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Abstract. The field scattered by a homogeneous isotropic dielectric particle
illuminated by a low frequency plane electromagnetic wave is expressed in terms
of a single polarizability tensor which is a function of only the geometry of the
particle and a material parameter T representing either the relative permit-
tivity or permeability of the dielectric. The mathematical formulation is
specialized to the case of a rectangular parallelepiped and numerical techniques
are developed for computing the tensor elements. Specific data are presented
for the tensor elements of rectangular parallelepipeds having square cross
sections and are compared to the results obtained for spheroids and right

circular cylinders of similar dimensions.
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Introduction

A knowledge of the electromagnetic scattering characteristics of small
dielectric bodies is important in many areas of physics. The present investiga-
tion of the scattering of visible and infrared radiation by clouds and by polluted
atmospheres was motivated by a consideration of the radiation balance of the
earth and is also important at microwave frequencies in connection with radar
meteorology from space. Techniques for computing the reflectivity and trans-
missivity of high altitude clouds and other aerosol-laden atmospheres have
been summarized by Plass et al. [1],, and an essential ingredient in all of them
is the scattering from a single aerosol particle. In most theories to date the
particles have been modelled as spheres, enabling the simple Mie theory to be
applied, but as noted by Kattewar and Plass [2] , the spherical model intro-
duces unknown errors in the computation of the radiation transfer. In parti-
cular, the polarization characteristics of the scattered fields are poorly
simulated by Mie theory and it is therefore appropriate to develop techniques
for computing the scattering from the specific particle shapes which may be
present.

One frequency range where this is feasible is the low frequency or
Rayleigh region where the wavelength of the radiation is much greater than the
maximum linear dimension of the particle, and the present paper is directed
entirely at the scattering from a single homogeneous isotropic dielectric par-
ticle at these frequencies. The far zone scattered fields may then be attributed

to induced electric and magnetic dipoles. The dependence of the scattered



fields on the direction and polarization of the incident ra;diation is made explicit
by writing the dipole moments in terms of a general polarizability tensor which
is a function only of the geometry and material of the scatterer. The tensor
elements are expressed as weighted surface integrals of certain potential func-
tions and integral equations for the determination of these potentials are given.
Aerosol particles having a crystalline structure are frequently encoun-
tered, and we have chosen as a simple example the geometry of a rectangular
parallelepiped. When the mathematical formulation is specialized to this
particular case, it is found that the integral equations are nonsingular and
their numerical solution is relatively straightforward. Specific data are
presented for rectangular parallelepipeds of square cross section having
various length-to-width ratios and (real) permittivities. These are compared
with the results obtained for spheroids and right circular cylinders of similar

dimensions.

Mathematical Formulation
Let B be the finite closed surface of a homogeneous isotropic dielectric
body of volume V immersed in free space. The electric and magnetic field
vectors of a linearly polarized plane electromagnetic wave incident on B are
taken as
_Ei = 3 exp [ikoﬁg] , Ei = YO'}‘J exp [ikof<-_1_'] (1)
where f{, 4 and b are unit vectors specifying the directions of incidence, the

electric field and the magnetic field respectively. The permittivity and perme-

ability of free space are ¢ o and K o respectively, k o is the free space propa-
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gation constant and Yo = Zo is the intrinsic admittance. MkKks units are

employed and a time factor exp [-iwt] suppressed.

For sufficiently small ko’ the scattered fields may be expanded as power

series in kO of the form
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How small ko must be to ensure convergence of the series outside a sphere of

radius r. will depend on both the maximum linear dimension d of the scatterer

1

and the distance r to the field point. From the information which is presently

available, primarily for perfectly conducting bodies, the zeroth order terms of

the low frequency expansions appear to provide an adequate approximation to the

far zone (r-%) scattered fields when kod <1/3. 1t is well known (3] that these

terms can be attributed to radiating electric and magnetic dipoles of moments p

and m respectively located at the origin of coordinates in the vicinity of the body.

The expressions for the far zone scattered fields are then

S(r) = - exp [ikor] (kj/47rr) [6;1?' x (T x p) + Zof Xxm]

ES(E) = exp [ikor] (k(z)/47rr) [Yoec-)l(f' xp) - T x (r xm)]

Let the static approximations of the scattered fields be expressed as the

gradients of potential functions, viz.

S
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and in terms of Cartesian coordinates X, (i=1,2,3) let
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By expressing the zeroth order (in ko) fields inside B in terms of interior
electric and magnetic potentials in an analogous manner, the dipole moments
can be written as [4]

4 , m=-Y M-b (5)
0 0

i

p=¢
where P and M are the electric andmagnetic polarizability tensors. P and

ﬁ are functions respectively of the relative permittivity er and relative

permeability M of the dielectric, and of the geometry of the body, but are




independent of the direction and polarization of the incident field. For any
given incident plane wave, these tensors specify the dipole moments and hence
the far zone scattered fields in the Rayleigh region.

The tensor elements Pij and Mij (i,j=1,2,3) are expressible as
weighted surface integrals of the electrostatic and magnetostatic potentials,
and from the boundary conditions on the potentials at the surface of the body
it is found [5] that P and M are special cases of a general polarizability

tensor }=((7) in terms of which

(€) , M=-X(u) (6)
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It is remarked that for a perfectly conducting body er =0 and M= 0, and the
P and M computed by Kleinman and Senior [6, 7] for a number of metallic
shapes therefore yield )=((7) for these two extreme values of 7. The general
polarizability tensor is a function only of the geometry and a material para-
meter 7 of the body, and for real 7 the tensor is real and symmetric, having
at most six independent elements. For an arbitrary homogeneous isotropic

body the tensor elements are given by [5:]

X =(1-17 S ﬁ-ﬁid)jds (7)
B

where 1 is the outward unit vector normal to B and (I)j is a total potential

exterior to B. (The subscripts e and m used to denote the electrostatic

and magnetostatic potentials may now be dropped.) The potentials (I) (j=1,2,3)
J

are solutions of the integral equations
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where r is a position vector terminating on B, R = [g - r'| and the integra-
tion is with respect to the primed variables. An alternate representation in

terms of the normal derivatives of the potentials can be derived and is

e (L%
Xij— - Sxi - ds (9)
B
where
od
i :—27 A4 —’T_L 4 '
e 721 an' ( )ds (10)
B

Although the kernels appearing in the above integral equations are in general
weakly singular, it can be shown [8] that the Fredholm alternative remains
valid. Examination of the associated homogeneous integral equations

obtained by setting the first term on the right hand side equal to zero in (8)
and (10) shows that their eigenvalues are all real and greater than or equal

to zero in absolute value. Hence (8) and (10) possess unique solutions for all
complex 7 and for real T greater than zero. It is remarked however that (8)
proves more desirable for numerical purposes and the representation in terms
of the potentials rather than their normal derivatives is used hereafter. For
a body of arbitrary shape the tensor X{7) is then completely specified by the

solution of at most the three integral equations (8) with j = 1,2, 3.



Application to a Rectangular Parallelepiped
A geometry for which the computation of the tensor elements is rela-

tively straightforward is that of a rectangular parallelepiped occupying the

<a, - b <x,<b, -c¢c £x, <c. The symmetry of the

region -a <X s
gl = 9 = S %3 2

1
body about the three mutually perpendicular planes X, = 0(i=1,2,3) gives rise
to corresponding symmetries among the potentials, viz
¢l(x1’x2’x ) = - @1( Xl’xzix )

(I)l(xl, - x2,x3) (11)

Q,(x). %y - %)
with analogous relations for (1)2 and (1)3. Making the change of variable

@i =(1-1 q)i the tensor elements are then

=8 g Sﬁi(xl,xz,x?))dsi (12)

S,
i

X.=0 (i7)) (13)

= <
S1 X =a, 0 xzsb O<x3<c
52:OSX < a, x2=b, O<x3<c
: < < =
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and the potentials @i are solutions of

1+T - _];.. 1 —_— -l 1
S 20 Ui g g;(z) 5 (RS (14)




The tensor is therefore diagonal with at most three independent elements,
and will in general require the solution of the three integral equations (14)
withi=1,2,3. In the special case of a rectangular parallelepiped of
square cross section (for example a =b) the additional symmetry yields
(I)(xxx (I)(xxx (15)
1 2
implying X11 = X22 . Since the tensor now has only two independent ele-

ments, it will be necessary to solve only two of the integral equations.

=X_.=X_. and the

Similarly, for a cube (a =b =c) it is found that X117 %59 X35

solution of one integral equation is sufficient to completely specify the tensor.
Whereas (14) requires the integration to be carried out over the
entire surface of the body, it is desirable for numerical purposes to limit the

integration to a smaller portion of the surface. Noting that

P (—) = == (16)

and exploring the symmetry relations among the potentials it is found that

(14) can be written as

l+ — 517(1') = - 2x + = Z g U)K, (r,r')ds! (17)
j=1 1 1) J

J

The kernels K in (17) are given by

n.n.(x, + n.x!)
K (x 12X x3,x1,x x 1] ) 2]]
J [(X +n,x] +(x2+ Nyx) "+ (g + 1 )]3/2

-+1n +1n +1

(18)



where (x x3) and (xl',x’ xé) are the coordinates of the observation and

12 %92 2

integration points on B respectively. In particular it is observed that the
right hand side of (16) is identically zero whenever r and r' lie on the same
surface of the body, thus removing the singularity at r = r'. Hence it is
understood that all terms in (18) containing x, - xJ! are identically zero
whenever Xj = x;, , and the solution of (17) by the moment method requires no
special treatment of ''self cell" contributions to the integrals. Dividing the
surfaces of integration into sampling cells and performing a term by term

integration over each cell we are faced with integrals of the form

62 €2
S S ;‘.Li(gaB':'y')(a + S)dﬁ'd’y’

6 c [(ai§)2+(BiB')2+('yiy')Z]
1 1

3/2

= = = =x! T=x!
where, for example, for a cell on Sl’ =X, B Xgs ¥ = Xg, € X1 B X

! and the cell occupies the surface x!'=a, €

':
T T Xg 1
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If Spi is assumed constant over the surface of the cell, the remaining integra-

tion can be performed analytically. Letting

62 62

(o - £)dg'dy’

f(a,B,7,8,€.,€,,6,,6)
P 5 Ye [(a-§)2+(6-B')2+(7-7')2]3/2
1 1
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it is found that
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with similar expressions for the other integrals. It is therefore evident that
by dividing the surfaces of integration into a total of n sampling cells and
letting qm (m=1,2,...,n) represent the coordinates of the center of the mth
cell, (17) can be approximated by a system of nonhomogeneous linear algebraic

equations. Expressed in matrix form

1+7

[9a )] = -20x(a )] + (1/2m)[a] [g(a )] (21)

where [:Ai] is an n x n square matrix whose elements are obtained by inte-
gration of the appropriate kernel.

It is also possible to obtain a numerical solution of (17) by assuming
the entire integrand to be constant over the surface of a sampling cell. This
is the method used by Edwards and Van Bladel [9] in their investigation of
the perturbation of a uniform electrostatic field by a dielectric cube, and leads
to a matrix equation of the same form as (21), but with the elements of the
matrix [Ai] obtained by evaluating the kernels using the center coordinates
of the observation and integration cells. Computer programs have been
written for solving (17) by both techniques, and we have found the

program incorporating the analytical integration of the kernels to be far

10



superior from the standpoint of numerical convergence. The program requires
fewer sampling cells to achieve the same degree of accuracy, and hence
reduces substantially the expense of the computations. In addition, the ana-
lytical integration of the kernels simplifies the task of selecting the configura-
tion and distribution of the sampling cells since we are now sampling only

the potential g"/i, which is in general a slowly varying function over the

surface of the body.

Having thus determined the value of &Di over each sampling cell, the
integration in (12) can be replaced by a finite summation and the tensor
elements computed using

By Z ‘. Ii(e) oy (22)
i

where Gm is the surface area of the mth cell ..

Numerical Results

The general polarizability tensor X(7 has been computed for rectangu-
lar parallelepipeds of square cross section (a =b) having length-to-width
ratios ({/w) from 0.1 to 10 and 7 ranging from zero to infinity. The
normalized tensor elements Xll(T)/ V(= X22(’T)/ V) and X33(’T)/ V are plotted
as functions of 7 in figures 1 and 2 respectively with {/w shown as a para-
meter. The data were obtained using 75 to 100 sampling cells over the
surface of integration in (17) and are accurate to within about one percent,
with the maximum error occurring at the extreme values of 7 and £/w.

Both tensor elements are increasing functions of 7, with Xii(l) =0, and

11



for fixed 7 it is seen that as {/w increases, X33(7)/V increases whereas
Xll('r)/vdecreases. We also remark that for a specific body, i.e. fixed T
and £/w, the ratio X33 /X1 1 is important in connection with the polarization
characteristics of the scattered fields. For the data presented here,
X33/X11 varies all the way from 0.1 to 20, showing the general inadequacy
of the spherical model (X33 /X11 = 1) used in most current theories of
scattering by aerosols.

Using (5) and (6), the tensor X(7 evaluated at the extreme values of
7= and 7= 0 yields respectively the electric and magnetic dipole moments
of a perfectly conducting body. Since these are of particular interest in many
applications, the corresponding tensor elements are listed in Table 1. Although
there are no parallelepipeds for which exact analytical expressions for the
tensor elements are known, there is one test which can be applied to the
numerical results. It has been proved by Schiffer [10:] that of all perfectly
conducting bodies of convex shape, the sphere possesses the minimum
average polarizability. Since the elements of the polarizability tensor for
a dielectric sphere are

Xii(ﬁ = 3V(r- 1)/(1+2) (23)

implying Xii(O) = - 3V/2 and Xii(oo) = 3V, this leads immediately to the

isoperimetric inequalities

3

3
1/3 Z X..(0) >3V , 1/3 Z X..(0) < 3V/2 (24)
i=1 U i=1 Y
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For a rectangular parallelepiped having X h X22 , (24) may be written as

2X11(oo)/V + X33(oo)/V > 9

(25)
2X, 0/ + X (0)/V < -9/2

which are satisfied by the data in Table 1.

As a part of our general study of low frequency scattering from
dielectric particles, the polarizability tensor has also been computed for a
number of rotationally symmetric bodies [1 1]. In particular we have noted
that the tensor elements of spheroids and right circular cylinders, as func-
tions of 7 and £/w , have substantially the same form as those in figures 1
and 2. The tensor elements X, 1(7')/V and X33(7)/V computed for rectangu-
lar parallelepipeds of square cross section have been normalized to those
‘of a spheroid of equal length-to-width ratio and material parameter 7 and
are plotted in figures 3 and 4 respectively. The maximum difference is no
more than sixteen percent. Similarly, in figures 5 and 6 the values of
X, /V and X33 / V have been normalized to those of the corresponding right
circular cylinder, and in this case the maximum difference is no more than
ten percent. If we think of figures 5 and 6 as representing a comparison
between the tensor elements of square and circular cylinders of the same
material and having equal length-to-width ratios, then it is apparent (since

Xii(T) <0 for 0 £ 7< 1) that

X
S _11 circular

X
11 square) S
V cylinder

V ‘cylinder

VN

(26)

X33 square , < )i3§ circular

>
V ‘cylinder \% cylinder) (r>0)

13



Since a circle can be viewed as the limit of an n-sided regular polygon as
n— o, it seems reasonable to conjecture that the tensor elements of a
cylinder whose cross section is an n-sided regular polygon with n > 4 lie
between those of the corresponding square and circular cylinders. The

data computed for the square and circular cylinders would then be sufficient
to specify the tensor elements of, for example, a hexagonal crystal to within

five percent or less.
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Table 1. Tensor elements for a perfectly conducting

rectangular parallelepiped

L/w Xll(o) X33(O) Xll(oo) X33(oo)

0.1 =-1.19 -6.44 13.3 1.26
0.2 -1.27 =-3.87 8.23 1.53
0.5 =-1.47 -2.26 4,79  2.26
1.0 -1.65 -1.65 3.54 3.54
2.0 -1.87 -1.36 2.86  6.37
5.0 =-2,09 -1.15 2.40 17.3

10.0 =-2.18 -1.08 2.26 43.6



Titles for Figures

Figure 1. X. (7/V as a function of T for a rectangular parallelepiped of

11

square cross section (a = b).

Figure 2. X33(7') /V as a function of T for a rectangular parallelepiped of
square cross section (a =b).

Figure 3. The tensor element Xll(T) normalized to that of a spheroid of

same volume and material parameter 7. A, = X11 (rectangular

11
parallelepiped) /X 1 (spheroid).

Figure 4. The tensor element X33(‘T) normalized to that of a spheroid of

same volume and material parameter 7. A__ = X33(rectangu1ar

33
parallelepiped) /X3 3(spheroid).

Figure 5. The tensor element Xll(ﬁ normalized to that of a right circular

cylinder of same volume and material parameter 7. B11 = X11

(rectangular parallelepiped)/X 11(circulalr cylinder) .

Figure 6. The tensor element X, (7) normalized to that of a right circular

33

cylinder of same volume and material parameter 7. B33 = X33

(rectangular parallelepiped)/XSS( circular cylinder).
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