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ABSTRACT

In 1976, Deligne and Lusztig constructed irreducible representations for the rational points
of a reductive algebraic group over a finite field by identifying the representations within
the cohomology of a particular affine variety. We study an analogy of this construction to
the case of an inner form of an unramified group over a local field, which replaces the single
affine variety with an inverse system of affine varieties of increasing dimension defined over
the residue field. Each of these varieties is equipped with a natural stratification, and the
minimal strata, also called the closed strata, has particularly accessible structure.

We study the geometry of the closed strata. When the inner twist is given by a coxeter
element we prove that the varieties in the inverse system are all maximal, in the sense that the
variety has as many points as are permitted by the Weil bound for its Betti numbers. We also
show that the torus weight spaces of the cohomology are all supported in one degree. Despite
the relevance to representation theory, our methods almost entirely algebro-geometric, and

rely on a detailed description of the variety in terms of Lie-theoretic data.
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CHAPTER 1

Introductions

In [3], Deligne and Lusztig associate to a reductive algebraic group G over a finite field F,
certain affine varieties, now known as Deligne-Lusztig varieties, whose cohomology realizes
the irreducible representations of the group G(F,). Chan and Ivanov, in [5], introduce a
generalization of this to reductive groups over a local field. The construction mimics the
finite field case, but takes place in the context of parahoric subgroups and produces an
infinite sequence of varieties over the residue field. This thesis studies the geometry of these
varieties.

In sections 2 and 3 we recall the construction of these parahoric Deligne-Lusztig varieties,
and a certain subscheme referred to as X;, the minimal strata of a natural stratification,

then state the precise requirements for the paper’s main result:

Theorem 1.1. Let Fy be the minimal field of definition for XT. Then X[ is a mazimal
scheme over this field in the sense that the action of F™ on the group H!(Z,,Q,) is diago-

nalizable and has all eigenvalues equal to (—1)'g™2.

This property is referred to as being maximal, because maximal varieties over a finite
field have the greatest number of rational points allowed by the Weil bounds and their Betti
numbers. In sections 4 through 7 we prove the main theorem. Then in section 8, we discuss
how the result can be partially extended to a broader class of parahoric Deligne-Lusztig
varieties. Section 9 overviews the main argument as it applies to the specific reductive group

GLy4. It can be read independently, and will make the rest of the paper clearer.



Despite the relevance of Deligne-Lusztig varieties to representation theory, this paper
takes most of its techniques from finite characteristic algebraic geometry. We produce a
fairly explicit description of the varieties that allows us to relate the cohomology of X} to

progressively simpler and simpler varieties, and eventually determine the groups directly.



CHAPTER 2

Definitions

Let k be a nonarchimedean local field with residue field F, and ring of integers 0. Denote
the completion of the maximal unramified extension of k£ by l::, and the residue field of k by
7.

Let H be a split reductive group over k, S a split maximal torus of H and o € Gal(/} /k)
be a Frobenius element which induces gth power automorphisms on Fq.

Choose an element ¢ in the Weyl group of S and an element ¢ in the normalizer of S so
that the action of ¢ is realized by conjugating by c.

Define a group scheme G over k with Gy ~ H; and the rational structure on G coming
from the endomorphism Fg = adj,o(g).. Let T be the maximal torus in G corresponding
to S, and B a Borel subgroup containing 7" with unipotent radical U. T" descends to a torus
over k, but B and U may have a field of definition larger than k.

In [5] the authors construct for any nonnegative integer h smooth affine group schemes
Gy, and T}, over I, and Uj, over Fq. We will recall the construction in more detail below.
For now, consider them as finite-type approximations of the schemes G, T', and U, and the
first two, just like their local field counterparts, are equipped with an action by F', such that

Gn(F,) = Gh(Fq)F and similarly for T. There are natural maps from G, to G; for h > i and

we write G¢, for the kernel of this map.



Definition 2.1. The parahoric Deligne-Lusztig variety s the Fq scheme
Xn ={g€Gy lg7'Fg € Up}/(U, N F'U,).

Every F-stable Levi subgroup of H corresponds to a k-rational twisted Levi subgroup of
G. For L C G such a subgroup, we may construct an associated subgroup Lj of Gy,. Define

Uy, as (L, NU,)U;, and The L-strata of the parahoric Deligne-Lusztig variety XF as
XhL = {g e Gy Hging € [Uh,L}/(Uh,L N Fﬁl[Uh’L).

The following result is [0, Lemma 3.3.3]:

Lemma 2.2. Set ;i = XF N1L,G}. Then

X ,f = |_| v YhL
YEG(Fq)/Lp(Fq)G}, (Fq)

Proof. Lang’s Theorem states that for Z an algebraic group and F a surjective endomor-

phism with a finite number of fixed points, the Lang map
L(z)=27" Fya

is a surjection from Z to itself. Since L,G} and F satisfy these hypotheses, the restriction
of the Lang map to Y;* must be a surjection onto Uy, ;. For any elements z and y in Gy,

L(x) = L(y) if and only if y = yx for v an element in G, (IF,). Therefore

iji: U ’Y'YhL

Y€G (Fq)
and the disjoint union in the lemma easily follows. O

The torus S is a minimal F-stable Levi of H, and it corresponds to the subgroup 7T in



G. For the rest of the paper, we will be focused on this strata. We may now state the main

result:

Theorem 2.3. Assume that X, is constructed from a hyperspecial model of G (see below
for more details) and further suppose that the Weyl group element c is U-balanced (see
Definition 3.1), and let Ty be the field of definition for U (and therefore XI'). Then X[ is
a mazimal scheme over this field in the sense that the action of F™ on the group H:(Z,, Q)

is diagonalizable and has all eigenvalues equal to (—1)'q™/2.

Per Lemma 2.2, it suffices to show this for Y, which we will refer to simply as Yj. The
balanced hypothesis is a bit awkward, but is not a highly restrictive criteria, and the set
of acceptable elements ¢ includes all coxeter elements, assuming U is chosen appropriately.
When ¢ is non-elliptic, there is no U for which it is U-balanced, see Section 8 for a discussion
of what happens in those cases.

In the course of proving this theorem, we will also provide an algorithm for computing

the ranks of the cohomology groups H:(Y;, Q).

2.1: Quotients of Parahoric Models of ¢

Here we will detail the construction of G, and list some relevant properties. First, we recall
the Bruhat and Tits construction of parahoric subgroups, simplifying matters greatly because
we only use the construction in the split case.

We may take a finite unramified extension K of k such that Ty, and therefoe G, is
split. Let w : K — R be a valuation map with w(Og) = Z*. Let ® be the root system of
Gk, and for a root a write U, for the root subgroup of Gk corresponding to a normalized
by Tk.

U, is noncanonically isomorphic to the additive group G, over K. Given an isomorphism
¢ : G, = U,. we define the subgroup U, of U,(K) by U, := ¢(w ([r,00)). A Chevalley

system is a set of isomorphisms ¢, : G, — U, with the property that for two roots a # —f



the commutator group [U,,, U] is contained in the group generated by Ujajs,+s for all
positive integers ¢ and 7 with ia + j 5 a root.

Define
To={teT(K)|w(x(t)) =0forall x € X*(T) := Homg(7T,G,,)}
and for a positive real number r
T, ={teTy|w(x(t)—1)>0forall xy € X*(T)}.

The apartment of 7', written as A(7T) is the affine space under X,(7) ® R. In [9] Tits
describes how the points in A(T') are in bijection with the set of Chevalley systems. The
building #(G, K) is a quotient of the disjoint union of the apartments of every maximal
torus in G, and inherits an action by F. Let = be a vertex in «/(T) N %B(G,K)". This
intersection is always nonempty and contains a vertex, and if ¢ is chosen to be elliptic, as it
usually is in this paper, z is uniquely determined. Define GG, , to be the group generated by
T, and U,, and

Gm,r+ = U Gm,s‘

s>r

We may find €, depending on = but not r such that G, = G, ,1.. These are group schemes
over Ok, and inherit an action of F', and therefore descend to group schemes over Q.
For A an algebra over F, let W(A) denote the ring of Witt vectors of A if char(k) =0 or

the power series ring A[[t]] if char(k) # 0. Now we can present a definition for Gy,.

Definition 2.4. For A an IF, algebra,
Gu(A) := Gz 0(W(A))/Ga,(h-1)+(W(A)).

Ty is a subscheme of G o and we define T}, as its image in Gy,. Ty is a group scheme

over F,. For o a root in ®, write T,, for the image of the coroot o, To o = T, N Ty, and
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Ten the image of Ty, in Gy,.

Let U be a subset of ® for which there exists a hyperplane P C ® ® R with all elements
of ¥ on one side of the plane. Then define Uy to be the group generated by the U, for o in
V. This 1s a subgroup of G, and define Uy, as its image in Gy,. This new scheme is not

necessarily defined over Iy, but is defined over the residue field of K.

The scheme G is a reductive group over I, and split over Fq, and T, is a maximal torus
inside it. For hy < hy there is a clear quotient map from Gy, to Gy, and we write GZ; for
the kernel of this map.

We will now assume that c is an elliptic element. As mentioned, this implies that there is
a unique point z in .« (T)NAB*. We then further assume that the point x will be hyperspecial,
50 Ggry = Ggpy1 and Uy, = Uy py1 for all 7. With this assumption, w eprove the following

statements:

Proposition 2.5. For two roots a # —f the commutator subgroup [Uy, ,, U3 ,] is contained
in the group generated by the U:;ijﬂ for all positive integers v and j with 1o+ 58 a root.
Forx in U7, ,\ULL the map y v [x,y] is an isomorphism fromU* , , /UT", to T2 JToh+t,
Proof. This is [0, Lemma 2.8]. We summarize the argument here. U, , is the image of U,
after quotienting by Gy n-1)+. Uj, is the kernel of the map from U,y to Uy, so it is
isomorphic to the image of U, —1)+ ~ U,, after quotienting by G, n—14+. The first claim
then follows from the properties of a Chevalley system. The second claim can be reduced to

the case of G = SLy by restricting to the subgroup generated by U, and U_,, where it is a

straightforward computation. ]

Proposition 2.6. For 1 < r < h, the quotient GZ/GZH is isomorphic over the residue field

of K to g, the Lie algebra of G.

Proof. The scheme Gj, is the kernel of the map from G; to G,, which we can we can see
from the definitions is equal to Gg,—11/Gyh-1)+- Applying this for IB%GZH as well we

can see the quotient GZ/G};“ is to be equal to G;,/Gyr41. Since r > 1, this group is

7



commutative. It is generated by U,,/Us,+1 and T,/T,1. The first groups are each equal
Ok /m or m the maximal ideal of Ok, by our choice of normalization of w. T is split over
K, and we may choose an isomorphism Tk ~ (GL} which makes 7, = (1 + m")". Since
(1+m")/(1 +m"™) ~ Okg/m, we have that G, ,/G,,+1 is a vector space with basis in
bijection with a set that is a union of the root system ® and a spanning set of cocharacters

in X*(Tk). We can identify the latter vector space with the Lie Algebra of G, O]

Note that because G} is trivial, GZ‘I is isomorphic to g.
Finally, for ¢ as above, there are noncanonical isomorphisms from Uy, to affine space over

K, and also from Uy, to affine space over the residue field of K.



CHAPTER 3

Preliminaries on Root Systems

Let ® be an irreducible root system and with Weyl Group W, and A a base of ®, with

corresponding positive roots ®+.
Definition 3.1. An element ¢ of W is said to be A-balanced if

e Kvery orbit of ¢ has the same size

e Fuvery orbit of ¢ contains a unique element of @ N cd™

Being A-balanced depends only on the choice of positive roots, not the base A. The
root systems we will encounter in this paper come to us as the roots of a maximal torus
T in a reductive group, so choosing a set of positive roots is equivalent to choosing a borel
B containing T'. In a situation where we have chosen a borel containing 7" with unipotent
radical U we will talk about ¢ being A-balanced if it is balanced for the set of positive roots
determined by U.

In the majority of the rest of this paper we will be working with a unipotent subgroup
U and a U-balanced element of the Weyl group c. Let us first observe that there are many
such elements.

Let ¢ be a coxeter element of an irreducible Weyl group W, and let n be its order. Then
there is a base A in ® consisting of roots a; through a, with associated reflections s; through

s, such that

(3.1) S$18y- -8 =¢



and this is a minimal expression. We let ®* denote the set of positive roots with respect to

A. The following is [I, p. VI.I.33]:

Theorem 3.2. Every orbit of the action of ¢ on ® has the same size. For 1 <i <r set
(32) 02 = 81 8;410;.

The 0; are all positive, ¢10; is always negative, and for any root B with > 0 and ¢~ '3 < 0
B = 0; for some i. Fvery orbit of ¢ contains a unique 0;

Corollary 3.3. The cozeter element c is A-balanced.

An arbitrary element of W can not balanced if it fixes some root. But noncoxeter elliptic

elements may be balanced.

Definition 3.4. Suppose c is A-balanced. Letn be the order of c. Negation acts by involution
on the orbits of ¢ and therefore induces an involution on the set ®* N c®~ which we will
denote by v. Then for @ € & NP~ the root —0 is in the c-orbit of the root 1(6) and there

is a unique positive integer k(0) less than n such that

(3.3) Oy (9) = -6

Note that these definitions immediately imply x(.(6)) = n — k(6).

3.1: Conjectural Generalization

The above definitions unfortunately depend on the choice of U as well as ¢. Further, given
an elliptic ¢, it is unclear how to tell if there is a A for which ¢ is A-balanced, and ¢ may
not be A-balanced for many A.

We suggest a potential improvement with the following definition

10



Definition 3.5. An element ¢ of W is said to be A-shifting if it is not trivial, and for any

integer k the intersection

& (@ Necd™) N (@t Ned)
is either empty or the entirety of @ N cd~.

This is clearly a generalization of A-balanced. The proof to follow of the maximality of
H(Y;,,Q,) can be modified without much trouble to show the result for any A-shifting c.
The only major change required is a new definiition for + and &, since there is no longer a
bijection of ® N P~ with the orbits of ¢. The change was omitted in the paper because it
adds complexity for no gain in the strength of the theorem. However, while most ¢ are A-
balanced for only some A, small computational evidence suggests that every elliptic element
may be A-shifting for every A. If this conjecture is true, then Theorem 2.3 could be reworked

to remove any dependence on U.
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CHAPTER 4

The Geometry of Y,

In this section we will study the geometry of Y. Our main result will be a structural theorem
that establishes an isomorphism between the groups H!(Y;,Q,) and the cohomology of a
different sheaf on an affine space.

First, a note about lifting: There are natural projection maps from Gy, to Gj,_;. There
is not, in general, a morphism of schemes from G} _, to G; that provides a section to this
projection, or a similar section of the projection map from Y}, to Y,_;. The work in this
chapter can be seen as precisely identifying the obstruction to such a section.

There are, however, lifts from W, _; to W,. For a k-algebra A, we parametrize W, (A)
as a sequence of h + 1 elements of A, and so we can construct one such lift by appending 0
to the end of our sequences. We emphasize that this is not a ring homomorphism, but does
produce a map of schemes.

The groups Uy, U, N FU,, U, N F~'U,, or similar variants are all abstractly isomorphic
to W/ for some integer I (depending on which group, of course). So there is a section of the
quotient map U, — Uj,_1, or any of the other quotients. In the rest of this paper, we will
make use of such sections, sometimes by constructing specific maps, but often just relying
on the existence of some map.

Note that G} and Gg_l are both isomorphic to the Lie algebra g, and GZ‘l is central in
Gj. The group operation of Gy, restricts to vector space addition. When discussing g, we

will use the decomposition g ~ g, ©h @ g_, where g, (respectively g_) is the space spanned

12



by the positive (resp. negative) root subgroups corresponding to our choice of U, and b is

the Cartan subalgebra corresponding to our choice of T'.

Theorem 4.1.
(4.1) Vi ~{z€G; | 27 ' Fr € Uy N Fﬁ,ll}

Proof. First, we show this is true for h = 2. We can argue on the level of Lie algebras. There

is a Lang map L(v) = F'v —v. We need to show

(4.2) L™g4)/(g+ NFlgy) = L7 (gN Fg_).
Define an action of g, N F~'g, on g, given by

(4.3) v-w=—-v+w+ Fv=w+ L(v).

Since g is commutative, L is an endomorphism. It suffices to show that the quotient of g, by
the above action is isomorphic to g, N F'g_. For g, a root space, the image F'g, is contained
in a root space gg, and F' induces an isomorphism of group schemes from g, to gz. Assume
a and 3 are both positive. Then, for any x in gg there is a unique y in g, with Fy = —x.
By assumption, y is in g, N F~tg,, so x is equivalent to x — y + Fy = —y under the action
of g N F~'g,. Hence every element of gs is equivalent to some element of g, ~ F~'gs.

[terating upon this, we can see

(4.4) 0/(0sNF g )~ B g ~gnFg.

90 €9+,0aZF g+

Now, assume that the theorem holds for Y;,_;. Let y be an element in Y}, and 7 be its

projection to Y;,_;. By inductive assumption there exists an element w in U}, N F~'U; _,

13



such that

(4.5) (7o) F(y) € U}, N FT, ;.

Then if u is any lift of u to U}, N F~'U}, we have

(4.6) (yu) " F(yu) € <U,1l N FU}Z) Ut

But our base case argument can be repurposed to show that for any element v in U}hf_l, there
is an element w in U~ N F~1U""! such that —w + v + Fw is contained in U}~* N Fﬁz_l.
Then we can find a w in Uy~ N F71UM! so that

(4.7) (yuw) " F(yuw) € (UL N FD,).

This completes the argument.

The following definitions simplify our notation to avoid clutter

Definition 4.2. Define

(4.8) Vi == UL N FU,
and
(4.9) v, = UL N FU, NG},

In terms of the Lie algebra, we have v, >~ g, N Fg_. We will often drop the subscript on vy,

when thinking of it as living inside g.

14



Definition 4.3. Let n be the order of c. On any group where F' is defined we define the map

(not necessarily a homomorphism)

(410) N(g) = Fnilg . Fn72g. g

This is an endomorphism if the group is abelian.
Since F' = adj, oo, F" = o™ and we have that U, is a F,» rational subgroup of Gy,.

Lemma 4.4. Define the map v from b x v to g by

(4.11) v(s,v) :=s-N(v).

v is an isomorphism from b x v onto L~'v

Proof. On any commutative group we have

LoN(v)=F"v—w.

Since ™ stabilizes v, and L(hT') = 0 the image of v is contained in L~'v. Further, by Lang’s

theorem, the map v — F™v — v provides a surjection from v onto itself. It follows that

(4.12) L7 = g" +b" + N(v)

since any two vectors with the same image under the Lang map differ only by an element of

g”.

Since the group operation of g is vector space addition, and therefore commutative, we

may rewrite this as

(4.13) L' =g" + N(H™) + N(v).

15



Obviously N (v) contains N (0f™). We will show that g’ is contained in N(h™")+ N (vf™)
and the surjectivity of v will follow.

The action of F' permutes the root spaces of g. Write O for the set of orbits of this
action. If for every orbit o in O we choose one root space g, in o and set Z = @, g, then
N +ZF") = N(gf™) = g¥. Our assumptions on ¢ guarantee every orbit contains exactly
one root space in v. This also guarantees that the intersection v N Fib = 0 for 1 < i < n.

Therefore Ker(/N) Nv = 0, and we have shown v is a bijection. O
Now we prove the main result of this section.

Theorem 4.5. There is a map @y, from Vj, to T}, such that in the pushout

Wh L) Vh

| Jen

T, —£ T}
Wy, is isomorphic to Yy,
To do this, we will first show that Y}, is almost a quotient of G}.

Lemma 4.6. There is a morphism py, : G} — Y, T} for which the natural inclusion Y3, T), <

Gy} is a section.

Proof. The construction proceeds inductively. We start with A = 2 and identify G} with g.
Let v be an element of g and write F'v —v = wy + wg + w_ according to the decomposition

g~gr Dbhdg_. We have the following:

e The Lie algebra argument in Theorem 4.1 provides us with a unique u; in g_ N F~1g_

such that F'uy —u; +w_ is contained in g_ N Fg,.

e The Lie algebra argument in Lemma 4.4 provides us with a unique us in g_ N Fg, such
that FN(ug) — N(uz) = — (Fug — ug + w_). We now have that L(v + u; + N(ug)) is

contained in g, & b.

16



e Just as in the first bullet point, we can construct a unique us in g, N F~'g, such that

Fuz — us + w, is contained in v.

Then v + uy + N(uz) + ug is contained in L™ (v & h) as desired. Since our choices were all
unique we have a well defined map p2(v) = v +uy + T (uz) + u3. The inclusion of L™!(v) into
g is clearly a section of ps.

Suppose the construction works for h — 1. Let g be an element of G}, and g be its

projection to G}_,. By assumption we have unique elements
—1 |
L] U]_ E Uh—l ﬂ F Uh—l?
—1
e uy €U, NFU; 4,
e uz €U, ,NF'U;_,

such that
(4.14) gui N (ug)us € Yy, 1T .

For i = 1,2 and 3 let @; be a lift of u; to G; within the same unipotent subgroup as ;.

Then
(415) gﬁlN(ﬂg)'ﬁg < YhT}lLGzil ~ YhT}llg

Then our previous analysis in the Lie algebra case shows that we can find unique vy, v and
vgin g N F~lg_, g_NFg,, and g, N F~1g, respectively such that right multiplication by
v1 + N(vg) + v3 corrects the above expression to lie in YhT}L. Setting 5} = u; + v; we have
found unique elements of the relevant unipotent subgroups such that right multiplication

sends ¢ into Y;,T}. This completes the construction of py,. O

Now we prove the theorem

17



Proof of Theorem 4.5. We construct ¢y, as a series of compositions. The map Nj, := pp o N
sends Vj, to Y, T;. Let = be an element of Y3, T} and write z = ys with y in ¥}, and s in T},

then
(4.16) v Fr = (ys) 'F(ys) = s 'y ' FyFs = s 'uFs = (s 'us)s ' Fs.

So the lang map L sends Y, T} to V;T}. Since T} normalizes V}, this is a group, and V}, is a
normal subgroup, so there is a quotient map proj; : V3, T}, to Ty,. Finally, take inv to be the

inversion map on T}. We will then define ¢, as the composition.

(4.17) ¢p :=inv o projpoL o p, o N.

Then from the definition of W), as a pushout, we have a map N,, from W, to Gy}, given by
(4.18) Ni(w) := Ny (pr(w)) - pa(w).

Let us confirm that this map has image contained in Y}. Take v = p;(w) and s = pa(w). We
know L(s) = ¢pn(v). Then L(Ny(v)-s) = s L(Ny(v))F(s) is an element in V;,T}. Applying

the quotient g we see

(4.19) proj, (S_IL(Nh<U))F(S)) =5 top(v) T E(s) = op(v) Tt - on(v) = 1.

Therefore L(N,(w)) is contained in Vj, so N,(w) is contained in Y;,. We will show this map
is an isomorphism by showing it is injective and surjective. First observe that N, is an
injection. When h = 2, ¢, is trivial and ]\72 is the map n from Lemma 4.4, and therefore
an isomorphism. If N,_; is injective, then Nj(vi) = Np(vy) implies that 7; = 73, and so
vy = vpw for w € V"' But Nj(vow) = Ny(v2)N(w), so we must have N(w) = 0 and

therefore w = 0.

18



Therfore if Nj,(z1) = Njy(x2) then pi(z1) = pi(zs). It quickly follows from the formula
for N}, that po(x1) = pa(x2), s0 1 = .

Now we prove surjectivity. Once again, proceed injectively and note that we have already
proven Ng = v is surjective in Lemma 4.4. Assume Nh_l is also surjective. For y in Y} we
may choose a W in W,_, with Nj,_;(w) = 3. Then let v be a lift of p; (w) to V,. There must
be an s in the Lang preimage of ¢, (v) and a corresponding element w in W), with p;(w) = v
and po(w) = s such that

Nh(w) =ya

for @ in Y, T} N GZ’l. We can write a uniquely as soT'(vg) for so in b and vy in v,. The

clement w’ in W), corresponding to sso and vvy then has Ty (w') = . O

Then, applying the smooth base change theorem to the pushout diagram in the definition

of W}, we have

Corollary 4.7.
(4.20) H Wy, Q) = Hi(Vi, 3, © L.Qy).

There is a natural action of G}, (F,) on Y}, by left multiplication, which means there is an
action on W), as well, such that ¢-w is the unique element of W), with Nj,(g-w) = ¢- Ny (w).
The equality pi(w;) = pi(ws) is true if and only if Nj(w;) = Ny(ws)s for s € TL. This
means that if py(w;) = p1(ws) then pi(g - w1) = p1(g - we), so the action of Gy, (F,) on W},
descends to an action on Vj,.

Despite the simple description of V},, this action is not easy to describe via a formula.
However, since the group action must be compatible with projection we can paritally describe
it in some cases.

Let g be an element of (Gfl(Fq), and let g be its projection to G;:H. From Lemma 4.4 we

1

have g = N(v) + s for v € V§+1 and s in T§+1. Since Ggﬂ is central in G, 4, the action of g
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on Vjy1is g-u = u+v. Therefore for v an element of V},, the projection of g - u to Vj4; is
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CHAPTER 5
The Lang Torsor and Rank One Multiplicative Local

Systems

We have constructed in Theorem 7?7 an isomorphism Y} ~ W}, and related in Corollary 4.7
the cohomology of W), with a constant sheaf to the cohomology on a certain affine space of
¢ L.Q, we collect here some results about sheaves of the form f*L,Q, for various functions
f. This section owes a great deal to Boyarchenko’s paper Deligne-Lusztig constructions for
unipotent and p-adic groups, [3]. The results here are generalizations of ones found in Section

6 of that paper.

Definition 5.1. Let A be an algebraic group, a rank one Q, local system £ is said to be

multiplicative when there is an isomorphism
P ~pr] L pry L

where 2 A x A — A is the group operation and the pr; are the obvious projections.

Now suppose A is defined over F,, with Frobenius (. For m a positive integer define the

mth power Lang Map
(5.1) Ly(7) = 271¢"™ ().

This map realizes A as an A(F;m) torsor over itself. We call this the mth Lang Torsor, and
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write it as .%,. For x a Q-character of A(F,m) we may apply x to .4, to get a rank one
local system which we write as 2. It is easy to see that .Z} is the constant local system if
and only if x is the trivial character.

We recall some facts about the .%,. First, let A(F,m)Y be the group of Q, characters of

A(Fym).

Proposition 5.2.
XGA(]qu)V

Let A and B both be algebraic groups defined over the same field F,m, x a character of
B(F,m), £, the associated local multiplicative system, and f : A — B a homomorphism

also defined over F,m. Then f induces a group homomorphism from A(F;~) to B(F,m) and
(5.3) 7L ~ Loy

When A is commutative there is a group homomorphism N,,;; from A(Fgm) to A(F,)

given by

Nm/1(g) =g-C(g)--- (" g).

Let x a character of A(F,). In [7, p. 1.7.7] Deligne shows that

(gx)qu = ZyoNmm

is an isomorphism of sheaves over the base changes Ar,
Now, we state and prove the main result of the section, a generalization of [3, Proposition

2.10].
Lemma 5.3. Let S; be a scheme of finite type over F,, put S = 51 x G,. Let R be an
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algebraic group over F, and .7 be a multiplicative rank one local sysem on R. Finally, let f

be a morphism S — R that sends a point (x,y) € S; x Al to

and such that at each point x in Sy the restriction to the fiber fi|s, : G, — R is a homomor-
phism.

Define Sy to be the subscheme of points x in Sy such that f{F|g, is trivial. Then
(5.5) H(S, f*F) ~ H(Sy x Gy, f3F).

Proof. Let pr denote the projection map from S to S;. Since .# is multiplicative, f*# ~

fi# @ pr* f3.#. Then by the projection formula weh have the isomorphism
(5.6) Rpr, [*F ~ f5.F & Rpr o ff F

in the bounded derived category of complexes of constructible sheaves on S;. Let ¢ be the

closed embedding from Sy into .S;. We want to show
(5.7) Rpr, f{ F ~ 1.Q[2](-1).

For z in S, we have the pullback f;.%|s, is trivial and so Rpr, of{.% is isomorphic to Q,[2]
when restricted to Ss.

Now choose a point z away from S5. Then we have an isomorphism of stalks

(5.8) (R pryofi.7), = Hl(pr™'(2), f{-F) = H)(Ga, f{ 7).

Since f) restricts to a homomorphism on the fiber, f{% is a nontrivial rank one multiplicative

local system on G,. But, as shown by Boyarchenko in [2, Lemma 9.4], H!(G,,¥) = 0 for
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all j and for any nontrivial multiplicative local system ¢.. This establishes the isomorphism
n (5.7). Since Rpr, f*.% computes the cohomology of f*.Z#, this allows us to conclude our

result. O
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CHAPTER 6

Computing Cohomology

Combining Corollary 4.7 and Proposition 5.2 we see that we need to understand the coho-

mology groups
(6.1) Hy(Vi, 94, LuQy) = Ho(Vi, 0, @ Z) = OH(Vh, 01,2,

with the sums taken of the set of all Q, characters of T}(F,). In this section, we will study
the map ¢p,. Since V}, is isomorphic to affine space, there are many ways of writing it as a
product of one dimensional affine space and a smaller scheme in order to apply Lemma 5.3.

Recall that G~ is central in G}, so if a is an element of V}, and b an element of V;"*
we have N(ab) = N(a)N(b). Furthermore, N(b) is in Y, so ¢p(ab) = ¢p(a). Therefore, we
may choose a splitting Vj, ~ V;,_ X th_l satisfying the hypotheses of Lemma 5.3, though in
this case the lemma is not very interesting, because the restriction of the map to the fibers is
trivial, and therefore the result is vacuously true. We will need to understand ¢, explicitly
in a larger context.

Let a be an element of V,, NG}, and b be an element of V}, ﬂ(waZ for ¢ and j positive integers
withi+j7=h—1and j > % We list several facts about this set up that will be relevant

to the proceeding computation:
e The commutator [a,b] is contained in G/~*, which is central in Gj}.

e Furthermore, this commutator only depends on @, the image of a under projection to
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Gi,, and b, the of b image under projection to Gj:H, so we will write [a, b] = [a, b].

e Because j > 221 GJ is a commutative group. Therefore L o N(b) = b~*F"(b), which

is contained in V4, so Nj(b) = pp o N(b) = N(b).

e N,(ab) = pp(N(ab)) = N(ab)u where u is the element of G} coming from our con-
struction of p,. Importantly, since N(ab) is contained in G}, the element u will be

contained in Gﬁfl. This implies v commutes with b, and any other element of G{l

Now we may determine ¢y (ab). We begin by computing L(N (ab)u), which we will do by
grouping all the terms involving b together, and keeping track of commutators we introduce.
This will be broken into steps to make it readable.

Expand L(N(ab)u) as u !N (ab) ' FN(ab) Fu. Moving left to right we have

N(ab)t = F" b ta™ ) - F"2(b7ta ™) - (b ra ™)

— (anlafl X Fn72a71 L. a*l) X (anlbfl X anQbfl L b*l) X ( Z [—F]B, _Fla])

0<i<j<n

:N(a)1~N(b)1< > [FiB,Fia]).

0<i<j<n

Similarly, we have

FN(ab) = F(ab) - F?(ab)--- F"(ab)

= (Fa-F%a---F"a) (Fb-F%---F”b)( > [FkE,Fla])

1<k<iI<n

— FN(a) - FN(b) ( > [F, F%]) .

1<k<I<n
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Finally,

N®b) ™ -FN(a)=(F* %' - 2. .b")(Fa- F*a--- F"a)

n—1 n
= (Fa-F?q--- F'a)(F" %' Fr 2. ph) (Z > [=FmD, F”"a])

m=0 r=1
i —F™p, FTal )
0r=1

,_.

= FN(a)-N (”

3
]

Putting this all together, we have

L(N(ab)u) =u""- N(ab)™' - FN(ab) - Fu

=u"'-LN(a)-Fu-LN(b)

0<i<j<n <l<n m=0 r=1
-1

u™'- LN(a)- FuLN(b ( [Fb,a) — Z[E,Fﬂ'a})

From the uniqueness of u we may write u = ujus with us in GZ‘I so that pp o N(a) =

N(a)u; and

n—1 n
—Uy + (Z[F"E,a] =Y b, Fja]> + Fuy € v, @ b.

i=0 j=1
Recall ¢y, (x) = invoq o L o Ni(z) where proj; is the projection map from Vj, - T} to T,

and inv is inversion. Applying inv o proj, to our expression fro L o N,(ab) we see

(6.2) on(ab) = - projp ( Z [F'b,a) + Z[Z_), Fjd]) :
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We will abbreviate the rightmost term as

B, =q (i[a, F'bal - > [F'a, E]) .

=0 Jj=1

Identifying G, and Gj: 41 with g, we can write

Q|

Z Gy and b= Z Ew
fedtNcd— PedtNecd—
for @y and l_w elements of the roots space of 6 or 1». We can expand a commutator [F'b, F7q]
as a sum of commutators of the form [Fib,, FiGy]. the element F'by is contained in the
root space of cf1. Per Proposition 2.5, [ga, gs] is nonzero and projects nontrivially onto b
only when @ = —f3, and in this case it is contained in h. Recall the functions ¢ and « from

Definition 3.4, satisfying ¢*? () = —6 for 6 in ®* N c®~. Since

b~ @ 90,

0edtNcd—

we will write ay for the projection of @ onto the root space gy and similarly for b. Then we

have
n—1 n

(6.3) wa,b):q(Zana > [F ) > ey, FP Ok —[F*Oay ), by).
=0 7j=1 fedtNcd—

Taking a in G}, and b € G2, it is clear that for a in V, the function %,(a, —) is a
homomorphism from th’Q to T,’;"l. Therefore the hypotheses of lemma 5.3 hold. Then
for a character x of T} (F,), we need to determine the subvariety of points a in V},_s where
Po(a, —)*%, is trivial.

Let’s consider an extreme case first. y restricts to a character of T *(F,). If the restric-
tion of x to T/ !(IF,) is a trivial character, then there is a unique character y; of T} ,(F,)

such that the following commutes:
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Vi, —2 T

N

Ph—1 1 X1
Vhfl — Th_l ? QE

In this case we then have
(6.4) HY Vi, 03.2y) = H72 OV, g 1 L),

If x; is trivial when restricted to TZ:? we repeat this reduction step. Either we find some
level where the character is no longer trivial, in which case the analysis proceeds, or we

discover that x was the trivial character and

, . , . . 0 1 # 2(h — 1) dim(n)
(6.5) H\(Va, 0;Qp) = HA(APDdmE) Q) ~

Q, i=2(h—1)dim(v)

Now we suppose the restriction of x to ']I'Z_l is not the trivial character. The scheme
Vi—2 has a Fn-rational structure since it is stabilized by F. Let a be a point in V},_o(Fznm).

We apply the results of section 5 to see

(66) @v(aﬁ _)*gx = gonnm/l o@v(aﬂi)

The norm N,,,,,/1 is a map from T}, (Fgnm) to T} (F,). We can factor this map as Ny,,q =

Nyj1© Ny, with N, /1 being the same map N from Definition 4.3. Then we have

(67) E’U(a’ _)*gx == XONON, o, (a,—)"
The restriction of the Lie bracket to g, X g_, is a nondegenerate bilinear form whose
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image, t,, is also the image of the coroot ¥ in b.
The restriction of @, (a, —) to the subspace gy spanned by by depends only on the value
of a,9). We will abuse notation and refer to this restriction as ®(a,@), —), a map that sends

go to either ty or ty @ t,(p) depending on whether or not 1(0) =90.

Lemma 6.1. If a,) is in Fgn, then the map N o @(a, ), —) from go(Fgn) to h(Fy) is trivial.
If a,9) is contained in some extension Fgmn but not Fen, the map Nyup/1 0@(2,4), —) is a

surjection from go(Fgmn) onto Ny, 1 (0¥ (Fgmn)).

Proof. Abbreviate a,) as ag, and x(6) as x. Let Fymn be an extension of Fgn Say aq is in

9.0)(Fgmn) and by is a point in go(Fgmn) then

N1 © Pnlao, bo) = Non 1 — [F"ay, bo])
) - Nmn/l ([FHGO, bO])

(l
(l
/1t (F"F[F* " ag, bo]) — Nowny1 ([Fag, bo])
(l
(l

mn/1

mn/1

aOu

Cl(),

bOaﬁwi "a ) - Nmn/l ([Fﬁa&b()])
Fli n

ag — F agp, bo])

mn/1

Then the above expression as a function of by is 0 if F"ay = ap and a surjection onto

N(GV(qun)) if FnCL(] 7£ ag. ]

Now take the opposite extreme from earlier and suppose the restriction of x to T} is

nontrivial on N§Y(FFy) for every root 6. Then, applying Lemma 5.3 we see

(6'8) Hé(th szgx) = Hé(vh(Fq”) ’ VhZa ¢2$x)~
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From our discussion about how Gj,(F,) acts on V}, we see that

(6.9) Vi(Fyn) - V2 =~ U g- V2

9€G;, (Fq)

Since this action doesn’t affect ¢, and has exactly ¢"(dim(v)) orbits, we conclude
(6.10) Hi(Vh(Fqn) V2, oL L) ~ Hi(V?, QDZZX)@q"(dim(U))'

Generalizing, for j < =1 take a in V7 and b in th_l_j. Then ¢p,(a,b) = on(a)p,(a,b),
for the exact same map P, from (in essence) VJ{Ll X th:jl*j to T/, Then, since y has not

changed and remains trivial, we apply Lemma 5.3 to see

(6.11) Hé(fo, PhLy) = Hz(V}Z(Fq") : V}Z—H, hZr)
and use the action of G (F,) to conclude
(6.12) H (V] (Fg) - Vi 038) = HUVT 7,20 (40,

We must analyze two situations: h even and h odd. If h is even, we reduce to computing
the groups H, 2(th/ 2 o1 2,). But GZ/ ? is commutative, so N (th/ %) is contained in Y, and ¢y,

is the constant map to the identity. Therefore

. . _ . o 0 % hdim(v)
(6.13)  HAV,'? 01 2) ~ H{(V}?,Q,) ~ HI(ANWDdm®) @) ~

Q, i= hdim(v) |

If h is odd, we are reduced to computing Hg(V,fh_l)/Z, 0r2y). We may write Vh(h_l)/2 ~

V(g:ll))/f X Vh(hﬂ)/ % in such a way that ¢ factors through projection onto the first term.
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(h—1)/2

(hi1)/o takes the form ¢y, (a) = @) (a,a). We relate the cohomology group

@y, restricted to V,
H ’(V(glhil /22, ;L) to character sums and compute it in the next section.

Now we handle the last case, when the restriction of x to T} is not trivial, but vanishes
on N(0Y(F,)) for some 6. Let A be the set of roots o in ® such that the restriction of x to
Th ! vanishes on N(t,). If ais in A, so are ca and —a. If o and 3 are in A so is a + 3, if it
is a root, and therefore so is r,[3, the reflection of # over the hyperplane orthogonal to «..
Therefore A is a c-stabilized subroot system of ®. The roots a are exactly the ones whose
root spaces centralize the torus in G with cartan algebra equal to the kernel of y on Tz_l,
so the roots generate to an F-stable subgroup of GG. Denote the subgroup by LX and its Lie
subalgebra of g by [. In most cases, but not always, LX is a Levi subgroup of Gj.

We further have a sequence of Gy, subschemes LLy. Proceeding in a similar manner to our

discussion of when LX is trivial, we see that
(6.14) H,(Vi, 93 Z) = Ho(Vi(Fgn) - (Vi NLY) - Vi, 0325).

Now we can generalize this to all levels.

Definition 6.2. Set VX :=V, "L} and define

VXIT = VITHED) V-V and VY =V VX

We have
(6.15) V= g Vi
gGGf;Q
which, just like before, yields
(616) Hé(vhxjj_v (ngx) = H(Z;(thvﬂ QOZ"?X)M
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In this case M = ¢" (dimv) — dim([)).

Take 7 < %, a in VhX’j, a root 6 in ®* N ¢®~ but not in LX and b € thflfj contained
in the root space of 6. If we write py(ab) = pp(a)®,(a,b) the second factor depends only on
the projection @ of a to Vji; and the projection b of b to th__jl_j . We may write @ uniquely

as ay, - ap, an element ay, of LJI-H N V,;41 multiplied by an element @, of v/l in G§+1.

For a and § roots, recall that the commutator subgroup [U}, ,, U; ;] is contained in the

group generated by U’,;Jgf; +jp for all positive integers ¢ and j with i+ 73 a root. For any root
B write Uy, ;5 for the subgroup generated by all Uy, ;, ;5 with o a root in L* and i + 55
a root.

By rearranging terms at the cost of adding in commutators, we relate L o N(ab) to

Lo N(a)-LoN(b). Observe that
F'oF'a = FlaF"bU b, )

for [5, Gp] an element in Gz_l, as before, and U an element in Ule L eig- Further, we have that

F*b commutes with U for any k and FiaU, = UsF'a for U, and U, elements of U?L:cke for

any integer k. Therefore there are a collection of elements U; in Uiﬁl g Such that

(6.17) LoN(ab) = Lo N(a)-LoN(b)- (H U,~> (Z[F@, Y1 Fjag]>

i=0 j=1

Since 6 is not a root in LX, the projection of each U; to V;, T} is contained in Vj, and

therefore, for the exact same formula for i, we have

¢n(ab) = pn(a)gy (@, b).
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Therefore
(6.18) HI(VY 03 2,) ~ HA(V;U™ 6.2,

We may repeat this process until all that remains is to compute the cohomology of .Z,
on V;X- th/ % or Vpx Vh(h_l)/ ?_ depending on the parity of h. Either space may be written as a
product of I} and an affine space AM corresponding to the root subgroups TUZ(; or Ugﬁ; n/2
for 6 a root in ®* N ¢®~ that is not in LX.

The map ¢, now factors as a product of maps, one from L} to T} and the other from

the affine space. If h is even, the map on the affine space factor is trivial, and we have
)V -V 01 2) = H7M (VY 61.2,).

If h is odd, the map on the affine factor is not trivial, but in the next section, we will show

that H(AM 1 &) is supported in only middle dimension, so we have
HV -V 60.2) = HEV (VY 012,

In either case, it suffices to compute the cohomology groups of ;. Since y o N is trivial

on the intersection of Ly, with T} ' there is a unique character X’ on T}_; such that we have

v 2 T

Lo

X Ph—1 1 X
Vh—l P]:[“h—l QZ

and can relate H{(V,X, o} L) ~ HI2dmU (X Cox L), If x s trivial at the deepest level,
we can reduce to h — 2. If x is nontrivial on part of the torus, we can find LX C LX and
repeat the process. All that remains is to compute the cohomology of the various ¢}.Z, on

the affine spaces we have constructed, which we will do in the next section.
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CHAPTER 7

Final Computations

We have now reduced our computations to the following problem:

Let 6 be a root in ®+ Ncd™, gy C v the associated root space in g rand by the image of
the coroot 0¥ in Y. Let x be a character on h(F,) such that x o N is not trivial on by. Set
R = go X guo) if (0) # 0 and R =: g¢ if not. We have a map

p:R—b

We need to compute the cohomology groups HL(R, p*%,)

This can be done explicitly, and in this section we will show that the resulting cohomology
groups are supported in only one dimension, and have maximal eigenvalues.

Since we are interested in the pullback character y o IV o ¢, we may modify ¢ so long as

the composition is unchanged. As originally presented, ¢ sends
(a,b) = [F" "a,b] — [a, F"D]
which is contained in by + b,(4). But this has the same image under N as the function
(a,b) = F*"[F" "a,b|] — [a, F*b] = [a, F""b — F~]

which has image contained in . Furthermore we may choose isomorphisms from gg, g,
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and 0V to A! such that this map simplifies to

First, consider the case where 6 # +(0).
Write ¢ for x o N, a nontrivial character of A'(F,+). The trace formula [7][1.9] tells us

for X a separated scheme of finite type over Fymn and f a morphism f: X — Al

D YT (FHIX, L) = Y Yo Ny, of (2)

ZGX(qun)

Then

4

SO T (P HIA 6 20)) = Y D@ € Bty (N (2™ = y7))

=0 yEFqnm

=Y > ay € Fpnt)(0)

yE]Fqn

+ Y Y reFuw (Nmmn/n(x(yq”’” - yq”)())

yEFqnm \]Fqn

S Y Y s e Fpt(Nmga(2)

yGFqnm \Fqn

=q"q"

Deligne’s theorem on the Riemann Hypothesis [DL80][3.3.1] constrains the eigenvalues
of F™™ acting on the cohomology groups and allows us to conclude dim (H:(A?, ¢* %)) =0
unless 7 = 2, in which case the dimension is ¢" and the action of F™ has all eigenvalues equal
to ¢".

Now consider the case § = ¢(f). This immediately implies n is even and 2x = n. The
space by is not F'-stable, but it is stabilized by F*, which per our isomorphism sends x to
—x7". Since N(z — F*z) must equal zero, we must have ¢(x + 29°) = 0, so for 1 to be

nontrivial it must not have conductor dividing . In this case we do not need to adjust ¢
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for it to land in hy and one choice for the formula sends!
o(z) = 2227

In [1, Proposition 6.2] Boyarchenko and Weinstein show

Proposition 7.1. Let f : Al — Al be the function x — 29! and ¢ a nontrivial character

of Fpox that is trivial on Fgs. Then

dim HI(A', f*%,)) = R
1m £z ) w))

J=1
And q" Frobenius acts on the first cohomology group by —q*.

This exactly describes our situation, so we have computed the cohomology groups. Note
that in all cases the cohomology groups we found were maximal, in the sense that the
eigenvalues of F™ on the ith cohomology group were equal to (—1)'¢"/2. We have related
every cohomology group in H!(Y},,Q,) to these groups, or the trivial group H?(x,Q,) by a
combination of summing, shifting degree, and tensoring, so we conclude that Y}, is a maximal

variety.

IHere is the only place where we need the assumption that the characteristic of the residue field is odd
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CHAPTER 8

Nonelliptic Elements

The paper has so far been concerned with the closed strata Y}, for ¢ ellptic. Here, we return
to the context of X}, not any strata, and general ¢, and we show that the non-elliptic case
can be related back to the elliptic one on smaller root systems.

As in section 2, let H be a connected split reductive group, S a split maximal torus in H
and c an element of the Weyl group of S. Define I’ = adj, oo, the group G’ and maximal torus
T just as before. Let L be the Levi subgroup of Gy, that centralizes (7¢)°. L is preserved by
F therefore there is a subgroup Ly subgroup of G defined over k such that (Lg); ~ L. We

write LL;, for the associated subschemes of Gy,.

Theorem 8.1. We may choose a borel B containing T with unipotent radical U such that
(8.1) X, = {ZL’ € Gh|ZL‘_1FZE elL,N Mh}/ ((Lh N [Uh) N F_I(Lh N Uh)) .

Note that when c is elliptic this theorem is vacuously true becuase (7°¢)° is in the center

of G so L is the entirety of G.

Proof. To prove this we will find a U with the property that for any v € U there is a v in
UNF~Y(U) such that v"'uFv e LNU.

For our theorem we will need the following lemma

Lemma 8.2. There is a unipotent U which can be decomposed as a product (LNU)-J where

J=UNFUNF*UN--- is the largest subgroup of U stabilized by F.
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Granting the lemma, let us prove the theorem. Given u in U we want to show

(8.2) u=v"'mF(v)

for some v € UN F~'U and m in L. By the lemma, we may write u = mqj, for some my
in LNU and jo in J. Take m = mg. Define the map F,(g) = F(mgm™"'). J is a normal
subgroup of U so Fy, is an isogeny and by Lang’s theorem j — j71F,,(j) yields a surjection
1

from .J to itself. We can then find a j; such that j;'F,,(j1) = jo. If we take v = mjm~

then

(8.3) vimF () = mm T mE(v) = myr F (i) = mjo = u

Now we need to prove the lemma.

Proof. For any choice of borel B containing T, its unipotent radical U can be written as a
product of root subgroups. Such a root subgroup is in L if it corresponds to a root o with
(7, ) = 0 for every cocharacter v of 7' whose image is contained in 7°. Let ® be the root
system of T', ®" be the subset of roots contained in L, and let V =® @R and V' = & @ R
be the vector spaces spanned by these sets. Since c is in the Weyl group of T', it acts on ®
and V.

Choosing a U is equivalent to choosing a hyperplane H in V' containing no roots and a
positive side H*. The group U N FU N F?U - -- is generated by the roots in H* that are
never sent to H~ under the repeated action of c.

Then our lemma can be rephrased in the following way:

There is a hyperplane H in V containing no roots such that for any root r in H* either r

is in V' orcr is also in HT
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Now we construct such an H. Choose a nonzero cocharacter v fixed by c. (If there are
no nonzero cocharacters then V/ =V and the theorem is clearly true.) Let H' = v+ be the
hyperplane in V' orthogonal to . This is not an acceptable choice for H because it contains
roots; it contains all of ®'. (If & is empty, then w is trivial and the theorem is once again
clearly true). Nonetheless, let (H')* be the set of vectors in V' with (v,v) > 0 for a root «

in (H')™ we have

(8.4) (yyw-a) = (w™-y,a) = (y,a) > 0.
We can therefore perturb H’ slightly to no longer contain any elements of ®' and the
result will be a hyperplane H with the desired properties. O
This proves the lemma, and therefore Theorem 8.1.

Definition 8.3. For an F-rational Levi subgroup L of G define

(85) Xh(L> = {LU € Lh|l’71FQJ elL,N Uh}/ ((]Lh N Uh) N F71<Lh N Uh)) .
(8.6) Xp = |_| 9+ Xn(L)
gEGf/ILf

Any lift of ¢ to Gy will centralize T° and therefore be contained in L N N(T), so ¢ is an
element of the Weyl group of 7" in L. It must be an elliptic element of the Weyl group of
T in L, because its fixed torus is central. L is isomorphic to a product of reductive groups
G x Gy x -G, with irreducible Weyl groups. We also have ¢ = ¢ycs - - - ¢, where the ¢; are
pairwise commuting lifts of Weyl group elements such that ¢;|¢, is an elliptic element of the

Weyl group of T; C G;. and ¢;g, is trivial for ¢ # j.

40



Therefore X,(L) can be written as a product of schemes X1 x Xj -+ X Xj, where
X, recreates our construction at the start of this paper for the group Gj, a twist of a split
reductive group H; by an elliptic element. So understanding the cohomology of the X,
construction for elliptic ¢ suffices to cover the construction for all c.

Note that this does not imply maximality results for the closed strata. For one, we
currently require the ¢; to all be balanced, but even if that were the case, the scheme Y,
would not necessarily be maximal. The Y},., even if maximal, would be maximal over separate
fields, and their product might not be maximal at all.

As an example, take H = GLg and

010000

1 00000

000O0O0T1
C =

001000

000100

000O0T1@O0

Then L is a twist of GLy x GL4. Let Yh2 and Y}f be the corresponding schemes for GL, and
GL, respectively. F? acts on H!(Y}?,Q,) with eigenvalue (—1)’¢' and F* acts on HI (Y2, Q,)

with eigenvalue (—1)7¢*. The product Y;* x Y;! has cohomology groups

HE (Y4, Q) = @y HA(Y, Q) ® HI(Y,, Q).

Y}, is defined over F 4, but we can see that the action of F* on its cohomology groups
will not have constant eigienvalues, and in fact there is no extension field over which Y}, is

maximal.
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CHAPTER 9

The Example of GL4

In this section we will walk through the arguments presented elsewhere in this thesis, but
refer throughout to the specific example of H = GL,. We will prove very little, and instead
cite the relevant theorems that occur earlier in the paper. GL4 was chosen as an example
because in this case it will be very easy to write down elements of Gj. The results for
semisimple groups, though they imply the result for GL,, were modeled on work originally
done for GL,,.

LEt k be a local field of characteristic p', and write k for the completion of its maximal
unramified extension. Let o € Gal(k/k) be the frobenius which acts on the residue field by
raising to the gth power for some ¢ = p’. We define a o action on H (/2) by acting separately
on each matrix entry. We let S be the torus of diagonal matrices in H and U be the unipotent
group of lower triangular matrices®. Finally, we write U for the unipotent opposite U

The Lie algebra gl, has root system As. We can model Az as the set of vectors in R*
with length /2, integer coordinates, and sum of all coordinates equal to 0. As a base for
the root system we may choose «o; = e;,1 —¢; for 1 <7 < 3. Let s; be the reflection about

a;, and take ¢ = s15953 as our choice of elliptic element in the Weyl group of S.

'The results in this paper, and even the below construction, work equally well in the case where k is
characteristic 0. We have assumed characteristic p here because under this assumption the schemes we work
with have the simplest description

2Though a somewhat nonstandard choice, this example works most cleanly if we choose these instead of
upper triangular matrices.
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If we identify X, (S) with the cocharacter lattice of A4 via

t=1 0 0 0

Y 0 ¢t 00
ay (t) =

0O 010

0O 0 01

and similarly for as and ag, then we see that U is generated by all of the positive root
subgroups. This identification allows us to choose an element of N(5), so that the action of
c is realized by conjugation in SL,y. We define the endomorphism adj, of H by conjugation

by

Now define the morphism F' := adj,oo(g). Let G be the group scheme whose R-points,

for any k-algebra R are

V]

G(R) ={g € SLa(R®@i k) | Fg = g}.
G is an inner twist of H. Let T be the group of diagonal matrices in GG, a twist of the
torus S. Note that the group 7'(k) is isomorphic to the multiplicative group of the unique
unramified degree four extension of k.
To get a parahoric model for GG, we take a point in the intersection of the apartment of

T with the F-fixed locus in the building Z(G, ]V'C) In this case, the intersection is only one

point, x. The attached parahoric model has

G.0(0) ~SL4(O) and G, o(O;) = SL4(O)F
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Then, following [5] we have for any integer h an affine group scheme G, over F, with

Gh(Fq) = G10(0)/Gon-1)+(0)  and  Gp(Fy) = Gu,0(Ok)/Ga (h-1)+(Ok)-

We may write this more concretely with the following definition adapted from [5]. Define
W = Spec(FF,[[t]]). The Frobenius o acts on W(A) by o(ag+ait+---) =al+aft+---. We
let V' be the shift operator: V(ag+ ajt +---) = al, + a;t*> + - - . and define W, := W/VhW.

Then we can write elements of G, explicitly with this construction, and we have

Gi(F,) ~ GLy(W,_1(F,)) and Gy(F,) ~ GLy(W,_(F,)".

Though F'is defined as an endomorphism of GL4(I;;), it descends naturally to an endomor-
phism of GL4(W,_1), since adj, is well defined over F,. We also define group schemes T},

and U;, over Fq as
T,(Fy) = T(W,_1(F,)) and Uy(F,) = U(W;,_1(F,))
F stabilizes T' so it gives T}, the structure of a group scheme over F, with
Tu(F,) = T(W,_1)F.
For i > j there is a quotient map from W; to W;, and thus a map from G; to G;, and similar

maps for T; and U;. We write G (or U? or TY) for the kernels of these maps.

Definition 9.1. The Parahoric Deligne-Lusztig Varieties are schemes X, defined over Fq

by
X, = {g < Gh‘gilpg eU,nN F(Uh)}

The coxeter element ¢ has order 4. For every divisor d of 4 (so d=1,2,4) let S(¥ be the

subtorus of S that is fixed by adjf. Now define M@ as the centralizer of S®. These are Levi
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(d

subgroups of H. Since adj, and F commute, M@ is stabilized by F and yields a k-rational

subscheme of GG, and an associated sequence of group schemes Mgd). Note that M® =T

and M) = G so only M@ is a new scheme. We then define
U = (MPU}) N,

and

_ —(d
XD = {g € Gylg~' Fg e UY 0 POV},

Our main focus of interest will be X ,(14). Since L™ = T and the intersection of T and U

is trivial Ugl) = U}. We can reduce even further to studying the scheme

_ —1
Y, ={g € Gjlg ' Fg € U, N F(U,)}

by showing that X ,(L4) is a disjoint union of copies of Y,.

Now we look at the sturcture of Yj,. To simplify notation, abbreviate
1 —1

The group consists of matrices of the form

for 7; an element of W;_; with constant term 0. We will refer to its elements simply as

vectors |27, 73, 3]7. We want to make elements of Yj, from the set of such v. We define
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1 o1y o’ay, ola

21 1 olay o3

To O] 1 o030

Ty oxy od) 1

Since we are able to write the original element v as Id4+M, then Nj(v) = Id+M +
FM + F*M + F3M. Of course, we can only write elements of G}, as Id +M because we are
exploiting the explicit presentation we chose for GL,; as our example. Even an element of
SL4 becomes much more difficult to write down so explicitly.

We could hope that Nj(v) is contained in Y}, but that is not quite true. It is easy to

check, however, that

145 0 0 0
;) »nn 1 00
L (Ny(v)) = Np(v)” FNu(v) =
% 010
y3 0 0 1

where s and the y; are elements of W,;,_; with the constant terms equal to 0. This means

that L(Ny(v)) is equal to an element of V;, mutiplied by an element of T}. We can write it

uniquely as tu.

Let g be an element of G} with g7'Fg = tu. For s a second element of T} we have
(gs) ' F(gs) = sy FgFs = s tuFs = (s_lFst) (Fs_lqu)

Since T} normalizes V},, the conjugation F's™'uF's remains in Vj, so we see that sg is con-
tained in Y}, if and only if s71Fs = s71.
We define a map ¢y, from Vj, to T} that sends v to ¢t~!, and define a scheme W}, via the

pushout
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pr
Wh —l> Vh

lprz l@h
T, —— T}
Then there is a map from W), to Yj,. Given w in W}, we can send it to N, (pry (w))-pry(w).

The resulting map is in fact an isomorphism from W to Y}. See 4.5 for more details.

The cartesian diagram lets us relate

H{(W,, Q) ~ P Hi(Vi, 32,)

X
where the sum on the right is taken over Q, characters of T}(F,), and %, is the rank one
multiplicative local system associated to y, defined in section 5. We can then compute the
cohomology separately for each character.

We group the characters of T} (F,) into 3 separate classes. Any character restricts to a
character of T} *(F,) =~ F,s. We define the conductor of a character of F: to be the smallest
integer d such that the character factors through the trace map from Fg to F,a. Clearly the
only conductors we see are d = 1,2 or 4, and we group the characters accordingly.

If x has conductor 1, analysis of the formula for ¢, allows us to find a character x; of

T} ,(F,) satisfying the following commutative diagram

VhLT}L

N

Ph—1 1 X1 mn
Vhfl — Th—l ? Qé

So the cohomology groups H?(Vj, ¢} -2, ) are a shift of the groups H?(Vj,—1, 95 1%, ). The
latter groups occur in the cohomology of Y;,_; so they may be determined by induction.

For the other characters we must do more work. Lemma 5.3 says the following

Theorem (5.3). Let Sy be a scheme of finite type over Fy, put S = Sy x G,. Let R be an

algebraic group over F, and F be a multiplicative rank one local sysem on R. Finally let f
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be a morphism S — R that sends a point (xz,y) € S1 x Al to

and such that at each point x in Sy the restriction to the fiber fi|s, : Go — R is a homomor-
phism.

Define Sy to be the subscheme of points x in Sy such that fiF|s, is trivial. Then
(9.2) HY{(S, f*F) ~ H(Sy X Gy, f3.7).

Since V), is isomorphic as an Fq scheme to the affine space A3"~1 there are many ways
to write it as a product of a smaller scheme and G,. For i = 1,2, 3 expand

- h—1
Ty =it + -+ Tipal™ .

Then for i =1,2,3 and 1 < j < h — 1 we may write

Vi, =~ V}f’j X Spec(Fq[xiyj])

for V;*/ a scheme isomorphic to affine 3(h — 1) — 1 space. We think of elements of V,f’k as a
collection of coefficients z,;, for a = 1,2,3 and 1 < b < h—1 except the pair a =7 and b = j.
There are many choices for such isomorphisms, but we will need to take care to find ones
such that the restriction of ¢y, to the fibers is a group homomorphism, so that we satisfy the
hypotheses of lemma 9.

When j = h —1 we can choose such an isomorphism. In this case, regardless of the
conductor of y, we find the homomorphism from G, — T} is always trivial.

This does not much help us compute cohomology, but it is a necessary step for us to find
the right splitting of V}, into a smaller scheme times an affine space when j = h — 2. In this

. .. i h—2
case we see a few options. Let = be a point in V""",
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e If y has conductor 4, the induced character on Spec(F,[z;,_»|) is trivial if and only if

Tg—i,1 is fixed by 0'4.

e If x has conductor 2, the induced character on Spec(F,[x2,_»]) is always trivial and
the inducted character on Spec(F,[z; o) for odd i is trivial if and only if x4_;; is

fixed by o*.

Then if x has conductor 4 we may compute the cohomology of ¢;.Z, on the subscheme

of V}, consisting of vectors

al,lt + 1’172252 + - Il,h_lth_l

U= a271t + 1’272?52 + - I'Q,h,lth_l

ag it + xzot? + - w3y qt" !

with the as fixed by o*. A further reductive step lets us compute cohomology on the sub-

scheme of vectors

$1,2t2 + x173t3 + - xl,h,lth_l
U= |z99t? + Tost> + - w9y _1t"!

T30t? + x35t3 + w3y th!
On this subscheme, we can once again find a product decomposition as in Lemma 9, this
time taking Spec(F,[z;,_3]) as the affine space. When we do this, we see once again that
the pullback of the character x is trivial if and only if x4, o is fixed by ot

We may repeat this process over and over until we have cleared away the z; ;, for k£ < %

We have now reduced to two cases. If h is even, we are left with the subscheme consisting of

951,h/2lfh/2 4y gt

U= | By pyat? 4o gt
$3,h/2th/2 + g gt

Observe that GZ/ % is a commutative group, which implies that for v as above, N, (v) is
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contained in Y}, not Y, T}. Then ¢, restricted to this scheme is the constant map to 0, so
the pullback of .2, is trivial and the desired cohomology groups are exactly those of affine
3(h — ) space with the constant sheaf.

If h is odd, we are left with the subscheme consisting of

L’)31,(h—1)/215(h_1)/2 4y gt
v = $2,(h_1)/2t(h_1)/2 4. 'x27h,1th_1
IS,(hfl)/Qt(hil)/Q 4y gt

Note that ¢y, is not trivial when restricted to this subscheme. However, we may write

the scheme as a product

Spec(Fy (21 (h-1)/2) Ta,(h—1) /2, T3,(h_1)/2]) X AZR=H/2

and then see that ¢, factors through projection onto the first factor. We are reduced to
computing H:(A? ¢;.%,), and the dimensions of these cohomology groups can be written
out explicitly as some simple character sums.

The process is similar if x has conductor 2. However, this time in our first reduction step

we may only truncate rows 1 and 3, arriving at the subscheme consiting of

04 2o 4 -+ + Ty t™ + - - - 2yt
v = l’Q,lt + $272t2 + .- 1'27h_1th71

0+ 23282 + -+ + X3 t™ + - w35 t"!

In this situation, we can continue with our truncation process, but only for the first and

third entries. We are left with the scheme of vectors of the form
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0+---+ J]l,mtm + - xljh_lthfl
U= .1'2’115 + 1'272152 + - l’g,h,lth_l

04+ a3 mt™+ - -I37h_1th71

with m equal to % or % depending on the parity of h, just like before. This scheme can be
decomposed as a product

(MY V) x A2

On this scheme, ¢, can be expressed as a product of separate maps from each of the
factors to T}, and we may compute the cohomology of ¢}.%, separately on each factor.The
computation on the right factor is handled exactly the the same way as in the conductor 4
case: If h is even the pullback is trivial and if A is odd it reduces to the exact same character

sums. For the left factor we have a commutative diagram

M NV, —2— T

| N

M NV 25 T X Q,
for a unique character y;. If the restriction of y; to TZ:% has conductor 4, the cohomology
groups H Z(Mf_)l N Vi1, 9" Z,,) can be expressed via character sum. If the conductor is 1
or 2, we will be able to project down to V;,_o and repeat the process. If we make it all the
way down to T}, we will know the cohomology is trivial.
Though this process is lengthy, it is not overly difficult to keep track of which cohomology
groups occur in H'(Y;,, Q,), and the eigenvalues of Frobenius on these groups are determined

by explicit character sums.
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