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ABSTRACT

A study of the transport properties of plasmas, which are
representable by a set of linearized Boltzmann equations coupled with
Maxwell's field equations, is attempted for the case in which the
collision integrals are replaced by a simple relaxation-type model.
Relations, explicit in terms of the initial conditions, are deduced for
the plasma parameters such as electric conductivity, mobility, ordinary
and ambipolar type diffusions. The results of some of the earlier
treatments are rederived in the context of the formalism developed.

Particular attention is given to a possible explanation of the
experimentally observed high diffusion rates across an externally
applied magnetic field, based on the effect of the off-diagonal
elements of the plasma parameters.

The general conclusion can be drawn that an “appropriate" study
of the transport properties of plasmas may be performed in the framework
of the present mathematical representation, in the sense that the results
of the former treatments based on different approaches can be re-deduced

when a suitable approximation technique is employed.
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I. INTRODUCTION

Let us assume that the plasma under consideration is representa-

ble by a set of Boltzmann equations, corresponding to each kind of com-

ponents which constitute our system

3{: + U - afr + 9_,§fr = é&i> , ¥ = \>2>.")¥J
ST w U \§t
0 = Qex’rernaL + ginternaL
s G [Eef o]
r (1-1)
coupled with the Maxwell's electromagnetic field equations
N
Vel -tb=F T =F e ofdy
L2
VXE + € 5t H=10
7oH =0
N
3
Y g =4TTQ = LI-TLZ_\Crgﬁdu-) (1-2)

where the symbols used have their usual meanings.

We shall treat the non-linear interaction terms due to the in-

ternally induced fields as perturbations.

(0) Q)
{; = ¥; T {i

Thus, setting

to the zeroth and the first order, we have

(0)
® _r2 2 et 2 @ 2 & i
DE =z gro5-d SN = ( tjw”- o

and
5§
D'\’(r) + ¢(>_()g)t> < (E'_Er >(o“. (I-J-I-)
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respectively, where
95( X >E{)'t> = a - —

For most plasma problems perhaps it is a good approximation
to ignore the right hand sides of the Equations (%) and (%) completely.
However, it does not seem appropriate to study the transport properties
in the absence of such a dissipative mechanism as collisions. It is for
this reason that we shall adopt a relaxation-type collision model, to
which (perhaps because of its simplicity) a considerable amount of atten-
tion is given in the plasma literature,* in order to simulate the over-

all effect of these cumbersome terms to a reasonable extent. Thus we

write o
@jf’:r)cdl.z r T r ~

| (1)
fﬁ.’im) ~ 0 (5—;)) “‘fr'
6t e, 5t /el ¢ (1-5)

Here T is a properly chosen "mean collision time", which, for the sake
of brevity, will be assumed to be constant. It should be pointed out
that extra care must be exercised in handling this model, since the

conservation laws are no longer satisfied in general.

One can show that the Equation (4), coupled with (5) can be

put in an integral form: :
. -z Al
P ut) - e ® £ o), pinet), 0)
t—E-l / , / /
= - [EF sy, t-5) dss

¥ TFor a detailed discussion of this model see, for instance, Reference 1.
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where the functions é(x,gtt) and K(X,g}£>are to be determined by find-
ing the integration constants of the solution of the Lagrange's sub-
sidiary system corresponding to the unperturbed operator D, (cf., Refer-

ence 2), which is given by

C—‘-E:‘i ) i&:g) ég:ae’(t')
ds as ds

and

d o _ _ 1 O 4. (1-7)
CA=-fi- ¢

Here we assumed that the solution of this system is of the form

g,&,ﬁ) ) g-"g(é){Js) (1-8a)

¢ =§(Mf»5> J J =5(5)‘f)5> (1-8b)

exists. We shall refer to the set (8) as "the unperturbed orbit equations
with respect to the parameter s."

The Equation (6) is particularly suitable for the initial value
problems. A special case of this form has been applied to the related
instability problems by Rosenbluth and Rostoker.(5) An asymptotic form
of (6) can also be deduced by assuming the system is perturbed at t = -,
When the initial perturbation of fﬁl) satisfies an order property,* it
can be shown that

W)
¢ (x U

r

* For details see Appendix C.
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A special case of this form has already been deduced in connection with
the plasma microconductivity studies. (1)

In what follows we shall restrict ourselves to the case in

which

QeXt' = ‘Y%r [Eo +

sxHyl s (1-10)

ol

where Eo and Eo are externally applied, constant fields. One can show

that the Equation (7) may be solved in this case, giving:

§ + K'gr‘* ér.ﬂr‘

v = E_ 6_: Q__ (1-12)

and
f=x -G ur Mg
;{ _ _rog _ -r'__r (1-12)
where -‘
d-H3, -, A-E2

r cos St -sm 't 0
g\f(t) = ( Q ) = sinnN"t cos Nt 0
- 1

0 0

(1-13)
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The Equation (3), with the approximation (5) implies that the unperturbed

(
distribution fﬁo) must remain constant on the unperturbed orbit. In
other words, f£°> is invariant under the transformation (12). Thus, it

can be any arbitrary function of ¢ and 7, i.e.,

Flx,e,0) = 89(x-e0r+ M€ ,R0¢-GOE)

(Hereafter we shall drop the index r whenever no ambiguity arises. We
shall also suppress all terms involving the initial perturbations ex-
plicitly, and then take them into account subsequently as a whole when-
ever needed.)

Using the notation introduced above, the first order equation,

in tensor notation, can be written as

{ <>_()g1't) E Sods ax‘k 'h
t ) - -s-l , (l)/ 2‘?“’) / 9{:(0) 1
—_| Tl = @G,8) (s)
T m gods ¢ E [Wk 2y, % gk (1-15)

where the prime on the Lorentz force denotes

s O (o) ME S RGO £-5)
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II. THE FIRST ORDER TRANSPORT PROPERTIES

Let W(z) be any microscopic property of physical interest.

We define the first order averages as

@)= [alr P 4

,ag(o 9{:(0) |)
:-—[BXQ Q{Q-f- AUy, g*ﬂlF ]71/

A
v, (11-1)

K]
Ge—
25
S
—
o+
U‘\
rbl

where

The latter may be put in the following form:
A \ 2 (0)
Y oz - L[y G, Z(§°F ) -
m 3kak §

vy opY
QkQﬂ ({ F& )1 )

using the definition of the derivative of a distribution defined on the

(11-2)

whole velocity space (in the sense of L. Schwartz),
e ]
(
2(: % €(0) %
BU% 3
(In the conventional analysis this step may be accomplished by remember-

ing that the averaged quantity‘<ﬂr> (1) will remain unaffected after such

a substitution, provided

‘ (0)
Lim {7(0) =0©
Il
rapidly enough to insure that

Lim Y [ =0 )
g 00
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In particular one obtains the following:

i) Mass density ( ¢ =m, ”<.m>(‘)5 (O“))

N C-,/ a ‘{:(o) F(')/)
= k ok
PR T (11-3)
ii) Mass current ( 1// = mU{’q; ﬂ(mt)"k>(l); }?)
A A / oW
3’4«{ R (3 f’k f) (II-M)

Eliminating the field term, one gets

—o>
|
—%
o
QU
>
ax
X|
=
-0
| E—

(RN )

which shows that all the first order averages can be expressed in terms

1" 1" (n (‘)
of the "integrands" of e and &k . 0 wres.
iii) Residual stress tensor ( =my, U, n{YY\U:UL> EY )
A A
res. A A
+ U
Vg p + Lagr Gad
ik
(11-6)
N res
~res, |
T3 Tk
2 A A A
- _Up + =20
= -2 T %n (11-7)
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iv) Residual heat flow (gb

]
oo
3
<
P
>
N\
ol|—
3
Se
=
\/,:

= ) res,
=% )
’\YCS.
k

3 _ Cres )
%0 77 2
(11-8)

The residual values given above are related to the first order averages
by the following relations:

) (yres, @, @ (1) (o) -(1) (0, (1)
T, = 1 wfal - - s

(!

f = ?nmg+L< DARC mFD 2 ﬂfw%?

(1) res. 3@ | () @ () (o) o) )
%k E—m— ke Pto)‘\ykf%r 3\< >'P < )( 3
! (0, \ ©
_w, 49>m< >0)4;‘) UP>)\¥P49 +(U- (U'> (LS> P
(11-9)
where
tot. i T
W{k :’\1[ WA'Q
= S(U WY, @du
tt: = (O 60
ko % 7
3
= %ww¥44q% 5.~ (50) § &o
Tgo\ = n(&@(o) , F(o\ = n(o)m
(I1-10)
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In particular, if f(o) is a symmetric function of v, one simply gets

—(0) ()

() _ nres “)- res ) _ Nres 3 @(o)-(l) |
lk ‘7{/& s =P T = % 'E?n?w‘('o'@%a'ég'

(Hereafter the superscript (o) corresponding to the zeroth order averages

will be dropped whenever no ambiguity arises.)
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ITII. A SPECIAL CASE

In this section we shall consider a special case, which is given
considerable amount of attention in the plasma literature, and which
assumes the following conditions for the unperturbed state:

i) Steady state,

ii) uniform in space,
iii) E =0, Q, =
Then the Equation (I-14) reduces to

Q(O) ?{o)(R({:) )—D Ir\(o\ g(o)(u)w-)
(I1I1-1)

where w, u, and @ are the cylindrical coordinates in the velocity space

: oA
U= Wl , U = wosing , = U H, = H, ¢

Clearly, Maxwell-Boltzmann (MB) distribution is a special case of (l),

which reads

(@ =n (—@-—)3 exp [—o%(u:‘+w:)] '

MB aT® (111-2)
In this latter case one can easily derive tﬁf followinga{?lations:
T, = en R;kﬁr - = Gif, gxf,
A
T,- 290, - 2067+ GuZk ) -RIR55E,
F =—§-%'e‘ SO MTE, = 57 -5 260
% -(@,;) -P - (& ;ﬁ;a}gx
[ (111-3)
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where ’

o‘c‘fidﬂ , vc‘”sftolse %t

m (605 (III-3a)

We have already pointed out the difficulty encountered in deal-
ing with the moment equations of the Boltzmann equation when the collision
model (5-I) is adopted to represent the short range interactions. Never-
theless, whenever T w (i.e., the collisionless case) this issue does not

exist. In this latter case the moment equations of the perturbed state,

(
when -(:O) € MB, read

2 (1) 3
9"%‘ N 9%49

%{l) a (' - ~) -
9t + kf Kl.Erké enky

0 1) m
o L2 Ci' + 20 9% -0
ot 3 x« 3 m axp

(ITI-4)

It can be shown that (4) is satisfied by the set (3) when % = 0. Although
in the case of finite T, by a suitable interpretation of the amount of

the properties transferred by collisions, the above mentioned difficulty
may be overcome, it will not be necessary for us to introduce it here
since we shall be using the Equation (5) explicitly without referring to

(4). Some considerations will be given later to a possible employment of

(4) simultaneously with (3).
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(0
Let us consider the more general case, by allowing 'F (u,w)
to be an arbitrary function of its arguments. Then the first order aver-
ages may be studied by making use of a Laplace-Fourier (FL) analysis in

time and space, respectively. We define

FL \ o opt oo ik
(k,p) = —.3 dt e dx e Lx,t)
X’ - T) (:{Tt'.) /2 SO ; (III_S)

Hence, one obtains

Fugp =-5 5 8 D@ eoplylee,
where¥
Mg = Ry 45 S RaRRa
\4({) = -L %gt_f —(1o+-.(-.)t
(III-7)
Thus

- o (% s / I 2 ' l
W) \CFL:%E,:L(:()SO dt l\\kse% Eé—%s _«'%JZGQSV/:[ -

(111-8)
* The N dimensional Kronecker delta may be defined as
. 8 - 8§
rr.>or - rs r$a rsn
8 e uo‘sn =De{ (Srls) - “ ' ‘ :‘ )
S\ S, n ! . .
grnS, Srnsa- T grn Sn

(in our problem clearly N = 3), where T),Tpyees, Ty and 87,8p,...,8y
are positive integers < N.
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It can easily be shown that, upon performing the azimuthal angle integra-

tion, one obtains

v
where

,X/FH"(\), ) = L L:iue—. S:owduf J (rw) W (uw),

SUEEE DR

I S o
Hence, H

- NnFto
(2\"-1"3.”5;""’3,,?%‘@" =6 Ga.r(’m :m, 9:,,,;%‘1;;

which indicates that the first order average of any property that can be
exhibited in terms of the powers of Vies is expressible by the Fourier-
Hankel transform of f(o) and its derivatives. In particular one has

PF = -len (am)? Ek k, Sdk (pra)t
A FHo

[. '& (s nrgﬁlje(‘)"()
- , 3 FL (@ —('(M--rc-)‘t X
3: - en(an)x Ee go dr €
<) oS4 | 22
* [R(k+ *n(czn(\jkm* * 6\en R*Gm )
FHo

- Rk 1‘: £ GsmeG‘ka a@raf%] £ (y,¢) (111-10)
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A
{«(O\
Let us finally note that the FH, transforms for some special +ww)

read as follows:

’\(0\- 8(10) AFH, = (QTO-%
£le 0w am(w) => 7

0 MB = £Ff _ (amyd exp [-€ 4 M%)
(

III-11)
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IV. ELECTROMAGNETIC PROPERTIES OF THE PLASMA

A. Electric Conductivity

In this section we shall assume that the conditions of the
special case discussed in the last section are satisfied

Accordingly,

one can introduce the FL analysis as before. The electric current

density now can be computed as
J-FL _ Z e j’FL
- m
kT LM

If one defines the conductivity as being the tensorial relation between
the FL components of the induced current and the electric field, one

gets the following, by using the Equation (III-10):

“ (Iv-1)
where
) o5 _ % ® “(P+%)t (me)
6%3, = Z 4—!’{ (270) Sodt e Skj
P\ _ T tm
SM(; )= Ry + ﬁ'r(%kan 1OS}T,R%G )2
|k k 3 G G & ] :C\F(HS <)
Tpr ms~4n 9&% '
AL Amne (1v-2)
P m
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In particular, if one assumes that E(l) is constant, then it can easily

be shown that (2) reduces asymptotically to the well-known result:

t
(v 0] - —
.= g ,di e < .
6196 Z, 0 ‘SD T Q}k’
C
| - .ﬂ.2 0
|+ 50T \+°T?
=) q
r nT |
|+ |+ 22T
1
0 0 (1v-3)
where \ 3
c = — wWT.
0 Lt f

Here g is independent of k and p, so that (1) can be inverted easily.
(e.g., Reference 5; or Reference 4) It can easily be verified that
asymptotically the same result is obtained for the initially "cold"
plasma case, i.e., ‘?FHO = (Q*TL)-%‘ :
If €‘°’e MB , then one gets
® ® dt

% L% fLepld] {Rym krﬁ’r*(’ﬁk’%} T

(IV-L)

where

@ - _(P.;._%j't - @.'{Q.M.‘%

-—
") - =1

Apart from notation this is the result of L. Mower.(6)

ARL-TR-60-306 16



B. Field Equation and Dispersion Relation

In this subsection we shall follow closely, but in somewhat
generalized manner, the method of Bernstein in deducing a formal solution
to the special case of Section III, (cf., Reference 7).

First, let us compute the electric charge density, using the

Equation (III-10)

CfL

]

Lee™
® +- )t Ha
Z—f’ (af EFLﬁ gdteP ékw ')

Qik(f': [G —km »km 5} n(g{q ]\C (v . (1v-5)

If we substitute the Equations (l) and (5) in the FL transform of the

Maxwell's equations, which after eliminating the magnetic field terms

as usual give

( :((;'.z + Taa ) EgL +4 klcn 4T QFL+ LLTT'F J—(FL

= (, = initial conditions (IV-6)
we obtain
ToEl =L
E@“ = T&-é Ca
(Iv-7)
-3 5i§: T;ng It ’
81:‘;%' Tt'p T/K’%, TLr
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where the generic term of T is given by
r ~ i ~( ‘*‘l)t /AFHe
T = K gy &&(:m)% (ae P27 Qg (i)

. i o -(p+i)t AFH,
£ p (am)? [ at e'f 534?(\0 ),

w—

!

—
1

(1v-8)

It is to be understood that the right hand side of (6), namely g, is to
contain all the terms involving the initial perturbations of the distri-
bution functions, if any, that have been consistently suppressed in our
formulations, as well as the initial perturbations of the electromagnetic
fields that may be introduced into our system.

The Equation (7) provides a formal solution to our initial value
problem, since it enables one, at least in principle, to compute the trans-
port properties of the plasma under consideration in terms of the initial
perturbations only, when it is substituted in the Equation (I11-3), al-
though the complexity of the mathematical structure of the operations
involved considerably reduces its practical applicability. Nevertheless,
the questions involving the plasma oscillations ( of course in the line-
arized sense) may be treated with considerable success for many cases of
interest.(7) When the numerator of the Equation (7) is an analytic func-
tion of p, the dispersion relation is given by

Lgdt T T, = O

Det (1) = 57 Syqr Ty g or

Hl

(Iv-9)
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A detailed study of this equation is not our concern here. However, we
shall consider some famous particular cases, which are given some special
attention in the literature (e.g., Reference T and Reference 5), in order
to check the consistency of our formulations.

First, let us consider an initially cold plasma, for which case

the Equation (8) reduces to

2 © ‘( +L)t
T = quc“qon) (%k + Ccofz, kg'ﬁl i,dke P GM

fo
. +L)t
+w '}oj dt e p 9
(1V-10)
Moreover, assuming HD=09 % = O , one gets
b-—’k )r+Zw>ﬁ+C& Zwl
d (1Iv-11)
and the dispersion relation is obtained as follows:
Dd(‘\‘} ( H'M- *Z“ c-Hro
(1v-12)

the first factor of which corresponds to the well-known phase velocity of

Langmuir

\/a-;ﬁ: ) (f’:“w)

2 (Iv-13)

ARL-TR~-60-306 19



As a second application let us consider E(l) as being purely trans-
verse such that k. EFL_—. O and 45 X }_"o:O. Again assuming an initially

cold, collisionless plasma we get

2 P °Pt
T;h = (‘chl+‘(3) Sjk +f Z_wf, fodt e %U-

(Iv-1k)

Thus the dispersion relation in this case reads

H
a

< }r"{f’z Zrﬂ.&

(1IV-15)

associated with the phase velocity

2 U)l c* ,
KO 0| o (pi)
1—Z—P

U.)z\-i'

r -

£l

(1V-16)

The structure of T implies that E(l) clearly is circularly polarized.

This is Spitzer's(s) result of ordinary and extraordinary waves corre-
sponding to the signs + and -, respectively. If we assume a binary plasma
with singly ionized ions, and the electron to ion mass ratio, u, to be

much less than unity, we get

~
>
1

P (Iv-17)

B
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where

A 2
aaz Ho =-£)_-(...) 2

o~ 2
LT P “Jp@n (Alfven's velocity) . (1v-18)

It is seen that if the following conditions are satisfied, we have:

a
w w
i) — K << ~Pt =D \/ ~
T M 0y, ph
or
2
ii) w= .QL ) A &1 (for the extraordinary waves) = \{’HNQ'
- C;

This case corresponds to the so-called magnetohydrodynamic (or Alfven)
waves.

Finally, let us consider the longitudinal oscillations. Here ,
applying the assumption that E(l) is ignorable, so that a pure longitudi-

nal oscillation can be isolated, we get (e.g., Reference 8)
F : FL
hxEf=0 > EM=-ik9

In this case the Equation (5) is more appropriate to work with, since it

gives the result more readily.

¢FL _ Initial Conditions »
T2 3 1(@  ~(p+d)t o [Fio
e Mz bt g fat €920 Gt 000 (o

If the numerator is an analytic function of p, then the dispersion rela-

tion is given as

(1Iv-20)
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This result corresponds to the Harris' dispersion relation,(B) but it is
given in the closed form. In particular, if one sets ’40 =0 ):é'z O,

it can easily be shown that the relation (20) reduces to the well-known

Vlassov equation

L Y Sd3<f {C(Oc)u,w) -0,
a (»f-ul{f,g}a (Iv-21)

which is studied by many authors. (e.g., Reference 9.)

The Equation (19) seems to have computational advantages.
Harris(8) in his letter considered the instabilities induced by the aniso-
tropic unperturbed distributions, while Bernstein(7) has shown the absence
of the exponentially increasing solutions whenever'?m)e MB . Thus it
seems of some interest to investigate the class of functions which gives
rise to such instabilities. Harris has considered t&o particular func-
tions only. This, perhaps, is due to the long computational procedure,
involving infinite series ranging from -« to +o. It seems that, instead
of specifying Q%}Jb as Harris did, one may select the function PFH%\%K3
which allows instabilities, using (20), then compute @w}Lxﬁﬂ) by invert-

ing the transform, if necessary.
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V. ©PLASMA PARAMETERS

A. "Mobility" and "Diffusion" Tensors (f<o>e,MB>

Let us assume that the unperturbed state of our plasma satisfies
. . . . . (0 MB
the conditions of the special case considered in Section III, and f & .

Then it can be shown that the first order transport properties in the FL

space may be expressed as

—Fl

~en ik, E, G, = R

[a .
=3
Tl

-FL » 3 FL
- QHQQ(;(E& - ”Tn&%c’a'kf

—FL g -p7 GV 3L
%;:%P -2 ile, it Gy 14154k 5,6, P

Qﬂ{k'g

L N LWeN b4 @z O Gt
=2 M, P 2 5 G
9 :-(@)i%(& PFL_<@)1M M 15
RIS ¥ I YA LR YR
(V-1)
where
Y= fex[)[@(t’)] e k)P )t
C?(t) = —(fw':t‘)-t - % 43_}9({).{3
(v-2)

Clearly, knowing the solution of the field equation [cf. the

Equation (IV—?)] corresponding to the initial value problem, one can formally
compute the transport properties of interest by making use of (1) But due
to the complexity of the mathematical operations involved, the above
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described method seems to involve almost formidable labor in order to
deduce physically interpretable analytical expressions for these proper-
ties. Nevertheless, in this particular case under consideration, one

can define certain tensors (in a sense, operators), resembling the general
character of the classical concepts, such as mobility, diffusion, viscosity,
thermal conductivity ..., by observing the mathematical structure of the
Equation (1), which may be approximated, if necessary, by an averaging
process suitable to the physical conditions of a given problem. In what
follows we sha}l restrict our attention to the mobility and the diffusion
only, although the extension of the general procedure employed to the other
parameters does not involve much complexity. Therefore, only the first two
equations of (1) need to be considered.

FL FL

Let us introduce the tensors Ké& and I)g& as follows:
FL _ e @ / / /
ik = & Soexpﬂ@] Rh&. dt

e 8 Lorl#lG e
[ [Pepld1p™at L= p™]

(v-3)

which we shall refer to as "the 'mobility' and the ‘diffusion' tensors in

1

the FI, space," respectively. Thus, by integrating the second e uvation of
P ) qa

(l), one obtains

FL FLTFL FLfL
gkznm K‘R{Ee —L‘W{-.DM@ )
(V-4)

the mathematical form of which justifies our terminology to some extent.
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We observe that the mobility tensor defined above is given
explicitly is terms of the known functions only. However, this is not
the case for the diffusion tensor, in general, which can be written in

terms of the induced field as

,Dl:; - ~@__ ‘Q L S exP[é]Gk’quP :

3 m FL (@ " /
. E [(&'] G at
B (o LB 6, .
or in terms of the initial conditions as
DT - o * g:ean P ‘#C S e*FE@M’ G, dt
.& = - .
Foom ST, Cepldl 6, at .

Nevertheless, there are some special cases of interest for which the
field dependence in (4) [therefore the initial conditions in (5)] cancels

out. Among these, the following cases may be mentioned.

Case I. Ho =0 Hence Gk. =t 34(. , thus

L@ bepldl £dt
m

L = 5
t Paplel tat ¥
where
® k't
) = '<’F*‘l¥)t -y
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Upon performing the indicated integration one obtains

| T -
DFL 10 T P(uab)%erk(b)—bze 5

= Tm I+ e~ abTerfc(b) - Ik

(v-6)

M T
where b '—‘\l \—+—E— . TFor b» 1 on has

e?—(:) Tk
3
|+
D g 5 87 s poo, k-0
k= m l+1(o7? L3 m
AL (V-7)
Case II. Since one has

. —to FL Qt-sint ) -FL
BG4 < DR ET) & T G ET)  BEE kR,

then in the following subcases the diffusion tensor is unaffected by the

induced fields:
(1) =
i) Pure transverse E_ , perpendicular to Ho , i.e., [:3 =0,

and

@ o, 2H":0

2t 3
) 2 O
(o) Q“;Ao, 5-EH3:O

g 0 " 2 '
i1) Eﬁo, put Q=0 and 9—JC\‘IS-O both.

There are also some cases (to be considered later) involving the linearly
(I
polarized E ) and a fixed direction of propagation, in which the same

property may be observed.
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It is of some relevance to note that a diffusion tensor may be
defined in this particular case without referring to the FL transformation.
To do this we consider the second equation of (III—B) in the integrated
form, which is given as

t l / ’a-
(1) j e 'C e - —-E
(v-8)
Identifying the second term of the right hand side as the diffusion cur-

rent, we can define

t % C; P
@ [=p

é—‘* [
l
[y 1124
lll
l_l

(v-9)

There are some special cases of interest, which will be considered later,
for which the latter form seems to be more suitable for s given approxi-
mation procedure, than the relation (5) which defines the diffusion tensor
in the FL space in terms of the initial conditions. However, because of
the fact that in general Eﬁe [ef., the Equation (III-Ba)] has different
values for every particular species under consideration, a concept of the
mobility tensor based on the coefficient of.E; in the first term of the
right hand side of (8) seems no more relevant, unless some additional
assumptions are introduced. This will be done in Section VI.

Some general considerations will be given later to the case in

which the conditions of the special case of Section ITI are not satisfied.
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B. Anbipolar Diffusion

Due to the different diffusion rates of the charged particles
in an initially neutral plasma, a space charge is developed soon after
the introduction of the perturbations. This space charge provides a re-
storing mechanism that ultimately may form a different type of diffusion
in which the charged particles diffuse with equal rates, essentially pre-
serving the charge neutrality. (cf., Reference 10 and Reference 11.) This
process, which will be called the "ambipolar diffusion" will be our next
subject.

Let us consider a binary plasma which consists of electrons
and singly charged ions. Thus the Equation (4) can be written for each

type of particles by setting

an W EOLC)
Lol () b FL( ¥
i, - e wg o (V-10)

where n is the unperturbed density which is the same for both particles,
and the signs (+) and (-) denote the ions and the electrons, respectively.

Thus, we have

) FL(+)
FLH) e £ b DR
n wg = N E& . k h
~FL FL(=) _FL(-)
FLG) e 2 ok D ~
W‘a‘ = N ng & % 9k

(v-11)
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FLGD
By making use of the commutativity property of 5_ and K

which can be shown without much difficulty, one can eliminate the ohmic

current terms in (11), to get

FLY LW FL ELE) , {% )“LW Fl+) o—L(+) FL(-) »-Lc-ﬁ
. - A — ’

(v 12)

Furthermore, as is customary in the elementary theory of the ambipolar

diffusion, one can assume the following conditions

nFLH') - nFL(-) = N FL
LU i
lif.'L"' - Li;FL( ) = Li; , (V-li)
which gives
AMB. .
FL ' R
nwg =-*~@\:ng] n-o
(V-14)
where
L =) FLH FL(+) ~FEO
[ B'lFL '[EL)D _ ok -D ],
i ’L(‘) FL(+) = = = =
L§ : ] (V-15)
or
D FUDITRO FU
dmB. A FL \ 8 r‘_Kﬂ—( ’ J[ Qr Qr ] L) FL(+)— FL“)DFL(-)} .
[Dg%-l = 5 m FL(’) FL(‘)_[ N’FS DS‘Q K‘Ps )
Det (K -§ |
(V-16)
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Inverting the FL transform in the Equation (12), one obtains

t g, . ol ) ,
(O 3 / _Q X t-t).
nw, = - d X dt D.(K)t) OS )
k §_<' S” “ axg’ (v-17)

Thus, one may write

AMB
o — 2' ' ()
nW,‘ﬁ - ZX,&' [<Dk3> n ] ) (V—lB)
where
¢ AMB ,
de dt’ D (xt ek, et
AMB X' o
<Dﬁ'>= 3o ),y
3 [ dt a0t
X O
) (V-19)

Making use of the continuity equation one can deduce a "diffusion" equa-

tion as

a
@Ifn‘=. <IfMB dn
ot N 9)(a *4 / ]

(v-20)

Finally, it can be pointed out that for sufficiently smoothly

varying functions ﬂq) , one has approximately

AMB AMR ] FL
< > = 1&“20 [ [) ] )
AP->O

This limiting process can be seen to correspond to the case in which the
higher derivatives of h“) may be ignorable. Some further discussion on

this matter will be given in Section VI.
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C. "Diffusion Tensor" in the Case of the Anisotropic f(o)

The concept of the diffusion tensor introduced earlier for the
case of the Maxwellian f(o) becomes somewhat ambiguous in the anisotropic
case, since the current Equation (II-M) does not seem to have an explicit
dependence on V Pm (or rather Yé\ ). It is of some interest to note

that whenever €(® satisfies the differential equation

k
(4e=')3)3-) (v-21)

such a dependence can be exhibited. Clearly, (21) has a solution if

Ak' = Agk . Substituting (21) into the current equation, by elimi-
! A

nating the term UL P ; one gets after some manipulations

K

A ~

Gap 3 +BE Y (v-22)

where

T2
I

-l
R A Ry
510 GH‘ AT’T 7

~ DIx0N _e
v, = Ry LR ¢ O

M
.
|

ﬁs ax [A ?(o\ HU)}

(v-23)

provided é‘l exists. The Equation (22) allows one to define a diffusion

tensor as

D= ,
' s A - A0
ik {:as’é'fgo\%p [2¢"] (v-2k)

ARL-TR-60-306 31



where él: X _ G(S/),U' + IZ\(S/),Q '

This definition is to be compared with the Equation (V—9), rather than

the Equation (V-3).

The general solution of (21) is readily found to be

. CE) ep L5 Y Al -4, B,
(v-25)

A consistency condition, which expresses the invariance property along
the unperturbed orbits, has to be satisfied to insure that f(°> is also

a solution of the zeroth order equation. This condition may be written

as

2 T anClu-Gry8)]
\:l A (Q U o- J€E€>( A Gkncc,) (4_%(&)%‘]

2 ¢t
kY (V-26)

-
—3

Qo

where s 1s the unperturbed orbit parameter. If we assume that the

zeroth state is i) uniform, ii) steady, ii.i) 5=O , as considered

in Section III, we get

Q

[

Ag'engm Rkn U'mu_n - Rak B}% =0,

(the dot denotes the derivative with respect to s), which implies
o
%h%'

= A 4 i,
ARy Ram RAR) = A SRR = @
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Therefore

o ' (v-27)
0 O Ag‘g

Clearly, the Maxwellian distribution is a special case of this class,
corresponding to

B:O Y] A“:Asgz%

If we assume no mass flow along Eo’ i.e., B=0, (25) now can

be written as*

(v-28)

where % ®“ and % @_L

correspond to the average kinetic energies,
parallel and perpendicular to H,, respectively, such that the total

average kinetic energy is

6 = é'(@u*-&@ﬁ'

Ol

1
In the case when 6%\ is "large" enough, so that for (E%% <Kij
l

a0

we can write

Mo !
expi—ja-@;u:l = ‘

m 2
1+3@”u

* The first order transport properties corresponding to a zeroth order

distribution as given in (28) have been computed, but because of their
length, they will not be given here.
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Upon re-normalization, (28) reduces to

— m 1
po_ 0 jj_\!m_ erp [ 5.
I p o4+ M

(v-29)

Apart from notation, this is one of the distributions which is considered
by Harris in his Letter}8> who has shown the existence of the instabili-
ties induced by such a f(o>.

In the absence of an equation such as (21), in an effort to
give a meaning to the diffusion tensor, one may proceed as follows. Com-
bining the Equations (IT-4 and II-5) properly, one has

A
%‘ _ GI o a.}f‘ = /U' D—E + Q/{q {(O)FU')/'
R T4g R axp 1k Xp 8 J

Thus, whenever the second term of the left hand side is ignorable, again,

in a sense, a concept of the diffusion tensor may be introduced as

Qo

jdé ¢ %0
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VI. ATTEMPTED EVALUATION OF THE EARLIER WORKS ON PLASMA DIFFUSION

A. General Remarks

The diffusion of the charged particles in a weakly or fully
ionized plasma has been of considerable interest in plasma research for
some time. The results of the earlier experiments on arc plasmas(12>
have indicated the diffusion rates of much larger amplitudes than that
of the predicted values which are derived in the context of the classi-
cal collision-diffusion theory. In an attempt to explain this discrepancy,
Bohm and co-workers have postulated (Reference 12, page 201), a new mecha-
nism of diffusion which is produced by the "random electrostatic fields
arising from turbulent type plasma oscillationsf(l5) Although the details
of the theory of this so-called "drain-diffusion" mechanism have not been

made available, an approximate formula for the coefficient of the diffu-

sion across an externally applied magnetic field was given as

\Og ® (ev)

6 M, (cersted)

~d

I)l

)
(VvI-1)

which predicts [L_ to the same order of amplitude as that of the experi-
mentally observed values.
However, later studies at the ORNL (for a review, see Reference
s . -a
lh), have indicated that IQL seems to be proportional to |4O , rather
-
than F*o as the Equation (1) implies. This result, being in agreement
with the prediction of the collision theory in the large magnetic field
range (more precisely’frf>>1.), led Simon<l5) to the conclusion that the

35
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diffusion process, in this particular case, is not ambipolar in character,
and it is the electron "short-circuit" through the end plates of the arc
chamber that mainly maintains the charge neutrality, which is duvue to the
much larger mobilities in the direction of the axis of the arc chamber,
along which the magnetic field is applied. On the basis of this considera-

tion, Simon derived the following formula:

(+)
D= I§H D « D
= R g experimental, (vi-2)
. iﬁlcatbéf

where the index o denotes the case in which the magnetic field is zero.

In an attempt to eliminate the short-circuit effect, a series
of experiments has been performed in Sweden using a long,thin chamber
geometryfl6) the result of which seems to indicate that the diffusion of
the charged particles increases for the magnetic fields greater than a
critical value, to the intensities comparable to the diffusion rate in the
absence of the magnetic field, which is no longer interpretable by the
ordinary collision theory. Lehnert(l6) concluded that this perhaps can
be considered as an indication of the existence of an & la Bohm "drain-
diffusion" mechanism, for the arguments based on the "short-circuit" ef-
fect as introduced by Simon do not seem to have relevance in this case.
The similar long)thin geometry experiments at ORNL and Los Alamos have
been reportedly proposed, nevertheless no experimental result has been
made available yet.

In the following part of this section we shall make attempts

to evaluate the ambipolar diffusion under the influence of strong magnetic
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field intensities, in an effort to explain the above described discrepancy
between the theory and the experiment in the context of the formalism
developed earlier. It will be shown that this discrepancy may be attri-
buted to the "transverse" diffusion which is characterized by the off-
diagonal elements of the tensorial plasma parameters, and which is seem-
ingly ignored in the earlier treatments. To the same order of approxi-
mation the "direct" diffusion, i.e., the one characterized by the diagonal
elements of the plasma parameters only, will be shown to give identical
result to that of the collision theory.

Finally, by making use of our formulations, attempts will be
made to re-establish the common result of two different approaches in
estimating the diffusion of fully ionized gases across a magnetic fieldlei&

both indicating that Eh_ is proportional to F|;4.

B. A Study of the Diffusion Processes in Arc Plasmas

Let us consider a weakly ionized gas mixture, in which the trans-
port properties of interest remain substantially unhindered due to the
encounters between the charged particles, such that the mean collision
time, T, can be characterized merely by the short range interactions be-
tween the charged particles under consideration and the neutral molecules
which more abundantly exist in the system, and which will be assumed to
remain unperturbed in an equilibrium state for all time. This presumably
being the case for most arc plasmas, it seems necessary to distinguish,

in general, the mean collision times corresponding to the ion-neutral and

the electron-neutral encounters. Nevertheless, as the experimental results
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indicate, these two parameters are of the same order of magnitude, so that
for the present purpose of estimation this distinction will be assumed to
be ignorable. Clearly, this assumption is by no means a restriction to
the general procedure employed, and can easily be relaxed.

In the case when the external field Hj is zero, the Equation

(V-9) can be written as

Dy = D, o (v-3)

where

O
I

\\

]

(VI-4)

It can easily be seen that ?6, which we shall refer to as "the modified
mean collision time," asymptotically approaches to T, whenever o can be
treated as a constant. Hence, for most diffusion problems of interest
Q, may be considered of order unity.

The significance of this representation is two fold; first, the
form of (4) closely resembles the result of the elementary collision theory,

since, by setting

N s /3@
A= A =Ty, =T WY = TNy 0

0 ave
we get
[) - N kae ) Ubve,
—-_ —_— = o) el
° 3 3 (VI-5)
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(cf., Reference 11, Chapter 9) Secondly, as can be seen from the defini-
tion of ;5, the overall effect of the internally induced fields is con-
tained in an appropriately chosen collision parameter. (At least this is
true for the diffusion process when Hj = 0.) This perhaps may be inter-
preted as an indication of a possible connection between the two different
approaches which have been used in attacking the plasma problems; one of
them, which is essentially due to Vlassov, is employed in this work. The
other is the one in which the range of the internally induced fields is
assumed to be screened by a cut-off distance, such as the Debye radius,

so that their interactions with the charged particles may be treated in
the context of the binary collision formalism by means of properly chosen
reaction cross sections (e.g., Reference 5, Chapter 5; and Reference 19),
such that the conventional methods of solving the Boltzmann equationﬂ9’20)
become applicable, (cf., Reference 21 and its references).

In the presence of an externally applied field Eo’ the above
given interpretation seems no longer relevant, unless the modified mean
collision time is agreed to be a tensorial quantity. It is for this reason
that this case perhaps can be best studied by being divided into sectionms,
as the diffusion along and across the magnetic field. The former presents
no difficulty, since it does not differ appreciably from the case in which
the field is absent. Hence, accordingly we may define

O ~
D =« ot = 0(3 D° (VI-6)
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where

KL
w

n
| £
o

>

J
2

The diffusion across the magnetic field, which is represented by the

1)

£, .8 L
Jodsec s P

S=

projection of the diffusion tensor in the (x,y) plane, namely §+ , may
be subdivided as: (a) direct diffusion, (b) transverse diffusion, as

indicated before, which will be the subject of the next subsection.

C. Diffusion Across the Magnetic Field (Q1 >> 1)

Let us first note that the Equation (V-9) asymptotically re-

duces to

12
direct ° Iq—ﬂ}Tl o Iz
- DO 7 1 <] n—c

transverse l +0'T (VI-7)

whenever 5 can be treated as a constant. This result is identical to
that of the one which is deduced in the framework of the elementary
collision-diffusion theory (ef., Reference 20, Chapter 18; Reference 10,
page 596). It can be shown that a similar result is obtained in the case
of the strong magnetic field and the slowly varying functions 5 along
the unperturbed orbits such that the change over a Larmor period may be
ignored, i.e.,

. - 2T ¢ €
\(m,t,w—ﬁ(x)tﬁn)\ 3 .
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Now, dividing the path of the integrations involved in the Equation (V-9)

as

N 2nH) R /5L
Y . Gl S(x t,9)
e’ (s X,
DL” ® 2:0 San?f/nds L7/ ) (O' J
ik = m N ’
s p(X,t,5)
heo NT/N

(V1-9)

and applying the mean value theorem to each subintegral with the condition

(8) we get
we s | q
e Td 7 - T
D-L ~ @ go Gka ’ _ +2°T! |+t >
kT m 21, ~ Yo | nr I

| +07 |+t

(vi-10)

where N 1is the closest integer to [t - l] > C‘Q-t »1)'

The Equation (10) indicates that in the context of the above
delineated approximation formalism the direct and the transverse diffu-
sions are proportional to H;‘? and H;l, respectively, as expected in the
elementary theory. It is of some interest to note that the transverse

diffusion coefficient gives, in this case,

EIREE
transverse - T - lel E
(VI-11)
e B (ev)
= — |0 )
Z Ho (oersted)
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where Z denotes the ionization degree of the particular species under
consideration. Apart from a numerical factor (~10), this is identical

to the Equation (l), which gives the approximate form of the Bohm's drain-
diffusion coefficient.

In order to estimate the ambipolar diffusion, it seems necessary
to introduce a mobility tensor in the range in which the previously in-
dicated assumptions hold. The difficulty encountered in the definition
of such a tensor, without referring to an FL (or similar) analysis as con-
sidered earlier, has already been pointed out. However, as the gyration
radii of the unperturbed orbits corresponding to different species decrease

with increasing H,, the quantity

= M (o 3
By = & LEw-gly) 7w do

-

(VI-12)

may be expected to be quite insensitive in r, i.e., it does not differ

appreciably from one kind of particles to the other, provided E(l) is a

sufficiently smooth function of x, and the zeroth state is sufficiently

——

(2
cold, e.g., CD\Q} &1 , vhere % is a characteristic length of the system
such as m/ | \2nl
If this is true, then by replacing Ei by Ep in the Equation (v-8), the

mobility tensor may be estimated asymptotically as

=
2
I

&
m o ﬂ' (VI-13)
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which, after the indicated integrals are performed, gives (cf., Reference

10, page 394)

- ;:EF;I i |+t ¢
a{q °l n=t | 0 )
- 2T 1R (VI-14)
o) ¢ |
where
Ky = =T

The diagonal elements again are seen to resemble closely the result of
the elementary theory (cf., Reference 11, Chapter 9). Furthermore, we

also observe that K} and [)o satisfy the Einstein relation

e
WD - 6 Do (VI—J.S)

The above result alternatively can be obtained from the Equation (III-3)

by setting p = 0 and k = 0. We, therefore, write the ohmic current in

the form

so that for a binary mixture of charged particles the total current equa-

tions can be given as

K *] 2% (VI-16)

nuff') = ng®E - DW gn(;).

The ambipolar diffusion tensor now can be obtained by following

the procedure of Section (V-B) closely. Thus, accordingly, we eliminate
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the ohmic currents in (16) by using the commutativity of the tensors

-)
r§b+) and K( , and, introducing the conditions of the Equation (v-13),

we obtain

= = ’ (VI-17)

which may be reduced to the following form without much difficulty

|

('\') (+) C‘)
e, kD, Ko Do <| o)

=" K- Kk o1/ (VI-18)

Moreover, in the absence of Eo’ it can easily be shown that the

ambipolar diffusion coefficient is given as

- D -
KLO)DOH_ Kg-f—‘)Dé ) - 4 DH_)

o )

D,

= (+)
© (VI-19)
(cf., Reference 10, loc. cit.) so that, being of the same order of
magnitude, the Equations (18) and (19) seem to explain the result of the
long tube experiments, without referring to an additional diffusion
mechanism, such as drain-diffusion.

Finally we note that, if the off-diagonal elements of the ten-

involved in (17) are ignored, the result is found to be identical

SOors

to the value expected in the elementary theory: (cf., Reference 10, loc.cit.)

D = 2D, / 05T (VI-20)
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D. Diffusion in Fully Ionized Plasmas

In general, the study of the diffusion processes in a completely
ionized plasma is perhaps somewhat simpler than the case in which the
lonization is but partially accomplished, since in the latter case addi-
tional distribution functions representing the neutral molecules, and
the corresponding Boltzmann equations, have to be further introduced into
our system of coupled equations. However, this fact does not seem to
provide any particular advantage if a relaxation-type model is to be
adopted (as is done here) to replace the complicated collision integrals,
in which the only coupling of the distribution functions of the neutrals
appears. Therefore, one has to make a proper choice for the mean colli-
sion time, perhaps depending on the particular problem under consideration.
As the earlier studies on the plasma diffusion indicate that alike particle
encounters do not contribute anything (to the first order) to the diffu-
sion current, (because of the fact that the motion of the "guiding centers"
is substantially unhindered due to these types of interactions), perhaps
it would be reasonable to choose T as being the mean time between the un-
like particle collisions, provided such a concept is meaningful. However,
since the purpose of the present section merely is the re-derivation of
the result of the formerly mentioned works, the study of the general case
will not be our concern here; rather we shall adopt the particular special
case considered there.

In an effort to resolve the well-known paradox that appears in

the magnetohydrodynamical treatment of the diffusion process, which states

that there can be no net current (or mass velocity) in a simple gas of

charged particles along the direction of the density gradient, Simon(l7)
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has considered the effect of the off-diagonal elements in the first order
stress tensor which is developed in the kinetic theory in the context of
the Enskog-Chapman formalism.(eo) His result indicates that under certain
circumstances like particle collisions may make a considerable contribu-
tion to the diffusion rate.* However, in this case the Fick's law appar-

ently does not hold, since

oz 2 Ef*fi['_ﬁfﬂ],
1 32 T dxtn dx° (vi-21)

where ro is the Larmor radius given as

o = <U’>_L/Q_ :fl_z 8;%9
Moreover,(El)

-b
Hy . Longmire and Rosenbluth(l8) have shown that apart from a factor of

exhibits a dependence such that the diffusion rate varies as

h/ﬁ, the same result is obtained by making use of a Fokker-Planck approach.
The special case considered in Simon's paper, which also will

be adopted here, assumes that (1) only one kind of particles exists in the

system, i.e., simple gas, (11) the functions involved vary with x only,

(iii) the induced electric field is linearly polarized along the x axis,

(iv) the z component of the current is constant, i.e., 2%;‘g2): 0, (v) the

system is in the steady state.

* Also see Reference 22.
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The moment equations given in the Equation (III-&) reduce in this case

to
d ,m —- o
dx &
d 0) *'57-4(” —en Ef”
dx t 2
d 0 _ 0
d—x 11/'1 +Q}'
A ,f*a') -0 . (VI-22)
ax -

The difficulty encountered in the employment of these equations has already
been pointed out when the collisions are represented by the relaxation
model. Thus, in order to justify the employment of (22), let us suppose
that we have ignored the collision interactions in the Boltzmann equations
completely. Clearly, the solution of this latter problem can be easily
obtained by simply setting %-=(9 in the former results. Now we can use

the relation derived for the stress tensor in the Equation (III—}), which

gives in this case

= ®
Vo=

(VI-23)

In order to take the collisions into account, we introduce an averaging
process which resembles closely the one which is customary in the elemen-

tary diffusion theory:

(1) = (¢

U

d
Lis) (VI-2k)
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Averaging the coefficients in (25) accordingly, and integrating along

the unperturbed orbits we obtain

q?(l) _ @_ Fu) _(%>§ <6i >Z j;-,.f)m

I m

\v(l) _ “> d g(a) (@)< G OLP

- T X m Tdx* (VI -25)

and after some straightforward elimination procedures with the use of

Poisson's equation

$
oo Lty agd ) gepd (o)
! I(onx3|ﬂ thsﬂ atﬂadxn

Remembering that Simon's result does not contain the terms of higher order
in X-_ Tok , where ‘Lk’ is a characteristic length of the system, and
the term corresponding to the electric field is ignored, then (21) is to
be compared with the first term of the right hand side of LUXU) only.
Therefore, apart from a numerical factor of 5/2, the linearized form of
Simon's result is equivalent to the one which is obtained here to the same
order of approximation. Since our equations were linearized to start with,
this result should not be considered as surprising. The origin of the
factor 5/2 is not known. Perhaps it is inherent in the approximations

used in the two methods.

,“_
=
co
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The order property indicated in Simon's paper, i.e.,

) .Q_?
w - —
o< 6 (%)

can be easily seen to be also satisfied by (26). Clearly, the last term
|
in the right hand side of ufa()represents the linearized Hall current.
On the other hand, the relation given for the perturbed pres-

sure in the Equation (III-B), after the indicated approximation procedure

is employed, reads
Q_0)
)y 50 L0, 2O\ d
/\o“ =§-mf3 +3(m) <’Wl:7~
~ (vI-27)
<M“>C RERoL I
Introducing the concept of the perturbed temperature as follows:
- )
= n © :<")—H’)(')>(@+®m = p+ P
/ﬁ:o‘t. tt. tot. ) 10 ‘r)

) u) n
);_ = r’) g Y where fo:ﬂ@, we get

ad“( (n)) 310—0) 5 Y)(”_ 5@(n Qf_ 3@(0 u
dx? £ n @ P 6 ’ (v1-28)

which shows that to the first order in y the adiabatic law is obeyed.

Inserting (28) in (26), to the fifth order in 7 we obtain

0 o~ —ro_ _‘_ 69:2 d nm 3 YZad ®(|)
SRR A C A S 1)
wit 2 L0 A(nm)'lrln 4@V _ <E”

b ok g ° d}(’é")‘ o
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Thus, we observe that to this order of approximation the Fick's law still

is satisfied, provided the effect of the thermal diffusion is properly

identified. We have

D = &[4+ %]
3

where kT is the thermal-diffusion ratio.
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VII. DISCUSSION AND CONCLUSIONS

The theory developed here in an attempt to investigate the
transport properties of plasmas essentially is a combination of the
various techniques which have been employed in attacking some special
plasma problems. Among them Bernstein's formal solution of the first
order equation, which was deduced in his studies concerning the plasma
oscillations, and the investigations performed by Drummond and Mower on
the microconductivity properties of the plasma may be mentioned.

Making use of the integral representation of the first order
distribution, we were able to show that the perturbed values of the trans-
port properties may be exhibited explicitly in terms of the "integrands"
of the first order mass density and mass current, instead of the perturbed
Lorentz force as has been used in the earlier studies. In the framework
of this new representation, the relations established among the integrands
of these properties enabled us to descry some tensorial functionals oper-
ating on these above mentioned integrands, such that the resemblance be-
tween the mathematical structures of these relations and the results of
the ordinary kinetic theory provided a means for an identification of the
plasma parameters.

In order to exhibit the effect of the anisotropy in the velocity
distribution of the unperturbed state, a Fourier-Hankel analysis has been
used, with which a seemingly more efficient study of some of the problems
of interest may be performed, as has been pointed out earlier. The trans-
port properties of the plasma are shown to be expressed explicitly in terms

of these transforms and their derivatives.

o1
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We have given a considerable amount of attention to a special
case in which some of the unperturbed properties of the plasma are suita-
bly specified, and for this particular case we have deduced explicit ex-
pressions representing the diffusion properties of the plasma in terms
of the initial conditions only, in the context of a Fourier-lLaplace analy-
sis performed on the position and time variables, respectively. However,
because of the fact that for most cases of interest these representations
turn out to be so complicated as to be almost absurd, in order to deduce
any physically meaningful, analytically tractable result, it becomes in-
evitable to employ some kind of approximation formalism which provides
accessible interpretations for the general character of the process under
investigation without having to refer to an integral transform technique,
such as FL analysis.

Two seemingly distinct methods of approximation, which neverthe-
less give essentially identical results, have been discussed in our pre-
vious work. Both provided sufficiently convinecing agreements with the
respective results of the treatments in which various theories have been
employed that are available to plasma investigators.

It is believed that adequate evidence has been presented in this
work leading to the conclusion that it i1s possible to investigate the be-
havior of the transport parameters of plasmas in some given physical con-
ditions by making use of the mathematical model employed here, although
there has been some doubt expressed in the recent literature about this
matter. Moreover, this belief is also found to be supported (to some ex-

tent) by the fact that our attempted estimation of the ambipolar diffusion
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rates across an externally applied strong magnetic field appears to cor-
respond to that of the experimentally observed results, and seems to
provide a possible explanation for the discrepancy that has been found
in the previous theoretical approaches, so that as a result of this

postulation of a new mechanism of diffusion was considered necessary.
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APPENDIX A

A REMARK ON THE n-th ORDER PERTURBATION FORMALISM

Let us assume that our system is near to a state, which will
be denoted by the superscript (o), and the departure from this state can
be represented by a dimensionless parameter 7, such that the solution of
the Equations (I1-1) and (I-2) may be exhibited in the form of a power

series as

| A
R A

(A-1)
The collision model (1—5) now may be written as
(“r) AP | [ M 2pe ]
-] = ——=-z +Y Tr+---
Sthy~ T T YTy (a-2)
We introduce the quantities for (k = 0,1,2,...)
Q(h): Ze gQr(k) 0\30_ ) \:J_ - }_ergg-ﬂ AU'
r rg r v (A-3)
so that
— 70, .
) QY J=J +y<
Q: Q(o—f-yQ =+ ) - X (A-ll—)

Moreover, denoting the solution of the Maxwell's equation corresponding

to the charge and current densities, Q(k> and g(k>, respectively, by §<k)

and E(k), i.e.,

Y x H(k)_ E(k) _ 47 3’(@) Y ) H(k) -0

o

L
c

2
>t
_ = (Je
x E¥y 99‘&\'1\(%)'0: v.E = 4T Q ) (8-5)

-

o—
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clearly we have

| _ L] {2.“
E = Em-r}’g()“f“‘ R A (A-6)

Here we shall assume that in the zerc-order state the effect of the

internally induced fields is ignorable. Accordingly we set E(O) = §<O> =0

)
hence éﬁﬁl 0, Q‘: 0. Substituting in the Boltzmann equation, and setting

the coefficient of ykK equal to zero, we obtain

DEY =0, DI, 2, L0 g
- U T
- (A-7)
Wt 28
i a™ oy ;ﬁ; - )
o (fa-
=-) alf’ of, ™ (a-8)

where

e

C_\(O):: o, 5_({3) = —n,—) [E(é)-r-&l-—UX H(a)‘\ 3 j:')%

r

Now, if we assume that the Equation (8) coupled with (5) has been solved for

k¢n-1 i.e.,the right hand side of (8) already i1s at our disposal, then it

1s seen that the problem reduces to the one which is already considered

in the form of the first order equation [cf., the Equation (I-Mﬂ, provided

a modified definition of function ¢ is introduced as follows:

o = (n-4)
cb“" - am, 2t/ + Z‘ g(é)' 9_Fr d ,
°¢ °g (4-9)

which enables us to write the Equation (8) in the form of the integral
equation

t
T

t.s m
¢f”25u,g,u, (o t), 0) = -S eTh(

(6]

) -
%,g,t) - €
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Now, the latter may be treated in exactly the same manner as in the case
of n=l; therefore, by induction we conclude that the solution of the
non-linear system (I-1) and (I-2) with the model (I-5) can be successively
approximated to any order without introducing much complexity to the first
order problem, provided the series (1) converges fast enough to insure the
applicability of this method.

The above delineated method of deducing a formal solution of
the non-linear Boltzmann equation coupled with the Maxwell's equations
perhaps can be criticized as being too elaborate on the basis of the fact
that another source of non-linearity in the Boltzmann equation, i.e., the
contribution of the short range interactions, has been treated by means
of a linear model, which, in general, does not yield the conservation
equations. However, since no such difficulty arises in the case when the
collisions are absent ( or ignorable ), as is pointed out in the text on
several occasions, the effort to obtain the non-linear effects of the
internally induced fields seems to be justified to a reasonable extent
for plasmas in which such a condition occurs. Although when the questions
involving the transport properties of the plasma are under consideration
this condition does not seem to be relevant, it is perhaps possible to
shed some more light on the understanding of these phenomena, in a some-
what sophisticated manner, by the employment of an approximation procedure,
such as indicated in the Equation (Vi-24), --which presumably (and hope-
fully) provides a sufficiently appropriate, resonably accessible treatment
of the collision interactions--to the results obtained by using the formal

solution of the collisionless case as described above.

wun
o
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APPENDIX B

SOME PROPERTIES OF THE TENSORS R, G, AND M.

The tensors 5, g, and M as defined in the Equation (I-13) have
some operational properties which make the tensorial representation in-
troduced earlier a powerful technique in handling the problem under con-
sideration. Some of these properties will be given below without proof
since most of them are almost trivial in character. We have

_ -1 _ -l
R”im = Ra.k(-s) = F?H (-3) = rea,km, (5.1)

| SR (DR = R (s+b) |
Ry &y () %, R’(d' ’ -

b«g(_s) :-Gﬂlk(g ) Ml‘i“) =+ N\aﬁ(‘S))

v

(B-3)

Guw Qeém = @qem Géam =

(B-4)
=G (s+b) - Gk'“) ,
ké |
_ (t
Gkg'(s)‘[’kjm - Qu({)(,ma(s) RKQ(S)G!, ) -
_ t) = G (4 Y,
= G, re{ax )-GO F?eg
C-ke(s) Ra,e(s) . GQJ,(s) Q“((s) - 63'6(3) (B-6)
_ = Y. -6,
n 63“@% = 0 Em 6443' Q‘J q (B-7)
i9) 633{,\) Q,«lq = L E3‘f¢4' Q&a - QAJ - G—‘;i Q'AI (B-8)
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Q¢ G G zgm/an Gnm =4 E%é} [MM'*'MM} )

*
- N\“‘(O -+ l‘/\kd,“) - Ga'm(g ka(t) " (B-13)

Alternatively one can write

R.;'(S)T' sinnLs wsf2s 0

tn 1S -SindLs O}
0 0 |

(B-14)

NPYRIRS 8{4. + §n Qs £3£L 4 (1= Cs%) %L%&' .

sip Qs | — o5 SLS

- 0
_ Q L
Gf(!'(S) - | = oS sin S 0
QL QN (B-15)
0 0 S

= L o+ (- y
= ﬁsmﬂsgﬁ+.ﬂo mﬂk)%ﬂ

+ S'-l(D.S-sinQQ 8, 533- .
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M (o) | = 0sQ5S QS-sinils

- - 22 g
(3 2 £33
26 ~sin 825 | — cos §2S 0
nr n2
=3
0 S
| ;
(B-16)
=1 - i Y
5 (1ms29) 5‘,({- +Q2(Qs sin 2s) 533’4

22 =~
+ E'z"‘ [Q?S - (I—cosQS)‘_:f Sh.o;(j

G ) = 2 s {2
i ) 7 “t3 9
-% %wf%‘ 0
5 0 1/s (B-17)
= Lat2ss L Q¢ L1 9,0
2 a 2 63% +<§_§C°{ 3'5)5:2‘0;4
Also
=
¢ (S = -/ = -
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APPENDIX C

DERIVATION OF THE INTEGRAL FORM OF THE BOLTZMANN EQUATION

Here we shall assume that the condition (I-10) is satisfied,
although the derivation of the integral form of the Boltzmann equation

can be accomplished in a much more general case. First, let us consider

the unperturbed orbit Equation (I-ll). To show that it is the solution

of the Equation (I-?) let us differentiate it with respect to t (or s)

to get
a4 - d. - =
gt X T st T Qg’k ¥ *Gg‘ﬁég' k (c-1)
and differentiating again
d .
A% T % Ca Qa'e hot ngﬁj
= -Q Esek [%- G'C{"] + Raﬁ éj
= —fL ¢ - -5 . (.
de = ep + & uxt =a® (QED)
(TL'U = ?nED-PngX_O‘- ’ ( (C-e)
Moreover, we cbserve that X = g , ¢ =Y at $s= 0.
Now let us consider a function f(g,y,t), and define
by, o) = Hlxky ) vy, ), 3 +s) (c-3)

on the basis of the transformation indicated in the Equation (1-11).
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Differentiating (3) with respect to s, clearly we get

27 % d
954 X Xt

-

SIES)

W |+
&1
'S
+

2R
]

Df

(C-k)

which essentially proves the last equation of (I 7), since we have

- l - ,
Dt =- T f c]S (c-5)
Thus in the transformed space we can write
~ S . > 7
4, 17 . & 2feT [ |=-e® ¢
2oLleg o 2[e70] -6)

and integrating froms = 0 to s = t, we get

(c-7)
Now, re-labelin,
(% fay G- EHO | fer-gous MO
cf :Z.B-(+)+f_,'C__7(£) X=R(H'g‘é“) ¢
with ’\)’=O

» and changing the integration variable &'=+t-¢

we have

x-6) v+ MW £, RW.r -G -E,0)

= - gtds' 6-74>(§+y»=6(t-§)+§ M- /E’t—5)+8€—(€ S) t-<

v
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Here, in the last step, we have made use of the Equations (2, 4, and 13 -

Appendix B). On the other hand, if we re-label
x(g,y,00=8 =% s,y 0) 2 Y=Y

in (7), and take the limit at t - - , we obtain

t-o
- 4( LY Q');%)
-0 S
=-f e? (x+u. G+ €M), g.8(5)+§§(3),3’+s)ds
) - == == =
Now, changing the integration variable as s' = -s, and identifying 1ﬁ—9‘t

we get the asymptotic representation

m __5_ ! | / /
wc(g,g,t) = - SO e t‘#(’ﬁ‘ /,g+y:\fg, BJ-QJ@ , t-s)ds ' (629)
provided

s
lim [e_tg(!-é(s)-g“f‘“)@ ,Ree-Ge-t, t—Sﬂ =% (o)

"
&~
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APPENDIX D

FIELD EQUATION WITHOUT INTRODUCING THE INTEGRAL TRANSFORM

We shall restrict our attention to the special case of section
IIT in order not to complicate the problem unduly, although the general
procedure employed requires no such restriction, provided the unperturbed
orbit equations are available so that the integral representation already
developed can be used. We shall also consistently ignore the dissipative

effects, by neglecting the collisions, for the reason indicated above.

Let us compute L,T[_VQ +%g:.tg . First, we consider the first
term.
2Q v (
W 55 = Za[ dsG(t)%‘?”S)]
' ox 9 X
{ %Y ¢
7 E,
= - Z: wr G * —* ’
i DX OX., (D-1)
LA
where

il
I

AR E dBU' Eﬁ(i—@(k-s)'g5t> (O)(U-) {(O)e MB))

g (D-2)

and where the generalized convolution notation is defined as

h(st) ¥ %(s,f) = S:Ms,f-S)g(S,t-s) ds.,

(D-3)
The second term gives
27 = 2 ¥ ,8 (e )
I 37 atg F[jo ds R, s)E(xt
1
+ % K ds(,(e )G »s)~9 l:k(x ts)]

mj 29X,y
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which after some manipulations can be written as

+Rk,r@” T ng Gﬁf % Q;q—'axp f

O ot
'rr'\> [GLFG%G@A axF’aquxéx Ek }

(D-4)
Now, inserting (1) and (4) into Maxwell's equation we get
2 v A
ar _ g% _ L2 _ |k w
D EJ - V Ea C;\ 9£.IE-3 Ca + c 3 2" F
?E | _ C
_ 2R x99k — L ¢ 2 () *E
Z ke Dx X, 2 3@1 wa R‘W *
& 7E
T 0 + i )
5 TGRSl ann
— 34_4(
\ OV 2 . ——
+ LY (86 (Gl ® o o0, A, ’
r
(D-5)

()
where Z. is an explicit function of F ('xlg,(DB only.

It can be shown that the FL transform of (5), making use of the

second moment equation of (III-4), gives the field equation deduced in

section IV. Although this deduction will not be attempted here, to exhibit
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the consistency of (5), we shall re-examine some of the particular cases

studied in section IV. First, for initially cold plasma (5) reads

a _ T N

r 4
- L0t G m + l
(D-6)
Moreover, if Hj = 0 we get
D56 5 ¢ (e T2 :a;(;’ AR
Differentiating twice with respect to t

and setting

E = Eoexp[{{g-g-{wﬁj y :Zoexr[{fg.g-lwtl

we obtain

[0 7) G- Chk T 1E9 = E0L g

which is identical to the Equation (IV-11).
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As a second application, we consider again an initially cold

plasma, and the pure transverse wave case propagating along Hy , i.e.,

J.F=0 o =0 EkzaEf_ o0 - Then can be put in the
' - , t i.l 9 99 a - (6>
- -— — - x 2

£ FE v (e e

E LT LY Wl (G E@E9ds :Cau
(D-9)

The Equation (9) exhibits the fact that the plasma medium is dielectric

in character* (at least in this case) if we generalize the concept of

the dielectricity as being tensorial and hereditary. In order to study

this effect we expand E into Taylor series
\(2)

TE, 19_': ) 9% o, Ok,
3—233‘@%1 2 Pw{mka 2t Ml o

- L,

where

—

M(n) _ g‘f? _52-(_0!’\ G(SBdS ) l\-/\(o)a f}_/_\ .
= 0 nl = =

Ordering with respect to the time derivatives, we get

2 2 BE
?@_Ea-_\_a E_l_[gz R« f«z}r_wétf\)ﬁ

PES 51 ¢t
?__E -"tG +-—@
T oo Z '°< )
fi E.T af0d , o &7 ,{‘I—fp
L BTG Tt
= l (D-10)

d

¥ See, for instance, Reference 23.
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Although, taking the FL transform, the dispersion relation (IV-16) can

be obtained without much difficulty, it seems of some interest to employ

the averaging process which will be discussed in what follows. This

process will be performed in two steps; first, the time dependent coeffi-
cients in (10) will be approximated by using the Equation (VI-24), secondly,
we shall take the limit as T-—>o . After performing these above indi-

cated manipulations on obtains

2E ) 0Lt M[ 1 a"tg -

22 & e 7 QR at’ Sl ot
won [ 2B 1 aEfa+—~ €30,
3 [73 RTTIFIT ] g
(D-11)

Here we considered a binary plasma with singly charged ions, and neglected
M-y

the terms of the higher order in M= -;;?:3 . Now, if we substitute
E>E +1iE =E°exp [ ik + iwt ], in order to examine the circularly
polarized waves, after summing the resulting geometric series we can
easily obtain Spitzer's dispersion relation discussed earlier [cf., the
Equation (VI-16)].

It is of some interest to note that in the case when the terms
having the higher order derivatives of E are ignorable (for instance when
)‘=§§_ & ), then (11) identically reduces to the magnetohydrodynamic-

(+)

wave equation

1—‘ - ) 2~
L) L
° (D-12)
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(see, for instance, Reference 5, Chapter 4), corresponding to the dielectric
243
constant E= 1+4TeC H)™ . This result, as most of our earlier
results, exhibits a complete agreement with the predictions obtained by the
simple first order orbit theoretical considerations (cf., Reference 23) in
N
(+

their common applicability region, namely X = ;z 1 , so that the
Se4)

physical properties of the plasma do not vary appreciably during an ion

Larmor period.
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