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CHAPTER I. INTRODUCTION

This is the final report of the work carried out for the Northrop
Corporation under purchase order 36-4385 during the period ending
31 May 1985. The purpose of the study was to examine the effect of
non-zero resistivity on the backscattering cross sections of strips and
plates with particular reference to angles of incidence which are close
to grazing.

In the case of a strip with the incident electric vector parallel
to the surface attention is confined to edge-on incidence, and the analysis
is presented in Chapter II. The backscattering cross section is
determined for a variety of uniform and quadratically-tapered resistivities,
and one of the significant conclusions is that tapering is not always
better. When the incident magnetic vector is parallel to the surface,
the scattering for edge-on incidence is zero regardless of the resistivity,
and the incidence which is most important is that corresponding to the
traveling wave lobe. The nature of this lobe is examined in Chapter III,
and it is shown that even a small resistivity is sufficient to eliminate
the traveling wave as such. Unfortunately, this merely bares a far
side Tobe of the specular flash.

A strip is the two-dimensional analogue of a finite plate and in
spite of the useful information that can be derived from a study of
the simpler two-dimensional structure, there are many circumstances
under which the model is irrelevant to the realistic problems of a

finite plate. Substantial effort has been devoted to the development
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of an efficient and effective code to compute the scattering from

a finite resistive plate of arbitrary shape and resistivity. The work
that has been accomplished is described in Chapter IV, and though there
is still much to be done, the program in its present form does compute
the current induced in the plate. The development of the program was
carried out by Mr. J. W. Burns and Professor D. A. Ksienski (a present
and former student, respectively, of the author), and it is a pleasure

to acknowledge their assistance.



CHAPTER II. E POLARIZATION

One of the more difficult problems in cross section reduction is
to reduce the scattering from the edge of an electrically thin structure
such as an aircraft wing or tail fin. This is particularly true at
angles close to grazing incidence with the electric vector parallel to
the surface, and the significant scattering that can occur in this
case is dominated by the edges. We shall consider here the problem
of a resistive strip or ribbon illuminated by an E-polarized plane wave
at edge-on incidence (¢0 = 1) and examine the magnitude of the
backscattered field compared with that of the corresponding perfectly

conducting strip.

2.1 Uniform Resistivity

For a uniform resistive strip with resistivity R ohms per square
the backscattered far field amplitude P(m,m) can be expressed as a sum
of front and rear edge contributions as (Senior, 1979a):

f

P(rym) = P +P" . (2.1)

In terms of P the backscattering cross section per unit Tength is
o = 2 |p(rm)]2 . (2.2)
If the strip width w is more than about A/2 where X = 2n/k is the

wavelength, the front edge return pf is identical to that for a half

plane of the same resistivity and
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where n = 2R/Z, J(x,n) is the current on a resistive half plane at a
distance x from the edge for the same incident plane wave, and K(0,n) is
a "split" function which appears in the Wiener-Hopf solution for a

half plane. Z is the intrinsic impedance of free space and a time

-iwt

variation e has been assumed.

K(0O,n) is real for real n and its values have been tabulated

(Senior, 1979a). For complex n

22 exp -n/r [1 - Wn(w/2)y ] << 1

K(0,n) = (2.4)
-1/2

n exp {-1/(mn)} In| >>1
and K(0O,n) can also be expressed in terms of the function wﬂ(z)
introduced by Maliuzhinets (1958) as

RCO
K(O,n) = 4‘/]; {wn(ﬂ/2)§ (2.5)
(m+ T+ LT

where cos x = 1/n. In a recent article (Volakis and Senior, 1985), two
simple expressions for wﬂ(z) are derived which, when used in conjunction
with known identities, approximate the function to a high degree of
accuracy throughout the entire complex z plane.

For the rear edge scattering and with the same restriction on w,

0" = iy(ZI(w,n)}? (2.6)



where (Senior, 1979b)
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{4K(03T])} ) (2-7)

Y

so that

- l—n{%‘g—gﬂ . (2.8)

The above formulas are valid for complex n as well as real, and
a procedure for computing the exact analytical expression for J(x,n)
is described in Senior (1981). In the special case of perfect
conductivity,
If n is real and non-zero, J(x,n) is asymptotic to J(x,0) as kx » =,
but if n >> 1, kx has to be very large indeed before (2.9) constitutes
a good approximation to J(x,n). The current on a resistive half plane
never exceeds its value at the corresponding point of a perfectly

conducting half plane, and since its magnitude is a monotonically

decreasing function of x and n, it follows from (2.8) that

o< - (2.10)

for all w and n.
For a perfectly conducting strip the front and rear edge
contributions have particularly simple expressions. Since K(0,0) = V2,

Eq. (2.3) gives



ol = -3 (2.11)
and from (2.6), (2.7) and (2.9),
2ikw
ro_ e
R eI (2.12)

This is the smallest rear edge contribution that can be achieved with
any uniform resistive strip whose width w is such that kw > n, and the

behavior of lprl as a function of n is illustrated in Fig. 2.1.

To make the edge-on backscattering cross section of a strip as
small as possible over a wide band of frequencies, it is necessary to
minimize the front and rear edge contributions individually. The
smallest value of leI is achieved by choosing n as large as possible,
and if, for example, n = 4, the resulting front edge contribution is
almost 20 dB below that for a perfectly conducting strip. For the rear
edge the preceding results suggest that the minimum return is obtained
with a perfectly conducting strip. This is certainly true for all except
the very narrowest strips, and Fig. 2.2 shows |[P"| as a function of
w/x for five different values of (real) n. Having n # 0 inevitably
increases |P'| and though, for fixed w/x, the return ultimately decreases
as n increases, it remains above that for n = 0 for all reasonable
values of kw and n. The obvious solution is to taper the resistivity
from a maximum at the front to zero at the rear, and provided this is
done smoothly, it is natural to expect a rear edge contribution

comparable to that for a perfectly conducting strip with no new source

of scattering created.



Fig. 2.1:
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The magnitudes of the front (---) and rear (—) edge
contribution of uniform resistive strips as functions of n.

(This is an expanded version of Fig. 2 of Senior and Liepa,

1984.)
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Fig. 2.2: The magnitudes of the rear edge contribution (———) for five
uniform resistive strips, compared with the contribution for

perfectly conducting strips (---) computed using (2.12).



2.2 Quadratically-Tapered Resistivity

Based on prior experience with resistive tapers, attention was

confined to the quadratic form

R(x) = 31 (1 %) (2.13)

where x is measured from the front edge. Thus, n specifies the largest
value of the resistivity, occurring at the front of the strip.

Using program REST-E which solves the integral equation for an
E-polarized plane wave incident on a resistive strip, the total induced
current and the backscattered far field were computed as a function of
w/x for a sequence of real n. From the computed data for P(m,r), the
real and imaginary parts of Pf and P" were extracted (Ksienski, 1985a),
and the resulting values of Pf were almost identical to those for the
front edge contribution of a uniform resistive strip having the same n.

The magnitudes of the rear edge contributions are plotted in Fig. 2.3,

and we observe that they exceed the contribution for a perfectly
conducting strip but show a similar dependence on w/x. An empirical

. ro.
expression for P is

2ikw
pro- -e%kw {1 + 5~82/3} , (2.14)
(kw)

and since the first term in parentheses in the rear edge contribution for
a perfectly conducting strip, the second term is the additive effect of
the resistive taper.

Under all circumstances, however, the rear edge return exceeds

that for perfect conductivity, and for a narrow strip may even exceed
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Fig. 2.3: The magnitudes of the rear edge contribution for tapered
strips with five different values of n compared with the

contribution (---) for perfectly conducting strips.
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the return for the corresponding uniform resistive strip. Comparison

of Figs. 2.1 and 2.3 shows that if n = 10 the tapering is only effective
if w> 2.4 X, and the analogous conditions for n = 6 and n = 4 are
w>T1.4 xand w > 0.9 x respectively. Thus, as the strip width and/or
frequency is reduced, we ultimately reach a point at which tapering
becomes counter productive.

Equations (2.14) and (2.3) are sufficient to provide the edge-on
backscattered field of a resistive strip with a quadratic taper, and
confirm that at high frequencies for which w >> X the most effective
way to reduce the scattering is to increase the resistivity at the front
edge to as large a value as possible and to taper the resistivity smoothly
to zero at the rear. Although we have considered only the particular
taper (2.13), it seems probable that the results for other smooth

monotonic tapers will be similar.



CHAPTER III: H POLARIZATION

Traveling waves are a major contributor to the backscattering
cross section of a Tong thin body when the magnetic vector is
perpendicular to the plane of incidence, and our work with H-polarization
was concerned with studying the effect of traveling waves on the

backscattering cross section of a strip or ribbon.

3.1 Traveling Wave Considerations*

Traveling waves are one of the most important contributors to
the scattering from long slender bodies, and in the case of structures
such as the fuselage of an aircraft it is possible to produce a
reasonably complete description of the backscattering by taking into
account the traveling waves and, where appropriate, the specular
contributions and the side lobes thereof. When the incident magnetic
vector is perpendicular to the plane formed by the direction of
incidence and the axis of the body, the fan-shaped pattern characteristic
of a traveling wave is a key feature of the overall scattering pattern,
and thé first Tobe is often the major contributor to the scattering
at angles close to end-on incidence.

The scattering pattern of a thin plate or strips also displays
a similar lobe structure at angles close to edge-on incidence when the

magetic vector is parallel to the surface, and it is customary to

*A shortened version of this section has been published by Senior and
Yang (1984).
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attribute at least the first lobe to a traveling wave. In effect, we
are thinking of each narrow slice of the plate as a filament or wire
supporting a traveling wave and the angle at which the lobe appears is
consistent with this argument. Mathematically, however, there is no
justification for this reasoning, and it is therefore of interest to
compare the high frequency expressions for the backscattered fields of
wires and strips.
For a wire of length 2 viewed at an angle 6 to end-on, an

approximate form of the expression obtained by Peters (1958) for the

backscattering cross section attributable to traveling waves is

2
o = s
™
where
2
IS| = %— {g&sin 6 sinc [5& (1 - cos S)J} . (3.1)
sinc X = SiQ X s

and T is the effective voltage reflection coefficient for the traveling
wave. In deriving (3.1) we have assumed that the phase velocity is that

of light and that k2 >> 1, implying

C = TIn(2ke) - (1 - v)

where v = 0.5772.... is Euler's constant.
The angles 6 = 6> N = 1,2,3,..., at which the maxima of the

traveling wave lobes occur are given by the solutions of the transcen-

dental equation
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tan e = (1 + cos en)cbn (3.2)
with
o = -g& (1 - cos en)
For Targe 2/X
el z 49.4125. (degrees) (3.3)
62 = 98.1 f%; (degrees) (3.4)

and comparison with numerical solutions of (3.2) shows that el is
accurate to within one percent for ¢/x > 1.8 and 62 is accurate to
three percent for &/x > 3.6. The results are also in good agreement
with measured data. Chang and Liepa (1967) measured the backscattering
patterns of a series of 81 wires having lengths varying from 0.3 to
5.42 » and radius 6.27 x 10°% A, and the values of 61 and 62 obtained
from these patterns are shown in Fig. 3.1, along with the curves
corresponding to (3.3) and (3.4). We have also used the measured
amplitude of the first Tobe to determine the effective reflection
coefficient T in (3.1). The amplitudes oscillate in a quite regular
manner with a maximum to minimum ratio of about 6 dB and maxima occurring
at ¢/» = 0.4 + 0.5n, n = 0,1,2,... (approx.). It is clear that this is
attributable to a resonance behavior of the wire, a feature which is
not reproduced by (3.1), but if we incorporate this into the effective

reflection coefficient, the resulting values of r appropriate to the
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first lobe are shown in Fig. 3.2. The average is about 0.65 and varies
little with &/x, and this is consistent with the value generally assumed
(Ruck et al., 1970) for a pointed body.

We now consider an infinitesimally thin, perfectly conducting
strip of width w occupying the region 0 < x < w, -= < 1 < = of the plane
y = 0 of a Cartesian coordinate system x,y,z and illuminated by a plane
wave having

i

VLI e—1k(x cos ¢, +y sin ¢O)

At large distances the scattered magnetic field can be written as

ORI ’_2_ i(ip-n/4)
H =z [ e P(950,)

where p,¢ are cylindrical polar coordinates with x = p cos ¢, y = p Sin ¢.
In terms of P the scattering cross section per unit length in the z

direction is
_ 2\ 2
- T IP(¢,¢0)|

and in the particular case of backscattering, ¢0 = ¢.
For kw >> 1 a uniform second order GTD expression for the

backscattered far field amplitude is (Senior, 1979b)

2

Plo9) = -F Lapls {1 -—2/—-1?«3‘”‘/4 cos § F (/sz sin%)}
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2

i 1-cos ¢ -2ikw cos ¢ 2 _-in/4 . ¢ ( b
I cosg © {} - e sin 3 F | V2kw cos 5 (3.5)

+0([kw]™)

valid for 0 < ¢ < m. F(1) is the Fresnel integral

e

012
F(r) = u[\ eV du

T
and (3.5) is identical to the result obtained by asymptotic expansion of
the expression obtained by Khaskind and Vainshteyn (1964). A simple
program to compute P(¢, ¢O) has been developed for use on an IBM PC
computer. It is designated P-RIB-H and is described in Appendix A.

When ¢ = 0 or m, |P| = 0 as expected, and the backscattering
pattern of a strip is illustrated by the plot of |P| versus ¢ for
w/A =4 in Fig. 3.3. Since the pattern is symmetrical about the
broadside aspect, it is sufficient to consider only 0 < ¢ < n/2. The lobe
centered on ¢ = 24 degrees is the one usually attributed to a traveling
wave, and the Tocations of this and the adjacent peaks are shown in
Fig. 3.4. From the variation as a function of w/x it is evident that all
peaks other than the first are most logically associated with the side
Tobes of the specular return. The first peak is primarily determined

by the first term in (3.5), and its magnitude is

2

1/2
Hzm - 3)’] i (] i ETSW) {1 - C(u) - S(u) + i[C(u) - S(u)]}

where

u = kw(l - cos ¢)



-19-

“(g*¢) bursn pa1ndwod Yy = M yipim jo dLuais e jJo uaa3jed buLuaairaedsyoeg :¢°¢ °"b6L4

(s9aibop) ¢
(0} 09 06

| 1 O




-20-

*(9°¢) Bulsn pazndwod

SeM 9AUND [BIL]8409Y3} YL "4N220 uud3jed dY3 UL ewixew Yyl ydlym e sa | buy

‘pg "bL4
X
v ¢ < 2 _ 0
L ] [ 1 O
- 02
larxlll |
X x NII”xJ.Ix/*I// \ﬁ
xx x/j’/
x xﬂl*/?
~
xx xx/ﬁlf/ .lo.v
/ B
x x « A.DOUV
xxxx X X xxxx ﬂ
x X X "
x x X
x x x X X "
x X X
xxx X lom
x X X
X
x X
L 08



-21-

and C(u) and S(u) are the real integrals defined and tabulated in

Abramowitz and Stegun (1964). For kw >> 1 the magnitude is approximately

{C(u)}* + {S(u)}* , and its maximum is 0.901 occurring at u = u = 2.29.
1

The resulting value of ¢ is

o = 48.9 J_E: (degrees) (3.6)
1 W

and the corresponding curve is included in Fig. 3.4. To the next order

in 1/(kw) the peak value is

u
L

{C(ul)}2 + {S(ul)}2 * Tk {C(ul) + S(ul)} = 0.901 (1 + 0.136 %) ,
(3.7)

and this is plotted in Fig. 3.5 along with the peak values obtained from
computations of |P|. The oscillations are attributable to the effect
of the second term in (3.5) which was neglected in our analysis, and
(3.7) is an excellent approximation to the mean.

In spite of the different mathematical formulas which describe
the effects of traveling waves on wires and strips, the close
agreement between the angles el and ¢1 at which the first (dominant)
Tobe occurs is remarkable. For all practical purposes, it is sufficient
to use (3.3) to locate the Tobe, thereby lending support to the idea of
treating a planar structure as an assemblage of elementary wires, and

to using the term "traveling wave" in the case of a strip.
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Fig. 3.5: Peak values (xxx) of the traveling wave lobe for a strip

compared with the value (—) given by (3.7).



-23-

2.2 Effect of Non-Zero Resistivity

As we have seen, a traveling wave is a significant contributor to
the backscattering cross section of a perfectly conducting strip at
angles close to edge-on. It may be necessary to reduce the magnitude
of the resulting peak, and the prevailing wisdom is that a relatively
small amount of Toss is adequate for this purpose. To determine the
reduction as a function of the resistivity, we have used program
REST-H or its specialized version STRIP-H (see Memorandum 2500-394-M)
to compute the backscattered fields of uniform resistive strips of
width w = 1.0(0.1)4.0 A and have examined the magnitudes and locations
of the peaks in the backscattered patterns.

For perfectly conducting strips the angle ¢ (measured in degrees
from edge-on) at which the maxima are found to occur are shown in Fig.
3.6(a), and the results are almost identical to those obtained using the
second order GTD expression (3.5) for the field. We observe that there
are two distinct types of maxima; the ones associated with the main
lobe of a traveling wave whose location is given approximately by the
formula (3.6), and those which are more logically attributable to the side
lobes of the specular flash. The latter correspond to the maxima of

the pattern factor (sin X)/X with X = kw cos ¢, and are given by

® = arc cos {(Zn +1) %N—} (3.8)

with n =1,2,3,.... As seen from Fig. 3.6(a), they lie on a sequence
of trajectories which are distinct from the oscillatory curve describing
the traveling wave peak. For large w/A the traveling wave dominates

the far side lobes, which then show up only as an oscillation in the
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lTocation and the magnitude of the traveling wave lobe. The corresponding
peak values of |P| (in dB) are shown in Fig. 3.7(a).

The analogous results for resistive strips having R/Z = 0.05, 0.1
and 0.2 are shown in Figs. 3.6 and 3.7, (b) through (d). The point to be
observed is that as R increases from zero the minimum strip width for
which a traveling wave exists also increases. Thus, for R/Z = 0.05
(corresponding to 19 ohms), a traveling wave is present only for
w/x > 1.9, and for smaller w/x the peak which occurs at almost the
expected position (see Fig. 3.6(b)) is actually a side lobe of the
specular flash. This is evident from the manner in which the peak
Tocation changes with increasing w/x, and the logical explanation is that
for w/x < 1.9 the small amount of loss has reduced the traveling wave
peak below the level of the side lobe. When R/Z = 0.1 there is no
traveling wave lobe unless w/x > 3.4. The way in which the peaks for
w/x < 3.4 are "taken over" by the side Tobe of the specular flash is
graphically illustrated in Fig. 3.7(c), and when R/X = 0.2 there is no
evidence of a traveling wave for any w/x < 4. It is apparent that even
a small amount of Toss is sufficient to eliminate a traveling wave for
modest values of w/)\.

On the other hand, if the purpose of the non-zero resistivity
is to reduce the near edge-on cross section, the presence of the peaks
regardless of their origin could still be of concern. If we simply
take the peak which occurs closest to edge-on, skipping from (side Tobe)
trajectory to trajectory as necessary, and plot its magnitude as a
function of w/x, the results shown in Fig. 3.8 are obtained. For
R/Z < 0.15 the points form a reasonably smooth oscillatory curve for all

w/x > 1.4, but when R/Z = 0.2 the consequence of changing trajectories is
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Fig. 3.8: Magnitudes of the actual or nearby traveling wave peak for
(a) R =0, (b) R/Z = 0.05, (c) R/Z = 0.10 and (d) R/Z = 0.20.

The curves were obtained using (3.9).
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to produce noticable discontinuities. As expected, a non-zero
resistivity decreases the magnitude of the peak, and the reduction
below the value for a perfectly conducting strip increases with
increasing R/Z and w/A. For R/Z = 0.2 and w/) = 4 the reduction is
approximately 12 dB.

We have not succeeded in developing a theoretical formula for
the traveling wave peak showing the dependence on R/Z and w/A. Though
a uniform rigorous second order GTD expression for the bistatic scattered
field of a uniform resistive strip is available (Senior 1979b), the
result for H polarization is discontinuous in the 1imit R > 0 and cannot
be used to show the effect of resistivities as small as those of interest
here. Nevertheless, from an examination of the data in Fig. 3.8 it
appears that an expression of the form

IP|] = A+B (3.9)

= |>

is adequate to predict the average return as a function of w/x for a

given R. By a lease squares fit it is found that

R/IZ = 0 , A = 0.88 , B = 0.23
= 0.05 , = 0.67 = 0.45
= 0.10 , = 0.26 = 0.53
= 0.20 , = 0.13 = 0.42 ,

and it is reasonable that these values be used in conjunction with (3.9)

to estimate the effect of a small amount of resistivity.



CHAPTER IV. RESISTIVE PLATES

The strip or ribbon is a two-dimensional analogue of a finite
plate, and there is a considerable amount of useful information about
the scattering from a lossy plate that can be obtained by considering
the simpler two-dimensional problem. Nevertheless, the information is
Timited in its applicability, and in cases such as near-grazing incidence
when the side edges of a plate play a role it is necessary to consider

the plate directly.

4.1 Background

A major activity has been the development of an effective and
efficient code to compute the scattering from a finite, planar resistive
plate of infinitesimal thickness when illuminated by an incident plane
wave. We remark that the restriction to a resistive plate is not, in fact,
a restriction at all. As pointed out in a recent publication (Senior,
1985: included here as Appendix B), a thin layer whose permittivity and
permeability both differ from the free space values of the surrounding
medium can be simulated using superposed (electrically) resistive
and (magnetically) "conductive" sheets, and these sheets are uncoupled
when they are planar. A conductive sheet is the electromagnetic dual
of a resistive one, and thus by running the program twice with the
polarization and the sheet parameters appropriately defined, the
solution for the most general imperfect plate can be obtained by
addition. A special case of a combination sheet is the opaque plate

having an impedance boundary condition imposed at its surfaces.

-29-
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Several years ago a program was developed (Naor and Senior, 1981)
to solve the integro-differential equations for the components of the
total electric current induced in a resistive plate when illuminated by
a plane wave. The program employs rectangular subdomains and uses simple
differencing to carry out the differentiations numerically, and because
of this the accuracy and generality are less than what we would like.
Based on our recent experience with a program to treat dielectric plates
at low frequencies (Ksienski, 1985) where a static analysis is
appropriate, it was felt that the numerical differentiation could be
avoided, and that a more efficient, accurate and general program would
result. The efficiency is important because of our desire to treat
plates up to a square wavelength or two in area with a matrix of only
modest (e.g. 128 x 128) size, and this was one factor that led to our use
of the C language. It is also important that the program accommodate
plates of general shape (and this motivated the choice of arbitrary
triangular subdomains), having an arbitrarily specified non-uniform
resistivity when illuminated by a plane wave incident in any direction
with any polarization. It is believed that these objectives are met by

the program we have developed.

4.2 Program Description

The plate is assumed to lie in the plane z = 0 of a Cartesian
coordinate system x,y,z, and is simulated by a resistive sheet whose
resistivity R (ohms per square) is

iZ

e -
r

where t and e, are the thickness and relative permittivity of the plate

material, k and Z are the propagation constant and intrinsic impedance
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of free space, and a time factor e'mt is assumed and suppressed. The

boundary conditions at the plate are

L
z x E

i
o

and

N
>
m
1
=
N >
>
il
w

where

is the total electric current, and an electric field integral equation

(EFIE) for J is then

szJ=EXE"“Cn%ZEx(H]—vv-)IJeds' (4.2)
m kz S
where G is the free space Green's function G = (e]kr)/r.

An equivalent version of (4.2) can be derived using vector and

scalar potentials and is

<~ ine . k2 R .
szJ-szmC+1HZXIJGdS—Hzxvfp/eGdS (4.3)
5 S
with
z y .
WV’ = pfe (44)

and this is actually the form used by Naor and Senior (1981). 1In both

instances the differentiation was carried out numerically. To avoid

this, we first split (4.2) into Cartesian components as follows:



-32-

. ikr . ikr
_ ¢inc | . kzZ e C o, 07 3% 52 ) e .
R = E) *‘Ef‘]x“? ds +4ﬂkf(dx AT Bt
S S

aX
(4.5)
. ikr . ikr
_ Jinc | . kZ e v, A2 ke % e o o
RJy = Ey + i e Jy — ds' + K h]ﬂ (JX X3y + Jy 2) - ds
S o
When discretized and put in matrix form the equations become
_ inc
[RI(9,) = (E) + [A13,) + [B](3)
(4.6)
_ inc
[RI(s,) = (Ey )+ [C](d,) + [D](Jy)
where (E;?§)) is an N-element column vector containing the

x(¥) component of incident field on each subdomain,
(Jx(y)) is an N-element column vector containing the
x(y) component of the induced current at the
sampling points,
[R] is an N x N matrix containing the resistivities
at the sampling points, and
[A],[B],[C],[D] are N x N matrices containing the mutual impedances
between the subdomains.

The equations (4.6) can be written as a single matrix equation as

_Einc |

i S [-iél:LBJ-;---L@J__.}

inc

K [l (03-[r1 J| Y

4 4 4
2N-element 2N-element

column matrix 2N x 2N matrix column matrix
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so that

5 \ o _Einc
( : [-LBJ:LBJ--L---LBJ--.] e S IO
% [l ! Do-fr1) | £

The matrix inversion is carried out using standard IBM FORTRAN library
routines employing LU decomposition contained in the MTS NAAS package.
The discretization is based on triangular subdomains, with ftentf
subsectional basis functions. The latter produce a current which is
linearly varying over each subdomain and piecewise continuous over the
plate. The concepts are illustrated in Figs. 4.1 and 4.2. If the

currents at the vertices V1, V2 and V3 of a triangular subdomain are

By

T2

T3 | Tk

Fig. 4.1: Simple examnle of triangular subdomains for a triangular plate.

I2

v2 (x.y,)

Vi
(XI’YI,

v3 (%, Y,)

Fig. 4.2: "Tent" current basis functions.
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11, 12 and I3 respectively, then

IT = ax +8Yy +y
11 11 1
I2 = ax +B8Yy +¥y
2 2 2 2 2
I3 =

aX +BYy *ty
3 3 3 3 3

and the current over the entire subdomain is

Hy) = (o *o o )x (g +8 +EJ+y +y 4y
The resistivity is specified at the vertices of the subdomains, and
assumed to be linearly varying over the subdomain and piecewise
continuous over the plate.

Special care is necessary when computing the matrix elements in
(4.8) and the novel features of the program are concerned with this.
In the progenitor (static) program (Ksienski, 1985b) the vertices of the
subdomains were used as the sampling points, and because the singularity
of the kernel of the integral equation is integrable, there is no
difficulty in computing the field of the current over each subdomain
at the vertices. For the dynamic problem, the higher order singularities
make this approach impossible, and after examining a variety of
generalized function theory methods (e.g., Fikioris, 1965; Lee et al,
1980; Asvestas, 1983; Miron, 1983), an alternative procedure was
developed. For each subdomain including the self cell, the kernel was
rationalized in the manner shown below and the sampling points were chosen
at the centroids of the triangles. The program still computes the
current at the vertices, but does so by Tinearly interpolating the

values of the current at the centroids of the adjacent subdomains. Thus,
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in Fig. 4.3, the current at V1 is found by interpolating the known

currents at C1, C2, C3 and C4 found from the integral equations.

Fig. 4.3: Current computation based on the centroids.

As much as possible of the integration and differentiation was
done analytically to maximize the speed and accuracy of the computation.
To this end, the singular parts of the dynamic kernel which are most
troublesome numerically were treated analytically, and the integrals
over the subdomains were evaluated by conversion to line integrals using

the method of Wilton et al (1984). Thus, the kernel was written as

ikr ikr
e I k2r e 1 . k2r
>V ~ 7t Tk - 2 * [_F—— Tr ik + —5_'}

and the numerical integration and differentiation was limited to the
bracketted terms. The resulting equation for the x component of the

current at the jth centroid is as follows:

_ inc | ikZ 1, . k?r . .
Rdxj = Exj t :g: ‘jq in (?'+ ik - "TT_)dS (evaluated analytically)

i S,
i

: ikr )
¥ l%%’ :Ej o[‘ s (E;—"'- %'- ik + E"-Q—Y:)dS'(evaluated numerically)
i S,
i

(cont.)
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' C k2r ) 4. .
+’%%[ ch ( + ik - —55-)ds (evaluated analytically)
2 ikr
T K 4ﬂk :gj(J“ L (e - %'- ik + EEE) dS' (evaluated numerically)

, 1z Ch Jy Ty - Erdgs: (evaluated analytically)
ik £ oxay i\r 2
S

e 1 k2r ) ieo .
3 4nk :E: U(, yi 3x3y ( r Ty ! ik + == W )dS (evaluated numerically)

The equation for Jyj is similar. Note that the derivatives are taken
inside the integrals only when the integrands are non-singular. The
numerical integration was carried out using the method of Hammer et al
(1956), which is exact for a fifth order polynomial.

Because of time Timitations the program is not yet complete. The
final part necessary to compute the scattered field of the plate has not
been finished, nor does the program make use of any symmetries that the plate
may possess. In its present form the program is limited to the
computation of the current induced in a plate of arbitrary size and
resistivity. The source code consists of approximately 2200 lines of
C language code, plus approximately 1000 lines of IBM FORTRAN NAAS 1ibrary
routines. The program compiles and, to judge from the few runs that

have been made on a VAX, appears to produce accurate results. Never-

theless, there is further work that must be done and apart from the
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additions necessary to compute the scattered field we are also aware
of some changes that should be made to improve the accuracy.

A source Tisting is included as an attachment to this report.



APPENDIX A: 1IBM PC PROGRAM P-RIB-H

A program nas been developed for use on an IBM PC computer to
determine the high frequency bistatic scattered field of a perfectly
conductina strin or ribbon for H polarization.

A perfectly conducting strip of width w occupies the region
0<x<w, -=»<z<oof the plane y = 0 of a Cartesian coordinate

system x,y,z, and is illuminated by an H-polarized plane wave having
s . =ik(x cos ¢_+y sin ¢ )
H1 = 7@ 0 0

where a time factor e'1“t is assumed and suppressed. At large distances

the scattered magnetic field can be written as

nS > |2 i(kp-n/4)
>~z Jﬂkp e P(459,)

where p,¢ are cylindrical polar coordinates with x = p cos ¢, ¥ = p sin ¢.
In terms of the two-dimensional far field amplitude P the scattering

cross section per unit length in the z direction is
_ 2 2
o(9:05) = = [Pos0 )| (1)

and in the particular case of backscattering, by = ¢ From symmetry it
is sufficient to consider only n/2 < ¢ < 1 where ¢ = = corresponds to
grazing incidence.

Using a GTD approach, Senior (1979b) developed an expression for
the bistatic scattered field of a uniform resistive strip through
second order terms, and when specialized to the case of a perfectly

conducting strip with by = 0> the result is

-38-
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_ i 1+cos¢ i 1-cos¢ -2ikw cos ¢
P:0) = - T “cose T Tcoso

+0([kwl™h) , (2)

(2 1/2 e'1“/4 e1‘kw(1 - COS ¢)
mkw sin ¢

where the origin of phase is at the left hand edge of the strip. At
broadside (¢ = #/2) the infinities of the first two terms cancel and (2)

reduces to
1 i 2 \Y2 5 (ku-n/a) -1
) - 7kw'7'(m> e F0([k]™) . (3)

For ¢ > n/2 the first and second terms on the right hand side of (2) are
the contributions of the front and rear edges respectively, with the
former vanishing for grazing incidence. The third term is the second
order contribution and this clearly fails when ¢ = =, but by expressing
(2) in terms of the half plane current and then using a uniform asymptotic
representation of the current, a uniform expression for P(¢,s) valid

for n/2 < ¢ < = is found to be

1/2
i in/84+ikw(]1 - cos
I L C D B
2
i 1 -cos¢ _-2ikw cos ¢ 2 _-in/4 . ¢ ( 3
t o535 © 1 - e e sin 5 F | Y2kw cos 5 )

+0([kw]™)  (4)
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where F(t) is the Fresnel integral

and when this is substituted into (4) we recover the asymptotic

expression (2). On the other hand, for small <

Flo) = 2vre ™% 4 o)

N

showing that P(r,n) = 0, as expected. In general
Fr) = |Z{L-c(2) +i [5-s(2 (6)
2 \2 2 i

where C and S are cosine and sine integrals whose computation is
described by Boersma (1960),  Thus
e-m/4 sin %—F(/ka cos ¢) = sin ¢ - C(u) - S(u) + i[C(u) - S(u) T}

2
= 2

where

u = kw(1l + cos ¢)

The introduction of the Fresnel integral to provide a uniform

behavior in the vicinity of ¢ = n produces a difficulty near broadside
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since the infinities of the first two terms on the right hand side of
(4) no Tonger cancel precisely when ¢ = n/2. For this reason it is

desirable to introduce a second Fresnel integral whose main effect is
to produce a uniform behavior near ¢ = 0 in spite of the fact that we

are only concerned with ¢ > n/2. The result is

2
- i 1+ cos 2 -in/4 ¢ . b
P(p,0) = - 1 17C05¢ 1] -=— e cos 5 F (/ka sin —)
4 coS ¢ - 2 2
2
i 1 -cos ¢ _-2ikw cos ¢ 2 -in/d . ¢ 3
+ ) —_EBE_E_—'e 1 e e sin 5 F </2kw cos 2)
-1
+ 0([kw] ) (7)

valid for 0 < ¢ < m. The infinities at ¢ = /2 now cancel precisely,
and we remark that (7) is identical to the result obtained by asymptotic
expansion of the uniform expression of Khaskind and Vainshteyn (1964).

A program designated P-RIB-H (perfectly conducting-ribbon-H
polarization) has been written to compute the function P(¢,4) using (7).
It is coded in BASIC on our IBM personal computer and computes o/x
(in dB), |P| and arg P (in degrees) as functions of the angle ¢ for
91 < ¢ < 179 degrees. The broadside angle ¢ = 90 degrees is omitted
to avoid numerical problems, but in practice, a knowledge of the far
field at 91 degrees is sufficient to determine the broadside return.
When ¢ = 180 degrees, |P| = 0, and this angle is also omitted to avoid
problems in computing arg P.

Some results obtained with P-RIB-H are compared with those of

an integral equation solution by the moment method in Figs. 1 through 6.
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The agreement is good for all w/x > 0.5, though we do observe a somewhat
larger phase discrepancy than expected for ¢ > 130 degrees with

w/x = 2. The traveling wave lobe is faithfully reproduced and this
enables us to use (7) or, indeed, (4) for studying traveling wave effects.
From the GTD viewpoint the Fresnel integrals were introduced to match

the second order expansion for 0 < ¢ < © into the zero values at

grazing incidence, but one interesting consequence is that (7), as

opposed to (2), is reasonably accurate even for small values of w/).



-43-
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T T
90 120 150 180

O} (degrees)

Fig. 1: |P| for w/x = 2 computed using P-RIB-H (0o00) compared with the

results of an integral equation method (—).
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Fig. 2: Arg P for w/x = 2 computed using P-RIB-H (0oo) compared with the

results of an integral equation method (—).
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T T
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Fig. 3: Arg P for w/x = 1 computed using P-RIB-H (000) compared with the

results of an integral equation method (—).
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Fig. 4: Arg P for w/x = 1 computed using P-RIB-H (0o00) compared with the

results of an integral equation method (—).
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Fig. 5: Arg P for w/Ax = 0.5 computed using P-RIB-H (000) compared with

the results of an integral equation method (—).
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Fig. 6: Arg P for w/x = 0.5 computed using P-RIB-H (000) compared with

the results of an integral equation method (—).
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ILEL Transactions on Antennas and
Propagation, Vol. AP-33, No. 5, May 1985

Combined Resistive and Conductive Sheets
THOMAS B. A. SENIOR, FELLOW, IEER

Abstract—Te simulate a (hin layer of material whose permittivity and
permenbility both differ from the values for the surrounding medium, »
combiuation resistive and conductive sheet ls defined ard its properties
described.

1. INTRODUCTION

Thin layers of lossy material are of obvious interest for cross
sechion reduction purposes. A mathematical mode! of such a
layer 1s a resistive sheet, and during the last few years the scatter-
g from this type of sheet has been extensively explored [1]-
[3]. The electromagnetic dual of an electncally resistive sheet
1s 4 “magnetically conductive” one [4), and to simulate a thin
layer whose permittivity and permeabitity both differ from the
surrounding medium, it may be necessary to include this sheet as
well.

The properties of a combined sheet consisting of coincident
resistive and conductive ones are examined. Although the two
sheets are, in general, coupled, with each affecting the scattering
from the other, decoupling occurs when the sheets lie in a plane.
This 1s true regardless of the (planar) configuration, and has im-
plications for the development of analytical and numerical meth-
uds to predict the scattering from lossy plates, !

[1. BOUNDARY CONDITIONS

An electrically resistive sheet is simply an electric current sheel
whose strength is proportional to the tangential electric field at
its surface, and in recent yeau,the concept of such a sheet has
found many useful applications. As noted by Levi-Civita (see 4,
p. 19]), its electromagnetic properties are completely specified
by its resistivity R in ohms per square, and the boundary condi-
tions at s surface are

AXE(+)-AXE(=)=0, (1)

AXH+)-AXH(=)=J (2)
with

n X {n X E(t)} = -RJ 3)

where 1 is a unit vector normal drawn outward to the positive
(plus) side of the sheet and J is the total electric current sup-
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1]

ported. Leuation (1) iuplies that there is no magnetic current
and, hence, that the permeability of the corresponding layer is
the same as that of the surrounding (fice space) medium, Because
of ths, (3) can be written as

A X (A X [ECt) + E(=)])} = -2RJ, )
and in the special case R = 0 the sheet is perfectly conducting,

whereas If K = oo the gheet 15 no longer present. For a matenal
of large conductivity o,

R=(or)™"
where 7 15 the thickness of the layer, and an alternative expres-
sion is 15
Z
R=—— )
(e, = Dkr

valid if |e, — 1| > 1. In(5), k and Z (=1/Y) are the propagation
constant and unpedance, respoctively, of free space, €, is the rela-
live permuttivity of the layer material, and & time fuctor ¢~ /=’
has been assumed.

The electromagnetic dual is a magnetically conductive sheet
[6] supporting only a magnetic current J*, and by analogy with
(1),(2), and {4) the boundary conditions at its surface are

A X H(+) - i X H(-)=0, (6)

X EH) - X E(=)=-Je W)
with

aX{nX [HEF)+ H(=))} = -2R*J* @8)

where R* is the conductivity. By virtue of (6), a layer modeled

by such a sheet must have 1ts relative permittivity unity, and from

(5) an expression for R® is

iy )
(}‘r - Uh

valid for |y, — 1| » | where g, is the relative permeability of the

layer matenal,

I1I. COMBINATION SHEET

Te model a layer whose permittivity and permeability both
difter trom their free space values a logical approach is to con-
sider a combunation sheet consisting of coincident resistive and
conductive sheets at which the boundary conditions are )
(4) and (6)~(8). If § and 7 are umit vectors in the plane of the
sheet such that at every point §-/ =0 and s X / = n, implying that
5, 1, and A form a right-handed system, (3), (4), (7), and (8) can
be written as

Ey(+) + Ey(-) = 2R{HA+) - HL-)},
Ey(¥) - Ef(=) = -QR®*)" ' {H(+) + H,(-)};
Ei(+)+ E=) =2R{H,(+) - H,(-)},

Ei(+) - Ei(-)=QR*)" ' {H,(+) + H,(-)}.

Addition and subtraction of the equations in pairs gives

1 1
y RR,) H(+)+ R (n v R_) H{-)

! |
Ety=R[1t—— - —— ) H (-
) (1 !uue') H,(+) R(: : MR_) Hy(-)

E,(t)=-R <1 1
(10)
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showing that, in general, the sheet is partially transparent, but if
dRR®* =1 (n

the conditions (10) reduce to Leontovich boundary conditions
[7] on the two sides of the sheet. The combined sheet is then
opaque and is simply an impedance (boundary condition) sheet
with the same surface impedance n = 2R on each side. In view of
(11) an equivalent formula for the surface impedance is 7 = (R/
R‘)‘“, and when the expressions for R and R* are inserted, we

tind

AT u M2
] :Z<‘-‘~ ) 9'.2(*" (12)
fr'—l €

as expected.

Under most circumstances the resistive and conductive sheets
comprising a combination sheet are coupled inasmuch as the
strength (as measured by the current supported) and the scatter-
ing of each sheet are effected by the presence of the other. To il-
lustrate this fact, consider a closed cylindrical sheet illuminated by
an E-polarized wave. In terms of the cylindrical polar coordinates
p. ¢, 1, the sheet is defined as the surtace p =a and the incident
plane wave 18 assumed to have

El=3e tkpcos g

By expanding the scattered and interior fields in cylindrical wave
functions, the solution for each type of sheet can be obtained by
mode matching. In particular, the interior field is

= E €n(—1)" A pJ n(kp) cos ng 13)
n-0
where ¢g = 1 and €, =2,n >0, and for a resistive sheet
ka Z -1
A, =1{1+ "—21' s J,,(ka)H,(,"(ka)} . (14)

Far a conductive sheet

nka Y | a1y -1
A, = 1+”2“ E:J"(ka)ﬂ" (ka) (15)

where the prime denotes differentiation with respect to ka, but
for a combination sheet

A= (1-— ) L+ ™2 i Oa)
= - - - a
" 4RR* 4RR* 2 R ""

nka Y 1y -t
+-2~ E:J,.(ka)ﬂ,, (ka)} . 16)

It (11) is satisfied the field interior to the combination sheet
vanishes, showing that the sheet is then opaque, and we also ob-
serve that (14) and (15) can be obtained from (16) by taking the
limits R® - o0 and R - oo, respectively. More importantly, how-
ever, the coefficient A, for the combination sheet is not the sum
ol the coefticients for the individual sheets, which demonstrates
the coupling.

IV. PLANAR SHEET

Although the sheets comprising a combination sheet are gen-
erally coupled, an exception occurs in the special case of a planar
sheet. To prove this, let

E=F'+FW + F®
where £(1) and E) are the electric fields radiated by the in-
duced electric and magnetic currents, respectively. If #(}) and

H®) are the associated magnetic fields, the symmetry about a
planar magnetic sheet implies

AX (D) - HD(-)} =0
and

AXE® () =11Jv.
Hence

AX{EN+) + BN =0,

and when these expressions are substituted into the boundary
condition (4) for a combination sheet, we find

AX (A X [E'(+)+ EDE) +Ef(-) + EM(-))}
= —RA X (HD(#+) - HV(-)}

which is simply the condition for the corresponding resistive
sheet in isolation. Similarly, (8) reduces to the condition for a
conductive sheet by itself, showing that for a planar combination
sheet the resistive and conductive parts scatter independently of
one another.

This is true for a plate of any (planar) configuration and it
is therefore sufficient to restrict the development of analytical
and/or numerical procedures to the simple case of a resistive
plate. By application of the duality principle the solution for the
corresponding conductive plate can be deduced, and the solution
for the combination plate then follows by addition of the com-
ponent solutions. Thus, for a planar plate, we can achieve the ad-
ded generality of a combination sheet without any increase in
complexity. The resulting plate is partially transparent unless (11)
is satisfied, which represents the special case when the impedance
boundary condirtion is applied.
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