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ABSTRACT

In neuroimaging studies, mediation analysis plays a crucial role in understanding the mech-
anisms through which certain exposures or interventions affect health outcomes. This dis-
sertation develops a novel modeling framework for Bayesian mediation analysis tailored to
large-scale and complex imaging data. The framework provides a robust theoretical basis
for image mediation analysis and introduces innovative Bayesian inference methods and effi-
cient computational tools. A rigorous theoretical analysis evaluates the method’s robustness,
considering the impact of unmeasured confounders.

In Chapter 2, we introduce a new spatially varying coefficient structural equation model
for Bayesian image mediation analysis (BIMA). Using the potential outcome framework, we
define the spatially varying mediation effects of the exposure on outcomes mediated through
imaging mediators. We adopt the soft-thresholded Gaussian process (STGP) for prior spec-
ifications, which supports sparse and piece-wise smooth functions. We establish posterior
consistency for the mediation effects and selection consistency for significant regions impact-
ing the mediation. An efficient posterior computation algorithm for BIMA, scalable to large-
scale data, is developed and validated through extensive simulations, showing at least 20%
increase in power over existing methods. We apply BIMA to analyze behavioral and fMRI
data from the Adolescent Brain Cognitive Development (ABCD) study, focusing on media-
tion effects of parental education on children’s cognitive abilities through working memory
brain activities. We identified important mediation regions such as the left Precuneus (in-
volved in the recall of episodic memories), the left Inferior parietal gyrus (involved in sensory
processing and sensorimotor integration), and the left Supplementary motor area(involved
in motor sequencing).

In Chapter 3, to enhance BIMA’s computational efficiency, we develop a general prior
with variational inference algorithms for regression models with large-scale imaging data.
We introduce a soft-thresholded conditional autoregressive (ST-CAR) prior, which is robust
to pre-fixed correlation structures and facilitates active voxel selection. Applying ST-CAR to
scalar-on-image and image-on-scalar regression models, we develop coordinate ascent varia-
tional inference (CAVI) and stochastic subsampling variational inference (SSVI) algorithms.

Simulations demonstrate that the ST-CAR prior excels in selecting active areas with complex



correlations, and CAVI and SSVI offer superior computational performance. We implement
these methods in the ABCD study. The SSVI on Image-on-scalar regression brings down
the computation time from 86 hours (BIMA) to 7.3 hours.

In Chapter 4, we explore methods to reduce the impact of unobserved confounders on the
causal mediation analysis of high-dimensional mediators with spatially smooth structures,
such as brain imaging data. The key approach is to incorporate the latent individual effects,
which influence the structured mediators, as unobserved confounders in the outcome model,
thereby potentially debiasing the mediation effects. We develop BAyesian Structured Medi-
ation analysis with Unobserved confounders (BASMU) framework, and establish its model
identifiability conditions. Theoretical analysis is conducted on the asymptotic bias of the
Natural Indirect Effect (NIE) and the Natural Direct Effect (NDE) when the unobserved
confounders are omitted in mediation analysis. For BASMU, we propose a two-stage esti-
mation algorithm to mitigate the impact of these unobserved confounders on estimating the
mediation effect. Extensive simulations demonstrate that BASMU substantially reduces the
bias in various scenarios. We apply BASMU to the analysis of fMRI data in the Adoles-
cent Brain Cognitive Development (ABCD) study, focusing on four brain regions previously
reported to exhibit meaningful mediation effects. Compared with the existing image media-
tion analysis method, BASMU identifies two to four times more voxels that have significant
mediation effects, with the NIE increased by 41%, and the NDE decreased by 26%.

x1



CHAPTER 1

Introduction

1.1 Background, motivating problem and datasets

Mediation analysis has played an important role in modern medical and biological research,
psychological theory, and many areas in social sciences [88, 59, 55, 58]. In the causal in-
ference framework, when the treatment (exposure) variable is fully randomized, we expect
to see the causal effect of treatment on the outcome variable. But sometimes researchers
are also interested in a third component, the mediator, that acts as a pathway from the
treatment to the outcome. In our motivating example with Adolescent Brain Cognitive De-
velopment (ABCD) study, task-based functional Magnetic Resonance Imaging (fMRI) data
are collected for children of age 9 to 10. We hypothesize that parental education level can
have a positive impact on children’s IQ score, but we are also interested in knowing whether
parental education level can have a positive impact on children’s cognitive ability develop-
ment (reflected from task fMRI images) that further influences their 1Q score. The cognitive
ability development acts as a pathway that carries part of impact of the exposure to the
outcome.

There are some challenges in studying the mediation effect of neuroimaging data. De-
pending on the resolution of the neuroimages, the number of voxels for one fMRI image can
be over ten thousand. In the ABCD study [10], we use the 3D task-fMRI data that contains
N = 1861 individuals, with p = 47636 voxels after preprocessing. The fMRI data contains
spatially correlated signals based on complex brain anatomical structure. Moreover, the size
of the cognitive signal on each voxel can be very small, and has relative small signal-to-
noise ratio even for the active voxels. Hence we need a method that can (1) identify active
mediation regions in a 3D high-dimensional mediator, (2) have theoretical guarantee for con-
sistency when the number of sample increases to infinity, (3) provide efficient computation
tools that are scalable for large-scale data set. The goal of this dissertation is to provide a

solution to meet these challenges.



1.2 Neuroimaging

Neuroimaging techniques, encompassing a wide array of scanning methods, are critical tools
in understanding the intricate workings of the human brain. Widely utilized techniques
include EEG (Electroencephalography), MEG (Magnetoencephalography), PET (Positron
Emission Tomography), and MRI (Magnetic Resonance Imaging). Each of these techniques
offers unique insights into the complex neural activities and structural characteristics of
the brain. EEG and MEG provide valuable data on brain activity patterns, through the
measurement of electrical potentials. PET measures the radioactive tracer distribution. MRI
stands out for its comprehensive insight into the brain’s structure and function. MRI utilizes
a potent magnetic field to align the body’s protons, creating detailed 3D images of internal
structures. Notably, functional MRI (fMRI) measures variations in blood oxygenation levels,
which serve as indicators of brain activity.

Structural and functional brain imaging has been an important tool in clinical diagnostics
and neuroscience advances over the last 40 years. Traditional neuroimaging studies usually
involve a modest number of subjects (less than 50), recent years many large scale neuroimag-
ing studies have made it possible for tens of thousand subjects [75]. For example, the Human
Connectome Project (HCP) [85] has more than 1000 subjects, and the UK Biobank (UKB)
[60] has collected more than 10,000 subjects, with the overall aim of over 50,000 subjects.
These large-scale neuroimaging data projects have set off the big data era in brain imaging.

There are many statistical challenges in analyzing large scale fMRI data. As discussed in
[50], the signal to noise ratio for fMRI data is usually very small compared to regular clinical
studies, and small confounding effect can induce false associations [76]. In addition, the brain
anatomical structure intrinsically requires complex spatial-temporal correlation structure.
The main statistical problems for analyzing fMRI data including voxel-level analysis and
network connectivity analysis [111]. The voxel level analysis aims to find active areas that
are related with certain tasks or stimulus, and the common practice involves generalized
linear models and post-analysis multiple comparison methods. The network analysis aims to
find associated groups of ROIs that are related with certain brain functions, and the main
methods involve clustering, independent Component Analysis (ICA), and other network and
machine learning algorithms.

The ABCD neuroimage data we use in Chapter 2 is the 2-back contrast emotional task
fMRI data [15, 4], where the participants are required to perform several rounds of tasks
of identifying fearful or happy faces versus neutral faces. The 2-back contrast data refer to
the contrast fMRI image of performing the task shown 2 rounds ago compared to a task

just shown (0-back). This task contrast fMRI data can reflect the participants’ cognitive



ability of working memory, encoding, retrieval, forgetting, recognition [10]. Because of the
anatomical structure of human brain, subdividing the human cerebral cortex based on the
fMRI images can give us brain parcellation by different cognitive functions [17]. This also
allows us to summarize the mediation effect by brain regions.

Our method can also be applied to other types of neuroimage data. As detailed in [10],
other than the emotional task contrast data, there are also Monetary Incentive Delay (MID)
tasks [44] that are designed to measure the ability of reward processing and motivation
control; the Stop Signal Task (SST) [52] to measure the impulse control ability.

Aside from the task-based fMRI data, resting state fMRI (RS-fMRI) data [47, 77] is
another research focus in neuroimaging. The RS-fMRI is measured when the participant is at
rest (without task or stimulus), and it focuses on the spontaneous low frequency fluctuations
in the blood oxygen level dependent signal. RS-fMRI is often used to infer the synchronous
activation between spatially-distinct regions, and identify the resting state network. This

can help provide diagnostic and disease prognostic information.

1.3 Mediation Analysis

The history of causal mediation analysis can date back to [5], where they first formally
proposed the mediation framework under the linear structural equation models (LSEM),
and decomposes the total effect of exposure on the outcome into the direct effect and the
indirect effect mediated through the pathway mediator. Similar to all other causal inference
problems, the identification of mediation effect relies on a set of causal assumptions, and
some of them may not be verifiable in practice. Many follow-up works used the LSEM or its
extended version to test for the existence of mediation effect [59, 38, 37]. Under the single
mediator LSEM framework (denote Y as the outcome, X as the exposure, and M as the

mediator), suppose both the exposure and mediator are fully randomized,
Y=i1+cX+e, Y=ig+dX+bM+ey, M=i3+aX +e;3 (1.1)

c is the total effect of X on Y, and ¢ is the direct effect in the presence of the mediator.
The indirect effect can be expressed either as a difference of ¢ — ¢’ [57] or as a product of ab
[54]. These are referred to as the difference method or the product method. The product
method is particularly useful when the mediator is a random process over a spatial support.
In this case the coefficient a and b become functions over the support, and the functional
product a(-)b(-) can identify areas with active mediation effect, not just the scalar-valued

indirect effect. [37] focused on the difference method and proposed the sequential ignorability



assumption to ensure the identification of mediation effect. Its follow-up works [83] and [104]
further discussed the sensitivity analysis of a biased mediation effect when the identification
assumptions are violated. In this dissertation, we focus on the last 2 equations in the
LSEM (1.1) and use the product method to define the indirect effect, under the causal
assumptions proposed in [87]. Many recent studies [80, 107, 51, 39] especially for high
dimensional complex mediators all adopt this approach. In terms of imaging mediators, the
structural equation model based on the last 2 equations (1.1) involves a scalar-on-image
regression and an image-on-scalar regression. There are abundant literature on these two
classical problems in imaging statistics, and we provide a more detailed review on this in the
introduction section of Chapter 2. In Chapter 4, we also provide a limiting bias formula for
the natural indirect effect when the no-unmeasured-confounder assumption is violated.

The challenges for imaging mediation analysis originate from the complexity of imaging
data: low signal-to-noise ratio, super high dimensionality, complex correlation structure,
and difficulty in false discovery control. Recent contributions to high-dimensional mediation
analysis try to meet these challenges, including recent works which explored machine learning
tools [61]. [109] proposed a multilevel parametric structural equation model to circumvent the
no-unmeasured-confounder assumption for a specific data set. [105] extended the mediation
problem to where both the outcome and the mediator are high dimensional.

With the development of Bayesian nonparametrics theory and advances in computational
power and techniques, more researchers favor applying various flexible Bayesian priors on

mediation problem to handle more complex data [99, 79, 80].

1.4 Bayesian Nonparametric Theory

The prior we use in Chapter 2 and 4 is based on a latent Gaussian process prior, which is
one type of Bayesian nonparametric priors. Based on the Bayesian nonparametric theory
[30], in Chapter 2 we provide posterior consistency proof for the spatially-varying sparse
functional parameters in the outcome and mediator models, and further provide proof for
the sign consistency in the functional indirect mediator.

Our theory is based on the general consistency theorem proposed in [13]. Since [74] first
proposed the general consistency theorem, there have been many different extensions [6, 28].
These theorems provide general sufficient conditions in terms of the existence of proper test
statistics, the prior positivity on a neighborhood defined by the Kullback—Leibler divergence.
Our consistency theory is also based on verifying these sufficient conditions in [13].

The soft-thresholded Gaussian process prior in Chapter 2 and 4 rely on the nonparametric

theory of Gaussian process developed in [29], [84], and [43]. In particular, [29] defined the



sieve space of the Gaussian process with smooth kernels. Based on this definition, they
provided a tail bound for the prior probability outside of the sieve space, and an upper
bound for the entropy number of the sieve space. These results provide the theoretical
foundation on Gaussian process priors in our theory when verifying the existence of test
conditions.

When constructing the test statistics, we use the same test as in [84] for the image-on-
scalar regression, which is an easier problem compared to the scalar-on-image regression.
Unlike separately fitted scalar-on-image (outcome model) and image-on-scalar (mediator
model) regression models, in mediation analysis, the mediator model specifies the true gen-
erative process for the mediator in the scalar-on-image (outcome model). This prohibits us
to make some common assumptions such as mean-zero assumptions for the mediator like
in other scalar-on-image literature [43, 70]. Hence we use the chi-square test and similar
conditions for the mediator as in [1], and provide a proof that the mediator process satisfy

these conditions under some constraints.

1.5 Posterior computation

To make our mediation model applicable for large-scale, high resolution imaging data, we
need efficient computational tools. Either the soft-thresholded Gaussian process (STGP)
prior used in Chapter 2 and 4 or the soft-thresholded conditional autoregressive (ST-CAR)
prior used in Chapter 3 utilizes the soft-thresholding operator on a latent spatially-correlated
process. Hence the computational method not only has to provide efficient and accurate
estimation for the posterior mean, but also uncertainty quantification for the selection of
active mediation areas. To achieve this goal, we explore the MCMC based methods [68] and
variational inference methods [9].

To make the latent Gaussian process computationally applicable in high-dimensions, we
use the basis decomposition approach [94] to sample the coefficient of basis functions as
independent Gaussian priors. The basis decomposition as a dimension reduction method
is often used in many imaging models [24, 98]. Although this requires choosing a kernel
function suitable for the smoothness of the real data, some sensitivity analysis is needed for
the choice of the kernel function. For fMRI imaging applications, as aforementioned [17] we
can utilize the brain region atlas and assume inter-region independence structure, which is
another way to reduce the correlation matrix into smaller block matrices.

The STGP prior has a complex posterior as a mixture of truncated normal distributions.
Traditional Gibbs sampler might be computationally expansive. For efficient posterior sam-
pling, we adapt the Metropolis-adjusted Langevin algorithm (MALA) [69]. MALA is an



MCMC method using the Langevin diffusion as proposal densities. One disadvantage of
MALA is that in high-dimensions, if the step size for the gradient of the log posterior remains
the same on all dimensions, the posterior space cannot be sufficiently explored. Remedies for
this including specifying a pre-conditioning matrix to explore different direction at different
rate, and adjust the step-size according to the acceptance rate. [31] proposed the manifold
MALA where the pre-conditioning matrix is determined by the Fisher Information matrix.
[95] further proposed a position dependent MALA that could yield higher effective sample
size than [31]. In our implementation, we use MALA with an approximated gradient since
STGP posterior is not directly differentiable, and use the adaptive step size adjusted to the
acceptance rate. Both [31] and [95] could potentially improve our implementation. Since
the posterior of STGP is a mixture of 0 and some other continuous process, we can directly
compute the posterior inclusion probability as a measure for uncertainty quantification of
the active mediation areas.

Although MCMC methods allow for the sampling of the entire distribution, variational
inference (VI) methods provide a more efficient counterpart at the cost of only approximating
the posterior mean. There has been increasing popularity in using VI for high-dimensional
posteriors such as imaging data analysis [41, 45|, and various scalable extensions of VI
(35, 64, 8]. In Chapter 3, we use the mean-field variational inference on ST-CAR prior,
and use the posterior mixing probability as the uncertainty quantification for active region
selection. We provide a more detailed literature review on different variational inference

methods in the introduction of Chapter 3.

1.6 Dissertation contributions

In this dissertation, we contribute to the imaging mediation analysis in three aspects: model-
ing, theory and computation. For the modeling contribution, we adopt the Soft-thresholded
prior in Chapter 2 and propose a Bayesian mediation analysis framework for analyzing high-
dimensional imaging mediators. We further extend the framework in Chapter 2 to the case
where the unmeasured confounder is allowed to correlate with both the mediator and the
outcome, but not the exposure, and we provide a formula for the limiting bias of the indirect
effect, and propose a joint model that allows us to estimate the unmeasured confounders.
For the theoretical contribution, we provide theoretical guarantees for the sign consistency
and L; consistency of the functional indirect effect. For the computational contribution,
we provide an efficient posterior sampling algorithm based on MALA and apply it to the
ABCD data in Chapter 2. We further explore the efficient posterior optimization method,

variational inference, and propose a Soft-thresholded conditional autoregressive prior that



can achieve fast convergence and scalable to large-scale data set in Chapter 3.



CHAPTER 2

Bayesian Image Mediation Analysis

2.1 Introduction

Mediation analysis is an important statistical tool that decomposes the total effects of an
exposure or treatment variable on an outcome variable into direct effects and indirect effects
through mediator variables [56]. Mediation analysis has been widely adopted to gain insights
into mechanisms of exposure-outcome effects in many research areas including epidemiology;,
environmental science, genomics, and neuroimaging. Recent advances in neuroimaging have
presented great opportunities and challenges for mediation analysis with large-scale complex
neuroimaging data. In many neuroimaging studies, it is of great interest to identify important
brain image mediators that mediate the effect of an exposure variable, such as age, social
economic status, medical treatment, or substance use, to an outcome variable, such as the
cognitive status, disease status.

Our work is motivated by the brain image mediation analysis in the Adolescent Brain
Cognitive Development (ABCD) study, the largest long-term study of brain development and
child health in the United States. Our objective is to investigate how parental education
levels impact the children’s general cognitive ability that is mediated through brain function
development measured by working memory task fMRI.

We consider voxel-level task fMRI contrast maps as the image mediators which pose sev-
eral challenges for mediation analysis. First, the number of voxel-level image mediators can
be up to 200,000 in a standard brain template, potentially requiring large computational
resources for implementing the statistical algorithm. Second, brain image mediators ex-
hibit complex correlation patterns such as the correlations among neighboring voxels and
the correlation between brain regions with the same functions. Ignoring or inappropriately
accounting for the correlation may introduce bias or lose statistical efficiency in estimating
the mediation effects. Third, due to the low signal to noise ratio of brain imaging data, the

voxel-level image mediators may have weak or zero effects on the outcome variable. The



standard mediation analysis approach may suffer from low power and high false positive
rates when detecting active mediators.

Recent work on high dimensional mediation analysis provides different angles to tackle
these challenges, with different statistical models tailored to specific application domains,
such as penalized high dimensional survival analysis [53], DNA methylation markers [103, 33].
For imaging applications, [51] first extended the mediation analysis framework into functional
data analysis and proposed a model based on least-squares estimation and penalized regres-
sion, without considering correlation among individual level noises in the mediators. Built
upon this work, [11] proposed a method based on principle component analysis, where high
dimensional correlated mediators are mapped to uncorrelated ones through orthogonal trans-
formation. The orthogonal maps are sequentially estimated from maximizing the likelihood
of the joint model on each direction of mediators separately. However, interpreting the esti-
mated coefficients relies on untestable assumptions that mediators are randomly assigned to
individuals, making the functional causal effect inseparable from the individual level noise.

Aside from the sequential mediator modeling idea, [108] proposed a marginal mediator
model with correlated error term, and defined a convex Pathway Lasso penalty to penalize
the product term in the indirect effect, instead of penalizing each functional coefficient. The
Pathway Lasso method demonstrated strong computation efficiency and accuracy compared
to the sequential mediator model, but sparsity in the functional coefficients was not consid-
ered. [106] proposed another frequentist approach to high dimensional mediation problems,
where sparse principle component analysis is used to map the correlated mediators onto a
space of independent mediators, and penalized regression techniques such as the elastic net
are employed in the outcome model to enforce sparsity in high dimensional mediators. [61]
used machine learning models to map a high dimensional imaging mediator to a single la-
tent variable and treated this single latent variable as a mediator in the classical mediation
triangle, sacrificing the interpretability of mediation effects.

Focusing on the temporal mediation effects, [107] proposed Granger mediation analysis,
a novel framework for causal mediation analysis of multiple time series, inspired by an fMRI
experiment. The framework combines causal mediation analysis and vector autoregressive
(VAR) models to address challenges in time-series data, improving estimation bias and sta-
tistical power compared to existing approaches.

For Bayesian analysis of mediation effects, [99] presented a pioneering work in both single-
level and multi-level models, demonstrating that Bayesian mediation analysis can improve
estimation efficiency by incorporating prior knowledge. [78] proposed Bayesian mixture
models to account for a large set of correlated mediators with application to biomarker

identification. In particular, to deal with the sparsity and correlation in a high dimensional



parameter, a membership parameter was used to indicate whether the signal at a certain
location is zero or not, and correlation structure is assumed for this membership parameter.
In [79] and [80], different types of Bayesian mixture models were proposed with less focus on
the correlation among different locations. In Section 2.5.1 we provide more details to these
methods and compare them with our proposed method through simulation studies.

To the best of our knowledge, there is a lack of a Bayesian mediation analysis method
for high-dimensional imaging data that can incorporate flexible spatial correlation structure,
individual-level spatial noise, and sparsity in the functional coefficients. To fill this gap,
we propose a new structural equation model with spatially varying coefficients and adopt
the soft-thresholded Gaussian processes [43, STGP] as priors for Bayesian Image Mediation
Analysis (BIMA). Under the potential outcome framework, the proposed BIMA framework
consists of two spatially varying coefficient models: a scalar-on-image regression model for
the joint effect from the exposure and the image mediator on the outcome (the outcome
model), and an image-on-scalar regression model for the effect of the exposure on the im-
age mediator (the mediator model). By assigning the STGP priors, we ensure large prior
support for the piecewise smooth and sparse spatially varying coefficients in both models,
based on which we formally define the spatially varying mediation effects under the potential
outcome framework. To accommodate population heterogeneity in imaging data, we intro-
duce spatially varying random effects for each individual in the mediator model, improving
the efficiency of estimating the mediation effects. For posterior computation, we develop a
modified Metropolis-adjusted Langevin algorithm (MALA) that boosts the computational
efficiency via block updating and is scalable to high-dimensional imaging data analysis with
many observations.

We perform rigorous theoretical analyses of BIMA. We establish the posterior consistency
of all the spatially varying coefficients in the mediator and outcome models under the Lo
empirical norm, leading to the posterior consistency of the spatially varying mediation ef-
fects under the L; empirical norm. Different from the previous theoretical work on Bayesian
scalar-on-image models [43], the image mediation analysis requires us to address the ran-
domness of the functional mediator in the scalar-on-image outcome model while considering
the mediator model as the generative model. Hence we proposed a new formulation for func-
tional mediation where the mediator is treated as a random signed measure in the outcome
model, and as a random function in the mediator model. This new formulation provides
a coherent definition of the natural indirect effect with existing mediation literature while
keeping the image mediator bounded in probability in the outcome model.

The rest of the article is structured as follows. In Section 2.2, we introduce the BIMA

framework with definitions, models and prior specifications. In Section 2.3, we perform
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the theoretical analysis of the proposed methods, where we establish model identifiability
and posterior consistency of the spatially varying mediation effects. Then, we develop the
posterior computation algorithm in Section 2.4 and perform extensive simulations in Section
2.5. Finally, we apply BIMA to the analysis of the fMRI and cognitive data in the Adolescent
Brain Cognitive Development (ABCD) study in Section 2.6 and conclude the paper in Section
2.7.

2.2 Bayesian Image Mediation Analysis

2.2.1 General Notations

Let R? denote a d-dimensional Euclidean vector space. Let S C R? be a compact support.

Let N(u,0?) represent a normal distribution with mean p and variance o?. Let L*(S) be

the space of square-integrable functions supported on S. Let {s1,...,s,} be a set of p fixed
1/q

design points in S. For any function f(s) in L*(S), let || flop = {p‘l . |f(3j)\q} be

the L, empirical norm on the fixed grid with p voxels. For any vector a = (ay,...,aq)" € R?

let ||al|, = {Z?:l |ai|q}1/q be the L, vector norm. For any functions f, g € L*(S), define the
inner product (f,g) := [ f(s)g(s)A(ds) where X is the Lebesgue measure. The empirical
inner product is defined as (f, g), := p~" >-0_; f(s;)g(s;). Let C*(S) be the order-p Holder
space on S for a positive integer p. For a set B, B is used to denote the closure of the set,
and 0B denotes the boundary. Let GP(v, k) denote a Gaussian Process with mean function

v(-) and covariance matrix x(-, ).

2.2.2 Spatially-Varying Coefficient Structural Equation Models

Suppose the data consists of n individuals. For individual i(i = 1,...,n), let ¥; denote the
outcome variable, X; denote the exposure variable, C; = (C;y,...,C;,)" € RY be a vector
of ¢ potential confounding variables. Suppose the imaging data are observed on a compact
support S. Let {Asy,...,As,} are a partition of S, i.e., § = Ji_; As; and As; N Asy = 0.
Let s; be the center of the voxel As; for j = 1,...,p. Let M; = {M;(s;),..., M;(sp)} " be a
vector of observed image intensities, where M;(s) represent the image intensity function at
location s € S.

To perform image mediation analysis, we consider spatially varying coefficient structural

equation models which consist of scalar-on-image regression as the outcome model (2.1) and
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image-on-scalar regression as the mediator model (2.2). For i = 1,...,n, we assume

Y, = Zﬂs] (AS) + 79X+ €TCi+ eyi, ey S N(0,02), (2.1)
M;(s;) = Oé(Sj)Xz‘ +CT(s5)Cs + mi(s5) + ennalsy),  enra(ss) ~ N(0,0%) (2.2)

where M;( = [\ M, As A(ds) is the total intensity measure over the small partition As
and A(+) is the Lebesgue measure. Throughout this paper, we assume that the Lebesgue
measure on one partition A\(As;) =p~! forany j=1,...,p

In the outcome model (2.1), B(s) represents the spatially-varying effects of the image
mediator on the outcome variable. The scalar coefficient v is the direct effect of X; on Y.
The vector coefficient £ € R? represents the confounding effects. The random noises ey;; are
independent and follow a normal distribution with mean zero and variance .

In the mediator model (2.2), a(s) is the spatially-varying functional parameter of our
interest. ¢(s) = {¢i(s),...,¢,(s)}" is a vector of the coefficients for the confounders; n;(s)
is the spatially-varying individual effect that capture the individual variations unexplained
by the exposure variable X; and the observed confounders C;; and €j;(s;) is the spatially

independent noise term across locations and subjects with constant variance o%;.

2.2.3 Connection to the Wiener process

When S is one-dimensional, the finite summation > 7_, 8(s;)M;(As;) in model (2.1) is an
approximation to the continuous integral [ #(s)M;(ds). In fact, when S = [0,1] € R, the

continuous version of model (2.1) and (2.2) can be represented as

/6 (d5) 1%+ €7Cit evi,
M;(ds) = {a(s)X; + ¢ (s)C; + ni(s) } AMds) + oardW ar(s), (2.3)
fid 2 : :
where ey,; ~ N(0,0y) and W, 5/(s) is the Wiener process [20].
In neuroimaging applications, we can only observe M;(s) on fixed grids {j =1,...,p},
without loss of generality, we can approximate the values of M;(s), a(s), {(s) and 7;(s) within

each As; by the functional values at its center s;. Therefore the model (2.3) can be approx-

imated by

Mi(Asj) = {a(s;) X + T (s5)Ci + i) } A(Asy) + enri(As;), (2.4)
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Ci Figure 2.2: Illustration of the def-

' o ' initions of the intensity measure
Figure 2.1: Graphical illustration of M(As) and the intensity function
the structure of the proposed model M(s) in one-dimensional support S.

where eyri(As;) ~ N{0,03,A(As;)}. The advantage of using »7_, B(s;)Mi(As;) in the
scalar-on-image model (2.1) compared to other existing formulations [43, 51] can be explained
in two ways. First, the finite summation in (2.4) is a natural approximation to the inner-
product on L*(S), hence in mediation analysis, as explained in the next section, we can
naturally express the total indirect effect as 377, 8(s;)a(s;)A(As;). Other formulations
such as 3(s;)M;(s;)/+/p in [43] do not have this property. Second, the variance of ey7;(As;)
is by design proportional to A(As;) instead of (A(As;))*. This plays a key role in constructing
a test function when showing the posterior consistency in model (2.1), and ensures that we
have enough variability in the design matrix in (2.1) to be able to estimate 5(s). In fact, the
M;(s;)/+/p as used in [43] also has the variance proportional to 1/p, but they assume the
mean part of M;(s) to be zero for all s € S, so that 3(s;)E{M;(s;)} /\/p will not explode
as p — o0, but this assumption is not practical in mediation problem. [51] also uses an
inner product formulation, but they only assume that all the functional parameters can be
represented by finitely many basis functions, and the number of basis does not increase with

n or p, whereas in our case, we study all sparse, piece-wise smooth function in Ly(S).

2.2.4 Causal Mediation Analysis

We define the main mediation parameter of interest first.

Definition 1. Let £(s) = a(s)5(s) be the spatially-varying mediation effect (SVME) func-

tion.

Under the causal inference framework [71], for individual ¢, we define Y; (;m) as the
potential outcome variable that would have been observed when the image mediator M; = m
and the exposure variable X; = z; and define M; (,) as the potential image mediator when

the individual 7 receive exposure z. When the exposure variable X; changes from x to a/,
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combining equations (2.1) and (2.4), we represent the natural indirect effect (NIE) and the
natural direct effect (NDE) as follows:

NIE(z,2') = E Vi o, ) = Yo, o) | Ci] = ZM MAs) (@~ '), (25)

—ZE (s;))A(Asj)(z — ') (2.6)
NDE(z,2') = E [Y{xM ot~ Yitem, ) | Ci] = y(z — ). (2.7)

To ensure the above definitions are valid under the causal inference framework, we make
the stable unit treatment value assumption (SUTVA) [72] and the following modeling as-
sumptions: for any 4,  and m, (1) Y, om) L X; | C;, (2) Yiem) L M; | {Ci, Xi}, (3)
M, L X; | Cs, (4) Vi@m) L M,y | Ci. These assumptions ensure that: (i) NIE and
NDE can be identified, and (ii) NIE and NDE can be estimated from observable data. See
[87] for the detailed interpretation of the above assumptions.

In image mediation analysis, we are interested in which locations contribute to the NIE
or the mediation effects. From (2.6), it is straightforward to see that £(s;) represents the
contribution of location s; to the NIE(z,2") for any xz # 2’, which is the motivation of
Definition 1. For any location s € S, £(s) characterizes the impact of the location s on the
NIE. Both &(s) and p~* ;’:1 E(s;) are the parameters of our main interest. It is generally
believed that not all brain locations contribute to the mediation effects, and £(s) is naturally

a sparse function when «(s) and [3(s) are both sparse.

2.2.5 Prior Specifications

To model the sparsity and the spatial smoothness in the spatially varying mediation effects
E(s), we adopt the soft-thresholded Gaussian process (STGP) proposed in [43] for a(s) and
B(s), separately. For the individual effects 7;(s) and confounding effects (x(s), we assign the
regular Gaussian process priors. Let 7, : R — R be a soft-thresholded operator defined as
T,(x) :={x —sgn(x)v}(|z| > v) for any v > 0.

Definition 2 ([43]). Let f(s) be a Gaussian process (GP) with mean zero and the covariance
kernel kg, denoted as f ~ GP(0,xy). For any v >0, set f(s) = T,{f(s)}. Then f(s) is a
STGP with covariance kernel k¢ and threshold parameter v, denoted as f ~ STGP (vy, k).

In summary, we have the following prior specifications,
B~ S8TGP(vs,05k), a~STGP(va,04k), (e~ GP(0, Ugﬂa), n; ~ GP(0, agm), (2.8)
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for i = 1,...,n and &k = 1,...,q. As explained in Section 3.2 in [43], given a positive
threshold value v > 0, STGP is flexible to fit a wide range of sparsity levels. The specific
values for the thresholding parameters v, and v in practice are chosen within a reasonable
range according to the effect size of a and /.

The choice of k, the kernel function for the latent Gaussian process, controls the smooth-
ness of the functional parameters. For the rest of the parameters, the normal priors with
mean zero are assigned for v, &, the inverse-gamma priors are assigned for the variance pa-

2 2 2 2 2
rameters oy, oy, 03, 0, and o,

2.3 Theoretical Properties

This section aims to establish the posterior consistency for spatially varying mediation effects
&(s) under the empirical L; norm. To achieve this goal, we first show the posterior consis-
tency for 5(s) in the outcome model (2.1) and «(s) in the mediator model (2.2), respectively.

All the derivations and proofs are provided in the Supplementary Material.

2.3.1 Notations and Assumptions

To perform the theoretical analysis, we introduce additional notation. Let Y =
(Yy,....Y,) € R", X = (X1,....X,) € R\, M = (My,...,M,)" € R¥”” and C =
(Cy,...,Cn)" € R™4. Let ap(s), Bo(s), mio(s) and ¢o(s) represent the corresponding true
spatially varying coefficients in the BIMA models (2.1) and (2.2) that generate the observed
data Y and M given X and C. Let &(s) = ap(s)Bo(s) represent the true spatially varying
mediation effects. We assume that all those true spatially varying coefficients are square-
integrable in L?(S). For matrix A, det(A) denotes the determinant of A, opin(A), omax(A)
denote the smallest and the largest singular value of A respectively.

Next, we define a functional space for the sparse and piecewise smooth spatially varying

coefficients.

Definition 3 (Sparse functional space). Define the sparse functional space ©°F = {f(s) : s €
S} as the collection of spatially-varying coefficient functions that satisfy the three conditions.
a) (Continuous) f(s) is a continuous function on S; b) (Sparse) Assume there exist two
disjoint nonempty open sets R_1 and Ry, and OR_1NIR, = 0 such that Vs € Ry, f(s) > 0;
Vs € R_1, f(s) <0. Ro=8 — (R1UR_1), and assume Ry has nonempty interior; and c)
(Piecewise smooth) For any s € R1UR_1, f(s) € CP(RiUR_1), p > 1.

This definition has been adopted for specifying the true parameter space of scalar-on-

image regression, see Definition 2 in [43]. In BIMA, a(s) and £(s) are assumed to be in the
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sparse functional space in Definition 3, and later in the proof of Theorem 3, we will show
that £(s) as defined in Definition 1 also belongs to the sparse functional space in Definition 3
when both «a(s) and 8(s) are in this sparse functional space. In brain imaging application, we
also consider region parcellation based on the anatomic structure of the human brain. When
we allow a partition of R regions in the support S, S = UZ | S,, we make the additional
assumption that there is no piece-wise smooth area across different regions for a and /3,
which means that the nonzero areas in « and (8 only exist within each region &,., and not
across regions or on the region boundaries. Hence, o and 3 are still continuous functions on
S.

Next, we will introduce the parameter space for each of the functional parameters in
model (2.1)-(2.2).

Definition 4 (Parameter space). Let ©,, O, O,, O¢ be the parameter space for o, 3,
{nitizy, {C}i_, respectively, and they are all subsets of the square-integrable space L*(S). Let
{t(s)};2, be a set of basis of L*(S), we specify the following constraints for each pammeter
space: (a) ©, C ©%F; (b) O C O, and for any B € Op, define 5, = s B( A(ds),
there exists L, = n*" where vy € (0,1) and vy > 0 such that Y °, 65, < L, "*; (c) 677» O, C
C?(S); (d) There exists a constant K > 0 such that for any f,g in O,, O, ©,, O¢ and
{ii(s)}2,, the fived grid approzimation error | [ f(s)g(s)A\(ds) —p~' 3°0_, f(s5)9(s;)] <
Kp=2/4.

Remark. In the case of region partition S = U% S, we can construct the basis based on
each region. Let {¢;,(s)},", be the basis of L*(S,), and construct ¢(s) = Zf 1 1/11 T( V(s €
S, ) The basis decomposition for f(s) € L*(S) can be written as 6y, = [s11(s) f(s)\(ds) =

SEL s, Vi(s)f(s)A(ds) = S 6,1, The decay rate condition in Deﬁmtlon 4 stays the
same for 0y, because of the finite summation.

In Definition 4, (a)-(c) define the smoothness and sparse feature of the parameter space,
where a(s), B(s) are assumed to be piecewise-smooth, sparse and continuous functions, and
the individual effect 7;(s) and the confounding effects (x(s) in model (2.2) are only required
to be smooth but not necessarily sparse. Definition 4(d) sets an upper bound for the fixed
grid approximation error. Assumption 1 below specifies the smoothness of the underlying

Gaussian processes and the rate of p as n — oo.

Assumption 1. Given the dimension d of S and a constant T satisfyingd > 1+1/7, 7> 1,
assume that a) (Smooth Kernel) for each s, the kernel function k(s,-) introduced in the priors

(2.8) has continuous partial derivatives up to order 2p + 2 for some positive integer p, i.e.
K(s,-) € C*T2(8S), and d + 3/(27) < p; b) (Dimension Limits) p > O(n™).
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The Assumption 1(a) is the standard condition [29] to ensure the sufficient smoothness of
the latent Gaussian processes 3(s), @(s), (x(s) and n;(s). The Assumption 1(b) is to specify
the order of the number of voxels as the sample size increases, implying that our method
can handle high resolution images.

As the mediator model (2.2) involves spatially varying coefficients n;(s) as individual effect
parameters, the model identifiability is not trivial and requires some mild conditions on the

observations of exposure variables and confounding factors.

Assumption 2. (a) Each element in (X, C) has a finite fourth moment with sub-Gaussian
tails, and omin {(X,C)} > /n almost surely; (b) Conditioning on (X, C), there exists a
matriv W = (W; ;) € R+ sych that det{W T (X, C)} # 0; and (c) there exists a constant
vector b = (by,...,b,)" such that for any s € S and k =1,...,q+ 1, > Wixni(s) = by.

Assumption 2(a) is a reasonable assumption in linear regression with the design matrix
(X,C) [1]. For (b) and (c), one example that can satisfy the above assumption is to set
b=0¢eR™ W = (X,C), and if we express n;(s) = > o, 0,.::¢(s) as infinite sums of
basis in the Hilbert space, then each (6,,;);_, € R" is generated from a subspace orthogonal
to span{X, Cy,...,C,}. We enforce this assumption in the sampling algorithm by updating
(6,,i0);—, from a constrained multivariate normal distribution.

With Assumption 2, we can establish the model identifiability in (2.2) and show that
if the spatially varying coefficients are different from the true value, the mean function of
M;(s), denoted as pari(s) := a(s)X; + ¢ (s)C; + ni(s), will also be deviated from the true
mean function pyr,0(s) = ao(s)X; + ¢4 (s)C; + mi0(5).

Let Oy = O, X O¢ X ([[,©,:) be the joint parameter space for all parameters in the
mean function gy ,(s). For any € > 0 and some constant ¢y > 0, define the following two

subsets of ©,; as

q n
. 1
Uy = {@M o — 040||§,p + Z ¢k — Ck,0||120 + n Z Imi — nng,p > 62}
k=1 =1

2 2
271) > COG }

Proposition 1. Under Assumptions 2, (a) the mediator model (2.2) is identifiable; and (b)
U5, C U5y, almost surely with respect to (X, C).

C 1 =
Unry = {@M e E |\ teari — pariol
=1
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2.3.2 Posterior consistency

First, we show joint posterior consistency of all the spatially varying coefficients in the

mediator model (2.2) as the number of images n — oo and the number of voxels p — co.
The following empirical L, norm consistency result is proved by verifying conditions

in Theorem A.1 in [13]. For the proof of existence of test, we borrow techniques from

Proposition 11 in [84].

Theorem 1. Suppose Assumptions 1-2 hold in the mediator model (2.2). For any € > 0,
as n — oo, we have (U, | M, X, C) — 0 in PJ- probability. This further implies that
I([Ja — agllap > € | M, X, C) = 0 and I(n =" 377 [Imi — mioll3, > € | M, X, C) — 0 in Py-
probability.

Next, we give the Ly consistency result on (s) with the following notations and assump-
tions.

For any f € L*(S), given the basis {¢;(s)};°, in Definition 4, f(s) = Y72, 0;.1¢(s), where
>y 07, < oo. Let rr(s) = 3.2, 05.1hi(s) be the remainder term after choosing a cutoff L as
the finite sum approximation. Note that the remainder term [ 7z (x)*A(ds) = > =, 67, — 0
as L — oo (Appendix E in [30]). We employ the basis expression to show the posterior
consistency in model (2.1), especially for studying the role of M;(As;).

Denote 4 = (7,€7)7 € R, X; = (X;,CHT € R Let B(s) = S20°, 05001(s5). Let
./\;li,l = Z§:1 U(s;)M;(As;), and define the n x L, matrix M, = (J\;lu)i:L,,,,n,l:l,m,Ln.
Further, denote W,, = (M,,, X) € R™(Ent149) a5 the design matrix.

We state the following assumption for constructing the consistency test in Theorem 2.

Assumption 3. The least singular wvalue of W, satisfies 0 < Cpm <
lim inf,, o0 Omin(Wn)//n with probability 1 — exp(—én) for some constant &, ¢y > 0.

A similar assumption has been made in [1]. One extreme example that satisfies Assump-
tion 3 is when W,, has mean-zero i.i.d. subgaussian entries. We will also give an example
in the Supplementary Material A.2 that satisfies Assumption 3 and follows the generative
model (2.2) under some conditions.

Remark. Assumption 3 demonstrates the variability in the design matrix W,: the
posterior consistency of (s) can only be guaranteed when the variability of the design
matrix is sufficiently large, implying that the level of complexity of the functional parameter

B(s) we can possibly estimate is determined by the complexity of the input imaging data.

Theorem 2. Suppose Assumptions 1 - 3 hold in the outcome model (2.1) and the priors
on A satisfy that TI(||y — Aol|3 < €) > 0 for any ¢ > 0. Then for any € > 0, we have, as
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n — oo, IL(||8 — Boll2p + 17 — Yll2 > € | Y, M, X, C) — 0 in Pj- probability. This implies
that IL(||5 — Boll2p > €| Y, M, X, C) — 0 in P}~ probability.

In the proof of Theorem 2, especially in constructing the test for Hy : [(s) =
Bo(s) v.s. Hy @ || — Boll2p > € through the basis approximation of 5(s), verifying con-
ditions in the Supplementary Material for M;(s) in model (2.2) provides insight into the
relationship between models (2.1) and (2.2): sufficient variability in M;(s) ensures posterior

consistency of 3(s).

Theorem 3. (Posterior consistency of SVME) Under Assumptions 1 - 3, for any € > 0, as
n — oo, II(J|€ —&lhip <e| Y,M,X,C) — 1 in B -probability.

This theorem implies that the posterior distribution of SVME concentrates on an arbitrar-
ily small neighborhood of its true value with probability tending to one when the sample size
goes to infinity. Here the sample size refers to the number of images n. By Assumption 1,
in this case. the number of voxels p also goes to infinity. This theorem also implies the

consistency of estimating NIE using posterior inference by BIMA in the following corollary.

Corollary 1. (Posterior consistency of NIE) For any € >0, as n — oo,

I1 (p_l 25(31) - ZEO(SJ')

From Theorem 3, we can further establish the posterior sign consistency of SVME. Con-
sider a minimum effect size § > 0, define R} = {s: &(s) > §} and Ry = {s: E(s) < —d},
which represent the true positive SVME region and the true negative SVME region respec-
tively. Let Ry = {s: &(s) = 0} represent a region of which the true SVME is zero.

<e€

Y,M,X,C) —1

in P -probability.

Corollary 2. (Posterior sign consistency of SVME) For any § > 0, let Rs = R UR5 UR,,
Then as n — oo, I [sign{&€(s)} = sign{&(s)},Vs € Rs | Y, M, X, C] — 1 in P}-probability,
where sign(x) = 1 if x > 0, sign(z) = —1 if x < 0 and sign(0) = 0.

This corollary ensures that with a large posterior probability BIMA can identify the
important regions with significant positive and negative SVMEs that contributes the NIE.

2.4 Posterior Computation

The posterior computation for BIMA is challenging due to the complexity of the nonpara-

metric inference, the high-dimensional parameter space and the non-conjugate prior speci-
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fications for the spatially-varying coefficients in the model. To address these challenges, we

next construct an equivalent model representation.

2.4.1 Model representation and approximation

We approximate the STGPs and GPs using a basis expansion approach. By Mercer’s the-
orem [94], the correlation kernel function in (2.8) can be decomposed by infinite series
of orthonormal basis functions (s,s’) = > 2, N(s)iy(s’), and the corresponding GP
9(s) ~ GP(0,0;r) can be expressed as g(s) = Y2, 0y:11(s) where 0, s N(0, \o?).

In our implementation, we allow region partition to speed up the computation, and assume
a region-independence prior kernel structure for the spatially varying parameters 3, o, (g, 1.
In real data analysis, the brain anatomic region parcellation defines the region partition.
Assume there are r = 1,..., R regions that form a partition of the support S, denoted as
Si,...,Sg. The kernel function x(s;, sy) = 0 for any s; € S,, s, € S,»,7 # r’, and the prior
covariance matrix on the fixed grid has a block diagonal structure. For the whole brain
analysis as one region, one can choose R = 1.

For the r-th region, let p, be the number of voxels in S,, @, = (wl(sm))f:’"fgzl € RExPr be
the matrix with the (I, j)-th component ¢;(s,;), {s; ?;1 forms the fixed grid in S,. Because
of the basis approximation with cutoff L,., (), is not necessarily an orthonormal matrix, hence
we use QR decomposition to get an approximated orthonormal Q,, i.e. QTQ, = I, where
Iy, is the identity matrix. With the region partition, the GP priors on the r-th region can
be approximated as g, = (g(sy1), .- - ,g(snpr))T ~ Q.0,,, where 0, ~ N (0, O'§Dr), D, is a
diagonal matrix with eigenvalues (A\.1,..., A1, )T € RE.

After truncating the expansion at sufficiently large {Lr}le, STGPs and GPs in the prior

specifications (2.8), which all share the same kernel, can be approximated by

ﬂr = TV(BT) ~ 1T, (QTGB,T’) y O = TV<&T) ~ T, (Q'red,r> )
Ck:,r ~ Qrec,k,m Nir ~ Qren,i,m

where the corresponding basis coefficients follow independent normal priors:
05, ~ N, (0,05D,), 0a, ~Np (0,02D,), Ocpr~Ng (0,02D,), 6, ~Np(0,02D,).

We discuss the details for choosing L, in Section 4.2. Denote M;(S,) = (Mi(Asr,j));’;l €
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RPr M;i(S,) = (Mi(sr;))j-, € RPr, Then the BIMA model can be approximated as follows.

R
Yo=Y T,(Q:65,) Mi(S,) +7Xi + (FCi + ey,

r=1

q
MZ(ST) - Tl/ (Qred,r) XZ + Z Qreg,k,rci,k + Q'ren,i,r + €M, i
k=1

where ey; ~ N(0,0%) and €y, ~ N, (0,0%,1,). From the above model representation,
both 0., and 6,,;, have conjugate posteriors, but 7, is not a linear function, and GB,r and
05, do not have conjugate posteriors. To overcome this, the Metropolis-adjusted Langevin
algorithm (MALA) is used to sample 65, and 65,. However, the first-order derivative
of the soft-thresholded function T, (z) does not exist at the two change points x = +v.
To approximate the first-order derivative, either the derivative of a smooth approximation
function or a piece-wise function dT),(z) = I(|z| > v) works in our case. The later one
dT,(z) = I(|z] > v) provides better computational efficiency, and is implemented in our

algorithm.

2.4.2 Covariance kernel specifications and estimation

We can choose different covariance kernels for the GPs in models (2.1) and (2.2). Given
the covariance kernel function k(-,+), to obtain the coefficients A; and the basis functions
(), Sections 4.3.1 and 4.3.2 in [94] provide the analytic solution for squared exponential
kernel, and an approximation method for other kernel functions with no analytic solutions.
In practice when ;(s) has no analytical solutions, such as the Matérn kernel, we use eigen
decomposition on the covariance matrix, and take the first L eigenvalues as the approximated
A;, the first L eigenvectors as the approximated 1;(s), then apply QR decomposition on the
approximated basis functions to obtain orthonormal basis. The limitation of this method is
that the covariance matrix is difficult to compute in high dimensions due to precision issues.
Hence in high dimensions we split the entire space S into smaller regions, and compute the
basis functions on each region independently. This also aligns with the imaging application
with the whole brain atlas. Another benefit is that by splitting the whole parameter space
into smaller regions, the sampling space gets smaller and it becomes easier to accept the pro-
posed vector 3(s) on each region with much less directions to explore. In practice, to choose
the number of basis functions L, for region r with p, voxels, we first compute the covariance
matrix in RP7*Pr with appropriately tuned covariance parameters, get the eigen-value of such
covariance matrix, and choose the cutoff such that the summation Zf;l A; is over 90% of

7 A, e the eigenvalues before cutoff account for over 90% of the total eigenvalues.
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We provide the detailed sensitivity analysis on choosing the covariance parameters in the

Supplementary Material.

2.4.3 The MCMC algorithm

We develop an efficient Markov chain Monte Carlo (MCMC) algorithm for posterior com-
putation. To update parameters {0571”, Od,r}i L we adopt the Metropolis-adjusted Langevin
algorithm (MALA). The step size is tuned during the burn-in period to ensure an acceptance
rate between 0.2 and 0.4. The target acceptance rate for each region is set to be proportional
to the inverse of the number of basis functions in that region, in order to produce a relatively
large effective sample size of the MCMC sample.

To incorporate the block structure with MALA, in each iteration, the proposal 85, or 85,
for region S, is based on the target posterior density conditional on 85, or 65, supported
on all other regions where ' # r. The acceptance ratio is also computed region by region.

MALA has a considerable computational cost especially in high dimensional sampling,
where the step size has to be very small to have an acceptance rate reasonably greater than
0. It is important to have a good initial value. To obtain the initial values, we consider
a working model with the spatially varying coefficients £(s) and a(s) following GP instead
of STGP. With the basis expansion approach, we can straightforwardly use Gibbs sampling
to obtain the approximated posterior samples of 5(s) and a(s) of the working model. The
posterior mean values of 3(s) and «(s) estimated from the working model can be used to
specify the initial value of the basis coefficients in the MALA algorithm. More detailed
discussion on choosing the initial value can be found in Supplementary Material Section S4.

To impose identifiability Assumption 2, the posterior of 60, ;; is sampled from a con-
strained multivariate normal distribution, with the constraint XTH,,,I = 0 where 0,; =
(0115, 0pn1)T. The algorithm for sampling multivariate normal distribution constrained
on a hyperplane follows Algorithm 1 in [16].

For the rest of the parameters, with available conjugate full conditional posteriors, we use
Gibbs sampling to update. The algorithm is implemented in Repp [21] with ReppArmadillo
[22]. The implementation is wrapped as an R package BIMA. !

2.5 Simulations

To demonstrate the performance of BIMA, two sets of simulation studies are analyzed. In the

first simulation study, we compare the performance with other existing Bayesian mediation

! Available on Github https://github.com/yuliangxu/BIMA
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methods in a low dimensional setting with relative small sample sizes, since some competing
methods cannot handle high-dimensional settings efficiently. In the second simulation study,
we vary the sample size, noise variance, and image patterns, and conduct a sensitivity analysis

on the performance of our method under different settings with different prior specifications.

2.5.1 Comparison with existing methods

To make fully Bayesian inferences in mediation model, there exist a number of methods
utilizing threshold priors and mixture models to impose sparsity and model correlation. In
this section, we compare BIMA with two recently proposed Bayesian methods: product
threshold Gaussian prior (PTG) and Correlated Selection Model (CorS).

Product Threshold Gaussian prior (PTG) [79] constructs prior distribution of the
bivariate vector {5(s;), a(s;)} for each location s; by thresholding a bivariate Gaussian latent
vector {B(s;), @(s;)} ~ Ny(0,%) and their product. i.e.

Bsg) = Blsj)max { I(13(s;)| > M), (1B (s;)als,)| > ho)
a(s;) = @(Sj)max{[(\d(sj)’ > Ao), I(|B(s;)a(s;)] > )\0)} -

PTG model uses the threshold parameters A\, Ay and A\ to control the sparsity in [(s;),
a(s;) and the indirect effect 3(s;)a(s;) respectively, and [79] directly set ¥ = diag {03, 02}
However, the spatial correlation in spatially-varying coefficients among different locations
s; is not taken into consideration. Hence we anticipate this method to be less suitable for
spatially correlated applications such as brain imaging. This method has been implemented
in the R package bama [67]. We set A\; = Ay = A\g = 0.01. A total number of 1500 MCMC
iterations are performed with 1000 burnins.

Correlated Selection model [78, CorS] adopts a mixture model with four components
to specify different sparsity patterns of a(s;) and 5(s;) and incorporate the spatial correla-

tions into prior specifications of mixing weights.
[B(s), a(s;)]" ~ m1(s;)Na(0, Vi) + ma(55)N2(0, V) + m5(s5)N2(0, V3) + ma(s;) 0o,

and a membership variable v(s;) € {1,2,3,4}, where v(s;) = 1 indicates B(s;)a(s;) # 0,
v(s;) = 2 indicates ((s;) # 0,a(s;) = 0, y(s;) = 3 indicates ((s;) = 0,a(s;) # 0, and
v(s;) = 4 indicates ((s;) = a(s;) # 0. When ~(s;) = 1, V; is assigned an inverse Wishart

2 2

prior. When 7(s;) = 2 or 3, V, or V3 only contains o3 or o7 on the diagonal and 0

otherwise. Each 7(s;) is assumed to follow a multinomial distribution with probability
7(s;) = {m(s;), ma(s;), ms(s;), ma(s;)} T with S,  m(s;) = 1. For each m = 1,2,3, let
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T = {Tm(51), .., Tm(s;)} € RP. logit(7,,) is assumed to follow a multivariate normal prior
with a pre-specified covariance matrix o2 D € RP*P| independently for each m = 1,2,3.
Hence D is used to reflect the mediator-wise correlation.

We anticipate this method to have good performance in the spatially correlated data
application. We use the GitHub implementation of this method (https://github.com/
yanys7/Correlated_GMM_Mediation.git). In the simulation study, we set the initial values
for all a(s) and 5(s) to be 0.5, the initial values for {m(s;), k = 1,2, 3,4} to be 0.25, the 2 by
2 scale matrix in Inverse-wishart prior for Vy to be [1,0.5;0.5, 1], and the p X p matrix D to
be estimated from the input image correlations. A total number of 2000 MCMC iterations
are performed with 1000 burn-ins.

Bayesian Image Mediation Analysis (BIMA) adopts a modified square-exponential
kernel k(s, s';a,b) = cor{B(s), B(s")} = exp{—a(s® + ) — b||s — &'||>} with a = 0.01 and
b = 10. We split the input image into four regions. We use Hermite polynomials up to the
10th degree, resulting in 66 basis coefficients to approximate each region. The initial values
for all parameters are obtained from Gibbs sampling with Gaussian process priors for o and
B. The threshold parameter v = 0.5 in STGP priors. For the outcome model (2.1), a total
of 10° iterations are performed, with the acceptance probability tuned to be around 0.2 for
each region during the first 80% of burn-in iterations. The mediator model (2.2) follows the
same setting, except with a total of 5000 iterations and a burn-in period comprising the first
90%.

Figure 2.3 shows the true image for a(s), 5(s), and £(s), i.e. natural indirect effect (NIE).
Table 2.1 gives summary statistics of sampled NIE using 3 methods with 100 replicated
simulations. The final result of NIE is tuned using the inclusion probability of the sampled
NIE for all 3 methods in the following way: for each location s;, we estimate the empirical
probability P(NIE(s;) # 0) from the MCMC sample of NIE, and set a threshold ¢ on
P(NIE(s;) # 0): if P(NIE(s;) # 0) < t, NIE(s;) = 0, otherwise NIE(s;) equals the posterior
sample mean. By tuning ¢, we can control the FDR to be below 10%. Although we set the
target FDR to be 10% for all 3 methods, it is still possible that FDR cannot be tuned to
be less than 10% with any ¢ < 1 when the sample is very noisy, in which case the largest
possible t is used, and the tuned FDR can be larger than 10%. In the extreme case where
the largest possible t still maps all location to 0, we get the NAs as shown in Table 2.1.
These NA replication results are excluded from the summary statistics in Table 2.1.

From Table 2.1, PTG performs the least ideal in the correlated image setting as shown in
Figure 2.3, especially in the estimation for the mediator effect 5(s). In general, 5(s) is more
challenging to estimate than a(s) for two reasons: i) The mediator model (2.2) has n X p

observations to estimate p dimensional a(s), leading to a higher signal to noise ratio than
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Figure 2.3: Comparison on the posterior mean of the 3 methods with the true images. Rows
from top to bottom represent functional NIE £(s), a(s), (s). Columns from left to right
represent true images, posterior mean from PTG model, posterior mean from CorS model,
posterior mean from BIMA model.

£ in model (2.1); ii) In the outcome model (2.1), M and X are correlated through (2.2),
making it more difficult to separate the effect 5(s) from ~.

CorS model performs very well when n is close to p. However in the higher dimensional
setting, when n is much smaller than p, CorS has a lower power than BIMA. BIMA performs
well and is stable across all four settings, indicating that it is a suitable method especially
for high-dimensional spatially correlated mediators, when n is considerably less than p, such
as in brain imaging application. Potential improvement can be made for BIMA when the

kernel bases are tuned to accurately represent the smoothness of input mediators.

2.5.2 High-dimensional simulation

To further illustrate the performance of our proposed method, we conduct simulation studies

under 4 different settings with 2 sets of patterns as shown in Figure 2.4. Each image is split
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Table 2.1: Comparison of posterior inferences on NIE among different methods including
PTG, CorS and BIMA based on 100 replications. The standard errors are reported in the
brackets

(a) Selection accuracy including the overall accuracy (ACC), false discovery rate (FDR) and true
positive rate (TPR). All values are multilied by 100.

Selection Accuracy

PTG CorS BIMA
(n,p) FDR TPR ACC | FDR TPR ACC | FDR TPR ACC

(200,400) | 9 (15) 20 (19) 93 (1) 1(2) 80 (37) 98 (3) | 7(3) 95(3) 99 (0)
(300,400) | 21 (21) 16 (14) 93 (1) | 1 (2) 100 (0) 100 (0) | 6 (3) 93 (5) 99 (0)
(200,676) | 14 (14) 11 (12) 93 (1) | 0(0) 3(2) 93(0) | 8(2) 96 (3) 99 (0)
(300,676) | 10 (14) 17 (11) 94 (1) | 1 (1) 80 (36) 98 (3) | 7(2) 96 (3) 99 (0)

(b) Estimation and computation performance including mean squared errors (MSE) in the true
activation region (multiplied by 100) and computation time in seconds.

Estimation and Computation time

MSE (Activation) Time (Seconds) #of NA

(n,p) PTG CorS BIMA PTG CorS BIMA (2.1) BIMA (2.2) | PTG CorS
(200,400) | 24 (1) 5(10) 2(1) | 251 (7) 26 (3) (2) 28 (1) 31 7
(300,400) (1) 0() 2(1) | 385(8) (2) (3) 61 (1) 22 0
(200,676) | 24 (0) 25(1) 2 (1) | 663 (13) 75(1) (6) 35 (1) 60 60
(300,676) | 24 (0) 5(9) 1(1) | 1026 (21) 76 (2) 64 (11) 71 (2) 21 11

into 4 regions, each region being a 32 x 32 grid. The threshold parameter v = 0.5 in STGP
priors. In this simulation, we use Matérn kernel in accordance with the sharp patterns in
Figure 2.4.

ol siep) = Cullls = 3/, Culd) = 2 (VOud) Ku(VBud) (29)
The number of basis for each region is set to be 20% of the region size. The scale parameter
p =2, and u = 1/5. Due to the high dimension of mediators, we let the MALA algorithm
update only f(s) for the first 40% of MCMC iterations to get 5(s) to a stable value, then
jointly updating all other parameters in (2.1) using Gibbs Sampling. All other settings
are the same as in Section 2.5.1, and the summary statistics for NIE in Table 2.2 are also
tuned in the same way using inclusion probability. Table 2.2(b) gives a sensitivity analysis
result using different thresholds v in the STGP priors to show that the estimation is not too

sensitive to the choice of v within a small range.
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Figure 2.4: Input image pattern for the simulation study. Rows from top to bottom represent
dense pattern and sparse pattern. Columns from left to right represent input image NIE,
a(s), B(s). p = 4096.

Table 2.2 demonstrates that our proposed method has stable performance across different
settings. In Table 2.2, the mediator model is fully updated and converged including all
individual effects (n;);—,. Fully updating (7;);_, can take much longer time for the entire
model to converge compared to directly setting the individual effects all to 0. In the case all
7; fixed at 0, the estimation for @ and ¢ are almost the same compared to updating the full
model from the p = 4096 simulation studies that we have observed. When n = 1000 and
p = 4096, the computational time of fitting BIMA with running 30,000 MCMC iterations is
less than four hours for both models (2.1) and (2.2). In comparison, the CorS method takes
9.8 hours when N = 1000, p = 2000, with 1.5 x 10° iterations. Our approach shows a much

better computational efficiency in the high-dimensional setting.

2.6 Analysis of ABCD fMRI Data

In this section, we apply our method to the Adolescent Brain Cognitive Development
(ABCD) study release 1 [10]. The 2-back 3mm task fMRI contrast data is used, and the
preprocessing method is described in [81]. After preprocessing and removing missing data,
the final complete data set consists of N = 1861 subjects. The initial size of one image

is 61 x 73 x 61, which contains 116 brain regions, but only 90 regions are chosen for this
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Table 2.2: High-dimensional simulation results. Selection accuracy (multiplied by 100) in-
cludes false discovery rate (FDR), true positive rate (TPR) and overall accuracy (ACC).
Computational time (in minutes) are separately reported for fitting model (2.1) (T1) and
model (2.2) (T2). The reported values are the average over 100 replications. The standard
deviations are reported in the brackets.

(a) Peformance of BIMA in simulations for different sample sizes (n) and the random noise standard
deviations in model (2.1) (oy).

Under different generative model, A = 0.5
Pattern n oy FDR TPR ACC T1 T2

Dense 1000 0.1 1(1) 98 (1) 100 (0) 13 (2) 184 (16)
Sparse 1000 0.1 3(3) 100 (0) 100 (0) 19 (4) 212 (28)
Dense 5000 0.1 1(2) 97 (4) 100 (1) 54 (15) 1145 (140)
Dense 1000 0.5 1(1) 98 (1) 100 (0) 17 (5) 209 (37)

(b) Sensitivity analysis with different threshold values (v).

Under different sensitivity parameter v.
Dense pattern, n = 1000, oy = 0.1.

v FDR TPR ACC T1 T2

0.3 5(1) 99(0) 99 (0) 20(5) 198 (18)
0.6 0(0) 97 (10) 100 (1) 17 (4) 222 (28)

application, and the resulting number of mediators in brain image is p = 47636.

We are interested in examining the natural indirect effect (NIE) of parental education level
on children’s 1Q scores, mediated through brain imaging data. Our aim is to explore the
varying roles of different brain regions as mediators in the cognitive ability development of
a child. Hence the exposure is a binary variable indicating whether the parent has a college
or higher degree. The outcome variable is g-score that reflects children’s IQ, obtained in
the same way as in [81] from the raw data. The confounders in our model include age,
gender, race and ethnicity, and household income. For the multi-level variables race and
ethnicity (Asian, Black, Hispanic, Other, White), household income (less than 50k, between
50k and 100k, greater than 100k), we use binary coding for each level. Table 2.3 provides
the summary statistics of the ABCD data.

In this analysis, we use the Matérn kernel where the hyper-parameters v and p are specified
for each region according to the estimated covariance matrices. The number of voxels for

each region varies from 62 to 1510. To determine the number of basis, we select up to 500
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Table 2.3: Summary statistics of the ABCD data stratified by Parent Degree. Mean (stan-
dard deviation) are reported for g-Score and Age. Counts are reported for Gender, Income,
Race and Ethnicity

Parent degree Bachelor or higher No bachelor Overall
g-Score 0.47 (0.77) -0.15 (0.80)  0.27 (0.83)
Age 10.09 (0.61) 10.01 (0.63) 10.06 (0.62)

Gender
Female 611 281 892
Male 635 334 969

Race and Ethnicity

Asian 30 3 33
Black 47 84 131
Hispanic 151 216 367
White 924 254 1178
Other 94 58 152

Income
<50K 98 336 434
50~100K 375 213 558
>=100K 773 66 839
Total 1246 615 1861

locations within a certain range of the centroid for each region. Using these locations, we
compute the empirical covariance matrix for each region. The cutoff for the number of basis
is then chosen in such a way that it accounts for 90% of the total sum of all the singular
values of the estimated covariance matrix. Because the hyper-parameter v in the STGP
prior and the kernel parameters u, p in each region are all prefixed, we provide a detailed
description of selecting these parameters via testing MSE in the Supplementary Material.
The final threshold vg for 5(s) is set to be 0.05, and the final threshold v, for a(s) is set to
be 0.1. The choice of v is also based on testing MSE. Detailed sensitivity analysis can be
found in the Supplementary Material.

A total of 100,000 iterations were performed for the outcome model (2.1) with the first
50% as burn-in, and thinning the posterior sample gives us 1000 samples out of the original
50,000 samples. A total of 40,000 iterations were performed for the mediator model (2.2)
with the first 30,000 as burn-in, and the posterior sample are thinned every 10 iterations
to have 1000 sample. Based on this 1000 posterior sample, Table 2.4 gives a summary of
both the overall NIE and NDE and the top 7 regions identified with the largest number
of active voxels. The definition of NIE in each region is izse s, B(s)a(s), where S, is the
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collection of all voxels in region r. The rule for selecting the active voxels is based on
cutting the posterior inclusion probability (PIP) at 10%. Voxels with PIP values above this
threshold are identified as active. The posterior of NDE « has a mean of 0.27 with the
95% credible interval (0.20,0.36). The posterior of NIE £ has a mean of 0.0885 with the
95% credible interval (0.066,0.111). This suggests that parents with college degrees have
a positive impact on children’s cognitive abilities, and about 25% of the effect is mediated
through brain cognitive development. Figure 2.5 shows the estimated active regions and the

NIE in coronal view slides.

Table 2.4: Top 7 regions ordered by the number of active voxels with PIP > 10%. Columns
2 to 5 are timed by 100. NIE(+) and NIE(-) are defined as p—ln > e, E(8)I(E(s) > 0) and
pin > sevw, E(8)I(E(s) < 0) for each region 7. Average IP is the averaged inclusion probability
over all voxels in the entire region.

Time (hours) Time (hours)

NIE NIE(+) NIE(-) NDE model (2.1)  model (2.2)

Overall 8.85 10.57 -1.72 27.37 1.60 85.93
. Average # of active Region
Region Name (AAL Atlas) NIE NIE(+) NIE(-) PIP voxels Size
Precuneus_L 3.53  3.53 -0.01 4.98 109 1079
Parietal Inf_L 2.83 2383 0.00 5.67 99 696
Postcentral L 0.21 0.21 0.00 1.98 71 1159
Cingulum_Mid_R 1.82 1.82 0.00 8.98 67 605
Supp_Motor_Area_L 1.14 1.16 -0.02 2.38 52 656
Frontal Inf_Oper_R -0.46  0.00 -0.47 1.83 27 421
Frontal Inf_Orb_L -0.12  0.02 -0.13 1.98 21 503

2.7 Conclusion and Discussions

In this paper, we assign soft-thresholded Gaussian process priors on the spatial-varying
coefficients in the outcome model and the mediator model. The thresholding parameter con-
trols the sparsity of the functional coefficients, and the soft-thresholded operator provides
a continuous mapping from the latent Gaussian process to the sparse coefficients. We ex-
tend the mediation analysis framework to incorporate spatial-varying mediators and provide
theoretical guarantees on the posterior consistency of the functional natural indirect effect.
Our computation approach utilizes the MALA algorithm, which is tailored to the imaging
application with block updates.

Through small-scale simulation studies, we compare our method with existing approaches
such as the Product Threshold Gaussian prior model (PTG) and the Correlated Selection

model (CorS). We demonstrate that our method outperforms existing methods, particularly
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Posterior inclusion probability (color range [0.1,0.5])

Figure 2.5: Posterior inference on spatially varying indirect effects of parental education on
the general cognitive ability that are mediated through the working memory brain activity.
The Coronal view slides cutting through 3 of the top 10 regions with largest number of active
pixels: the left Precuneus (Precuneus_L), left Inferior parietal gyrus (Parietal Inf L) and the
left Supplementary motor area (Supp-Motor_Area_L).

31



in scenarios involving high-dimensional correlated mediators. Furthermore, our implemen-
tation is more than four times faster than the CorS method when N = 1000,p = 4096.
In the larger scale simulation where p = 4096, our proposed model performs better when
the true signals are smoother and when there is lower variability in the outcome model but
higher variability in the mediator model. We also apply our method to mediation analysis on
ABCD data, demonstrating its applicability to other mediation problems involving imaging
data or other types of high-dimensional mediation data, such as biomarker and genetic data.

However, there are several limitations to our proposed work. While the basis decompo-
sition approach reduces the number of parameters to update, the choice of the appropriate
number of basis still depends on the researcher’s discretion. The thresholding parameter
v is fixed and determined by the researcher a priori. Further improvements are needed in
the sampling algorithm to handle higher-dimensional data, such as 2mm fMRI data with

mediators exceeding 2 x 10°.
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CHAPTER 3

Bayesian Image Regression With
Soft-Thresholded Conditional Autoregressive

Prior

3.1 Introduction

Regression problems with high-dimensional components have wide-ranging applications. In
the context of brain imaging, two prominent regression problems include (i) scalar-on-image
(Sonl) regression, where the predictor is the image data, and can answer scientific questions
such as the impact of brain development on children’s IQ score, in the context of ABCD
study; and (ii) image-on-scalar (IonS) regression, where the outcome is the image data, and
can answer questions such as the impact of the parental education level on different areas
of the children’s brain development, again in the context of ABCD study. For the imaging
component, our primary focus centers on the functional Magnetic Resonance Imaging (fMRI)
data, a three-dimensional image commonly used to capture cognitive functions across distinct
spatial locations in the human brain. The challenges of involving image data in a regression
problem stems from (i) the complex anatomical structure of the human brain, (ii) the low
signal-to-noise ratio in fMRI data, and (iii) the computational challenges associated with
handling high-dimensional 3D images. In response to these challenges, this paper has two

main contributions.

1. We introduce a novel general Soft-thresholded Conditional Autoregressive (ST-CAR)
prior, designed to adapt to the correlation structure of the observed data and remain

insensitive to user-specified prior correlation structures.

2. We present two variational inference (VI) based algorithms that outperform Gibbs
sampler type Markov Chain Monte Carlo (MCMC) algorithms in computational effi-

ciency.
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3. The VI implementation of ST-CAR prior retains the inclusion probability that de-
scribes how confident we are in the non-null effect of certain voxel, which can be used

for downstream uncertainty quantification to control false discoveries.

3.1.1 High-dimensional Regression

Because of the high-dimensional spatially correlated nature of the imaging data, the func-
tional priors for imaging application usually need to be sparse and spatially correlated. For
the scalar-on-image (Sonl) regression, [92] proposed a frequentist approach where the high-
dimensional parameter for the image predictor is penalized by total variation distance, but
the smoothness parameters need to be chosen through cross-validation. There are more re-
cent development for high-dimensional regression in the Bayesian regime. [32] and [36] use a
combination of Ising prior to control binary selection, and Gaussian Markov Random Field
(MRF) to control spatial correlation. In [32], the neighborhood structure in the Gaussian
MRF can be learned through the Ising prior, but the correlation among different voxels
is only determined by the spatial distance of voxels. [48] proposed a spike-and-slab prior
where the binary selection parameter is assigned an Ising prior and the non-zero compo-
nent is assigned a Dirichlet Process (DP) prior. The Ising prior is used to learn the spatial
sparsity, and the DP prior is used to group the effect of active voxels into discrete values.
However, the spatial structure of the Ising prior in [48] is assumed to be the same among
different voxel pairs. [46] proposed the T-LoHo method for scalar-on-graph regression where
the high-dimensional parameter is assigned a tree-based graph partition prior, with the aim
of clustering the spatially varying parameter into finite discrete values. [43] proposed a Soft-
thresholded prior that is continuous and piecewise smooth with a latent Gaussian process for
spatially correlation. But the Soft-thresholded Gaussian Process prior has complex posterior
densities for regression problems with normal noise, and the posterior computation can be
slow especially for large-scale problems.

For image-on-scalar (IonS) regression where the outcome is a high-dimensional data, the
most popular approach is to use low-rank approximation, including using principle compo-
nent or basis expansion [63, 66|, spline function [98, 49] and local polynomial function [110].
A common problem with the frequentist approach of using low-rank approximation is that
it can be difficult to make inference on the active area selection when penalizing on the
low-rank models, and the choice of the low-rank mapping using basis functions has to reflect
the true correlation structure of the high-dimensional data. In the Bayesian regime, [100]
proposed a prior composed of latent binary variable for sparsity and latent Gaussian variable

for smoothness, however the covariance of the Gaussian variable is pre-fixed. [102] proposed
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a machine learning model where the high-dimensional parameter is learned through neural
networks, but the focus is on point estimation instead of the joint inference over the entire
spatial support.

Moreover, the majority of the above methods, whether based on Gaussian kernel or MRF,
the correlation matrix is usually user-defined instead of being learned from the data. Al-
though the smoothness parameters in the Gaussian Kernel or degrees of correlation in MRF
can be chosen adaptive to the data through methods like cross-validation, the performance
usually depends on the pre-fixed prior correlation structure, and our aim is to propose a
prior that is insensitive to the user-specified correlation structure and is able to learn var-
ious complex signal patterns. Based on this idea, we develop Soft-threholded conditional
autoregressive (ST-CAR) prior, where the Soft-thresholded operator is applied on a latent
Gaussian MRF, and the functional parameter can be independent across locations but with
spatially-correlated mean. We further develop variational inference algorithms for fast and

scalable estimation of the posterior mean.

3.1.2 Approximate Posterior Inference

Posterior sampling for high-dimensional large-scale data set has been challenging for tradi-
tional MCMC methods, especially for imaging applications. Variational inference provides
an approximation to the posterior mean that avoids sampling of the entire posterior distri-
bution, in exchange for computational efficiency. The main aim of this project is to propose
a spatially varying sparse prior that can be applied to various regression problems with
imaging component, and develop variational inference algorithms to efficiently obtain the
posterior mean estimates for large-scale data set.

As discussed in [9], variational inference techniques approximate the posterior sampling
problem by an optimization problem, with the goal to minimize the Kullback-Leibler (KL)
divergence between the posterior density and the candidate density function over a family of
densities. This allows us to borrow optimization techniques such as stochastic optimization
with subsampling, and develop scalable algorithm for massive imaging data. Recent advances
in variational inference focus in three directions: (a) scalable algorithms for large scale data
(35, 64, 82]; (b) general variational algorithm for more complex models [91]; (¢) model-specific
applications of variational inference [19, 8]. The stochastic variational inference [35] exploits
the global and local exponential family structure for mixture models that are widely applied
in topic modeling and genetics applications. The black box variational inference [64] is a
general method that estimates the gradient of the evidence lower bound and updates the

candidate density by stochastic optimization. Inspired by both stochastic approaches, we

35



develop a stochastic subsampling variational inference (SSVI) algorithm for the proposed
ST-CAR prior.

The ST-CAR prior and its SSVI algorithm can be used as a plug-in method for the
functional parameters in general imaging problems such as scalar-on-image regression, image-
on-scalar regression, logistic regression with imaging predictor, etc. The ST-CAR prior also
has a build-in posterior inclusion probability that can be readily used for signal selection. We
present simulation studies on scalar-on-image regression as an example to demonstrate the
fast and scalable performance of the SSVI compared to Gibbs sampler, Coordinate Ascent
variational inference (CAVI), and the Soft-thresholded prior updated through Metropolis-
adjusted Langevin algorithm (MALA).

The rest of the article is structured as follows. In Section 3.2, we introduce ST-CAR prior
and its application to the scalar-on-image and image-on-scalar regression models. In Section
3.3, we propose two variational inference algorithms, coordinate ascent variational inference
(CAVI) and stochastic subsampling variational inference (SSVI) algorithms, for ST-CAR
prior on Sonl and IonS regressions. In Section 3.4, we demonstrate the performance of our
proposed method using various simulation settings, and compare with existing methods. In
Section 3.5, we apply our method to the Adolescent Brain Cognitive Development (ABCD)
study and conclude the paper in Section 3.6.

3.2 ST-CAR prior

3.2.1 General notations

Let N (1, 0?) represent a normal distribution with mean p and variance 0. For the index set
{1,...,p}, let [—j] denote the set {1,...,p}\{j}. For a square matrix A, let Ay (A4) and
Amax(A) be the smallest and the largest eigenvalues of A respectively. Let C*(A) denote the
half Cauchy distribution with density function f(z) = %Amf (x > 0). Let RY denote the
g-dimensional Euclidean space. I, is the q by q dimensional identity matrix. 1G(a, b) stands
for the inverse-gamma distribution. We use N'(j) to denote a neighborhood index set for j-th
component, and [N (j)| to denote the cardinality of N'(j). For a vector a, diag{a} is used
to denote the diagonal matrix with diagonal vector a. We use sgn(z) = I(x > 0) — I(x < 0)

to denote the sign of z.

3.2.2 ST-CAR prior

We use a similar idea as the soft-thresholded Gaussian Process (STGP) prior [43], and
apply a soft-thresholding operator on a latent spatially correlated process. Define the soft-
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thresholding operator as T,,(x) := {x —sgn(z)v}I(|z| > v) for any v > 0. We propose a new
noisy version of the STGP, referred to as the Soft-thresholded conditional auto-regressive
(ST-CAR) prior.

Definition 5. A sparse, spatially correlated parameter B(s) on a fized grid sy, ..., s, follows
the ST-CAR prior if

ind .
B(SJ) ~ N(Tu(ﬂj)70§)7 J = L...,p

i L ing) ~ NGy Tag)s gy = p5 Y bisk
keN(5)

Let B = (B(s1),...,0(sp))". We use B ~ ST-CAR(v, B) to denote B follows the ST-CAR

prior with thresholding parameter v and the neighborhood matriz B where (B);x = bj .

Here, [ is the target spatially varying parameter. The prior mean of § is the soft-
thresholded p, where p is the latent spatially varying process. The prior mean of pu; is
determined by the correlation coefficient p;, the neighborhood set N(j), and the neighbor-
hood weights b, .

The variance parameter oz is not identifiable when the ST-CAR prior is applied to Sonl
or IonS regression. In order to impose sparsity on 3, we use the annealing idea on og, and
let 05 decays to 0 as the iteration increases. This will force the spatially independent 3 to
converge to the sparse and spatially correlated p. The decay rate of oz has impact on the
variable selection accuracy especially for low signal-to-noise ratio data. A general rule of
thumb is to set op relatively large at the beginning to allow for more flexibility and decays
to a small value at the end.

The correlation parameter p; can either be pre-fixed at all locations, or updated by

pj = 6;p, 0; ~ Ber(p;),

where p; is pre-fixed. We find these two approaches to have similar result in terms of
variable selection accuracy, and the ST-CAR prior is not very sensitive to the choice of p
or the bandwidth |N(j)|. However, taking the second approach to adaptively update p can
give us extra information on the correlation structure of the high-dimensional coefficient.
The ST-CAR prior applies the soft-thresholding operator 7, to a latent process j;, and
the spatially-correlated structure of p; is imposed by setting its mean to a weighted average
over a neighborhood N (j). By applying a binary indicator ¢; to the correlation parameter
p;, we are able to adaptively determine whether the value of j; is strongly correlated with its

neighborhood mean. We adopt the Conditional Auto-Regressive (CAR) covariance structure
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27]. Define a matrix B and a diagonal matrix D,, as

2

(B)jk = bjk = % (Doy)jg = Tug = % (3.1)
where w; are the (j,k)-th index of a symmetric matrix W, and w;; = > 7_, wj is the
row(column) summation. The matrix W represents the correlation structure, and in practice
we set wjj, o< exp {—d(s;, s)}, exponentially negatively associated with the distance between
sy and s;. In addition to the CAR structure, we set a bandwidth |[A(j)| on the number of
components included in the neighborhood N (j), such that for each j, b, is nonzero only if
w; ; is within the first |AV/(j)| largest values among {w;x};_,. Denote g = (1, ... ) p =
(p1,...,pp)", the joint density of u takes the form

1
Fluloy) o exp |5 u" D, {1 — diag (p) B} p

If we denote ! := D! {I — diag (p) B}, it can be shown that ¥ is a symmetric, positive
definite matrix when each p; € (Apin(B) ™', Amax(B)™!). Note that B is not a symmetric
matrix in general. In the construction in (3.1), Apax(B) = 1 and Ay (B) < 0. Hence we
choose p; € [0,1) for any j, and the joint density of p is guaranteed to be non-degenerative.
One caveat of doing so is that the value of 1; and the neighborhood mean fiy(;) is only allowed
to be either positively correlated or independent (p; > 0), but the negative correlation is not
taken into consideration. This constraint makes sense in brain imaging applications, because
the true signal is assumed to be sparse and piecewise smooth, which excludes the case where
the signal across neighboring voxels has a sharp drop from positive to negative values. In
general, the ST-CAR prior is suitable for the case where the positive and negative areas do
not share boundaries.

The proposed ST-CAR prior enjoys good computational properties as it has a conditional
conjugate posterior when applied to a parameter in a regression problem. The main challenge
in updating a thresholded parameter is that the thresholding function such as 7, is a non-
linear function. But we can show that ji; conditional on all other p_; and 3 has a mixture

of truncated normal distribution as its posterior.

Proposition 2. Within the ST-CAR prior, the posterior of j; can be expressed as a mizture

of three truncated normal distributions.

w1 | By 150 0us 05) =
P Npy ooy (1, Vi) + P - Ny (i), Vo) + Py - Ncoo, - (115, V) (3.2)
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The expression for Pj+, PJQ, P, ,uj, ;5 Vi, Vo can be found in the proof of Proposition 2
in the Supplementary.

The proposed ST-CAR prior is a general prior that can be applied to many high-
dimensional regression settings, where the coefficient is assumed to be smooth and sparse
across their spatial domain. Here, we use scalar-on-image (Sonl) and image-on-scalar (IonS)
regressions as two examples to illustrate the power of ST-CAR prior. Other potential ap-
plications including logistic regression with high-dimensional exposure and other types of

generalized linear models.

3.2.3 Application to scalar-on-image (Sonl) model

The ST-CAR prior can be applied to various models with sparse and spatially-varying func-
tional parameters. In this section, we demonstrate its advantage using the scalar-on-image
(SonI) regression model.

Let M;(s;) denote the image intensity at location s; for individual 7, X; € R? be a
vector-valued confounder variables. Let Y; denote the scalar-valued outcome for subject <.
1=1,...,n,7=1,...,p.

p
Y, = Z/B(Sj)MZ‘(Sj) +vT X+ 6 & Y N(0,0%)
j=1
B ~ ST-CAR(v,B), ~ ~N(0,021,)
oy ~C*(1), o,~C"(1) (3.3)

where 3 € RP is the high-dimensional spatially-varying coefficient of interest, and v € R? is
the vector-valued coefficient for the confounders X;.

For all of the Half-Cauchy parameters, we use their equivalent conjugate form to up-
date: oy ~ CT(1) is equivalent to o3 ~ IG(1/2,1/ay),ay ~ IG(1/2,1). Because
B ~ ST-CAR(v, B) essentially assigns spatially independent prior to 3 with varying mean
function, we can use singular value decomposition (SVD) on the design matrix M € R™*P

to further boost the computation speed!.

3.2.4 Application to image-on-scalar (IonS) model

The second application we consider is the image-on-scalar (IonS) regression. The spatially

varying outcome is denoted as M;(s;) for individual ¢ = 1,...,n and location s;,7 = 1,...,p.

!Details on this derivation can be found in the Appendix
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The exposure of interest is denoted as X;, and the confounder is denoted as C; € R™. The

TonS model is as follows

Mi(s;) = als;)Xi + Y &uls3)Cin +m(s)) + €ag iy = N(0,0%)

k=1
a ~ ST-CAR(v, B), & S GP(0,0‘?KL),/{Z =1,....,m, n; S GP(O,U%&),Z’ =1,...,n,
oy ~CH1), oe~CT(1), a,~CH (1), (3.4)

Here, we only assign ST-CAR to « for selecting active region for the exposure. For
confounder coefficients &, and the individual effects n;, we assign Gaussian Process prior with
the same kernel function s for computational convenience. The individual effect parameter
7; separates the spatially correlated noise from the noise term ¢;, and avoids setting a dense
correlation matrix for the noise term ¢;, which speeds up the computation. This is similar to
the correlated noise model in [110]. The identifiability of model (3.4) has been shown in [102]
under the following sufficient conditions: (1) the design matrix X := (X, C) € R™(m+1) ig
a full rank matrix, (2) for any ¢ and any s;, denote m(s;) = (m(s;),...,m(s;)) € R™,
XTn(sj) = 0. The first condition is easily satisfied when the design matrix X is not linearly
dependent.

For the Gaussian Process prior update of &, and 7;, we use the basis decomposition

approach. Leveraging Mercer’s theorem, which asserts that for any function g(s) following

2

2k(+,+), we can utilize the

a Gaussian Process with mean zero and covariance function o

following basis decomposition.
g(S) = Z Hg,l¢l(s)7 eg,l ifrigl N(O, O';AZL
=1

where )\; is the [-th eigen-value, and ¢y is the I-th eigen-function (see Section 4.2 in [65]). In
practice, we choose a finite L as the cutoff on the number of basis, and approximate g(s)
by Zle 6,.101(s). The number of basis L is chosen such that the summation Zle \; 1s over
90% of Y _; Ai. The choice of the kernel function includes exponential square kernel, Matérn
kernel and other kernel functions. For the simulation section we use the modified exponential
square kernel, k(s,s;a,b) = exp{—a(s® + s'*) — b(s — s')>}. For the real data analysis
with ABCD data, the kernel is a pre-tuned Matérn kernel with region-specific smoothness
parameters that can best align with the empirical correlation of the observed image data,

same as in [97].
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Figure 3.1: Ilustration to use ST-CAR prior for regression models with imaging data.

3.3 Posterior Computation

In this section, we use the scalar-on-image regression (3.3) as an example, and introduce
three algorithms to estimate the posterior of §: (a) Gibbs sampler (Gibbs), (b) Coordinate
Ascent Variational Inference (CAVI), and (c) Stochastic subsampling version of variational
inference (SSVI).

Proposition 2 provides the closed-form posterior density for the sparse-mean latent pa-
rameter {y;}7_; as a mixture of 3 truncated normal distributions in the ST-CAR prior of £3.
All other parameters in this hierarchical model have conjugate posteriors, and Gibbs sampler
can be directly applied.

For the neighborhood matrix B in ST-CAR(v, B), in order to speed up the computation,
we use sparse matrix structure in ReppArmadillo [22], and set a fixed bandwidth |N(j)] for
all j. For a given fixed grids {sy, ..., s,} in R% we use RANN package [2] to efficiently search

for the nearest neighbors in high-dimensional setting.

3.3.1 Coordinate Ascent Variational Inference (CAVI)

The variational inference methods (CAVI, SSVI) are based on the mean-field assumption
9]. If we denote 60 = (3,7, u,0y,0,) as the collection of all parameters. The mean-field

variational inference minimizes the evidence lower bound

mqinE[KL(q(H) | p(O]Y, M, X))]  s.t. q(0) = q(B)a(v)a(p)q(oy)q(o)

The conventional Coordinate Ascent Variational Inference (CAVI) algorithm iteratively re-

fines the approximated density ¢ by updating each parameter in successive iterations.

10g ¢"(8) o< Eyt-1)(y poy 0y 1108 2(B | Y. M, X, v, , 0y, 0,)}

Because each parameter in the full hierarchical model has closed-form posterior density, we

can directly apply this iterative approach.
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One issue with the conventional CAVTI is that although it can give a good point estimation
as an optimization algorithm, but cannot directly give inference results such as the credible
interval, compared with MCMC sampling methods. The novelty in our proposed ST-CAR
prior is that we can use the mixing probability in Proposition 2 as the uncertainty quantifi-
cation measure for selecting significant regions, circumventing the requirement for credible
interval based on MCMC samples, while leveraging the computational efficiency provided
by CAVI. Proposition 2 gives the posterior probability of ;1; belonging to the positive group
[v,0), zero group [—v, ), and negative group (—oo, —v). When using CAVI, we can directly
compute the Posterior Inclusion Probability (PIP) under ¢ density as (P;" + P;") in (3.2) as

a measure of coefficient significance.

3.3.2 Stochastic subsampling variational inference (SSVI)

To make the variational inference method scalable for large data set, we propose a stochastic
subsampling version of CAVI, referred as SSVI. The main computational bottleneck of CAVI
is to update B, which is a high-dimensional parameter, and the latent variable p further
requires complex computation of mixed truncated normal densities. Hence given p, when
updating 3, we randomly select a subsample of data, indexed by I C {1,...,n}, and apply a
stochastic gradient update similar to the Stochastic Gradient Langevine Dynamics (SGLD)
[93]. Let s; be the step size at t-th iteration, n be the total number of observations, ns be

the subsample size, and 7 be the prior density of 3; at the jth voxel,

Eq(t) {B]} < Eq(tfl) {ﬁ]} + St ( VEq(t 1) logZp Y;,MZ,X | 9) + VE (t—1) lOg’/T(B])) .

el

This is because under the mean-field assumption, the optimum density ¢*(/;) has a closed-

form solution: a normal density with mean and variance

Eq« (8;) = Varg(5;) x

E,. ZM” Y; - Epy"X ZE BiMig + Ege {05°T, (1) }

=1 [—7]

Varg(5;) = (E ZM? + B, )>
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And E,-(f;) is also the maximizer to

N
E, Z log p(Yi, M;, X, | 0) + Eg- log 7(5;).
i=1

We require the step size s; to decrease to 0 as t — oco. In practice, we use the decay function
st = a(b+1)77, as suggested in [93].

In practice, we find that in low signal-to-noise ratio (SNR) settings, the CAVI algorithm
gives better accuracy. Hence we recommend to use CAVI for Sonl model, where the SNR
can be very low especially in brain imaging data, and to use SSVI for IonS model, since IonS

model has much higher SNR for the coefficient at each voxel.

3.4 Numerical Examples

In this section, we will present the simulation results for Sonl (3.3) and IonS (3.4) regressions.
Our main goal is to compare the proposed prior ST-CAR with other existing methods, and
we will use CAVI as the main algorithm for estimating the spatially varying parameters.
This is because Gibbs is usually very slow, and SSVI as a stochastic method tends to be less
accurate for low signal-to-noise ratio case, whereas CAVI balances between computational
efficiency and selection accuracy, and has overall the best performance. We include a section

in the Supplementary that compares the performance of Gibbs, SSVI and CAVI.

3.4.1 Simulation I: Scalar-on-image regression with CAVI

For Sonl model (3.3), we compare ST-CAR with 3 other methods: (1) Soft-thresholding
Gaussian Process prior (STGP) [43], (2) T-LoHo [46], (3) Elastic Net [112].

For the elastic net result implemented in the glmnet package [25], the mixing parameter
a is set to 0.5, and the penalty parameter A is chosen using cross-validation.

The STGP prior is based on soft-thresholding on the latent Gaussian Process. When
B(s) ~ STGP(v, k), there exists a corresponding latent Gaussian Process 3(s) ~ GP(0, k)
such that 3(s) = T,(3). This method requires a pre-specified kernel function , and the
posterior sampling algorithm is Metropolis-adjusted Langevin algorithm (MALA). In this

simulation we use the exponential square kernel

K(s, 8" a,b) = cor{B(s), B(s)} = exp{—a(s® + &) — b(s — §')*} (3.5)
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where a = 0.01,b = 10. The implementation is based on BIMA package 2, first developed for
[97]. Note that this implementation of STGP allows the users to specify different regions in
the image and specify a region-wise independent kernel in order to speed up the computation
in high dimensions and boost selection accuracy in each region. Hence for the simulation
pattern shown in Figure 3.2, we evenly split the entire 2D region into 4 sub-regions, and use
the modified exponential square kernel on each sub-region. The basis function is generated
using [42] with 10 degrees of Hermite polynomials for each sub-region. We use the elastic net
result as the initial values for 3, and run a total of 10* iterations with the last 20% as the
converged MCMC sample. The thresholding parameter v is set to be 0.2. For the variable
selection accuracy, we use the Posterior Inclusion Probability (PIP) based on the MCMC
sample of 3, defined as PIP; = Zthl I(B; # 0)/T for the location j with 7" MCMC sample.

The T-LoHo method is designed for clustering nodes in graph models into finite discrete
values, and it shows great performance for this purpose especially under low SNR. However,
this method has several limitations when applied to Sonl problem with continuous functional
value. As a clustering algorithm, T-LoHo can find the active areas accurately, but cannot
threshold the small values to 0. For the spatially smooth patterns, T-LoHo can only group
them into a few discrete values instead of capturing the smooth transition. In addition, the
implementation in the TLOHO package does not provide voxel-level uncertainty quantifica-
tion measure such as PIP. When comparing the variable selection result, we use the 95%
credible interval: f; is significant only if the 95% CI of 3; does not contain 0. We use the
R package on Github for implementation of T-LoHo *. This package does not provide the
confounder coefficients estimation, hence for the Sonl simulation, we set true v = 0. We use
a total of 50000 MCMC iterations and take the last 10000 as the converged sample.

For ST-CAR prior updated using CAVI algorithm, we use ridge regression result as the
initial value for 3, and set the initial value for p to be all 0. The thresholding parameter v
is set to be the largest marginal value in 3 estimated from ridge regression. This is because
setting v to be a large value can reduce false discoveries, and p is still able to recover the
true signal pattern even when starting from all 0 initial values. This algorithm is much
less sensitive to the thresholding parameter compared to STGP. The decay rate of 0[2_3 is set
to be 0.5(1 + t)~%7 where t represents the number of iterations. Since we use annealing
on ag) instead of fully conjugate update, we can no longer use ELBO as a stopping rule.
Instead, at the ¢ + 1 iteration, we compute the difference of B and B@**Y, defined as
P (B ™ _ I6] (“1))2 /p, to determine whether the optimization has converged. The tolerance

J=1\"7 J
is set to be 1071, For the neighboring matrix B, we set the number of neighbors as 8, and

2BIMA package https://github.com/yuliangxu/BIMA
3TLOHO package https://github.com/changwoo-1lee/TLOHO
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the correlation parameter p is set to be 0.9. The variance parameter o, is fixed at 1 for

CAVTI update.

Sonl: beta Sonl: ST-CAR Sonl: ElasticNet Sonl: T-LoHo Sonl: STGP

1.0- 10- 1.0- 1.0- 1.0-

i
— _— et e ’ r
05- ' 05- # 05- .d.-ll 05- # 05- Value
| = L4 I | =]
Mo
05

x2
o
o
x2
o
o
x2
o
>
x2
o
o
x2
o
°

0.0
™ & | ] -0.5
05+ - .05+ T ‘ 05 h 0.5 - 05+ ] ‘ I o

1.0 05 00 05 10 10 05 00 05 10 10 05 00 05 10 10 05 00 05 10 1.0 05 00 05 10
x1 x1 x1 x1 x1

(a) Case 1. n =600, p = 1600, 02 = 1.

Sonl: beta Sonl: ST-CAR Sonl: ElasticNet Sonl: T-LoHo Sonl: STGP

10- 10- 10- 10- 10-

— b — b Y ] (] o
05- ‘ il 05- ‘ Ed 0.5- ’ 0.5- . i 0.5- t.' Value
g bd - : . 1.0

| ] ] ) 05

: 0.0

- m . w T -0.5

05~ . -05- . -0.5- .- 0.5- . 05~ . . 1.0

40 -05 00 05 10 0 <05 00 05 10 -0 05 00 05 10 10 05 00 05 10 -0 05 00 05 10
x1 x1 x1 x1 x1

(b) Case 5. n = 6000, p = 10000, o3 = 5.

x2
o
S
x2
o
=
x2
o
b=
X.
o
o
x2
o
=

Figure 3.2: Sonl result illustration for all competing methods. The first figure in each row
is the true [ signal.

Figure 3.2a and 3.2b provide visual comparison under two simulation settings. The true
B3 image is designed to include several challenging patterns where the active area can decay
smoothly to almost 0, has complex correlation structure such as the M-shape on the top-left
corner, and includes both positive and negative patterns. Case 1 (Figure 3.2a) is the low
resolution and low SNR setting, and Case 5 (Figure 3.2b) is the high resolution and high
SNR setting.

From this visual comparison, STGP is good at estimating smooth function pattern such
as the bottom-left circle, but without further tuning the Gaussian Process kernel, estimating
more complex pattern such as the M-shape would be difficult. Here, STGP already takes the
region partition into consideration. If we were to generate Gaussian Kernel over the entire
support, the result would be more smooth without further tuning the kernel. T-LoHo as a
clustering method is good at grouping larger effects together, but as the true signal decays
smoothly towards 0, T-LoHo can ignore some small non-zero effects, resulting in a lower
statistical power, as shown in the bottom-left circle in Figure 3.2b. Elastic Net can identify

the spatial pattern to a certain extent, but its efficacy is limited as it does not leverage
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correlation information. Consequently, it may yield a noisy estimation in case 1. Even in
case 5, where the point estimation is favorable, Elastic Net can still introduce background
noises. ST-CAR can estimate each pattern relatively well without specifying any region
partition or tuning the correlation matrix adaptive to different signal patterns. Although
some small effects such as the bottom tip of the T-shape can still be missed, ST-CAR provides
the best overall performance compared to other priors across different settings without any
tuning procedure.

Table 3.1 provides the detailed numerical comparison. The evaluation criteria for estima-
tion accuracy includes (i) Selection accuracy: false discovery rate (FDR), true positive rate
(TPR) and overall accuracy (ACC); (ii) Point estimation: root mean squared error (RMSE);
(iii) Goodness-of-fit: the predictive mean squared error on the outcome Y; using training
and testing data (train and test pMSE). We also include the computational time comparison
averaged over 100 replications. Note that because CAVI is an optimization algorithm and
we are able to set a stopping rule, whereas for MCMC sampling algorithms for STGP and
T-LoHo, a lot more number of iterations is required. Hence we report both the total time
and the number of iterations per second.

For the variable selection result for ST-CAR, Elastic Net and STGP, we use a tuning
procedure to find a cut such that the FDR can be controlled blow 10% within a fixed tuning
window. For STGP and ST-CAR, the PIP is used to control FDR. For elastic net, 3 is used
to control FDR. For T-LoHo, the 95% CI is used without tuning.

Based on Table 3.1, we can see that ST-CAR has the lowest testing pMSE in 3 relatively
high SNR cases (Case 2,3,5). For Case 1 and 4 with relatively low SNR, ST-CAR has the
second best performance next to T-LoHo. For the computation time in Table 3.1b, ST-CAR

has the shortest running time in all settings.

3.4.2 Simulation II: Image-on-scalar regression with SSVI

For IonS model (3.4), we compare ST-CAR with 3 other methods: (1) STGP prior, (2)
Scalable Bayesian Image-on-Scalar regression (SBIOS) [96], (3) Mass Univariate Analysis
(MUA). For the TonS regression (3.4), estimation of a has a larger SNR compared to esti-
mating [ in Sonl (3.3), hence we use SSVI for this application for ST-CAR prior. Because
we impose GP prior for the confounder parameters & and individual effect n;, the GP kernels
used in this simulation are all the same for STGP, ST-CAR and SBIOS for fair comparison.
We also use region-wise independent kernels for the GP priors in (3.4). The GP kernel is
the same as (3.5) with a = 0.01 and b = 10.

The mass univariate analysis (MUA) is one of the most commonly used method for TonS
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Table 3.1: Numeric result for Sonl simulation, under 100 replications.

(a) Sonl: Comparison of estimation accuracy. The evaluation criteria for estimation includes false
discovery rate (FDR), true positive rate (TPR), overall accuracy (ACC), and root mean squared
error (RMSE), all multiplied by 100. The evaluation criteria for predictive performance includes
training and testing predictive MSE, denoted as Train and Test pMSE respectively

Case 1. n = 600,p = 1600,02 = 1 Case 2. n = 600,p = 900,02 =1

ST-CAR ElasNet STGP T-LoHo ST-CAR ElasNet STGP T-LoHo
FDR 9.52 9.54 1042 4.41 FDR 9.40 1.82 9.77 3.92
TPR 97.47 44.85 95.37  97.32 TPR 99.81 98.45 94.06  99.34
ACC 98.05 90.87 97.60  98.62 ACC 98.45 99.50 97.63  98.65
RMSE 11.00 30.45 13.44  9.46 RMSE 5.51 7.12 13.00  6.56
Train pMSE  2.29 1.03 5.97 3.61 Train pMSE 1.10 0.33 3.40 1.55
Test pMSE ~ 7.18 60.31 12.54 6.21 Test pMSE ~ 2.02 3.04 6.36 2.24

Case 3. n = 1000, p = 1600,0% = 1 Case 4. n = 600,p = 1600, 0% = 5

ST-CAR ElasNet STGP T-LoHo ST-CAR ElasNet STGP T-LoHo
FDR 9.39 0.39 9.89 1.10 FDR 9.64 9.42 9.83 7.09
TPR 100.00 99.08 97.93  99.79 TPR 90.06 37.11 92.00 94.19
ACC 98.42 99.80 98.05  99.76 ACC 97.02 89.82 97.25 97.09
RMSE 4.27 6.53 12.04 5.83 RMSE 14.65 33.31 14.72 12.51
Train pMSE  1.08 0.48 6.47 1.92 Train pMSE  4.85 2.55 9.17 8.56
Test pMSE ~ 2.03 3.79 9.92 2.78 Test pMSE  17.76 76.84 19.31 14.37

Case 5. n = 6000, p = 10000, 02 = 5 Case 6. n = 6000, p = 10000, 02 = 10

ST-CAR ElasNet STGP T-LoHo ST-CAR ElasNet STGP T-LoHo
FDR 0.46 0.27 17.16 6.84 FDR 1.18 2.47 17.15  4.78
TPR 99.98 99.39 98.52  99.67 TPR 99.91 98.21 98.53  99.52
ACC 99.92 99.86 96.57  95.96 ACC 99.80 99.33 96.58 97.71
RMSE 3.73 6.73 13.78  5.25 RMSE 3.14 3.94 6.44 2.48
Train pMSE  5.48 3.12 80.90 12.78 Train pMSE 10.62 3.81 85.91  18.60
Test pMSE ~ 9.37 22.94 86.88  15.54 Test pMSE ~ 18.43 41.06 92.25 22.44

(b) Computation time for Sonl simulation, averaged over 100 replications.

Computation time Total time (seconds) Number of iteratios per second
Case ST-CAR STGP  T-LoHo | ST-CAR STGP T-LoHo
Case 1. n = 600, p = 1600,0% = 1 103.0 503.0 306.5 11.4 208.0  262.6

Case 2. n =600,p = 900,0% = 1 24.2 250.8 205.0 42.3 420.5  393.4

Case 3. n = 1000, p = 1600, 0% = 1 111.2 866.2 426.2 10.2 122.9 189.5

Case 4. n = 600,p = 1600,0% = 5 108.5 486.0 312.5 11.1 212.4  259.8

Case 5. n = 6000, p = 10000,02 =5 | 8034.9 40658.8 11141.1 | 0.2 2.6 7.3

Case 6. n = 6000, p = 10000,02 = 10 | 7811.3 40839.1 11297.8 | 0.2 2.6 7.2

regression. MUA analyzes IonS as a spatially independent problem, and treats the IonS
regression as p independent linear regression problems with exposure X; and confounders
C;. To select active voxels, we use the Benjamini-Hochberg adjusted p-values [7] to control
the false discovery rate. The active voxels selected by MUA have an adjusted p-value below
0.05.

The STGP method is similar to what has been discussed in the Sonl regression. For IonS
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regression, we use a total of 2 x 10% iterations and take the last 10% as the converged MCMC
sample. The thresholding parameter v is set to be 0.2. We use the point estimates of o and
& from MUA as the initial value for the MALA algorithm.

The Scalable Bayesian Image-on-Scalar regression (SBIOS) [96] is another Bayesian ap-
proach where the parameter of interest can be expressed as a(s) = &(s)d(s). The latent
spatially smooth function & is assigned a GP prior, and the binary selection variable d(s;) is
assigned an independent prior Ber(p(s;)) for each location s;. SBIOS is designed to analyze
a large scale data set by using batch update with stochastic gradient Langevin dynamics
algorithm (SGLD). Hence it is more appropriate to be compared with the SSVI implemen-
tation of ST-CAR, since both methods are based on stochastic gradient updates of a small
random sample drawn from the entire observed data. Different from the idea of SSVI where
we simply use stochatic gradient update for an optimization problem, SGLD gives a smooth
transition from optimization to MCMC sampling as the step size decays to 0 [93]. Simi-
lar to STGP, we can use the MCMC sample of §(s;) to determine the PIP at location j,
PIP; = 3.7, 6(s;)® # 0/T for T MCMC sample. In the simluation, we use 5000 SGLD
iterations, with the decay function of the step size set as s; = 0.0001 - (10 + ¢)7%35. We use
200 subsample in each iteration. The prior for §(s;) is set to be Ber(0.5) for all locations.
The last 20% of iterations is used to compute the point estimation of oz and PIP.

The ST-CAR method implemented using SSVI algorithm requires a stochastic gradient
update of . We use a step of 107* and a subsample of 100 for the SGD optimization. The
decay rate function for o2 is (1 +¢)7%4. We use C"(1) as the prior for ¢, in (3.1). Because
of the randomness in the SGD update, we cannot use the difference between o¥) and a(t+)
or ELBO as a stopping rule. For the simulation, we simply run 10* iterations. In practice,
the convergence of SSVI can be roughly determined by the convergence of ai. For the point
estimation and inference of a, we use the averaged values over the last 20% iterations as the
posterior mean of a and PIP in order to avoid the randomness from SGD.

Note that updating the individual effects n; for i = 1,...,n is computational challenging
for all Bayesian methods. We choose to update 7; every 100 iterations for ST-CAR, SBIOS,
and every 1000 iterations for STGP.

Figure 3.3 provides a visualization of the point estimation for each methods. MUA has the
most noisy point estimation since it does not consider the spatial correlation, and there is no
sparsity constraint directly imposed other than using the adjusted p-value to determine the
level of significance for each voxel location. STGP suffers from the same issue as in Figure
3.2, where the pre-specified kernel is too smooth for the Z-shape and recycle shape (top-
left). SBIOS uses the same kernel, but the binary selection parameter §(s;) has a spatially

independent prior, and can get a clearer edge compared to STGP and better selection, but
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Figure 3.3: Point estimation result of IonS regression for all competing methods, n = 600,
p = 6400, 03, = 5. The top-left figure is the true « signal.

the latent GP kernel is still too smooth that the edge of the recycle shape and Z-shape tends
to be 0. In the ST-CAR plot, although the functional parameters &, n; are all assigned
GP prior with the same kernel as STGP and SBIOS, we can still see that ST-CAR is able
to give a very clear edge for all 4 shapes. This demonstrates that ST-CAR prior is very
flexible to different correlation patterns without much tuning on the neighborhood matrix
B or correlation coefficient p, especially for the high SNR cases.

Table 3.2a provides the numerical result on IonS model based on 100 replications in
six different settings. Because the predictive MSE on the outcome averaged over all voxel
locations is very close for all methods, we do not report it here. Instead we focus on the
estimation of the coefficient . The proposed ST-CAR prior with SSVI algorithm gives the
lowest RMSE except for case 2 and 6, for which the STGP has the lowest RMSE, although
STGP has a much larger FDR in both cases. To control the FDR below 10%, we use the
Benjamini-Hochberg (BH) adjusted p-values on MUA and set a threshold such that a(s;)
with the adjusted p-value below 0.1 are selected as active voxels. For ST-CAR, STGP, and
SBIOS, we compute the proportion of the active voxels selected by MUA, and apply the same
proportion to get the cut off on PIP. In this way, we select roughly the same proportion of
voxels as active. Based on the result in Table 3.2a, this selection method can control the
FDR for ST-CAR and SBIOS to be below 10%, whereas for STGP, the FDR is still over 10%.
The MUA has the worst power (TPR) in all scenarios after controling for FDR. The total
running time shown in Table 3.2b also shows a great improvement on the computational

speed for the SSVI algorithm when compared with other MCMC sampling type algorithms.
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Table 3.2: Numeric result for IonS simulation, under 100 replications.

(a) IonS: Comparison of estimation accuracy. The evaluation criteria includes false discovery rate
(FDR), true positive rate (TPR), overall accuracy (ACC), and root mean squared error (RMSE),
all multiplied by 100.

Case 1. n =600, p = 1600,03, =5 Case 2. n = 600,p = 900,03, =5
Criteria ST-CAR MUA STGP SBIOS Criteria ST-CAR MUA STGP SBIOS
FDR 5.8 7.98 16.88 6.3 FDR 4.95 8.23 12.75  4.69

TPR 95.41 93.2 9418 9494 TPR 84.34 81.42 85.01 84.61
ACC 97.86 96.95 94.89 9766 ACC 96.27 95.19 949 96.36

RMSE 7.86 9.35 10.53  10.79 RMSE 7.88 9.4 6.85 7.36
Case 3. n = 1000, p = 1600, 0%, = 5 Case 4. n = 600, p = 1600, 0%, = 10
Criteria ST-CAR MUA STGP SBIOS Criteria ST-CAR MUA STGP SBIOS

FDR 7.1 8.1 19.24  7.97 FDR 5.07 8.06 14.87  4.12

TPR 98.38 97.32 95,57 9753 TPR 85.31 82.61 90.84 86.19
ACC 98.13 97.69 94.43 9776 ACC 96.06 94.96 94.88  96.42

RMSE 6.44 7.21 10.16  10.35 RMSE 10.32 13.14 11.21 11.74
Case 5. n = 600, p = 6400,0%, = 5 Case 6. n = 1000, p = 6400, 03, = 20
Criteria ST-CAR MUA STGP SBIOS Criteria ST-CAR MUA STGP SBIOS

FDR 5.97 7.84  20.78 6.04 FDR 5.93 7.93 19.94  2.95

TPR 93.64 91.78 97.19 93.62 TPR 81.83 80.09 96.64 84.46
ACC 97.35 96.55 93.9 97.33 ACC 95.06 94.32 94.18 96.16
RMSE  8.52 9.19 9.79 10.25 RMSE 13.84 1419 9.76  10.72

(b) Computation time for IonS simulation, averaged over 100 replications.

Computation time Total time (seconds) Number of iteratios per second
Case ST-CAR STGP SBIOS | ST-CAR STGP SBIOS
Case 1. n = 600,p = 1600,0%, =5 73.7 588.4 7174 | 1375 3.4 7.3

Case 2. n = 600,p = 900,02, =5 55 381.6 8745 | 186 5.3 6.3

Case 3. n = 1000, p = 1600,03, =5 | 117.3 1062.1 1968.4 | 88.9 1.9 3.1

Case 4. n = 600,p = 1600,032, = 10 | 82.9 621.8  1214.1 | 122.7 3.2 4.9

Case 5. n = 600,p = 6400,0%2, =5 | 409.2 2190.3 1049.8 | 24.7 0.9 5.3

Case 6. n = 600, p = 6400,02%, = 20 | 596.7 5090.2 1733.2 | 17 0.4 3.2

On average, STGP takes 7.6 times long compared to SSVI, and SBIOS takes 10.4 times
long compared to SSVI. In the Supplemental Material, we also provide additional result of
using CAVI under ST-CAR prior and compare the performance with SSVI. SSVT still slightly
outperforms CAVI in the IonS regression in terms of both estimation and computation speed.

For a more comprehensive comparison between different estimation algorithms (Gibbs,
CAVI, SSVI) under ST-CAR prior, we include a small low-dimensional comparison for the
Sonl regression in the Supplemental Material. The result suggests that CAVI tends to have

better estimation accuracy in Sonl regression where the signal-to-noise ratio is low.
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3.5 Application to ABCD Study

In this section, we use our method to analyze the Adolescent Brain Cognitive Development
(ABCD) study release 1 data [10]. The ABCD study is a long-term study on the brain
development of children in the United States. In this real data analysis, we use the 2-back
3mm task fMRI contrast data [81]. The scientific questions of interest are: (i) whether the
brain signals in different regions have different impact on the children’s 1Q score (Sonl);
(ii) whether parents with higher education degree has an impact on the children’s cognitive
ability development (IonS). For the task fMRI data, after preprocessing, we have p = 47636
voxels and n = 1861 subjects in total.

To answer (i) with Sonl model (3.3), we use the children’s IQ score as the scalar outcome
Y;, and use the task fMRI data as the high-dimensional predictor M;(s;), where s; stands
for voxel locations in the brain. The confounders include parental education level (binary,
1 if the parent has a bachelor degree or higher), age, gender, race and ethnicity (Asian,
Black, Hispanic, Other, White), and household income (less than 50k, between 50k and
100k, greater than 100k). The coefficient of interest is 5 in (3.3). We expect (3 to be very
sparse and has small effect, since the interpretation for §5(s;) = b is that one unit increase
in the brain signal in location s; is associated with b amount of change in the children’s IQ
score, and the range of the standardized 1Q score is (—2.84,3.26), a small range compared
to the large number of predictors p = 47636.

To answer (ii) with IonS model (3.4), we use the task fMRI data as the outcome, and
use the parental education level as the exposure. The confounders include age, gender, race
and ethnicity, and household income. For the IonS model, for &, n; that are assigned GP
priors, we use region-independent kernel structure. The interpretation for a(s;) = a in (3.4)
is that, parent with bachelor degrees or higher is associated with a amount of change in the
brain signal at location s;. Hence we expect the effect size of a to be relatively larger than
that of j3.

In ST-CAR prior, the two most important tuning parameters are the thresholding pa-
rameter v, and the initial value for ag, which controls how close 8 is to the latent sparse
. In theory [43], the choice of v does not have a huge impact as long as the initial values
are close enough to the truth, or the MCMC sampling algorithm can run long enough to
fully explore the parameter space. Because we are using VI algorithms, it is important to
start with a good initial value. Hence we perform a sensitivity analysis to select the best v
and initial 0?3 in terms of the smallest testing pMSE. The entire data set is split into 70%
training data and 30% testing data. Based on the sensitivity analysis results in Table 3.3
and Appendix Table B.4 and B.3, we choose v = 0.007, the initial value for az to be 1077,
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bandwidth 9 and decay rate v = 0.35 in the decay rate function of O'% for Sonl, and choose
v = 0.005, the initial value for o2 to be 0.1, bandwidth 26 and decay rate v = 0.45 for IonS.
Although varying v, bandwidth and decay rate have little influence on the results. Table 3.3
also reflects that our method has better testing pMSE compared to the competing methods
Elastic Net, STGP and MUA. Due to computational limitation of other methods, we chose

not to run all competing methods on the real data.
Table 3.3: Sensitivity Analysis on Sonl and IonS regressions.

(a) Sonl for varying v and initial value for Ug. The Elastic Net and STGP results are shown
as a comparison. Bandwidth=9 in the ST-CAR model. Additional sensitivity analysis where
bandwidth=26 and varying decay rate = for a% is available in the Appendix.

o2 1075 1075 105 10 5x10°° 107 5x 107

) 0.003 0.005 0.007 0.01 0.005 0.005 0.005 ElasNet - STGP
fest pMSE 058 0.5 0.48 048 061 05  0.55 0.53 0.5
Test R2 0.16 028 0.30 030 0.12 0.28  0.20 0.23 0.28
train pMSE  0.17 024 027 029 0.11 024 021 0.45 0.49
Train 2 075 0.65 0.61 058 0.84 0.65  0.70 0.35 0.29

(b) TonS for varying v, initial value for o2, and decay rate 7 for 2. The total test pMSE is the

ar
summation of all voxel-level pMSE. Bandwidth is 26. Additional sensitivity result where band-

width=9 is available in the appendix.

initial o2 1 0.1 0.01 0.1 0.1 0.1 0.1 0.1 0.1
v 0.005 0.005 0.005 0.001 0.01  0.05 0.005 0.005 0.005 MUA
Decay rate 0.35 0.35 0.35 0.35 035 0.35 0.25 0.45 0.55

total test pMSE  47357.74 47351.78 47354.06 47354.13 47351 47354.1 47354.12 47350.7 47352.68 47487.05

We use CAVI on Sonl, which takes 1.7 hours to run, and use SSVI on IonS, which takes
7.3 hours to run. Due to the vast sparsity and low SNR in (3, the computational time of
Sonl is similar to STGP (1.6 hours). But the IonS model with SSVI algorithm shows a huge
computational improvement compared to STGP (85.9 hours).

We present the final data analysis result in both visual illustration in Figure 3.4, and
numeric values in Table 3.4. Figure 3.4 is a visualization on the positive significant voxels
in Sonl and TonS. The color range for the plots are between [a,b], where only voxels with
values greater than a are shown, and voxels with values greater than b are shown in the
brightest color. From Figure 3.4a, due to the low SNR in Sonl, both the effect size and PIP
are small, and only a small amount of voxels with large effect size aligns with the mapping
of PIP greater than 0.25. In comparison, « in IonS has larger effect size, and as shown in

Figure 3.4b, the large effect areas aligns well with the mapping of PIP greater than 0.98.
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(a) Sonl: values of 8 (Red) w. color range [0.0005,0.001], and values of PIP (overlaying blue) w.
color range [0.25, 0.5].

(b) IonS: values of o (Red) w. color range [0.05,0.1], and values of PIP (overlaying blue) w. color
range [0.95,1].

Figure 3.4: Visual illustration of § in Sonl and « in IonS.

In Table 3.4, we show the region level numeric result. Note that, although both Sonl
and IonS have a small amount of negative effects, they are very close to 0 compared to the
positive effect scale, hence we only report the positive effect here. From Table 3.4, for Sonl,
Precuneus_L is the region with the largest positive effect, which means brain development
in this region can have the most positive effect on the children’s IQ score. This aligns with
the previous study in [97] and scientific findings [90] that Precuneus is related with memory
tasks. For IonS, Frontal_Mid region in both the left and right hemispheres have the largest
positive effect, and have been shown to play a key role in the development of literacy (left

Frontal_Mid) and numeracy (right Frontal_Mid) in previous findings [23].

3.6 Discussion and Conclusion

In this work, we have proposed the ST-CAR prior, which is a general and flexible prior that
could be applied to any regression problems with imaging component. Variational inference
algorithms are proposed for the ST-CAR prior. Especially, we implemented the coordinate
ascent variational inference (CAVI) as a baseline VI algorithm that can provide good es-
timation accuracy in low SNR settings, and we proposed a novel stochastic subsampling
variational inference (SSVI) algorithm that is more efficient computationally to be applied
to high SNR settings. We demonstrated the use the ST-CAR prior in both scalar-on-image
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Table 3.4: Numeric result for the top 10 regions sorted by number of significant positive voxels
in Sonl and IonS. For Sonl, sig count is the number of significant voxels (PIP; > 0.25) in
each region, pos_sig count is the number of significant voxels with B(s;) > 0.0005, and pos
sumis Y s, B(s;)1(B(s;) > 0), the sum of positive effect for all voxels in region r. The IonS
result has the same interpretation, except the cutoft for significant voxels is PIP; > 0.95,
and the cutoff for positive effect in pos_sig count is 0.05.

Sonl IonS

region region  sig  pos.sig pos | region region  sig  pos.sig  pos

name code count count sum | name code count count sum

Precuneus_L 67 12 12 0.25 | Parietal Inf L 61 382 357 38.94
Temporal _Sup_R 82 12 9 0.16 | Precuneus_L 67 377 312 37.26
Temporal_Inf R 90 18 9 0.18 | Precentral L 1 305 293 33.55
Precuneus_ R 68 12 8 0.14 | Precuneus_R 68 316 285 36.24
Temporal Inf L 89 14 8 0.15 | Frontal Mid_R 8 322 270 43.12
Occipital Mid_L 51 6 6 0.12 | Frontal Mid_L 7 272 244 43.06
Parietal Inf I 61 8 6 0.15 | Supp_Motor_Area . 19 215 205 23.82
Frontal Sup_Orb_.R 6 6 5 0.08 | Parietal Sup_L 59 224 167 18.63
Frontal _Mid_L 7 11 5 0.15 | Temporal Mid_R 86 175 154 27.18
Frontal Mid_Orb_R 10 5 5 0.08 | Frontal Sup_L 3 155 147 21.81

and image-on-scalar regression models. Through comparisons in numeric studies, we find
our proposed method has better performance in terms of estimation and computation, com-
pared with existing methods such as T-LoHo, STGP, and SBIOS. The proposed method is
applied to the ABCD study with task fMRI image data, and identifies the left Precuneus
as a significant region to contribute the children’s IQ development, and the development of
the middle frontal gyrus as the significant region that can be most positively impacted by

parental education level.
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CHAPTER 4

Bayesian Structured Mediation Analysis
With Unobserved Confounders

4.1 Introduction

In the emerging field of causal inference with complex data, high-dimensional mediation
analysis is increasingly important, particularly with the surge in brain imaging and con-
nectome datasets [51, 12]. We propose a causal mediation framework to account for the
unobserved confounding effects for such high-dimensional complex mediators with certain
correlation structures, referred to as structured mediators. The structured mediators in-
clude a broad family of applications such as spatial climate data and health data with
repeated measurements. Our method development is motivated by the brain imaging appli-
cation. Using the functional Magnetic Resonance Imaging (fMRI) data from the Adolescent
Brain Cognitive Development (ABCD) study, we examine the relationship between parental
education and children’s general cognitive ability, seeking to identify the neural mediation
pathways that underlie this causal link. Despite the advances in imaging mediation [97],
the influence of unobserved confounders, such as stress levels or nutrient intake, have largely
been ignored. Traditional high-dimensional mediation analyses, including Bayesian Imaging
Mediation Analysis [BIMA, 97], [51, 80|, and [61], rely on the no-unobserved-confounder as-
sumption, which is unverifiable in real data [62]. Existing mediation studies have proposed
sensitivity analyses to account for the violation of this assumption [38, 83, 18]. The sensi-
tivity analysis approach can provide a range for the Natural Indirect Effect (NIE) and the
Natural Direct Effect (NDE) with a known scale of the unobserved confounders [14, 104], or
assumes binary outcome and unobserved confounders [18]. However, it is almost impossible
to attain the accurate scale or data format of the unobserved confounders in practice. In
this work, we directly estimate the structured unmeasured confounder effects. As long as
the unobserved confounders have spatially smooth effects on the mediator, our method can

estimate them and debias the mediation effects.
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We propose a new framework for BAyesian Structured Mediation analysis with Unob-
served confounders (BASMU). BASMU aims to relax the no-unobserved-confounding as-
sumption by assuming that the unobserved confounders exist and correlate with both the
mediator and the outcome. This assumption can be viewed as one case that violates the
sequential ignorability assumption proposed in [38], where the predictor (treatment) is fully
randomized but the mediator is not. [38] provided parametric sensitivity analysis under
linear structural equation models with scalar mediators. Building upon the same sequential
ignorability assumptions, [83] extended this idea to the nonparametric mediator. A detailed
comparision among [38], [83], [34] and [37] is provided in [83]. [18] studied the sensitivity
bound on the direct and indirect effect of mediation with unobserved confounders for binary
treatment and outcomes. A recent and more interpretable bias analysis method proposed in
[14] uses partial R? to analyze the bias when the unobserved confounder is omitted in linear
regression. However, they restricted the problem to a scalar predictor in linear regression.
[104] extended this idea to mediation analysis where the mediator can be a multi-dimensional
vector, and proposed a matrix version of partial R2. In addition to the potential bias due
to omitting unobserved confounders, there are unique challenges in brain imaging mediation
analysis. The fMRI data of the human brain as a mediator can be in high dimensions with
a complex spatial structure, and only small areas have active mediation effects where the
rest of brain voxels contribute near-zero effects. Hence, instead of the sensitivity analysis on
the average treatment effect, we are more interested in detecting which brain areas would
become active or nonactive mediators after accounting for the unobserved confounders.

Different from all the aforementioned sensitivity analysis-oriented methods, our proposed
mediation framework allows the estimation of unobserved confounders by estimating the
individual effect parameters in the mediator model. To our knowledge, BASMU is the first
attempt to adjust the unobserved confounders for structural mediation analysis directly.

Following the same framework as in [5], where they first formally proposed the medi-
ation framework under the linear structural equation models (LSEM), we propose a new
LSEM where the unobserved confounders are specified in both the outcome model and me-
diator model. When the structural mediators satisfy certain assumptions, we can estimate
the unobserved confounders from the mediator model and adjust the estimated unobserved
confounders in the outcome model.

Our proposed BASMU framework advances existing methodologies by directly estimating
unobserved confounder effects in high-dimensional mediation analysis, overcoming limita-
tions of traditional approaches that rely on unverifiable no-unobserved confounder assump-
tions. This approach enables direct estimation of individual effects on the outcome and

provides an asymptotic bias analysis when unobserved confounders are omitted. We propose
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a two-stage algorithm to estimate high-dimensional unobserved individual effects using only
the mediator model. This method allows a more flexible prior on the unobserved confounder
coefficient and performs better across all simulation settings. Our framework increases the
detection of significant mediation effects, as demonstrated in the analysis of brain imaging
data from the ABCD study.

In Section 4.2, we introduce the structured mediation framework with unobserved con-
founders, along with identifiability assumptions and asymptotic bias analysis. Section 4.3
details the two-stage estimation algorithm. Section 4.4 presents simulation studies compar-
ing BIMA and BASMU, while Section 4.5 applies our algorithm to ABCD data. We conclude

with a discussion in Section 4.6.

4.2 Bayesian Image Mediation with Unobserved Con-

founders Framework

Structured mediators refer to a broad range of multivariate mediators with latent correla-
tion structures. Examples include imaging data and climate data with spatial correlation,
gene expression data that share the same biological pathways, Electronic Health Records
data that correlate with multiple measurements, or patients with similar conditions. Our
proposed method targets such high-dimensional correlated data as mediators, and we give
the following generic definition of the structured mediator that has a smooth mean function

and a completely independent noise term.

Definition 6. For a given support S, for any s € S, the structured mediator for subject i
is defined as M;(s) = fi(s) + €(s),e(s) ~ N(0,03,), €i(s) is independent of €;(s') for any

s#s, and f; : S — R is a real-value function that satisfies certain smoothness conditions.

Here, the domain S can be a subset of the vector space or a spatial domain such as a
three-dimensional brain in fMRI applications. The number of elements in &, or its size, is
strictly larger than one. The function f;(s) has a certain smoothness structure, for example,
fi(s) can be represented by a lower order basis. One counter-example to the structured
mediator is a single mediator, in which case we cannot separate the unobserved confounding
effect from the independent random noise.

Motivated by the ABCD study, we are interested in the mediation effect of children’s
brain development in the causal relation of parental education level on children’s general
cognitive ability. Let s; be the j-th voxel location in the brain. Let M;(s;) denote the
image intensity at location s; for subject i, and X; be a scalar-valued exposure variable of

interest. Let C; € RY denote the observed confounders for individual 7. Let Y; denote the
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scalar-valued outcome for subject i. i = 1,...,n,7 = 1,...,p. Let S € R? be a compact
support, L?(S) be the square-integrable functional space on S, and {Asj}gzl be an even
partition on S such that § = (J;_, As; and As; N Asy = ). We also assume the Lebesgue
measure on a pixel partition to be A(As;) = p~'. Let s; be the center of the partition As;.
We use the abbreviation 7; = {n:(s;)}7_, to denote the functional value on the fixed grid,
and similarly for a, 8, . Let GP(0, k) denote a Gaussian Process with mean function 0 and

covariance function «(-,-). For a set A, let |A| be the cardinality of A.

A B
BIMA BASMU: Two-stage
= / Individual effects
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Figure 4.1: Model Overview. The green arrows represent the causal mediation triangle,
where X — Y is the Natural Direct Effect (NDE), and the mediation pathway X — M —
Y is the Natural Indirect Effect (NIE). A. Directed Acyclic Graph (DAG) for structured
mediation with unobserved confounders. Here, Z stands for the unobserved confounders. B.
Causal graph representation of BIMA and BASMU with Two-Stage estimation.

Define the mediator model

q
Mi(s;) = a(s)Xi + Y &(s))Cin +mils;) + earils;),  enri(s)) = N(0,0%). (4.1)
k=1
We use a to denote the impact of the treatment X; on the image mediator M;, &, the
functional-coefficient for the vector-valued confounders C; € RY, n; the spatially-varying
individual-specific parameter, and €, the spatially-independent noise term.

Observe that if there exists unobserved confounder Z; of unknown dimension m, there
would be a term » " &, .(s;)Z,; which plays the same role as > {_, & (s;)Cix. Since
Z; is unobservable, if &, .(s;) is a spatially-varying effect, we can replace the term
Yo &m,2(85)Z,; by the individual effects 7;(s;), as long as they have the same spatially-
varying structure so that 7;(s;) is separable from the independent noise €,;(s;). The crucial
choice of whether to consider the unobserved confounding effect of 7;(s;) on the outcome

leads to the introduction of two distinct modeling frameworks in the following subsections.
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4.2.1 Structured Mediation When Omitting Unobserved Con-

founders

If we ignore the impact of individual effects on the outcome, the potentially biased outcome
model can be defined as
ii.d
Y; = ZB ;) Mi(As;) + 7 X; + Z GCik + €evi, €y ~ N(0,02). (4.2)
k=1
We refer to model (4.1) and (4.2) as the Bayesian Image Mediation Analysis (BIMA) frame-
work [97], where the unobserved confounders are omitted. Here, 3 denotes the effect of the
image mediator M; on the outcome Y;, v the scalar-valued direct effect, and (; the coefficient
for the kth observed confounder Cj,.
In BIMA, with the stable unit treatment value assumption (SUTVA) [72], we follow the

mediation assumption proposed in [86]: for any i, endogenous x and m,

(i)}/;(xm 1 X, |{C} ( ) i,(x,m) 1L M; ’{C“X}
(iil) M@ L Xi [ {Ci}, (iv) Yi@m) L Mi@n | {Ci}. (4.3)

The first three assumptions ensure that the observed confounder C; controls the outcome-
treatment confounding, the outcome-mediator confounding, and the mediator-treatment con-
founding respectively. The fourth assumption ensures the outcome-mediator confounders are
not affected by the underlying endogenous treatment .

Under the causal inference framework [71] with no unobserved confounders, the average
treatment effect between z and 2’ is E [Y (&M ()} — Y;’{$/7Mi,(1/)} , and can be decomposed
into the NIE

p

E [ Vigent o) = Yiten, | = D Bls)alsi)A(As;) (@ - o),

j=1

and the NDE E [Yi,{x,Mi N YHI’,MZ-,(ZI)}} = y(z—2a'). Our primary interest is in estimating
the spatially-varying NIE, defined as £(s) = «(s)f(s), and the scalar-valued NIE is £ =
L_1a(s;)B(sj)A(As;). For spatial mediation analysis, we are not only interested in the

scalar-valued NIE &, but also the spatial areas in S where £(s) is nonzero.
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4.2.2 BAyesian Structured Mediation analysis with Unobserved
confounders (BASMU)

Define a full outcome model

Y = Zﬁ s;)Mi(As;) +7X; +Z€k zk+z v(s;)ni(s;)A(Asj) + evy, (4.4)

k=1 7=1

where ey; = N(0,02) and M;(As;) = E{M;(s;)} M(As;) + ears(As;) with epyi(As;) *

N(0, 03, A(Asy)).
The structural equation models (4.1) and (4.4) together form the BASMU framework.
Under the BASMU framework, we include the effect of 7; on Y; to represent the impact of

unobserved confounders, denoted as v.

4.2.3 Assumptions and Identification of BASMU

With the presence of unobserved confounders 7; as shown in the BASMI model (4.1) and
(4.4), the assumptions (4.3) are violated. Instead, we impose the following mediation as-

sumptions,

(i) Miy@) L X [{Ciymi}, (V) Yi@m) L My | {Ci,mi} (4.5)

The set of assumptions in (4.5) are the same as in [18]. But the scope of [18] is restricted
to the sensitivity analysis of a binary outcome with binary exposure and scalar mediator,
whereas we take advantage of the individual effect 7; as the unobserved confounders, and
propose the full outcome model in (4.4) to reduce the bias in 5 and the total indirect effect

P, als)B(s,).

The joint identifiability of models (4.1) and (4.4) is non-trivial, especially with the intro-
duction of 7; and v. We impose a set of model identifiability assumptions.

Define column vectors X = (Xi,...,X,)" € R", C = (Cy,...,C,)" € R Let
{tu(s)},2; be a set of basis of L*(S). Denote the basis coefficients 6y, ; = [ 7:(s)11(s)A(ds),
and 0, = (0,1, -+ 0p.0)-

Assumption 4. (i) Conditional on (X, C), there exists a constant matric W = (W, ) €
R @) sych that det{W (X, C)} # 0; (ii) There ezists a constant vector b = (by, ..., b,)"
such that for any s € S and k = 1,...,q+ 1, >."  W;in;(s) = bg; (iii) The design ma-

triz after basis decomposition {X,C,0,1,...,0, 1} € R™EH1HD s assumed to be full rank,
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and for any subset S,, C S where |S,,| = m, the design matriz before basis decomposition
{X7C7{/’7<Sk)}sk€g§m} € R™(m+1+9) s qlso assumed to be full rank. (iv) The unobserved
confounding effect v is either low-rank (i.e. v(s) = Y1y 6uathi(s), L = o(n)), or is sparse
(i.e. v = (v(s1),...,v(sp)) € {v e RP:||v|o =m}, m =o(n)).

Remark. Assumption 4 is to guarantee the identifiability of the BASMU model. As-
sumption 4 (i) and (ii) are used in the proof of identifiability of {n;}"_, in the mediator (4.1),
which guarantee the identifiability of all parameters in the mediator model (4.1). Assumption
4 (iii) and (iv) are to ensure that the design matrix in the outcome model (4.4) is full-rank
and v is either sparse or low-rank, which guarantee the identifiability of 3, v, {¢s}{_, v, oy
in the outcome model (4.4) given {n;}! ;. One example of Assumption 4 is b = 0 and
W = (X, C), and 6,; € R" are sampled from a subspace of R"” orthogonal to span {X, C}.

Let Oy = {o, {& iy Aty on 8,7, {Ck}i_, , v, oy } be the collection of all parameters
in model (4.1) and (4.4).

Proposition 3. Under Assumption 4, the BASMU model in (4.1) and (4.4) is jointly
identifiable, i.e. given density function [, f(Y:,M;;0|X;,C;), TL f(Yi,My;0,|X;,C;) =
IL f(Yi,M;; 0%, X;, C;) implies 6, = 0%,

Proposition 3 shows that as long as v has a latent low dimensional representation, or v
is sparse, the proposed BASMU model (4.1) and (4.4) are jointly identifiable. In the next

section, we analyze the bias induced by ignoring the unobserved confounder in (4.4).

4.2.4 Bayesian Bias Analysis With Omitted Unobserved Con-

founders

Based on the consistency result for (4.1) in [97], the posterior mean of « is a consistent
estimator. Hence the main focus is on the asymptotic bias of the posterior mean of § under
(4.2) as a point estimator. We assign Gaussian Process (GP) prior on § ~ GP(0,03k).
By Mercer’s theorem, for a given kernel x(s,s") = > 77, Nhi(s)i(s’), we can represent
B(s) = 31, ba,0%(s), L = o(n) where 85, % N(0, \io2).

We use a superscript ‘0’ to denote a true parameter value, e.g., §°. Denote the true
unobserved confounder term U° := (n°)" 1° € R", and given estimators 1 and 2, denote
U = (ﬁ)Tﬁ € R™ The result below discusses the asymptotic bias of f under model
(4.2) where the unobserved confounder is omitted, and model (4.4) where the unobserved
confounder is considered.

For the structured mediator M;(As;) = E{M;(s;)} AM(As;) + eni(As;), eni(As;) i
N(0,03,A(As;)), denote E;(s) :== E{M;(s)}. In addition, denote the basis coefficients under
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GP basis decomposition as 0p;; = [s Ei(s)ti(s)A(ds), where 1)y is the same basis function
in the GP prior of 5.

Assumption 5. (i) For any l,l', lim, ,oon ' > 0p 05y = Hyp, where Hyy is some
finite constant; (i1) For any 1, lim, ,.on™' 3" 0p,, U = h{, where b} is a finite constant,

UY is the i-th element in U°.

(2

Assumption 6. Conditional on m and ¥, lim,_,.on ! Z?:l QEMUi RN ﬁl where ﬁl s a

random variable that only depends on n and D.

One example of Assumption 5 is to view Fj;(s) as ii.d samples from some unknown
process E(s) (for example, Gaussian Process) with finite first and second moments, and H;
is the finite covariance for the basis coefficients at [ and I’. If we view elements in U° as n
i.i.d samples drawn from a distribution U with finite second moments, hY is the covariance
between the [-th basis coefficient of E(s) and U, and is also finite (Holder’s inequality). The
same example applies to Assumption 6.

In the Proposition below, we use éﬁB to denote the point estimator under the BIMA out-
come model and use ég to denote the point estimator under the full BASMU outcome model
that takes account into the unobserved confounders. Denote M;; = [ M;(s)y(s)A(ds) and
M € R™E (M);; = M;,, and denote A := MTM € R¥ where L = o(n). Denote oy (A)

and opac(A) as the smallest and largest singular values of A respectively.

Proposition 4. Assume that A satisfy 0 < cpn < liminf, oo omin(A)/n <
lim sup,, o Omax(A)/n < Cmax < 00 with probability 1 — exp {—con} for some positive con-
stant co, Cmin, Cmax- I addition, in the GP prior basis coefficients 03 nd N(0, UZ)\Z) , assume
that A\, > cxn™ ' for some positive constant cy,ay. We can draw the following conclusions
giwven Assumptions 5 and 6:

(i) When U° = 0, i.e. no unobserved confounder, the asymptotic bias of éﬁB 1s 0.

(i1) Given Assumption 5 and 6, and assume that the true unobserved confounder term
Yoy (U®? /n is finite, then the bias of the posterior mean of 05 under BIMA model (4.2)
bz'as(ég) L (H + 03,1.)7'h°, and the bias under the full model (4.4) bz’as(ég) 5 (H +

Ayt (10 7).

Remark. The result of Proposition 4 is conditional on the true values of v and (j, in (4.4)
for simplicity of the analysis. A similar bias analysis result can be drawn on the NDE ~ if
we treat X as one additional column in M, and the bias of 7 is the corresponding element
in bias(f) and bias(6f).

Implications. Proposition 4 (i) can be seen as a corollary of (ii). Based on Proposition

4 (i), we can expect that: (a) the bias of BIMA depends on the scale of the unobserved
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term h°, and is nonzero unless h° = 0; (b) the bias of BASMU depends on the estimation
of n and 7; (c) larger random noise oy in the mediator model may reduce the bias, because
larger random noise makes the observed mediator M;(s) less correlated with the individual
effect n;(s).

4.3 Two-stage Estimation

The most natural way to estimate model (4.1) and (4.4) is to use a fully Bayesian approach
to update all parameters iteratively. This involves updating the individual effects 7; jointly
from both models (4.1) and (4.4) in every iteration. Due to the large parameter space of
{mi};_, to search from, the joint estimation approach usually takes very long to converge.
For every iteration when {n,},_, is updated, the new {n;};_, can have a huge impact on the
likelihood of (4.4), and all other parameters in (4.4) need longer iterations to converge to
stable values, hence the joint estimation can make estimating the outcome model (4.4) very
unstable. Because the posterior of {n;};" , is mainly dominated by the mediator model (4.1),
sampling {n;}._, based solely on (4.1) can already give a consistent estimation (see remark
of Assumption 4), hence instead of the fully Bayesian joint estimation approach, we propose
the two-stage estimation.

In the two-stage estimation, we compute the posterior of model (4.1) and (4.4) separately.

First, we draw posterior samples based on model (4.1) based on the priors
a~GP(0,02k),& ~ GP(0,0¢k), n; ~ GP(0,07k), (4.6)

and compute the posterior mean of 7; conditional only on model (4.1), denoted as 7;. Using
7; as part of the fixed design matrix in (4.4), draw MCMC samples from (4.4) conditioning
on 7; = 7;, based on the following prior for v,
v(s) = g(s)d(s), g(s) ' N(0,02), 6(s) * Ber(1/2). (4.7)
The two-stage estimation uses a flexible prior on v with a spatial independent structure,
and the selection variable ¢ allows sparsity in v. Through simulation studies, we find that
7; can estimate 7; well when p is reasonably larger than L, i.e. when the kernel for 7; is
smooth. Estimating v is still challenging for two-stage estimation, given that 7; can be mis-
specified. However due to the flexible prior on v, even when v cannot be fully recovered
from the two-stage estimation, the estimation for £ can still be greatly improved compared
to BIMA. For fast posterior computation, we use Singular Value Decomposition (SVD) on

{m:}7_,. The detailed two-stage algorithm is provided in the Appendix C.3.
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So far, we have compared two model frameworks, BIMA and BASMU !, the first of which
omits the unobserved confounders completely. Figure 4.1B provides a visual illustration of
the structure of the two methods. The two-stage estimation is expected to give good point
estimation results, although not fully Bayesian inference. The flexible prior on v still allows

us to debias (3, as long as 7); is not too far from the truth.

4.4 Simulation Study

We compare the performance of BIMA and BASMU through extensive simulation studies.
For o, 3, and v, we simulate 2D p = 40 x 40 images (true signals are shown as in Figure C.1
and Figure C.4a). For the GP priors in (4.6) and 3, we use Matérn kernel with p = 2,7 =
0.2,d=2,

o557 = Culls' = sl Cula)i= 2 (VERd) (VDL (48)
The GP prior parameters «, 3, 1;, £ use the same basis decomposition of the kernel function
in (4.8), denoted as k(s',s) = Y =, Nu(s")y(s). For example, [(s) is approximated by
S 7 B5161(s) with the prior 6, w N(0,\03). Set L = 120 basis coefficients as the cutoff.
We use the Metropolis-Adjusted Langevin Algorithm (MALA) for updating o and 3, and
the Gibbs sampler for the rest of the parameters. For the outcome models in both BIMA
and BASMU, we use a total of 2 x 10 iterations with the last 10% used as MCMC samples.
The mediator model (4.1) uses 10? iterations with the last 10% used as MCMC samples.

Table 4.1 summarizes the settings for six cases, varying o,, oy, and n to show the
theoretical implications of Proposition 4. We simulate three signal patterns for v (dense,
sparse, and zero) as shown in Appendix Figure C.4a. Each case has 100 replications. The
dense v signal is simulated using low dimensional basis coefficients mapped to p-dimension
through the same Matérn kernel in (4.8).

We present the scalar-valued NIE &£ in terms of the bias, variance and MSE over 100
replications as in Table 4.1, and visualize the spatial MSE (Appendix Figure C.2) and Bias
(Appendix Figure C.3) on the posterior mean of (s) as a point estimator over 100 replica-
tions. Each voxel s; in Figure C.2 represents the MSE of the posterior mean of 3(s;).

Results in Table 4.1 show that BASMU generally archives the lowest MSE for £, except
for Case 3 where no unobserved confounding effect is present. To verify the theoretical
implications by Proposition 4, comparing Case 2 and 4, as n increases, the MSE of BASMU

decreases, whereas the BIMA model has increased MSE and bias. This is because [|h° — k||,

!The BASMU R package can be found on the GitHub page https://github.com/yuliangxu/BASMU
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Table 4.1: Simulation result of the scalar NIE £ averaged over 100 replications. The smaller
MSE of £ is bolded in each case. The default generative parameter settings are o, = 0.5,
n = 300, On — 2.

BIMA BASMU BIMA BASMU BIMA BASMU
Case 1 dense v Case 3 all 0 v Case b dense v, 0, = 1
Bias -2.72 1.06 Bias -0.5 -0.17 Bias 13.31 2.21
Var 3.59 4.11 Var 2.31 4.49 Var 3.35 3.2
MSE 10.97 5.20 MSE 2.53 4.48 MSE 180.36 8.06
Case 2 sparse v Case 4 sparse v, n =600 | Case 6 densev, oy =4
Bias 7.56 1.87 Bias 10.77 2.29 Bias -6.33 -0.57
Var 3.42 3.76 Var 1.54 1.54 Var 13.43 12.63
MSE 60.51 7.22 MSE 117.5 6.79 MSE 53.36 12.82

decreases as U — U° when n increases. Comparing Case 1 and 5, as o, increases, U°
increases, the MSE for BASMU has little changes compared to the huge increase in MSE
and bias for BIMA due to the increased scale of U°. Comparing Case 1 and 6, as oy
increases, the bias for BASMU decreases. In fact, from the spatial MSE and bias in Figure
C.3 Case 6 compared to Case 1, both BIMA and BASMU have an overall decreased MSE
and bias in 3, though the decreased bias area does not overlap with the true nonzero signal
regions in « and [, hence not fully reflected on the result of scalar NIE. Figure C.2 and C.3
show straight-forward evidence that the two-stage estimation of BASMU can indeed reduce
the bias of B(s) and have a lower MSE over varying spatial locations in all scenarios. In

Appendix Table C.1 we also provide the NDE result with similar implications.

4.5 Analysis of ABCD Data

For the real data analysis, we use the ABCD study release 1 [10] as an example. The scientific
question of interest is the mediation effect of children’s brain development on the impact of
parental education level on children’s general cognitive ability. The structured mediator is
the task fMRI data of the children. The outcome is children’s general cognitive ability, the
exposure is the parental education level, a binary indicator of whether or not the parent
has a bachelor’s or higher degree. The confounders include age, gender, race and ethnicity
(Asian, Black, Hispanic, Other, White), and household income (less than 50k, between 50k
and 100k, greater than 100k). For the multi-level variables race and ethnicity, and household
income, we use binary coding for each level. The potential unobserved confounders can be
the stress level of the participants, nutrient supply, and other genetic factors that might

impact brain development.
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The task fMRI data is 2-back 3mm task contrast data, and the preprocessing method is
described in [81]. Each voxel in the 3D image mediator represents the brain signal intensity
when the subject tries to remember the tasks they performed 2 rounds ago.

A previous mediation analysis using the same data set has been conducted in [97] that
ignored unobserved confounders. In this analysis, we use the top four regions (shown in Table
4.2) previously identified in [97] with the most significant mediation effect, and perform a
BASMU analysis with the brain image data on these four regions. After preprocessing, we
have n = 1861 subjects and p = 3539 voxels as mediators. The GP kernel in use is the
same Matérn kernel as in [97]. BIMA and BASMU share the same mediator model result
with a total of 10* iterations. For the outcome model in BIMA, we use 3 x 10* total of
iterations. For BASMU, due to the SVD at each iteration, the computational speed of the
two-stage algorithm is relatively slow for the real data. Hence we set d(s) in (4.7) to 1 at
the beginning and run for 10* iterations first to get the initial values and use these initial
values to run the two-stage algorithm for 2 x 10? iterations with the last 20% as the MCMC
sample. The total running times are 54 minutes for the mediator model, 61 minutes for the
BIMA outcome model, and about 4 hours for the BASMU outcome model. All real data
analyses are performed on a laptop with an Apple M1 chip and 8GB memory.

Table 4.2: Comparison of ABCD data analysis under BIMA and BASMU. The top table
reports the active voxel selection, from column 3 to 8: number of active voxels selected by
BIMA/BASMU (brackets: percentage of selected voxels over the total number of voxels),
number of commonly selected voxels, number of voxels only selected by BIMA/BASMU, and
the total number of voxels in each region. The bottom table reports the numeric values of
the NIE, from column 3 to 8: summation of NIE over the region under BIMA/BASMU,
summation of NIE over voxels with positive effect under BIMA/BASMU, summation of NIE
over voxels with negative effect under BIMA /BASMU.

Selection of active mediation voxels £(s;)

Region code and name BIMA BASMU common BIMA _only BASMU_ only size
34 Cingulum_Mid R 80 (13%) 342 (57%) 68 12 274 605
57 Postcentral L 108 (9%) 246 (21%) 92 16 154 1159
61 Parietal Inf L 138 (20%) 387 (56%) 131 7 256 696
67 Precuneus_L 150 (14%) 404 (37%) 137 13 267 1079

Effect size of £
Region code and name BIMA NIE BASMU NIE BIMA NIE (+) BASMU NIE (+) BIMA NIE (-) BASMU NIE (-)

34 Cingulum_Mid R 0.007 0.007 0.022 0.032 -0.015 -0.025
57 Postcentral L 0.007 0.021 0.068 0.087 -0.062 -0.065
61 Parietal Inf L 0.009 0.000 0.163 0.163 -0.154 -0.162
67 Precuneus_L 0.051 0.075 0.107 0.140 -0.057 -0.065

Table 4.2 shows the comparison of NIE between BIMA and BASMU. We use the criteria
of whether the 95% credible interval includes 0 for active mediation voxel selection. In the

bottom table of NIE size, the total, positive, and negative effects are separately reported for
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each method. The NDE under BIMA is 0.247, with a 95% credible interval (0.166, 0.329).
The NDE under BASMU is 0.183, with a 95% credible interval (0.145,0.218). The NIE over
all locations is 0.073 for BIMA with (0.012, 0.127) as the 95% credible interval, and 0.103
for BASMU with (0.043, 0.155) as the 95% credible interval. To check the model fitting,
the R? for the BIMA outcome model (4.2) is 0.41, and the R? for the BASMU outcome
model (4.4) is 0.42. Figure 4.2 provides a visual illustration of the selected active mediation

voxels. Appendix Figure C.4b gives a scatter plot of each estimated £(s;) between BIMA
and BASMU.

Figure 4.2: Coronal view of active NIE & areas. The blue areas are active mediation voxels
selected by BIMA, the red areas are selected by BASMU, and the overlaying purple areas
are commonly selected by both methods.

Based on Table 4.2, BASMU tends to select more active mediation voxels in all top
four regions compared to BIMA. Especially in region 34 (right middle cingulum), an area
for integrating memory information, BASMU selects three times more mediation voxels,
although the scalar NIE for this region remains unchanged. In terms of effect size, BASMU
in region 57 (left postcentral), an area for episodic memory retrieval, has a larger scale in
NIE. In the scatter plot in Appendix Figure C.4b, we can see that the large positive voxels are
usually selected by both methods, whereas BASMU gives more selection on smaller positive
effects. In the coronal view of the brain image NIE Figure 4.2, the center of the large active
areas are usually selected by both methods, whereas the edge of those large areas tends
to differ between BIMA and BASMU. In summary, after accounting for the unobserved
confounders, we tend to select more active mediation voxels, and the effect of parental
education on children’s general cognitive ability mediated through children’s brain activity
takes a larger proportion in the total effect after adjusting for the unobserved confounders.

The NDE also tends to decrease after adjusting for unobserved confounders.

4.6 Conclusion and Discussion

In this work, based on the BIMA [97], we propose the BASMU framework for structured

mediators to account for the unobserved confounder effects. We utilize the individual effects
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as the unobserved confounders and incorporate them into the outcome model. We provide
rigorous proof for the theoretical analysis on the asymptotic bias of the outcome model, and
the identifiability of the BASMU model. For the estimation step, due to the complexity
of the BASMU model, we propose the two-stage estimation algorithm. While full Bayesian
inference from joint estimation is challenging, our two-stage estimation method yields rea-
sonably accurate point estimates for 5 and NIE, as evidenced by extensive simulation results.
Alternative ways of the two-stage algorithm include bootstrap, or updating n; and updating
all other parameters until convergence and then iteratively updating n; in loops until full
convergence. We apply BASMU in the ABCD study and find the mediation effect takes
a larger proportion after adjusting for the unobserved confounders. The limitation of this
work is that the mediator has to be spatially smooth or satisfy certain pre-fixed correlation
structures for the individual effects to be estimated. In practice, unobserved confounders

with more complex correlation structures may not be fully accounted for under the current
BASMU framework.
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CHAPTER 5

Future Work

The preceding chapters have discussed the Bayesian Image Mediation problem and proposed
novel methods with theoretical guarantees or computational advantages. However, there are
still several aspects of this problem that have not been the main focus of this dissertation,
but are important to address in the future. In this chapter, we provide some extended
discussion in using FDR control method in mediation signal selection, and other distribution-

free approaches to handle unobserved confounder in the mediation problem.

5.1 Variable Selection Procedure for FDR Control

In the scope of Chapters 2 and 3, the proposed thresholding priors can yield sparsity in the
posterior samples, and we use Posterior Inclusion Probability (PIP) to determine how likely
a voxel can be an active signal. However, there is a lack of discussion on how to use PIP to
control False Discoveries. For the Image-on-scalar regression in Chapter 3, we use multiple
comparison p-value correction method on the result of the Mass Univariate Analysis, and
use the proportion of active voxels as the cutoff to choose a cutoff on PIP, so that in the
simulation study, the ST-CAR prior result all has FDR below 10%. This can serve as one
naive way of FDR control, but for Scalar-on-Image regressions, there are no straight forward
ways to choose such a threshold on PIP.

One possible future direction is to use the knock-off idea [3]. The knock-off idea permutes
the order of the observed data to find false discoveries. For example, in Scalar-on-Image
regression, for one target location s; that may be an active signal, if we only permute the
individual indices ¢ and replace M;(s;) by the permuted M (s;) but keep other locations
of observed data the same, and rerun the analysis. If the new result still shows location s;
as an active voxel, it is likely a false discovery. Using this approach, we can determine an
interval threshold (/,7) on the PIP, where if PIP; < [, it is deemed as a non-active voxel,

and if PIP; > r, it is deemed as an active voxel. During some preliminary simulation test, if
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we start from a conservative threshold (PIP; > 0.9) to determine the active voxels, permute
on voxels with PIP; < 0.9, we can let [ be the smallest PIP on voxels that become active
from non-active after the permutation, and let r be the smallest PIP voxels that become
non-active from active after the permutation. We find this approach to work well in selecting
true negatives and true positives in some simple simulation case. The type I and type II error
using this approach requires further investigation into the knock-off and variable selection

literature.

5.2 Distribution-free Approach for Unobserved Con-

founders

One limitation of Chapter 4 is that the unobserved confounders must follow certain smooth-
ness assumptions to be estimated. This assumes the unobserved confounders must follow
certain distribution, although it can be very flexible if we choose a flexible Gaussian kernel.
Nonetheless, recent literature [40] has utlized the distributionally robust optimization. Dif-
ferent from traditional sensitivity analysis based on point-wise estimation, [40] proposes a
new sensitivity analysis approach based on a non-parametric model, and gives an estima-
tion on the bound of the odds ratio of selection bias caused by the unmeasured confounder.
This new direction has the potential for distribution-free sensitivity analysis on the image

mediation analysis with unmeasured confounders.
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APPENDIX A

Chapter 2: Appendix

A.1 Proof

A.1.1 Proof of Proposition 1

Proof of Proposition 1. In this proof we omit the notations s, to p; for simplicity. First
we show the identifiability of model (2.2), namely part (a) in Proposition 1.

Consider two parameter sets Oy = {a, {Ce}{_, . {mi}iey } and ©4, = {/, {1, A}y )
Suppose the probability distributions of M given X and C under ©,; and ©), are equal,

ie.,

(M| X,C,0y) =7(M | X, C,0))),

where X and C satisfy the Assumption 2. Note that M = {M;(s)}. The joint distributions
of two multi-dimensional random variables are the same implies that the corresponding
marginal distributions of any element of the two random variables are also the same. Hence

we have for any i € {1,...,n} and any s € B,
w(M;(s) | X,C,0n) =7(M;(s) | X, C,0},).

Since M;(s) follows a normal distribution, for i € {1,...,n} and any s € B,

pi(s) = pi(s) and o7 = oy,

where pi(s) = a(5)X; + 11(s) & Xy Cu()Cop and p(s) = @/(5)Xi - 7l(5) + S, Co(5)Cie
Consider the decomposition of p;(s), pi(s), a(s),d’(s), ni(s) and ni(s).

pi(s) =D Ouiatn(s),  als) =D Oaituls), mls) =D Opata(s),  Gils) =D Ocrntals)
=1 =1 1=1 1=1
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pi(s) = Ouanthi(s), ()= Ouathi(s), 0i(s) =D Opastu(s), Gils) =D Ocrith(s),
=1 =1 =1 =1

where the basis coefficients are satisfied with the following identities.

q q
Opig = 00y Xs + 0y 0 + Z OckiCig, and 0, = 00 1 X; + O 51 + Z Oc 1,1 Ci k-
k=1 k=1

Since p1;(s) = pi(s) for any ¢ € {1,...,n} and any s € B, then for any | > 1, 0,;;, = 0,/
Then we have (0o; — 00 1) Xi 4+ 0n10— O 10+ > 4y (Ocks — O 11) Cri = 0. According to the
Assumption 2, for t = 1,...,q+ 1, > " Wi (0,1 —0.y.i1) = 0. Let by = (0a, 1 — 04, 10 0c10 —
Ocrats- s bcq1— 00 g, 0p10 — 0;7,1”1, N 0;77%1)T for any [ > 1 and

A — Og+nx1 Og1)xg wrT
X C L, )’

where by is of dimension (¢ + 1+ n) x 1 and A is of dimension (n + ¢+ 1) X (n 4+ ¢+ 1).
Then we have the linear system: Ab; = 0(,4.¢41)x1-

Denote X = (Xpx1, Cnxq) € R™@D Note that det(A) = det(0 — WTT; ' X) det(I,) =
det(WTX' ) # 0 by Assumption 2. This implies that 0,414, is the unique solution of Ab; =

On+1+q. Thus
9a7l = ea/7l7 HW:ZJ = 97]':“’ 0<»k>l = eclvkal
This further implies that for any s and any i,

a(s)=d'(s),  m(s) =mi(s),  Gls) = Gls)

This proves the identifiability of model (2.2). Next, we show the statement in (b) in Propo-
sition 1. Part (b) will be used in the proof of Theorem 1.

By directly setting W = X, and S Wimi(s) =0fort =1,...,¢+ 1, we know that
S Ximi(s) =0fort =1,...,q+1. For each s, let &(s) = {a(s),C1(s),...,((s)}T € RIH!
and &'(s) = {c/(s), ({(5), . ... Co(s)}T € RITL Let by = (0ayy — 0y, 4,000 — Ocriis - - Ocqa —
O g0)t and g = (6,1,—6 o Opna—0 )T Then XT{a(s)—&/(s)} = 302, XTbyahi(s)

/
777177l’ ' n7n77l
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and ﬁz‘(S)_ﬁg(S) = Z?il gl,z‘l/Jz(S). Since fs{ﬂi(s)—ﬂé(s)}zz\(ds) is finite, by Fubini’s theorem,
1 — , )
gizl/s{m(s) — ;(8)} A(ds)
: X T(a(s) — &'(s )
_5/822{)@(() ()} /Z{m (1% A(ds)

s 1
_ 1 2 1 2
-1 Z D S
=1 =1
By Assumption 2(a) that o (X) > v/, || Xby||2 > 02, (X)|/by]|2 > n|/b||2. Hence

[e.9] 1 (e 9]
F [ o)~ A 2 Dl + 13 sl
=1 =1

Note that the empirical norm || f|2, is a finite grid approximation of the Hilbert space
inner product 4/ [ f2(s)A(ds). By Definition 4(d), the approximation error is given by
err(f) = [IF115, — [s F2(s)A(ds)| < Kp~2/.

o0

la =13, =D (Oay = Ours)” + err(a — o)
=1
o0

1Gk = Gill3, =D (Beon — Oc0)* + err(Ge — G), k=1,....q
=1

an - 77;”3,13 = Z(eni,l - 977“)2 + 67’7"(7%' - n;)a =1, Ry

=1

For n large enough such that Kp=%¢ < q13€2, the following inequality

lac(s) — o/ ()13, + Z I6k(s) = G ()12, + Z In:(s) = ni(s)lz,, > €

implies that there exists constant ¢} S5, [[by[|3+n1 322, [lgill3 > )€ which further implies
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that there exists constant cg,
1 n
S lals) — )R > o
i=1

Hence Proposition 1(b) follows.

A.1.2 Proof of Theorem 1

Theorem 1 is proved by checking the conditions in Theorem A.1 in [13].

For simplicity, throughout the proof of Theorem 1, we use the following notations:
0 = {a,{C}I_,,{m};_,}, and the true parameters denoted as 6y = {vo, {C)}i_i, {n0}i\}
In addition, let p;(s) = a(s)X; + > {_; G(s)Cix + 1;(s) be the mean function given
{X:, {Cix}i_ 37, and pd(s) be the mean function under the true parameters.

Conditional on {X;, {Cix}{_,}",, for individual ¢ and location s;, M;(s;) follows inde-
pendent distributions across i = 1,...,n,j = 1,...,p, with density function w(M;(s;);0) =
B(pi(s;), 0%), where ¢(p;(s;),0?) is used to denote the normal density with mean p;(s;) and
variance 2. Let A; (6, 0) := log{m(M;(s;); 00)/m(M;(s;);0)}.

First, we verify the prior positivity condition as follows.
Lemma 1. (Prior positivity condition) There exists a set B, II(B) > 0 such that

1. liminfy, ;300 11 {6 € B:(np) ' 30 20 Eg{Ai;(00,0)} < e} > 0 foralle > 0;

and
2. (np)=2 370 >0 Varg, {Ai;(00,0)} — 0, asn — oo and p — oo, for all § € B.

Proof. Define

seS seS sES

16~ ull = ma {supfa(s) = o) mgcsup G5 (6} maxsup (5) = (5] |
(A1)

For constant 6 > 0, consider
Bs={0€0©:||0 -6 <0}

Since the prior distributions for the above parameters are independent, to show II(Bj) > 0,
we only need to show that the prior of each term in (A.1) being upper bounded by a constant

has a positive probability.
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By Theorem 4 in [29], for any i =1,...,n, k=1,... ¢,

HG@W@-%M<0>& n@mM@—wﬂ<0>o
seS seS

By Lemma 2 in [43], for any threshold v > 0 and any true ag(s) € ©,, there exists
a(s) in the RKHS of k(+,-) such that ay = T, (&). Note that the soft-thresholding func-
tion 7, (x) is a 1-Lipschitz continuous function of z, and by Theorem 4 in [29], we have
I (sup,es |a@(s) — ao(s)| < ) > 0, which implies II (sup,cs |1, (a(s)) — To.(Go(s))| < 0) > 0.
Hence for any 0 € Bs, where I1(Bj) > 0, we have

Eg, [Aij(00,0)] =E [Eq, {Ai;(00,0) | X, C}]

:_£?Mmﬁmmw—%%MUX@H
* gigga (o {(Mils;) = 12(s;) + f(s;) = pals;))” | X, C}]
B[ )~ (o)

Note that

Z%m%nﬂmmﬁ

2
q

S 507 [{a(sy‘) — ao(s;)}X; + Z{Ck(sj) — G(55)}Cik + {mi(s;) — U?(Sj)}]
2
< E [XZ{@(SJ —a(sy)}* + Z{Ck sj) = Gi(s;) Y C? ok Ami(sy) — 77?(53')}2]
By choosing a constant Kyax such that max;{E {|X;|*}, max; E{|Cix|*}} < Kpmax, then
for any 6 € Bs, (np)~t Y0 SF_ Eg {Ai;(00,0)} < 203/ Kmax(2 + q)62, hence for a small
enough € such that 0 < € < o}/ KmaX(Q +q)d2,

—
{liyrlgl}glooH{OGBg ZZEBO i.j(00,0)) < }

’Lljl

9 -1
2 11 H@ — 90”00 S \/(O._QKmaX(Q + q>> € > 0.

M

To show the second condition, we only need to show that for any ¢, and any 6 € By, the
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variance Varg, {A; ;(6o,0)} is bounded by some constant.

Varg, {Ai;(60,0)} = E {Varg, {A;;(6,0) | X, C}} + Var {Eg, {Ai;(6,0) | X, C}}
= {Lz (k2 (s5) = m(sj))Q} + Var {ﬁ(u?(sj) - m(sﬁ)Q}

Om

4 4
S max {_QKmax(Q + Q>527 _4Kmax,V(2 + Q)54} < 00,
M oM

where K.y > max; {Var(Xf), maxj, Var(CZk)}.
]

Before the test construction, we add a useful lemma on the tail probability of the maximum

of sub-Gaussian random variables.

Lemma 2. Let X;,i = 1,..., N be sub-Gaussian random variables. Let o? be the constant
such that P(|X;| > t) < 2exp(—t2/0?) for anyt > 0 and i = 1,...,N. Let 6% = \/\ o2
Then for any t > 0, P <maxi | Xi| > /0% 1og 2N + t) < exp(—t).

Proof. Let u = /5% log 2N +t,

P (max]Xi| > u> < ZIP’(|XZ\ > u) < 2Nexp {—u*/63 } = exp(—t).

]

Next, we construct a test that satisfies the Type I and Type II error bound on a specified

sieve space.

Lemma 3. (Existence of tests) There exist test functions {®,,}, subset U,,©, C O, and
constant K1, Ko, cq,co > 0 such that

(a) Eg,®,, — 0, as n — 0o and p — oo;
(b) SUPgeucne, Eo(1 — ®,,) < Kyje ™
(c) TI(©%) < Kye 2P,

Proof. Define the sieve space of 6 as ©,,, which be decomposed into product of the following
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parameter Space:

q n
O, = @oam, X H @C,k,n X H@n,i,n

k=1 i=1

ea,n:{ae@a: sup |!Dw04(8)||oo<\/_n7HW||1§P}

SERIUR_1

Ockn = {Ck €0 : sup | D“Ci(5)]lo0 < mp, [Jw]]1 < p} k=1,...q
se

Opin = {m €0,: sug 1D ()]0 < mp, ||w]]1 < ,0} i=1,...,n
s€
where D“f(s) stands for (9l«li/g=r ... 9lwli/gwa) f(s) for any w = (wi,...,wq)" with
w;j(j =1,...,d) being positive intergers and s € R%
To show the conditions (a) and (b), we use Lemma 8.27(i) in [30], by viewing M ~
Nop(p, 021), = {pi(s;) 1) ;= € R™. By Lemma 8.27(i), for any i, po € R™, there

exists ®(py) such that for any g where || — pyllo < [0 — p1||2/2,

Epo®(p1) VE{1 — ®(p1)} < exp {—01”#0 - #1”3/‘7]2\4}

Because the type II error in condition (b) does not depend on a single p;, to remove
the dependence on w1, and to use a neighborhood U, defined by the empirical norm as the
distance metric instead of the Euclidean norm, we use the same technique as the one in

Proposition 11 in [84]. For any r > 1, any integer j > 1, define shells for p
Cir ={0n 1 jr <[l = pol2 < (G + 1)r}

Denote P(C;,jr/2,| - ||2) as the largest packing number of C;, with Euclidean distance
jr/2, and denote the corresponding jr/2-separated set of C;, as P;. Note that P; is also a
jr/2-covering set of C;,. Hence for any p € C;,, there exists p; € P; such that

gr

< _ .
5 = Hul MOHQ

DN | —

| — pal2 <

Choose ®; = max,, cp, {®(p1)}, then for any p € C;,, conditioning on X, C,

Jr :
Epoo0o®5 < 2P(Ciy T || - ll2) exp { =1 [(G7)°] /s }

Epuo(l = ®;) < exp {—al(jr)’]/o} |

Denote N(O,,,7, ] - ||) as the smallest covering number for the set ©,, with radius r and
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distance function || - ||oc. Now we need an upper bound on log N (6,7, || - ||). Note that
by Lemma 2 in [29] and a similar approach in Lemma Al in [43], there exist constants
K., K¢, K,, such that log N (O, 7, || [|eo) < Ka(np)¥@)r=d/r and log N (O in, 7, ||+ [|oe) <
K, (np)¥r=4° 1og N (O¢ s 7y || * l|loo) < K¢(np)¥Pr=4/?. Hence there exists constant K,

log N (O, 7, | - l|s)
q n
<1og N (Oam, 7 || - lloe) + Y 10 N (Oc i, 7, | [loo) + D 108N (Opin, 7, || - [loc)
k=1 i=1
< Kon(np)d/”r_d/p

Conditioning on (X, C), denote

q
@:L = {y, € R" . Wij = Oé(Sj)XZ‘ + ZC}C(SJ')CM + 771'(3]‘)7 0 e @n} .
k=1

Now we first show that conditioning on (X, C), given ¢}, = max; {| X/, ||Cil|o };,

log N0, 7/ (43/np) ;|| - llse) < 1og N (O, 7/ (4¢,v/np) ;|| - [|o)-

Denote S7; , as a (c,r)-covering set of O, under || - ||. S, is constructed in the following
way: for any p € O%, there exists a corresponding 0, = (o, {¢:}i_,, {m};_,) € O, such
that p;; = a(s;))X; + > 1, Ce(s7)Cix + ni(s;), hence there exists 0,1 € N,,,, where N,,,, is
the smallest covering set with cardinality N'(©,,r,]| - ||«), and there exists corresponding

Q1 € O) given 0.

s — g < | (alsy) = an(s;) Xl + ) 1(Ck(s5) = Cua(sy) Cal + Ini(s;) = muasy)] < cr
k=1

. Hence S, ,, can be constructed as a collection of all such p;. Let |S;; | be the cardinality
of such S; . By the construction of Sy ., Sy .| <N (O, 7, || - [loo)-

Since || lanp < |- o, we have
log P(O5,7/2, || - |2) <1og N(O5, 7/4, || - [|2) = log N(©y, 7/ (4y/np) , || - l2.p)
<log (6, 7/ (4y/np) || - lloc) <log S|
< log N'(©n, 1/ (4¢;,v/np) | - llos)
< Ko(4c)YPn(np)3d/ 2 p—d/e (A.2)

78



Denote event A = [c; < am} and 4 be its indicator, where a is an absolute constant,
Lemma 2 implies that P(14c) — 0 as n — oo, where A¢ denotes the complement of A. Hence
given A, log P(0%,7/2, || - ||2) < K. (logn)"®) n(np)3d/2e)y—d/p,

Then for any p € Uj>1Cj,0 € Uj»iCj, define @ = 37, ®;I(p € C;,), for some
constants K5, K3, conditioning on X, C,

Epuo® <Y 2P(Cirjr/2, | - ll2) exp{—er[(jr)*]/o}

Jj=1

<2P(6;,7/2, | - ||2) Y exp{—erlj(r)*]/o%,}

Jj=1

clr2
<2P(05,,7/2,] - [[2) Kz exp

2
T
< KP(Or/2 |- I exw (- %)
E,( <Zexp{ 1 jr)](2 )
j>1
<K3exp{—£}
oy

Choose r = /npe, for any € > 0, we can choose n,p large enough such that » > 1. By

Proposition 1(b), U5, C U, almost surely, where

q
Usr = {@ las) = ao(s)ll3, + D 116 (s) = Gro(s)Il; + Z Ini(s) = mi(s)ll2, > € }
k=1
Upry =10 : [l — pollamp > Veoe}

Then for any 6 € ©, NUj,,, note that (log n) 420 (np)d/r < nd/20) (np)d/r < p given
Assumption 1, p > d + 3/(27).
EA{Epo00 {P | X, C}} < Ea {P(O;,, vipeoe/2, || - |2)} Kaexp{—cinpe’} + E {Ls}
< K'exp { ! (log n)d/(2p) n(np)d/pe’d/p — c/l'anQ} P20
Eeo,cus, (1= ®) < Eo,ug, , (1 — @) < K" exp{—cynpe’}

To verify (c), II(©;,) < TI(6f,,,) + Do (65, ,) + > i TH(OE,,,,). Theorem 5 in [29]
ensures that II(OF, ) < Kse ()’ (O ,,,) < Kse () Lemma 4 in [43] ensures that

n,i,m
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(0, ,,) < Kae ™. Hence

H(@z) < Kaefcanp_kng—(cg(np)2_1og(n+Q))
< Kpe ™
U

The proof for Theorem 1 is complete. Note that this can be easily extended to the

marginal consistency of a alone by conditioning on other parameters at the true value.

A.1.3 Proof of Theorem 2

Similar to Theorem 1, we verify the conditions in Theorem A.1 in [13].
Let 0y denote the set of true parameters {5, 70, &0} that generate the outcome variable Y;
given M;, X; and C;. Let 6 = (3,7, €) € ©5 x R?™ denote any parameter in the parameter

space, where O is defined in Definition 4.

Lemma 4. (Prior positivity condition) Under model (2.1), define A;(6y,0) =
log {7 (Yi;00)/7(Yi;0)}, there exists a set B C © such that II(B) > 0 and for any 6 € B:

(a) liminf, , 1[0 € B:n >  Eg {Ai(60,0)} <€ >0 for any e >0
(b) n=2>""  Varg, {\i(60,60)} — 0

Proof. For one individual ¢, the density
Wi(naMiaXhCi;e) = Wi(}/;’MiaXiaCi?‘g)ﬁi(Mi;XiaCi)-

Here, with the abbreviated notation 4 = (v,€T)T € R, and X; = (X;,CH)T € Rt
Hence given {Xl} and {M;(As;)}2 ., and denote M; = {M;(As;)}
i=1

Jj=1

Y, M N (ZB s;)M;(As;) +7TXZ,0Y> .

Given the true parameters fy(s), 4o, define the subset

B = {0 s sup3(s9) ~ ulsy)* < .15 — 2l <5
J
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If we denote the mean of Y; under true parameters as i, otherwise as p;, the log-
likelihood ratio for 0y = (5o(s), 7o) versus 0 = (5(s),”) can be written as

Ai(Dn 43 00,0) = log {m;(Yi; 50(3)7’5’0)} — log {7Tz‘(Yi; B(s),¥)}

1 1
= Y; i, Y i

Hence,

Kin(0,0) := Egy(A((Dyi: 00,0)) = E {Eeo (AHMi’ X>}

1
=E {F(M - Mz’,O)Q}

<E Q;Y {(~ )X, +Z — Bols)) M (Asj)}

Note that by equation (2.4), given X;, M;(As;) ~ N(ui(s;,)A(As;), 03,\(As;)) with its
second moment as o3, A(As;) — (11:(s;)A(As;))?. When A\(As;) = 1/p, the second moment is
o3/ — (ui(s;))? /p®, and its 4th moment is of the order O(p~*). Hence E {||MZ||§P~(Z} can

be upper bounded by a constant, and so does Var {||MZ||%P~(Z} For the finite dimensional
vector X; with finite 4-th moment (Assumption 2(a)), there is a finite bound E||X;||3 < Ko.
For any (%, 8(s)) € Bs,

1 -
' P 112 112
Kin(00,0) < QU%E{(S”X%HQHMZ”Q}

Hence we have K, ,(6y,0) < 0K’ for some constant K’ > 0. Similarly, denote Z; =
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(Y; — pi0)/oy as the standard normal variable under Hy,
Vin(60,0) = Var {Eg, (A | Xi, Mi) |+ E { Vg, (A | X, M)}

. ui,o)Q}

2
20

Var {E@O (A X, MZ)} =Var {

<L Var {w SR+ 3 (Bl — Aol )M <Asj>}

4O—Y ] ]_
1 ~
< Var [5|;Xz-||§ + 5HMiH§}
Y

1 .
<— Var (5HXZ||§+IE
Oy

)
)

1 -
7 {Var (5HX¢||§ M2,

<0

For the second term,

o {Vargo e Mi)} —E

1 1 0 — 1\ ] <
Val'go __Zi2 + = Zl + M Xl,Mz
2 2 Oy

—E[Vargo Hio — lii XMH
=K
0_)2/ :uz(] }
1
<_
< 7B (6||X I3+ 0 Mi)3) < oo

Hence for any g € By,

n

%Zvnz ﬁOa

=1

For any 0 < e < §K’,

((ﬁ»’)’,UY €B5 Zan<€)
> 11 (suplfatey) = 56y < VAR5 = 30l < /") >0

The last inequality follows from Theorem 1 in [43] and the assumption that for any ¢ > 0,
(1% = Yoll3 < €) > 0.
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Verifying the Existence of test condition

To verify the existence of test condition, we need the basis expansion expression of model
(2.1). Recall model (2.1), we abbreviate the scalar and vector covariates and denote 4 =
(7,€NT € R X; = (X, CHT € R, Let M, = U1 %i(s5)M;(As;), and define the
n X L, matrix M,, :== (M, )i=1. Ni=1...L,-

Y, = Zﬁsj (As)) +3TX; + ¢

= Z {Z 9,3,1%0;(8]')} Mi(As;) + 7" X + ¢
—Zengwz s;))Mi(Asj) + 5" X+ +ei

= Z 95,1./\;[@',[ + ’nyQ + €;

= (Mmf{n) ( Of

+ T L + € (AB)
Y

The remainder term rp, ; = > 7, 05,37 di(s;) Mi(As;).

Before verifying the existence of test condition, we introduce the following lemma

Lemma 5. Let independent residual terms

TLni = Z gﬁlZ@Zjl sj)Mi(As;)

I=Ln
as defined in (A.3) across i =1,...,n. Denote the event Ar, = [|rr,:| <t]. Then for any
given i, and for some sufficiently large positive constant t , P[Ap i.0.] = 1.

Proof. Denote the mean function in (2.4) of M;(As;) as wi(s;). Then M;(As;) = p~ui(s;)+
p*1/2Z where Zij is independent standard normal variable across i =1,...,n,7 =1,...,p.

Let My = Y7, Mi(As;)idi(s;). Then

anz_Zeﬁlel_Ze,Bl_Z,ul Sj wl 3] +Zeﬁl Z% Sj i,J

I=Ln =Ly

83



which implies that r, ; follows a normal distribution with mean

KL ir = Z eﬁl_zuz s;)i(s;)

=Ly

and variance )
o233 o)
7j=1 =L,
Let Onrin = p ' D20 pui(s)tu(s;). Since 772, 603, — 0 for any i, and 7%, 03, — 0
as L, — oo, the mean pr,, ;, — 0 as n — oo.
Given the orthonormality of the basis, and denote Sz, (s) = 21 8s01(s) as the finite

basis smooth approximation of 3(s), write

ULnr /IB — Br.(s )| dA(s +rp Zeﬁl‘i_rp,

l=Ln

where the approximation error r, = )fs 18(s) = B, (s)[PAA(s) —p~ 220_ 1 1B(s5) — Br.(s5)]
From Definition 4(d) r, < Kgp~*?, where K > 0 is a constant. Hence 63 . — 0 asn — oo.

For large enough n, pr, ;» is bounded for all . By the normal tail bound (Proposition

2.1.2 in [89]), for Z ~ N(0,1), P(Z > t) < t\ﬁ exp {—t*/2}. Then we have

T t— 2,7 2
P(rg,: >1t) < # exp {—M} <a, =Cop,,exp(—c /o] ). (A4)
— MLyir

By Definition 4, a, < exp(—¢'n***2) < n~! hence Y »  P(rp,; >t) < 00
]P)(Azn> = P(’T’Lmi’ > t) < P(TLmi > t) + P(TLn,i < —t)

For the P(ry, ; < —t) part, we only need to replace t — ;. by t + pr, ir in (A.4), and the
same conclusion follows, Y " P(ry, ; < —t) < co. By Borel-Cantelli Lemma, we can draw
the conclusion.

L]

Lemma 6. (Ezistence of tests) There exist test functions ®,, subsets U,,0,, C O, and
constant K1, Ko, cq,co > 0 such that

(CL) E@o ®n — O;
(b) suppeyeno, Bo(l — @) < Kre™;
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(c) II(OF) < Koe™ ",

Proof. To verify the existence of tests, we define the sieve space of 3 as

0= {50 _sup [DB(5)l <% ol < p )
SER1UR 1
The construction of the test follows a similar idea as in Lemma 1 in [1]. For any € > 0,

denote
U ={B €Op,YE€O5: B~ Pbollap + |17 — Yoll2 > €}

Following the notations and new formulation of model (2.1) in (A.3) under the basis
decomposition, we create the test as follows. Denote 85 = (631, . .- ,OgyLn)T, 0, = (0;, N7
as the vector of parameters.

For any € > 0, to test the hypothesis

Ho - {B(s),7} = {bo(s), Y}, vs. Hi:{B(s),¥} €U’

=
., 2)°
where Y = (Y7,...,Y,)T € R". Let Z ~ N(0,1,) be a standard normal vector. As defined
in the main text above Assumption 3, W,, = (./\;ln, X) € R(nt1+9) " and 69 denotes the

true value of 8,,.

Let R, = (rp,1,--- ,ern)T € R” be the remainder term. Then under H,

Define test function

o, =1 {H (wgwn)‘l WTY — 69

<Y - an92,> =R’ + Zoy.
RN
Let H := (Wgwn) W
HY —6° = H <Y . Wneg,) T HW,0° — 6% = H (Y . ng,)
Denote the singular value decomposition of W,, as W,, = UAVT where UUT = I,,,

VVTY = 1I;,, Ais at most rank L,, and the smallest singular value is Ominn- L€t Ominn =

omin(W). For some positive constant ¢y, denote event

Y= [Umin,n > Cmin\/ﬁ]-
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Let x%(a,b) denote the non-central x? distribution with non-central parameter a and

degree b. Then under event X2,

o (Y- W 0°>H2—HH(R°+Z )
nYw 2_ () Oy

I

— (R + Zoy) ' UAUT (R + Zoy)

Ie, 0 ) (RS + Zoy)

0 On—Ln
Iy, 0

I 0
( (L)" 0 ) R?|| is the non-central parameter in the non-central x? distribu-
n—~Lg, 9

tion of order L,. Each element in RY is the residual term ry, ;.

min,n

< (R?L + Zay)T o2 (

> ( /UY + Z) ~ UYUm?n nX (Ln7un>

2

w, = L

Several results are available for the upper bound of noncentral y? tail probability, here

we use Theorem 7 in [101], when z > L,, + 2uy, 4, , for some constant c,
P {x*(Ln, un) — (Ly + u,) >z} < exp (—cz)

Hence if €2/(40%)0minn > Ln + 2Un oy,

2

2
B (0T (9} < F{ 00,2 s tn) > T =B {0l 0n) > {700}
O- b

Y
S €xXp {_C (40_2 Umin,n - Ln - u”ﬂ'Y) } .
Y

By Lemma 5, for sufficiently large n, |rp,:| < c¢o with probability 1. Note that L, +
Unoy < (1+3/0%) Ly, given Omin, > /Nemin > 0, for sufficiently large n, there exists
a constant ¢ > 0 such that €*/(40%)0%;,,, — Ln — Une, > ¢n. Hence by Assumption 3,
Eg, {®,1(X)} < exp{—c'n} and Eg,(®) = Eg, {PI(X)} + Eg, {PL1(X°)} < exp{—c'n} +
exp{—cn} <exp{—&n}, for n > 2log(2)/&, where & = min{¢, '} /2.

To find the upper bound of the Type II error, let 7, = [{B(s) — Bo(s)}*A(ds) — ||8(s) —

Bo(s)l13, and 71, = >°°, 6%, Then 7, — 0 as p — oo and 77, — 0 as n — co. Note that

/ {8(5) — fols) )2A(ds) = /S {Z(eﬁ,z—eﬂowz(s)} A(ds) = |85 — B0l + 71,

=1
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where 6,00 € R™". By [|6,, — 65,13 = 05 — OgolI3 + [|7 — Fol[3,

18(s) = Bo(s)ll2.p + I — Follz = 16w — Oull2 — 7 + 7z,

For a sufficiently large n and p, we have 7, < €2/16 and r;, < €?/16. Then ry, —r, < €*/8.
Thus, when [3(5) — Ao(s)3, + 15 — Foll3 > /2, 84 — 833 > 3¢5
Recall
U ={P €0p7 €058 = follp + 7 = Yolla > €}

Define the sieve space ©,, := ©,, X ©,.

sup Eg(1 —®,)I1(X) = sup P{HHY 0, HQ = %}

UcNo, UNB,

€
<u§2p ]P’{‘HHY Oull, — || _02’“2}§§}

0
< Zﬁgg ]P’{HHY Oully > —= + HO Bsz}

< sup P{|HY — 0], > 016},
UeNOy,

where ¢; = (\/3/8 — 1/2).
Lastly, by Lemma 4 in [43], for some constant ¢y, I1(0¢) < Khe=P'" < Kye=" with
Assumption 1(b) that p > O(n™®). O

A.1.4 Proof of Theorem 3

Proof. First we show that, conditioning on all other parameters, the joint posterior of
a(s) and [(s) can be factored into the marginal posteriors of «a(s) and f(s). Let D =
{Y,M, X, C}. For simplicity, we omit “(s)” in a(s) and 3(s) in the following derivation.

M(a, 3| D) = 12 g,(ﬁD);T(oz,ﬁ)
H(M Y | a3, X, C)r(a)n(f)n(X, C)
O I(Y | M, X, C)II(M | X,C)n(X, C)
(Y | M, , 3,X,C)II(M | a, 8, X, C)7(a)7(5)
(Y | M, X,C)II(M | X, C)
I(Y | M, 3, X,C)n(8) II(M | o, X, C)7(v)
(Y | M, X, C) (M | X, C)

= II(f | D)l(« | D)
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Now,

([l = aofollrp > € | D)

=IL(|[(8 — Bo)(a — ap) + ao(B — Bo) + Bola — ag)||1p > €| D)
<TL([(B = Bo)(a = ao)l|l1p + lao(B = Bo)llip + 1Bo(a — o) ll1p > €| D)
< IL([[(B = Bo)(a — ao)[l1p > € | D) + IL([| Bo(c — o)1, > € | D) +

|

I (lao(8 = Bo)ll1p > €| D) (A.5)

Given that both o and Sy are defined on a compact set S € R? (Definition 4), there exists
K > 0 such that [|ap|lec < K and ||5o||cc < K, by Theorem 1, 2, and the norm inequality
|- llip < - |l2,p, the last two terms in (A.5) goes to 0 in P( )ﬁ -probability as n — oo.

For any 6 > 0,

L[5 = Bo)(e — ao)ll1p > € | D)
<TIL([[8 = Boll2pllr = aoll2p > € | D)
<TH([8 = Bollzpllr = aollzp > €| D, fla = aollzp > ) I ([l = aollap > 6 [ D) +
(18 = Pollzpller = aollzp > € [ D, [or = aoll2p < ) I (Jor = |2 < 6 | D)
< (Jla = aoll2p > 6 [ D) +TI([|3 = Bollpd > € | D, [lor = |2 < 6)
= ([l = aoll2p > 6 [ D) + L[| = Foll2p0 > € | D).

As n — oo, I(|la—aglzp > 38| D) — 0 and (|3 — follapd > €| D) — 0 in P, -
probability, which implies that IL(||(8 — fo)(a — ap)|l1p, > €| D) = 0
[

A.1.5 Proof of Corollary 2

Proof. The proof of the sign consistency is similar to Theorem 3 in [43].
To show Corollary 2, for simplicity, denote £(s) := a(s)8(s) and Ey(s) := ap(s)Po(s), Vs €
S as the true function of the total effect. Since both a(s) and §(s) satisfy Definition 3, we

use the notations
Rl ={s €S sn{f(s)} =i}, fe {8} ie{-1,0,1},

and by Definition 3, R$,,RY, are open sets. Define RS = (R‘f N R’f) U (Rﬁ‘l N Rﬁ),
RE, = <’R‘jl N Rf) U (Rf‘ N R’fl>, RE =S — (RYURE,), RE, are open sets. To show R§
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has nonempty interior, if we denote A := .S — A as the complementary set of A in S, we only
need to show
(RFURT,) U (Rf U Rﬁl) C RE

where the LHS has nonempty interior by the Definition 3. R§ = R_f NRE,,

7 = (i) n (R0 =)

— (RFURY) U (Rf UR&) U (Rf URC“_1> U (R? uRﬁl)

Similarly we can show (m) U (Rf UR’ 1) C R_‘El, hence R§ has nonempty interior.
The parameter space of £, O satisfies Definition 3.

Now denote Sop = {s € S : &(s) =0}, Sy ={s€ S:&(s) >0}, S_={seS:&(s) <
0}. Notice that Riol C Sy, and §) C ’Rgo. The key difference is that Sp 1 are not necessarily
open sets.

For any A C S and any integer m > 1, let @, be the discrete measure that assigns 1/p

mass to each fixed design points in {s; }f define

=1’

1
Fm(A) = {5 € O¢: / 1E(s) — &o(s)]dQy(s) < —}
A m
Note that for any A C B C S, we have F,,(S) C F,,(B) C F.(A).

II(Fn(So) | D) > II(Fu(S) | D) — 1, as n — oo.

By the monotone continuity of probability measure,
[{E(s) =&(s) =0 | D} =11{&E(s) =0,s € Sg | D} = li_1>n I{Fn(So) | s} =1, as n — oc.

Now to show the consistency of the positive sign, for any small § > 0, denote S := {s €
S : & (s) > d}. Because & is a continuous function, its preimage £7!((d, 00)) supported on
R? is also an open set, 8 = R{ N E((4, 00)) hence is also an open set.

For any sy € 8, we can find a small open ball B(sg,71) = {s:||s — soll2 <7} C S9.
By the continuity of £ and &, for any large m, there exists ro > 0 such that ||s — so|l2 < 72
implies |E(s) — E(so)| < 1/m. Let r = min {ry,ry}.

For any open subset B in S, Definition 4(d) implies that for any large m, there exists N,
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such that for any n > N,,,

Vin
€~ £lQ,(ds) - / € — ElMds)| < 2,
B B
where we denote V,,, = M{B(sg,r)} — 0 as m — 0.
Hence for any small § > 0, notice that
/ Eo(s)A(ds) < —
B(so,r) m
- 6<>A<d>>1/ E(s)A(ds) —
— s)A(ds) > — o(s$)A(ds) — —
B(so,r) Vm B(so,r) m

1
= —/ ) >0 ——
sor m

1
= ds; € B(so,r), s.t. E(s1) > — -

1 1
= E(s))+—>5——,Vsp€ S
m m
Hence we have

1{Vsy € S2,E(s0) >0 | D} > {Vsg € S},E(s0) >6 | D}

2
= lim H{\V/SO ES+, 5(80) >6_E‘D}

m— 00

m— 00

> Jim TI {/B(W) () — E(s0)[Mds) < E‘D}

m—0o0

> i n{ [ B~ E(s0)ldy (o) s2pb =1,

The proof for the consistency of the negative sign is similar to the positive sign.

A.2 Example for Assumption 3

In this section, we give an example that demonstrates the generative model (2.2) satisfies

Assumption 3 under some stronger assumptions.

Assumption 7. When viewing the mediator model (2.2) as the true generative model of

W,,, assume

1. for any s € S, > Xiemi(s) = 0 and Y. Criemi(s) = 0, k = 1,...,q, with
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probability one;

2. for the chosen basis {i(s)},=,, the individual effects n;(s) can be viewed as one real-

ization of the random Gaussian process n; ~ GP(0,0,k), and can be decomposed as

ni(8) = >0 Oniathi(s) where 6, nd N(0,a2\);

Proposition 5. Under Assumption 7, the least singular value of W, satisfies

0 < Cmin < liminf o (W) /v/1

n—oo
with probability 1 — exp(—én) for some constant ¢, ¢y > 0.

Recall the notations in (A.3), W, = (M,,X) € R*Int1+9) and X; = (X;,CHT ¢
Ra+2,
The proof of Proposition 5 needs to show that the least singular value of W,,, denoted as

o—min(\fvn) satisfies that
P (O'min(wn) < C\/ﬁ ‘ X’ C> < 676%

Proof. Given (2.4) for M(As) and A(As;) = =, we can write

1
T
~ ~ q ~
M =00, X; + Z Oc k1 Cie + Opin + €iy
k=1

where &;; ~ N{0, (03,/p) >_%_, ¥i(s;)*}, and each Oas = (o, V), Oe s = (Co, ). Hence we

can write

M, = X0, +Op

904,17 cee aeoc,Ln

Ocin,. .01, 5
Here, 0,; = < ¢ € RletD)xLn (®g)ii = (i, Yu)p + Eig, -

9@1,1, e ’QCan

By Assumption 2(c) and Assumption 7.1, we have that @ X = 0. Denote A,, = XX,
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then

~ T ~ ~ T ~
wiw, — [ MaMa M. X
XTM, XTX
~ T - - T _
- (X0M+@E) (X0M+®E> <X0M+®E) X
XT <X0M T @E) XTX
[ 65,6, +O%0, OTA,
B A0y A, '
Furthermore,
-1 0le,) " —(@TO®,) T
SR B S A
—60, (0%05) " A;'+6) (0%05) 6]

~ ~ -1 _
This implies that the Schur complement of A,, in (Wan> is (056rF) ' Denote |-l

- o\
as the operator norm. Notice that m = W] = H <W2Wn> H By Lemma 7,

Omin (OF) has a lower bound ¢y/n with probability 1 — e=°™.

2 2

H (Wiw.) || <|(©ken) | +2[(©Fen) 6L + [ A +6x (0F0r) 6],
1 2\ 2 1112
< gy (1 10wl + 47

Note that Y%, 62, < oo and Y35, 62 ; < 0o,k = 1,..,q, hence ||y is bounded by a

a,l

constant. With Assumption 2.(a), omin(A,) > n. Hence with probability 1 — e=¢",

1 <C 1 n 1 < C’
ot (Wn> T O (®)  n? T on?
Hence o, (Wn) > cy/n with probability 1 — e, O

Lemma 7. Under model (2.2),
M, =X0, + Op

Then under assumptions 1-7, the smallest singular value oy, (@) satisfies that, for some
C1,Co > 0,

P {Umin (@E) < Cl\/ﬁ’X,C} < e 2n (A6)
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Proof. To show (A.6), we can write
®p=0,+05+R,

To unpack each matrix, we give the (i,0)th element in each matrix: <é">'z =
Jsmi(s A(ds), ((:)E> ~ N(0,0%; [su(s)?A(ds)). Note that we view 7;(s) as inde-

pendent copies of Gaussian processes, and by Assumption 7(b), ((:)n> ~ N(0, /\lag).
il
The remainder term R, is the approximation error between the continuous integrals

and their fixed grid approximation. Denote the fixed grid approximations as (@7’;)“ =

;1, 5 L mi(85)%(s5), (G*E)i,l ~ N(Oa% ?:1 Vi (s;)), and R, = {92 - (:)n} + {QE - éE}a
and | (R,),,| < Kp~%4 almost surely for all i, 1,

We need to show

(1) Omin <(:) E) has a lower bound c/n with probability 1 — e,

(i) Omin (éE + C:)T,) has a lower bound c¢y/n with probability 1 — e=%".
(iii) Adding the error term R, does not change this lower bound.

To show (i), let Z be an L, X n dimensional random matrix where the entries are i.i.d

standard normal variables. Then by Theorem 1 in [73],

P {Umin (Z) <e <\/_— m)} < (Ceylrtl 4 gmen

Because we have L,, = o(n) (Assumption 7.3), hence we use a relaxed lower bound, for some
co, ¢y > 0,

P (Umin (Z) < CO\/ﬁ) < 6_c6n.

Because 1, forms an orthonormal basis, [s¥7(s)A(ds) = 1, Op=0ouZ.
To show (ii), note ©,, = o,AZ. Ais the diagonal matrix with element );. ©,+0y = DpZ
where Dp is a diagonal matrix with /th element |/02); + 03, For any z € R",

Suin (D7) = min 27Dy = min V22t o i 127y min DRl
min E — 2 — 2 = 2 2
lzll2=1 E lzla=1 || DEzl| Il lzlo=1 "~

= Omin (Z) Omin (DE)

Hence oyin (én + éE> = Omin (DEZ) 2 0win(Z) Omin (DE) = /021, + 0% Ominn (Z).

Since A\;, — 0 as n — oo, 03, is the leading term.
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To show (iii), by Weyl’s inequality, omin (én +Op+ Rp> > Omin <(:)77 + (:)E) —
Omax (Rp). Since we have max;; | (R,)| < Kp=%/¢ by Assumption 1 and 7, omax (R,)
K\ x Lyp 24 < n™2 2" - 0 as n — oo (Assumption 1).

VA

A.3 Sensitivity Analysis in Data Application

In this section, we provide details on data preprocessing and selecting the kernel parameters
and the prior parameter A in both models (2.1) and (2.2).

To get an appropriate kernel for the real data, we choose the Matérn kernel parameters
based on the smoothness of the image mediators. The input images are standardized across
subject. To get parameters in the Matérn kernel function as defined in (2.9), we tune (p, u) on
a grid in the following way: First, the empirical sample correlations of the image predictors
are computed, then the parameters (p, u) are obtained using grid search so that the estimated
correlation from the kernel function can best align with the empirical correlation computed
from the image mediators. The kernel parameters are chosen region-by-region. We refer to

this set of kernel parameters as the optimal kernel.

Table A.1: Predictive MSE for different kernels

Optimal Kernel 90% of p u=1,p=15 u=102,p=80 110% of p
Test MSE  0.515 0.516 0.547 0.539 0.507

To test and compare the performances of different kernels, we split the data into 50%
as training data and 50% as testing data. Because the performance of different kernels can
be directly compared through testing MSE using the outcome model (2.1) , we conduct a
sensitivity analysis using model (2.1) to select an appropriate set of kernel parameters. The
optimal kernel is obtained in the aforementioned way. To test the sensitivity of the kernel,
we fix u to be the same as the optimal u, but change p to be 90% and 110% of the optimal
p. Another 2 kernels where u, p are constant across different regions are also included in the
comparison. The comparison result is in Table A.1. Based on Table A.1, the case 110% of
the optimal p seems to give a slightly better prediction performance, hence we choose this
kernel for model (2.1). The kernel in model (2.2) remains to be the optimal kernel we choose.

We use the same 2-fold cross validation method to select an appropriate value of v in
the prior of §(s). Based on Table A.2, if we select a very small v = 0.01, there is severe
overfitting issue; if v gets too large, the testing accuracy also decreases. Hence based on this

2-fold testing result, v = 0.05 appears to be the most appropriate thresholding parameter.
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v 0.01 0.05 0.07 0.1

Training MSE  0.0003 0.3621 0.4043 0.4693
Test MSE 1.8444 0.5079 0.5120 0.5254

Table A.2: Training and test MSE for model (2.1) under different prior thresholding param-
eter v for the coefficient ((s).

The running time for fitting model (2.1) based on 50% of the data is only within 1 hour, so

this testing procedure under the current data scale is not very computationally expansive.

Value of v 0.05 0.08 0.1 0.5
Averaged test MSE  1.008132 1.008075 1.007796 1.007751
Value of v 1 1.5 1.7 2.0

Averaged test MSE 1.007740 1.007611 1.007532 1.007711

Table A.3: Averaged testing MSE over all voxels under different value of v for model (2.2).

A similar sensitivity analysis is conducted for model (2.2) to select v in the prior of a(s).
Estimating the individual effect {n;(s)}X, can be very time-consuming, hence the individual
effects are set to 0 only for the sensitivity analysis. From table A.3, the difference in the
testing MSE among different values of v is very small. Hence we choose v = 0.1 conservatively

to be able to include more activation voxels without compromising the predictive ability.

A.4 Discussion on MALA initial values

As discussed in section 4.3 in the main text, we can use Gibbs sampler to fit the outcome
and mediator model first, and then use the posterior mean of 5 and « as the initial value for
MALA algorithm. In the real data analysis, for the mediator model (2.2), we directly use
the posterior mean of 8, as the initial value for 8, in the MALA algorithm. For the outcome
model (2.1), we use the Lasso regression to estimate 3 first, then add v to locations where
B(s) > 0, and subtract v from B(s) when B(s) < 0, to get a hard-threholded version of the
latent GP B . The last step is to use basis on B to get the initial values for 85 in MALA.
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APPENDIX B

Chapter 3: Appendix

B.1 Posterior Derivation

For the fully conjugate posterior derivations, the hierarchical model of applying the sparse-

mean prior on the scalar-on-image regression can be written as
- id
Y, = ZB(S])Mz(SJ) + ’YTXz +¢€ € 11\1 N(O Uy) Oy ~ C+(1)

ind
B(s;) ~ N(T, (), 05), o5~ C*H(1)
,LL] | 'u’[_ﬂ] ~ N(ﬁN(])an)v Tij == O'i/wj—l-a O'Z ~ C+(1)

v ~N(0,021,), oy~ C*(1)

Based on this hierarchical model, we can derive the posterior distributions of each parameter.
Note that the posterior for most the parameters are straight forward, except for p;, which
involves the soft-thresholding operator 7). The posterior of y; can be expressed in terms of

mixture of truncated normal distributions with 3 component.

B.1.1 Proof of Proposition 2

Proof. The posterior of p; can be expressed as

1

(Bls) = Tolp))” = 5 (1 = vy (B.1)

+ P Ny (v Vo) + Py Ncoo,—u (15, V)

IOgW(Mj ’ Bvlu[—j]ao-,uaaﬁ) 2 ;23
Ty | -..) = P Ny yooy (17, V5)
where N, 4 (p, 0%) is notation for the truncated normal distribution supported on [a, b] with

mean j and variance 2. The middle component is just the truncated normal on [—v, v] with
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the prior mean iy ;) and variance V = “;J—E* For the other two component,

-1
1w 1 Wi+ -
V, = <—2+i> : ujz‘/j{p(ﬁ(%)ﬂwaﬂMn}v

2
93 O B I

1 .
py =Vj {—2 (B(sj) —v) + %ﬁwg)}

93 H

The density of this 3 component mixture can be expressed as

1 o

s o) = g Z L+ B+ 2 1)
where Z,Z9,Z7,Z; represent different normalizing constant, and f, f), f
represent  the  density  functions of 3  truncated normal  distributions
N[V7+Oo)(uj, Vi) Nicww) (B, Vo)s N(—oo, -1 (15, Vj) Tespectively. Hence the mixing probabili-

ties can be represented as

7+ 70 7"
Tz Yz

Now denote f,,x € {—,0,+} as the RHS in (B.1) supported on z €

(—o0, —v), [—v, V], (v, +00) respectively.

log(Z}) =log f{ —log f{", € (v, +00)
wij

1 2 + _ 2
- 20% (5(5]) +v H’]) 202 (“J MN(]))

_{mgﬁ—%‘/j(urﬁ)z—log <1_@<%)>}
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log(ZJQ) = log f;’ — log f]Q, x € [—v, +V]
1

_ = W2 Wit )2
20_?} (5(3])) 20,2 (,u] IUN(J))

1 1 _ 9 v _,[L./\/'(‘)
~{ow iz g (o) o (1 (2
log(Z;) = log fj_ —log f;, x € (~00,—V)

1 2 Wiy _ 2
=302 (B(sj) = pj —v)" = 202 (1 — Bin)
1 1 \2 vV —
—<lo ——(pj—p;) —log|1—d | —=
e e (12 (7))
Hence the entire density function is complete. O]

B.1.2 Variational inference: (QQ-densities for scalar-on-image re-

gression

In the following derivation, we denote the vector Y € R" | matrix M € R"P, X € R™ to

denote the outcome and design matrices.

B.1.2.1 Q-density for § using SVD

First, we use Singular Value Decomposition (SVD) on M and re-express the scalar-on-image
regression model as follows.

Let the compact SVD of M € R™P be M = UDVT where U € R™", VT € R™P_ and
UTU=UU" =1,, VIV =1, Let 3=8—-T, (), Y =Y — MT, (1) — Xy = MJ +e.

Now apply the rotation matrix U on both sides, Y* = UTY = DVTS + €. The g-density

for 3 is now a normal density with mean and variance

-1
_ 1 1

Var, (8| ~) = (Eq (2) I, +E, (U—2> VDTDVT> ,
8 Y

B3] ~) = Var, (3] ) (B, (7 ) vD'T*).

Y
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Note that E,(3] ~) can be further simplified,

_ 1 -1
E,(B| ~)=VD <—2[n + DQ) Y™
T

where 7% =

. Then Ey(5] ~) = Eq(8] ~) + T, (n).

The g-density for o3 is as follows. Note that we use the hierarchical expression to sample
half-Cauchy prior o3 ~ C*(1): 03 ~ IG(3, i), ag ~ IG(3,1).

1 2 D 1 11
og (03] ~) o — 52 D (3(s) ~ o))" = Slos(e) — (5 +1) s~ -
j=1

Hence the g-density for o3 follows IG (’%1, 3 > By (B(s)) — T, (1)) + é) Note that
E, |8 — T, (w3 = Te(Var(B)) + ||E,(8) — T, (1)||3, and the marginal variance Var,(3(s;)) =
-1
B (3F) S M + 24 ()]
The g-density for ag is IG (1, 1+E {%})
B

B.1.2.2 Q-density for ~

The g-density of v follows the multivariate normal distribution with mean and variance

1 1 -
Varq(”)/\ N) = {]Eq (0'_2> XTX + ]qu (;Iq>}
Y v

B3| ~) = Var,(] ~) {E () X -1 XZ-}

Y i

To speed up the computation, we use eigen-decomposition X7 X = QAxQ7, and the variance

update can be written as

-1
Var, (7| ~) = Qdiag {Eq (%) Ax + E, (%)} o,
o3 o2

Similarly, the g-density for o2 follows IG (%1, SEqllv3 + Eq (%))
The g-density for a, is IG (1, 1+ E {0—12}>



B.1.2.3 Q-density for oy

n+11 1
af,rquG( 5 7§Eq||Y—M5—X7||2+Eq<E))

1
ay ’gJ IG (1,1+Eq (0_—2))
Y

B.1.2.4 ELBO derivation

ELBO =E, {logn(Y | M, X, 8,7,0%,02,0%)}

— E, {log ¢(8) +log q(v) + log q(c3) + log q(02) + log g(03) }
=E, {log7(Y| ~)}

+ Eq {logm(B] ~) —logq(8)} + Eq {log m(p)| ~) — log q(m(n))}

+E, {log m(0j| ~) —logq(05)} + E, {log m(ag| ~) —logg(ag)}

+E, {log7(y| ~) —logq(y)} + E, {log m(aZ| ~) —logq(o3)}

+ Eq {log m(a,| ~) —logq(a,)}

+E, {logm(ay| ~) —logg(oy)} + E, {logm(ay| ~) —logg(ay)}

In the implementation, we separately compute each part of the ELBO and add them together.

ELBOogr, =E, {log (Y | M, X, 8,7,05,02,0%)}

'y?
n 1 1 1
=5Eq (g) — 58 (g) E, Y — MB — Xll3
Here, denote E,SSE = E,||Y — M3 — X913,
E,SSE = [|Y — ME,8 — XE. |5 + tr {M"MVar, (8)} + tr { X" X Var, (7)} .

With the eigen decomposition on X7 X,

tr { X" X Var, ()} = tr {Axdiag {Eq (%) ety (Ui%) }1}
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B.2 Additional Simulation Results

In the first simulation A1, we provide a low dimensional comparison on the Sonl regression
between three different implementation of the ST-CAR model, the Gibbs sampler, the CAVI
algorithm, and the SSVI algorithm.

In the second simulation A2, we provide the additional to results to the simulation II

IonS with a further comparison between CAVI and SSVI in high-dimensional settings.

B.2.1 Simulation Al: Low dimensional comparison (Sonl)

We compare the proposed Gibbs, CAVI, SSVI with ST-CAR prior to the classical penalized
regression method glmnet, and a Bayesian method where [ is assigned a Soft-thresholded
Gaussian Process prior [43] implemented in the BIMA package.

The Frequentist penalized regression is implemented using R package glmnet[26] with
lasso penalty (a = 1), using 10-fold cross-validation.

The BIMA method requires a pre-specified kernel function, and the posterior sampling
algorithm is Metropolis-adjusted Langevin algorithm (MALA). In this simulation we sue the

exponential square kernel
’%(57 3/; a, b) = COI‘{B(S), B(sl)} = eXp{_CL(S2 + 8/2> o b<8 - SI>2}

where a = 0.01,b = 10, and used L = 66 basis functions.

For the four Bayesian methods (Gibbs, CAVI, SSVI, BIMA), we set the thresholding pa-
rameter v = 0.1. To evaluate the variable selection accuracy, for the variational inference
ST-CAR methods (CAVI, SSVI), we use the mixing probabilities shown in 3.2 to define the
posterior inclusion probability (PIP)

PIP(B(sj) =1- P}

where both CAVI and SSVI can trace the mixing probability P]Q. We use the converged value
at the last iteration of P]Q in CAVI to compute PIP. Since SSVI is a stochastic method, we use
the averaged P]Q over the last 2000 iterations to compute its PIP. For the MCMC methods
(Gibbs,BIMA), we directly use the posterior sample of T, (y;) (for Gibbs) or 3(s;) (for BIMA)
being nonzero over the last 20% of iterations as the posterior inclusion probability. For the
final selection reported in Table B.1, we use the true generating image 3, and set a threshold
t on PIP: if PIP(B(s;)) <t, B(s;) =0, otherwise 3(s;) equals the posterior sample mean or

the variational mean. By tuning ¢, we can control the FDR to be below 10%.
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Figure B.1: Illustration of estimated [ under 2 different cases.

Simulation I provides a relatively low-dimensional small-scale example, where n =
200,p = 400. We simulate two testing image cases for £ in (3.3), as shown in Fig B.la-
B.1b. In case 1, the true image intensity has a smooth transition from 1 to 0, and the voxels
around the edge of the signal tend to have low signal-to-noise ratio, but the signal region is
a smooth round shape that can be easily estimated by smooth Gaussian process. In case 2,
the true image of J is a sharp triangular shape, but the edge voxels of the signal has a sharp
contrast to 0, with higher signal to noise ratio compared to case 1.

Table B.1 provides the simulation results of the posterior mean estimates of 5, with mean
and standard deviation computed across 100 replications. SSVI has the best time efficiency

across 4 Bayesian methods.

B.2.2 Simulation A2: High-dimensional Comparison between
CAVI and SSVI (IonS)

In the second simulation A2, we provide the additional to results to the simulation II IonS
with a further comparison between CAVI and SSVI in high-dimensional settings. Table B.2
provides the additional result on the performance of CAVI compared to SSVI.
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Table B.1: Simulation results based on 100 replications, with standard deviation in the
bracket. All values are timed by 100 except for time (in seconds). FDR (false discovery rate)
is the proportion of times that zero coefficients are identified as nonzero among all identified
nonzero coefficients. Power is the proportion of times that nonzero coefficients are identified
as nonzero among all nonzero coefficients. Accuracy is the proportion of times the prediction
is correct. RMSE is the root mean square error over all voxels.

Casel Gibbs CAVI SSVI BIMA glmnet
FDR 54 (3) 7.8(2) 78(2) 135(1) 3.0(3)
Power 80.0 (7) 944 (3) 84.9(4) 100.0 (0) 24.1(7)
Accuracy 92.6 (2) 959 (1) 933 (1) 95.3(0) 77.0(2)
RMSE 9.1(2) 54 (1) 11.0 (1) 0.5 (0) 19.7 (3)
time 97.7 (5) 43.2 (10) 12.7 (0) 294 (1) 1.2 (0)
(a) Case 1
Case2 Gibbs CAVI SSVI BIMA glmnet
FDR 0 (3) 3.7 (0) 20(2) 16.6(3) 0.0(0)
Power 100 0 (0) 100.0 (0) 97.0 (2) 100.0 (0) 94.7 (4)
Accuracy 98 8 (0) 99.5 (0) 99.3 (0) 97.4 (1) 99.3 (1)
RMSE 2 (1) 1.9 (0) 7.3 (1) 2.2(0) 1.8 (1)
time 101 4(11) 159 (5) 129 (1) 21.7(1) 1.2 (0)
(b) Case 2

B.3 Additional Real Data result

Table B.3 provides additional sensitivity analysis results on Sonl when the bandwidth is 26.
Table B.4 provides additional sensitivity analysis results on IonS when the bandwidth is 9

and the decay rate parameter 7 is 0.35.
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Table B.2: Additional Simulation results to Simulation II. Comparison between CAVI and
SSVI for ST-CAR prior, based on 100 replications.

FDR TPR ACC
Case SSVI CAVI | SSVI CAVI | SSVI CAVI
Case 1. n = 600, p = 1600,0%, =5 5.8 6.89 | 9541 95.15 | 97.86 96.94
Case 2. n = 600,p = 900,03, =5 495 6.23 | 84.34 84.05 | 96.27 95.32
Case 3. n = 1000, p = 1600,0%3, =5 | 7.1 7.91 98.38 98.31 | 98.13 97.32
Case 4. n = 600, p = 1600,02, = 10 | 5.07 5.64 85.31 84.79 | 96.06 95.85
Case 5. n = 600,p = 6400,02, =5 | 597 11.72 | 93.64 94.18 | 97.35 91.3
Case 6. n = 600, p = 6400,02, =20 | 593 857 | 81.83 83.58 | 95.06 91.73

RMSE Total time | Number of iteratios

(seconds) per second

Case SSVI CAVI | SSVI CAVI | SSVI CAVI
Case 1. n =600, p = 1600,0%, =5 7.86 9.13 73.7 2393 | 1375 41.3
Case 2. n = 600,p = 900,02, =5 7.88  9.17 55 155.8 | 186 63.8
Case 3. n = 1000,p = 1600,0%, =5 | 6.44  7.11 117.3 429.8 | 88.9 23.1
Case 4. n = 600, p = 1600,02, = 10 | 10.32 12.7 | 82.9 2554 | 122.7 39.2
Case 5. n = 600,p = 6400,02, =5 | 852 8.99 409.2 1282.8 | 24.7 6.7
Case 6. n = 600, p = 6400,02, = 20 | 13.84 13.72 | 596.7 2641.5 | 17 3.4

Table B.3: Additional sensitivity analysis for Sonl when the bandwidth is 26, on three
parameters: (i) the initial value of ¢3, (ii) the thresholding parameter v in ST-CAR prior,

(iii) the decay rate  in the decay rate function for o3 where (03)®" = a(b+ )77

0'?3 5x107% 1x10™® 5x107° 1x107* 1x10™® 1x10™® 1x107° 1x107° 1x107°
v 0.007 0.007 0.007 0.007 0.005 0.01 0.012 0.007 0.007

¥ 0.35 0.35 0.35 0.35 0.35 0.35 0.35 0.25 0.45
test pMSE  0.54 0.51 0.56 0.64 0.52 0.52 0.51 0.52 0.51
train pMSE  0.29 0.37 0.31 0.22 0.33 0.4 0.41 0.36 0.37

Table B.4: Additional sensitivity analysis for IonS when the bandwidth is 9, v = 0.35 in
the decay rate function, on two parameters: (i) the initial value of ag, (ii) the thresholding

parameter v

in ST-CAR prior

o2 1

«

A 0.01
total test pMSE  47362.8 47351.85 47356.9 47354.97 47353.58

0.1
0.01

0.01 0.1
0.01 0.005

0.1

0.05
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APPENDIX C

Chapter 4: Appendix

C.1 Proof of Proposition 3

Proof. Denote 0 = («, 5,&,(,n,v,0n5,0y) as the collection of all parameters. First of all,
based on model (4.1) and the fact that for the intensity measure of M;(As;) over a small
voxel partition As; follows Gaussian distribution M;(As;) = E{M;(s;)} AM(As;) +enri(As;),
the mean and variance function of M;(As;) can be uniquely identified, hence oy and the
mean function E{M;(s;) | 8, X;,C;} are both uniquely identifiable. We denote the mean
function E {M;(s;) | 0, X;, C;} as

q
Aijlas&m) = Xoa(s;) + > Cinbils;) + mils))
k=1

Similarly, oy is also uniquely identifiable. In the derivation below, for simplicity we denote
q p
Bi(v,Cvomi) = Xy + Z CiCr + Z v(s;)mi(s;)MAs;)
k=1 =1

Let M; = {M;(As;)}_,. Conditional on the covariates X;, C;, the joint distribution of

Y;, M, can be expressed as

p
™ (Kle ‘ Xiﬂ {Cl}zlzl 76) =7 (YvZ ‘ MiaXi? {Ci}zlzlv Hﬂ- AS] | Xl? {C }k 1> )
7j=1

2
1 1 P
— 2ﬂa§_ exp —R <Y2 — ;Mi(Asj)ﬁ(sj) — Bi(v,¢, v, 771)>
- 1
<Al ( 2mo} )\(AS‘)> " eXP{ Z A As] Mi(As;) = iJ(O‘af?ﬁi))Z}
M J
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Suppose that Y; takes value y; and M;(As;) takes value m;; in the joint density function,
note that y; and m;; can be any real values. We can write the log joint density function

over the i¢-th individual ¢ = 1,...,n as

n

> {rog s, fmighy | Xi{Cuadiy 0)]
L (S s - LB
> 2077 T 20y \ T ) T gy e e
(Zmuﬁ s;)

LQ (’7 C v, 771 yi + (Zngﬁ Sj ) Bi(’%C?V’ nZ)
Oy

p
P 2
- (mig)” — 55 A7 (e, &m) FICRIYD)
202, s ! o3 “
This is a polynomial of y;,m;1,...,m;,, and we only need to match the coefficients of the

first-order, second-order, and interaction terms to identify the unique coefficients. Hence o
can be uniquely determined by the quadratic term Y | 47, similarly {3 (Sj)}§=1 uniquely

determined by the interaction terms {> ", vim; ;}°_,, and B;(7, ¢, v, n;) uniquely determined

Jj=1
by the first-order term y;. Given that {3(s;)},_, and o2 are uniquely identifiable, we can
also uniquely determine o3, from the coefficient of > 7" | p 1m2 Given the identified

{B(s))Y_ys 0% and o3;, A; (o, & m;) is also identified from the coefficient of the first-order
M ;-
Now we have shown the identifiability of of, 0%, {8(s;)}" Py A, (o, €, m;) and
Bi(7, ¢, v, mi)-

Next, we need to show that the rest of the parameters («, &, (,n,v) can also be uniquely
identified from A, ;(«, &, n;) and B;(7, (, v, n;). Given Assumption 4.1-2, the identifiability of
a,&,nin A; (o, €, n;) directly follows from Proposition 1 in [97].

To show the identifiability of ~,{,v in B;(v,(, v, n;), note that given B;(v,(,v,n;) and
n; are identifiable for ¢ = 1,...,n, comparing B;(v/,(’,v',n;) = Bi(v, (v, mi),i = 1,...,n
to reach the identifiability of v, (, v is equivalent to solving a linear system (given that the
design matrix is full rank, Assumption 4.3 ) with n equations and p + 1+ ¢ variables. Hence
under assumption (ii) where nu is sparse, v € ©5F when n is large enough, the number of
nonzero elements in v will be smaller than n — ¢ — 1, hence ~, (, v are all identifiable.

Under assumption (i), v is spatially-correlated and can be decomposed using L number
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of basis. Let v(s) = S, 8,,11(s), and

L

/ v(s)mi(s)\(ds) Zewwl $)1i(5)Mds) = YO0y
S =1 =1

Hence

q L
Bl(’y’ Ca v, 777,) = XZ,Y + Z CZJCC]C + Z 0'/7[0771'71
k=1 =1

Based on Assumption 4.3, with the design matrix B = (X,Cy,...,Cy,0,1,...,0, 1) €
R (+L+a0) - And Bi(v, ¢, v,m) — Bi(y/, ¢,/ m;)) =0 for i = 1,...,n can be written as

B- {(77 Cveu,b s aeu,L)T - (’7/74479:/71’ s 79;/,L)T} =0

By Assumption 4.3, det(B) > 0, hence (v,(,0,1,...,0,1) = (7 ¢, yl?"'vely,L)7 there-
fore v,(,v are also identifiable. Similarly, if v € ©5F  the design matrix becomes
{X,Cy,....Co {n(sk)}, s, } € R*(m+1+9) where S,, = {s:v(s) # 0}, and is also full
rank by Assumption 4. m

C.2 Proof of Proposition 4

Proof. Throughout this proof, we use the notation o,(1) as follows: if X,, = 0,(1), X,, = 0
as n — 0.
Using the decomposition on B(s) = Y./, 0g,0u(s), My = [; M JA(ds), the full

outcome model can be decomposed as
Y, = ZQBlel+7X +2Ck zk+2ﬁz sj)v(s;) + €v,i

where ey; 5 N(0,02).
With the prior specification 03 N (0, ag,)\l), denote diagonal matrix D € RY*% where
- - - AT
(D) = NI(l=1). Denote M; = (Mi,b . Mi,L> € RY. The posterior mean of 05 is

-1
1 1 e ~ ~
Var {f5] ~} = (;D-l + 5 ZMZ-MF)

B 9y 5

E {65] ~} = Var{emfv}{ Z(Y VX ch Zk—zw )}
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To simplify these two bias expressions, we denote M € R™*L with each row being ]\ZZT .
Let A:= MTM € RIXE,

Denote the point estimator ég = E {63| ~} for the posterior mean under full model (4.4).
Denote 6° as the true parameters. Conditional on the estimator 7 and 7, the bias of ég can

be written as
bias(95) = E (0F — 03)
= Evjpxom (ég ) -0

1 < - T
= Var {65] ~} — >~ {(69)" 3 + (+°) "0 — () s } 0L — 05

Y =1

Similarly, if we denote the point estimator using BIMA model as 65,

. 1 <& - -
bias(95) = Var (5] ~} — > { (69)" 3 + () "0} 51, — 63
Ty =1
Recall the notation M € R™% and A := MTM € RYE, we can simplify bias(ég). By
the singular value assumption of A in Proposition 4, with probability 1 — exp {—con}, A is
full rank. Conditioning on the event that A is full rank hence invertible, denote ° € R™*?
with the i-th row being 7.

- ~1
A 2 AT
bias(0f) = | 2D~ + A [A62+ (1) (nO)Tuo] — 69
L8
- -1
2
O-Y — —
= O_—I%D IA ! + ]L

—
*
~

[eg At (1) ()" VO] 9
(

&) [[L_ (TQDAJF]L)_I} {QngA‘l ~>T (nO)Tuo} — 03

A (30) )" (o ) [ - (1) )"

Note that (x) uses the Identity (I + A)™ =T — A + A =1 — (A7 +1)7!, and the
notation 772 = Z—%

5
Proof of Part (i)

Now we can see that if (n°)" ° = 0, i.e. when the unmeasured confounder effect does
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not exist, the bias of ég becomes
bias(6%) = — (r?DA+ 1) 6

The range of bias(ég ) is controlled by the smallest and largest eigen-values of (T2 DA+ 1)~
scaled up to a rotation of 92. Note that oupin(D)omin(A) < omin(DA) < opax(DA) <
Omax(D)Omax(A). With the assumption Az > cyn 't use h 2> ¢ to denote the inequality
h > cyg up to a positive constant ¢, that does not contain any rate of n. We can see that
Omin(D)omin(A) 2 n® — 0o asn — 00, and Opax(D)omax(A) < n — oo, hence bias(ég) -0
as n — 0o.

Proof of Part (ii)

Similarly, when (n°)" 10 £ 0,

coo(OBY _ =271 -1 T0T0_2 -1 50
bias(05) = [ D" + A] <M> (n°) V° = (FP’DA+ 1) 03

bias(ég) = [r7°D7" + A] - (M)T {(nO)T O — ()" 19} — (r°DA + IL)_l 05

As we've shown that (72DA + IL)_lﬁg = 0,(1), we focus on the first term in both bias
expressions.

For the image mediator M;, the mediator model (4.1) assumes that M,(s;) = E{M;(s;)}+
omZ; j, where Z; ; are the independent standard normal variables. Under the orthonormal
decomposition, Miﬂl = p;; + opZi; where the Z;; are still independent standard normal
under orthonormal transformation, and f;; is a constant mean term that determines mean

structure of Mi,l. Hence we can write M = -+ oy € R,
—21-1 AN N _
[7’ D™+ A] M (77 ) v =

{% 72D (et ouZ)” (ot onZ)] }_1 {% oty (o). UO}

The denominator can be broken down into 4 parts,

|:T_2D_1 + (p+ouZ)" (1 + o—MZ)]

ot AN T TN TN T g

1
n
1
n

The first term 1772D~! = 0,(1) since 1/n/A, Sn~™ — 0.

By Assumption 5, the second term has a constant limit, where p;; =
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Js {Ei(s)dn(s)} A(ds). We denote H = limy oo = >or ) pipt; € RE*E where the (1,1)-th
element in H is H;y, a finite constant introduced in Assumption 5.

The third term has the limit UTIQVI S ZiZt % 02,11, due to the i.i.d. normality of Z.
The last term is also 0,(1), because the (I,l')-th term is a normal variable with mean 0
and variance 23 Y7, (43, +piy) for I # U, and 5300 2, for | = I'. Because (H),; =
limy, oo = >y (13)) is & constant, (H)y/n — 0.

Hence the denominator is equivalent to o,(1) + H + 3,1

To analyze the numerator and simplify the notations, we use U" := (nO)T e R,

similarly, U := ()"  to denote the unmeasured confounder term. The numerator can be

expressed as

L
1

n

ouZ)" (n°) " 00 = ln i omZ; Q)
(n+ouZ) (n°) (n;{ﬂ,l-ir mZia} U _

Note that 2 3" Z;,,U? 5 0 for all I since >1 (U)? /n is finite (assumption made in
part (ii) of Proposition 4).

With the Assumption 5 that h° = lim,,_,« Z?:l w;U? is a finite vector in R, we can draw
the conclusion that bias(é]g) B (H 4 03,I1)'hO.

Similarly, if we define h = lim, o0 >, pt:U;, the bias of 65 under the joint model (4.4)
becomes bias(ég) B (H 4 03,1)7! (ho — iz)
O

C.3 Two-stage Algorithm: update of v in the outcome

model

Let n € RP*™ be the estimator of i obtained using the mediator model. We present details
for updating v and ¢, in Algorithm 1. Updating v requires fast linear regression using SVD
on 7, which can be split into two cases, one with the nonzero element in v greater than n,

and the other smaller than n.

C.4 Additional Simulation and Real Data Analysis Re-

sults

Below is a visualization of the MSE and bias of 3(s) over 100 replications, under all six

simulation cases.
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Algorithm 1. Two-stage Algorithm

1: for Iterations t =1,2,... do

2: update 03 according to the posterior derivations.
3: Section 1: Update v using SVD on the design matrix.
4: Let 61 = {s;j : v(s;) # 0} and &y = {s; : v(s;) = 0}. Let |§;| be the length of ¢;, and
|00] be the length of dy.
5: Denote n{ = (ﬁT)[:,j],jeél € R™%l and do an SVD on #)f = UDV'™.
6: Let Y, =Y — 79X — CT¢ — M3 € R" be the residual without the v term, and
let Y =UTY,.
7 if |6;| > n then
8: Let 72 = 02/0%.
9: Sample oy ~ Nig,((0,021}5,), and sample as ~ N, (0, 03 1,).
10: Set v* = a1 + T2VD(1 + D)"Y Y — DVTay — av).
11: Set v jes, = V.
12: else
13: Sample v* ~ N5, |(E4, V1), where
Vi=(0y2D* +0,%Ls,)) ", Ei=Vi(0y2DY}).
14: Set v jes, = V™.
15: end if
16:  Sample 1% ~ N5 (0, 02L5,), and let v} jes, = 1°.
17: Save v as the t-th sample v®).
18: Section 2: Update ¢, sequentially.
19: Let ps be the hyper-parameter for the Bernoulli prior on J,. Here we set ps = 0.5.
Compute the residual vector as R=7Y, —nT(v*4,) € R,
20: for location j =1,...,p do
21: if 0,; = 1 then
22: Ry =R,
23: Ry=R+ (ﬁT)j * V)
24: else
25: Ry =R-— (ﬁT)j * U,
26: Ry = R;
27: end if
28: logly = —0.5/0% x || Ry|3, logly = —0.5/0% * || Ry ||3.
29: P = explogllfloglo’
30: p1=p1*ps/(1 = ps),
31: po=1/(p1+1), p1 =1—py.
32: Sample U; ~ Unif[0,1], 6, = 1 if U; < p; and set R = Ry, otherwise 6, = 0, R =
Ro.
33: end for
34: Save 9, as the t-th sample 5.
35: Update the rest of parameters v, , 03, 02, 0¢, 05, using standard Gibbs Sampler.
36: end for

37: return the MCMC chains of 03,v,4,,7,¢, 0%, 02,0¢, 0

v
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Figure C.1: True signal for a(s), B(s), and spatially-varying NIE £(s).

Table C.1: Simulation result of the scalar Natural Direct Effect, averaged over 100 replica-
tions. Each column represent one method. The smallest MSE of £ is bolded in each case.

Case 1
Bias
Var
MSE
Case 2
Bias
Var
MSE
Case 3
Bias
Var
MSE

BIMA BASMU
dense v Case 4
-0.44 -1.71 Bias
0.04 0.01 Var
0.23 2.94 MSE
sparse v Case 5
-5.14 -2.24 Bias
0.06 0.02 Var
26.53 5.05 MSE
all 0 v Case 6
0.00 -0.26 Bias
0.00 2.23 Var
0.00 2.28 MSE

BIMA BASMU
sparse v, n = 600

-8.16 -2.42
0.07 0.03
66.71 5.88
dense v, 0, = 1
-5.90 -2.29
0.04 0.02
34.85 5.25
dense v, oy = 4
-0.51 -1.70
0.03 0.01
0.30 2.91
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Figure C.2: MSE based on 100 replications for (s) over different spatial locations s, under
all simulation cases. The color bar ranges from 0 to 0.48, from white to red.

113



Casel:BIMA

Casel:BASMU

1.0- 1.0-
~ 0.5- ~ 0.5-
X ge- X o8-
_1:0_ *ﬁ ' ' —1:0' =_E-I ' '
-1.0-0.50.0 0.5 1.0 -1.0-0.50.0 0.5 1.0
x1 x1
Case2:BIMA Case2:BASMU
1.0- 1.0-
~ 0.5- 0.5-
N 0.0- ¥ o0.0-
-0.5- -0.5-
-1.0- ' ' ' ' ' -1.0- ' ' ' ' '
-1.0-0.50.0 0.5 1.0 -1.0-0.50.0 0.5 1.0
x1 x1
Case3:BIMA Case3:BASMU
1.0- 1.0-
o 05" 0.5-
X 0.0- X oo0-
-05- -05- Value
-1.0- ' ' ' ' ' -1.0- ' ' ' ' ' 0.6
-1.0-0.50.0 0.5 1.0 -1.0-0.50.0 0.5 1.0 -
x1 x1 03
Case4:BIMA Case4:BASMU 00
1.0- 1.0- 03
~ 0.5- ~ 0.5-
N 0.0- N 0.0- l 06
-0.5- -0.5-
-1.0- ' ' ' ' ' -1.0- ' ' ' ' '
-1.0-0.50.0 0.5 1.0 -1.0-0.50.0 0.5 1.0
x1 x1
Case5:BIMA Case5:BASMU
1.0- 1.0-
o 05" 0.5-
% 0.0- A X oo0-
-05- -05-
-1.0- ' ' ' ' ' -1.0- ' ' ' ' '
-1.0-0.50.0 0.5 1.0 -1.0-0.50.0 0.5 1.0
x1 x1
Case6:BIMA Case6:BASMU
1.0- 1.0-
o 05" 0.5-
X 0.0- X oo0-
-05- -05-
-1.0-, -1.0-,

' '
-1.0-0.50.0 0.5 1.0
x1

'
-1.0-0.50.0 0.5 1.0
x1

Figure C.3: Bias based on 100 replications for (s) over different spatial locations s, under
all simulation cases. The color bar ranges from -0.7 to 0.65, from blue (negative) to white
(0) to red (positive).
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(b) Scatter plot of TIE &£(s;) comparison of BIMA and BASMU result. Each point is one voxel
location. The x-axis is the value of £(s;) estimated by BIMA, and the y-axis is estimated by
BASMU. The selection is color-coded, with the legend from top to bottom: selected only by
BIMA /BASMU, selected by both methods, not selected by either method.

Figure C.4: Additional simulation and real data plots.
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