Tn+2’*7'('n/\+2

where

7 : Ta(QCoh(X™ 1)) — T'a(QCoh(X ™))

is defined as tilde upper cross for the projection map w.— to all but the last component of the

product.
The above remark is generalized by

Theorem 4.1.14. The identity functor
colima,or (I (QCoh (X)), ) — liAm(FA(QCoh(Xm“), X))
1s assembled from the functors

.........

where

-----
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1 iy - Ta(QCoh (X)) — Ta(QCoh (X))

77777

with the obvious transition functors. Therefore, Fp,or is assembled from the functors
Fion & 1 7Y
Proof. Analogous to equation (4.5), the inclusion functor
im : Ta(QCoh(X™ ) — colima or (DA (QCoh(X ™)), %)

can be written also as

iy Z1d® 7~T1’* : QCOh(X) @A (QCoh(X x X)) FA(QCOh<Xm+2))
— QCoh(X) ®r,(Qcon(xxx)) QCoh(X)

Hence, its right adjoint is
id X ,ﬁ.1>< . QCOh(X) ®FA(QCoh(X x X)) QCOh(X) — QCOh(X) ®FA(QCoh(X><X)) FA(QCOh<Xm+2))

Now, we can resolve the left QCoh(X) in the tensor

QCoh(X) ®r,(qcon(xxx)) QCoh(X)

as a right I'a (QCoh(X x X)) modules (analogously to Proposition 4.1.3). Using this resolution

the right adjoint of 7,, can be written as the assembly of
(id ® 7)) o (Tpy14 ®id)

from
FA(QCOh(Xn+2)) @A (QCoh(X x X)) QCoh(X)

to
QCoh(X) ®r, (Qron(xxx)) L'a(QCoh(X™?))

By the functoriality of the tensor product, this is also the same as

.........

where the transition isomorphisms are obvious. As taking the right adjoint of 7,, yields also

the identity functor in the theorem composed with the projection to the m-th component of
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the limit, we recover the theorem. [ |

Remark 4.1.15. Theorem/Definition 4.1.12 shows an equivalence between right D-modules

and costratifications (the name commonly given to the category on the right)
Dx°?—Mod = liin(FA(QCoh(X”H)), X))

We describe how to arrive at this equivalence naturally. Suppose M is a right Dx module, so
that there is a map
Tou(my (M) = M

By adjunction this is the same as a map
¢:T M —TSM
which can also be written as
¢ TAMKRwyx) = TFalwx X M)

Being a right Dx module includes also higher compatibilities. These include things such as
the commutativity of the following diagram

755(9)

FA(CUX &CUX&M) FA(W)(&M&WX)

71 2(9)

71 5(0)

FA(CL)X &ngM) PA(M@LU)(&M)()

where the left unlabeled map is the identity. All the maps above are also required to be
isomorphisms upon cross pullback to QCoh(X) along the diagonal map. Because upper
cross pullback along the diagonal is conservative (for quasicoherent sheaves supported on the
diagonal) all the above maps are isomorphisms. The above discussion explains the first three

terms of the limit
QCoh(X) =% T'a(QCoh(X x X)) = I'a(QCoh(X x X x X))...

which we showed was equivalent to the category of right D modules.
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4.2 Dx-Modules and Left-Right Switch

In this section we discuss left D-modules and the isomorphism between the category of right
D-modules and left D-modules, which is called the left-right switch.

Let px : X — S be a map between spectral affine schemes which is locally almost of
finite presentation and finite tor-amplitude (we can reduce to the affine case in general). As
an algebra in I'a(QCoh(X x X)) (with convolutional monoidal product), Dx also defines a
monad on QCoh(X). We refer to modules over this monad as Dx-modules.

If we think of quasicoherent sheaves on I'a (QCoh(X x X)) as endofunctors on QCoh(X),
then by Proposition 2.2.8, we know that the involution switching the two copies of X is
equivalent to the left-right duality on endofunctors of QCoh(X) (we remind the reader that
QCoh(X) is naturally self-dual). Hence we see that the monad Dy is the left-right dual
to Dx° (meaning they are interchanged by duality in the category QCoh(S)—Mod” of
QCoh(S)-linear categories)®.

By Corollary A.3.2, we know that left-right duality switches left and right D x-modules.
Namely,

(Dx°®—Mod)" = Dx—Mod

where ¥ denotes duality in QCoh(S)—Mod”. Moreover, by Corollary A.3.3 the adjunction
Fpyoo 4 Gpyor
becomes, under left-right duality, the adjunction
Gp, F Fp,
We know from the last section that
DS —Mod = colima,or (T'a (QCoh(X™11)), %)

Applying the 2-functor
Homqcon(s) (- QCoh(S))

(the Hom is taken inside QCoh(S)—Mod") to the equation above, we get the isomorphism

Dx—Mod = hAm(FA(QCoh(X"H)), %)

4see 2.2
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where the transition maps are tilde of quasicoherent pullbacks.® This is because, by Proposition

2.2.10, TA(QCoh(X™*1)) is (canonically) self-dual for all n and therefore
Homqcon(s) (Fa(QCoh(X" 1)), QCoh(S)) = Ta(QCoh(X™H))

Let’s record our observations in

Theorem 4.2.1. Dx, as an algebra in the monoidal category I'a(QCoh(X x X)), corresponds
to the monad m 75 and
Dx—Mod = liAm(FA(QCoh(X”H)), *)
= colima,or (A (QCoh (X)), x)
= Homr, (eon(x xx)) (QCoh(X), QCoh(X))

Here in the second line the x refers to the fact that the transition functors are cross-
pushforward (left adjoint to upper star). In the last line, we take the convolutional monoidal
structure on I'a(QCoh(X x X)). Also Dx—Mod satisfies étale descent with respect to X and
frqc descent with respect to S.

Proof. Dx°? corresponds to the monad 7y ,7;" by Theorem/Definition 4.1.12. Therefore by
left-right duality, Dy corresponds to the monad 7 73 9, the first isomorphism is already
proven. The second isomorphism comes from the equivalence between colimits and limits in
the form of Lemma 1.3.3 in [Gail2|. For the third isomorphism, we give two proofs.

Proof 1. By the resolution of QCoh(X) as a left I'a (QCoh(X x X)) module category

. TA(QCoh(X x X x X)) = T'a(QCoh(X x X)) — QCoh(X)
(see Proposition 4.1.3), one can directly check that
Hom.y (g xxx0) Qb (X), QCoh(X)) 2 lim(I'5 (QCoh(X™1)),#)

analogously to Corollary 4.1.4.

5This limit presentation of the category of left D-modules can be seen to be the category quasicoherent
sheaves on the Céch nerve of X — (X/S)4r when the de Rham stack is defined (see Section 4.6).

6Tilde lower-cross means the left adjoint of tilde upper-star and is the left-right switch of tilde upper-cross,
see Section 3.3

61



Proof 2.

Dx—Mod = Homgqeon(s)(Dx*—Mod, QCoh(S))
= Homqcon(s) (QCoh(X) ®r, (Qron(xxx)) QCoh(X), QCoh(S5))
= Homp (qcoh(x x x) (QCoh(X), Homgcon(s) (QCoh(X), QCoh(S)))
= Homp, (qeon(x xx)) (QCoh(X), QCoh (X))

The descent result is proven identically as in Theorem 4.1.12. [ |
Remark 4.2.2. The reader is encouraged to compare this result with Remark 1.8.4 in [Ber19]

Remark 4.2.3. We can ask for an explicit description of the functor
Fp, : QCoh(X) — liAr?(FA(QCoh(X”“)), %)
as a compatible system of functors
F5) : QCoh(X) — Ta(QCoh(X"*1), )

In fact, we have
T %
7Tn+2,><7rn+2

1%

)

by left-right duality applied to Remark 4.1.13. Here m— means projection to all but the

n + 2-th component.

Additonally, using the isomorphism
Dx—Mod = Homr, (qcon(x x x)) (QCoh(X'), QCoh(X))

we have the descriptions

Fp, = Hom(7,id)

X
GDX = HOIII(’ﬁ'L*, 1d>
which we can prove using left-right duality, the Proof 2. above, and equations (4.5) and (4.6).

Remark 4.2.4. The limit we gave for the category of Dx-modules
lim(Ta (QCoh(X" 1)), %)

can be seen to be the category of quasicoherent crystals on the stratifying site of X. If px is a

smooth morphism, we can use descent to see that this category is equivalent to the category of
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quasicoherent sheaves on the de Rham stack, via the Cech nerve of the map
X — XdR

In fact, Dx-modules are the same as quasicoherent sheaves on Xgqr tn more generality, as we

will show in Section 4.6. In characteristic zero this done in Proposition 3.4.3 in [GR1}].

Remark 4.2.5. By expressing the category of Dx-modules as the cosimplicial limit above,

we can see that Dx—Mod s a symmetric monoidal category.

Now it’s time to discuss the left-right switch. We can construct an explicit functor () from
Dx°®*—Mod to Dx—Mod as follows. Recall

Dx°?—Mod = QCoh(X) QT A (QCOh(X x X)) QCoh(X)

and
Dx—MOd = HomFA(QCOh(XXX)) (QCOh(X), QCOh(X))

Therefore, the functor
I'a ®id : QCoh(X X X) ®r,(Qcon(xxx)) QCoh(X) — QCoh(X)
which can also be written as
I'a ®id : QCoh(X) ® QCoh(X) ®r,(qQcon(xxx)) QCoh(X) — QCoh(X)

is I'a (QCoh(X x X))-linear (I'a (QCoh(X x X)) acts by convolution on the leftmost QCoh (X))

and therefore induces a functor
Q : Dx°®*—Mod — Dx—Mod

Since () is colimit-preserving, () can be represented by a (Dx, Dx°?)-bimodule. We
can determine which bimodule it is by calculating Gp, QFp,o». By chasing through the

definitions and using equation (4.5) and its left-right dual, we can calculate
GpyQFpyor = (75 ®id) o (id ® 71 4)
This has domain
QCoh(X) = QCoh(X) ®r,(qcoh(xxx)) I'a(QCoh(X x X))
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and codomain
QCoh(X) = T'A(QCoh(X X X)) ®r, (Qcon(xxx)) QCoh(X)

Hence by Theorem A.1.1,

GpyQFpyor X 7y 75

and the relevant (Dx, DY) bimodule is
7~TTOX = 7};0)( = FA(OXxX) = FA(OX X Ox)

in FA(QCOh(X Xg X))

Remark 4.2.6. Strictly speaking, we have not defined what it means to be a (Dx, Dx°?)-
bimodule. T'A(QCoh(X xg X)) is a Ia(QCoh(X xg X))-bimodule category, therefore there
1s a monad obtained by combining the Dx monad on the left with the Dx°® monad on the
right. A (Dx, Dx?)-bimodule is defined to be a module over that monad. Ox is naturally a
Dx module. So T'A(O K O) has a natural structure of a (Dx, Dx?)-bimodule.

Remark 4.2.7. We can also define () by assembling the functors
QU™ = py.p5 : Ta(QCoh(X™)) — I'a(QCoh(X ™))
into the functor
Q : colimpor (DA (QCoh(X ™)), %) — liAr?(FA(QCoh(X”H)), *)
where p1, pa are the two projection maps of

Xm+n+2 ~ Xn+1 X Xm+1

so that we have the functors
Prs : TA(QCoh(X ™ 2)) — T'A(QCoh(X "))

Py s TA(QCoh(X™)) — DA (QCoh(X™F72))

One can see gives the same functor as above for instance by computing the associated bimodule.
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Now we would like to construct an inverse to (). Consider the following functor
R: liAr?(FA(QCOh(X”“)), %) — liAr?(FA(QCoh(X”H)), X))
which we define by assembling
R™M(F) = F ®o,,., Wit

This obviously commute with the transition maps by Corollary 3.2.15 because we have thrown
away the degeneracy maps (by restricting to Ag). We note that R is a colimit-preserving
functor with associated bimodule

Ca(wx Kwy)

By inspection of the associated bimodules, we have
Proposition 4.2.8. R and Q are self-dual under QCoh(S)—Mod* duality (left-right duality).
The left-right switch is the following theorem.

Theorem 4.2.9. R is the inverse functor of (), and therefore
Dx—Mod = Dx°®*—Mod

Proof. We show that RQ) = id, then the result will follow by duality. We will show this by
directly computing R() using Remark 4.2.7.

Consider R(Q as a functor
RQ : colimpor (I'a(QCoh(X ™)), %) — liAril(FA(QCoh(X”“)), X))
then we can regard it as assembled from functors
(RQ)™™ : TA(QCoh(X™ 1)) — Ta(QCoh (X))

which are defined by
(RQ)(m,n) (f) ~ wn+1 ®(9X"+1 ﬁL*ﬁ;‘F

where

P1x: Ta(QCoh(X™ %)) — T'A(QCoh(X™ 1))

Ps : Ta(QCoh(X™H)) — DA (QCoh(X™F72))
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then the claim follows from
Rn+1 S A~ X
w ROy ni1 P1DoF = P1aPy F

together with Theorem 4.1.14. [ |

4.3 Pushforward and Pullback of D-Modules

We discuss in this section how to pushforward and pullback D-modules, both left and right.
We take the perspective of defining the functors on the category of D-modules first, and
then subsequently defining the transfer bimodules using those functors. Therefore, transfer
modules take a back-seat in our story, and we approach these functors as for crystals.
Suppose f : X — Y is a map of spectral Deligne-Mumford stacks over a base spectral
affine scheme S, both finite tor-amplitude and locally almost of finite presentation over S.
More general bases can be used because of descent results. Let us define pullback of Dy

modules, using the presentation of Dy—Mod as a cosimplicial limit. We define the functors
fHM  TA(QCoh(Y™1)) — Ia(QCoh(X™1))

by’

frim= (e
The definition of (f"*1)* is as follows. Since I'a(QCoh(Y™"!)) is defined with descent, we

can assume first that Y is affine. Then, for any U étale over X and U affine, we can define a
functor from I'a(QCoh(Y)"*!) to T'a(QCoh(U"+1)) simply by *-pullback and taking T'a, i.e.
Ta((fu)™")*ia. By descent, this gives a functor from I'x(QCoh(Y)"™) to ['a(QCoh(X"+1))
which globalizes to a general Y as the functor from I'a(QCoh(Y)"*!) to Ta(QCoh(U™1)) is

compatible with étale base-change. These functors are compatible with the transition maps,

so they assemble into the functor
e liAm(FA(QCoh(Y"+1)), %) — 1iAm(FA(QCoh(X”+1)), *)

or equivalently
ft: Dy—Mod — Dx—Mod

Which is what we call pullback of Dx modules. The left-right switch also gives a pullback of

"We define the category I'a (QCoh(X"*1)) by defining it étale locally on X with the usual definition (same
with Y).
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Dx°? modules, which we denote by f.

Now let us assume that X and Y are both qcqs algebraic spaces which are locally almost
of finite presentation and finite tor-amplitude over S. Left-right duality takes the pullback
functor of Dy modules to the pushforward of Dx°? modules, which we can also easily define

directly. Consider the functors

" DA(QCOh(X™#1)) — [a(QCoh(Y™*1))

defined by
=
where fi! is right adjoint to (fm+1)* above. This functor satisfies étale descent on Y (and

therefore this construction works for relative qcqs algebraic spaces too). One can directly
check (for example using a scallop decomposition) that these functors are colimit-preserving.

These assembles into the functor
f+ ¢ colimpor (I'a (QCoh(X ™)), %) — colimaor (I'a(QCoh(Y ™)), %)

or equivalently
f+ : Dx°*—Mod — Dy°*—Mod

Again, the left-right switch allows us to define a pushforward of Dx modules (for a relative
qcgs algebraic space), which we denote by f;.

Now we will define the transfer module to compare with the classical story. For simplicity,
let us assume that px : X — S and py : Y — § are both separated to make the descriptions
of the transfer modules easier. As f and f* are guaranteed to be colimit-preserving, these
functors have corresponding transfer modules. The transfer module for f* and the one for f,
will be the same (up to swapping the order of X and Y') because they are related by left-right
duality. As in the section on the left-right switch, we find the transfer module by considering
the composition

Gy f " Fp,

which simplifies to (by Remark 4.2.3)

# ~(YXY) ~ (Y XY),*
f Ty x Ty

Define
5fIX—>X><5'Y
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to be the graph of f. Let us denote by I'; the local cohomology functor on QCoh(X xgY)

relative to this subset. Consider the split-exact sequence of presentable stable categories
FA(QCoh(Y x Y)) — QCoh(Y x Y) — QCoh(U)

for the closed subset A in Y x Y, where U is the complement of A. We can apply the functor
QCoh(X) ®qcon(y) - to the above (where QCoh(Y') acts on the left) to get the split-exact

sequence (see Remark A.2.7)
QCOh(X) ®QCoh(Y) FA(QCOh(Y X Y)) — QCOh(X X Y) — QCOh(V)

where V' is the complement of the graph of f in X x Y. Therefore, we have the result

Lemma 4.3.1.
Ff(QCoh(X xsY)) = QCoh(X) ®QCoh(Y) CA(QCoh(Y xgY))

where QCoh(Y') acts on T'a(QCoh(Y xgY)) via 7}.

With the description of I'f(QCoh(X xgY')) above, we have (by comparing their right
adjoints) ®

~ ~ - ~(YXY
Wf;:y = 1dQCoh(X) ® 7T§7><>< )

Consider the diagram

X xgY 2y wgy

W§XXY> 7l_§Y><Y)

x—7r Ly

Using Theorem A.1.1, we have

~ ~(XXY) ~(XXY),*
=Ty x T2

where

#OY) T (QCoh(X x5 Y)) = QCoh(X)

1,x

8Note here both 7,*’s are colimit-preserving because their left adjoints are compact object preserving.
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XXY),*)

is defined as before (as the left adjoint of 7~r§ . Hence the bimodule for the pullback

functor f* is the one corresponding to the functor

~(XXY) ~(XXY),*
ILx T2

which is (by the left-right duals of Theorem 3.2.13 and Theorem 3.2.7 )
Ff(OX X (,Uy)

Hence,

Theorem /Definition 4.3.2. The transfer module Dx_,y for [T (and also f ) is
DX—)Y/S = F]‘(C)X X CUY) = ﬁ'f(XY’XOX S Ff(QCOh(X Xg Y))

Corollary 4.3.3.

Dx_y/s = (f xid) Dy/s

where

*

(f X ld) : FA(QCOh(Y Xg Y)) — Ff(QCOh(X Xg Y))
is induced from the pullback functor (f x id)*.

It is clear that Dy_,y/¢ naturally carries a left Dx,g action and a right Dy/g action. As

the plus pullback functors compose well, also the transfer modules must compose well.

Theorem 4.3.4.

Dx_7 = Dx_y *xp, Dy_z

Remark 4.3.5. The star product is used here to recall that the algebra structure on D s with

respect to the convolution tensor product; but this can just be thought of as a tensor over Dy

Remark 4.3.6. Suppose f is a finite tor-amplitude relative qcgs algebraic space morphism,

then one can check directly, for example using transfer modules, that
er : Dx—Mod — Dy —Mod
as a functor

fi ¢ colimpor (QCoh(X™), x) — colimpor (QCoh (Y1), x)
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1s simply given by assembling

—

£ = fr QCoh(X™H) = QCoh(Y™ )
Dually, if f is a finite tor-amplitude morphism,
f1: Dy°®—~Mod — Dx°®—Mod
as a functor
fh hAx?(Qcoh(Ym“), X) — liAr?(QCoh(Xm“), x)

given simply given by assembling
FHO) 2 bl QCoh (YY) 5 QCoh(X™ )

Therefore, if f is a proper and finite tor-amplitude relative gcqs algebraic space morphism,
then fy is left adjoint to f* (and f1 is right adjoint to f, ). Here we use the |-functors defined

in Section 3.2. We note that these constructions are made easier because we restricted to A,.

Remark 4.3.7. We must warn the reader here that the pullback and pushforward functors
defined above differ from the standard definitions found in the literature by shifts, even when
the notation is the same! For example, if the reader is comparing to the [HTTO0S8] book, the

translation goes as follows for a map f : X — Y between smooth varieties
/g fi[dim X — dim Y]
f
and
flpp 2 fFdim X — dim Y]
where the left hand side is the in notation of [HTTOS].

We finish this section by extending the adjunction in Remark 4.3.6 to all proper morphisms

(not necessarily finite tor-amplitude).

Definition 4.3.8. Let X be a locally almost of finite presentation, finite tor-amplitude
spectral Deligne-Mumford stack over S, a spectral affine scheme. Then the subcategory of
Dx/s-modules supported on a closed subset Z is the subcategory of D-modules which vanish

when restricted to the complement open. We denote this subcategory by I' z(Dx/s—Mod).

Remark 4.3.9. The colimit and limit presentations for the category of D-modules also gives

rise to analogous presentations for the subcategory supported on a closed subset.
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Lemma 4.3.10. Let S be a spectral affine scheme and let Y be an almost of finite presentation,
finite tor-amplitude spectral affine scheme over S. Then, there’s a natural isomorphism

between the functors
FAﬂ'f—, FATF;— : Dy/S—MOd — FA(DyXy—MOd)
Proof. The functor
0T : Ta(Dyxy—Mod) — Dy,/s—Mod

which is left inverse to both functors and is also an equivalence by general simplicial homotopy

theory. To be precise, this is because the functor
lim(QCoh(Y) = Ta(QCoh(Y x Y)) 3 ...) —= T'a(Dyxy—Mod)

given by the combinatorial subdivision of Example 2.5 in [BR16] (this is just the functor
restricting to odd cells and morphisms which preserve “pairs” of Y’s) is an equivalence by

Theorem 2.1 in [BR16]. And the functor % is inverse to isomorphism. n

Theorem 4.3.11. Let S be a spectral affine scheme. Let X and Y be almost of finite
presentation, finite tor-amplitude spectral Deligne-Mumford stacks over S. Suppose g is a
proper morphism from X to'Y over S which is a relative qcqs algebraic space. Then, g. s
left adjoint to g (left-right switch of g*).

Proof. By descent, we can assume Y is affine and thus X is a qcgs algebraic space. By abuse
of notation, let us denote by ¢* the right adjoint to g,, which can be described as follows.

Express the category of Dx/s and Dy,s°* modules as cosimplicial limits using, i.e.
Dx /5" —Mod = liAm(FAQCoh(X"H), X)

and
Dy;5?—Mod = l‘iﬁm(FAQCoh(Y”H), X))

Then, ¢g* is the functor assembled from the functors

gn+1,><

which is the right adjoint to g2 above.
Now note that the map g : X — Y is the composition of J;, : X — X xgY and
15°Y X xgY — Y. Hence, the functor g* can be written as the composition 0y foy’x.

Note that this composition is unaffected by adding I's,(x) in the middle (J, is a closed
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immersion as Y is affine), where

F59(X) : DXXsY/S_MOd — Fég(X)(DXxSY/S_MOd)

Consider the composition I's ( X)Wg( “¥:X By Theorem 3.2.16, there is an isomorphism

Pa,om 7 = Ty, comy
using the limit presentation of the category of right D-modules and Remark 4.3.6.

Hence we have

g>< = (5;F5g(X)7T§(XY’T = 5;F59(X)(g X id)Tﬂ';XY’T

or alternatively
g =38, " (g x id)imy

where we restrict to the subcategories I's, (Dx xy“®—Mod) and I'a(Dy xy°*—Mod).
Now by Lemma 4.3.10, there’s a natural isomorphism between the functors 7?3/ Y1 and

Y XY,
77 YT Therefore,

We can simplify this as desired

g = ngfrf(XY’TgT = ngﬁfxxx f

I

gt =g

where again we use Theorem 3.2.16. |

Remark 4.3.12. Let S be a spectral affine scheme and X andY be almost of finite presenta-
tion, finite tor-amplitude spectral Deligne-Mumford stacks over S. Suppose g is a morphism
from X toY over S which is a relative qcqs algebraic space and A a closed subset of | X| which
is proper over Y (as a closed substack). Then, giia is left adjoint to T'ng' where iy 4Ty are
the inclusion and projection functors for the subcategory of D-modules on X supported on A

(these are the modules which vanish when restricted to the complement open).

4.4 Kashiwara’s Equivalence

In this section, we prove a version of Kashiwara’s equivalence which implies the statement
that for any closed immersion of a singular variety into a smooth variety, z : Z — X, the
category of Dz-modules is equivalent to the subcategory of Dy-modules supported on Z.

This classical statement is often used to define the category of D-modules on a singular
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variety.

Theorem 4.4.1. Let X be a spectral affine scheme which is almost of finite presentation
and finite tor-amplitude over a spectral affine scheme S. Suppose z : Z — X be an almost of
finite presentation, finite tor-amplitude closed immersion. Then, the D-module pushforward
functor

24 1 Dyzys—Mod — Dx;5°?—Mod

15 fully faithful.

Proof. Because z, is left adjoint to 2! by Theorem 4.3.11, it suffices to show that the natural
transformation idp, /5°P—Mod — 212, is an isomorphism. Since Dy/s°"P—Mod is generated by

Dyz;s°" and the forgetful functor Gp, v is conservative, we can reduce to showing
GDZOPFDZOP — GDZOPZTZ+FDZOP

is an isomorphism.

Because of the commutative diagram
QCoh(Z) —=— QCoh(X)
FDZOp FDXOP

D, —Mod —— Dy°°—Mod

we have the isomorphisms
Gp,orz 2y Fpoo 2 21Gpon Fpyonz, = zTﬁf*XXﬁg(XX’Xz*
By base-changing the split-exact sequence
F'A(QCoh(X x X)) — QCoh(X) — QCoh(U) (4.11)

where U is the complement of the diagonal, we can show

I, (QUOL(X x Z)) 2 [, (QCOh(X x X)) ®qcan(x) QCoh(2)
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Looking at the diagram

QCoh(Z) & » QCoh(X)
7~réXxZ),x ﬁ,2><

P

T'a,QCoh(X x Z) 225 Tx (QCoh(X x X))

we see that, since the 75 on the left is the base-change of the 75 on the right (by comparing

their left adjoints), this diagram commutes by Theorem A.1.1. Hence

~X~ ~U [* ~(X><Z),><
7o Ze = (id X 2),7y

On the other side, we have the analogous commutative diagram (using the fact that z is a

finite tor-amplitude map so that Z* preserves colimits)

Pa, QCoh(X x X) Z%% 1y (QCoh(Z x X))

- ~(ZxX)
1% T %

I'2(QCoh(X)) ——=—— QCoh(Z)

By Theorem A.1.1, we have

X
~ ~(ZxX :
257 . = 72 )(z x id)

Hence
X

Tz 2 RN (2 xid) (id x 2), 75 O
One can check that the natural map above
GDZOPFDZOP — GDZOP,%TE_;,_FDZOP

is the same as the natural map

—_—— —~— X —~— X
AN (d x 2), (2 x id) 75 5 7P (2 xid) (id x 2), 73y A
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coming from adjunction. Now consider the diagram

s, QCoh(X x Z) TV 1y (QCoh(Z x 2))

(idxz), (idxz),

X

P, (QCoh(X x X)) 1Y 1y (QCoh(Z x X))

Using the fact that Z is a closed immersion, we can show that set-theoretically
(ZxX)N(X xZ)=(Zx Z)
inside X x X. Therefore, we have the isomorphism of categories
I'a,QCoh(Z x Z) = T'A,QCoh(X x Z) ®ra, QCoh(XxX) I'a,QCoh(Z x X)

(where the action is via pullback not convolution). Now the isomorphism

X

(z xid) (id x 2), = (id x 2),(z x id)

X

follows from the the diagram above via Theorem A.1.1.

Remark 4.4.2. The proof of Theorem 4.4.1 above also shows the following. Lety:Y — X
be a finite tor-amplitude morphism of spectral qcqs algebraic spaces which are almost of
finite presentation and finite tor-amplitude over a spectral affine scheme S. Suppose |Z| is
a co-compact closed subset of Y such that the reduced closed subspace mapping to X is a

universal homeomorphism composed with a closed immersion. Then
gj+ : F2<Dy/50p—MOd) — Dx/SOP—MOd

15 fully faithful.
Remark 4.4.2 allows us to immediately extend Theorem 4.4.1.

Theorem 4.4.3. Let X be a spectral affine scheme which is almost of finite presentation
and finite tor-amplitude over a spectral affine scheme S. Suppose z : Z — X be an almost of

finite presentation, closed immersion such that Z is finite tor-amplitude over S. Then, the
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D-module pushforward functor
24 1 Dy —Mod — Dx;5°"—Mod

15 fully faithful.

Proof. Let s be the closed immersion Z — Z xg X. Then z, = ﬁQZ’iX 51 where
§+ : Dz/s—MOd — Fs(Z)(DZxX/S_MOd)

Remark 4.4.2 implies that

77'227:_)( : Fz(DZXx/SOp—MOd> — Fz(Dx/S—MOd)

is fully faithful. Thus, it suffices to show that §, is fully faithful. As ﬁlz’ix is also fully
faithful by Remark 4.4.2; it suffices to show %f iX Sy is fully faithful. But this is the identity

morphism. |

Remark 4.4.4. The above proof shows that Remark 4.4.2 holds without assuming y is finite

tor-amplitude.

Theorem 4.4.5 (Kashiwara’s Equivalence). Let X be a spectral affine scheme which is almost
of finite presentation and finite tor-amplitude over a spectral affine scheme S and z : Z — X
be an almost of finite presentation closed immersion such that Z is finite tor-amplitude over
S. Assume the pullback

¥ T2(QCoh(X)) — QCoh(Z)

18 conservative. Then,
2T : Dz—MOd — Fz(Dx—MOd)

1s an equivalence of categories. The analogous statement for right D-modules is also true
either by left-right switch or left-right duality.

Proof. By the left-right switch of Theorem 4.4.3, Z; is fully faithful. It suffices to show it is
essentially surjective. As Zi is colimit preserving, if it were not essentially surjective, there
would exist a nonzero object F € I';(Dx—Mod) which receives no map from any 2;G, for
G € Dz—Mod. However, by adjunction this would show that z*(F) = 0 and thus because

the forgetful functor from D-modules to quasicoherent sheaves is conservative, F = 0. H

Remark 4.4.6. If X s truncated, the conservativeness assumption is automatic. If X
1s not truncated, the inclusion Z, can fail to be an equivalence. One such example s

X = S = SpecQ[t] where t is in homological degree 2 and Z = Spec Q.
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Remark 4.4.7. Kashiwara’s equivalence globalizes to general S and X a relative locally

almost of finite presentation finite tor-amplitude spectral Deligne-Mumford stack over S.

Remark 4.4.8. In the case that X = S = Spec R for R a discrete ring, the ring of differential
operators on Z = Spec R/I (relative to X ) is simply Dy x = Homg(R/I,R/I) (if R/I is a
perfect R module). Theorem 4.4.5 then follows from derived Morita theory since R/I is a
compact generator of the category of I-nilpotent R modules (In the sense of Theorem 7.1.1.6

of [Lurl8]).

4.5 Fppf Descent of D-modules on Truncated Schemes

In this section, we deduce descent of the category of D-modules with respect to the fppf
topology for truncated derived schemes.

We start with a general proposition which shows that the limit presentation of D-modules
on X is indeed the limit obtained from descent along the forgetful functor in the opposite

category of symmetric monoidal presentable stable categories.

Proposition 4.5.1. Let px : X — S be almost of finite presentation and finite tor-amplitude

map of spectral affine schemes. Then,
QCOh(X) ®DX/S_M0d QCOh(X) = FA(QCOh(X Xg X))

where we use the usual symmetric monoidal structure on left D-modules in the left hand side
and the symmetric monoidal structure on the right is induced from QCoh(X xg X) (not the

convolution one).

Proof. The proof of 4.3.10 shows that there’s an isomorphism between Dx—Mod and
I'A(Dxxx—Mod) which is induced by the adjunction ST ~6+. Now we know that

DXX)(/S_MOd = Dx/s—MOd ®S Dx/S—MOd

for example using the fact that Dx—Mod can be written as a colimit in Pr”. Hence there’s a

split-exact sequence in Dy x/s—Mod-module categories

5 u
DX/S—MOd —T) DX/S—MOd ®QCoh(S) DX/S—MOd —+> DU/S—MOd (4.12)

where U is the complement of the diagonal in X xg¢ X. This sequence corresponds to the

idempotent algebra Oy in Dx x/s—Mod.
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We have (for general reasons)
QCoh(X) ® Dy, s—Mod QCoh(X) = QCoh(X x X) @Dy x/s—Mod Dx/s—Mod
Therefore, equation (4.12) base-changes to give a split-exact sequence
QCoh(X) ®py,s—Mod QCo(X) — QCoh(X x X) — QCoh(X X X)®py, v s—Mod Duys—Mod

corresponding to the idempotent algebra Oy € QCoh(X x X). From this the claim follows. W
The following proposition will be instrumental for showing fppf descent.

Proposition 4.5.2. Let S be a spectral affine scheme and X, Y, and T be qgcqs derived
algebraic spaces which are locally almost of finite presentation and finite tor-amplitude over
S. Suppose Oy generates Ta(QCoh(Y x5Y)).? Suppose g : T — Y is a proper morphism
over S and f: X =Y a morphism over S. Then, the diagram below commutes (where g’ is

the base-change of g and f" is the base-change of f)

Dyjs—Mod —2— Dy s—Mod

[ I

Dryyx/s—Mod ~22% Dy /s—Mod
in the sense that the natural map
()" = (@) ()T g = (9)(9) " f g1 = oy
is an isomorphism (this is an example of a Beck-Chevalley condition).

Proof. WLOG we can assume X and Y are affine. By Theorem A.1.1, this would follow if

we can show that the natural map
Dr/s—Mod ®Dy/s—Mod Dx/s—Mod — Drpy, x/s—Mod
is an isomorphism—since we can immediately see that
g ®1id : Dy;s—Mod @Dy, s—Mod Dx/s—Mod — Drjs—Mod ®p,,,s—Mod Dx/s—Mod

identifies with the functor (¢')*. Therefore as we are in the proper setting, by Theorem

9We do not know if this ever fails (see Remark 4.1.7).
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4.3.11 the D-module pushforward is left adjoint to pullback and this is preserved under the
tensoring.

To see the equivalence of categories, we expand out both Dy s—Mod and Dx,s—Mod
using the limit presentations and note that they are in fact limits of Dy/s—Mod module
categories. Because all the functors in the limit presentation of D-modules have continuous
left adjoints which are also Dy,g—Mod-linear, we can commute the limit with the tensor.

Thus we can compute

DT/S—MOd ®Dy/S—M0d D)(/S—Mod = [ hm (FTQCOh(TnJrl) ®Dy/s—M0d FxQCOh(XnJrl))

nje€A,

where the products are over S implicitly. Proposition 4.5.1 then shows that
DT/S—MOd ®Dy/5—Mod DX/S—MOd = FXXyT<DXXsT_MOd)

To finish, we need to apply Kashiwara’s Equivalence, Theorem 4.4.5, to the inclusion
X xy T — X xgY. To do this, we need to verify the hypothesis that the pullback is
conservative on the subcategory supported on X xy T

The above inclusion is the base-change of the diagonal map ¥ — Y Xg Y along the
map X XgT — Y XxgY, therefore our assumption implies the structure sheaf of X xy T
generates the subcategory of QCoh(X xgT') supported on it. This then shows that pullback

is conservative on the subcategory (because I'xy,7Ox x4 is generated by Ox ., 1). |

Theorem 4.5.3. Let S be a truncated spectral affine scheme, then the assignment X +—>
Dx/s—Mod s a sheaf on the site of derwed affine schemes over S which are almost of finite
presentation and finite tor-amplitude with respect to the topology generated by étale covers

and finite locally free surjections.

Proof. Etale descent is part of Theorem 4.2.1. Suppose f : T — X is finite locally free. We
wish to show that

Dx—Mod — lign(D Mod)

T ™

is an isomorphism, where the transition maps are D-module pullback (*-pullback) and T)((")
is the n-fold (derived) cartesian product of T" over X. We will apply Corollary 4.7.5.3 of
[Lurl7]. We need to check three conditions

1. Dx—Mod admits geometric realizations of f*-split simplicial objects and those geo-

metric realizations are preserved by fT.
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2. For every morphism [m| — [n] in A, , the diagram

Do —Mod —2— D_iuin—Mod
X

| |

Don—Mod —=— D, —Mod
X X

(m
TX

is left-adjointable (see [Lurl7] 4.7.4.13) where d° : [N] — [N + 1] denotes the map
which sends k to k + 1 for k € [IV].

3. fT is conservative.

(1) and (3) are automatic. (2) is a direct application of Proposition 4.5.2 together with
Lemma 2.1.3 (which shows the requirement that the diagonal generates the subcategory of

quasicoherent sheaves supported on the diagonal holds in the truncated setting). [

Corollary 4.5.4. Suppose S is an underived Noetherian scheme, then the category of
D-modules (relative to S) on finite-type, finite tor-amplitude S-schemes satisfies fppf-descent.

Proof. Follows Theorem 4.5.3 above together with [Stal8] Lemma 0DET. |

4.6 Comparison with the De Rham Stack for Truncated

Noetherian Schemes

In this section, we discuss the relationship between D-modules as defined in the previous
sections and the more classical story of quasicoherent sheaves on the de Rham stack. The
latter is the same thing as quasi-coherent crystals on the (big) infinitesimal site. Over
characteristic zero, all the results below appear in [GR14].

Suppose S is a truncated Noetherian spectral affine scheme. Let us denote by AFF /fst
the category of all finite-type truncated spectral affine schemes over S (as always we work
in the affine setting and globalization follows from descent properties). For any finite-type

morphism X — Y in AFF/fSt, we can define

Definition 4.6.1. The relative de Rham stack (X/Y )ar is the presheaf on AFF/; defined by
(X/Y)ar(U) := Hom(Uyed, X) XHom(U,.q,v) Hom(U,Y)

where U,.q s the reduced subscheme U and the Hom’s are computed in AFF/JZ
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In other words, it is the presheaf of maps from U to Y such that on U,.4 the map lifts
to X. This presheaf is in fact a sheaf on the Zariski (or étale) topology. A reminder to the
reader that we use the terms presheaf/sheaf to mean presheaf/sheaf of spaces, in the sense
of [Lur09]. The de Rham stack relative to S is also the shriek pushforward (left adjoint to
pullback) of the relative de Rham stack as a sheaf on AF'F /f; to AFF /fé

The (contravariant) functor taking an affine scheme to its category of quasicoherent sheaves
QCoh : AFFIY™ — Cato,

is a sheaf of categories on AF'F /fst, with respect to the Zariski, étale, or descendable topology.
Hence, we can define QCoh for any presheaf on AFF /fé by

QCoh(F) := Hom(F,QCoh)

where the Hom is taken in the category of presheaves of categories on AF'F)g. Alternatively,
we can think of this as defining QQC'oh via Kan extension. We note that this agrees with the
definition given in [Stal8] Tag OHOH, as the difference in the choice of sites does not matter

here. As (X/Y)4r is shriek extended from AFF/f;,, QCoh((X/Y )ar) is independent of S.

Lemma 4.6.2. For any truncated Noetherian E.,-ring R, the map
R — Rred

1s descendable.

Proof. The map R — mo(R) is descendable by [Mat16] Proposition 3.32. The map m,(R) —
R,cq is descendable by [Mat16] Proposition 3.33. Hence the composition is descendable by
[Mat16] Proposition 3.23. |

Lemma 4.6.3. Suppose R is a truncated Eo.-ring, then the Koszul quotient of R by a sequence

tN . tN in mo(R) admits the structure of an Eo ring over R for all sufficiently large N.

Proof. Suppose R is k-truncated, then the Koszul quotients will be uniformly &+ n-truncated.
For k + n-truncated connective R-modules, the data of a £, s-algebra lifts uniquely to a
E-algebra by [Lurl7] Corollary 5.1.1.7 (because of connectivity estimates of the E,,-operad).
Now the claim follows because by [Bur22] Theorem 5.2, the Koszul quotients will admit
R-linear E; ,,o-structures for all N > 0. |

The main input to the comparison is the fact that the map from X to the de Rham stack
(X/Y )L, is surjective in the descendable topology, where (X/Y )% is the sheafification of
(X/Y)4r in the descendable topology.
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Lemma 4.6.4.
X = (X/Y)in

15 an effective epimorphism.

Proof. For any representable object U € AFF/fé and map f : Uto(X/Y )qr in the presheaf
category, the pullback of the canonical map X — (X/Y)4r along f

U X(X/Y)dRX —U

is a covering sieve (with respect to the descendable topology) in the sense of [KS06] Definition

16.1.13 because of the commutative diagram

Uedg — U

X — (X/Y)dR

(where the vertical maps are induced by f) and Lemma 4.6.2.

Therefore, the colimit of the Cech nerve (in the presheaf category) of the map
UXx/vyn X = U

is a subobject of U which is a covering sieve for the descendable topology in the sense of
[Lur09]. Therefore, the colimit becomes U after sheafification.

Now the Cech nerve of the map X — (X/Y)4g is the colimit of the Cech nerves over
U, with the colimit taken over all maps f. This is because any presheaf is a colimit of
representables and colimits are universal in the presheaf category.

Thus the sheafification of the colimit of the Cech nerve of X — (X/Y")4g can be computed
as the colimit of the sheafifications of the Cech nerves over U. But this is just (X/Y )5 as
sheafification is colimit-preserving. Note that this proof is shows the general fact that local
epimorphisms of presheaves in the sense of [KS06] Definition 16.1.13 become epimorphisms

of sheaves upon sheafification. [ |

The following proposition is well known in the discrete setting, where the (X/Y)4g is the
sheaf corresponding to the formal scheme of Y completed at X when X — Y is a closed

immersion.
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Proposition 4.6.5. Suppose X — Y is a closed immersion between truncated Noetherian

spectral affine schemes, then
QCoh((X/Y)ar) = I'x(QCoh(Y'))

Proof. Note first that both sides only depend on the reduced part of X, so we may choose X
to be finite tor-amplitude over Y (by taking a large enough Koszul quotient using Lemma
4.6.3).

Let’s work in the site AFF/ff/ with the descendable topology. Then the map X — (X/Y)%,
is an effective epimorphism by Lemma 4.6.4 above. Hence the left hand side can be written

as

lim(QCoh(X) = QCoh(X xy X) = ...)

from a direct computation. But the right hand side can also be written in this form by
Theorem 4.4.5. |

Remark 4.6.6. There is an analogous statement where the left-hand side is replaced by
quasicoherent sheaves defined using cross-descent (see Appendix B) using Theorem 4.4.5.
However, we caution that the pushforward functor from (X/Y )ar to Y which corresponds
to the complete incarnation when we work with *-quasicoherent sheaves instead corresponds
to the torsion incarnation. The theorem below also has an analogue. The two versions are
related by left-right duality.

Theorem 4.6.7. Suppose X — Y is a finite tor-amplitude map in AFF/fé, then there is a

natural isomorphism
Dx/y—MOd = QOOh((X/Y)dR)

Proof. X — (X/ Y)ZR is an effective epimorphism in the descendable topology by Lemma
4.6.4. Therefore,

QCoh((X/Y )ar) = lim(QCoh(X) = QCoh((X/X Xy X)ar) 3 ...)

From there the claim follows from Proposition 4.6.5 above and the limit presentation for the

category of D-modules. [ |

4.7 Relation with Hochschild Cohomology

In this section, we discuss a decategorification of Corollary 4.1.4 in the case X = Spec A is a

smooth affine variety over S = Spec k, which we assume to be affine and discrete (concentrated
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in 7y). Namely, we will show a result of the form
Dy= Ay A

for H being the Fs ring of Hochschild cohomology of A, where D, is the ring of differential
operators on Spec A. Corollary 4.1.4 has been known since the work of Beraldo, in [Ber21]
and [Berl9], and we are heavily influenced by those works. We will also allow A to be
noncommutative in this section, as it will not affect our proofs and may even be helpful
psychologically.

Suppose A is an Ej ring over a commutative ring spectrum k (which no longer needs to
be concentrated in ), which is compact in the category of A-bimodules, (A ® A°?)—Mod.
This is a condition that we have not assumed in the previous sections and is some sort of
generalization of smoothness!® In fact, it is equivalent to A—Mod being a smooth category,
using Definition 4.5 in [Per19]. The Hochschild cohomology of A over k is the E, ring defined
by

HH'(A/k) := Homgya, (a—Moa) (id, id) (4.13)

where Endy,(A—Mod) is the monoidal category of k-linear endomorphisms of A—Mod. Notice
that
Endi(A—Mod) = (A ® A°?)—Mod

and therefore we also have
HH. (A/k) = HOH]A@AOP (A, A)

although it is harder to see the Fy structure this way. We establish a convention for the Fj
ring HH'(A/k). Using equation (4.13), we call the F; algebra structure on HH'(A/k) induced
from the monoidal structure of Endy(A—Mod) the horizontal product—y;, and the E; algebra
structure induced from composition of morphisms in Endy(A—Mod) the vertical product—ps.
For

f,g € HH (A/k)

pa(f, g) is the composition fg in Homgpa, (a—moa)(id, id) and will be denoted by f above g.

These two E; structures are compatible and also they are noncanonically isomorphic. In

10T fact the statements about tensor products of algebras in this section also hold in the case where A is
commutative and lci over k by [BILP22]
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particular we have the following coherence diagram

HH'(A/£)®H§'(A/’€) Ho®pz

HH" (A/k)QHH (A/k) HH'(A/k) @ HH (A/k)

H1

® 11

w1
HITLA/R) 2 » HH(A/E)
HH (A/k)

Let us explain the notation. The vertical tensor product mean the same as horizontal tensor,
but the author finds it clearer to reserve writing the tensor product vertically when applying
the vertical product. The upper left term is just the tensor product of four copies of HH (A /k),
denoted as a square for the reasons we just mentioned. Normally, for a £ ring, we can define
left and right modules over it. Because HH'(A/k) has vertical multiplication, we can also
define up and down modules over it similarly. We denote the category of modules of left
modules over HH'(A/k) by
HH (A/k)""*—Mod

and similarly for right, up, and down modules. Each of these is a monoidal category where
the monoidal structure is taken in an orthogonal direction. In particular left modules (the
module is to the right of the ring) have downwards monoidal products, etc.

Let us think of the multiplication in A, pu4 as being horizontal, so that we can form left
modules, right modules, and bimodules over A naturally. Then A ® A°®—Mod, the category
of bimodules over A, is naturally a monoidal category by tensoring over A (we think of
the monoidal product as happening in the horizontal direction. Let I'a((A ® A°?)—Mod)
denote the subcategory of (A ®; A°?)—Mod generated under colimits by A. We can think
of HH'(A/k) as a one object monoidal category where the endomorphisms of that object is
HH (A/k) with ps product (and p; is responsible for the monoidal structure). Then this
monoidal category naturally maps into I'a((A ® A°?)—Mod) as a map of monoidal categories,

basically by definition, where the object maps to A. This induces a map of monoidal categories
@ : HH (A/k)™ " —Mod — I'a(A ® A°®—Mod)

which is an isomorphism because A is a compact generator whose ring of endomorphisms is

HH (A/k) with us product.
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For a down HH'(A/k) module M, ® sends M to the A ® A°? module given by
](8\/5[HH' A/k
S HH'(A/k)

where the A on the bottom has commutating up HH(A/k) action and left and right A
actions, i.e. a left A ® A°P? action. This gives an A ® A°°-module structure on the tensor
product. (The vertical tensor is a normal tensor product over the E; ring HH (A/k) with
the po product). We can think of the monoidal-ness of the functor ® as follows. First note A
is a up HH (A/k) algebra, because the evaluation map

A® HOmA®Aop(A, A) — A

(which we think of as an up action because composition of functions in HH" A/k is visualized
upwards) is compatible with the horizontal monoidal product—tensoring over A. Therefore,
we have coherence diagrams such as

HH'(A/@I;)@H@{{' (A/k) Ao A

ARQA
M1
® HA
A
HH'(A/k)
® s A
A

where the horizontal maps are the structure maps of A as a up HH (A/k) module. Now,

suppose M and N are both down HH'(A/k) modules. We can consider the tensor product
M N
O(M)®4 P(n) = <§HH'(A//<:)) XA <§>HH'(A/I<:)>
We rewrite this as

M N
QHH (A/K) | & . (®HH' A k:)
(A (A/ )) (HH é;A/k)HH'(A/k)> & (A/k)
A

We can instead evaluate this tensor horizontally first to get

(M®§H. N (A/k))
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which captures the fact that the functor ® is monoidal. We note that the horizontal actions

of HH'(A/k) on M and N are coming from the monoidal structure on HH'(A/k)%*"—Mod.
In the reverse direction, for an A ® A°°-module N, the down HH (A/k) module corre-
sponding to N is
U(N) := Homggaor (A, N)

as this is the right adjoint of ®. W is also monoidal since A is the unit of the monoidal

structure on A ® A°®—Mod. Pictorially, we can write an element of W(V) as a vertical map

N

I

A

and the monoidal structure of ¥ is seen by tensoring horizontally over A

N N’ N ®y4 N’
T ® T — T (4.14)
A A A

In fact there is also a left and right HH'(A/k) naturally on W(N), because we can tensor
(over A) an A-bimodule map from A to N on the left or right with a A-bimodule map from A
to A. The left, down and right actions are compatible, in the sense that any of these actions
can induce the others by rotating the E; structure on HH'(A/k), assuming that we never
cross the direction which makes the action into an up action. We can represent these actions

by the following cartoon.

B —
AR
Y

s —

(4.15)

a2 o =

The fact that the drawn actions are compatible follows from the fact that we can fill in
more copies of HH'(A/k) in the lower left and lower right corners, whose actions on their
neighboring HH (A/k)’s is compatible with the actions on Homg(A, N) indicated in the

diagram. This makes is clear that the map in (4.14) is compatible with the actions of
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HH (A/k).

Inside T'A(A ® A°°—Mod), there is the natural ring D4 which we’ve encountered,
DA = FA(HOIHk(A, A))

which is here thought of as a ring with horizontal multiplication. D, is sent to a down
HH" A/k algebra by W. To see which, we compute

Hom ag 400 (A, D 4) = Hom 4 400 (A, Ta(Hom(A, A)))
= Hom g o0 (A, Hom(A, A))
=~ Hom g 400 (A, Homy (A ® A, A))

where the action of A on A ® A in the last line is on the left multiplication on the left A.
The right A ® A° action on A ® A is via acting on the left A on the right and the right
A on the left (which is a right A°" action), inducing a left A ® A°? module structure on
Hom yop (A ® AP, A). Therefore,

Hom g 400 (A, D4) = Hompg 00 (A, Homy (A ® A, A))
= HOHIA((A ® A) ®A®Aop A, A)
=~ Homy (A, A)
> Aop

where a direct check shows that the algebra structure on the last line is indeed the opposite
of the algebra structure on A. We would like to figure out the down HH'(A/k) action. But

before we do that, let’s streamline the computation above to just

Hom ag 400 (A, D 4) = Hom g 400 (A, T'a(Hom(A, A)))
=~ Hom g 400 (A, Hom(A, A))
= Homa(A ®4 A, A)
= Homy (A, A)
ST

where from line two to three, we think of the isomorphism as the application of a single
“enriched” tensor-hom adjunction with the (k, A) bimodule A, both actions are on the left,
where the left A actions on both sides of the Hom just come along for the ride. Tensor-hom
adjunction in this form is probably well-known, but one can think of the computations above

as justification for this “enriched” tensor-hom adjunction as well. Let us draw a picture of
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this isomorphism.

Homy (A + A) A
ATA = AT
A ARy A

where the left arrow is labeled on both sides to indicate that it is required to be (A, A)-bilinear
whereas the right diagram only requires that the map is left A-linear. From this diagram it
is clear that the left HH'(A/k) action will be the most convenient to work with, because it is

unfazed by the tensor-hom adjunction. Namely, it is simply the action

A A
ATA = (4.16)
A A

Our diagram therefore shows the left HH" A/k action, in fact it shows a left HH" A/k algebra
structure. We would like to drag it to a down HH" A/k algebra and describe it. First, let us
start with the standard action of HH (A/k) on A, namely A as an up HH (A/k) algebra. We

can visualize it like so

I

hS
—
hS

D

A

AR A

By writing it this way, we see that indeed there are compatible actions, as in the diagram
(4.15)

A

ATA

A

0
A A A
Ala < ATA -« ATA
A AR, A A

Therefore, we can deduce that the action in diagram (4.16) is the standard up HH (A/k)
algebra A rotated by 90° counterclockwise. We visualize HH'(A/k) staying still and the
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module rotating around it. To get to the down HH (A/k) algebra, we further rotate by 90°

counterclockwise. Therefore, in total we have
U(Da) = Homagaer (A, Da) = Assoe (4.17)

meaning that we drag the standard up HH'(A/k) algebra 180° degrees counterclockwise
to obtain a down HH'(A/k) algebra. Note that doing this naturally reverses the order of
multiplication on the ring, making the underlying ring A°®. We note that the order of the
dragging matters, and we do not even get the same underlying module if we drag in the
opposite direction. Using the inverse functor to ¥, we have

AISOO
Dy = % HH"(A/k) (4.18)

We can also define the opposite ring D4°P, and by rotating equation (4.18) by 180°

clockwise, we can see that
on . A—1800
D,® > & HH(A/K)
A

Since in general D4 and D4°P are not canonically isomorphic even as A-bimodules, we must
conclude that dragging A as a down HH'(A/k) module counterclockwise by one full rotation
should genuinely yields a different HH(A/k) module in general.

Denote by Agge the left HH'(A/k) algebra and A_ggo the right HH (A/k) algebra obtained
by draggin the standard up HH'(A/k) algebra by the corresponding angles. Then, by rotating
the isomorphism (4.18) above by 90° clockwise, we get

D4, —900 = A_go0 Qun-(a/k) Agoe
We can categorify the above to get
DAOP—MOd &= AOP—MOd ®HH'(A/k)d0w"—Mod A—MOd

which was indeed what we intended to decategorify.

Remark 4.7.1. Like the collection of Es rings, the collection of smooth and proper categories
also admits a S' action. In fact, the action of S* on smooth proper categories agrees in a
precise sense with the action on their Hochschild cohomology. In this way we see how the
relation with Grothendieck duality arises (recall that by the Grothendieck-Sato formula the
ring of differential operators and its opposite are related by Grothendieck duality).
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CHAPTER 5

Applications

5.1 Universal Homeomorphisms and Relation with
[BZN04]

In this section, we an application of our Kashiwara’s Equivalence for universal homeomor-
phisms and describe how to recover some results of [BZN04] from our work.

Let S be a truncated Noetherian affine scheme and suppose 7 : X — X is a universal
homeomorphism (on the classical truncations) of truncated affine schemes which are finite-type
(which implies almost of finite presentation in the Noetherian setting) and finite tor-amplitude
over S. By descent, we can clearly globalize X and S (as universal homeomorphisms are

always affine).

Lemma 5.1.1. Any map of truncated Noetherian E.-rings which is a h-cover on my s

descendable.

Proof. Suppose R — S is such a map. Then R,.q — S;cq is descendable by [BS17] Theorem
11.12 and R — R,q is descendable by the results of [Mat16] (see Lemma 4.6.2). Therefore
the result follows from [Mat16] Proposition 3.23. |

Theorem 5.1.2. The functor
7t : Dx—Mod — D ¢ —Mod

15 an equivalence of categories.

Proof. This follows from Remark 4.4.4 together with the fact that the quasicoherent pullback

functor 7* is conservative by Lemma 5.1.1 above. [

Remark 5.1.3. The transfer module of 7— is Ta(Ox Rwy) and the transfer module of 7 is

FA(Og Kwy). Note that we abuse notation to write I'a to mean taking (derived) support
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along graph of the map from X to X (which is topologically the diagonal as X and X are

homeomorphic).
By left-right duality, we also have

Corollary 5.1.4.
2y D¢"—Mod — Dx“*—Mod

1s an equivalence of categories.

To compare our results with those of [BZNO04], let us recall their setup. Assuming for
the rest of this section that S = Spec k where k is a field, X and X are Cohen-Macaulay

k-varieties of dimension d, and finally that
H'(TA(MRwg)) =0

and
HI(FA(MIZwX)) =0

for all M € QCoh(X )[0’0], so that 7 is a good cuspidal quotient between good Cohen-Macaulay

varieties in the terminology of loc. cit.

Lemma 5.1.5. In the above situation,
H'(TA(M Rwg)) =0

and
HZ(FA(M &WX» =0
for alli # 0 and M € QCoh(X)!*".

Proof. Without loss of generality, we can assume that X and X are affine. Namely, X =
Spec R and X = SpecR. Let m : X x X — X be the projection to the first component.
Then, there is an isomorphism (by Theorem 3.2.16)

FAMRwg) =Za M
We can rewrite this as
colim, Homp, #((R ®, R)/I", Homg(R ®, R, M)) = colim, Homg((R ®, R)/I", M)

where I is the kernel of the surjection R ®), R — R. Hence, we can see that for injective

(discrete) M, I'a(M M wy) is discrete. Using the assumptions, we can then conclude using
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injective resolutions that for all discrete M, I'a(M NMwy) is discrete. The second claim follows

similarly. [

Theorem 5.1.6 (Theorem 1.2 in [BZNO04]). In the above situation, there is a Morita equiva-
lence between the (sheaf of ) algebras H*(Dy) and H°(Dx) induced by

H’(Dx_,x) = H'(Ta(Ox Rwx))

and
H(Dg _x) = H°(Pa(Ox Rwyg))

Proof. Without the H%’s, this is simply Theorem 5.1.2. Hence, it suffices to show all the H®’s
above are redundant, because the objects are already in degree 0 under our assumptions. But
this follows from the Grothendieck-Sato formula (Corollary 3.4.7) and the above lemma. W
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APPENDIX A

Background in Category Theory

A.1 Tensor Products of Module Categories

In this section we collect some results in category theory which we will use throughout the
document.

We denote by Prgt the 2-category of presentable stable categories with colimit preserving
functors. By section 4.8.3 of [Lurl7], there is a tensor product on Pr¥,. Therefore, let ¥ be
a monoidal presentable stable category, 2~ a right ¥ module and % a left ¥ module (inside
Pr%,). Then, using section 4.4 of [Lurl7], we can form the relative tensor product of 2~ and
% over ¥, namely,

AN

We record two basic properties of this tensor product here for easy use later

Theorem A.1.1. Suppose we have a functor f : X — ¥ which is right ¥ -linear and
colimit-preserving and g : V' — % which is left V -linear and colimit-preserving. Then, the

following diagram commutes
2LV —2 s Xy W
f fel

G =N/~

Proof. Follows from functoriality of the relative tensor product. [

Remark A.1.2. We must caution the reader that when we write a functor is ¥ -linear and

colimit-preserving, we mean that it is a map of ¥ module categories as defined above. Being

94



¥V -linear refers to preserving tensoring by objects of ¥V, and does not mean ¥ -enriched for

us.

Remark A.1.3. We can think of the above theorem as a category-theoretic analogue of the
base-change isomorphism in algebraic geometry. Suppose S is a qcqs spectral algebraic space
and X and'Y are qeqs spectral algebraic spaces over S. Then we can take ¥ := QCoh(S),
2 = QCoh(X), and % = QCoh(Y) to recover the usual pull-push isomorphism in algebraic
geometry (here g is pullback and f is pushforward). One can also directly check by commutative

diagrams that the natural isomorphism agrees with the Beck-Chevalley one.

Theorem A.1.4. Suppose f: ¥V — X is right ¥ -linear and colimit-preserving and g : V' —

% s left ¥ -linear and colimit-preserving. Then, the following diagram commutes
Y — W2V R, W
f fel

3{2%@9”/”//&5{@7/@

Proof. Follows from functoriality of the relative tensor product. [ |

Theorem A.1.5. Suppose f: X — V is right ¥ -linear and colimit-preserving and g : % —

Vs left ¥V -linear and colimit-preserving. Then, the following diagram commutes

Yo, I sy~ ye,y
1®g g

X 2L Qy YV ———— Y

Proof. Follows from functoriality of the relative tensor product. [ |

Now let 7" be a symmetric monoidal compactly generated stable category, such that the
compact objects are the same as the dualizable objects. This will happen whenever 7 is
the category of quasicoherent sheaves on a qcqs spectral algebraic space by Proposition
6.2.6.2 of [Lurl8]. Let us consider the 2-category of presentable stable category 2~ with
a colimit-preserving left action of ¥ where the morphisms are colimit preserving functors
which preserve the ¥ action. We denote this 2-category by ¥ —Mod” and we call its objects

¥ -module categories. In this setting, there are enriched forms of adjoint functor theorems.
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Theorem A.1.6. Let & and % be compactly generated ¥ -module categories. Suppose
f:Z = % is a colimit-preserving functor between ¥ -module categories which preserves
compact objects, then the right adjoint g can be upgraded to a colimit-preserving ¥ -linear
functor. (Please note that the assumptions on ¥ in this theorem are stronger than the

beginning of the section, see the previous paragraph)
Proof. See A.3.6 in [MGS21] |

Remark A.1.7. We can think of the above as a category-theoretic analogue of the projection
formula in algebraic geometry. Suppose S is a qcqs spectral algebraic space and X is a
qcgs spectral algebraic space over S. Then, taking ¥ = QCoh(S), Z = QCoh(X), and
% .= QCoh(S) recovers the usual projection formula when f is the pullback functor from
S to X. This is because the projection formula simply says that the pushforward functor is

QCoh(S)-linear.

Theorem A.1.8. Suppose g : & — % 1is a colimit-preserving functor between ¥ -module
categories which preserves limits, then the left adjoint f can be upgraded to a ¥ -linear functor.
(Please note that the assumptions on ¥ in this theorem are stronger than the beginning of the

section, see the paragraph before Theorem A.1.6)

Proof. See A.3.6 in [MGS21] |

A.2 Exact Sequences of Categories

In this section, we record what it means for a sequence of presentable stable categories
to be exact or split-exact. We use [BGT13] as our reference. Note that our definition for
split-exactness differs from theirs. In particular we require the right adjoints to commute

with colimits.

Definition A.2.1 (Definition 5.4 of [BGT13]). Let f : o/ — A be a fully faithful functor of
presentable stable categories (this implies that f preserves colimits). The Verdier quotient
B of B by o is the cofiber of f in the category Prk, of presentable stable categories.

Definition A.2.2 (Definition 5.8 of [BGT13]). A sequence of presentable stable categories
oA — B —C

is exact if the composite is trivial, o — A is fully faithful, and the map B/ — € is an

equivalence.
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Definition A.2.3. An exact sequence of presentable stable categories

PR
is split-exact if the are colimit-preserving right adjoints i and j (to f and g respectively) such
that io f =1id and go j = id.

Remark A.2.4. The reader is warned that this definition differs from that of [BGT13]
Definition 5.18.

Lemma A.2.5. Suppose
Y N

is a split-exact sequence of presentable stable categories. Let i and j be the right adjoints of f
and g respectively. Then, j is fully faithful and for M € %

fiMl— M — jgM

s exact in B.

Proof. g o 7 =1id implies j is fully faithful. Consider the fibre K of M — jgM. It is easy
to see that it is in the kernel of g, and hence the image of f. Hence we have K = fiK and
therefore K is the fibre of fiM — fijgM. Since 15 = 0, we conclude K = fiM. [ |

In the reverse direction, we have

Lemma A.2.6. Suppose
P ENT (A1)

15 a sequence of presentable stable categories which composes to zero, where f and g are
colimit-preserving. Let i and j be the right adjoints of f and g respectively. If i and j also
preserve colimits and io f =1id and g o j =id and for any M € A, the sequence

fiM— M — jgM

is exact in B, then the sequence (A.1) is split-exact.

Proof. 10 f =id and goj = id guarantees that f and j are fully-faithful. It remains to check
that
B|A — €

is an equivalence. Suppose
H:%—9
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is a colimit-preserving functor which vanishes on 7. Then, using the sequence
fiM— M — jgM

one can easily check that

H = Hjg

and hence there is a unique functor F': € — &, namely F = Hj, such that H factors as the
projection functor g composed with F'. Therefore % is the desired cofibre. [ |

We note that in [HSS17], this is taken as definition for a split-exact sequence.

Remark A.2.7. The above lemma is very useful as it provides a purely 2-categorical way to
check if a sequence is split-exact. For example, it implies that tensoring a split-exact sequence
of module categories with another module category gives another split-exact sequence. More
generally, after defining the notion of split-exactness in a purely 2-categorical way using the

above lemma, it will be preserved under 2-functors.

A.3 Dualizability and Monads

In this section, we give sufficent conditions for the category of modules of a colimit preserving
monad is dualizable. Let 7 be a symmetric monoidal presentable stable category. Let 2~ be

a dualizable category in ¥ —Mod” and
T: 2 —>%

be a colimit-preserving 7 ’-linear monad on 2 .

Theorem A.3.1. The functor which takes the pair(Z",T) (of a dualizable ¥ -module and a

colimit preserving monad on it) to the category
T—Mod(Z")

18 symmetric monoidal.

Proof. As in [RV16] and known in some form since [SS86], colimit preserving monads in

¥ —Mod! are given by 2-functors

mnd — ¥ —Mod”
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There is another 2-category adj, such that 2-functors
adj — ¥ —Mod"

classify adjunctions. Therefore, as # —Mod” is a symmetric monoidal 2-category, it induces
a symmetric monoidal product on monads and adjunctions in ¥ —Mod”. Now because of the
inclusion

mno — adj

there is a natural symmetric monoidal functor which associates to an adjunction a monad
Hom(adj, ¥ —Mod*) — Hom(mnd, ¥ —Mod*)

This functor has a lax symmetric monoidal right adjoint
Hom(mnd, ¥ —Mod") — Hom(adj, ¥ —Mod")

which associates to a monad its category of modules (see also Remark 5.7 in [Hau21]). This
is the functor we wish to show is symmetric monoidal.

It is obvious the functor preserves units. As there is clearly a map

R Ti-Mod(2) = (@ T:) ~Mod((R) 27)

coming from the fact that the functor is lax symmetric monoidal, it suffices to show this map

is an isomorphism. By induction we reduce to showing
Ty—Mod(23) ®y To—Mod(25) = (Ty ® To)—Mod (.2 @y L)

This can be shown by Lurie-Barr-Beck (Theorem 4.7.3.5 in [Lurl7]) if we can show that the
functor
G1® Gy : Ti—Mod(27) ®y To—Mod(23) — 21 ®y 25

(where the G;’s are the forgetful functors) is conservative. By Theorem 4.8.4.6 in [Lurl7], we
have
Th'—Mod(Z27) = T'—Mod(Homy (21, Z1)) @Homy (21,21) 21

Hence, we have the isomorphism (using Theorem 4.8.5.16 of [Lurl7])

Ti—Mod(2;) @y To—Mod(23) = (T} ® id)—Mod(Z; ®y Tys—Mod(253))
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So it suffices to check that the functor

21 @y Th—Mod(23) = Z1 @y 25

is conservative. But here we can apply the same argument again !. [

Corollary A.3.2. If 2 is a dualizable ¥ -module category, then for any T a ¥ -linear colimit

preserving monad on 2,

T—Mod(Z")

18 dualizable with dual

TV —Mod(Z™)

Proof. As T is a colimit preserving #'-linear monad on 2, we can write T as
T € Homy (2, 2) 2 2V @y X

Clearly T is a (T',T)-bimodule. Equivalently, T" is a (T'® T")-module, and hence we can
write

Te(ToT")~Mod(2Z" ® 2) = TV—Mod(2) ®y T—Mod(Z)

This defines a map
T:¥ —T'—Mod(2") ®y T—Mod(Z")

Now, by Theorem 4.8.4.6 in [Lurl7], we have the isomorphism
TV—Mod(2") =2 TV—Mod(Homy (2, Z7V)) ®tomy (2v,27v) Z

However,

Homy (27, 27V) 2 2 ® 2 = Homy (2, 2)

is an isomorphism of categories which reverses the monoidal structure and identifies TV with

T. Therefore, we also have the isomorphism
TV—Mod(2™) =2 27 @tomy (2,2) T—RMod(Homy (2", 7)) = T—RMod(2™)

so it is isomorphic to the category of right modules over the monad T on 2™ (T—RMod
here means right 7" modules). Hence, there is a map, coming from tensor product over the
monad 7',

@7 : TV—Mod(Z2™Y) @y T—Mod(Z") — ¥

IThis argument is adapted from the proof of Theorem 4.8.5.16 in [Lurl7]
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By a standard argument these form unit and counit maps, witnessing the dualizability of

T—Mod(Z). u

Corollary A.3.3. Suppose
Fr: Z — T—Mod(Z")

15 the free T'-module functor and
Gr:T—Mod(Z) = &

15 the forgetful functor. Then

(Fr)" = Gpv
and
(Gr)" = Frv
Proof. Direct calculation from the unit and counit maps above. |
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APPENDIX B

Cross-Descent

In this section, we explain how to endow every stack with a category of x-quasicoherent
sheaves. This is analogous to the standard definition of quasicoherent sheaves but using
x-pullback instead of *-pullback.

By [Lurl8] Proposition 6.2.4.1, we know that the quasicoherent sheaves as a fpqc sheaf
on the site of affine spectral schemes corresponding to a spectral Deligne-Mumford stack
agrees with the category of quasicoherent sheaves on its functor of functor of points (defined
via Kan extension, see [Lurl8] Definition 2.2.2.1. However, it is also possible to define the
x —quasicoherent sheaves on a presheaf 2 by right Kan extending from spectral affine
schemes the category of quasicoherent sheaves and x-pullback. Recall that x-pullback
refers to taking the right adjoint to pushforward instead of the left adjoint. There are some
set-theoretic issues which will not be important in most geometric applications.

The following proposition is contained in Clausen-Scholze’s video lectures on Analytic
Stacks (lectures 17 and 18) [SC20].

Proposition B.0.1. Quasicoherent sheaves with X-pullback admit descent along descend-
able morphisms on spectral affine schemes (see [Mat16] for the definition of a descendable

morphism,).

Proof. We imitate the proof of the analogous statement for usual quasicoherent sheaves (see
[Mat16] and [Ram24]). Suppose p: R — R’ is descendable. We need to show that the functor
induced by x-pullback

G : QCoh(R) — lim(QCoh(R') = QCoh(R' @z R) = ...)

(with x-pullback functors) is an equivalence. An element of the codomain of G is a compatible
system of modules over tensor products of R’ which are compatible under x-pullback. Such
a system can be viewed as a simplicial object in R-modules. Taking the colimit of this

simplicial object yields a left adjoint F' to G.
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To show that FG = id, we note that F'G(M) can be written as
colim(. .. = Homp(R' ®g R', M) = Hompg(R', M))
Now, because p is descendable, the limit diagram
R—R3IRezR3...

is preserved by any map of stable categories (what is referred to as a Sp-absolute limit in
[Ram24]). This immediately implies F'G = id by applying Hompg(-, M) to the limit diagram.
The more difficult part is to show that GF = id. To do this, consider an element of

lim(QCoh(R') = QCoh(R' @z R) 3 ..))

with transition functors given by x-pullback. By viewing this element as a compatible system
of R-modules, we obtain a simplicial diagram, which we call M,.

Consider the simplicial diagram Hompg(R', M,). By adding its colimit, we obtain an
augmented simplicial diagram which is a Sp-absolute colimit (because it is a split colimit).
Now the collection N’s such that Hompg(N, M,) can be completed to a Sp-absolute colimit
is a tensor ideal, so it contains R. This means that M, is a Sp-absolute colimit, so it is
preserved by any x-pullback. The finishes the proof because we only need to compute the
x-pullback of the colimit of M, to the tensor product of a nonzero number of copies of R’
over R. But after commuting the x-pullback to be inside the colimit, the colimit diagram

becomes split (with the correct colimit). |

Remark B.0.2. In fact x-descent characterizes descendability on spectral affine schemes,
see [SC20)].

Proposition B.0.3. If X is a qcqs algebraic space, then any quasicoherent sheaf on X will
induce a X-quasicoherent sheaf on the sheaf corresponding to X (by x-pullback to any affine
mapping to X ). This functor in fact induces an equivalence of categories beween QCoh(X)

and X-quasicoherent sheaves on X.

Proof. We can induct on the length of a minimal scallop decomposition. It therefore reduces

to showing that any excision square (see [Lurl8| Definition 2.5.2.2) in the étale topos of X,

W —
|
1%

< —

—
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where U is affine, the map V' — X is (—1)-truncated, and both W and V' are quasicompact,
is sent to a pullback square of categories where the transition functors are x-pullback.

It suffices to show two statments. One, given a quasicoherent sheaf F on X, then F
is a pushout of the pushforward of the x-pullbacks to U, V and W. Now QCoh(X) is
generated by pushforwards of objects in QCoh(V) and QCoh(U) by usual Nisnevich excision
of quasicoherent sheaves. Hence x-pullback along the maps V' — X and U — X are jointly
conservative. However the square is clearly a pushout after x-pullback to either U or V, so
the first statement follows.

The second statement is that given x-pullback compatible sheaves on U, V and W, the
pushout of their pushforwards to X has the original sheaves as its x-pullbacks to U, V' and
W. But this is clear because pushouts are preserved by x-pullback. [ |
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APPENDIX C
Crystals on Truncated Noetherian Schemes

In this section, we recall the definition of a crystal on the infinitesimal site, as introduced by
Grothendieck in [Gro68].

Let S be a truncated Noetherian affine scheme (the theory for a more general base S
can be reduced to this case). Denote by AF'F /f; the category of truncated Noetherian affine
schemes which are finite-type over S (these are automatically almost of finite presentation
because S is Noetherian by [Lurl8] Remark 4.2.0.4).

Definition C.0.1. Suppose X € AFF/fé, the big infinitesimal site INF(X/S) has as objects

diagrams
u

NS

l

X
| n
S

m AFF/fé such that b is a thickening—a closed immersion inducing a homeomorphism. Mor-
phisms in INF(X/S) are defined in the obvious way. A family of morphisms in INF(X/S),
{(Ui = T;) > (U—T)} is a Zariski (resp. étale) covering if each

|

T

N

|

is a pullback square and the maps {T; — T} is a Zariski (resp. étale) covering.

The assignment (U — T') — QCoh(T) defines a (Zariski or étale) sheaf of categories on
INF(X/S) where the transition maps are given by quasicoherent pullback.
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Definition C.0.2. The small infinitesimal site Inf(X/S) is the full subcategory of INF(X/S)
consisting of those objects such that the map u (in the notation of (C.1)) is an open immersion.

It is also endowed with either the Zariski or étale topology induced from the big site.

Definition C.0.3. A quasicoherent crystal on the big infinitesimal site Inf(X/S) is an

object of the category

li h(T
INF(I)I(I}S)O" QCoh(T)

with x-pullback transition functors. We will call this category CRY S(X/S). Similarly we can

define the category of quasicoherent crystals on the small infinitesimal site

Crys(X/S) := Inf}_iXH/lS)OP QCoh(T)

Remark C.0.4. Unwinding the definitions, it is clear that
CRY S(X/S) = QCoh((X/S)ar)

in the notation of Definition 4.6.1

Note that the definition of a quasicoherent crystal does not make use of the topology at
all.

Remark C.0.5. There is an equivalence of categories
Res : CRY S(X/S) = Crys(X/95)

induced by the natural restriction functor.
This is because in the big topos, the final object has a hypercovering by objects in the small
site (even in the trivial topology and with only global thickening since we are in the affine

case).
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