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FOREWORD

This report, 1492-1-Q, "Reduction of Radar Cross Section of Ducts', was pre-
pared by The University of Michigan Radiation Laboratory, Department of Electrical
Engineering, under the direction of Professor Ralph E. Hiatt, Head of the Radiation
Laboratory, and was written under Purchase Order 504-855029 to the Northrop
Corporation, Norair Division.

This report, the First Interim, covers the period 22 January through 31 March
1968.
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ABSTRACT

As a preliminary to an investigation concerning radar scattering by a rectangular
duct lined with absorbing materials, the simplified problem of plane-wave scattering
by a semi-infinite parallel plane waveguide is considered. The surfaces of the guide
are assumed to obey impedance boundary conditions, where the impedance on the in-
terior surface may be different from the impedance on the exterior surface. A case of
particular interest would be that in which the exterior surface is perfectly conducting .
Ray-optical techniques based upon known results for a semi-Jnfinite screen with two
face impedances are employed to calculate both the field scattered into the far zone and
the fleld generated at the mouth of the guide. The ray optical procedure is also applied
to the case of a perfectly conducting, open-ended parallel plane waveguide for which
an exact solution is available, and the ray optical result is compared with the asym-
ptotic expansion of the exact solution.
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I
INTRODUCTION

The purpose of this contract is to investigate the radar cross section of an air
intake duct similar to that found on jet aircraft. In order to reduce the radar cross
section, the interior of the duct is supposed to be lined with a layer of radar absorbing
material, thereby providing an absorption of the energy launched into waveguide modes,
which may be reflected Hy the termination of the shwet and reradiated back toward the
radar transmitter. The opening of the duct is taken to be rectangular, although the
eross sectional shape gradually changes to circular at the rear of the duct. The tasks
of the contract were therefore, divided into two parts; the first being to calculate the
energy launched into the duct and its consequent reradiation based upon an unknown
reflection coefficient at the termination of the duct, and the second being to calculate
the effect of the gradual cross sectional change of shape of the duct on the waveguide
modes carrying the energy. From this knowledge, it is hoped to produce a good estimate
for the radar cross section due to the interior of the duct.

The theoretical approach we shall employ is to use ray optical techniques to cal-
culate the field generated at the mouth of the duct and from this information to deter-
mine the energy launched into the waveguide modes. As a first approximation to this
very complicated problem we have studied the two-dimensional problem of a plane wave
incident upon a semi-infinite parallel plane waveguide wherein the outside surfaces of
the guide are perfectly conducting and the interior surfaces of the guide obey an impedance
boundary condition. Ray optical techniques are employed to obtain both the field
generated at the mouth of the guide and the field scattered into the far zone by the edges
forming the waveguide opening. The ray treatment is intimately dependent on the known
solution for plane wave diffraction by: a half plane with arbitrary face impedances.

At the present time, it is no extra complication to consider the outside surfaces of
the guide as being governed by a separate constant surface impedance. The ray op-
tical methods are also applied to the case of a perfectly oonducting parallel plane
waveguide for which an exact solution is available, the motivation being to compare
the ray optical result with the asymptotic expansion of the exact solution.
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For application to a rectangular waveguide, these results must be axtended to
include the case of oblique incidence on the edges forming the waveguide opening.
This aspect of the problem is presently under investigation. At the same time, the
waveguide modes existing in a rectangular waveguide with an impedance boundary
condition are being investigated. The orthogonality properties of these modes must
be determined in order to match the field in the guide to the field generated at the
mouth.
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THE HALF PLANE

Before we consider the problem of diffraction by a semi-infinite parallel plane
waveguide we must first examine the pertinent half plane results. To fix our
notation, we shall employ natural units with free-space constants €, Ky set equal
to unit and suppress the harmonic time dependence exp(-iwt) throughout. A plane
electromagnetic wave of unit amplitude is assumed incident at an angle 60 to the
semi-infinite screen as shown in Fig. 1 . The screen is assumed to be comprised of
material of such a kind as to make the total tangential field components satisfy the
following impedance boundary condition on the surface ( fi is the unit outward nor-
mal to the surface)

E-(f- E)2=nfAH, (1)

where n = n, on the upper surface and n = nz on the lower surface. The face im-
pedances m and 1, are complex constants whose real parts, because of energy
oonsiderations, must be non-negative. Further, the surface impedances are as-
sumed to account for the presence of thin layers of highly refractive absorbing
materials applied as a coating on a perfectly conducting half-plane, Although the
validity of the impedance boundary condition near an edge of the diffracting structure
is then open to question (Weston, 1963), one nevertheless expects some general
features of the scattering process to emerge when the overall effect of an absorber
coating is treated in terms of a constant surface impedance (see, ¢.g., Bowman, 1967).
It may be noted that if the surface is to be considered as perfectly conducting, then
the corresponding impedance must be set identically equal to zero. In particular, a
special case of interest would be that of a perfectly conducting half plane coated on one
side with radar absorbing material.

The exact solution for plane-wave scattering by an absorbing half plane with two
face impedances is available from Maliuzhinets (1958, 1960), who treated the more
general problem of diffraction by a wedge with arbitrary face impedances, For the




FIG. 1;: PLANE WAVE INCIDENCE ON ABSORBING HALF PLANE WITH
TWO FACE IMPEDANCES

application of ray-optics techniques, we shall require the asymptotic far-field form of
the solution. This result, obtained by means of a steepest descent approximation to the
exact contour integral solution, may be written in the form

wle E exp i0kr- 3 m)] (6, 6,) (@)
representing a cylindrical wave emanating from the edge of the semi-infinite screen
and produced by a plane wave incident at an angle 6, to the screen (see Fig. 1, where
the geometrical configuration is different from that used by Maliuzhinets). The total
exact solution, u, which is a function of two complex quantities az1 and az, is derived
by imposing boundary conditions of the third kind,

1 Nicosa, =0 (6 =0,27), (3

flr 96 - 1,2

on the faces of the semi-infinite screen. The quantities a and a2 are constants whose
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real parts lie in the cloaedintervﬂ[O,alz] . For ohservation angles 8 bounded away
from the geometric optics boundaries (1. e. for 8 7 *,), the amplitude factor
U(, 6,) appearing in (2) 18 given by

sin(6 /Z)J
- 0 yi-9) Y3x-9)
U6, 6 Fr lsmwfz)mo(oﬁ * o6 eeyd (©

where the auxiliary function y(p) is expressed in terms of a special meromorphic
function y,.(B) by the product

vey, (&Hrﬂ1)¢1(&Hr-al)w,(B-x—az)w”(B-ﬂaz) (5)
and n//”(B) has the representation
B -
) 1 7 siny-2¢2r sin(v/2)+ 2v
w”(B)— exp{—awfo —yy ). (6)

Maliuzhinets (1960) mentions that the special function /. (f), along with its generali-
zation for the wedge problem, has been tabulated by M.P.Sacharowa, although no
reference to the literature is given. The important analytical properties of the
functions Y, (P) and y{P) are given in AjpeRfliRIA.

An examination of the boundary conditions (1) and (3) indicates that the scalar
function u may be employed to represent the half-plane solution for either of the
two fundamental electromagnetic polarizations. Thus, in the case of H polarization,
the function u represents the z component of the magnetic field Hy , provided we
make the identifications

1 772 = cos a'2 s )

while in the case of E polarization, it represents E, under the identifications

n1§cosa

n, =1/cos a n, = 1/cosa, . (8)

1)

This property is a result of the natural duality of Maxwell's equations and the im-
pedance boundary condition (I) under the transformation E » H, H~ -E,n+ 1/n .
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An alternative representation for U(6, 6,) may be obtained by saccessive use of
the identity given in (A.10); in particular, after some trigoneméatiic rdduction, wedb-
tain the following expression:

et ain’2 (L-oos s 5 (o0 onm 52} cos 2-c08 L Jrooa s
Elr(iﬂ sinisin2 2-cos§-<m2 +{2 ouzmz cos cos 5 o:szcoe;2

W—o)w(z-ao) 008 0 + cos 8,

U(e, 6,)=
N (9)
which is valid so longas 6 #7 * 6, - The quantity wr(sr/Z) is given in (A.9). The
expression in Eq. (9) is manifestly symmetrical in the two variables 9, §,, thereby con-
firming the principle of reciprocity: U(6, 8,)=U(6,, 6). For aj=ay=(x [2) , corresponding
to a perfect conductor with H polarization, we have upon employing (A. 10) and (A, 15)
_1 74 . 0
tr-01- 5[y, )] oun s .

and therefore (9) reduces to

4 cos(0/2)cos(6,/2) (10)
cos6+c086 )

u(6, 6,) =

On the other hand, for a;=ay - fim , corresponding to a perfect conductor with E
polarization, one finds asymptotically

layl f2

4 1
wr-awgly (5] :
so that (9) now reduces to

4 sin(9/2)sin(9_/2)

cos6+cosf, (11)

U(o, 65)= -

These limiting expressions are in accord with known results for a perfectly conducting
half plane.

In order to explore the effects of multiple interaction between the two edges forming
the mouth of a semi;inﬁnite parallel plane waveguide, we shall also require an asymptotic
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expreésion for the half-plane solution along the ray-optics meflection boundary 6=7-6,,.
It may be shown from the Maliuzhinets (1958, 1960) contour integral solution that for 6=7-6,
the total fleld behaves as

(12)

ikr cos 20 cos a —smB
Ue~e - )

o} ;[kr
Zoosaﬂinﬂ

provided 0< 8, <7 . For incidence from the lower half space x < 8, < 27 , the same
expression obtains except that a; is replaced by @, . The result in (12) is hardly sur-
prising physically and shows that far along the reflection boundary the scattered field

is given by the perfectly conducting result multiplied by the infinite flat plane reflection
coefficient. Howevér, to apply the ray-optical procedure to the semi-infinite parallel
plane waveguide, we need to know the field generated along the reflection boundary by

a line source located at a finite distance from the semi-infinite screen. Rather than
solve the line source problem for an absorbing half plane, we shall draw upon an analogy
(In view of Eq.12 ) with the known result for an isotropic line source over a perfectly
conducting half plane. Thus, for an incident field given by

T
L gy [ Mg
u"Ho (k'.]': l'l"yIWk 1“!0') (13)
it is physically reasonable to take
cos @ -8ing 2 ik(r+r°)-1-
e - g —1__2° (14)

2 cosa;tsing ka(r-lro)

as the scattered fleld far along the reflection boundary 6=7-6,, where 0 <@, <.
For 7 <, < 27, replace a; by ag in (14).
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THE SEMI-INFINITE PARALLEL PLANE WAVEGUIDE

The semi-infinite waveguide to be considered here consists of two parallel half
planes specified by y = ¥ a, x>0, as shown in Fig 3, where the polar coordinates
r, 0 measured from the center of the guide are also illustrated. The upper half
plane is referred to as () and the lower as (Q) , and the distances from edges Q)
and (@ to the field point (r, 6) are respectively denoted as r, and ry . The interior
surfaces of the waveguide are governed by a constant surface impedance , while
the exterior surfaces are governed by an impedance m which in future applications
will generally be taken as zero. Finally, a plane wave is assumed incident upon the
structure from the direction 8,, where (x/2) <6, <7 .

We shall employ the ray optical procedure to calculate first the field scattered
into the far zone by the edges forming the mouth of the waveguide, and then the
field generated at the mouth of the guide, The Iatter field will be required in the
future when we consider the case of a rectangular waveguide. In particular, an
estimate of the field generated at the mouth will play an important role in obtaining
the energy launched into the waveguide modes. For waveguides of finite length - such
as air intake ducts of aircraft - a pertion of the energy carried by the waveguide modes
will be reflected back toward the mouth and reradiated into the far zone, thereby
making a contribution to the radar cross section of the duct.

The primary diffraction due to the open-ended parallel plane waveguide is ob-
tained by neglecting the mutual interaction procees that takes place between the
two straight edges forming the waveguide mouth. In this first approximation, then,
the two edges behave as independent semi-infinite screens, each in the absence of the
other and each excited by the incident field alone. Noting that the distances T, Ty
are approximately r ;a sin 6 as r -~ , and taking into account the phase of the
incident plane wave at the two edges, we may at once write the scattered field from
the parallel plane waveguide as a superposition of the two primary edge waves:
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(r, 6)

FIG.2: PLANE WAVE INCIDENT ON A SEMI-INFINITE PARALLEL
PLANE WAVEGUIDE WITH TWO SURFACE IMPEDANCES.
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o ifke-]) | -ika(sing+sing ) tka(sind+sind )
W — [2 e U(6, 8 )+e U(2r-6, 27-6,)
i Vi 8¢/ S £
(15)

where (7 /2) < (6, 6,)< 7. It may be noted that the fimction U(2x-0, 27-6,) properly
accounts for the fact that the lower plate Q) is illuminated on the ) side rather
than on the n; side as is the case for the upper plate () . As a special instance of
(15), the backscattered field (6=6,) is

s 1[G i(kr-j{) -2ikasing 21kasing
u ~—7r—i,/E-“ e e U(6, 6)+e U(2x-6,27-6) }. (16)

The immediately preceding approximations are valid so long as ka >> 1, so that
the interaction between the edges is weak. However, for more clegely spaced wave-
guides, it may become necessary to include matual interaction affects in order to
improve the accuracy of the ray optical procedure. To calculate the secondary dif-
fraction contribution, for example, each edge is considered to undergo an excitation
due to a cylindrical wave emanating from the other edge in addition to the excitation
provided by the incident plane-wave field. The cylindrical wave from the edge is
assumed to emanate from an equivalent isotropic line source whose strength is
chosen, on the basis of Eq. (2), to provide the correct diffraction fleld in the
direction toward the other edge, Knowingrhow the field of such a line source is dif-
fracted by the half plane representing the other edge, one may write down the first
interaction contribution to the far scattered field.

The physical situation becomes somewhat more complicated for the successive
interactions past the first. This is due essentially to the fact that each edge lies
precisely along the ray optical reflection boundary of the half plane corresponding
to the other edge. Consider, for example, an isotropic line source of unit strength
located at the position of edge (D) in the presence of the hatf plane (?) . The field

10
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8scattered back toward the line source— along the reflection boundary of plate @ -_
is then (in view of Eq. 14) given by

. 4
BS~ 1 cosaz-l /—2—1 1k(1’2+28)-iz -
v Y3 cosa,+1 ¥ 7k(ry+2a) © ’

and this cylindrical wave appears to emanate from an image line source located at

a distance 2a behind the half plane (2) . From this example, it may be seen that
each successive interaction between the edges of the waveguide gives rise to a new
image source and that an infinite number of image sources is required to account for

the multiple interactions.
Forsaking further details, we shall merely present our final result for the field

scattered into the far zone by the parallel plane waveguide:;

i(kr-T) [ -ika(sing+sing ika(sing+sing,,)
W ——-/ge 4 {e O)U(8,9°)+e ° ‘U(27-6,27-9,) -

T @® - -
) ei 4 [RZm:il(Zxx.x+l)2kﬂa“9 ika(sing BmGO)U(o, 15 o :12’! ’ 21r-90) .
i G, | g
ika(sin6-sin6 )
+e U(27r-6 Oo) +
i T (0]
4 2m-] 1(2m)2ka -ika(sing+sing )
_Z e "6, Mu3 gy +
F e 2m o P R R
lka(sing+sing,) 3r._ 37 1
+e U@2r-6, 2)U(2 , 27=0,) +°(E'a) (18)
where
) cos a2-1 (19
B cos @, +1 )

It may be noted that each successive interaction is reduced in magnitude not only by the
numerical factors appearing in the denominators of the summands, but also by the reflection

coefficient R which for good absorbers is very close to zero.
11
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By a procedure similar to that above, we have also calculated the field generated
at the mouth of the waveguide; in particular, for x = 0, lyl< a the diffracted field is

-7 ® -
4 Va7 -ikasing -1 i 3r R2m .ik(a y)+2ika(2m)
w2t o U(—,G)Z -
i 2 =0 22m .l
0 2" fela-y)+2ka(2m)
T @ - -
ﬁ? ikasinﬂo i i 3r R2m 1 ei.k(a.-y)+2i.ka(2m 1)
-me U('E,ZW-OO) N oo +
=L 24 f(ay) +2ka(2m-1)
. T 0] .
Va7 ikasing -1 1 3y R2m e1k(a+3,r)+21k:3.(2m)
+ 4;-.{— U( —2 ) 2 -60) Z . -
MEO 2°™ f(aty)rokalzm)
Jap clkasingy-iy o &> p2m-l (k(a+y)+2ika(2m-1)
- m e U( L 0) . (20)
m=

220 Ay okaGm1)

Again, the successive interaction contributions become progressively smaller in
magnitude, as expected.

It should be emphasized that the ray-optical procedure we have employed above
to calculate the mutual interaction effects is based upon the simplifying assumption
that the equivalent fine sources are isotropic. In order to modify the ray optical
method described here, we would require the solution to the complicated boundary
value problem of a non-isotropic line source over an absorbing half plane with
arbitrary face impedances. Since the higher interaction terms are still expected to
be very small, especially in the case of highly efficient absorbers, the slight
improvement in accuracy for these terms is most likaly not worth the labor involved.

12
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PERFECTLY CONDUCTING CASE - BAY OPTICS VS EXACT SOLUTION

It wouldibe interesting to compare the ray optical description of scattering by
two parallel half planes with the exact solution to the problem; unfortunately, a solution
for the case where the parallel plane waveguide is absorbing does not seem to be
available, Nevertheless, we can make a comparison in the case where the waveguide
is perfectly conducting since in this case exact solutions, based on the Wiener-Hopf
technique, are widely known in the literature. Ray optical techniques and their
relation to canonical problems with parallel plane geometries involving perfect
conductors have been discussed by Yee and Felsen(1967a,b), by Felsen and Yee
(1968a, b) and by Yee, Felsen and Keller (1968). Their work has been centered on the
study of reflection and radiation of waveguide modes incident on the open end of a
waveguide, and they have reported that the ray optical method yields remarkably
accurate results even at small ka values. In this section we shall discuss briefly
the results that are obtained in the plane-wave scattering case. No numerical cal-
culations have been carried out, so we shall confine our comments to analytical
results.

We consider an E-polarized plane wave incident from dirdction 60 on a pair of
perfectly conducting parallel half planes. By combining the results of Vajnshtejn
(1948) and Clemmow (1951), we can write the far field as obtained from the exact
solution in the following manner:

i(kr-J) 2sin(6/2)sin(9 /2)
8 1 Jg o 0 (1 +e2ikasin6) (1 +e21kaain9°) JVo

EN - ——
47i m9+0036°

+(1_ezmasme) (l_ezikasmeo) o0 }e-ika(smmmao) ' (21

13
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where we have assumed cos 6 <0, coseo<0, and where

§+1oo
1 2ikacosT, cosTdT
Ve log (1+e ) SinT—c080
T
2
(22)
s
-4
5 4@
1 2ikacosT, coar dr
Us3n log(1- ) Simr—cos0
--i

The quantities V,, U, are obtained from (22) upon replacing 6 by 6, . Now for ka>> 1,
a steepest descent approximation yields (Vajnshtejn, 1948):

® t2
w— | B 1+e2ﬂm_E * (23)
Yori & ) :
-

t- kaei,Foose

We expand the logarithm under the assumption:that k has a vanishingly small positive
imaginary part,

2ika--2t-2- Z“';, (Demka %ﬁ
- — 8
ms=

log (1+e ) = -

2

and integrate term by term to obtain

@© m
Vo- % sgn(cos6) Z; (')m Smka o ey, (24)
m:

where w =Jka[2 lcos6l and

Q0
022 2
G(E)w-z,-;-eizg (‘I[)Ee o (25)
-1

14
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For values of ka and ¢ auchthatlka/i leosg | >> 1, we have

' 4
_ 61;
G(w) ~ ,
2T W
and consequently
4
v i’; @® m
eN] m e Z__; -(13)75 emmka+0(%) .
J4rka cosf m=1 m

Similarly,

i
U e

[0}
1 2imka 1

6 n 1l -~ ———— z ﬁ—e +0(=—).
,ﬁrka cosf@ m= m(3 2 ka

When (27) and (28) are employed in (21), we obtain

Y]

x
5.2 eik”i 4 2sin(9 /2)sin(9,/2)
| Tkr cos@+cosf,,

{cos [ka(sing+sing o)] +
i

. ) 1 @ ei(2m+1)2ka, [ ]
+ ( + ) Z; cos |ka(sin6-sing )
N T ;

T

Wy

@ e1(2m)2ka

On the other hand, the ray optical result in (18) reduces to

ket T
ES / 7?21& e 4 28in(6/2)s1n(6,/2) {cos[lm(smeﬂineoﬂ +
. Y

cosoicoseo
i—
4 O i(2m4)2ka
e 1 1 e
+ ( + ) E cos | ka(sing-sing ) | -
fazka €080 cosf, &= 22m ool [ 0).]

ir

®
e 4 1 1 Z ¢l(2m)2ka

- (cose+cose ) 2m-]
virka 0 m=1 2 /2m

15

(26)

(27

(28)

i B
4rka 0 M=l (2m) ka

(29)

cos [ka(sin0+sin90)] +0 (l%a) .

(30)
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The two results in (29) and (30) differ because of the mimerical factors in the
denominators of the summands. It is seen, however, ﬁnt'the primary diffraction,
along with the first and second interaction contributions, are in complete agree-
ment. For each successive interaction after the second, the ray optical result
(30) underestimates the asymptotic result in (29) obtained from the exact solution.
In order to obtain more accurate results the simple ray optical method employed
above would have to be modified.

16
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APPENDIX A

PROPERTIES OF THE FUNCTIONS ¢, (§) AND y(f)

The meromorphic functioﬁ Y (B) is defined in Eq. (6) as -
(6) = exp{ B f’,— sinv — 24/2 rsin (v/2) + Zvdv} ’ , | A

8rJo cosv

from which it will be observed that Y, (P is an even function of B whose logarith-

mic derivative is given by _ : _

v'(8) _ 1sinf  A2sin(8/2) 1 B~ (A.2)
¥.(8) ~ 8cosf ' 4 cosB 4rcosp’

By means of the elementary integrals

sin v
focosvdv = —In (cos B),

= (Psin(v/2) _ '[\/2cos(ﬁ/2)—1.\/§+1
V2 o COSY do In V2 cos(8/2) + 1 \/5—1]’

we obtain the following alternative representations for y..(B):

[ V/2cos(8/2) + 1 1 1 (Podo | |

R v il e Cr e P
B /2 cos(8/2) + 1 1 (Prsing — 2 _ A

%(B)—[ V241 :Iexp{'S_r.J;—W—d"}' - (.4

‘When 1Bl < (n/2), the integral in (A..3) can be expanded as

fvdy _g" 18 5p8° 61§ (=)Ewn_ g™ ‘
‘Lc_os_z?=3+'2'4+24,6+7208+ =Gt a2t (A.5)

where Eo are the Euler numbers. When § =i, we have (Grobner and Hofreiter
1949) o |
./_1. b_vﬁlﬂ _ 1 (*"xdx - Z (=" —b, (A.6)

r Jo cosv *Jocoshx 745 ( 2n+l)

17
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where b = (2/7)K with K = 0. 9159656. .. (Catalan's constant). On the other hand,

when 8 = (7 /2), we employ (A.4) with a change of/integration vanable v=(m /2) -u
to find

\b,(w/2) [——]e ple cosu-—l 17 r/zﬂ} o A.D

sin % 41r 0 sinuf'

The first integral is elementary and the second integral is (Gfgbner and Hofreiter

1949) 1 '/21‘ du 2 ) ( 1)1!
LR - Torr (A.8)
We obtain then _
i ¥
\0'(7"/2) = [\/52_*_ léw{] . (A. 9)

It is easy to verify the following fundamental identity (Maliuzhinets 1958)
| W8 + 3m)e(8 — 3m) = [Vu(m/2)] cos(8/4), - (a0

and by successive application of (A. 10) one obtains

48+ 1046 = ) = S (con(a2) 4 costeyay), (A. 11)
3r) 2c0s(8/2)
‘l’r(ﬂ + >¢"(B - ) = l[‘/’r( /2)] (5/4) (A. 12)

From this last equation we observe that the zeros of Vo (B) which are closest to the
point B = 0 and the corresponding poles are the points B = T (57 [2)and B =¥ (1 /2),
respectively. From Eq (A. 10) one also derives

V(B4 1) c05(4ﬁ + ir)

V(8 — 1) cos(iB — im)’ (A.13)
ttggi‘g—:g=cot(%ﬂ+%r). . .10

The function w(B) is expressed in terms of the function xp (B by the product in

Eq. (5):
VB) = VB + 7+ adu(B + 7 — a)¥r(B — * — a))fu(B — x + a,), (A.15)

from which, by means of (A. 14), we derive

18
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V(T +B8) _ ¥e(B+ a1+ 20)0e (8 — ay + 27)
. vﬁ(1r - ﬂ) Ve(B+ a1 — 27) ¢ (B — ay — 27)

= cot(}8 + ial +ir) cot(}ﬂ fa1 +17) = __g:: ;_:z g ’

-and similarly

V(=7 —B) _-co'saz — sin 8
¥(—r+B8) cosas + sin g’

19

(A. 16)

(A.17)
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