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Abstract:

Based on the geometrical theory of diffraction, equivalent filamentary
currents are derived for a linear element of a surface singularity for general
incidence and polarization, The currents are used to obtain an analytical expression
for the bistatic field diffracted by a ring singularity, valid within the caustic region

as well as at wide angles,

The geometrical theory of diffraction (GTD) is a valuable method for
estimating high frequency scattering from non-trivial objects, but like all ray
techniques it does suffer the disadvantage of predicting infinite field strengths at
caustics. This difficulty with geometrical optics can be overcome by using ray
techniques to specify the surface field and an integral representation to obtain the
scattered field. The resulting method is physical optics and if the surface is not
itself a caustic, the scattered field obtained thereby is finite everywhere. More-
over, if the observation point is far from the surface and not at a caustic, the
integral can be evaluated by the stationary phase method. The stationary phase
point is the specular point of geometric optics, and a first order evaluation of the
integral yields precisely the geometric optics field.

Although it is natural to attempt a similar procedure with GTD, the surface
is now a caustic and GTD does not provide a valid description of the surface field.
In practice, however, our main interest is in the far field, which could be obtained
were an equivalent surface field or current known. The essential requirement for
equivalence is that a first order stationary phase evaluation of the integral expression

for the diffracted field must yield precisely the GTD result at points away from
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caustics. This is analogous to the geometrical-physical optics connection. The
integral must also produce finite fields at a caustic and thereby provide a uniform
transition between the "wide angle' and caustic fields.

The use of integral representations as a means of caustic matching is not
new (see [1], for example), but the explicit concept of equivalent currents was
introduced by Ryan and Peters [2] in studying the ring singularity at the base of
a cone. However, the near axial (caustic) result they obtained does not have the
expected form [3, 4] and is not supported by experimental data. It was this dis-
crepancy that prompted us to undertake the present study of the GTD equivalent
currents for a ring discontinuity in slope for general conditions of incidence, scat-
tering and polarization,

We choose the axis of the ring discontinuity to coincide with the z-axis of
the Cartesian coordinate sytem (x,y,z) shown in Figure 1. The entire ring is
illuminated by a plane wave incident in the direction ’1\ having polar angles 'yi and
’Si’ and we seek the scattered field in the direction § having polar angles Yy and
ySS. According to the prescription of first order GTD, the diffracted field arises
from a pair of diametrically opposed flash points and our first task is to find the
field due to each, The relationship between the incident and diffracted field can be

written in terms of a diffraction tensor, and at a remote point the field Ed is

d k

je=
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where X TY are the scalar diffraction coefficients for a wedge, % is a unit tangent
vector at a flash point, s is the distance between a flash point and the remote point
of observation, " is a divergence factor accounting for the spreading of the rays

away from a flash point, Z_ is the impedance of free space, and El,fl_l are the

0
incident field vectors.

The diffraction coefficients are
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where n7 is the exterior wedge angle and o« and 6 are the angles of incidence
and scattering in terms of the local wedge coordinates at a flash point.

The diffracted field of equation (1) can be written in terms of the Hertz
vectors

7= P DE-n T n’s
@)
iks

7 =t DHx+n e ksin’s

m —d

which are locally tangent to the edge of the ring and are determined solely by the
corresponding components of the incident field. Since a Hertz vector represents
the field of a current element, we postulate that continuous filamentary currents

I and I exist at all points on the ring C, so that
e ~m
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If we assume that the phase of the currents is that of the incident field,
the integrals may be evaluated by the method of stationary phase. Comparison of
the results of the integration with equations (2) show that at the flash points the

currents are

VP 2
= _2 . - 3 :
I t(E -1)X Y)/lkzosm B,
(4)
A i A 2
= - . + 1 3
I 2t (H - t)(X Y)/1kYos1n B .

This identification holds regardless of the positions of the flash points, and since
the flash points can be rotated around the ring by a displacement of the point of
observation, eqs. (4) specify the currents at all points thereon. This implies that

quantities X,Y and 3 — and therefore o and 6 — are now functions of the angular
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variable § around the ring, Simple substitution then leads to one-dimensional
integral expressions for the Hertz vectors and, hence, to the diffracted field at all
p(g)riinrtr;irﬁﬁsp;é.'cer.i -

A convenient way to express the results for bistatic scattering is to prohe
the far field with a linearly polarized receiver whose electric and magnetic polari-
zations are described by the unit vectors Qr and ﬁr’ and aligned such that

S = ﬁr X ﬁr' The received signal will therefore be proportional to Ed-é‘r, which

we relate to a scattering function S via

where r, is the distance of the receiver from the center of the ring. If we define

analogous vectors for the incident field so that

. K A . kp 2
) . A o
E1=681£1, H =Y elzl,
= i - 01i
then
2
ka ' eikg-(i\—/s\)
S= — —_— -Y)+ +
o 3 {eitert(x Y) hithrt(X Y)} dp , (5)
o Sin B

where the suffix t denotes the tangential component. All quantities in the integrand
are functions of position around the ring.

A stationary phase evaluation of the integral can be readily performed and
the points of stationary phase are those for which ? (T-5) =0. These are none
other than the flash points, where

— )
r-(i-8) = TiaT
with

5 5 1/2
T = {sin v.+2siny, siny_cos(p -4 )+sin 'y}
i i s s i s

If we identify the near (far) flash point associated with the upper (lower) sign by

subscript 1 (2), the [ resulNof the stationary phase evaluation is
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This is precisely the wide angle (kaT>> 1) bhistatic result obtainable via the
"standard'' GTD method and, for the special case of backscattering, reduces to the
expression given by Bechtel [5]

A more accurate evaluation of the integral can be carried out by analytically
accounting for the gS-dependence of X and Y around the ring. This can be done by
representing X and Y in terms of the first few components of their Fourier

expansions and the result is

)(x +X )J (kaT)

1tl rtl tl rtl

e Y, +Y)3, (kaT) - 1(Y - Y, )3 (kaTﬂ} ,

it1%0¢1 " BygaPee ) [(
(7)

where the J's are Bessel functions of integer order. This bistatic expression
reduces to Ufimtsev's result for the special case of bistatic scattering from a disk
in the plane of incidence [3]; it also reduces to the caustically matched first order
result obtained by Senior and Uslenghi for backscattering by a finite cone [4]
If each Bessel function in (7) is replaced by the leading term in its asymptotic
expansion for large arguments, the wide angle result (6) is recovered; however,
if ka is only moderately large, there may be an extended angular region about the
axial caustic (where T = 0) for which the substitution is not valid.

A numerical evaluation of the integral (5) provides an interesting assessment
of both the wide angle expression (6) and the more exact representation (7),
selected an arbitrary set of parameters involving mixed polarizations and bistatic
directions not in the plane of incidence and carried out the integration for a range

of v_ between zero and 30 degrees. The results are shown in Figure 2, and note
o
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that the agreement between numerical integration and the analytical result of
equation (7) is very good, even in the vicinity of the nulls. The stationary phase
method, by contrast, shows large discrepancies in both amplitude and null position
as v, swings closer to the ring axis ('ys =0).

A final test of equation (5) was carried out by means of a laboratory
measurement of the bistatic fields scattered by a 40-degree half-angle right
circular cone, the large angle being chosen deliberately to provide substantial
aspect angle coverage within which the entire rim of the cone was exposed to both
the incident and scattering directions, The base diameter was 6,01 inches and
the measurement frequency was fixed at 11,50 GHz, implying ka = 18.40. Second
order interactions across the base of the cone were suppressed by the use of a pad
of absorbent material cemented to the base.

The total bistatic angle was held fixed at 30 degrees, so that as the cone
was rotated in aspect, both ’Yi and Y, changed simultaneously. Measurements
were made in the plane of incidence for H-polarization (electric field lying in the
plane of incidence) and the data are shown as the solid trace in Figure 3. The

ordinate is the normalized radar cross section

&l
7

in decibels and the abscissa the aspect angle v_ (with 7, +'ys = 30 degrees).
S 1

o
>L2

The datum points in Figure 3 were computed from equation (5) via numerical
integration around the ring and it can be seen that the agreement is very good
for aspect angles out to 20 degrees or so.

It is therefore apparent that the equivalent currents (4) provide a basis
for the computation of the fields diffracted by any line discontinuity in slope, valid
even in caustic regions, In the particular case of a ring discontinuity, the integral
is closely approximated by equation (7), in which the scalar diffraction coefficients
are displayed explicitly. The result is therefore general and valid for any ring
discontinuity, provided the appropriate diffraction coefficients are inserted in place

of X -.*.- Y. Although the equivalent currents were determined purely by means of
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GTD techniques, the form of the result (7) is analogous to the disk result obtained

by Ufimtsev with his fringe wave theory.
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Fig. 3. Results for horizontal polarization and 30-degree
total bistatic angle.
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Fig. 9. Results for horizontal polarization, 15-degree
tilt angle and 15-degree total bistatic angle.



