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This is the final rcport on NS¥ Grant KNG 75-03880 entitled '"Scallering
by Small Acrosols" and covers the period 15 April 1975 - 15 April 1976.

The invcstigation was conccrned with the elcclromagnctic scattering
characleristics of diclcelric crystals such as those occurring in ice crystal
clouds and othcr acrosol-laden almosphercs. Whercas mosti current theorics
havc modelled the crystals as sphercs, our intcresl is centered on the compy-
lation of the scattering behavior of Lhc specific cryslal shapes which arc known
to occur. A portion of the frcquency spectrum where this task is feasible is the
so-called "low frcquency' or Raylcigh region wherc thc wavelength of the radia-
tion is greater by an order of magnitudc or more than the maximum lincar dimen-
sion of thc scatterer. The particlcs of interest consist mainly of plate and colum-
nar crystals whose linear dimensions range from 10 to 500um. For cven the
largest of thcsc crystals, thc Rayleigh region encompasses the entire range of
radio frequencies, with wavelengths down to the millimcter range, and for the
smaller particlcs cxtends into the [ar infrared as wecll.

Our studies havc been dirceled entirely at the scattering from a single
homogeneous isotropic dielectric particlc at thcsc frcquencies. A general mathe-
matical formulation has been derivcd to specify Lthe scattcring behavior of such
a particle and has been applied to the special cases of rolationally symmctric
bodies and rcclangular parallclcpipeds. Techniqucs resulting from reccnt appli-
cations of digital mcthods in polential theory to electromagnetic problems have
been utilized to obtain cfficient numerical mcthods for computing the dipole
moments which charactcrizc thc scattering, and data obtaincd for sclccted

geometries.

Formulation
Tn our general formulation we have adopted an approach based on the elce-
tric and magnetic polarizabhility tensors ;(er) and ITI'I(ur) respeetively, in terms

of which the electric and magnetic dipole momcnts which characlerize the [ar zone



scatlcred ficlds arc simply the dol products of the polarizability tensors with the
incident field polarization vcelor. A particularly convenicnt aspecl of this approach
is that the tensors arc functions only of the material and gcomclry of thc scattcrer
and arc indcpendent of the dircelion and polarization vcelors of the ficlds. ‘This
cxplicit separation of the dircetion and polarization from the intrinsic propertics

of the partiele makesthe formulation highly advantagcous for any subsequcnt
development of a multiple seattering thcory by a cloud of parlieles. The formu-
lation is described in detail in atlachment A where it is shown that both tensors

arc special cases of a gencral polarizability tcnsor 3(.(7) , Where T is a material
paramcter representing either thc relative permittivity er or rclative permcabil-

ity My of the particle. The tensor clements X, (i,j = 1,2, 3) are exprcssed as

weighted surface integrals of ccriain potential Emctions or alternatively as inte-
grals of the normal derivatives of the potentials. To computc the tensor clemcents
it is therefore sufficient to dclermine either the polentials or their normal deriva-
tives at thc surface of the body, and integral equalions havc been derived for both
of these quantities, Fxamination of these inlegral equations shows that unique
solutions exisl for 7 > 0, so that thc tensor X(n can be uniqucly determined (or

the valucs of 7 which arc of practical intercsl, and requires thc solution of at most

thrcc integral cquations.

Properties of X(7)

Since the essential ingredient in the solution of the seattering problem is -
now the determination of the general polarizability tensor, we have explored the
mathematieal properties of )=£('r) . For rcal 7, Lhe tensor is real and symmetric;
axis, or indeed for
=0, xq=0
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1= X9 the tensor is diagonal with x11 = X22, having thcrefore

at most two indcpendent clements and requiring the solution of (at most) two cor-

and (or a body which is rotationally symmelric about the Xq
any body having symmetry about the two perpendicular planes x

and thc planc x

responding integral equations, In the case of a spheroidal body we havc proved

the relalion

_ 2
g = o) N
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holding for all sphcroids, both oblate and prolalc. This implies that thc compula-
tion of X33 for 0 <7< o yields thc values of X11(= X22) for -1 <7< ® and
obviates Lhc solution of a second integral equation, For the general case of a
body of arbitrary shape, it is possible to obtlain bounds of a gcomctrical naturc

on the diagonal elcments of the tensor. A lowcr bound has been cslablished as

(c.f. eq. (28) attachment A)

X, 22—V (2)
T

where V is the volume of thc body, and we have shown as well that an upper

bound is given by

X, € (r-1V, (3)

Thesc bounds arc valid for all homogencous dielectric bodies having 7> 0 and
are optimum in the sense that the equality is obtained in (2) by thc elements X33

for a vanishingly thin oblate sphcroid and X__ for a disc and in (3) by the element

11

X3 3 for a disc. We also remark that the present results have indicated that
more stringent bounds may be obtained in such special cases as, for cxample,

rotational symmetry, but this has nol yet been fully investigated.

Applications
The formulation has becn applied to a rolationally symmetric body of

homogcneous isotropic material, and integral equations have been developed for
this case in terms of boththe potentials and their normal derivatives at the sur-
face of the body. Computer programs have becn written for the numerical solu-
tion of the integral cquations, and hence thc compulation of X1 ) and X33 , and
their validity has been chccked by comparison with the resulls obtained from the
known analytical expressions for a sphcrc. The programs are applicable to any
rolationally symmetric body whose profile can be constructed from straight line
and circular are segmenis. Dala have bcen oblained for bodies of various shapes,
e.g. spheroids, ogives and right circular cylindcrs, and although thc relation (1)

has bcen proved analytically only for sphcroids, thesc data have indicated that () may



be valid for rolationally symmectric bodics in general, The dipole moments per
unit volume for an ogivc arc closely approximatcd by those of thc corresponding
spheroid of the same length-to-widlh ratio and matcrial paramcler 7, the dilference
being about onc perccnt or less, and for all practical purposcs an ogive may there-
fore bc reprcsented by a sphcroid, In addition, wc remark that the formulation in
terms of thc polentials is [ar superior to that in tcrms of their normal derivatives
from thc standpoint of numerical convcrgencc.

We havc also examined the case of a homogeneous isotropic rectangular
parallelepiped. The basic integral equations of atlachment A have been specialized

for this geomelry with the result (c.f. cq. (16) attachment B)

3
1+7 1
= - + — . €
1-7 Yi(z) 2Xi 27 % S ?i(-ILm)Kim(-I:"lm) dqm (4)
S
m=1 m

and we remark that although the integral equations are in general weakly singular,

thc kernels Kim in (4) are bounded provided the obscrvation point (whose position
vector is r) docs nol lie on an "cdge" of the body. The numerical solution of (4)

by the moment method can be achieved by dividing the sur(aces of integration into
sampling cells over which thc entirc integrand in (4) is assumcd conslant. Compulcr

programs have been written to computeX11 (= X22) and X__ by this method for

a rectangular parallelpiped of squarc cross sectlion, and daii oblained for the
special case of a cubc. The results are presentcd in attachment B and di(ler sub-
stantially from those prcviously reported in thc literature. For rectangular paral-
lelcpipeds of large length-to-width ratio the numcrical convcrgence properties

of this method are rather poor, and the large number of sampling cells required

to oblain accurate results greatly increases the expense of the compntations. Sinec
the kerncls in (4) may bc integrated analytically, we actually need only assume the
polential ¥ to be constant ovcr the surfacc of a ccll, and a second program has
been written to compute thc tcnsor clements by this method. A comparison of thc

two programs has bcen madc using the cubic gcometry and shows the latter to be

far superior numerically, yiclding grcater accuracy with 48 cclls than was



previously oblained using 75 cells, In addition to reducing the rcquired number

of sampling cells, wc have also found that (or bodies of large lenglh-to-widlh
ration, where thc use of squarc_cells is no longcr feasible, the lask of sclegting
the configuration of sampling cclls is simplified in the sccond method sincc we arc
there conccrned only with thc polential, which is in general a slowly varying func-
tion ovcr the surface of thc body.

A third geometry which we have examined is a eylinder of hexagonal cross
section, The mathcmatical formulation has been dcrived, and sincc it does not
differ substantially from that for a rectangular parallelepiped, the development
of numerieal techniques for computing the tcnsor elecments has been postponed
pending further investigation of thc methods described above.

A proposal seeking support for thc conlinuation of this work was submitted

to the National Science Foundation on 25 March 1976,
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