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Abstract

To determine how the early time behavior of a pulse radiated by an EMP antenna
depends on the geometry of that antenna, it is sufficient to concentrate on the high fre=
quency components of the spectrum and examine the manner in which each of the high
frequency waves emitted from the source is scattered by the geometrical features of
the antenna. In principal at least, this can be accomplished using the geometrical
theory of diffraction. A key requirement of this theory is a knowledge of the diffraction
matrix associated with any surface singularity present in the problem, and in order that
we may explore a variety of antenna configurations, the matrix is required for singu- '
larities other than the wedge-type for which it is presently available.

A valid expression for the diffraction matrix for a discontinuity in curvature is
here derived. Using a model consisting of two parabolic \cylinders of different latus
recta joined at the front, an asymptotic development of the surface \}field in the vicinity
of the join is first obtained, from which the elements of the complete diffraction matrix
are then obtained by integration. The results differ significantly from the physical
optics estimates, and some of the consequences of this are examined. The diffraction
matrix is cast in a form directly analogous to that for a wedge=-type singularity, thereby
facilitating its incorporation within existing programs for analyzing the EMP problem,
but no explicit consideration of EMP antennas is here included.
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1. Introduction

A problem of some interest in EMP studies is the effect of the antenna
geometry on the temporal behavior of the field at times shortly after the onset
of the pulse, To achieve the rapid rise that is desirable, the feeding section of
the antenna is usually taken to be biconical, but since it is not practical that this
geometry persist to infinity, the most elementary model of an EMP antenna is a
circular cylinder with a biconical feed. The junction between each conical and
cylindrical section can now be the source of a diffracted field which, at any
point in space, will change the character of the radiated pulse at those times when
both the direct and the diffracted contributions are present.

There are, of course, other possible transitions between sections which
are conical at the feed, but have finite diameter far away. It is not even neces-
sary that the generators of either portion be straight lines, and since the nature of
the diffracted field is a function of the geometry, the choice of transition geometry
will affect the manner in which the pulse is perturbed. A geometry which is now of
interest to explore is one in which the antenna surface has no discontinuity in slope,
but has at most a discontinuity in curvature. It would appear that the removal of
any wedge-like surface discontinuity will reduce the diffracted field throughout
those portions of space which are directly illuminated by the feed, but no quantitative
estimate of this reduction is available at the moment.

The early time behavior of the radiated pulse is produced by the high fre-
quency components in the spectrum, and can be computed from a knowledge of the
high frequency CW solution. This method has been used by Sancer and Varvatsis
(1971) to analyze an antenna consisting of a bicone mated directly to the cylindrical
portions, and is clearly feasible only to the extent that it is possible to obtain a
high frequency solution of the required accuracy for the geometry in question.

When a metallic object is illuminated by an electromagnetic wave, a power-
ful method for estimating its high frequency scattering behavior is the geometrical
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theory of diffraction, originated by Keller (1962). The theory is basically an
extension of ray techniques to include the concept of diffracted rays which arise
from surface singularities of the body. The strength of each such ray contribution
to the scattering is proportional to a diffraction coefficient which is determined,

to the first order at least, by the local surface geometry at the point of diffraction.
In those cases where the diffraction coefficients are known, their expressions have
been obtained from exact solutions of selected canonical problems displaying the
geometry in question, and thus it is that the coefficients for an edge or wedge-like
singularity (slope discontinuity) are deduced from the solution of the two-dimensional
problem of scattering of a plane wave by a half-plane or wedge. In the problem
treated by Sancer and Varvatsis, the surface singularity was indeed wedge-like,
and the higher order contributions to the high frequency diffracted field could be
(and were) determined by GTD.

The diffraction coefficients are the key to the GTD method and one particular
but important case where they are not yet known is when the surface slope (first
derivative) is continuous, but the curvature (involving the second derivative) is
discontinuous. Their derivation for this geometrical feature is vital to an analysis
of the more general antenna configurations discussed above. It is also necessary
for an adequate treatment of scattering by bodies such as a cone-sphere or
hemispherically-capped cylinder, and in the absence of any exact canonical solution
from which to deduce the coefficients, it has been necessary to rely (see, for
example, Senior , 1965) on the crude estimates offered by physical optics.
Automatically, therefore, the bolarizaj:ion dependence has been suppressed (Knott
and Senior, 1971),

Although an exact canonical solution would be desirable, it is not, in fact,
essential to the determination of a diffraction coefficient, and an adequate des-
cription of the surface field in a vicinity of the geometric feature can suffice. For

a discontinuity in curvature, we can obtain such a surface field description using
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the model that was employed by Weston (1962, 1965) in studying the creeping
waves launched by the discontinuity. Weston considered only the case of a plane
wave incident with its magnetic vector parallel to the (line) discontinuity (H polari-
zation). This is treated in Section 3 and the initial part of the analysis follows
closely that which was given by Weston (1962). The analogous case of a plane wave
incident with its electric vector parallel to the discontinuity (E polarization) is
discussed in Section 4. The corresponding diffraction coefficients for H and E
polarized waves are derived in Sections 5 and 6 respectively, and the general
diffraction matrix is constructed in Section 7. The results differ from the phy-
sical optics estimates for almost all angles of incidence and diffraction, and some
of the consequences of these new and rigorous formulae are explored,

The form in which the diffraction matrix is expressed is directly analogous
to that for a discontinuity in slope, thereby facilitating the incorporation of our
results within a program such as that developed by Sancer and Varvatsis (1971)
for the bicone cylinder. However, the main focus of this present report is on the
determination of the diffraction matrix alone, and the application to the calculation
of the early time pulse behaviors for a yariety of antenna geometries will be

treated in a subsequent report.

2. Preliminary Considerations

We consider a two-dimensional perfectly conducting surface consisting of
two half parabolic cylinders of different latus recta joined at the front. In terms
of the Cartesian coordinates (X, y, z ) with the z axis coincident with the join,

the surface is defined as:



1 2
X==-=a.y , . y>0, all z
2 (1)

1 2
Z - <
X 28‘1y’ y<o0, all z

so that the positive x axis is in the direction of the outward normal to the surface
at the join. For convenience we shall henceforth write (1) as

x=-%ay2, all z (2)

‘where a = a2( y>0), a= a (y<0) . Itis easily verified that the slope (first

derivative) of the surface is continuous at the join (it is infinite there) , but since

the radius of curvature is

3
2
pc(y)=-§(1+a2y2)/ , ‘ (3)

the curvature is discontinuous aty = 0 unless 8,=a, .

A plane electromagnetic wave is incident with its propagation vector lying
in the xy plane and making an angle a with the negative x axis, where *
l al < g (see Fig. 1) If the wave has its magnetic vector in the z direction (H

polarization), we can write

= A eik(-x cosa+ysina)
’ (4

i - +
El -z (Qsina+9cosa)eik(x°°8a y sina) ,

*In the derivation of the surface field about the join it is, in fact, necessary to
assume that 7/2- |a] is bounded away from zero to ensure that the shadow boundary
is sufficiently far removed from the z axis, but since the diffraction coefficients
(see Secs.5 and 6) remain finite as @ % ¥ 7/2, our final results are valid even

for grazing incidence. This is vital for a treatment of the antenna problem.
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FIG. 1: Diffraction Coefficient Model .



where Z = 1/Y is the intrinsic impedance of free space and a time factor e ot

has been assumed and suppressed. Due to the presence of the perfectly conducting
surface, a scattered field (Es, ﬂs) will be generated satisfying the boundary con-
dition

ﬁA(Ei +Es) =0
at the surface, where f is a unit vector normal in the outwards direction. Our
task is to find the total (incident plus scattered) magnetic field at the surface,
with particular reference to a region in the immediate vicinity of the join.

Since the problem is two-dimensional (being independent of the coor-
dinate z), it can be expressed as a scalar problem for the total magnetic field
component, H = u, which is required to satisfy the Neumann boundary condition
(9u/dn) = 0 at the surface, with u-u, obeying the radiation condition, where

i_ ik(-xcosa+ysina) :

uo=Hz=e . (5)

We now have a hard-body problem, and this is treated in Section 3.

If, on the other hand, the incident plane wave has its electric vector in

the z direction, then

i ik{~ sa+ysina
E1=2elk(x°° y sina)

’ (6)

_}f =Y (X sina +_? cos a )elk(-x cos a+y sin )
Our task is again to find the total (incident plus scattered) magnetic field at the sur=
face, and since the problem is two-dimensional, it can be expressed as a scalar
one for the total electric field component E,=u. This is required to satisfy the
Dirichlet boundary condition u=0 at the surface, with u-u  obeying the radiation
condition, where

u=E1=e1k(-xcosoz+ysmc1r) . 7)

o 2z
The resulting soft-body problem is treated in Section 4.
6



3. H Polarization
3.1 The Integral Equation

Maue's integral equation for the field on an acoustically hard surface

is
i 1 3G A

u(P) = 2u°(P)+§; f ﬁé u(Q dSQ (8)
where eikR

G= -—R—- ' (9)
with

R =dtx -x )4y -y )+ -z )’ T2 (10)

\&pxg) thpmyg) Hepig '

and because of the two-dimensional nature of the present/broblem, the z

integration can be carried out immediately using

0 JKR 0 ‘
f < sz= 11rHo (kr) ' (11)
-m }
where 1/ )
r ={(xp-xQ)2+ (yp-yQ)z} 2 - (12)

Thus, Eq.(8) reduces to

u(P)=2u (P1+ f %& (Hf)l)(kr))u(Q)ds o (13)

If we regard y as the variable of integration and denote it by t, then

———



sy (1+32¢2 )2 g (14)

with t running from - to o, where a = 8 (t>0), a= al(t< 0). Also

-1
nQ— G+aty) 1+a2t2) /2 (15)

so that

-1
r 1 =22 /2
= ;{("Q )+ at(yQ-yP)}(l-f- )

Q
{- % a tz-xp+5.t (t-yp) }(1 +52t2 ) K

(V]

(o)

i

Hence
(1)
Hy (kr)
2 1 )= - %{Et(t-y)-%(itz-ayz) .
Q (1+'2 tz) 12
and the integral equation now takes the form
0
u(y):Zuo(y)-%k f u(t) H(l)(kr){at(t-y) -5 (at -ayz) & (16)
-00
with 1 /
T ={(y-t)2+i (ayz-'zitz)2 } 2 . (17)

This is in agreement with the result obtained by Weston (1962; Eq. 9), and our
task is to find an asymptotic development of uly) for large k/a, with particular
reference to a vicinity of the join (y = 0) .



It is easily verified (as Weston does) that u and au/ dy are continuous
aty =0. 82“/ dy2 is, however, discontinuous, and the limits from left and

right are infinite. These facts are evident from the asymptotic expansion,

3.2 Asymptotic Solution

If the incident field (5) were to impinge on the complete and uniform
parabolic surface

x=-%ay2, aly, z

an asymptotic expansion of the surface field could be obtained by the Luneberg-
Kline method, and as shown in Appendix A, Eq.(A.22), we would then have

uly) = Uly, a) eKE0 (18)
with , .
U, a)=2-F (cosa-aysina) +0k3) (19
f(y,a)=y sina 41 ay2 cos a. (20)

2

\

Though it is a relatively straightforward task to derive the actual term of order

k=2 in the expression for U(y,a), this proves to be unnecessary for our purposes.
Following Weston (1962), we now write the field on the conjoint surface

of Eq.(2) as the sum of two parts: that which would exist on that particular section

were the whole surface a continuation of it, plus a perturbation created by the join.

Thus,

u(y)=U(y, a)eikf(v' a + l'li I(y,a) eiks(v' ) ) (21)



where

Iyl 1y
s(y,a) =f (1+ at72) "dr (22)
0

with U (y,a) and f(y,a) as given in Eqs. (19) and (20) respectively. The only
unknown quantity in (21) is I (y,a), and since the discontinuity in U(y,a) 18 of
order k=1 at y=0, it is clear that I(y,a) must be O(k°) for smally.

If we now substitute the expression (21) for u(y) into the integral
T

equation (16) and, for convenience, write

(1)
H (k)

Bt () - 5 (B2~ o) =K (,3,8,) (23
we have

U g 40 1 1, 00D - 20 )

Q0
-%‘f U(t,a)eikf(t‘a)K(t.y.a,i)dt

-0

®
f I(t, ) eiks(t,a) K(t,y,a,a) dt -

=00

[ -] Raid
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which can be recast in the form

iks(y, a) _‘

Uly, a)eikf(v‘ a)+ll( Iy, a)e =2 uo(y)

00
-%‘ f {U(t. 2ol gy, 0, 006, ae™E Vxe,y, a'a)}d"

=00

00 00

-%'{ f utt, e T Dk, y, a, ald 3 f 16, 9e"*" ¥k, y,0, Dt
=0 =0 .. |

(24)

ikf(y,a)

But U(y,a)e is, by definition, the field on a single parabolic cylinder

formed by continuing that portion on which the observation point lies, and hence

00
U(v.a)eikf("")=2uo(y)-% f U(t.a)eikf(t‘a)x(t,y.a,a)dt. - (29
=00
implying '
@ 2
Iy, e 02 . f 1™ At y,0,8a - X (26)
=00 i
where
Q0
Q= f ute, Do ¥k e v 0. m-vtt, e kv e Vet . @D
(00)
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Let us now examine the quantity Q. Since the integrand is a known function
we could, in principle at least, evaluate the integral precisely, but for our purposes,

an asymptotic evaluation will suffice. We take first the case y<0. Then. a=a; .

and since a = ay(a;) for t >0 (<0) , as always, the integrand in (27) is identically
zero for t <0, so that

00

ikf(t, a,) ikf(t, "1)
Q= f U(t.az)e K(t,y,val,az)-U(t,a.l)e K(t,y.a.l.al) dt
0

Y,/"/ - (28)
From Eq. (23), using the expression (17) for r,

M aztz'alyz
Hl k ly-t} 1+ { ———
2(y-t)

21 2 2
K, y, a, az)-§ - aZQ-ﬁ +(a1-a2)y }

2.2
8t ~a)y

ly=t] [14+{ =—
2(y-t)

Write

kt:g, .-ky=§ K

Clearly, ¢, ¢, > 0, and

12



2
: 2 2
-af
(1) 1 )3 a10}
H (§+§)/1+
1 ) 4k2{ §+§°

_1 w2l
2 2 :
a_¢ -af
1 2 al o
(€+¢ )| 1+ —
° 4k2 r+§o }

2 E
(l) g -2
2k H (€48 ) {a, (K )Ha,- az)g+g 1+06™9)) , (29

e e

which also implies

0

Kty a0 7 1 €4 a5 ) {Lrow ) (30)

Moreover,

Ut 8,)=2+0 (Y= UG, 2 .G

and

eikf(t’ a2) = eig sina exp (i ;l%\gz cos a)
- (S sina {1+0(k"1)}

= eikf(t: al) (32)

Hence, from Eqgs. (28) through (32),
373y i il sina __(1) §c2> -1
Q--;Tf HY G+ )( # - Wo) fi+ot} a
13



for y < 0, and by a simple shift of the variable of integration, this becomes

-a ® 18- )sina §2
a2 = f e ° H{”(t) <§ - -g-) {1+0(k'1)}d§ (33)
k ‘.
where
§,=-ky>0.

For y > 0 we return to Eq. (27), and noting that now a=a,, we have |

ikf(t, a,)

0 ikf(t, a,)
Q= Ult, a)e K(t,y, 85, 8,)-Ult, a )e K,y 8,5, 8,) p dt

-

ikf(-t', a
-t '
K(-t',y, 2, a2) dat' .

(34)

© il (~t!, &)
= f U(=t', al)e K(-t',y, LY 81)°U('t'. 32)0

0

. Fortunately it is not necessary to repeat the entire derivation that was carried

out for y <0, If we now define

kt' ==kt = ¢, ky = ¢

so that €, §0> 0, the expression for K(-t', y, a,_, al) follows immediately from

a
2
Eq.(29) on interchanging a, and a, . Eq.(30) similarly yields K(-t', y, 89, az) ,

and whereas (31) applies directly, Eq. (32) shows

ikf(-t', -
. 2y . oritsina {) +otc-h) - Jetl-t',2,)

Hence, fory> 0,

14



(4] 2

By -i¢sina, (1) So -11
Q=== 0 eI R )| 0K - o {Hoac )} de

and by a simple shift in the variable of integration, this becomes

00 2
-a -i(¢-¢ )sina ¢
Q-- a22 : f o ° ul (:- -%) {1+o(k"1)} & (35
k
§0
where now
= ky >0 .

Eqgs.(33) and (34) can be combined into the following single expression:

Cayy [ #1EL s (1) ¢ -1
=+ =3 f e ®) (r -§Q> {1+o(k )}dC (36)
So
and with the upper (lower) sign for y> 0 (K 0), and CO =kly| .

Examination of (36) shows that we still have to treat the integral involving
I. This is a trivial matter to the order in k thatwwe require. Using (29), we

have

Q0

f 16, Dot Ve v 0, Dt
0 ¢
iks( )
1 ¢ +89 0
"~ j; I(2 H€+ ) {az(tﬂo)

$o
ﬂa-az) g *‘o} {1+0(k"2)} dt

= 0(k™?) (37)

15



since I is O(k?). Similarly for the integral over the negative range of t, and hence

00 2
- $o
Iy) = % 1 (a -a )e -ik{s(y, a) ysina} f o ¢ sinaﬂfl)(g)( ) de

(0]

+ok~1) (38)

with the upper (lower) sign as before and ¢ 0° klyl . This is in agreement with
Eq. (46) of Weston (1962).

The perturbation field I(y) is all that we require to specify the total
surface field u(y), and from Eq.(21), we have

§2

. . ia-(-)-cosa ) ® -
u(y)= e#qslna Uy, a) e 2k x ;k (ay- al)f e#gsma
$

o

2
m(t) (!- -)dc +0®k™2)) . (39)

This proves adequate for the determination of the diffraction coefficient to the
leading order in k.

e

3.3 Surface Field Behavior

Although Eq. (39) constitutes our main result for H polarization, it is of
interest to examine the behavior of the total surface field u(y) in the immediate
vicinity of the join, i.e. for _(o =k|y| <<1.
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Consider

2

o
Fi¢sina (1) $o _ 2
f e H, (€) (!- -E-) dg = L1(§ o)-! olil(go) (40)
S o '
where
V)
L, )= f A T (41)
go
® .
) Fi¢sina (1), d '
L-l(go) = e H, «) T (42)
§0

Since the integral expression for LI(CO) is convergent even/fb'r“§0=0, we can write

r0
_ Fi¢sina ()
Ll(to)-Ll(o)- f e Hl (€) € ag
0
But

Q0

1,0 - f oFiteim eyl ¢ g
0

=sec301{1i ;(sinacosa-!-a)} (43)

as shown in Appendix B (Eq. B.3). Moreover

(1), 2i %, ¢
H1 (!)--"—f'*'(l'l';-log E)Jl(f)

I S LT St
-% ST mil ! { w(m)+¢(m+1)} (44)

m=o

17



(see Watson, 1948, p.62), so that

100 < -2 ;-5 +0 6 g ). (45)

Hence

9
0
Fi¢sina () oA 2 .3
f e Hy (€)¢ df = -— §o+0(§o. 9 logk‘o) ,
0

giving
3 )42, 2i 2 .3 |
Ll(ro)-sec a{l - (sinacos a+a)} +_1F§o+0 (§o, Colog to) . (46)

The treatment of the integral expression for L_j({,) is a little more complex

due to the failure of the integral to converge when § =0. Let us therefore write

00 ®
- +ifsina d¢ _ 21 o Filsina df
I"'l(go)f e { (§)+ } § ;f -g'ﬁ
§

§

0 o

As evident from Eq. (45), the first integral now converges even for §o= 0, implying

$o ®
= 0o1) - Fi¢sinaf (1) ¢ 2i Fifsina d¢
L (€ )=o) f o {Hl )+ 2L } £-2 f o 3
0 9
0
But ‘

So
Fifsina [ (1), 2 ) df _ ‘
f o {ilerZ ] Froe st
0

and from integration by parts

18



00}

. +i¢ sine
Fifsina df _ 1 +, .
f e 2 (fo <isinalog§ ) e
§°
© .
+sin2af e+igsmalog§d§-
§0

Since this last integral converges even for { 0=0 , itis O(1), and we now have

2, 1 . +1§ sina
L_1(§°)= -— (-r—o- +1 sinalog L‘o) e + 0(1,§olog ro)‘

=-—(—-isinalog(o)+0(l,§olog§o) . (47)

./'/.

Hence, on substituting the expressions for LI(CO) and L;l(go) into Eq. (40), we

obtain
© _ §2
f e tilsina H:D(K) (§- 'gg') dg = secaa{l * ?r (sinacosa+a)}
go
4i -2 . 2 2 .3
t= to + 7-rs1na§010g§0+0 (CO, §o log Ko) . (48)

It is evident that the integral and its first derivative with respect to Co are finite
at the join (§0 =0 ), but the second derivative is infinite there. The same is there-

fore true of I(y).

To provide the analogous results for the total surface field u(y), it is
necessary to examine the leading term on the right hand side of Eq. (39) for small {o.

19



From Eq.(19), .
%
ia =— cosa

U(y,a)e 2k = 2- 1%1 (secaa-Ccz)cosaHO(k"z)

=2- -iz—k {(a2+a.l) i(az-al)} (secsa-C(Z)cos o + O(k-z) (49)

where the upper (lower) sign again refersto y>0(<0). Heﬂce, to the first

two orders in k,

__ikysina i 3 i 3
uly)=e 2 o (a2+a1)sec ot = (a2 al)sec a (sinacosa+a)

2 i 2 2 .3
F = (az.al)go- - (az-al)sinafolog §°+O(§°, §olog §o)} (50)
and since

- §0~ -

+ 7k -y
it is apparent that u(y) is continuous at y=0, l.e.

u@+)=u(0-) (51)
asis u'(y) , i.e.

u(0+) =vu (0=-) , (52)
but u"(y) is infinite at y = 0, unless @ = 0. Indeed

u"(0)= - 21k (az-al)sin oM Jogiy|,
T y> 0

and thus a discontinuity in curvature is, for this polarization, characterized by
a surface field 'singularity' of the form y2 loglyl.

20



4. E Polarization

We now turn to the case in which the incident field is the E polarized plane
wave of Eq.(6). As previously remarked, the problem of determining the surface |

field can be expressed as a soft body one.

4.1 The Integral Equation

Maue's integral equation for an acoustically soft surface is

2 u(P)= 2 o (B o f — u(@) %S; as (53)

p p 2r BnQ Q

where G is as defined in Eq.(9), and since the two-dimensional nature of the
problem again enables us to carry out the z integration directly, Eq. (53)

can be reduced to

5 A if o 5 (1)
gn—P- u(P)=2 -Zi_x;uO(P)- -z-fé—n—Qu(Q) -a—n;Ho (kr) dBQ (54)

where r is as given in Eq. (12).

With the variable of integration t defined as before, Eqs.(14) and (15)
again apply. Also, ‘

ﬁp =@R+ayy)(1+ad2 )'1/2

and hence

0 1 =
gs-l;- == {(xp-xQ)+ay (vp-yQ)}(Hazyz) e ,

21



giving -

Hfll)(k )

3 . k)
~—H (kr)==-- ay(v-t)+ (at -ay’) —>T
dnp o r{ }(Hazyz)

The integral equation is now

(¢ o]

E'PU(P) -2 u o Pt = f 52; u(Q){aY(V-t)'*'% @tz-ayz) I B(ll)(kr)
- y
1+a t2 2 dt
' 9 T (55)
Yr)
and if we define
a2y é%' uP) =v @), (56)
P
(1+a2y)) ¥2 %P u P)=v (), (57)
so that A
(1432 12 = u@=v @, (58)
Q
then

(0 0]

Vo) =2 v () -5 f v {ay«-y>-; @tz-ay%}%. (59)
=

cf Eq.(16), where r is as given in Eq.(17). For future reference we note that
Egs. (7) and (57) imply

iky(sina+§’ y cosa)
v, (y)= -ik(cos a-ay sina)e . (60)

22



4,2 Asymptotic Solution

We again postulate a representation of the field v(y) as the sum of that
which would exist on a complete parabolic cylinder and a perturbation term
originating at the discontinuity, viz.

V(y)=-ik{V(y,a)eﬂd(v'a)+l-1EJ(y,a)eikS(y’a) . w 6

The first term on the right hand side is that associated with a complete cylinder,
and as shown in Appendix A, Eq. (A.15),

-

e

" V(y, a)=(cos a-ay sin a){z +-11-? (cos a-aysin ar)-3 + O(k"z) } , (62)
= v 1 2 4
f(y,a)-ysma+§ay cos a . (63)
The second term in (61) is that due to the join. Since
Iyl y
s(y,a)=f (1+a2 72) 2 4r | (64)

0

the only unknown quantity is J(y,a), and this is evidently 0(°) for small y.

If we now substitute the expression (61) for v(y) into the integral equation
(59) and, for convenience, write

H(l) (kr)

ay(t-y)-% (@t2-ay2) } =K t,yaa), (65)
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wé obtain

kv (5, e D g5 5, 680 D= 2 v )

(0 0]

2 =\ '
N f vie, 0l ® R v a,3) at

=00
00

f 16,5)e 0B B v a5 )at

-

_k
3

which can be recast in the form -
-ik V(y, a) RN -iJ(y, RRLLY =2v_ ) |
-
2 : ~
-kg f vit, E)eikf(t'a) K¢, y,a,a) -V(t, a)e‘kf(t'”) Kit,y,a,a)}dt
~0

[00) V‘ o0
2 o~ -
_.kz_ f v, ayelif % (t,y,a,i)dt-g f J(t.a)eﬂ“'(t'ax(t.y,a,a)dt.
=0

=00

(66)

But -ikVQr,a)eikf(v’a)

formed by continuing the portion on which the observation point lies. Hence

is, by definition, the solution for a single parabolic cylinder

\

. 2 p%° |
vy, o™V Doy ) K f vie, 06l ¥ Ky, 0,2 at \ (67)
. - \
implying
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Q0

J(y,a)eiks(y'a)=-:%{ 36,8 %% R, y,a, Bat - ’—'—‘;5 (68)
=00
| where
oo |
3- f {V(t,a) D2, y, 0, DV, e a)ﬁ(t,y,a,a)}dt. (69
-0 |

The asymptotic evaluation of 6 is directly analogous to that for the quantity
Q given in Section 3.2. Ify <0, then

I ikf(t, ag) ikf(t, a),, |
Q= f Vit, agle K(t,y,8,8)-V(t,a)e — Kt Yiap,a) pdt
0

(70)
and writing

kt=§>0, : -ky=§0>0 )
we have ‘

2
Ktt.y,a,8)= - & B+t ){al(t+§ Moy e) e Huo(k‘z)} :

)

Ret,y,a, ) - H €+ >a1(§+r){1+oar2)}

Also

Vit, a2) =2cosa+ O(k"l)

= V(t, al)

and since
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ikf(t,ag) . ikf(t,a,)
e 2 = eltsinfr {1+O(k'1)} e !

it follows that, for y <0,

@
a.~a

2
o~ 201 i(sina (1) -1
Q=- " cosaf I-Ll (§+§)§+g {1+0(k )}d§
0

which, by a change of variable of integration, becomes

az-al’ . 1(§-§ )sina

€- ( )
- cos @ e m(l:)

{1+o(k‘1)}d§ | (71)

s

where Co = =ky > 0.

The procedure for y > 0 is rather similar, The integration in the ex-
pression for Q now extends from t=-00 tot =0, and writing

.kt =<¢ <0, ky=¢ >0,

the expression can be reduced to

®
~ a;a -i(§=¢ )sma (€-¢ )
Q= %lcosaf e (1)«)

£

(4]

>

{ 1+0(k"1)} d . (72)

Equations (71) and (72) can be combined into the single result

Q0

~ a5a H($-C )sina (§-§ )
Q=1* 2 lcosaf e ° (D(L')
. ¢

o

{ 1+0(k"1) } € (73)
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with the upper (lower) sign for y> 0 (<0), and §o =k|yl.
Examination of Eq. (68) shows that we still have to estimate the
integral involving J(t,d). However, it is trivial to prove that

(04)

f J(t,'a'.)iks(ta)K(ty,a a)dt-= 0€k"2)

-

using the fact that J(t,a) = O(k®), and hence

° (c-¢ )2
Iy =3 % (a2 )cosa e-1k{s(y, a)-ysma}j' o Mt SIf,af Hl(l)(f) -—E-O— ¢ +o(k~1).
. go ’ .

(74)
The perturbation field J(y) is all that is required to specify the total field
quantity v(y), and from Eq. (61) we now have

g 0 S
ia =—cosa

V(Y)‘ 1kysma{v(v‘ a)e 2k 2k (az a)cosa o

® 2

- (§-§ )
: f ot 18 sina “’(c) a8 +0(k2) . (75)
$
(0]

This is our main result for E polarization, and the form is strikingly similar

to that given in Eq. (39).

4.3 Surface Field Behavior

It is convenient to proceed as we did in the case of H polarization, and

to examine the behavior of the surface field in the immediate vicinity of the
join, i.e. for {o <<1,
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Consider

(0 0]

€=, )2

F¥sina (l) _ 2 ,
f (€) —5— df = L,(6,)-2¢ Lgfro)ﬂ‘ o L_l(;o) (76)
§0

where

(0 0]
L, )= f 0¥ yByrge (77)
L& )= f o Fiteina m(r)dl: , (78)

9
_1<ro)= o Heotna iy & 79)

$o

Since the expansions of L1(§ o) and L_;(¢ 0) have already been determined (see
Eqs. (43) and (47) ), it is only necessary to examine L (£), and though the

integral does not converge when § 0=0, we have

)
; H¢sina _ (1)
L €)= -f e H™ € de
§

o

) ©
.- E-T- ig sinaH‘()l)(g)] T sinaf oF iféma H((,l)(k’) at

So 0
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on integrating by parts. This new integral is convergent when ¢ 0=0 and writing

© 00 go
f +i¢ sma (1) ({)d( - f _f e+1 ¢ sin O'H(()l) (¢) d¢
0

§ 0

o

we can use Eq. (B. 2) of Appendix B to show

®
i{sina
f e+ m(!)df"seca(l-z)
0

Moreover, I o e
T m -2m
(-1)(3)
‘”«) {1+ ng}J (r)-- —— Y@+
- (m')
. m=0

- 142 (rriog} y+oe?, t10g ¢)

band therefore
o ) |
+i¢sina (1 -
J' e Ho (€) a¢ O(CO.CO log Co).
0

Hence

§
L(§) 1+— ('y+ 2 ) +i(1+2a)tana+0(§ §log§)

and on inserting the results of Eqs. (43), (47) and (80) into Eq. (76), we find
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Q0

. 2
- (€-¢ )
f e+i§sina Hil)«) —_ d§=sec3a{1i
e

E R

? (sina cosa +a )}

)

2 b2 21 2 .2
-2§0{1+ -“—1 +i( 21+ - )tana += log :o} + 0(!0. §o log !o) ®1)

It is evident that the integral is finite at the join (§,=0), but that its first derivative
with respect to Co is infinite there. The same is therefore true of J(y).
To provide the analogous results for the total field v(y), it is necessary to

examine the leading term on the right hand side of Eq. (75) for small { . From

Eq. (62),

2
Y

o}
pz ia— cosa

V(y,a)e 2k = 2cos a+1—l?- (sec?'a +2i§osina+§§cosza)+ o(k™2)

_ i + (L 2 cp s
= 2cosa+ 7 {(a2+a1)- (a2 al)} (sec’a +2i §Osma

+§ (2) cosza) +0 (k"2 ) (82)

where the upper (lower) sign again refers to y> 0 (<0) . Hence, to the first

two orders in Kk,
= _i.iKysina i 2 i 2
v(y)= =ike 2cosa+-2-l-((az-a1)sec a—;r-l-((az-al)sec a
+ (sinacosa+a); -?-( -a.)cosa § log ¢ +O(§ !210 ¢ )
+ 7k 2o 8 008507851 351085 ) p

(83)
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It is obvious that v(y) is continuous at y = 0, i.e.

vio+)=v(0-), (84)

but v'(y) is infinite at y = 0 unless |a | = 79, which values have been

excluded. In fact, since

we have

2ik lim
! = e
v'(0) - (azay) cos @ y0 log Iyl ,

so that a discontinuity in curvature is, for this polarization, characterized by
a field 'singularity’ of the form y log|y| . This should be compared with the
behavior yzloglyl found for H polarization.

5. Diffraction Coefficient for H Polarization

5.1 General Expression

For a two dimensional geometry such as that shown in Fig. 1, the scat-
tered magnetic field is

H:(_I;')=;1i- f H () -a% Hg)(k |z=z'|)dS (85)
S

where

' =x' 2+y' 9
denotes the point of observation, and

£=x£+y§
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represents a variable point of integration .

IfR =(r-r'| , then

9 x-x' y=y'\ 9 9
— = —+ — e—— - + —
on Gx R ny R ) JoR ~ (%( cos 6 nysin) oR

at large distances, where x' = r' cos 6 and y'=r'sinf. Hence

T
1) lkR-1 7

0 2
om— - + onm——
anHo (kR)~ ik(nxcose nysinO) \,ka e
7 kel -tk p
i + I/_— >
~ 1k(nxcoso nysine) — © e

implying that in the far zone

g
'- -
ikr'=i 3

- J .
Hs(r')" 2 e K (n cos@+n sin6)H (r)e ik Lgs.
z= wkr! 4 X y z=

S
In the notation of Keller (1962), the diffraction coefficient DH for H polarization

is
-i !
Jere K o |
4
so that
T
B -1k} -
= —— - + 3 -
D=y e 3 (nx cos 6 n sin O)Hz(_r_‘_ Je ds,

S

but it proves more convenient to work with the far field amplitude P as defined

by Bowman et al (1970), namely

PH‘-'-

L R

-k,
f (n_cos6+n_sin6)H (r) e ket ez ds, (86)
X y z
S
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in terms of which

_171'
2 3 .
=,’_ ) 87
DH —e PH (87)

For the specific geometry of Fig. 1,

. _1/2
D= (f+ayy) {l-l-(ay)z}

and . 1 P
ds = {I-Hay) } dy ,
so that
1 2
K -iky sin6 +ika Lz cosb.
Po=7 f (cos 6+ay sin 6) u(y)e dy, (88)
-4

where we have introduced the symbol u(y) of Section 3 to denote the surface

field component Hz(g), and where the integration has been limited to some region
about the join because our concern is only with the scattering that originates
there. If we now introduce a new variable of integration, t = ky, the range of
integration extends from t = =kf to t = k! , and since k is, by assumption, large,

the limits can be replaced by T o . Hence

2
. @ . . -itsing +ia-%l-(c080
PH-Z f (cose+l; at 8in) u(l-(-) e dt, (89)
=0

and this is the expression that must be evaluated.

5.2 Physical Optics

According to the physical optics approximation, the surface field
throughout the illuminated region is
iky(sina+ g y cos )
ufy) =2e ,
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and the restriction (later relaxed) that g - |a| 18 bounded away from zero is
sufficient to ensure that a region about the join is directly illuminated. The

corresponding value of P_, is therefore

H
o)
p.o._1 it(sin a-sin 6) 1
PH =5 e (cos 9+k at sin 6)
*exp ia—zi((cos a+cos6) pdt, (90)

which is equivalent to retaining only the leading term in U(y, a) in the general
expression (39) for uly). o

If we are to identify the join contribution, it is necessary that the specular
point be away from the join, i.e. Im—el bounded away from zero, and this res-
triction applies throughout the subsequent analysis. With

p=sina=-s8inéf, , (91)

Eq.(90) becomes

(o)
2
p§-°- = % cosf f eipt [1+E {t tan0+i-t2- (cos a+cos 9)}-*0(1('2):] dat .
-
But
®
s 2 +
f PPt = (1) gy
Y
0
ond . (92)
0
i.n+
f PelPat = (2)® Lt
P
-



for n> 0. Hence .
0]
f e™at=0,
-m

andsincea=a2(t>0), a=a, t<o0),

pPo-- £ co 80 [( )" tan@ +1 (i )3 2(cos a+cos 6)+0(k'1)J
H 2'p
_ 4534 1+cos(a+6) -2

e

As we shall later see, this approximation to P_. is in error even in the leading

H
term and is inadequate for many purposes.

5.3 Precise Evaluation

An expression for the total surface field u(y) that is correct through two
orders in k was given in Eq.(39), and on expanding the leading term on the
right hand side of this equation, we obtain

u(i-:)= zeitsina I-EE(sec a-tzcosa)'.". %—k(az-al) L{t)+0(k™2) , (94)
where
° 2
= [ o™l -ty (95)
4]

with the upper (lower) sign accordmg as t> 0 (< 0 ) The first term on the right
hand side of Eq, (94) is, of course, the physical optics approximation,
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On substituting the expression for u(l-z) into Eq. (89) and again expanding
the quadratic factor in powers of k, we have

®
P ‘5’8_9 eipt 1- -Ef’-(sec3 a+2ittan 6-t2(008 a+cos 9))
H 2 2k
-0

- -2
4k(a2 al)L(t)+O(k ) }dt

and using now the results (92), the expression for PH becomes

H ( :‘ZT() (a2 al) - sec a+(—) 21tan6-2( ) (cosa-i-cos@)}

+i°°39 (aza, ( f f ) Pt +00k-2)

ay 1 1+cos(a+6) a9 cosOsec a
2k 3 4k p

‘°°s"<a -a) < f f >iptL(t) dt+0(k™9) .

Since the first term on the right hand side is simply Pg.o. , it follows that

p.o _a ipt -2
PH PH Bk cose{ sec a+<f f ) L(t)dt Y+0(k™%).

(96)

The only remaining task is to evaluate (precisely) the integrals containing
L(t). We have
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(1) 0

([-fyr

-

0 2
ipt f -i¢ sinaH(l)(g) («- _) a dt
t

ol f glé sine “’(r)(c- i)dk’ dt
=t

2 ° 2
f { o522 D)= dag-5 ‘Ptf ot #n Ve )dr}dt
't

8 é"'o °"'8

0
oo e

where

> 2

() )- f -i¢ sinaH(l) - _) a
LM - f e sine ‘1’(:)(:- —)d§

t

But

0
L( ;)(0)=f +i1{sina m({) ¢ d¢=secd a{l - (smacosa+a)}

0
as shown in Appendix B, and
00 (1
- - H ®)
L¢P = -2t f o Hisina 'T_ ag

t
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where the prime denotes differentiation with respect to t. Hence, on integration
by parts,

f f ) “’tL(t)dt— [“’tL( V) +e-1PtL, ”({]
[00]
i} i% f {elptLH'(t) + e'i"tL(+)'(t)} dt

0

[00]
{ ()(0)+L(+)(0)}+I-i) {‘ L“"(t>+e"mn‘+"(t)}dt
a

o
' H ()
=—-sec a__f { 1ptf -i{sina —é—-—df

z

(€)
+e'iptf ol S8ina lr d;}tdt

t

and when this is substituted into (96), the expression for PH becomes
o1} o4}

' m
a-a H ' (5)
-pPO- 21 ipt -i{sina 1
PPyt Zip 08 6 f {e f e T d§

0 t

+o iRt f ols Sin@ -—lf-- dg} t dt+0(k=2) . (97)
t

We now define 'y_'l_( t) such that

710 =t o
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with 'y+(0)=0 . Thus,

t
7,(0= f 76 gr = -1-2{(1-ipt)eipt-1} , (98)
p
and we note, that for smallt, v +(t)= % t2+0(t3). We likewise define
1 i
y_(t) == {(1+ipt)e 1pt_1} , (99)
P
so that
v ) =t oI .
, Ve
Hence

® ® 1)) 0 ® (1))
I H, (§) . H7(})
f eipt f e-ltsm a lg det di= J’ ‘Y_',, ® f e-i( sina l§ de dt
t t

0 0
o W) ® 0 (1))
o s ) H, ' (t)
_ ['y+(t) f e-1§ sina _ng_ d§] + f e-itsina‘y-’-(t) _E_ at |
t 0 (100)
using integration by parts again. But
0 1)
e-itsina H1 © dt = O(t'l)
9
t
for small t, implying
® (1
: - H " (€)
Jm 'y+(t)f gl sina _1_{_ ¢ =0.
t

Thus, the lower limit, t=0, provides no contribution to the leading term on the
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right hand side of (100), and since the upper limit also contributes zero,

™ o) (1)(0 o) (l)(t)
f ot f it sine 1g detat - j' iteine, g & . (101
0 t 0
® ® (l) 00 (1)
. ) ®)
f (et [ i¥sine g__ i it f Jtsine . 0 +_ & 102
0 t 0
giving
a;a % m(t)
P - P};I: 0. ‘i};l' cos6 f {e-itsina7+(t) s ltsing (t)} a0k
0 (103)

We have now reached the last step. From the expressions for 7+(t) and
p given in Egs. (98) and (91) respectively,

e-1t sina 'Y+(t)= 'lz {(l-i pt)e-it smG_e-it sma} .
v p
it sin o

A similar result holds for e v_(t), and hence

® (l) ) o)

f { ortsina (it sina (t)} 1Y I_i) f (ot 8in6_-it s1nd )Hl(l)(t) i
0 0
o0 1)
+ 1 (eit 8in6 +e-it sine)_(eitsina +e-it sina) Hl © it
p2 t
0
= gtan9+;§-(cose ~CO8 Q)= === p2 lﬂsc:_:".'eﬁ.) , - (104)
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where we have used the fact that

(03]

f sin (t sin v )Hfl)(t)dt =tan vy , 7] < % (105)
0
(see Eq. (B. 1) in the limit v 9 1) and
H:l)(t) :
f {sin(t sin 'yl)-sin(t sin 72)}—-{— dt=1i (cos Yy=C08 'yl) (106)
0

(which follows, formally at least, on multiplying Eq. (105) through by i cos ¥

and integrating with respect to v). -

The final expression for PH is therefore

35731 1-cos(a=-6)
2
© T

_ pP.o. + 02
P=Py * ok™) . (107)

The difference from the physical optics result is quite apparent, but we postpone
exploration of this solution until after consideration of the analogous problem of

E polarization,

6. Diffraction Coefficient for E Polarization

6.1 General Expression

The derivation of the general expression for the diffraction coefficient so

closely parallels that in Section 5. 1 that only the briefest of comments are

required.

In place of Eq. (85) we now have

E:(;')=- ;i- f -;’-n E () Hg)(klz-s'l ) ds. (108)
S
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On proceeding to the far field and defining the diffraction coefficient DE for
E polarization as

- |}
o ok E:(_l;') ,

it is found that

=i
_ ’ 2
DE wk e

but for convenience we shall again work with the far field /amplitude

OE A
z =ikkr'.r '
f—an e ds, (109)
S

NN

[ e
an ’

:
4
S

in terms of which

-7
D -‘-J—E-_I e 4 P (110)
E Y7k E °

For the specific geometry of Fig. 1,
2
1

- ika 2=
aEz iky sin0 +ika 5 cosf 9 1/2
- © 1Hay) dy

-{

and on introducing a new variable of integration t = ky, together with the
quantity v(y) defined in Section 4, the above equation becomes

2
i ¢ ~-it 8inf +ia %f( cosd .
P=-a v( 1;)e dt . (111)

=Q0
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This is the expression that must be evaluated.

6.2 Physical Optics

The physical optics approximation postulates that over the illuminated

portion of the surface

9E 9E"

Z_, 2%
= m
and hence, for the incident field of Eq. (7),

iky(sina+ 5 ¥ cos a)
v(y)= =2ik(cos a-ay sina)e

which is equivalent to retaining only the leading term in V(v/,(é) in the general
expression (61) for v(y). It follows that

© ‘
2

po._ 1 it(sina -8in 6) t . .t

PE ==3 f e (cos a-ap 8in a) exp {mﬁ-{ (cosa+cos 9)}dt

o (112)

and with p defined as before, Eq.(112) can be written as

. 0
3 3 2
PP-°-= _l cosa elpt 1-3 ttana-i(cosa+cos 0) +O(k"2) dt
E 2 k 2
)

R i2  i,3 1
== cosa (5) tane- (5) 2(cosa+cos 6)+0(k™")
453 1+cos(a+8) 2
Z- +0(k™4) , (113)
2k 3
P
so that
pP.0. _ _ ,P.0.
PE PH

as expected. This is consistent with the known fact (Knott and Senior, 1971) that the
physical optics approximation is intrinsically polarization independent.
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6.3 Precise Evaluation

An expression for v(y) that is correct through two orders in k was
given in Eq. (61) and if we expand the leading term on the right hand side of this

equation in powers of k, we obtain

v (i.): =2ik cos azeit sina {1+ — (sec3a+t2cos a+2ittana)

2k
- i -
F a{(az-al)M(tHO(k 2)} , (114)
where
® 0 -
M= | oF 510 H{DK) (g—'gf)- ¢ (115)
|

with the upper (lower) sign according ast =ky >0 (<0) .
When this is substituted into Eq. (111) and the quadratic factor also

expanded in powers of k,
©

. _cosa
PE 2 f

=00

ipt{1+ = (sec a+2it tan -+t (cos a+cos 9))
1 = (a2 MEO+O0K™2)} at
t4k 271

= cosoz (Zlk)(a2 al) sec a+(-) 21tana+2(-) (cos a+cosO)}

+‘°°S°‘<a -3 )( f f ) o P M)t +0(k2)

(continued)



35731 1+cos(a+6) + 2531 gecla

2k p3 4k p

0 0
+1ngfa (az-al)( f - f )elptM(t)dt+o(k-2),
0 -

and since the first term on the right hand side is s1mp1y Pp , it follows that

p_=pP04 2 1cosar -— sec a+ lptM(t)dt +0(k?) .
E E - 8k (116)

Equation (114) is very similar to the analogous equation (96) for H polari-
zation and the steps that are taken to evaluate (precisely) the integrals containing

M(t) are likewise similar. Thus

® 0 R ¢
< f - f )e‘ptM(t)dt= f o™ f -ifsina m(c) & t) =Y e at
0 - t
f it f icsmaH(l)m (§+t) & ot

Q00 Q0

eiptf o -i{ sina (l)m € t) f ifsinanfl)m (- t) } it

t t

Q0
= f {elptM(-)(t) -ipt ()(t)j dt
o

(00)

My- f ‘““‘“Hf”«)‘iﬂ-dr
t

where
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Q0

- f o 1oty lig) E1) ” & .
t

But
2 1]
M(;)(O) =f +i§sina m(&‘)t df=sec’a { ¥ ; (sinaeosa+a)}
0
as shown in Appendix B, and

Q

P 2 f . ?-i!sinanl(l)(g)
t

where the prime denotes differentiation with respect to t. -Hence, on integration

by parts ,

(0} 0 (4+)
( f - f >eiptM(t)dt= ;15 EiptM(')(t)m'iptMm(tZl
0 -0 0

00

- % f {eiptm""(o+e“mm‘+"«)}dt
0

Q0
p{ ()(0)+M( )(0)} > f {eiptM(')'(t)+e'iptM(+)'(t)} dt
0

20
and since the first term is simply -51 secS a, we now have

Q0 00

a-a
__po.. 2°1 ipt -i{sina (1), §-t
PR, T 05 f {e f e H © 3 d¢

0 t

0y

yo Pt f i""m“"ﬂlﬂ)(t) dr}dt+o(k) (117)
¢ .



As shown in Section 5.3,

@ o) 1) (o) (1))
. . H(5) H (%)
f {expt e-i§ sina "1 dt +e-ipt ei§ sina 1 dg‘} tdt
0 t

4 §
t
_2 1=-cos (a-0)
p2 cos @
Also
@ @ ® '
f {e‘pt f ot sm"’uf”(r)drn"p‘ f el ““"’Hf”(t)dc} t
0 t t
0 o _®
=2 f {cos pt f cos( sina)H{l)(C)d§+sinpt f sin(¢ sinat')Hl(l )(C)dC}dt
0 t t
® ® ®
_2 sin bt ( m )
> [sinP cos §sina)Hl (€)dS-cos pt sin(!sina')H.l (©)dg
t t 0

Q0

+§ f {sin pt cos(tsina)-cos pt sin(t sin a)} H](D(t)dt
0

Q0

[89)
2 f sin(t smam{"mdr-g f sintsin O ()t
0

0

=§ (tana =tan )

as follows on using Eq. (105) and the expression (91) for p. Hence

a=-a
PEng.o._ 21 OB {1-cos(a—9) +tan0 -tan @ } +0 (k..z)

2K 230080 D2
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which reduces to

a_-a
_pP0 271 1=-cos(a=-0)

E E 2k p3

P +0(™9) . (118)

‘As in the case of H polarization, the difference from the physical optics result
is quite apparent.

7. General Considerations

7.1 The Nature of the Diffraction Coefficients

It is convenient to start by summarizing the results obtained for the
diffraction coefficients. Using a specific model consisting of two parabolic
cylinders of different latus recta joined so as to create a two-dimensional (iine)
discontinuity in curvature at the front (see Fig.1), it has been shown that if

COA ke .

E1 A e1k( X cos a+ysina) (119)
then 8 A / 2 i(kr-g)

Ew~z e e PE (120)
with

PE= F-G ; ' (121)
whereas if

. _ v ai

H - A eik( X cos @+y sinQ) . (122)

implying

ik(=x cosa+ysina)

EI = -Z és'ina+9cos a) e
then

m
Hsu"/? i(kr-Z)P
an~z wkr e H
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implying

5 T
s _ A 2 4
E° = -Z Rsind ycosO)Jﬂkr e P

. (123)
with
= - 2
PH F+G, (124)
where
a-a
P = 2 %1 l-cos(a-8) +O(k-2) ‘ (125)
(sina=sin 6)
a-a
a- 2“1 1+cos(a+6) +O(k'2) . (126)

2k (sin a=- sin 6)

As demanded by the reciprocity condition concerning the interchange of receiver -
and transmitter, the expressions for F and G are unaffected if 6 is replaced by
-a and a by -6 .

The terms shown on the right hand sides of Eqs. (125) and (126) are the
leading terms in a high frequency asymptotic development of F and G, and are
valid provided that le—a‘ is bounded away from zero (to separate the contribution
of the specular point from that of the discontinuity). In the expansion of the sur=
face field it was found necessary to assume that g - l a‘ is bounded away from
zero (to ensure that the discontinuity is fully illuminated), and on physical
grounds it would also appear necessary that g - |9‘ be bounded from zero so

that the discontinuity will be directly visible to the field point. However, the
+ T

-— § s
|sine- sin@| #0, allowing us to replace the conditions on  and 6 individually

expressions for F and G are finite and continuous in the limit @, 6 ==

by the less restrictive ones |a| , |6] < g . This extension is vital to the
application of our results to the problem of an EMP generator.
Equations (121) and (124) can be written more compactly as
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P F1G (127)

E,H
and since the physical optics approximation is simply

p.o. _ -
PE,H =+ G, (128)

the differences from the physical optics estimates are obvious. Under most cir-
cumstancés, F is small compared with G: for example, in the particular case
of backscattering (6 = -a ),

a-a

1 -2
= +
F o cosec @ ok™“)

ar-a

1 3 -2
5 cosec a+0k™“)

G=

and F is less than G by a factor 10 or more if @ is less than 18.4 degrees.
Nevertheless, F is the sole source of the polarization dependence of the scattering.
Its inclusion is therefore important in any analysis which seeks to reproduce

the polarization characteristics, and is vital in any study aimed at the cross

polarized component of the backscattered field.

7.2 Complete Diffraction Matrix

A derivation of the diffraction matrix associated with a discontinuity in cur=
vature is essential for the incorporation of our results within the general frame-
work of the geometrical theory of diffraction (see, for example, Keller, 1962).

In order to obtain this, it is helpful to proceed in two steps, drawing first the
analogy between a discontinuity in curvature (involving the second derivative)
and a discontinuity in slope (or first derivative), i.e., a wedge-like singularity.

Consider a perfectly conducting wedge of half angle 2 on which a plane
electromagnetic wave is incident as shown in Fig.2, Following Keller (1957),
we introduce a set of base vectors, ’f‘, ﬁ, ﬁ, where f is a unit vector parallel

to the edge, :3 is a unit vector 'normal’ to the edge, and ﬁ is the unit vector
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FIG.2: Geometry for First Derivative (wedge) Discontinuity,
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'binormal' to the edge and pointing into the shadowed half space. The direction
A A A A A A A
of T is chosen to make T, N, B a right handed system, i.e. T = NAB .
With the coordinate system of Fig. 2, it is known that an incident electric
field

£l at k?r (129)
having
A A
{--Nsina+Bcosa (-5+0<ag?) (130)

produces a diffracted electric field whose expression at points far from the edge

and away from all geometrical optics boundaries is

LT e
1—

4 A
d ad e ) iks.r
E =e¢ (= e = (131)
- ( Varkr

with

(_1_r 3r

% = N sin 6-B cos F+R<0<2-).  (132)

In particular (see, for example, Senior and Uslenghi, 1971), if

i A
8'="T (133)
then
A
2. P x-v) (139
and if
A A
3i=Ncosa+B sin a (135)
then
A A
Gd=(Noose+Bsin9)(x+Y), (136)
where
1 T T 1 -1 .
X = =gin = §cos = =cos = (a=0) , (137)
n n n n
-1
Y= 1 sin ¥ {cos T+ cos 1 (r-a-e)} (138)
n n n n
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with
n=2(1-%) . (139)

Let us now adopt a similar coordinate system for a discontinuity in curvature.
This is shown in Fig. 3 and necessitates the following coordinate transformations
of our earlier results in order that we may employ them:

A A
§-9N, 9---]3,?---T,a-ba-7-r, O-vg-e. (140)

Equations (129) through (132) now apply as for a wedge-like discontinuity but

under the conditions that

T
lal , fol 55 e

o K
with
|sin o= sin 6| bounded away from zero .

Moreover, from Eqs. (119) through (126) we have that if

Al _A

e =T | | | (141)
then

239, 2 aw-a) (142)
whereas if

@i = ﬁcosa+ﬁsina (143)
then

gd =-(1'\‘I‘oos 6+ ]"3 sin 6)2i(F+Q) , (144)

where the expressions for F and G in terms of the new angles @ and 6 are

%
Observe that this last condition excludes backscattering at grazing incidence

as well as the specular direction,
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FIG. 3: Modified Coordinate System for a Second Derivative
Discontinuity. ' ‘



%91 l+cos(a+6)

F = +0(k™9), (145)
(cos a+cos 6) '
8531 1+ cos(a-6) -2
G=-= +0(k™°) , (146)

(cos a+cos )

On comparing Egs. (141) through (144) with (133) through (136), it is seen that
the diffracted field produced by a discontinuity in the second derivative is
obtainable from that created by a discontinuity in the first derivative by

replacing 2 a-0
az-al sec —é— )
X by I -ZIF_ "2k cosa+cos@ (147)
and
a=~a, 8Sec = -
Y by |-2ig=--21t 2_ | (148)

2ik cosa+cos 6

This analogy between the diffracted fields produced by the two types of
surface discontinuity is rather interesting. In a physical sense, a discontinuity
in the second derivative is like a very 'subdued' version of a first derivative
discontinuity, and the latter may occur (in the form of a surface kink) if insuf-
ficient care is taken in the fabrication of a model. From an examination of the
surface in the immediate vicinity of the discontinuity, it could be hard to tell
whether the discontinuity was in the second derivative (as, perhaps, intended)
or was instead in the first derivative, Consider, therefore, the expressions for
X and Y for small € (> 0) where

n=1+e¢,
implying
T
Q= -2-(1-6).

We now have
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€ 2 o8 2
X--§ sec -2—'.+0(€ ) ,
Y=-§sec2 -%’-—G--I-O(ez) ,

and from Eqs. (147) and (148) it then follows that a second derivative discontinuity

is equivalent (as regards the diffracted field) to a kink having
a-a

ik

€ = (cos a+cos 9)"1 ,

that is , to a wedge of half angle

T a2-a1 -1}
= - - +
Q 5 1 a (cos a + cos 6) . (149)

In addition to the expected dependence on k, we observe that 2 is also a function
of the angles of incidence and diffraction.

A further consequence of the analogy between the two types of surface
discontinuity is that we can write down immediately the complete diffraction
matrix for a discontinuity in curvature by making the substitutions (147) and
(148) in the known matrix for a wedge-like discontinuity. With the base vectors
f, I"}, ﬁ and the angles @ and 6 as shown in Fig. 3, we consider an incident

plane wave having an electric field

i_al ik/i\r
E =8 £

e (150)

where

A A A A

i=Tcos B~-Nsinf sina+ B sin 8 cos @ (151)
with 0 <B<7 . At points far from the discontinuity and in directions satisfying
the previously-mentioned restrictions on @ and 6, the diffracted electric field

can be written as
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i T

4 A
Ed ___/e\d (_ e > eiks °r (152)
sinBVZwkr
(see Keller, 1957), where

S-= "I“cos B+ﬁsinﬁsin9-ﬁsinﬂcos ] (153)
and

89 - 81 (154)
in which Ais a 3 x 3 matrix (or dyadic) provided @i is treated as a column
vector in the base 'If’, ﬁ, fB . An adequate expression for A now follows by
making the substitutions (147) and (148) in Eq. (A.13) of Séniornand Uslenghi

(1971), and is

_2i(F-G) 0 0
A=- 2i(F-G)cot Bsinf  2i(F+G)cosOcosa 2i(F+G)cos O sina (155)
=2i(F-G)cotBcos®  2i(F+G)sinfcosa 2i(F+G)sinfsina

where F and G are as given in Egs. (145) and (146) respectively.

8. Conclusions

The rigorous derivation of the diffraction matrix for a discontinuity in
curvature significantly enlarges the scope of the geometrical theory of diffraction,
and permits application of this technique to surface singularities other than the
wedge-type to which it has been restricted heretofore. Since the form of the
matrix is so similar to that for a discontinuity in surface slope, it would be
relatively simple to extend existing programs for calculating the diffracted
fields produced by discontinuities in slope to include this new and more suppressed

form of discontinuity. In the context of EMP generators, for example, it is now
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possible to investigate the short time radiated field associated with near-source
geometries which are more general than the bicone-cylinder configurations that
have been considered so far (Sancer and Varvatsis, 1971), and this application

of the matrix will be examined in a subsequent report.

9. References

Bowman, J.J., T.B.A.Senior and P. L. E. Uslenghi (1969), Electromagnetic and
Acoustic Scattering by Simple Shapes, North-Holland Publishing Company,
Amsterdam.

Keller, J.B. (1957), "Diffraction by an Aperture," J.Appl. Phys., 28, 426-444.

Keller, J.B. (1962), "Geometrical Theory of Diffraction, " J. Opt. Soc. Amer., 52,
116-130.

Keller, J.B., R.M. Lewis and B. D. Seckler (1956), "Asymptotic Solution of Some
Diffraction Problems, ' Comm. Pure Appl. Math. , 9, 207-265.

Kline, M. (1951), "An Asymptotic Solution of Maxwell's Equations, " Comm. Pure
Appl. Math., 4, 225-263

Knott, E.F., and T.B. A. Senior (1971), "The Polarization Characteristics of
Scattered Fields, " Electronics Letters , 7, 183-184,

Luneburg, R.K. (1944), The Mathematical Theory of Optics, Brown University
Press, Providence, R.I.

Sancer, M.I. and A. D. Varvatsis (1971), "Geometrical Diffraction Solution for
the High Frequency Early Time Behavior of the Field Radiated by an Infinite
Cylindrical Antenna with a Biconical Feed, " Sensor and Simulation Note No.

Senior, T.B.A. (1965), "The Backscattering Cross Section of a Cone-Sphere, "
IEEE Trans. Antennas and Propagation, AP-13, 271-277.

Senior, T.B.A. and P. L. E. Uslenghi (1971), "High-Frequency Backscattering
from a Finite Cone, " Radio Science, 6, 393-406.

Watson, G.N. (1945), Bessel Functions, Cambridge University Press.

Weston, V. H. (1962), "The Effect of a Discontinuity in Curvature in High-Frequency
Scattering, " IRE Trans. Antennas and Propagation, AP-10, 775-780.

Weston, V. H. (1965), "Extension of Fock Theory for Currents in the Penumbra
Region, " Radio Science, 69D, 1257-1270,

58



Appendix A — Luneburg-Kline Expansion for a Parabolic Cylinder

When an electromagnetic wave is incident on a smooth convex body, the
reflected field at high frequencies can be expanded in a series of negative powers
of the wave number k. The procedures for exploiting this fact were originally
developed by Luneburg (1944), and because of their subsequent extension by
Kline (1951), the resulting expansion is now known as the Luneburg-Kline
expansion, A variety of specific applications to both two- and three~-dimensional
problems has been given by Kelliewr: et a1 (1:956)

The particular problem of concern to us here is the determination of
the first two termé in the asymptotic expansion of the surface field for a plane

electromagnetic wave at oblique incidence on a parabolic cylinder, The

equation of the cylinder is taken as

ye=-= - <z<® (A.1)

(see Fig. A.1), where a is the reciprocal of the latus rectum and the origin
of coordinates is at the front of the cylinder. The propagation vector of the

incident field is assumed to be

A A AL
=-xcosa+ysina,

and by treating in succession the cases in which the field has its electric or mag-
netic vector in the z direction, we are led to two scalar problems satisfying
Dirichlet and Neumann boundary conditions respectively at the surface. We

therefore write

i _ ik(-x cos a+ysina)

u =e , (A.2)
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e

Fig. A.1: Geometry

where ui=Eiz for an E-polarized wave and ul= H; for H-polarization, and seek the

scattered (or reflected) field u® satisfying the boundary condition

ul +u = (E-polarization) (A.3)
or

out  9us :

—_— et —= - i7 ati .

: 5 (H-polarization) (A.4)

at the surface, where n is in the direction of the outward normal to the cylinder.

In both cases it is assumed that u® is capable of asymptotic expansion in the

form

L

&= (W™

. 2V &, '
us(x' )~elk¢(x'y z _I_n_(x_y_) _ ‘A.s)

and we seek the first two terms in the expansion of the surface field.
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It is convenient to reverse the order adopted in the main body of this
Report by treating the case of E polarization first. This is followed by H polari-
zation, and certain of the purely mathematical operations involved are presented
in the third and final section.

In addition to the Cartesian coordinates (x,y, z), we also employ cylindrical

polar coordinates (p, ), z) referred to an origin at the focus, in terms of which

x=pcos¢—§1£, y=psinp .

On the surface,

-
implying
x = __1 1l-cos -1 _sin
' 2a 1l+cosf ' Y72 T#cosp *
so that
x S e e

2a o’

3
The radius of curvature of the cylinder is 2a(1-*/,) /2 .

E-=Polarization

The scalar quantity u now represents the component E,, and on appli-

cation of the boundary condition (A.3), we obtain

-ikp cos(p+a) iky(p ,P) = V_(0,f)
o O ‘e 0 2 m; ~0 .
m=0 (1)
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Hence

¥ (pg, P)= =pycos (P +a), (A.6)

Volpy.9) = -1 | (A.7)
and

V. (py$)<0, m>1. (A.9)

At any point P=P(p,f) off the surface, the field is attributable to a
ray whichis reflected at the appropriate point Po of the surface according to
the laws of geometrical optics. Following Keller et al (1956, pp. 249 et seq. ),
we introduce new (ray) coordinates s, where s is the distance along the
reflected ray at P measured from the caustic, and B is the angle which this
ray makes with the positive x axis. Thus

B=p+a
and if s is the value of 8 at P,, then

8,° %pocos %"_'_f_’
Hence, at P,

¥(s,B)=¢(s ,B) +s-8, - (A9
with

s=s°+[PoP] .

The expression for Vo(s,B ) is

s 1
V(8. B0V, (5,80 2

as follows from the conservation of power. Hence, using (A.7),

1
Vy(s,B)= <D 2
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implying

ik{y (s_,B)
o - S: 1/2 { 8y:PH8=8, l{1+0(k-1)}

2

i -ikp cos(f+a)

g: =-ikcos(g+a)e °
-P=Po
Also

s XV (s,8 ©
ou _ ). O m
ﬁ--{lka_n Vs, Z m z m'5-n

m=o (lk)

and because V;,=0, m > 1, on the surface, with Vo= -1,

_{_ _8_2 + o (k—l )} ikW(S, B)

u
on n on

PP, e,

On inserting the results of Eqs. (A.29) and (A.30), this becomes

aus { g a 0083 g -ikp
- = -ikcos(a+ ) + +0 (k1)
on )

p=p, cosz(a+§ ) 4

" which can be combined with Eq. (A. 12) ‘to give
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(A.11)

(A.12)

V_(s, B)} fleyls, B)

cos(p+a)

(A.13)



0083 g

ia 2

-ikp cos(f+a)
= -2ikcos(a+g){1+ - °

+0(k=%)} e

0 i, s
—(u +u)
on cosB(a+g ) (A. 14)

) 2k
o=p,

In terms of Cartesian coordinates,

P=pg J1-2ax

9 ,i, 8
o W)

(cos a-aysina) {1+ -12—1 (cos a-ay sin ar)-3

+0(k2) }eik("‘ cosa+ysina) (A. 15)

which is the result required. For a =0 it is equivalent to the solution obtained

by Keller et al (1956) for the special case of axial incidence.

H-Polarization

The procedure is rather similar to the above. The scalar u now rep-

resents the field component H,, and on application of the boundary condition
(A.4), we obtain

-ikp cos(f+a) © v
-ikcos(a-g)e 0 +{ik 3y E 1 __r_n_} R
2 on m dn
m=o )

for p =P, Hence
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V(0. P)==p cos (p+a)

as before, and

cos(a- g)-Vo(po,ﬂ) g% =0, (A. 16)
Vel X . > 1 (A. 17)
Tn—+vm(pon¢)3'n°oo m_ ¢ o

Introducing the ray coordinates (s, 3) once again, y/(s,3) assumes the
form (A.9). Hence

-1
VO(SO,B)=(%¥) cos(a+g)

and on inserting the expression for a¢/ on given in Eq.(A.30), this becomes

V,(85,8) =1, (A.18)
implying
50,72
v (s,8)=(50) " . S (Aa9)

Equation (A. 17) serves to specify V1 on the surface as

v,

VilegB-igh ™ 32|

(o}

and using (A, 29) in conjunction with (A. 30), we have

30083 Q

2

V1(80,3)= - m—)— . (A. 20)

2
Combining (A.2), (A.6), (A.18) and (A.20), the surface field is found to be
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ia &3 ! -ikp cos (f+a)

co

i, s 2 -2 o

(w+u) =2¢1- = _ﬁ-—*'O(k )}e (A.21)
p=p 2k cos3(a+§) .

in agreement with the result given by Keller et al (1956) for the special case
of axial incidence (@=0). In terms of Cartesian coordinates,

(u+u®) =2{1-1 o (cos a-aysina)_ +O(k'2)

P=p,

’

} ik(-x cos a+y sin a)

(A.22)

which is the result required. I

Mathematical Relations

We present here a derivation of the two formulae that have been em-
ployed in the preceding sections.
From Eq. (A.11), we have

9
on

_ B-a 8 . B-a d
cosT o +8in 5 5y
and since s=s(x,y), B=B(x,y), it follows that

9 _ B-a 0s B-a 8s G B-a 98 Baaﬁ 3
7 (s g *sinTg = )gp+ (cos 5T st sin B2 )pe 4B

To determine 85/ ox , as/ dy, BB/ ox and aB/ dy , we first observe that

X=- 51-51 +(8-8,) cos B+p, cos (B-a) (A.24)
y=(s-s_)sinB+p sin(B-a) (A. 25)
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where
2 B-a eh cand B- Bra
Po” 2 — sec? -5— and o-PoBec COo8 —— 7

On eliminating s from (A.24) and (A.25), we obtain

- ) Q3 - = c— — .
(x+2 )sinB-y cos 8 5 sina sec 5 (A. 26)

and differentiation with respect to x keeping y constant then shows that

98 _ _sinB
k"5 - (A.27)

Likewise, on differentiating (A.26) with respect to y keeping x constant,

we have -
Qﬁ - cos B
dy 8 )

]
To find s/ ox , it is convenient to express X in the form

sin —B:Z:- sin @

X = scosB+-2—a P -1
’ CcoSs —2-

as follows by eliminating s, and p, from Eq. (A.24). If we now differentiate
with respect to x allowing s and B to vary, and then use Eq. (A.27), we find

] 3sinfBsina
I8 =cosf+ __Lnf_l__
9x cos3+cosa

Similarly, from Eq. (A.25),

sin -'-82_—- sina

' y=ssin/3-2-—a Y
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and differentiation with respect to y gives

as 3 cos Bsina

= gsin
np- cos B +cosa

On substituting the above results into Eq. (A.23), the normal derivative

becomes
y sinasian
) B+a 2\ Ba gB-a 3
— = — 3 c———— — e e —
on (cos 2 3cos[3+cosa>as 2a tan 2 08" =3 9B’ (A.28)
. : . o/a 2
We first apply this operation to (s [8) " . Since
-
0 sincr-1 sinfB
Po__1 27
a L
B 2 | 4B
2
it follows that
Ba .. Bt
.9_(52)1/2=.1.(S_°)1/2 L i (sina- sinf)- - (cos B2 3%
on 8 2's 8, 0083_-6_1 2 8 2 cosf+cosa

and when 8=s o’ this reduces to

3 (8_0_)1/2 ) 1
o s 8=8 28_cos B_+_a
- 0 Y 2
Hence
3P
1(8_0)1/2 --a| oo 2 | (A. 29)
a . . .
no8 s cos (a+g) .
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Our final task is to apply-the operation (A.28) to ¥(s,B). Since

v(s,B) =y (s,,B) +8-8,
it is obvious that

v
9s ’

Using the known expressions for ¥(s,,B) and s, it can also be shown that

4a
and on substituting these into Eq. (A.28), we find -

oYy _ 3 . 43-0
3[3 sinasec 3 N

oY _ Bt+a

In terms of the oridinal coordinate §§ ,

-g—g =cos(a+g) . ' (A. 30)
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Appendix B — Some Integral Expressions

The results that we require can be deduced from the discontinuous in-
tegral of Weber and Schafheitlin (Watson, 1948, pp. 398 et seq.). From
formulae (4) and (5) on p. 405,

" tit sin
J()e 7dt=sec'ye =1v VY Rev >-1,

0
and since
(D(t) "3 0- -
id_ (t) cosec v T,
we have : T )
. inv(53y)
M, Titsiny . _ iy SMVIig+
f Hv (t) e dt =2secye preg (B.1)
0
valid for JRe.v| < 1. In particular, for v=0,
o)
(1) +itsiny
H (tle dt =sec vy (17 + Yy . (B.2)

0
Differentiation of Eq. (B. 1) with respect to v yields

(1) 'ﬁt sin vy 3 =iy / 2 T
H t)te ~ dt = 2isec” ycosecvwe v cos 7cosv(§ Iv)

.T.sin'ysinv(g-?‘y)}.

.\\\
~~
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The integral converges when v=1 and hence, on taking the limit as v ~» 1,
X 31 .2
H{l)(t)te it 810 Yy - gec 7{1 +- (sin v cos y + ‘Y)} , (B.3)

0

which is the other result that is needed.
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