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ABSTRACT

COMPUTATION OF THE SCATTERING BY PLANAR AND NON-PLANAR
PLATES USING A CONJUGATE GRADIENT FFT METHOD

It is well known that sharp edges and corners of objects illuminated by electro-
magnetic radiation produce a significant secondary radiation. Unfortunately, very
little is known about the mechanisms producing this phenomenon. To achieve a
better understanding, it is therefore desirable to mathematically model the scat-
tering characteristics of the simplest scatterer having both corners and edges. Such
a model should, of course be amenable to analysis.

The major goal of this study is to develop an efficient conjugate gradient FFT
method to numerically solve for the induced current and scattered field of a ma-
terial plate illuminated by an E or H polarized plane wave. Achieving an efficient
algorit-hrn requires a good understanding of both the conjugate gradient method
and the computation of the FF'T. A complete derivation of a conjugate gradient
method and the FFT is given in the text.

There are two basic plate configurations of interest in this study. The first is the

ii



single material plate, which includes the zero thickness perfectly conducting plate,
the electrically thin dielectric plate and the combination dielectric and magnetic
plate. The second is the dielectric coated or combination dielectric and magnetic
coated perfectly conducting plate. Computed results for surface currents and the
radar cross section are given.

In this thesis, a new hybrid method is proposed that combines a boundary
integral method with a conjugate gradient FFT method to solve for the scattering
from an object having arbitrary geometry and material composition. A synthesis
algorithm for determining the material distribution of a plate yielding a certain

scattering characteristic is also proposed.
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CHAPTER 1

INTRODUCTION

L1 Motivat;

It is well known that sharp edges and corners of objects illuminated by electro-
magnetic radiation produce a significant secondary radiation. Unfortunately, very
little is known about the mechanism which produces this phenomenon. In order to
better understand this phenomenon, it is desirable to mathematically model the scat-
tering characteristics of the simplest scatterer that has both corners and edges. The
model should be able to solve the analysis problem as well as the synthesis problem.
The analysis problem is posed as follows. Given a particular scatterer, predict the
secondary fields scattered by this object when it is illuminated by a known source.
The synthesis problem is posed as follows. Given a desired scattered field, predict the
material composition of the scatterer which would produce this scattered field. This

motivates the study of electromagnetic scattering by thin planar material plates.
1.2 Literature Review

At the present time, efficiency is still a prime concern for a numerical solution

of scattering by material plates with above-resonant dimensions. This efficiency is
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2
measured in terms of minimizing computational factors such as time, storage and
cost. The purpose of this study is to develop a method which has the potential to
solve a wide class of scattering problems in an efficient manner. Newman et al [1]
and Naor et al [2] treat rectangular material plates, however, the basis functions are
inappropriate for curved perimeters and the boundary conditions employed are not
valid at edge-on incidence with H-polarization. Good results have been obtained for
perfectly conducting plates by Glisson et al [3] and Rao et al [4] using triangular cells
and linear basis functions. Unfortunately, these methods rely on matrix solutions
which may become restrictive for a body with above-resonant dimensions. Studies
on perfectly conducting wire and plate scatterers by Sarkar et al [5] and work by
Christodoulou et al [6] on meshes combine the method of conjugate gradients [7]-[10]
with the fast Fourier transform (FFT) [11]-[12] to solve operator equations directly

without storing a large matrix.

1.3 Objectives

Unfortunately, much of the analysis of plate scattering cannot be completed until
the computational difficulties are overcome. The major emphasis in this study will
be on the development of the tools necessary for the analysis of the plate scattering

problem. The major goals are given as follows.

1. Develop an efficient numerical modeling technique using a conjugate gradient
method and a FFT to solve for the induced currents and scattered fields of a

material plate illuminated by a plane wave.

2. Investigate alternative computations of the discrete Fourier transform (DFT)
to determine the optimal DFT for application to the scattering from material

plates.
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3. Explore the possibility of extending the method to arbitrary shape and material

composition scatterers.

4. Propose an efficient means to synthesize the material distribution on an object

to achieve a certain scattering characteristic.

Achieving an efficient algorithm requires a good understanding of both a con-
jugate gradient method and the fast computation of the discrete Fourier transform
(DFT) usually referred to as the fast Fourier transform (FFT). Chapter II gives a
complete derivation of a conjugate gradient FFT method. Chapter III derives the
DFT from the continuous Fourier transform and describes how the accuracy may be
increased by using higher order integration formulas. A prime factor FFT algorithm
is also derived which is used to speed up the computation of the DFT over that
which can be obtained with a conventional power of 2 FFT.

Two basic plate configurations are of major interest in this study. The single
material plate which includes the zero thickness perfectly conducting plate and the
electrically thin dielectric or combination dielectric and magnetic plate are described
in Chapter IV. Chapter V extends the method described in Chapter IV to cover the
dielectric or combination dielectric and magnetic material coated perfectly conduct-
ing plate. Chapter VI presents the computed surface currents and the radar cross
section for various shapes and material composition. Some observations about the
numerical implementation of the conjugate gradient FFT method applied to plate
scattering are given in Chapter VII.

Chapter VIII is a derivation of a method which combines a boundary integral
method with a conjugate gradient FFT method to compute the scattering by an
object of arbitrary geometry and material composition. Chapter IX presents a syn-
thesis algorithm for determining the material distribution of a plate yielding a given
scattering characteristic. Chapter X concludes with some observations about this

study and future directions.



CHAPTER II

DERIVATION OF A CONJUGATE GRADIENT
FOURIER TRANSFORM METHOD

2.1 Introduction

The conjugate gradient method was developed independently by E. Stiefel of the
Institute of Applied Mathematics at Zurich, Switzerland and by M. R. Hestenes
at the University of California, Los Angeles in cooperation with J. B. Rosser, G.
Forsythe, and L. Paige of the Institute for Numerical Analysis, sponsored by the
National Bureau of Standards. The first published documentation appeared in 1951
by Hestenes [13] and in 1952 by Stiefel [14]. In 1952 Stiefel came to the National
Bureau of Standards in Los Angeles, California to help prepare a joint publication
with Hestenes [7]. A bibliography of the published works of Hestenes is given by
Miele [15].

The first submitted publication combining the conjugate gradient method with
a Fourier transform , appears to be due to T. K. Sarkar, E. Arvas and S. M. Rao
[5}. This combined method was used to solve convolution type Fredholm equations
of the first kind which resulted from the problem of electromagnetic scattering from
conducting bodies. Their work was an extension of the previous introduction of the

FFT to electromagnetic scattering problems due to N. N. Bojarski [16].
4



5
2.2 Brief Review of Linear Algebra

Before the derivation of a conjugate gradient FFT method can be given, a brief
review of some elements of linear algebra is necessary. The first concept that must
be introduced is that of a linear operator. Let Az denote the operation of the linear
operator A on the function z. The operation will be assumed to be linear such that
ATk 2, = YF_ Az, for all z,. Both 2z and A may be considered to be complex
such that z = z, + jz; and A = A, + jA;, where j = /—1.

The operator notation Az must also be accompanied by an assumption about
the domain and range of z and Az. The domain of a function is the region in which
the independent variables are defined. For the purposes of this thesis, the domains
of z and Az will be a finite line in one dimensional space or a finite open surface in
two dimensional space. The definitions D'(z) = {z, < z < z;}, D*(2) = {z, < z <
Th,Ya S Y S}, DY(A2) = {2z, < z < 23} and DX(Az) = {2, < 2 < 73,90 < y < 3}
will be used to denote the respective domains. The range of z and Az will be
defined to be the minimum and maximum values of the real and imaginary parts of
z and Az. Of interest in this paper is the case where the range of z is infinite such
that R(z) = {oo + joo < z < 00 + joo} and the range of Az is finite such that
R(Az) = {u, + ju; < z < v, + ju;}.

Two types of vector products will be used throughout this work. If Aisan N x N

matrix given by

an a2 @3 ... QN
az ap
A = a3 . (21)

an <+ QNN



and z is the N x 1 vector given by

then the matrix vector product Az yields the vector

277:1 alﬂzn
N
En:l a2ﬂzn

Az = ZnN=1 azp2" - (23)

Ef:l aN "lzn
A vector vector product, sometimes called a Hadammard product [17], between two

N x 1 vectors f and g is denoted by f o g and written as
. g -
f*q*
fog= f3g5 . (2.4)

fNgN

Another concept that will be used extensively is the scalar inner product defined

in one and two dimensions as

(£.9) = [[f@) @u(z) (2:5)
(.9 = [[@v9(@yuizy)ds (26)

where the symbol * denotes the complex conjugate and w(z,y) is a real weight
function. For all of the inner products expressed in this document, it will be assumed
that w(z) = 1 and w(z,y) = 1. As (2.5) and (2.6) indicate, the inner product
has the same domain as the component functions. A discrete inner product may

be defined by first forming discrete N x 1 vectors f = [fO f1 f2 .. fN-1T and



7

9=1[9° ¢' ¢* ... g™ 7 such that a suitable inner product could be given as
N-1
(fi9) = ("™ (2.7)
n=0

Closely related to the inner product is the Euclidean norm of a function defined by

Iflla = (£ £)- (2.8)

Finally, the adjoint operator of A denoted by A* which is defined by the relation

(Ap,q) = (p,A%) (2.9)

for any functions p and q.

2.3 The Method of Conjugate Gradients

The conjugate gradient method seeks the solution to the operator equation
Az=b (2.10)

where A is a non-singular operator meaning that A has an inverse denoted by A~!
and defined by the relation A~'Az = z. The solution of (2.10) also minimizes the

quadratic functional
I(z) = (b—Azb- Az)

= (Az, Az) — (b, Az) — (Az,b) + (b, b)
= (Az,Az) — (Az,b)* — (Az,b) + (b,b)

1 1
.y :-2-(Az, Az) - Re{Az,b) + 55 b)]
= 2 ‘%(z,A“Az) — Re(z, A%b) + %(b, b)] . (2.11)

The method of conjugate gradients is a general solution technique for minimizing

I. Making the substitutions B = A®A, h = A% and noting that the solution



8

is independent of the multiplicative factor 2 and the constant (b,d), the solution

z = A7'b = B~'h also minimizes the function F(z) given by
F(z) = %(Bz,z) — Re(h, z). (2.12)
Note that if A is non-singular, then B will have the following properties [17].

1. It is Hermitian such that B = B®.
2. It is positive definite such that (Bz,z) > 0 for z # 0.

3. The eigenvalues are real and positive and the eigenvectors are orthogonal.

The solution will be generated as

2 = 2 + QoPo + aip1 + Qa2D2 + ...+ QkDk (213)

where zj is an initial guess, ay is a real positive scalar called the search amplitude
and py is called the search vector. The expansion may be written in recursive form

as

Zk41 = 2k + QiPi. (2.14)

This yields an expression for the residual r¢,; defined by
Tes1 = h— Bz

= h— B(z; + axpx)

= 1y — o Bp:. | (2.15)

Substituting (2.14) into (2.12) yields

1
F(zk41) = F(z) + Eai(Bpkvpk) — arRe(ry, pi). (2.16)

To minimize this function with respect to ay set

9
SarF =0 (2.17)



and solve for

Re(r, px)
= 2.18
* (Bpx, Pi) (218)
Substituting (2.18) into (2.16) yields
1 (Re(rs, pe))?
F(ze41) = Fz) - 1 (Relrop))” (2.19)

2 (Bpk, )
The function decreases at each step if Re(ri,px) # 0 and B is positive definite.

However, this local minimization does not guarantee that the solution is obtained in
a finite number of steps. The crux of the conjugate gradient method is that global
minimization in a finite number of steps may be achieved if the search vectors p; are
chosen correctly. In order to choose py it is informative to view the minimization
from a geometric point of view. The vector py is a direction in N dimensional space.
The residual vector ri4; is proportional to the difference between the exact solution

and the k+1th approximation. Thus
Tetr = h— sz+1
= B(z - z141) (2.20)
where z is the true solution vector with elements given by
z = [zl 2? 23,...,zN]T. (2.21)
If py is chosen such that (ry.;,pi) = 0, the minimization occurs in an N-dimensional

plane and since

(re+1,P8) = (rx — axBpx, px)
Re(ry, pr)

= (r, — ————L

< * (Bpk,pk)

= (r,pe) — Re(ry, pi) (2.22)

Pk,Pk)

= 0, (2.23)

the inner product (ry, px) is real. Thus, (r4;,px) is recognized as the equation of an

N-dimensional plane given by

(B(z = zk41),px) = 0 (2.24)
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or alternatively written as

nz' + 1228 + 132+ N = B (2.25)

This establishes the relationship between a linear equation and an N-dimensional
plane. This idea may be extended to a system of equations by noting that the
solution of a system of M < N equations in N unknowns is the same as finding the
intersection of M N-dimensional planes. With this in mind, it can be surmised that
if the search directions were generated such that (rg4q,p,) = 0for s =1,...,k, then
at the kth iterative step the function would be minimized over the intersection of
k planes. Another interpretation is that at each iteration, a least squares solution
is found to a system of M equations in N unknowns. The iterative nature of the
solution stems from the fact that at each step the order of the least squares solution
is increased and a more accurate solution is obtained. The criterion for choosing

px may be found by expanding the product of the residual and all previous search

directions yielding

(rkt1,Pe-1) = (rk, Pr-1) — k(Bpr, Pr-1)
(k41,Pk-2) = (rr-1,Pk-2) — k-1(BPk-1, Pk-2) — ck{BPk, Pr—2)
(Tk+1,Pk-3) = (rk-2,Pk-3) — @k—2(BP-2, Pk-3) — Ak=1(BPr-1,Ps-3) — ar(Bpk, pr_3)
N-1
(7‘k+1,Pk-N) = - Z ak-a(Bpk—sapk—N)- (2.26)
=0
Observation of (2.25) indicates that if the method is to reach an exact solution in N

iterations, the condition

(Bpk,ps) =0 $3=0,...,k—1 (2.27)

must be enforced. Equation (2.26) is recognized as the condition for the vectors py

to be “B-orthogonal” or “mutually conjugate”. Vectors with this property may be
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generated by the Gram-Schmidt process. Given a set of linearly independent vectors

V1,...,Vn a set of “B-orthogonal” vectors may be generated as

h =Y

P2 = vz—ﬂnl’l

P3 v3 — Bupr — 322172

k
P41 = Vk41 — Z Bkaps (228)

s=1
where

By = (ka+1,p,)'
’ (BP.”PS)

Note that this method requires ¥ matrix vector products for the kth iteration so it

(2.29)

is inherently very inefficient for large k. However, if the vectors vy are chosen to be
the residuals ry, then all B, =0 for s =1,...,k — 1, which leaving only one matrix
vector product per iteration. To show this, the relationship between residuals must

be established. Taking the adjoint of (2.27) and multiplying by the residual r. yields

k
(Tc,Pk+1) = (rca rk+l) - Zﬂks(rc,ps)- (230)

s=1

When ¢ = k+1, the products (r.,p,) = 0 for s < ¢ by virtue of (2.26), which implies

(Tk+1,Pk+1) = (Tk1y The1) (2.31)

and forc=k+2,...,N,

(Tc, pk+l) = (rc, rk+l> =0. (232)

Therefore, the residual vectors are orthogonal such that for & # 3,

(re,7e) = 0. (2.33)

With (2.32) established, taking the inner product of ry4; with (2.15) and observing

that

1
- a_<rk+1ara+1 - r,) = (Ba"k+1,l7a) = (Brk+1,Ps) =0 (2-34)

s
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fors=1,...,k—1 yields

r ,7'
- Qi’lak—kﬂ)- = (Brisy, pr) (2.35)

for s = k. Thus, B, = 0 for s = 1,...,k — 1 so that the search vectors may be

generated recursively as

L, T
(k, k) Dk

= Tiy + 2.36
Pk+1 k+1 (T'k+1,7'k+1) ( )

The computations will be minimized if the search directions p; are normalized
with respect to (rg,r%). The algorithm, which will be referred to by this author as
the “nested operator” algorithm, is expressed below.

Initialize the residual and search vectors.

rin = h—Bzn (2.37)
1
= 2.38
Bo (7'1, 7‘1) ( )
D = ﬂorl (239)
Iterate for k =1,..., N.
ap = ! (2.40)
© = (Bpeps) .
Zk41 = 2k + QD (2.41)
Thk+1 = T — akBpk (2.42)
1
= —— 2.43
Be (Tk+1, Tk+1) ( )
Pe+1 = Tke1 + BkDe (2.44)
Terminate at kK = N or when
lireralla < tolerance. (2.45)
I[A]]2

Excluding the initialization, this algorithm requires one operator evaluation per it-

eration. If the computation of B is not feasible, then by redefining the residual as
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r = b — Az the operator may be decomposed back into the original A and A® op-
erators. The modified algorithm referred to by this author as the “split operator”
algorithm is given as follows.

Initialize the residual and search vectors.

mn = b—AZl (246)
1
= e— 2.47
IBO (Aa'l'l, Aa’f'1> ( )
1 = BoA’n (2.48)
Iterate for k =1,...,N.
w = (2.49)
* 7 {Api, Apy) '
Zk41 = 2+ agPk (2.50)
Thy1 = rk—-akApk (251)
1
- 2.52
B (A%Tr41, A%Thg) (252)
Prks1 = Prt BrAris (2.53)
Terminate at £k = N or when
ireeall < tolerance. (2.54)
|18]]2

In this case, the magnitude of the residual will decrease at each step since it represents
the actual function being minimized. Excluding the initialization, this algorithm

requires two operator evaluations per iteration.

2.4 Coupled Convolution Equations

Of particular importance to the author is the solution of coupled Fredholm equa-
tions of the first and second kind over a two dimensional planar region. As an

example, consider the solution to the system of equations given by
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€12:(2,y) + / /S [za(2 )z — 2’y = ¢) + (2, y Npo(2 — 2’y — y)] ds
&izy(z,y) + / / Lza(a Y oz — 2’y = ¢) + 2, (2, y Nbs(e — 2’y — )] ds’

= hy(z,y) (2.56)
which have the adjoint equations given by

izala,y) + [ ool VW — 28 =) + 2 YW — 2y = ) b
Eiz(ay) + [[ [eala', )30 = 2,8 = 9) + 2 (e YW — 2,5 — )] ds'

= hy(z,y). (2.58)

Assume the operators are not positive definite. Also assume the equations are defined
and valid only over the domain of z, and z, which is D*(z,) = D*(z,) = {z,y € s}.

The fact that the equations are convolutions means that the matrix operators
need not be computed explicitly. Rather, letting g x f denote a convolution, a
well known Fourier theorem may be used which states that the convolution of two
functions f and g may be computed as the inverse Fourier transform of the product

of the individual Fourier transforms. The mathematical statement is given as
gxf = FUFlFIf (2.59)

where F and F~! denote the forward and inverse two dimensional Fourier transforms

defined by
Fle)(fer fy) = /_o:o/_o:oz(x,y)e_ﬂ"(f’”f”y)dxdy (2.60)
FUFE) = [ 7 FEe )@y e=riiag,  (261)

Throughout the rest of this thesis, the forward Fourier transform F[z|(f,, f,) will be

denoted by Z.
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Assume that the surface is segmented intoa N x N array of square cells. This
yields a total of 2N? unknowns. Defining the N X 1 vectors sy, Gzys Zuys Toy) Doys
1;1,2.3 and the scalars 7y, ¥, ¥r, @, o and By, a possible conjugate gradient algorithm
- could be written as follows.

Initialize the residuals and search vectors.

1 = [1bal3 + I15y]13 (2.62)
sz = F 1oz + 07l (2.63)
sy = F oz +y03] (2.64)
& = biz;+5; (2.65)
¢ = bizy+s, (2.66)
ri,y = by —qry (2.67)
sz = FUf o) + 450 (2.68)
s, = Fl Yo+ 4307 (2.69)
¢z = &rats, (2.70)
gy = ffr;+sy (2.71)
Yo = llgll3 + llgll3 (2.72)
Bo = ;! (2.73)
Py = Bodzy (2.74)

Iterate for k =1,...,2N2

sz = Flhopt+4, o pt] (2.75)
sy = F[ o p¥ + 15 05,’:] (2.76)
¢ = Eipi+s, (2.77)
9 = &ipj+s, (2.78)

Yo = llaall3 + llgll3 (2.79)
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o = | (2.80)
2 = Zf 4 apl, (2.81)
ritl = k-, (2.82)

v = |IesE + Iyt (2.83)

so = FUS ok 4 g o FAH] (2.84)

sy = FUihs ot 4 g o FhH] (2.85)

¢ = Eritli+s, (2.86)

@ = &ritt+s, (2.87)

Yo = llgllz + llgll3 (2.88)

B = ;" (2.89)
pEt = Pl + Brdey | (2.90)

Terminate at £ = 2N? or when

\/77—: < tolerance. (2.91)
B

The efficiency of the algorithm is critically dependent on the computation of the

Fourier transforms which will be considered in the following chapter.

2.5 Summary

A conjugate gradient method was derived for any non-singular linear operator
equation. A specific algorithm was derived to solve Az = b if A is not positive
definite, or the system Bz = h, if B is positive definite. If A or B is a convolution or
a set of nested convolutions, then the Fourier transform may be used to compute the
matrix vector products without explicitly forming the matrix elements. A specific

algorithm was given for a set of convolution type Fredholm equations of the second

kind.



CHAPTER III

DERIVATION AND COMPUTATION OF A DISCRETE
FOURIER TRANSFORM USING HIGHER ORDER
INTEGRATION AND PRIME FACTORIZATION

3.1 Introduction

The discrete Fourier transform (DFT) has been studied extensively by mathe-
maticians, engineers and scientists for many years. The bibliography by Heideman
et al [12] contains over 2000 reference papers concerning computation and application
of the DFT. Much of the work has been concerned with the fast computation of the
DFT commonly known as a fast Fourier transform (FFT). The purpose of this study
is to investigate the possibility of developing alternative ways to compute the DFT
which may increase either the accuracy or speed or a combination of both. The ob-
jective is to develop a computational procedure which is feasible for implementation

with a conjugate gradient FFT method.

17
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3.2 Derivation of a DF']

The DFT and inverse DFT are approximate representations of the continuous

transform pair

3(f) = /:z(x)e-ﬂ"ﬂdz (3.1)
d(x) = [ apertear = [ ety (3.2)

The transform pair is assumed to be valid. The interested reader may consult Cham-
peney [18] for a discussion of the sufficient and necessary conditions for transforma-

bility. Assume that z(z) is a complex function of bounded support such that

z(z) + jzi(z) for Tpmin < T < Tygs
o(e) = (z) + jzi(z) 33)

0 otherwise.

Under this restriction, it may be shown that there exists fiin, fmez and 6 such that

|Z(f)| < 6 for f > fraz and f < finin. In a more practical sense, Z(f) may be defined
by

~ Ef(f)+]zt(f) forfminSfomaz

i(f) = (3.4)

0 otherwise.

Typical spatial and spectral functions may look similar to those shown in figure 3.1.
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A\ 4

wmin xmax X

A\ 4

fmin fmaz f
Figure 3.1. Spatial and spectral function.

Let the spatial and spectral domains be segmented into N uniform cells of widths

Tmaz — Tmin

by = Tmem_Tmin (3.5)
_ fmaa:—fmin

by = dmee_lnin, (3.6)

Since the sample points are equally spaced, the cell width &, implies a resolution
limit on | fraz — fmin| and Ay implies a resolution limit on |Z ey — Zmin|. These limits
may be found by finding the lowest order interpolation sinusoid which passes through

all the sample points.

Observation of figure 3.2 indicates that for curves A, B, and C there is no ambi-
guity in terms of distinguishing each curve, given the set of sample values. However,
curves C' and D are indistinguishable, based on the sample values, and furthermore,
there exists an infinite number of higher order interpolation sinusoids which pass

through all the sample points. Curve C denotes the highest order interpolation sinu-

soid which may be distinguished from any other lower order sinusoid. The resolution
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VAvAvAvA aval

Figure 3.2. Interpolation sinusoids for spatial or spectral domain.

limits are then determined by the spatial or spectral frequency of curve C as

1

fma:c—fmin = h—x (37)
1

Trmez — Tmin = 71,7 (38)

which combined with (3.5) and (3.6) may be used to define a quantity called the

space-bandwidth product given by

haty = % (3.9)

Note that the spatial sample interval h, and the spectral sample interval & f are
dependent in a reciprocal manner. This is undesirable since the error in the forward
transform has the property e, cx A™ and the error in the inverse transform has the
property ey o< h}. Assume that e, and e are acceptable if h, < 6; and h 5 < 6.
Making h, smaller will increase N and fqz, making the forward Fourier transform
more accurate but Ay will remain constant. Given a fixed value of k., the accuracy
of the inverse Fourier transform may be increased by appending extra cells in the

spatial domain to increase N without decreasing h,. This is commonly referred to
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as ’padding’, and in general, if the number of non-zero samples is M, then the total
length N of the data set should satisfy N > 2M.
It is convenient to make the integration formula independent of the location of
the spatial data along the z axis so making the change of variables ¢ = u + z, and

defining

s(u) = 2(u+ zo) (3.10)

3(f) = Z(f)er I, (3.11)

allows the transform integrals to be written as

3(f) = /u::s(u)e'j"“fdu (3.12)
s(u) = [/f:?:‘?(f)e‘jmfdf . (3.13)

Assuming an even number of cells, the spatial variable becomes
u, = ph, p=0,.,N-1 (3.14)

and the spatial domain is segmented as shown in figure 3.3.
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~ | s(u)
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—0—-—0——0—0—-—0———0—0—0—0—0—0—0—|—o—0—0—|—0—|—0—+————9

Ug UpM-1 UN-1 U
Figure 3.3. Space limited function with N cells
Similarly, the spectral variable becomes
fo = vhy v=——7 . —-1 (3.15)

and the spectral domain is segmented as shown in figure 3.4.

~ 5

Figure 3.4. Band limited function with N cells

If midpoint integration is used, the DFT pair may be given as

N-1

§(g = hzZ_?)S(p)W”" (3.16)
”.%L_l .

s(p) = hy EE?‘(q)W”" (3.17)

i
where W = e ™’W.

If the indices of the sequences in (3.16) and (3.17) are interpreted as storage
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locations, the vectors s and § would appear in memory with the correspondence

s(0) s(1) s(2) .. s(F-1) .. s(N-1) (3.18)

In order to directly overwrite s onto 3, the negative index 5 elements may be shifted

N elements to the right which yields

(3.19)

This shift has no effect on the complex exponential since W?(4=N) = Wre, The
conventional DFT pair may then be defined as

N-1

i) = Y s(pyw™ (3.20)

1=0'N—1 i
sp) = 5 LF@@W . (321)

.9=0

*

The reader should note that the conventional DFT pair has an implicit periodicity
which violates the conditions stated by (3.3) and (3.4). This may be remedied
by using more accurate higher order integration formulas which yield the correct

asymptotic frequency behavior.

3.3 Higher Order Integration of 1-D Forward Transform

Although the accuracy of both the forward and inverse transforms may be
improved using higher order integration, if the Fourier transforms are used to
evaluate a convolution, in many cases it is sufficient to modify only the forward
transform. This is because the integrand of an inverse transform of a convolution
will be much smoother than either of its functional components.

The motivation for using higher order integration may be illustrated by the

following discussion. The midpoint integration used to derive the conventional
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DFT pair implies that the entire integrand is constant over each cell. However,
the cell width is chosen based on the function to be transformed not the integrand
in the transform. Even if the function is constant over the cell width, the product of
the function and the complex exponential becomes quite oscillatory with increasing

frequency. Midpoint integration applied to a single cell yields

T +-;’- , .
/Ol1 z(z)e ™ dz ~  hz(ze)e i, (3.22)
To—3

The assumption on the integrand is that over the cell,
[2:(z) + jzi(z)]e ™ = 2,04 j2zi = constant. (3.23)

The system of equations

z(z) cos(2m fz) + zi(z)sin(2r fz) = 20 (3.24)

z(z)sin(27 fz) — z;(z) cos(2m fz) = —2z;9 (3.25)
may be formed and solved for the unknown real and imaginary parts of 2(z) as

z(z) = z0co8(2rfz) — z;psin(27 f1) (3.26)

zi(z) = 2z,08in(27fz) + z;9cos(27 f). (3.27)

As these equations indicate, the implied basis functions are dependent on the
frequency. Thus, the approximation that the integrand is constant becomes less
valid as the frequency increases. To illustrate this, let A = 515 such that fn., =

o7 = 10 and z = 1.0+ j1.0. Figure 3.5 shows the real part of z(z) at 4 frequencies.
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Figure 3.5. Real part of the assumed z(z) at discrete frequencies.
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The author has chosen to approximate (3.12) using an open quadrature rule of
the form
N-1
5(v) = h pi_% [2o(v)s(p) + a1(v)su(p) + a2(v)suu(p)] W (3.28)
where W = =% and Su, Suy denote the first and second derivatives of s. This
idea was based on discussions by several authors [19]-[20] concerning integration
formulas which use not only function values but also derivative values. The author
has extended these ideas to integrals involving known weight functions such as the
Fourier transform in one and two dimensions. This extension also involved replacing
the derivatives with finite difference approximations. The choice to use an open
formula type was made to allow for integrands with sharp end point singularities.
The decision to expand the integrand in terms of derivatives was made in anticipation
of approximating the derivatives with differences. Also,‘since the quadrature formula
requires information at only one point, the extension to higher dimensions is much
easier.
The coefficients for (3.28) may be derived by extrapolating the single cell case.
The derivatives may then be approximated using finite differences. This integra-
tion formula will be referred to as a weighted open finite difference (WOFD) type.

Consider the integral

1 [oo+d

N s(z)e™dz = [ags(zo) + 018,(z0) + a3855(20)] €712 (3.29)
To— 2

where h is the cell width. The coefficients are calculated by requiring the formula to
be exact for polynomials up to and including z” for n = 0,1,2. An alternative and
easier derivation of the coefficients is to integrate the interpolating polynomial over

the interval. The simplest interpolation function is a Taylor polynomial expanded

around each point yielding

s(z) = s(zo) + (2 — z0)s2(z0) + %(z — 20)*822(20)- (3.30)
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By inspection, the weight coefficients are calculated from the integrals

a = %/_ie—ﬂ"f’”dx (3.31)
a = %lixe'jz"f’dz (3.32)
a, = Elﬁlixze'jz"f”dx (3.33)
as

ag = Yo (3.34)
a = j%hyl (3.35)
4 = %h?w (3.36)

where
Yo = ?}% (3.37)
" = ¢cos(zb1)/]2— sin(y) (3.38)
SN CE LU 339

and ¢ = mhf. Extending the single point formula to a composite formula with N

points yields

1 . N-1 , N1 _
E/ s(x)e""”'f”dx = ap Z s(mn)e-ﬂwfzn + o Z s,(xn)e'ﬂ"f”"
¢ n=0 n=0
N-1 ‘
+az Y, sas(en)e (3.40)
n=0

This formula now yields the exact answer for up to a quadratic variation in s(z).
However, it requires 3 DFT’s followed by 3 frequency products. The reader should
note that if 4, is dropped, the formula is exact for a piecewise linear variation of s(z)

and if 4, and +4; are dropped, the formula is exact for a piecewise constant variation

of s(z).
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Since the integral in (3.29) did not involve the derivatives of the integrand, these
derivatives must be computed numerically. In order to maintain the same order
as the interpolation function, the differences must be exact for up to a quadratic
variation in s(z). Center, forward and backward difference formulas were derived by

the author using a standard Taylor series truncation method and are given by

s = 515[31—3_1]+0(h2) (3.41)
of = 51;;[431—330-32]+0(h2) (3.42)
s = 515[330—43_1+s_2]+0(h2) (3.43)
s = %[31—230+s_1]+0(h2) (3.44)
sf = %[230-531+432—33]+0(h2) (3.45)
s = %[230-53_1+43_2—3_3]+0(h2) (3.46)

where the superscripts ¢, f, b stand for center, forward and backward respectively.
Since these derivative rules given are exact for at least quadratic functions, the entire
integration formula remains exact up to a quadratic variation.

It should be noted that since the derivatives are replaced by finite differences,
the composite rule may be formulated to require 1 DFT with edge point corrections.
This alternative was not pursued because of the difficulty of extending the edge point

corrections to arbitrary perimeter two dimensional regions.

3.4 Higher Order Integration of 2-D Forward Transform

The techniques for computating the one dimensional Fourier transform may be

applied to the two dimensional forward and inverse Fourier transform defined by

of) = [ [ slayerthettindzay (3.47)

o(z,y) = /_Z /_Zz(f,, £,)e s gf,f, (3.48)
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Introducing the variables u = £ — o and v = y — yo and the quantities

s(u,v) = 2(u+z9,v+yo) (3.49)

§(for fy) = E(fa, f)e?t"Umothow), (3.50)

the transform pair may then be written as

(fur fo) = /:o/_o:os(u,v)e'ﬂ"('f""”"")dudv (3.51)

s(u,0) = / " / " §(fo, fo) et gE g (3.52)
Consider now the two dimensional extension of (3.29) given by

1 [w+d zo+d .
—2/ hz/ o s(z,y)e 2=l g dy —
h? Jyo-4 Jz -4
[c08(z0, Yo) + @185(20, Yo) + a284(Zo, Yo) + @3322(20, Yo)

+a43zy(xmayn) + assyy(xm yO)] e—j27l’(fzx0+fle)). (353)

The coefficients may be calculated by requiring the formula to be exact for polyno-
mials up to and including z'y* for I + k = 0,1,2. The integration formula expands
the unknown function in a truncated Taylor series around the centroid of the square

cell as

s(z,y) = s(zo0,%0) + (z — o) (20, Yo) + (¥ — Y0)3y(Zo, o)

1
+§(x - l‘o)zszz(fﬂo, yo) + (3? - Jc0)(!/ - yo)sxy(ivo, yo)
1
+§(y — Y0)*34(%0, Yo)- (3.54)

By inspection, the weight coefficients are expressed by the integrals

1 (3% .
% = = / J he-lz"(fxl"‘f'fy!l)dxdy (3.55)
1 % %2 :
@ = = / %/ " ge iUt g gy (3.56)
772

_ LR aetea
a; = 5_2-,/_9/_;2: ye dzdy (3.57)
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a; = -2-155 / i/% 22U 1)y (3.58)
Qg = h2/Jimye'j2”(f‘”+f"y)dmdy (3.59)
as = Eﬁg/ig[_gyze'ﬂ"(f"”"”)da:dy (3.60)
which yield
a0 = Yo(¥=)70(¥y) (3.61)
o = Ghymbaa() (3.5
o = hsmbn() (3.63
as = Koom(a)ioby) (3.4
o = R, (3.5
as = Kona(bemlby) (3.60)

where v, = whf,, ¥, = 7hf, and using the 4; are defined in (3.37)-(3.39). The

composite Fourier transform formula is then given by

bpd .
315// s(z,y)e * Tt dedy =

N-1N-1 N-1N-1 .

Qo Z Z S xm,yn ]2” fz-‘l‘m-}-fyyn + al Z Z 31‘ xm’yn € 32”(f33m+fyyn)
n=0 m=0 n=0 m=0
N-1N-1 N-1N-1

a2 3N 5y(Tmy Ya)e 2 Urmm b fumn) 4 03 57 5 500 (Tpn, Y )e Iz Huwm)
n=0 m=0 n=0 m=0
N-1N-1 N-1N-1

-2 _io

T D D T P U A B S DM e Pl )

n=0 m=0 n=0 m=0

(3.67)

Note that this formula requires 6 DFT’s plus 6 frequency products. As with the one
dimensional case, the two dimensional derivatives may be approximated by differ-
ences which are exact up to the same degree as the interpolating polynomial. The
following formulas were derived by the author using a truncated two dimensional

Taylor series. The formulas for the approximation to the derivatives for various
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permutations of center, forward and backward differences are given as

L

z 2h
1

3£ = -2—’-; [481’0 - 330,0 - 32,0] + O(hz)

[s10—5_10) + O(h?)

st = :2% [3s00 —48_1,0+ 8-20] + O(h?)

Sgz = 7;1'2' [s1,0 — 2300 + s-1,0] + O(h?)

s, = 5 [soo— 3810+ drg = sl + O(A?)

$, = % [2800 — 5S_1,0 + 48-2,0 — 8—3,0] + O(h?)
s = 2ih (501 — so_1] + O(A?)

1
35 = -2-’: [480’1 - 330,0 - 30,2] + O(h2)
1

s, = o7 [3s00—4s0-1+s0-2] + O(h?)
1
Sw = T2 [s0,1 — 2500 + %0,-1] + O(h?)

1
sfy = 77 [2500 =501 + 4302 = s0a] + O(R?)
1
Szy = F} [230,0 — 580,-1 + 48¢0,-2 — 30,-3] + O(hz)

1
Sy = 1h? [31.1 —S_11+8-1,-1— 31,—-1] + 0(h2)

(3.68)
(3.69)
(3.70)
(3.71)
(3.72)
(3.73)
(3.74)
(3.75)
(3.76)
(3.77)
(3.78)
(3.79)
(3.80)
(3.81)
(3.82)

(3.83)

sfy = é%‘i [3(s0,0 — 81,0 — S01) + 251,1 + S2,1 + 81,2 — 522 + O(h?)

sy = 2;,115 [3(500 — 81,0 = S0,-1) + 2811 + 82,1 + S1,-2 — Sa,-2] + O(h?)

3% = ‘—733 [3(300 — $-10 — S0,1) + 28-1,1 + 821 + $-1,2 — 8-22] + O(h?)

32, = %5 [3(30,0 = 8-1,0 = S0,-1) + 28-1,-1 + $_2,-1 + 81,2 — $_3,—2] + O(h?).

3.5 Numerical Considerations For Higher Order Integration

(3.84)

It is inherent in the formulation that a certain amount of efficiency is lost when

higher order integration is used to compute a DFT. The most important question to
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ask when incorporating higher order integration schemes is whether the improvement
in accuracy is enough to justify the increase in computation. In applications where
a large number of DFT computations are needed, it may not be economical to use
higher order formulas. It should be noted that the method presented is not the
only way to incorporate higher order integration into the computation of Fourier
transform integrals. Further, the question of efficiency, as discussed by the author,

applies only to the intended application.

3.6 Fast Computation of a DFT Using Prime Factorization

The conventional DFT and the higher order integration formulas derived in the
previous sections all require the computation of summations of the form
N-1
q) = X 2p)W™ (3.85)
p=0
where W = =% and N = NiN2N3--- Np,. The fast Fourier transform (FFT) is
a fast method of performing a discrete Fourier transform (DFT). Unfortunately, it
is common to refer to the direct calculation of the summation in (3.85) as a DFT
and the fast computation as a FFT even though both methods are a discrete Fourier
transform. The author recommends that the term DFT be used to describe the
discrete approximation of the Fourier transform only up to the point of writing the
formula in terms of the summation shown in (3.85) and then defining a slow Fourier
transform (SFT) as the direct calculation of this summation (O(/N?) multiplications),
and a fast Fourier transform (FFT) (O(N) multiplications), as a fast method of
performing this summation.
As indicated, the FFT is a fast method of computing a summation of the form
shown by (3.85). The basic strategy of computation is to map each one-dimensional

index p and ¢ onto a N-dimensional map which allows the summation to be accom-
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plished in a more efficient manner. W?? may be factored as
wr = WheEwPRewEe... Wyemim (3.86)

and the single summation becomes a nested set of m, Ni point summations

Nm-1 -1 Np-1 Npi-1 '
g(q) — Z Z Z Z WPIQI Wm?z Wpsqa er:lmqm (3.87)
Pm=0 p3=0 p2=0 p1=0

A .
where W), = W™ . The indices p and ¢ are referred to as the input and output maps
respectively. One possible mapping would be to let each factor Ny represent the base
of a number system and express the input and output maps in mixed radix notation.

This mapping, attributed to Cooley and Tukey [21], expresses p and ¢ as

p = Pm+Num—1+N —lepm—2+Nm—2N -1Num-3+---+N2"'NmP1

g = @+MNg+NNg+...+ N Np_1gm. (3.88)

Note that the order of the radix expression for the output map is the reverse of the

input map. Performing the multiplication pq yields

N
—Pmdm + nN?p,q, + ap.q,  (3.89)

_N N N
P = N1P1<11 D292 P3q3--. N.

N, N;
where n is an integer, o is real and u # v, r # s. The first m terms of (3.89)
represent m, Ny point DFT’s. The next term may be ignored since W™V'Putv = |
for all n,p,q. The last term represents the cross products which are referred to
as 'twiddle factors’ in [22]. It is possible to avoid these twiddle facfors by using a
different map construction.
An understanding of the prime factor algorithm requires a few introductory terms
from number theory. A congruence relation is defined by assuming that a is congru-

ent to b modulo N if a and b yield the same remainder when divided by N. The

mathematical statement is written as

a=b (mod N). (3.90)
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A set of integers is called mutually prime if the greatest common divisor between
them is 1. The prime factor mapping is based on the following theorem. The
Chinese Remainder Theorem [23] states that given a set of mutually prime integers

{N1, N3, N3, ..., N, }, the system of congruences
t = rg (mod N) k=1,.,m (3.91)

has a unique solution z (mod N). Two basic maps were suggested by Goode [24]
and called the Sino and Ruritanian maps, respectively. Both of these expansions use
the same map for input and output. The Sino map may be constructed by defining

the input and output maps as

N N N N

p = Ll'jvlpl + Lg—l\'gpz + L3"N—;p3 +...+ mepm (mod N) (3.92)
N N N N

q = Llﬁlql + L2N q2 + La-]\qu +...4+ L, qum (mod N). (3.93)

These maps yield a one to one correspondence between p and {p1,p2,P3, ..., Pm} and

between ¢ and {qi, 92,3, ..., qm} if the integers Ly, L,, L, ..., L,, are chosen such that

Lkﬁ =1 (mod Nk) k=1,...,m. (394)
Ny

Unfortunately, a numerical implementation of the DFT using this map will either
require the solution of this set of congruences for each N or require auxillary storage of
a precomputed set. This is somewhat undesirable since speed is of prime importance.
An alternative called the Ruritanian map is a special case of the Sino map where

Ly =1{or k =1,...,m. This yields the input and output maps

N N N N

p = N1P1+ N2p2+F3p3+'"+N—mp’" (mod N) (3.95)
N N N N

q = N1q1+N2qz+N3qa+ +N—qm (mod N). (3.96)

If W is periodic in N, W~y = Wuv and the exponent does not have to be

evaluated module N. Performing the multiplication pq yields

N? N? N? N? )
pg = ]—v?plfh'*‘ N2p2q2+ N2p3q3+ N%pmqm+nN (3.97)
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where nN? represents the cross product terms which are integer multiples of N2,

WP may now be factored as

wr = wpeyRwpe e e ds. (3.99)

This factorization is not in the desired form because each WZ** is raised to the
power le However, it may be shown [25]-[27] that if TVNI is mutually prime to Ny,
the effect of the exponent is to permute the output Nj point sequence. The correct

output is found by replacing the output sequence

s(n;) 1=0,.k-1 (3.99)
by the permuted sequence
.N :
s(n,) r= N (mod Ni) fori=0,..k — 1. (3.100)
k

It is important to note that the nested summations in (3.89) may be performed
in any order independent of the mappings of p and ¢. It is this point that Temperton
[25] overlooked which resulted in incorrect assumptions about the relative efficiencies
of different mappings. The author contends that the summations may be unraveled
and then summed back up in any order which is numerically convenient. As an
illustration, consider the computation of a 30 point DFT which overwrites the vector
s(k),k = 1, N with its Discrete Fourier transform. The prime factors of 30 are 2,
3 and 5. The computation proceeds in 3 stages as the vector s(k) is overwritten 3
separate times. The first stage consists of taking sets of 2 point DFT’s, the second
stage will consist of taking sets of 3 point DFT’s and the third stage consists of
taking sets of 5 point DFT’s. By convention, the factors are arranged from smallest
to largest, although mathematically, the order is arbitrary. Table 3.1 shows the map
and the corresponding array element number for each stage. Stage 1 requires fifteen,
2 point DFT’s, stage 2 requires ten, 3 point DFT’s and stage 3 requires six, 5 point

DFT’s. The map indices p;,p; and p; are arranged so that once the initial index
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elements are computed for the beginning points of each stage, each successive set of

indices may be computed by adding 1 to the previous index.

stage 3

stage 2

P P P2 Pp3

stage 1

P2 P3

Ps P

P2

P DN

41

0 19

2 0

1

26

1

2 23

1

14
20
21

1

4 20

1

1 27

2
2

3 24 0

2
0

4 25 0

15
16
22
28

2 23 0 2 4 15

1

1

0

1

0 26

1
2
0

1

3 24

2
0

1

4 25 0

10
11
17
23
29

0

1
1

1 271 0
2 28 0

2
0

11
26

1

1

2

2 28 0 1 3 29 1
2

3 29 0

0
1

12
18
24
30

1 1 4 20 1 2 3
2 4

1

15
4 30

30

2

2-3-5=30.

Index sequence for N

Table 3.1.
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Table 3.2 shows the possible prime factors for a given N chosen from the list
{2,3,4,5,7,8,9,16} as well as the number of real multiplications and additions re-
quired to compute an N element FFT of an complex vector. The minimium number
of multiplications and additions needed to compute a N element DFT was established
by Winograd [28]. Assuming NV has the prime factors such that N = N;N,N;--- N,,,

and defining the parameters o and B as

ar = multiplications for kth factor DFT (3.101)

Br = additions for kth factor DFT, (3.102)
the total multiplications and additions for N is given by
total multiplications = Z —ak (3.103)

total additions = Z

2|2

(3.104)

The efficiency of each N element FFT is directly related to the number of multi-
plications and additions. The authors’s experience indicates that a floating point
multiplication takes about 1.3 to 1.6 times longer than a floating point addition al-
though this can vary considerably depending on the system. However, in general
it is best to minimize the number of multiplications. Observation of the Table 3.2
indicates that odd number FFT’s should be avoided such as 35, 63, 105 and 315
because they are inefficient compared to the next highest number. More values of
N are possible by including higher factors. This has been explored by Johnson and
Burrus [29] who derived DFT modules for 11,13,17,19 and 25.
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N Factors Mult. add. N  Factors Mult. Add.
2 2 0 4 8 5-16 260 1284
3 3 4 12 84 3-4-7 304 1536
4 4 0 16 90 2-5-9 380 1996
5 5 10 34 105 3-5-7 590 2214
6 2-3 8 36 112 7-16 396 2188
T 7 16 72 120 3-5-8 460 2076
8 8 4 52 126 2-7-9 568 2780
9 9 20 88 140 4-5-7 600 2952
10 2.5 20 88 144 9-16 500 2740
12 3.4 16 9 168 3-7-8 692 3492
14 2.7 32 172 180 4-5-9 760 3704
15 3:5 50 162 210 2-3-5-7 1180 4848
16 16 20 148 240 3-5-16 1100 4812
18 2-9 40 212 252 4.7-9 1136 6064
20 4-5 40 216 280 5-7-8 1340 6604
21 3.7 76 300 315 5-7-9 2050 8462
24 3-8 44 252 336 3-7-16 1636 7908
28 4.7 64 400 360 5-8-9 1700 8308
30 2-3-5 100 384 420 3-4-5-7 2360 10536
35 5.7 150 598 504 8-7-9 2524 13388
36 4-9 80 496 560 5-7-16 3100 14748
40 5-8 100 532 630 2-5-7-9 4100 21964
42 2-3-7 152 684 | 720 5-9-16 3940 18596
45 5-9 190 746 | 840 3-5-7-8 5140 23172
48 3-16 124 636 | 1008 7-9-16 5804 29548
5 7-8 156 940 | 1260 4-5-7-9 8200 38888
60 3-4-5 200 1104 1680 3-5-7-16 11540 50964
63 7-9 284 1264 2520 5-7-8-9 17660 84076
70 2-5-7 300 1588 5040 5-7-9-16 39100 182012
72 8-9 196 1172

Table 3.2. Real multiplications and additions.



39

3.7 Application to 2-D Convolution

An application of particular interest to the author is the evaluation of 2 dimen-

sional convolution integrals of the form
d b
I(u,v) = // z(u',v")g(u — v',v — v')du'dv’ (3.105)

where g(u,v) is a known continuous function having a known Fourier transform and
z(u,v) is a function of bounded support which is known only at discrete points.
Assume that I(u,v) only needs to be computed in the domain of z(u,v). Figure 3.6
shows the various stages in the computation of the integral. Since the exponential
kernel of the integral is separable, the two-dimensional DFT may be decomposed
into a series of one-dimensional DFT’s. Because the data set is padded, a significant
savings in computation time may be achieved by avoiding any unnecessary one-
dimensional DFT’s of sets of zeros.

Figure 3.6a shows a possible domain of z(u, v) surrounded by a bounding box with
M cells and padded such that N > 2M. For convenience, assume the data is stored
in memory by columns. Figure 3.6b shows the data set after the row transforms
have been completed. Note that half of the row transforms can be skipped since the
data in those rows is zero. It is desirable to skip as many row transforms as possible
since each involves manipulation of non-sequential memory elements. Figure 3.6¢
shows the data set after the row and column transforms. The frequency product
is computed at this stage. Figure 3.6d shows the data set after the inverse column
transform. The columns are inverse transformed first because the input data set has
no complete rows of zeros. Note that although the inverse column transform is really
not zero for the elements between M and N, these elements are not used and they
may therefore be considered to be zero. Figure 3.6e represents the data set after the
inverse row transforms have been completed. Note once again that half of the row

transforms may be skipped.
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It is interesting to note that every one dimensional forward or inverse transform
consists of a data set where input and output are at least half zero. Experiments
were performed by the author to determine whether this could be exploited. The
test results indicate that if a separate algorithm is programed for each value of N,
then an additional gain in the range of 5% to 8% may be obtained, depending on

the value of N.
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Figure 3.6. Two dimensional convolution operations.
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3.8 Summary

The discrete Fourier transform (DFT) is derived from the continuous transform.
Higher order integration formulas are derived in one and two dimensions which may
be integrated into the computation of the DFT. The computational cost of the DFT
may be decreased significantly by employing a different type of factorization called
prime factorization. This results in an algorithm called the fast Fourier transform
(FFT). The computation of a two-dimensional convolution integral is described which

exploits sparcity implicit in the data.



CHAPTER IV

SCATTERING FROM A SINGLE PLANAR MATERIAL
PLATE

4.1 Introduction

A single layer planar material plate includes the infinitesimally thin perfectly
conducting plate, the electrically thin dielectric plate, and the electrically and mag-
netically thin combination dielectric and magnetic plate. The phrases “electrically
thin” and “magnetically thin” imply that the thickness 7 of the plate must satisfy the
relation 7 << A, where ), is the wavelength inside the plate. When illuminated by
incident radiation, polarization currents are induced as well as conduction currents
for lossy materials. These induced currents then re-radiate a field referred to as the

scattered field.

43
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Figure 4.1. Plate with plane wave incidence.

The plate is illuminated with a unit amplitude plane wave with wavelength Ao =
21 <, where c is the speed of light and w is the angular frequency of the incident wave.
The wave is assumed to have an e¢’“! time dependence, where j = \/—1. Defining

the position vector R as

R = z&+yy+ 22 (4.1)
and the propagation vector k; as
ki = —ko[sin(6;)(cos(:)Z + sin(g:)g) + cos(6;)Z] (4.2)

where kg = ?\—:, the vector components of the incident field may be decomposed into

— . A

E'=[(a-0)0+ (& ¢)le™ P = [E,ot + Eyoff + E,o2] B (4.3)
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where

E., = cos(a;)cos(6;)cos(¢;) — sin(a;) sin(¢;) (4.4)
E,, = cos(e;)cos(f;)sin(¢;) + sin(a;) cos(4;) (4.5)
E,, = —cos(e;)sin(6;) (4.6)

and h* = e=3"R) The corresponding magnetic field components are computed from

B = Lk x B = [Hyof + Hyoff + Hoo5]h* where

H,, = -le[sin(a.-) cos(0;) cos(é;) + cos(e;) sin(¢;)) (4.7)
H, = Elg[sin(a,-) cos(6;) sin(¢@;) — cos(ay;) cos(¢;)] (4.8)
H, = ——Zl; sin(ey) sin(6;). (4.9)

and Z, is the intrinsic impedance of free space. The E-polarization case, (E! = 0),

occurs for a; = 90° and H-polarization, (H} = 0), occurs for a; = 0°.

4.3 Choosing the Best Formulation

There is more than one way to formulate the plate scattering problem. Different
formulations may be evaluated by looking at the case of a perfectly conducting
plate since the extension to material plates is straightforward. There are three basic
formulations which the author deems appropriate. All three start by postulating that
the total electric field denoted by E7, is equal to a incident electric field £* plus a
scattered electric field E*. The mathematical expression is written as E7 = E* + E°.
Noting that the total tangential electric field is zero on the surface of the perfectly
conducting plate yields the relation —E* = E* which is valid on the plate surface.
The incident field is assumed to be known so the three formulations will consist of

different ways of writing the scattered field.
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The scattered field may be represented by a magnetic vector potential A and a

scalar potential V which satisfy the differential equations

V2A+ kA = — lim (Sm(‘”’z)) K (4.10)
e Tz z=0
VIV 4RV = —& g (82T (4.11)
07 T g a0 Tz =0 Ps )
on the plate and
VIA+kIA = 0 (4.12)
VAV 4KV = 0 (4.13)

off the plate. The impulse response of these equations yields the Green’s function

given by

47|R|
where |R| = v/z2 + yZ + 22. The vector and scalar potentials are then given by the

G(IR|) =

(4.14)

convolution of the surface current and surface charge with the impulse response of

free space expressed as
i-= / L K(RG(|R - R'))ds’ (4.15)
1 184 D D! !
Vo= o / / (R)G(|R - R'|)ds'. (4.16)

Introducing both the vector and scalar potential requires the solution of an additional

relation

V.- K¢ = —]Zeop, (4.17)

known as the equation of continuity.
Let method 1 consist of generating the scattered fields completely in terms of the

vector potential A. The scattered field is then written as

B = —j 2 [RA+V(V-A) (4.18)
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Enforcing the condition —E* = E and expressing each vector component explicitly

in terms of surface currents yields

oN

jko <k2+——)/ K Glds' +6$6 /[ch]d/ = Ei  (4.19)
a;y /,r[K;G]dS'Jf(’“nga—yz) / s,lKiﬂds’_ = E.  (4.20)

C,N

)
Let the equations for method 2 be the same as method 1 except that the derivatives

are taken inside the integral as

92 .
e 2 e — t
]kO// Ke (k + o 2)G+Ky8 % = E (4.21)

Y\ .
2 = il .
Jko// ”aa (k = )G ds' = E (4.22)

Method 3 consists of writing the scattered field in terms of both the scalar and

vector potential as
E’ = —jZOk()A - VV (423)

Enforcing the condition —E* = E* as well as the equation of continuity and ex-
pressing each vector component explicitly in terms of electric surface currents and

an electric surface charge yields

. 0 )4 .
e ! 3 ! - t
ikoZo //’I[GKz]ds + 5 //’,[G—Co]ds E (4.24)
. e1.9./ a P: ' 1
ikoZo //’,[GKy]ds o /L (¢2as' = (4.25)
zo ket ket it < o (4.26)

dz ° Oy VY €o
Although all three formulations should yield the same solution from a theoret-
ical point of view, each has different error characteristics when implemented with
a conjugate gradient FFT method. Based on the work by Peters and Volakis [30],
the major source of error appears to originate at the step when the convolution
integral is replaced with a forward and backward discrete Fourier transform. More

specifically, since the transform maps a spatial function of bounded domain onto
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since the transform maps a spatial function of bounded domain onto a function with
an infinite spatial frequency domain, the majority of the erfor occurs on the inverse
discrete transform step due to the truncation of the infinite spectrum. In order to
understand the cause of this error, it is necessary to examine the spectrum of all the
components involved in the computation.

The Fourier transform of the Green’s function G for large argument has the form

Jim (6] o }1-

where f, = ,/f2 + f2. Using the derivative rule, the Fourier transforms of the first

(4.27)

and second derivatives with respect to z have the form

lim F [QC—; o constant (4.28)
fy=0vfz—'°° (9:1:4 R

. 0*G”
fy=cl>l§§l-oof [axz_ « fa (4.29)

A similiar form appears for the first and second derivatives with respect to y as
well as the cross derivatives. It is apparent that only the first derivative is bounded
and neither the first or second derivative is band-limited. The fact that the sec-
ond derivative increases linearly requires that the Fourier transform of each surface

current have the form

Jim FIK.,] o fl (4.30)
where v > 1. Since the integral is known to exist, this condition is obviously satis-
fied. However, the application of the discrete Fourier transform truncﬁtes the spatial
frequency domain at % f,,; where frn.r = ;—h and h is the spatial sample interval.
If the product of the transform of the current and various transforms of operators
on the Green’s function is not sufficiently negligible beyond these limits, the prema-

ture truncation will cause significant error on the inverse transform. Therefore, the

computation of a term like

T P iFkaF) (431
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will be significantly more accurate than computing the same term as
*G ]

Fl []-'[K;]J-'[W (4.32)

The presence of the second derivative in the transform spreads out the spectrum
so that the maximum spatial frequency, at which the product of the two functions
is considered to be band-limited, is increased. This will increase the error on the
inverse transform and is a particular characteristic of method 2. Method 3 has the
lowest order derivatives which would appear to imply the highest stability of the
three methods. However, this is not so because the equation of continuity (4.26)
involves derivatives of the surface currents which are discontinuous functions. Use of
the FFT to compute the derivatives in (4.26) will cause the same problem as with
method 2 since in accordance with the derivative theorem,

= K2 = F [LFIKS]. (43)

Computing the derivative numerically also presents a difficult problem since the
function is discontinuous at the edges. Special difference formulas would have to be
derived for all possible boundary perimeters and no formulas exist which would be
correct for the discontinuity. However, the derivatives in method 1 are all on the vec-
tor potential which is a continuous function. This allows center difference formulas
which provide a symmetric difference matrix that is necessary for an easy calculation
of the adjoint operators. Also, method 1 computes the inverse DFT with the most
bandlimited functions possible and appears to shift some of the burden of error from
the FFT to the difference operators. One possible drawback of method one, in com-
parison to method 2, is that the system of equations may take on some undesirable
characteristics associated with the numerical solution of differential equations. The
most notable is that the error in the differential operators is particularly sensitive to
the cell width so that a smaller cell width may be required than with method 2.

In terms of speed considerations, method 2 requires the least computation per
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iteration. The computation of the difference operators in method 1 requires a slight
increase in computation per iteration compared to method 2. However, it should
be noted that it is pbssible that method 1 may require a smaller pad and may also
require less iterations so that in terms of total computation, it may converge faster
than method 2. Because of the added unknown in method 3, there is a significant
increase in computation per iteration and because of the derivatives in the equation
of continuity, there may not be a compensating increase in the convergence rate.

Previous solutions of the equations using method 2 were given by Peters and
Volakis [30]. This formulation was used because it was the fastest. The author
has since found that the majority of the error in this solution process occurred
when the convolution integrals were inversed transformed. This was not due to the
discrete approximation to the continuous integral as the author previously thought,
but rather, to the truncation of necessary spectral components due to the finite FFT
size. Extreme padding was sometimes necessary to achieve accurate results especially
at edge on incidence. In order to achieve more accurate results, method 1 will be
employed throughout the rest of this thesis. The implementation of the formulation
1 requires only a slight increase in overhead due to the computation of the differences
for the derivatives and hopefully, the number of iterations and the pad size may be

decreased such that there is an overall gain in efficiency over method 2.
{4 Problem F lation For a Material Pla

The formulation of the plate scattering problem begins by postulating that the
total solution is equal to a known source function plus some perturbation function.
For a plate illuminated by a plane wave, the total solution is the total electric or
magnetic field at any point in space denoted by ET or H” respectively. The source
function is the incident electric or magnetic field which is assumed to originate at

an infinite distance from the scatterer. The perturbation function is the scattered
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electric or magnetic field denoted by E* or H* respectively, which radiates outward
from the scatterer and must approach zero as the distance from the object becomes

infinite. At any point in space, the fields are postulated to satisfy the relations

ET-E° = E (4.34)

HT-B* = H' (4.35)

Inside the plate the total fields are directly related to the volume currents induced
by the incident radiation. These volume currents are due to the material properties

of the plate and are related to the permittivity ¢ and permeability u of the material
defined by

€ = €€ = o€, — jJer) (4.36)

po= popr = polpy — Jpy) (4.37)

where €y and g are the free space permittivity and permeability respectively and
€- and p, are the relative permittivity and permeability of the material. The total

internal fields may be expressed in terms of electric and magnetic volume currents

Je¢and J™ as

T _jZO Te

E R’ (4.38)
T _ _j Jm
B = o™ (4.39)

For a thin material of thickness 7 the volume currents are proportional to surface

currents K° and K™ such that at the interior midpoint,

ET = _]. Zo . Tje
(

= Z.K® (4.40)




92
. 1 ~m

—J (6, - l)koTZOK
Y.K™ (4.41)

where the electric impedance Z, and magnetic admittance Y, are defined by

Zo

Ze = _](er—l)kor

(ohms) (4.42)

Y, = mhos). (4.43)

N
These are often referred to as the resistivity and conductivity of the layer. Note that
the approximation is not dependent on the vector direction of the field and current
vectors.

The scattered fields may be written in terms of the magnetic A and electric F

vector potentials as

E’:—VxF‘—j%(VxVxA—%f(‘) (4.44)

0

H*=VxA 'L(VxVXF l1‘(’") (4.45)
B ]kOZQ T '

where A and F satisfy the inhomogeneous vector Helmholtz equations

VIA+ KA = —%K‘ (4.46)
V2F +KF = —%K'". (4.47)

The vector potentials are then given by the convolution of the currents with the

impulse response of free space such that
A — [7e( D! D __ !
A / /,, RY(R)G(R - R|)ds (4.48)

F= / / E™(R)G(|R - R)ds" (4.49)

If the plate is electrically thin, the internal field components are assumed to have

a constant z variation such that 53; = 0. The effective spatial wavelength inside the
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plate is necessary to determine the electrical thickness and is given by

1 (cos( tan~ 1(-=£‘-LL‘-‘-'-I rte I))) -

¢ “ CII“II

0 .
Rev 6"'/""' \/ r,u - erﬂr ( r:ur + 61'”7‘)

It is convenient for computational purposes to express the integral equations in terms

A = A

(4.50)

of tangential variables. Therefore, the normal components E, and H, are found di-
rectly from (4.44) and (4.45) and the tangential components are found after substi-
tuting (4.46) and (4.47) into (4.44) and (4.45). The integral equations may then be

implicitly expressed as

. .Z o? 0, ,.
Zer+]?;3 (k'~’ o 2) ] a = E.  (451)

e .Z() ] 62 3 _ :
st i a3 ) J-2n -5 uo
&Z.K: - aa F. + aa F, - ( ) = E (4.53)

S T AP T I
S (k 0t 53 2)F st 5= 3yF_ 5 —A, = H  (454)

m. .18 . #\_ 9 ;
YoK, +]F0-70- Bedy —F + (/c 3 2)F +a —A4. = H, (4.55)

n D, 0 NN ,.
bt e~ et T Tz, (am 3y2)F’ = B (45)

Assuming the electric currents and the incident magnetic field are multiplied by

Zy and the coordinates are divided by Ao, the equations may be written as

NetK; + LAz + colaAy + LeF, = E; | (4.57)
NetK; + oLy Az + coLsA, — LsF, = E, (4.58)
NenK? — LeFy + LsF, — coL4A, = E! (4.59)
MmeK7 + coliFe + coLoFy — LA, = Hj (4.60)
NmeKy' + coLoFy + coLsFy + LsA, = H, (4.61)

Nmn K" + LeA; — LsA, — coL4F, = H: (4.62)



where

and

net

nen

77mt

nmn

Cp =

Z, 1

54

5?
47"2 + 513
Y
0z0y
52

47? + 'a?
0? 0?
322 T oy
9

Oz

9

oy

g+il-¢)

Zy 2rr (e —1)7+ (eN)2.
z, 1

& —ile(g -1

~—

€ =

Zo 27T

(e —1)2+
pe 31— p

YmZo =

/‘erZO =
1

1‘2"7;-

2T

(w7 = 1) + (py
| AV

~—

D)+ (e

(4 = 1)+ (u7)?

(4.63)

(4.64)
(4.65)

(4.66)

(4.67)

(4.68)

(4.69)
(4.70)
(4.71)
(4.72)

(4.73)

The two dimensional Fourier transform and inverse Fourier transform are defined as

i(fsr fy) = /_oo/.ooy(w,y)e‘””("””"”’dwdy

/ * / °° ﬁ( e fy)ejz"(f”*‘f”y)df,dfy.

The two dimensional Green’s function has a Fourier transform given by

9(z,y)

e—j27r V z2 +y2

C= /st

—

ary/|

1

1

and the adjoint operator is computed using the identity G°

2 f2
AT for f7+f; <1

for ff+fy2>1

é*(_fza —fy)'

(4.74)

(4.75)

(4.76)
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4.5 Discrete Approximations of the Continuous Problem

The surface of the plate is generated based on the premise that any planar area
may be approximated by a collection of square cells of dimension A. It is advisable
to generate the geometry using square cells such that Az = Ay = h because
this prevents a non-uniform error in computation of the two-dimensional Fourier
transform. Arbitrary perimeter geometries may be generated by passing a square
array of cell centroid locations through a series of constraints which determine
whether the cell is inside or outside the perimeter. This information is then stored
in a square tag array which represents a digital code for the geometry.

The material distribution of the plate may be constructed by assigning a con-
stant to each cell position. Although an inhomogeneous distribution is allowed,
each cell must have a constant thickness, permittivity and permeability for the for-
mulation to be valid. Thus, the plate is composed of a collection of homogeneous
blocks.

Typical plate shapes may be generated as shown in figure 4.2.
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u
N

|\

Figure 4.2. Digital generation of a square, circular, or triangular

plate.

Because of the padding necessary for implementation of the DFT, the plate
cells are only a subset of the total number of cells. In all cases, assume that the
perimeter will fit within a square array of cells. The N x N array of cells then

determines the surface. Figure 4.3 shows the integer code for a circular plate.
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Figure 4.3. Integer tag array code for a circular plate.

The computational efficiency may be increased by using only one dimensional

vectors. Consequently, it is convenient to use the numbering convention for the

cells shown in figure 4.4.
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’]\y

111 112 113 114 115 116{117 118 119 120 121

100 101 102 103 104 105 106 107 108 109|110

89 90 91 92 93 [94 95 96 97 98 I99
78 79 80 81 |82 83 84 8 86 87 88
67 68 69 70 71 (72 |73 74 75 76 |77

56 57/53’9 BONG1 [62 63 64 65 '66

45 47 48 |49 S0\ [51 52 53 54 55

34 [35 36 37 38 39 |40 41 42 |43 44 BN
23 [p4 25 26 27|28 29 30 31 [32 [33 | =
12 '13\J4 [15 [16 18 19 20 [21 [22

1 2 3 |4 |5 6 |7 |8 9 |10 |11

Figure 4.4. Cell numbering for a circular plate.
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The normalized discrete Fourier transform denoted by F and the normalized

inverse transform F~! have the relationship
1
z = -N—zf [F[z]). (4.17)
The two dimensional convolution given by
bay) = [ [ @ )ele -y - )da'dy (479
Given a N x N size FFT array the discrete convolution appears as
h = ! Flzog 4.79
= it [Eod] (4.79)

where h,Z, and § are N? x 1 size vectors. The differential operators may be approx-

imated using center differences as

< = 515 (510 — $-10] + O(H?) (4.80)
ss, = 7}5[31,0 — 2500+ 8-10] + O(h?) (4.81)
s; = 5% [801 — So,-1] + O(R?) (4.82)
S hlz' [$01 — 2s0,0 + S0,-1] + O(h?) (4.83)
% = Tl = st s~ syl +O(K) (4.84)

It is convenient to define normalized difference operators as

Disop=h*Lisoo = s10+ (472h% —2)s00 + 510 (4.85)
Dysoo = h*Lasep = i(sl,l —8_11+8-1,-1 — 81,-1) (4.86)
D3soo = h*Lasop = so1 + (4m*h% —2)sg0 + 801 (4.87)
Dysoo = h®L4sop = 810+ 801 — 4800+ S—10 + So,—1 (4.88)
Dssop =2hLssop = $10—S-10 (4.89)

Deso,o = 2thso,o = $S0,1 — So,-1- (4-90)
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4.6 Perfectly Conducting Plate

The perfectly conducting plate is modeled as a zero thickness sheet with a speci-
fied perimeter. The plate is illuminated by a plane wave that induces surface currents
which in turn re-radiate a scattered field. The formulation results in a pair of coupled
convolution type Fredholm integral equations of the first kind which are solved by a

combined conjugate gradient FFT method.

6.1 E and H Polarizati

The formulation for E-pol or H-pol results in the same coupled integral equations.

The appropriate equations are

CoLlA,;-{-CoLgAy = E;. (491)

coLl2Az + cL3A, = E. (4.92)

The following is a conjugate gradient FF'T algorithm developed by the author which
and implemented in the Fortran program CGFCON given in appendix C.

Initialize the residual and search vectors.

Co

Vo= N (4.93)
Ye = |EI;+IE; (4.94)
=y = KZj (4.95)
Goy = Flazy) (4.96)
Szy = G’oqz,y (4.97)
82y = F sz, (4.98)
ura = Digfssy) (4.99)

@z = v(ug+uy) (4.100)



Iterate for k=1,....

Ui,2
Qy
z,y
Qz,y
qzy
Szy
Szy
Uy,2
qz
U2
Qy
e
Bo

Pzy

Qzy

Qzy

Sz,y
U2
qz
U2
9y

e

61
D2,3[3:1:,y]
v(uy + uy)
E;,~ oy

1

Tz WY

Flges]
G*oqq,y

F sz4]
Dl,Z[sz,y]
v*(ug + ug)
D2,3[31:,y]
v*(ug + uy)
llgz113 + llg, I3
7

ﬂoqz.y

Pry
Flaz,)
Gogyy

F [sz4)
D12z,
v(uy + ug)
D2 3[8z4)
v(uy + up)

llgz112 + llg, 13

(4.101)
(4.102)
(4.103)
(4.104)
(4.105)
(4.106)
(4.107)
(4.108)
(4.109)
(4.110)
(4.111)
(4.112)
(4.113)

(4.114)

(4.115)
(4.116)
(4.117)
(4.118)
(4.119)
(4.120)
(4.121)
(4.122)

(4.123)



o =
ek+1  __
Kx,y -

rk+1 —

Ty

Y =
qI,y -
Qzy =
Sz,y =
Szy =
U2 =

@z =
U2 =

& =

Y9 =

B =

k+1

pz,y =

Terminate when

Ir

Ve

62
Ty
Kb+ ogpk
rl::',y — Qiqr,y

[Irz 13 + 11y 113

k+1
zy

Flgzy]

~*
G*o0qqy

r

F sy]

Dy 2[52,]

v*(uq + ug)

D2,3[3::,y]

v*(uy + uy)

llgal13 + llgyl 13
-1

Yq

Pi,y + Brdzy

< tolerance.

(4.124)
(4.125)
(4.126)
(4.127)
(4.128)
(4.129)
(4.130)
(4.131)
(4.132)
(4.133)
(4.134)
(4.135)
(4.136)
(4.137)

(4.138)

(4.139)
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4.7 Thin Dielectric Plate

The dielectric plate is modeled as a thin layer of thickness 7 which satisfies the
relation 7 << \,, where )\, is the wavelength inside the plate. The plate is illumi-
nated by a plane wave inducing volume currents that are approximated to within a
constant as surface currents. These, in turn re-radiate a scattered field. The formu-
lation results in a pair of coupled convolution type Fredholm integral equations of the
second kind which are solved by a combined conjugate gradient FFT method. The
H-pol case requires the solution of an additional equation involving the component

of current normal to the surface as an additional unknown.
4.7.1 E Polarization

The appropriate equations are

e+ col1Az + coL2Ay, = E; (4.140)

netK; + C()L2Az + CoL3Ay = E; (4141)

The following is a conjugate gradient FFT algorithm developed by the author and
implemented in the Fortran program CGFDIE given in appendix C.

Initialize the residual and search vectors.

v = h;Xﬂ (4.142)
ve = lE;+ 1B (4.143)
Gy = K& (4.144)
Goy = Flqzyl (4.145)
szy = Gogyy (4.146)

Szy = F sz, (4.147)



Iterate for k =1,....

Uy,2
4z
U1,2
dy

Y

Qz,y

Qz,y

Uy2
9z
Uy,2
9y
Yq
Bo

1
pz,y

9zy

4z,y

VES

Uy,2

64
D1,2[3:z;',y]
1eeKE° + v(uy + us)
D2,3[3:c,y]
e + v(uy + uy)
E.;:',y ~zy
1

Tzy

Flgz4)

G*o Qzy

F sz4)

D1,2[31:,y]

Merz + v*(u1 + up)
D2afss,]

Motz + V" (u1 + uy)
llgzll + llgy |13

1o

ﬂOQz,y

Pry

Fgz.4]

Gog,

F 7 [s24]

D 1'2[32,y]

NetPs + v(u1 + up)

DZ,S[SJ:,y]

(4.148)
(4.149)
(4.150)
(4.151)
(4.152)
(4.153)
(4.154)
(4.155)
(4.156)
(4.157)
(4.158)
(4.159)
(4.160)
(4.161)
(4.162)

(4.163)

(4.164)
(4.165)
(4.166)
(4.167)
(4.168)
(4.169)

(4.170)
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9y = Ty + v(ug +up)
Yo = lgall3 + llgyll;
o = 7;1

Ko™ = Ko+ oty
= e
Yeo= [IesE A+ Ik
Goy = Tof
Gy = Flazy]
Szy = é*oqz,y

Szy = f—l[sz,y]

U2 = D1,2[3z,y]

e = narst + v (v + )
U2 = Dz.s[sz,y]

@ = niret v (u+ )
Yo = llgallz + llgylf3

Br = ;71

Pt = Pt + gy

Terminate when

X < tolerance.

Ve

(4.171)
(4.172)
(4.173)
(4.174)
(4.175)
(4.176)
(4.177)
(4.178)
(4.179)
(4.180)
(4.181)
(4.182)
(4.183)
(4.184)
(4.185)
(4.186)

(4.187)

(4.188)
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The H polarization case requires solution of the same equations as the E polar-

ization case with the addition of a uncoupled solution for the normal component of

current. The appropriate equations are

ﬂetK; + col 1A + COL2Ay =

NeK, + coL2A, + col3A, =

nenK: - COL4A2 =

(4.189)
(4.190)

(4.191)

The following is a conjugate gradient FFT algorithm developed by the author and

implemented in the Fortran program CGFDIH given in appendix C.

Initialize the residual and search vectors.

Ve

Qry,z

qzvyvz

Szy,2

Szy.z

U1,2

4z

Uy,2

qy

uy

q:

z,yYZ

Co

h2N?

E.I13+ B3 113 + 1 £33

e0
Y2

Flday,e]

Gogrys

F Y szy.]

D1,2[Sz:,y]

nee K3 + v(u + u)
D2,3[3::,y]

e+ v(uy + uy)
Dy[s.]

NenK° — vuy

i
E:c,y,z - q:::,y,z

(4.192)
(4.193)
(4.194)
(4.195)
(4.196)
(4.197)
(4.198)
(4.199)
(4.200)
(4.201)
(4.202)
(4.203)

(4.204)



Qryz =

q:::,y,z

Sx,y,z -
sz,y,z -
U2 =
@z =
U2 =
9@ =

U =

q:
Yaq
Bo
Pzys

Iterate for k=1,.. ..

qz,y,z
qz,y,z
3z,y,z
Sz,y,z
U1,2
9z
Uy,

dy

Uy

67

1

Tz?yYZ

Flgzy.e]

G" 0 quy,s
Fszy.)
Dl,z[sz,y]

Nery + V(U1 + uy)
D2,3[3:z:,y]

ey + v (U1 + uy)
Dys.]

* 1 *
NenTz —V Uy

llgzllz + [laullz + [1g:113

7!

ﬂoqz,y,z

= phy.

= Flgoy,]

= Gogyy,
= F sy,

= DI,Z[Sz,y]

Netph + v(ug + uy)
D2,3[31:,y]

NetPy + v(u1 + us)
Dys.]

(4.205)
(4.206)
(4.207)
(4.208)
(4.209)
(4.210)
(4.211)
(4.212)
(4.213)
(4.214)
(4.215)
(4.216)

(4.217)



q-

e
Qg

Kc,k+l

z?y'z

k+1
x?yiz

Yr
qz,y,z
Qz,y,z
Sz,y,2
Sz,y,2

Uy,2
qz
Uy,2
qy

Uy

q.

Yq

B

k+1
Pz,

Terminate when
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k
NenP, — VU3

llazl13 + llgyl13 + llg:113
Yo

Kge . + ik,

T‘f,y,z — QkGzy,z

g2 + llrg 113 + 113

k+1
Z,Y,2

F [‘h,y.Z]

r

G" 0 sy,
F —l[sz,y,Z]
D1,2[3:c,y]
Meerst + V" (ur + up)
D235,
* k+1

NetTy ' + V" (u1 + ug)
D4[3z]

”:nrf+1 - V*ul
llg=ll3 + llgyl13 + Ilg. |12
7,

pf,-,y,z + /quq:.y.z

X < tolerance.

Ve

(4.227)
(4.228)
(4.229)
(4.230)
(4.231)
(4.232)
(4.233)
(4.234)
(4.235)
(4.236)
(4.237)
(4.238)
(4.239)
(4.240)
(4.241)
(4.242)
(4.243)
(4.244)

(4.245)

(4.246)
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4.8 Thin Dielectric/Magnetic Plate

The dielectric and magnetic plate is modeled as a thin layer of thickness 7 satis-
fying the relation 7 << A,, where A, is the wavelength inside the plate. The plate
is illuminated by a plane wave inducing both electric and magnetic volume currents
that are approximated to within a constant as surface currents. These, in turn re-
radiate a scattered field. The formulation results in a set of coupled convolution
type Fredholm integral equations of the second kind which are solved by a combined

conjugate gradient FFT method.

8 1 E-Polarizat;

Replacing K7* by —K7* so that the operators are self-adjoint yields the equations

NetKs + col1As + colaAy — LeF, = E, (4.247)
NetK + colaAz + coLsAy + LsF, = E, (4.248)
~NmnK™ + LeA; — LsAy + coLsF, = H! (4.249)
MmeKT + coLiFy + coloFy, = H, (4.250)

MmitKy' + coLaFy + coLsFy = H;. (4.251)

The following is a conjugate gradient FFT algorithm developed by the author and
implemented in the Fortran program CGFDME given in appendix C.

Initialize the residual and search vectors.

Co

n = hIN? (4252)
v, = ! 4.253
2 = o (4.253)
e = B+ 1Bz (4.254)

Tm = (HZ+ I + |13 (4.255)
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e,0
K-’L'vy

Km,O

T,Y,2

Flaz,)
Flozy,l
Gogt,
Go q;':y,z
F sz
Fs7,.
D1a[sz,]

Dg[s7]

NetK 5 + 1y + uz) — vaus
Ds3lsz,]

Ds|s7']

NetKs® + vi(uy + ug) + vou,
D 1,2[3::14

Mt K70 + vy (uy + uy)

D 2'3[33""!,

Mt K0 + 01 (w1 + ug)
Dejs[s;,]

Dy[s7]

—Nmn K] + va(uy — u5) + vius

1 e
E.'c,y - qz,y

H' - q;’:yvz

x’y)z

(4.256)
(4.257)
(4.258)
(4.259)
(4.260)
(4.261)
(4.262)
(4.263)
(4.264)
(4.265)
(4.266)
(4.267)
(4.268)
(4.269)
(4.270)
(4.271)
(4.272)
(4.273)
(4.274)
(4.275)
(4.276)
(4.277)

(4.278)



Yge

Ygm

= r
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el
T,y

m,1
T,Y,2

Flg;,]
Flaz, -]

e e
G ogq;,

r

~

G oqzy,
Fs,)
F o5yl

D1’2[3:.

ol

Dg[s7]

Mars" + vy (ur + U2) — VU3
IZEI O

Ds[s7]

Mary” + V5 (ur + ug) + vyus
D 1'2[3214

e + Vi (U1 + up)

D 2-3[3211

Mty + V5 (w1 + ug)
Des[sz,]

Dy[s7]

* m,1
“NmaTz " + V(U — u2) + vius

llazllz + llg; 113

g2 11z + gy 117 + 1a7113

(4.279)
(4.280)
(4.281)
(4.282)
(4.283)
(4.254)
(4.285)
(4.286)
(4.287)
(4.288)
(4.289)
(4.200)
(4.291)
(4.202)
(4.293)
(4.204)
(4.295)
(4.296)
(4.297)
(4.298)
(4.299)
(4.300)

(4.301)
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Bo = (YgetYqm)™" (4.302)
Py = Bodl, (4.303)
Poy: = Bodl,. (4.304)
Iterate k =1,....
9, = P2k - (4305)
. = Pk, (4.306)
%y = Flg,) (4.307)
Gz = Flary,] (4.308)
sey = Gogt, (4.309)
Sowe = Gogl,, | (4.310)
Sey = FUs,] (4.311)
Spye = Fsh,.] (4.312)
ui2 = Dypfs; ] (4.313)
u3 = Dg[s]] (4.314)
o = nepy* + vi(us +ug) — vyug (4.315)
ury = Daygls; ] (4.316)
us = Ds[s]] (4.317)
& = NPy + v(ur +ug) + vyus (4.318)
uiz = Diglsz,] (4.319)
0 = Nmpl™ + vi(ug + up) (4.320)
12 = Dagls7] (4.321)
4 = Mmep)t + vi(ug + uy) (4.322)

Uy = Ds,s[S;,y] (4323)



U3

7qe
7qm

477
Koy

I(m,k+l

TyY,2

e,k+1

rl‘ny

m,k+1
Y,z

77‘ e

73

Dy[s7]

—NmnPy " + va(uy — Up) + vyug
5113 + g1

g2 112 + llgy"l13 + g7 113

(Yge + Ygm) ™!

Kzy + auplh

m,k m,k
K7yt QkPzy,z

zYsz

[Irg* 1z + lirg )13

[IrZ 5 + g5 + [frke )

e,k+1

r-""yy

m,k+1
T,Y,2

Flgg,)

Flg7, ]

T)Y,2

r

G ogt,
G*o q;':y’z
F sz,
F 'l[szy,z
D1als;,]
De[s7']

. ekt

*
etz + Vi(u1 + uz) — vus

D293 [Si,y]

(4.324)
(4.325)
(4.326)
(4.327)
(4.328)
(4.329)
(4.330)
(4.331)
(4.332)
4.333)

4.334)

4.335)
(4.336)
(4.337)
(4.338)
(4.339)
(4.340)
(4.341)
(4.342)
(4.343)
(4.344)
(4.345)

(4.346)



Yqe
Yqm
Br

e,k+1
Pzy

m,k+1
px,y'z

Terminate when

Yre + Yrm

74

Ds[s7]

n;r;’k“ + 17 (ug + ug) + vous
D112[32y

Mot 2+ 11 (1 + wg)
D2v3[32y

Moty 1 4 7 (w1 + w9)

De (s ]

Dy[s7]

—n TRl va(uy — ug) + viug
llgzllz + llgs Il

g2 117 + 1957113 + g7 113

(Yge + Ygm) ™!

ey + Brdt,

m,k
= Pry.t ﬂkq;:y,z

< tolerance.
Ye + Im

(4.347)
(4.348)
(4.349)
(4.350)
(4.351)
(4.352)
(4.353)
(4.354)
(4.355)
(4.356)
(4.357)
(4.358)
(4.359)

(4.360)

(4.361)
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Replacing K¢ by —K? so that the operators are self-adjoint yields the equations

NmtK + coL1Fy + coLaFy + LeA, = H, (4.362)
NmtK]' + coLoFy + coLsFy — LsA, = H, (4.363)
—NenKt — LeFy + LsF, 4+ coL4A, = E! (4.364)
NetKE + coL1Az + coL2A, = E& - (4.365)

K + colaAs + coLsA, = E. (4.366)

The following is a conjugate gradient FFT algorithm developed by the author and

implemented in the Fortran program CGFDMH given in appendix C.

Initialize the residual and search vectors.

"

Vo

Tm

Ve

Co
h*N?
1
2hN?

| HI1Z + (|1H,13

IE:I2 + B2 + 1 22113

m,0
K2y

Ke,O

x,y,z

Flaz,]
Flaz,.-)

Gog™

z,y

~ e
Goqz‘,y,z
-1r.m
F [sw
F s

:',y,z]

D 13[321«

(4.367)

(4.368)
(4.369)
(4.370)
(4.371)
(4.372)
(4.373)
(4.374)
(4.375)
(4.376)
(4.377)
(4.378)

(4.379)
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Dels;]

Mme KT + vi(ug 4 uy) + vous
D213[3:y

Ds|sg)
Nt K50 + v1(u1 + ug) — voug
D1,2[3;,y]

NetK3° + 1 (w1 + up)

02.3[‘5:‘,;/]

netK;’o + vi(u1 + uy)
D6’5[3;n,y]
Dy[s;]
~NenK 7% — vy(ug — Uz) + vus
Him ~ 42y
e = T

m,1

Ty

el
TY,2

Flaz,]
Fleg

r

vl
G* o q;"‘y
G*o q;,vz
F "l[s;':y]
Fssy.]

D1v2[3'£y

(4.380)
(4.381)
(4.382)
(4.383)
(4.384)
(4.385)
(4.386)
(4.387)
(4.388)
(4.389)
(4.390)
(4.391)
(4.392)
(4.393)
(4.394)
(4.395)
(4.396)
(4.397)
(4.398)
(4.399)
(4.400)
(4.401)

(4.402)



Ygm
Yqe
Bo
m,l

Pzy

el
Pzy,:

Iterate for k =1, .. ..

17
Difsi]
Mt + V5 (1 + ua) + vyug
D2v3[3:y
Ds[s?)
MraTy" + V5 (w1 + uz) — vgus
Dya[sz,)
Mers” + Vi (w1 + uy)
Dy3(s,]
Nty + v5(u1 + ug)
D6v5[3zm,y]
Dy[s;]
~Ments" = va(ur — ua) + viug
oz 113 + a1
laZll3 + llggl13 + llg2ll3

(7qm + 7qe)—1

m
Bodz,

e
Potz,y,z

m m,k
%y = Pzy
e — e,k
qz,y,z - prm.z

Gy = Flag,)

q;,y,z = ‘F[q:,y,z]

m A m
‘Sr,y - G 0 qz,y
e Y e

Sz:,y,z - G 0 qzyyvz

(4.403)
(4.404)
(4.405)
(4.406)
(4.407)
(4.408)
(4.409)
(4.410)
(4.411)
(4.412)
(4.413)
(4.414)
(4.415)
(4.416)
(4.417)
(4.418)

(4.419)

(4.420)
(4.421)
(4.422)
(4.423)
(4.424)

(4.425)



Uy,2

Us

Yqm

Yqe
(473

Km,k+l

T,y

I{c,k-i-l

Z,¥,2

m,k+1

rt,y

e,k+1
z,y1z

Yrm

Yre

78
F -l[szy]
F 850,
D 1»2[‘9::!/
Dq[s7]
Tlth;n'k + v1(u1 + ug) + vous
D 23[8::3/
Ds[s;]
nmtp'yn’k + v1(u1 + ug) — vaus
Dy a[sg,]
Neeps” + va(ug + uy)
Dy 5(s;,)
Netpl* + v1(u1 + up)
Ds,s[s;':y]
Dy[s3]
_WenP:'k — va(uy — uy) + vyug
llaZ113 + 1512
llazl12 + lg513 + llgcll3
(Yom + Yge) ™!
K73+l
Koy, +cuplh,

m,k

m
Tzy — OkQry

e,k e
rxyyvz - aqu)y»z

I 13 + 1413

[IPEF A + Hlrg 115 + flret+1) 2

(4.426)
(4.427)
(4.428)
(4.429)

(4.430)

(4.431)

(4.432)
(4.433)
(4.434)
(4.435)
(4.436)
(4.437)
(4.438)
(4.439)
(4.440)
(4.441)
(4.442)
(4.443)
(4.444)
(4.445)
(4.446)
(4.447)
(4.448)

(4.449)
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7(]6

Bi

=T
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m,k+1
z,y

e,k+1

x'yYZ

Floz)

Flag, -]

e m
G 0 qry

r

G*oqt,,

F_I[S:::y

Fszs.:]

D 13[32;{

Dg[s7)

et + v} (41 + ug) + vyus
D 23[3::1'

Ds[s;]

Mty 4 07 (11 + u2) — vyus
D1a[sz,)

Mers ™ + v + up)
Dy3[sz,]

* _ek+1 *
Ny + 1 (w1 + Uz)

* _ek+1
“NenT,' - V?(ul - u2) + Vfus

g 113 + g 12
lazll3 + Nlgcl3 + [1g2113

(7qm + 7qe)-1

(4.450)
(4.451)
(4.452)
(4.453)
(4.454)
(4.455)
(4.456)
(4.457)
(4.458)
(4.459)
(4.460)
(4.461)
(4.462)
(4.463)
(4.464)
(4.465)
(4.466)
(4.467)
(4.468)
(4.469)
(4.470)
(4.471)
(4.472)

(4.473)
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mk+1 m,k m
Pry = Pzy +ﬂkq¢.y

ek+1 __ e,k e
Pry. = pz,y,z+ﬂqu,y,z

%m—-m-c- < tolerance.
V Tm + Ve

(4.474)

(4.475)

(4.476)
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The scattered far zone electric field is given by
E*(R) = jkoG(R)[R x N*(8,) - ZoN; (0, 9)] (4.477)
where N;"™(,¢) has the § and ¢ components

Ng™ = cos(8)[cos(¢)S;™(8, ¢) + sin(8)S;™ (0, 8)] — sin(0)S:™(8, ¢)
N;™ = —sin(¢)S;™(0,¢) + cos(4)S,™(0, 8) (4.478)

and

Se™(8,¢) = / K em(7)et ™ s, (4.479)

If the current is constant over the square cell and the coordinates are divided by A,

then

5em(0,6) = F(0,4) Y. 3 Ko™ (p, q)eiin@)lcon(@)z(p)+sin(@)s(a] (4.480)

p=1g¢=1

where
1 sin [rh sin(8) cos(¢)] sin [rh sin(8) sin(¢)]
sin(6) cos(¢) sin(f) sin(¢)

The backscattering cross section o is given by

F(6,4) =

(4.481)

32
c = 11m47rR2| |

|E¥[?
= [Ny + NP+ [Ny - N3P (4.482)
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4.10 Summary

The method which yields the most accurate results when implemented with a
conjugate gradient FFT method is shown to be the one requiring the least amount of
spectral information. A minimium spectrum conjugate gradient FFT algorithm was
implemented for computing the scattering by a thin planar material plate illuminated
by an E or H polarized plane wave. Specific algorithms were given for either a
perfectly conducting, dielectric or dielectric/magnetic plate for both polarizations.
These algorithms were specifically developed by the author to minimize the required

computation and storage.



CHAPTER V

SCATTERING FROM A MATERIAL COVERED
PERFECTLY CONDUCTING PLATE

9.1 Introduction
The material covered plate consists of an infinitesimally thin perfectly conducting

plate coated with a thin layer of either a dielectric and/or magnetic material. The

techniques of Chapter IV are extended here for a solution of this scattering problem.

83
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Z
material
\ LT
] __
/ I Y
conductor

Figure 5.1. Material coated perfectly conducting plate.

The conducting plate is assumed to lie in the z = 0 plane with a material coating

of thickness 7 placed on top. Two position vectors are necessary and defined by

Ry = zi&+yy conducting plate (5.1)
R, = zi+yj+ %z‘ center of material plate. (5.2)

Each plate is illuminated with a unity amplitude plane wave having a propagation
vector k; given by
ki = —ko[sin(6;)(cos(¢:)z + sin(¢:)7) + cos(6;)3] (5.3)

and vector components given by

- A

Ei,=[(& 0)0+ (& §)gle™Pa) = [E. 2 + Eyof + Ewotl by, (54)

where
E., = cos(a;)cos(8;)cos(4s) — sin(as) sin(;) (5.5)
Ey, = cos(ai)cos(8:)sin(g;) + sin(es) cos(¢) (5.6)

E., = —cos(a;)sin(6;) (5.7)



85
and h§,2 = ¢~i(k-R12) The corresponding magnetic field components are computed
from Hj, = %k x Ei; = [Huo + Hyo) + Hzo2]hi ; where

1

H,, = 7 —[sin(e;) cos(8;) cos(@;) + cos(e;) sin(¢;)] (5.8)

H, = Zlo [sin(ey;) cos(6;) sin(¢;) — cos(a;) cos(¢;)) (5.9)
1 . :

H,, = A sin(ey;) sin(6;). (5.10)
5.3 Problem Formulation

If the material layer is electrically thin, the internal field components are assumed

to have a z variation such that 2|,-¢ # 0 and 33,"::% = 0. Introducing the definition

z—2 forz>=2
( = (5.11)

2/—z forz<g 2

the normal derivative may be replaced by

) '
% _ 3—(8 for z > z’ (512)
—-% for z < 2.
Letting the first superscript denote the observation plate and the second super-
script denote the source plate, the volume integral equations may then be implicitly
expressed as

i = b 9 &
E, = k0-<k+82)A +86yA_

+ — — A+ — o A + aF”+ OF” (5.13)
Ozay  9zd¢" ac
Zo d

~ 0
; 1 2 11
En = ko [6m6yA t (k + 0 2) A J

Z 6 12 2 62 12 a 12 a 12 8 12
+]ko [a 5 (ko ) A G|~ 5 - 5 61y

. 7 5?
E, = Balh+] ko [<k2 + —8—5) AR 4 BfayAm]
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é. 2 8 22 3 22 ﬂ 22
f . I & 92
Ey2 = ,Bc2']y2+] ko [a a A21 (k2 + ﬁ) A2l]

82 22 2 82 22 a 22
+%JaaA @002A "ol

a 21 a 21
200 = gacts

O O\ m_0m, 9
—Jk (8z2+3y)A 0F +0zF

0

. .2y
E, = 6r2ﬂe2J:2 +J— A [
0

(5.15)

(5.16)

(5.17)

2
H)), = Bppl+ —A" 4 j— - <k2 0 )F22+ il F”] (,fy A2 (5.18)

8( y koZo 6 2 axay

Hi _ IB Jm_iA21+ .1 22 4 k2+ 0
v P T e te Tk 7, Bady dy?
; 0 0

' sz = »ur218m2']2 + = 6 A21 axA?,l
1 7 P\on, 0, 0 22
I koZy ((93:2 + 3y2) B+ ByA’ BxA”

) F”’] + %Aﬁ"’ (5.19)

(5.20)

Assuming the electric currents and the incident magnetic field are multiplied by Z,

and the coordinates are divided by Ao, (5.13)-(5.20) reduce to

%hmwam%hmwgmwg%@uimuhez
d 9

A12 12 _ F12
64- z aC Fz L5 z
NetK o + coLa[A7' + AZ) + coLo A2 + AP 4+ LoF?

coLo[AL + A1) 4+ CoLs[A;1 + A;ZI —colL

773th2 + CoLg[Ail + Aiz] + (30.[43[/4!2’1 + A:zl - L5Fz22
0 0
nenK:2 + CQLsa—CAZ.l + C()L &Ay - COL4A§2 - L6F§2 + L5Fy22

mmtKoy + — A + COLIF,_?Z + CoLsz22 - LeAzz

8(”

T]th;; A::: + CQL2F + C().L3F'22 + L5A22

¢
Mk + Le[AZ' + AT] — Ls[A]' + AZ] — coL(F2

The Green’s functions may be expressed as
e~ Tko/(z=2' P +(y-y')?

G
1 47r\/z—x + (y — y')?

Ei, (5.21)
E}; (5.22)
E., (5.23)
E}, (5.24)
E:, (5.25)
H, (5.26)
H;, (5.27)

H;,. (5.28)

(5.29)
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=ik (=) +(y=y')?+¢2

Gy, = : (5.30)
SN PR PR e
0
G3 = 'a—CGQ (531)
The Fourier transforms at {( = 0 and { = 7 are given by
. 1 2 £2
~ =) for f24 f2<1
& = J iyl sl ! (5.32)

1 2 2
wymgn or Lti>1

( . 1 =it/ |f3 4 f2-1| 2 2 .
~ =J — ST for fR4f) <1
G, = | N S— (5.33)
1 -nT H -
| 4 If3+f3—1le ’ for fo+ f”2 >1

5 _%e—jrnﬂf}*‘fg-ﬂ for f24+f2<1 534
3 = :
~Le VRGN for 24 f25 1.

5.4 Dielectric Coated Perfectly Conducting Plate

The formulation for the dielectric coated plate involves only electric currents on
the conductor and in the dielectric. The E polarization case (E:=0), results in four
equations involving four unknown tangential surface currents. The H polarization
case (H:=0), results in five equations with four unknown tangental electric surface

currents and one normal surface current.

5.4.1 E Polarization

1

The appropriate equations for a dielectric coated plate illuminated by an E po-

larized plane wave are given by

col1[AL + AY] + coLa[AY + A} = E (5.35)
coLa[A' + A7) + coLs[A)' + A} = Ej (5.36)
NetKa + coLn[AT + AZ) + coLo[AT + ATY) = E, (5.37)

Netk(gy + coLa[AY + AP + coL3[AY + AT = E,. (5.38)
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The following is a conjugate gradient FFT algorithm developed by the author.

Initialize the residual and search vectors.

Vv =

Ye
qzr1,y1
qr2,y2
dz1,y1
qz2,y2
3zl,yl
S22
Sr1 Wl
3:2,y2

Uy,2
qz1
Uy,2
a1
U1,2
qz2
Uy,2
qy2
zl,yl
r:}:2,y2
qzl,yl

qz'2,y2

Co

hiN?

1 Eztl3 + 1 Egll2 + 1 Ezal1Z + 11 Byl 3

KC,O

zl,yl

KC,O

z2,y2

Flge1,]

Flgz2,42]

él 0¢z11 + éz 0 ¢z2,42
Gy o Qr141 + Gy o qz2,92
F [ss1,0]

F —1[3x2.y2]

Dl,2[3:|:l,y1]

v1(u1 + ug)

D2,3[3.tl,yl]

vi(uy + ug)

D1,2[3x2,y2]

neeK3y + (w1 + ug)
D2,3[8z2,y2]

UetK;'zo + vi(uy + ug)
E::l.yl — 41

E.::?,ﬂ — Gz2,2

1

rz:l,yl

1
r1:2,y2

(5.39)
(5.40)
(5.41)
(5.42)
(5.43)
(5.44)
(5.45)
(5.46)
(5.47)
(5.48)
(5.49)
(5.50)
(5.51)
(5.52)
(5.53)
(5.54)
(5.55)
(5.56)
(5.57)
(5.58)
(5.59)

(5.60)



q:::l,yl
9z242
Szr1y1
Sr2,y2
srl,yl
3:1:2,y2
Uy,2
UES)
Uy,2
le
Uy2
dz2
U1,2
qy2
Ve

Bo
p.'}:l,yl

1
Pz2y2

Iterate for k =1,....

dz1.91
qz2,y2
qxl,yl
qz2,y2

szl,yl

89
Flgz1,1]
Flgz2,42]
Gio gz11 + G o 922,42
G50 gagr + G 0 gaag
F -1[3zl,y1]
F —1[322,312]
D1,2[3:cl,yl]
vi(ur +ug)
D2,3[3z1,y1]
vy (ug + ug)
Dl,2[3z2,y2]
Matrag + Vi (1 + uy)
D2,3[3:r:2,y2]
Meirya + Vi (ur + uy)
llgzallz + llgunll3 + llgzall3 + llgall?
7!
Bogz1,41

IBOQzZ,yﬂ

k
pzl,yl

k
pz?,yZ

‘7: [qzl,yll
F [sz,yzl

G10gr191 4+ G20 gaaye

(5.61)
(5.62)
(5.63)
(5.64)
(5.65)
(5.66)
(5.67)
(5.68)
(5.69)
(5.70)
(5.71)
(5.72)
(5.73)
(5.74)
(5.75)
(5.76)
(5.77)

(5.78)

(5.79)
(5.80)
(5.81)
(5.82)

(5.83)



Sr2,y2
Szl,yl
Sz2,y2
Uy2
qz1
Uy,2
qyl
U2
qz2
U2
942
Yq

Qg

e, k+1
K rl,yl

e, k+1
K z2,y2

k+1
zl,yl

k+1
72,y2

Ir
Q:zl,yl
q:c2,y2
qz1,41
qx2,y2
szl,yl

5::2,y2

90

C‘:'2 0¢z141 + é1 0 ¢z2,42
Fsa1,01]

F 822,42
D1,2[3z1,y1]

vi(ur + up)
D2,3[3:1:1,y1]

vi(w + ug)
D1,2[3x2,y2]

NetPsz + v1(u1 + u2)
D3 3[352,4]

nctpl;g + va(u1 + us)

|l g1 |13 + llgyall3 + lgz2|13 + |l gyell3

-1
Yq
ek k
Kz + axpy

e,k k
Ky + kP22

k
Tz1y1 — ¥%k4z191

k
Tz2,y2 — ®kGz2,y2

rEEM 3 + ek + (kY2 + )

k+1

rzl,yl

k+1
Ta:2,y2

'F[qxlryl]
Flgz2,42]
G} 0 Goiy1 + G 0 graye

A )
G2 o qxl,yl + Gl o q::2,y2



szl,yl
3.1:2,y2
Ui2
qz1
Uy2
qyl
Uy,2
qz2
Ui,2
dy2
Y4

B

k+1
Pzign

k+1
Pz2,y2

Terminate when

91
F [sz1,0]
F —1[3::2.342]
D1,2[3x1,y1]
vi(up + uy)
D3,3[321,41]
vi(ug + uy)
D1,2[3.1:2,y2]
Nersy +vi(ur + up)
D2,3[3z2,y2]
Terys + vi(u+ ug)
llgell2 + llgall3 + llgzall3 + Il gl
%
pﬁl,yl + Brgz1,n

k
Pr2y2 + ,8qu2,1/2

i < tolerance.

Ve

(5.122)
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The appropriate equations for a dielectric coated plate illuminated by an H po-

larized plane wave are given by

CoLl[Ai.l + A_,?] + CoLz[A;I + A;L’] - CoL5‘aa—<A;2

CoLz[A},l + Ai.z] + CoL3[A;1 + A;Z] - C()Le,'aazA;2

MKy + coL1 [AZ + AP + coLo[AS + A%

NetK$y + coLa[A + AZ] + coL3[AZ + A2

. Y d
nenKzz + COLSEEAZ'I + CoLea—CAy

21 —COL4AZ2 —

Ei

zl

Ei

yl
1
E 2

i
y2

i
E;,.

(5.123)

(5.124)
(5.125)
(5.126)

(5.127)
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The following is a conjugate gradient FFT algorithm devolped by the author.

Initialize the residual and search vectors.

V, =

Ve
qz1,y1
9r2,y2,22
dz1,41
qx2,y2,22
szl,yl
S22
321,22
323,24
Sr1y1
82,2
321,22
3:3,24
U123
q::l
Uy,2,3
Iy

Uy,2

dz2

Uy,2

qy2

Co

h2N?

1B l12 + 1 ll7 + 11zl + 11 Byl + 11 B2l

Ke,o

rl,yl

e,0
K r2,y2,22

f [qzl,yl]

Flgz2,2,22]

Gl o qzl,yl + G2 o q:v2,y2

G2 o q:cl,yl + Gl o qz2,y2

C~"3 0 4qn

é3,1 04z2

F 7 sa1,1]

F 7 [s22,42]

F 7 [s:1,9]
F[3:3,4]
D1,2,5[3z1,y1,z3]
v1(w1 + ug — ua)
D2,3,6[3a:l,y1,z3]
v1(uy + ug — u3)
Dl,2[3z2,y2]
NeeKgy + v1(u1 + ug)
D2,3[31'2,y2]

UetK;'zo + v1(uy + u,)

(5.128)
(5.129)
(5.130)
(5.131)
(5.132)
(5.133)
(5.134)
(5.135)
(5.136)
(5.137)
(5.138)
(5.139)
(5.140)
(5.141)
(5.142)
(5.143)
(5.144)
(5.145)
(5.146)
(5.147)
(5.148)

(5.149)



U1,2,3

qz2

1

rzl,yl

1
r:c2,y2,22

qz1,1
qx2,y2,22
9r1,1
qz2,y2,22
Szip
322,92
321,22
323,24
sxl,yl
Sz2,y2
821,22
323,24
U1,2,3
=
U1,2,3
qyl

Ui,2

qz2

Uy,2

qy2
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D5,6,4 [3z1,z2,z4]

nenK.:éo + Vl(ul +uz — u3)

1
Ezl,yl — qz1y1

1
Ez:2,y2,z2 - q£2'y2,22

1

Tz Wl

1
72,y2,22

F [qxl.yI]

f [Qz2,y2,z2]

r

é; 0 gz141 + G’; 0 gz2,42
é; 0 gar 1 + G o 922,42
6'; 0 gz1,

63,1 0422

F sa1,]

F —1[3::2,142]

F —1[311,12]

F[3:3,4]

D1 ,2,5[821,41,23]

vi(uy + ug — u3)
D2,3.6[31:1,y1,13]

Vi (u + ug — u3)
D1,2[3x2,y2]

MatTza + V7 (u1 + uy)
D2,3[31:2,y2]

Metrya + Vi (U1 + ug)

(5.150)
(5.151)
(5.152)
(5.153)
(5.154)
(5.155)
(5.156)
(5.157)
(5.158)
(5.159)

(5.160

N— N

(5.161
(5.162)
(5.163)
(5.164)
(5.165)
(5.166)
(5.167)
(5.168)
(5.169)
(5.170)
(5.171)
(5.172)

(5.173)



U1,2,3
qz2
Ya
Bo
p:}:l,yl

1
pa:2,y2,z2
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D5,6,4 [Szl,z2,z4]

1 *
MenT 52 + V1 (u1 + ug — u3)

llgellz + llaual 2 + llaz2ll + llagall3 + gzl

7!

ﬂoqzl Wl

,30%2,;,2,:2

Iterate for k=1, ....

dz1,.1
q:c2,y2,z2
Szr1y1
Sz2,y2
321,22
523,24
Sz1,y1
3:::2,y2
321,22
3:3,24
U123
qz1
U1,2,3
n
Uy,2
dz2

Uy,2

p:l,yl

p:’::2,y2,z2

él 0¢r11 + G"z 0 ¢z242
éz 04qz1,41 + é1 0 gz242
éa 0 qr1,41

éa,l 04:2

F _l[sz'l.yll

F —1[322,112]

F821,22)

F[3:3,4]

D1 ,2,5(821,41,23]

v1(u1 + ug — u3)
D2,3,6[3::1,y1,13]

v1(u1 + uz — ug)

D 2[322,42]

NetPhy + v1(u1 + uy)

D2,3[312,y2]

(5.174)
(5.175)
(5.176)
(5.177)
(5.178)

(5.179)

(5.180)
(5.181)
(5.182)
(5.183)
(5.184)
(5.185)
(5.186)
(5.187)
(5.188)

(5.189)

' (5.190)

(5.191)
(5.192)
(5.193)
(5.194)
(5.195)

(5.196)



qy2
U1,2,3
qz2
Yq

Qg

e,k+1
K rl,yl

e,k+1
Kz,2,y2,z2

k+1

rzl,yl

k+1
7~:z:2,y2,zZ

Tr

qz1 Wl
qz2,y2,22
qz1,1
4z2,y2,22
szl,yl
Sz2,42
821,22
823,24
szl,yl
3:2,3;2
3:1,22
323,14
U123

dz1
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NetPr + v1 (w1 + us)

Ds,6,4[3z1,z2,z4]

NenPa + v1(u1 + g — up)

a1l + llguall + llge2l13 + llgsal13 + llgz2l 3
T

K::'lljyl + akp:lzl,yl

K ;’2,:112,22 + akpzz,yz,zz

k
rz] w1l = aszl,yl

k
ra:2,y2,12 — Qkqz2,42,22

k
lirat 112 + lrgt 113 + ez 115 + llrga 115 + 11412

k+1

rzl,yl

k+1
T22,y2,22

Flgz1,41]

Flgz242,22]

é; 0¢r141 + é; 0 qz2,42
é; 0¢r141 + é; 0 ¢z2,42
G50 goign

é;,l 04z

F 851,

F " s22,2]

F 821,22

F[823,24]
Dl,2,5[3zl,yl,23]

V;(’ul + Ug — U3)

(5.197)

5.198)



U1,2,3
an
Uy,2
qz2
Uy,2
qy2
U123
q:2
Yq
Bx

k+1
pz'l,yl

k+1
pz2,y2,z2

Terminate when

97
D2,3,6[3z1,y1,23]
vi(uy + ug — u3)
D1 5[8z2,42]
Meerzy " + Vi (1 + u2)
D3 3(352,42]
Meeryn + Vi (1 + u2)
D5,6,4[3z1,z2.z4]
MenTsy* + V31 + g — ug)
lgeallz + llguall3 + llgz2ll3 + llgsall3 + 1z |3
T
P:l,,,l + Brgz1n

k
Pragy2.22 + Brz2,42,22

X < tolerance.

Ve

(5.233)
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5.5 Dielectric/Magnetic Coated Perfectly Conducting Plate

The formulation for the dielectric/magnetic coated plate involves electric cur-
rents on the conductor and both dielectric and magnetic currents in the material.
The E polarization case (E:=0), results in seven equations involving four unknown
tangential electric surface currents, two tangential magnetic surface currents and one
normal magnetic surface current. The H polarization case (Hi=0), results in seven
equations with four unknown tangential electric surface currents, one normal electric

surface current and two tangential magnetic surface currents.

9.5.1 E Polarization

The appropriate equations for a dielectric/magnetic coated plate illuminated by

an E polarized plane wave are given by

d

coL1[AY + AV + coLy[AN + AV] + 54-1?;2 - LeF? = E (5.234)
)] .

coLa[A}! + A7) + coL3[A}! + A}?] — a—CF:’ +LsF}* = E), (5.235)

NetKza + coln[AZ' + A7 + coLa[A]' + AT’ - LeF)? = E, (5.236)

NetK{y + coLo[AT + AP) + coLs[A? + AP) + LsF? = EI, (5.237)

7} .
Nme Ky + a—C-Azl +co[ F2 + CoL2F32 = H, (5.238)
0

ﬂmgK;'; - 5514:.1 + C()Lz.F,?2 + (‘,()La;Fy22 = ;2 (5239)

7)o .
(7( _ )MK;'; + Le[AZ + AP — Li[AT + A®] + oL F = Hi,. (5.240)
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The following is a conjugate gradient FFT algorithm developed by the author.

Initialize the residual and search vectors.

n

V2

V3

Ve

Im
q::l,yl
q::’.’,yZ
q:;:r;,y2,22
q;l,yl
q;z,yz
qz,y2,z2
3:12.yl2
3:21,,,21
3:31,;,31
3;"12,;,12,:12
3:52,;,32
372
3;12.1,12

e
Sz21,421

Co
h2N?
1

2hN?
1

N?
IEzllz + 1Bl + 1 EL|13 + || EyalI7
1 HZl1Z + 17 + (11

Ke,o

zl,yl

e,0
K .1:,2,1(2

K;nz’,zz,zz

F [‘1;1,,,1]

F [qu,yzl

}- [q:‘2,y2,z2]

Gro Iz + Gy o 7242
62 0 ‘1:1,;41 + @1 o q::Z,y2
53 o q:-l,yl

él o q:;’,ﬂ,ﬂ

G~'3 0 ‘I:;,yz

é2 03

F -1[3:12,,,12]

F _1[3;21,,,21]



e
831,431
m

S212,412,212

m
3::32,1/32

m

8222
Uy,2

U3

e

qxl
U1,2

U3

e
qyl

Uy,2
U3
qz2
Uy,2
us
9y2
Uy,2
e
Uy2
Qy2
Uy,2

us

100

F —1[3;3;,y31]

FH8i0,12,019)

F _1[3;"32,;,32]

F sl

D 1,2[3;12,;,12]

Dq[s7;,]

v(ug + ug) + V3Syy — Vol
D2,3[3r1,y1]

Ds[s7,]

vi(u1 + ug) — vashy, + vous
D1 a[s251,421]

Dg[s75]

MeeK3 + v (s + uz) — vaus
D1 3[s221,41]

Ds[s33)]

NetK, ;'20 + v1(u1 + ug) + vyus

D 1.2[3;"12,3,12]

NmeK75° + v1(ur + ug) + V3Sya1

D2.3[8:;2,y12]

m,0 e
MmeBys™ + v1(un + ug) — 13854

Deg s [3:21,,,21]

D, [3:;2]

(5.260)
(5.261)
(5.262)
(5.263)
(5.264)
(5.265)
(5.266)
(5.267)
(5.268)
(5.269)
(5.270)
(5.271)
(5.272)
(5.273)
(5.274)
(5.275)
(5.276)
(5.277)
(5.278)
(5.279)
(5.280)

(5.281)
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0 = NmnK5° + va(ur + ug) + v1ug | (5.282)

r:'ll,yl = Eai:l,yl — g (5.283)
r;’zl,yz = E;2,y2 - qu,gz (5'284)
7';"2',;2,,22 = Hzi:2,y2,z2 ~ Q242 (5.285)
q.:-l,yl = r:’ll,yl (5.286)
TGogr = ":-’21.112 (5.287)
gz = Togaa (5.288)
q::l,yl = F [q:,'l,yl] (5-289)
qu,yz = F [‘Iiz,yz] (5-290)
q;nz,yz,zz = F [q;:n2,y2,22] (5-291)
Szizq12 = é; 0 gz + G 209522 (5.292)
Somgn = Gjo Gor1 +Gio D22 (5.293)
3;31,;;31 = é:; o q:l,yl (5.294)
Spi2g12,12 = é; 0 ¢22,42,22 (5.295)
3?32,;,32 = G;, ° q;nz,yz (5.296)
st = Goqh (5.207)
3:12,;,12 = F —1[3;12,;,12] (5.298)
3;21,;,21 = F _1[3;21,1421] (5.299)
Szargn = F —1[3;31,1,31] (5.300)
Sazgizma = F -1[3;:"12,;,12,:12] (5.301)

3;"32,,,32 = F _1[3:32,;,32] (5-302)



8722
Ui,2
Uus
q:x:l
U1,2

U3

Uy,2
U3
qy2
U1,2
2
U1,2
qy2
Uy,2
us
qz2
7qc
Yem
Bo
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F M s72l
D1,2[3:12,y12]
Dy[s332]
vi(u1 + ug) + vashy, — vaus
D2,3[3:cl,yl]
Ds[s7a]
Vi(uy + ug) — vasTi, + vaus
D1 2[8591 421]
Dy[s3,]
el

™
NetTz2 + V1 (u1 + uz) — vyus

D2,3[3;21,y21]

Ds[s75]

Meery + Vi (U1 + ug) + vaus
D1,2[3;n12,y12]

MmtTag + V5 (U1 + uz) + v3s5y
D 3(sZ12.412]

Mmelyy + Vi(u1 + ug) — vasty,
D6,5[‘9::2l,y21]

Dy[s3)]

TonaT52 + Va1 + ) + viug
llgzallz + llagall3 + gzl + g I13
llgzl12 + llagzll3 + llaZ3113

(Yge + Ygm) !



Iterate for k =1,....

q:-l,yl
q::2,y2
q.:;,y2,22
q.:l,yl
qzz,yz
q;nz,yz,n
3:12,3;12
5;21,y21
3::31,;,31
3;“12,;,12,212
3172”2,1432
72
3;12,;/12
3:21,;,21
3:31,,,31
5?12,,,12,:12
32&2,1,32
8722

Uy,2
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e,1 _ e
Pzign = ﬂoqzl,yl
e,1 — ﬂ e
pz2,y2 - 0q:r:2,y2
m,l _ IB m
pz2,y2,z2 0qx2,y2,22

e,k
pz'l,yl
e,k
pz,2,y2

m,k
pz2,y2,z2

F [qzc:l,yl]

F [qu,yz]

F [q:;,y'.’,ﬁ]

CA;'l o Qze:l,yl + éZ o qzz,yz
G0 Qo1 + Gio 22,42
Ga ° 4;1,y1
@1 © 422 42,22
és o q;n2,y2

éz 05

F —1[3:12,,,12]

F _1[3;21,;,21]

F -1[3;31,;,31]

F —1[3:‘12,,,12;12]
F —1[3:32,;,32]

F _1[3:‘22]

D 1.2[3;12,;;12]

(5.326)
(5.327)

(5.328)

(5.329)
(5.330)
(5.331)
(5.332)
(5.333)
(5.334)
(5.335)
(5.336)
(5.337)
(5.338)
(5.339)
(5.340)
(5.341)
(5.342)
(5.343)
(5.344)
(5.345)
(5.346)

(5.347)



Uus
)
U2
Us
qyl
Uy,2
us
a2
Uy,2
us
92
Uy,2
02
Uy,2
92
Uy2
U3
0
Yqe
Yam
(477

e, k+1
I{z‘l,yl

e k+1
K r2,y2

m,k+1
Kx2y,y2,z2
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Dy[s7,]
vi(uy + ug) + V38y19 — VaU3
D2,3[3z1,y1]
Ds[s73,]
vi(ur + ug) — vssTy, + vous
D1,2[3;21,y21]
Dg[s75]
Netl(zy + v1(uy + up) — vaug
D 2,3[3;21,3121]
Ds[s7,]
WetK;'zo + v1(ug + uy) + vou,
D1.2[3$2,y12]
nmeK 15" + vi(us + uy) + V3Sy3
D2»3[3:T12,y12]
ﬂth;'ﬁ’o + v1(ur +ug) — V38531
D6,5[3;21,y21]
Dy[s7]
MK 3° + va(ur + uz) + vyug
llgz1ll2 + lagall3 + llaZall? + 1S, |2
92112 + 13213 + llaZ3113
(Yae + Yom) ™"
K zei,fyl + akP:'lk,yl
Ky + iy

m,k m,k
K z2y2,22 T QkPz2y2,22

(5.348)
(5.349)
(5.350)
(5.351)
(5.352)
(5.353)
(5.354)
(5.355)
(5.356)
(5.357)
(5.358)
(5.359)
(5.360)
(5.361)
(5.362)
(5.363)
(5.364)
(5.365)
(5.366)
(5.367)
(5.368)
(5.369)
(5.370)

(5.371)



e,k+1
zl,yl

e,k+1
T12,y2

":12’;;22
Yre

77‘1‘"

q::l,yl
q:z,yz
qz,y2,z2
qzl,yl
q;2,y2
q:’cr;’,y2,z2
3;12,3,12
3221,1,21
3231,;,31
3?12,;/12,:12
3232,1,32
333
3;12,;,12
3:21,,,21
3;31,;,31
3?12,;,12,:12
s;nsz,ysz

m
S222

105

e,k e
Tz1y1 — Okdz1 Wl

e,k e
Tz2,92 — Ckqz2,42

m.k m
T22,y2,22 — k912,42,22

ik ’k ,k ,k
(gt I + st ™1 + lrga ™12 + ez 113

[Pz 13 + Ny ™15 + I

e,k+1

Tziyl

e k+1
rz’2,y2

m,k+1
72,y2,22

F [qzl,yll
F [‘Izz,yz]
‘7: [qu,yZ,ﬂ]

Y% e A% e
Gl o qzl,yl + G2 o Qz2,y2

r

Syn e An e

Gjo S Gio 4z2,42

A% e

G3o 4141

A m

Gio 4r2,y2,22

T m

G3 ° %:2,1;2

1 m

G045
-1r.¢

F [szlz.yw]
-1f7_.e

f [’3:21,;{21]
—~1r_¢e

f [3x31,y31]

F s ]

Sr12,412,212
F ! [s752,430)
3:32,y32

F [$722]

(5.372)
(5.373)
(5.374)
(5.375)
(5.376)
(5.377)
(5.378)
(5.379)
(5.380)
(5.381)
(5.382)
(5.383)
(5.384)
(5.385)
(5.386)
(5.387)
(5.388)
(5.389)
(5.390)
(5.391)
(5.392)
(5.393)

(5.394)



Uy,2
us
‘I:,-l
U1,2
Uus
qyl
Ui,2
U3
q.1:2
Uy2
us
qy2
Ui2
2
Ui,2
qy2
U1,2
Uus
a7
Yqe
Yam

B

e,k+1
Pziy1

e,k+1
p z2,y2
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D 1,2[3;12,;,12]
De[s71,]
vy (u1 4 ug) + V3819 — VaU3
Dz,a[szl,yll
Ds[s7,]
vi(u1 + ug) — vasTy, + vous
D 1,2[3;21,;,21]
Dg[s75]

* ek+1

*
MetTza  + Vi(ur + us) — vous

D 2.3[3;21,y21]
D 5[3’:22]

k41
MeTyz |+ Vi(u1 + ug) + vqus

D 1,2[3:‘12,;,12]

n;tré"z'k“ + (w4 up) + V38,31
D 2.3[3;"12,3,12]

Tty Vi(1 + u3) = vasly,
D6,5[8::21,y21]

Dy[s7]

MmaTos T+ va(ur + ug) + viug
llgzallz + llagall3 + gl + 1S, 2
llgZ2llz + llagall3 + g3 13

(Yee + Yom) ™

P:'lk,yl + ﬂqul,yl

e,k e
p$2,y2 + ’3qu2192
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& & :
Prigher = Prgupaa+ Bralh e (5.419)

‘/m < tolerance. (5.420)
Ye + Ym

Terminate when
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5.5.2 H Polarization

The appropriate equations for a dielectric/magnetic coated plate illuminated by

an H polarized plane wave are given by

0 0
CoLl[Ai.l + Aiz] + CoLg[A;I + A;z] - CoL5'azA12 + 'a-EFyu

0 0
CoLz[All + Ai.z] + C0L3[A;1 + A;2] - C()L(;—azA;2 - 'a—CF;Z

NeeK gy + coln[A + AZ] + coLo[AL + AP
NSy + coLa| A2 + A%] + coLg[ A + A

nenl{:2 + L5[Co'a%Ail + Fy22] + LG[C()%A?’I - F1.22] - CoL4AZ2

I3+ 5 AT+ QLA + colaF}? — LA

0
Tlth;E - 551421 + CoL2F32 + CoL:sF;2 + LsAzz

Ei

rl

E;’l
E,
E;2
E.,
H,

Hi

y2°

(5.421)

(5.422)
(5.423)
(5.424)

(5.425)
(5.426)

(5.427)
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The following is a conjugate gradient FFT algorithm developed by the author.

Initialize the residual and search vectors.

hn

%)

V3

Vy

Ve

Ym
q::l.yl
q:Z,y2,z2
q;n2,y2
q::l,yl
q;2,y2,z2
q;;n2,y2
3:12,3112
3;21.3,21
3:;31,1431
3:21,231
3;,-"12,;,12
3:.532,;,32
3;12,3,12
3:21,3,21,;21
3231,;,31,:31

m
Sr12,412

Co
h2N?
1
2hN?

1
N?
Co
2hN?

1Bz 12 + | Egallz + 11 Ezal12 + 1| Byl + 11 B2l

1H |12 + I H el

Ke,o

zl,yl

e,0
K ::,2,3/2,22

Km,O

£2,y2
F [‘1;1,,,1]

F [‘1;2,;,2,:2]

F [q;nz,yz]

él o q:l,yl + 62 ° qu,yz
G0 Gt Gro Q22,42
éa o qzl,yl

él,s 05

él ° ‘I;nz,yz

és o q;"z,,,z

F _1[3;12,3412]

F Y8501 421,021
F —1[3;31,;,31,:31]

]'_-lls?lz.yu]

(5.428)
(5.429)
(5.430)
(5.431)
(5.432)
(5.433)
(5.434)
(5.435)
(5.436)
(5.437)
(5.438)
(5.439)
(5.440)
(5.441)
(5.442)
(5.443)
(5.444)
(5.445)
(5.446)
(5.447)
(5.448)

(5.449)



3?32,y32
U1,2
us
qzl
U2
Us
qyl
Ui,2
Q:c2
Ui,2
Qy2
Ui,2
%]
0z
Uy,2

us
qy2
Ui,2
us

qz2

el
rl,yl
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G C

D1 2(8512,12]

Ds[ss)]

vi(ug + ug) + V38,1, — Valla
D2,3[3x1,yl]

De[s73,]

vi(uy + ug) — V3871, — VaUs3
D 1,2[3:21,y21]

Neezy + va(us + ua)
D2.3[3;21,y21]

ﬂetK;§0 + v1(u1 + up)

D 1,2[3’:12,3,12]

D 6[3231]

e
MmeBgy" + v (1 + ua) = vaus + vasty,

D 2,3 [3;"12.y12]

D 5[3:31]

[
0 _
MmtK gy~ + vi(ug + ug) + vouy V38,3,

D5,6[603::21,y21 == S;nu,zlz]
D4[3:21]
UcnK:éo + va(uy + u2) — vyus

i e
Exl,yl - qzl,yl



el
r1:2,y2,z2

m,1
rx2,y2
€
qzl,yl
[
Q22,4222
m
qa:2,y2
(-4
qa:l,yl
€
qx2,y2,z2
m
9z242
e
Sz12,912
e
Sz21,921
e
Sz31 ,y31
[
3221,231
m
Sz12,412
m
S232,y32
e
Sz12,412
e
Sz21,y21,221
Se
z31,y31,231
m
Sr12,412
m
S232,432
U1,2

U3

111

_ : €
Ez?,y2,22 q:c2,y2,z2

1 m
Hz2,y2 - qa:2,y2

el
Tz1,41

el
rz'2,y2,z2

m,1
rz2,y2

F [‘121 ,yl]
f [q;2,y2,z2]

}- [q:;,w]

N e T e
Gio 9211 T G0 4z2,.42

FY* e A1 e
GZ o qz:l,yl + Gl o qu,yZ

é; 0 q::l,yl
é:,s 0 ¢;
é; Y q;nz,yz
é; o qu2,y2

F —1[3;12,;,12]

F _1[3221,1/21,:21]
F _1[3;31,;,31 ,z3l]
f_l[s;nlz,yn]

F _1[3;732.;,32]
Dl.2[8:l2,y12]

D 5[3;31]

(5.471)
(5.472)
(5.473)
(5.474)
(5.475)
(5.476)
(5.477)
(5.478)
(5.479)
(5.480)
(5.481)
(5.482)
(5.483)
(5.484)

(5.485)



q:cl
U2
U3
qyl
U1,2
qa:2
U1,2
qy2
U1,2
Uus
2
Uy2
us
qy2
Uy,2
us
4
Yqe
Ygm
Bo
p::’ll,yl
4 ::’21,3/2,22

pz2’,y2
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vi(uy + ug) + 1/33;"12 — Vyus
D2,3[39:1,y1]

Dg[s7]

Vi (u1 + ug) — vasTy, — vius

D 1,2[3:21,1121]

77;??21 + vy(ur + ug)

D2,3[3:21,y21]

Nerys + Vi (u1 + ug)

DI,Z[S’znlz,yn]

Dg[s531]

Mtz + V1(u1 + uz) — vyus + vasty
D2 3[8712,412)

Ds[s2s]

n:,‘,r,',';'l + v1(us + ug) + vauz — v3sSy,
DS,G[CO3;21,y21 * 3:;2,4:12]

Dy[s5y]

MenTs2 + va(u1 + uz) — vyug

g1l + lagallz + 15113 + llggal 3 + a2
llazallz + llajal13

(Yee + ’qu)_l

ﬂoq:,-l,yl

ﬂoq;Z,yZ,ﬁ

ﬂoqg,yz

(5.492)
(5.493)
(5.494)
(5.495)
(5.496)
(5.497)
(5.498)
(5.499)
(5.500)
(5.501)
(5.502)
(5.503)
(5.504)
(5.505)
(5.506)
(5.507)
(5.508)
(5.509)
(5.510)
(5.511)
(5.512)
(5.513)

(5.514)
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Iterate for k =1,....

q;I,yl
qzz,yz,zz
qg,gﬂ

‘Iil !
qzz,yz,h
q;;’;,gﬂ
3;12,1;12
S;ZI,yH
3:'31,1131
3:21,;:31
3:112,3,12
3232,;,32
3212,1;12
3:21,;,21,:21
3;31,1,31,;31
5;"12,3412
5?32,;,32
Uy,2

us

e

qzl
U1,2

us

qyl

I

e,k
p:cl,yl

e,k
px2,y2.z2

m,k
Pz2y2

F [q.:l,yll

F [qu,yz,zz]

F| [q;nz,yz]

@1 o q:.'l,yl + @2 o ‘1:2,;/2
é2 ° q::l,yl + él o q::,yz
C~1’3 0 q::l,yl
6'1,3 0 gz,

@1 Y q:TZ,y2
éa o q:?2,y2

F _1[3;12,3,12]

F _1[3;21,;,21,:21]

F _1[3;31,1,31,231]

F -1[3:‘12,,,12]

F -1[3252,;,32]

Dl.2[3;12,y12]

Ds[s,]

vi(ur + ug) + v3s)y, — vaus
D2,3[3z1,y1]

06[3231]

m
vi(uy + ug) — v3sTy, — vaus

(5.515)
(5.516)
(5.517)
(5.518)
(5.519)
(5.520)
(5.521)
(5.522)

(5.523)
(
(

(S

524)
5.525)
(5.526)
(5.527)
(5.528)
(5.529)
(5.530)
(5.531)
(5.532)
(5.533)
(5.534)
(5.535)
(5.536)

(5.537)



Ui,2
q:::2
Uy,2
qy2
U1,2
Us
0z
Ui,2

U3

qy2
Uy2
us
9z
YVqe
Yom
Qg

1{8 k+l

zl,yl
e,k+1
1(1'2,312,22
m,k+1
K z2,y2

e,k+1

7“::’Il,yl
e,k+1

r:t:2,y2,z2

m,k+1

rr?,y2

Yre
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D1,2[3f~,21,y21]
NP5y + V11 + up)
D2.3[3:21,y21]
Netpyy + va(ur + uy)
D1,2[3;n12,y12]
De[s33]
UthZ;'k + vy(u1 + ug) — vouz + V3833
D2,3[3;n12,y12]
Ds[sy]
Umtp;nz'k + vi(u1 + ug) + vauz — vasty,
D 5,6[003:-21,;,21 + 3;"12,:::12]
Dyfs3)
T]enpz'zk + va(uy + ug) — nyus
“‘I:u”g + “‘131”3 + ”‘122”3 + ”‘1;2“3
llgzzl12 + llagzll: + llaz3l13
(Yge + Yam) ™!
K::l nt akpzl 1
Ko+ akP;’zk.yz,zz
Kyss + cuplys w2
:llfyl kg1 41

ek e
rz,2,y2,z2 - akqx2,y2,z2

m,k m
rzZ’,y2 - aqu'Z,:ﬂ

(5.538)
(5.539)
(5.540)
(5.541)
(5.542)
(5.543)
(5.544)
(5.545)
(5.546)
(5.547)
(5.548)
(5.549)
(5.550)
(5.551)
(5.552)
(5.553)
(5.554)
(5.555)
(5.556)
(5.557)
(5.558)

(5.559)

IS0+ 0+ 0 + i1 + 115+ 5.560)



Yrm
qgl,yl
‘122,y2,z2
q::t2,y2
q:l,yl
qae:2,y2,z2
q.:;,ﬂ
3:12,1112
g2 w21
3:31,;,31
3221,231
3?12,y12
3?32,;;32
3;12,y12
Sz21 v21,221
3::31,1(31,231
s;nm,ylz
3232,;,32
Uy,2

us

q;l

Uy,2

U3
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N k
lIrgs™ 13 + lryz 113

e,k+1

7‘:ttl,yl

e,k+1
r.z"2,y2,22

m,k+1
rx2',y2

e
'7: [qzl,y1]
e
F [Qz2,y2,z2]
m
F [qz2,y2]
1 e oL e
Gio G T G o 9z2,42
A e A e
Gjo e Gio 9z2,y2
~rx e
G3 0 qzl,yl
Y% e
G1,3 04,
A m
Gl 0 qz2,y2
A1 m
G3o qz2,y2
-17 e
‘7: [3.1:12,1/12]
Fs¢ ]
z21,y21,221
=17 e
F [szal,ySI,zSI]
F sl
z12,y12
Flsm, a0
z32,y32
e
Dl.2[3z12,y12]

D 5[3231]

* m *

D2,3[31'1,y1]

Dﬁ[sg;n]

(5.561)
(5.562)
(5.563)
(5.564)
(5.565)
(5.566)
(5.567)
(5.568)
(5.569)
(5.570)
(5.571)
(5.572)
(5.573)
(5.574)
(5.575)
(5.576)
(5.577)
(5.578)
(5.579)
(5.580)
(5.581)
(5.582)

(5.583)
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Uy,2
za
U1,2
4y2
U1,2
U3
922
Uy,2
us
')
Uy
U3
0z
Yqe
Ygm
B

e,k+1
pzl,yl

e,k+1
px2,y2,z2

m,k+1
Pz2,42

Terminate when
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* y m *
= Vi(u +ua) — vaszy, — viug

D 1,2[3;21,3,21]
Meras + vi(u1 + uy)
D2,3[3;21,y21]

Jk+1
NetTyz | + V1 (u1 + ug)

D1,2[3;n12,y12]

D6[3:31]

* _mk+1 e
MmeTzz  + V11 + ug) — vouz + V38,3

D2,3[3’znm,y12]

Ds [3;31]

m,k+1 e
Moty +vi(w1 + uz) + vaus — vasly

D5,6[603;21,y21 + 3;';2,:.-12]
D4[~9§21]

e,k+1
MenTz2 | + V(U1 + ug) — vyus

Mazallz + 1g5allZ + llagall3 + llggall3 + [1a2I12

llaZl12 + g 12
(7qe + 7qm)_1

&
p;l,yl + ﬂkq:,-l,yl

e,k e
Pz2y2,22 F Brdz2,42.22

—_— mvk m
p:¢:2,y2 + ﬂqu2,y2

1/M < tolerance.
Ye + Tm

(5.584)
(5.585)
(5.586)
(5.587)
(5.588)
(5.589)
(5.590)
(5.591)
(5.592)
(5.593)
(5.594)
(5.595)
(5.596)
(5.597)
(5.598)
(5.599)
(5.600)
(5.601)
(5.602)

(5.603)

(5.604)
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| 1 ' 8 tio

The scattered far zone electric field is given by
E*(R) = jkoG(R)[R x N[(8,4) — ZoN;(6, 6)] (5.605)
where N;"™ (0, ¢) has the 6 and ¢ components

Ny™ = cos(8) [cos(@) (SE + Se5™) +sin() (S5 + S53™)| — sin(6)S557(6, 9)

(5.606)
Ng™ = —sin(@) (5% + S + cos(d) (S& + S) (5.607)
and
3 = / [ Ri()eo Vs, (5.608)
Sim = ei”:% cos(9) / / K™ s, (5.609)
)

If the current is constant over the square cell and the coordinates are normalized to

Ao then
ST = F(0,9) 13 Kilpg)ertr OOl (5.610)

Ss,m — Jm-cos(o)F Zn: Xn: ,m P q eﬂr sin(6)[cos(4)x(p)+sin(¢)y(q)] (5 6]_]_)

p=1g=1

where

1 sin [rh sin(8) cos(4)] sin [rh sin(8) sin(4)] |

F(6,9) = sin(6) cos(4) sin(6) sin(4) (5:612)
The backscattering cross section ¢ is given by
o = lim 47rR2| :JIZ
T

= 7 [INF+ NG+ N - NP2 (5.613)

5.7 Summary
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A minimum spectrum conjugate gradient FFT algorithm is implemented for com-
puting the scattering by a perfectly conducting planar plate coated with either a
dielectric or a dielectric/magnetic material and illuminated by an E or H polarized
plane wave. Specific algorithms are given for dielectric and dielectric/magnetic plates
for both polarizations. These algorithms were developed by the author to minimize

the required computation and storage.



CHAPTER VI

SURFACE CURRENTS AND RADAR CROSS SECTION

6.1 Introduction

The surface currents induced on an object illuminated by an incident wave com-
pletely characterize the scattering behavior of that object. These induced currents
re-radiate a scattered field which carries information about the object. A quantity
that gives an indication of the direction of the scattered energy is the radar cross
section (RCS). The RCS is usually subdivided into the backscattering cross section,
which is a measure of the energy scattered back at the source of the incident field,
and the bistatic cross section which is a measure of the energy scattered in a direction

other than back to the source of the incident field.

6.2 Postulated Surface Currents on Conducting Plates

As a preliminary step in the computation of the scattering from plates, it is
useful to postulate the worst case behavior of the surface current to determine if
the proposed numerical solution procedure is sufficient. Experience shows that the

surface current on perfectly conducting plates exhibits the greatest oscillation and

119
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singular behavior. This may be explained by noting that the surface current must
satisfy certain edge conditions which are discussed by Meixner [31]. These conditions
are based on the observation that the energy in the vicinity of an edge must be finite.
For the case of a perfectly conducting infinitesimal plate, the edge conditions may

be stated as

g, K| o /kop + O(kop) (6:1)

1
lim t K
- K| o~

where 7, and i, are the edge normal and edge tangential unit vectors in the plane of

+0(1) (6.2)

the plate and p is the distance measured normal to the edge. Therefore, any discrete
computation of the current must avoid computation of a tangential current at the
edge of a plate. Based on these edge conditions, the current normal to the edge may

be postulated to be a linear combination of the two functions

sm(p) B l 1 s ) )k—1p2k-—

n 5"t 120 5040” +E 2k (6:3)
) _ 1 1 1 . (_1)kp2k -1

sin(p) = p= 50"+ 15" ~ 5oa0” +,§ (2k)! (6.4)

and the current tangential to the edge may be postulated to be a linear combination

of the functions

cos(p) 1 1 1 )k 2k-3
s 39+ 5P 720” * Z (6:5)
1, 1 1 —1)'=p2'c
= 1—- —p8 Ay _
os(p) 2 tog gt :/;; (2k)! (6.6)

The assumption is that these functions form a sufficient set to represent most wave
motions of current. Letting the fundamental period be twice the maximum dimen-
sion, the plate can be considered as part of an infinite array of plates. The current
on a conducting plate may then be represented as a sum of all possible combinations

of functions which satisfy the edge conditions. For the case of a square plate of side
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length 2d, the two components of current could be modeled as

K,

ol sin(mk,(d — )) o sin(mkp(d+x))q cos(nky(d —y))
Zﬁmz_ " ho(d - 2) ¥ G kol d+2) o ho(d—y)

) o sm(mk (d - a:)) o sin(mk,(d + z))
S had—z) ™ Jeldte)

a5 sin(mk,(d — z)) of sin(mk,(d + ))- cos(nky(d + y))
ok(d=z) T (fke(d+z) | (Jke(d+y)

] o7 sin(mk,(d — 7)) z)) of sin(mk,(d + 7)) )

%mn v ko(d — z) %mn v/ ko(d + )

+ [amn sin(mk,(d — 7)) + ok, sin(mk,(d + )

cos(nky(d —y))

cos(nkp(d + v))

~ cos(nk (d-1y))

\/ko(d )
+ [an sin(mk,(d — z)) + a2, sin(mk,(d + z))| cos(nk,(d — y))
1 cos(nky(d + )
\/ko(d +y)

+ [a,l,fn sin(mk,(d — z)) + ¥ sin(mk,(d + a:))] cos(nk,(d + y))

+ [a ' sin(mk,(d — z)) + as, sin(mk,(d + z))

(6.7)

ﬁ’:% ol sin(mky(d—y)) , sin(mkp(d+y))- cos(nky(d — z))

pmommt 0 Jko(d—y) k(A +y) | \Jke(d - 2)
'aa sin(mky(d—y)) | o sin(mky(d +))
" ok(d-y) T Jke(d+y)
a5 sin(mk,(d — y)) o8 sin(mkp(d+y)). cos(nky(d + z))
ST Vk(d=y) T k(d4y) | yfke(d+3)
7 sinmby(d—y)) | g sin(mk,(d +3))
T k(d=y) ™ (ke(d+y)

+ [a,, sin(mky(d ~ y)) + alS, sin(mk,(d + y))

cos(nk,(d — x))

cos(nk,(d + z))

1 cos(nky(d — z))
: ko(d - .T)
+ [a sin(mk,(d — y)) + a}2, sin(mk,(d + y))| cos(nky(d — z))
cos(nky(d + z))
Vko(d + z)

+ [a sin(mky(d — y)) + a2¢ sin(mk,(d + y))] cos(nk,(d + :c))]

+ [a sin(mky(d — y)) + o, sin(mk,(d + y))

(6.8)
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where k, = 25. Thus, a rectangular plate has 16 basic wave functions, each with its
own higher order harmonics. The postulated currents for a circular plate of radius d

may be expanded as

. _ d—rcos¥(g) N o cos(n _,

K = SEZED Sacostnbyd =) (6.9)
;o= __d—rsin2(¢) 3 ay cos(nky(d —r

K = RS ook d-) (10

which yields the correct behavior at the edge of the plate. The expansion functions
for a triangular plate will involve non-separable terms since all sides cannot lie along
orthogonal lines. As an illustration, consider the equilateral triangular plate with

side length 2d shown in figure 6.1.

0,24)
y =3z + Zd y=—v3z+%d
.
(~d,~ (4.~

Figure 6.1. Equilateral triangular plate.

Based on the configuration shown in figure (6.1), the triangular plate currents

could be expanded as

K= %) o, 5(nkp(2d 432 — V3y)) o cos(nky(2d — 32 — V3y)
T Vkd+3e—vEy)  Jko(2d— 32— v3y)
. cos(mk,(d + \/§y))
Vho(d + V3y)

(6.11)
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X cos(nky(2d + 32 — v/3y)) 4 cos(nky(2d — 3z V)

n=0 _ i \/a(Qd +3z —/3y) i \/k0(2d — 3z — \/3y)
"N sin(nk,(d + V3y))

g g " ead+ By

The coefficients for the postulated surface currents may be calculated by point

(6.12)

matching the postulated current distribution to numerically computed data. If the
match points are denoted with the index k = 1,2, ..., K, then the appropriate system

of equations for the real part of the surface current K¢, (z,y) would be

Ami A e A ] or K, (z1,91)
A:nn2 A12nn2 A}nGn2 K::r(z% y2)
: ' YNy KZ(z3,93)
oy = : (6.13)
a]2WNr
. A}nnK A?rmK toe T A}nsnK .. a]l\?Nr i} . K;r(zK,yK) i

where for the kth match point, the kth row and pth column submatrix is given by

Ak = | Wl - Uhior Yo o Vo o Olwe o i | (614)

with corresponding elements given by

1 _ sin(mk,(d — zx)) cos(nky(d — yx)) 6.15
i Jhold=z)  \fko(d — ) (6.19)
2 sin(mky(d + z)) cos(nky(d — yi)) (6.16)
ko(d + zi) ko(d — y&)

s sin(mky(d - z})) cos(mk(d —

mnk \/ko(d — :tk) ( kP(d yk)) (617)
4 _ sin(mky(d + zx)) cos(n _

Y e (nky(d — yx)) (6.18)
s sin(mky(d — z)) cos(nk,(d + yx)) (6.19)

Jeold—z0)  \Jrold+ )
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mnk
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8
mnk

9
mnk

10
mnk

11
mnk

12
mnk

13
mnk

14
mnk

15
mnk

16
mnk
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sin(mk,(d + 1)) cos(nk,(d + yi))

\/ko(d + ) \/ico(d + yk)
sin(mk,(d — zx)) cos(n
R oo +00)
sin(mk,(d + zx))

Vko(d + z)

cos(nky(d + yx))

cos(nk (d—yx)
\/ko d yk
cos(nkp(d — yx))

\/ko(d ~ Yx)
sin(mk,(d — zx)) cos(nky(d — yx))

sin(mky(d — xx))

sin(mky(d + zx))

sin(mk,(d + z)) cos(nk,(d — yx))
cos(nky(d + yx))

sin(mk,(d — z
(b2 =2

sin(mky(d + zx)) \/m

sin(mky(d — z1)) cos(nkp(d + yx))

= sin(mky(d + zk)) cos(nky(d + yx))-

cos(nkyld + 1))

(6.20)

(6.21)

(6.22)

(6.23)

(6.24)

(6.25)
(6.26)

(6.27)

(6.28)

(6.29)

(6.30)

The other current components are expanded in a similar manner. Each system of

equations may then be solved for several angles of incidence and the dependence of

each coefficient on the incident angle may be deduced. It would be desirable that

only a few terms in the series are sufficient and that the coefficents would be simple

trigonometric functions dependent only on the incident angle.

5.3 Material Distributi

The material properties of a plate have a significant effect on the current distribu-

tion and, consequently, on the RCS. The parameters of interest are the permittivity

€ and the permeability 4. Equations (4.38) and (4.39) show how the spatial variation

of € and g may be related to the currents and fields.



125

A material distribution of particular interest is the resistive distribution which
occurs for a dielectric material when €, = 1. For 7 normalized to Aq This yields

Zo

n’
2rTel

Z, =

(6.31)

A quadratic resistive dielectric distribution for a rectangular plate over the interval

—a <z < a and-b < y < b under the constraints

c1Zy for z=+a,y==b
7,={ y (6.32)
c3Zy for z=0,y=0

is given by

Ze _ Zo [01;2021:2 + C2] [Cl b—262y2 + 62] , (633)

implying the dielectric distribution

¢ = @’ Y (6.34)
T 2 (e - 2)z? + acy| | (1 — c2)y? + b2cy| '
A possible quadratic distribution for a circular plate of radius d, with the con-
straints
CIZO for r=d
Z.= (6.35)
cyZy for r=0,
is given by
c—c
Zo = Zo| 252 4o (6.36)

and the implied dielectric distribution is

w 1 ) d?
T 2rr (ep—c)ri+die

(6.37)

At least a cubic variation is necessary to specify interior and perimeter resistances
for a triangular plate. A cubic triangle with 10 nodes is shown in figure 6.2.

Assume that the resistance is specified as

c1Zy for nodes 1-9
Z., = (6.38)
cyZy for node 10.
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1 4

o ?
™o

Figure 6.2. Cubic triangle.

A standard cubic function is given by Zienkiewicz [32]. Defining the basis functions

g» under the constraint that

gn

yields

()1
92
g3
g4
gs
ge
gr
gs
99

g10

1 at node n

0 at node m # n,

1
5(BL1 = 1)L~ 2)Ly

1
2

2

%L1L2(3L1 1)
SLLy3L~ 1)
§L2L3(3L2 1)
gL3L2(3L3 1)

%L3L1(3L3 ~1)

ngLa(aL1 1)

27LyL,L3

~(38Ly — 1)(3Ly - 2) L,

L (3L~ 1)(3Ls ~ 2)Ls

(6.39)

(6.40)
(6.41)
(6.42)
(6.43)
(6.44)
(6.45)
(6.46)
(6.47)
(6.48)

(6.49)
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where
L, = a_Hr_bzg_w (6.50)
L, = aﬁszHﬂq (6.51)
Ly = &‘Fbi;”_ifﬁ (6.52)
and d is given by
d = Tay3 — Tay2+ Tay1 — T1ys + T1Y2 — Toy1. (6.53)

The coefficients a,,, b, and c, are related to the physical coordinates and are given

in Table 6.1.

k=1 k=2 k=3

A = T2Yz — T3Y2 T3Y1— T1Ys T1Y2 — T2

bk= y2—ys Y3 — U1 Y1 — Y2

Cr = T3 — T2 Ty — T3 Ty — T

Table 6.1. Expansion coeflicients for cubic triangle.

A resistive distribution may then be represented as
- - ,
Ze = Zo 1) gntCagro (6.54)
. n=1 §

with a corresponding dielectric distribution given by

1 [ & -
6:.’ = 2—7”_- [cl Zg" + nglo] . (655)

n=1
There are two important parameters to consider when modelling a spatially vary-
ing material distribution. The first is the minimum effective wavelength of the ma-

terial (4.50), and the second is the taper function. A basic rule of thumb, based
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on experience, states that about 10 samples per wavelength are needed to achieve
accurate results. Since the samples are equally spaced, the sample width must be
selected based on the smallest effective wavelength present in the material. However,
this is not sufficient to completely determine the sample width. The taper function
must be observed to see how rapidly the material properties change across the plate.
The material variation across the sample cell must be relatively constant. Therefore,
the sample width must be chosen to insure that not only the current is constant over

the cell but also the material parameters.

6.4 Computed Spatial Domain Surface Currents

Observation of the spatial distribution of surface current at a particular angle of
incidence may give an indication as to which parts of the plate contribute most to the
scattered field. Since the current is computed in rectangular coordinates, it is most
convenient to view the distribution on a rectangular plate. Figures 6.3-6.7 give the
magnitude of the dominant current component (|K|) and cross polarization current
component (|K¢|) for a square 2\ perfectly conducting plate illuminated with an
E polarized plane wave at various angles of incidence. Each data point represents
the current at the centroid of each square cell of side h. The parameter NS is the
number of samples across the maximum dimension of the plate and N is the size of
the FFT used. A pad of 3 rows of zeros is placed around each graph to show where
the z = 0 plane is located.

Figure 6.3 shows the distribution of current for a normally incident plane wave.
The maximum computed current magnitude for the dominant component is approx-
imately 10 times that for the cross polarization component. This is consistent with
the physical optics approximation of the current which includes only the zero spatial
frequency. For this angle of incidence, the higher spatial frequencies are present, but

do not contribute significantly to the far field. Although not explicitly enforced, the
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edge conditions appear to be satisfied. ‘Ho'wever, the autho; has found that as the
iterations proceed, the edge currents are always the last to reach a steady state value.
This was observed by plotting the distribution for several iterations and viewing the
current distribution at each iteration. It appears that the interior current achieves
a steady state level before the edge currents. Also, the low spatial frequency mag-
nitude of the current appears first and then gradually becomes sharper and sharper
as if it were a blurred image becoming clearer after each iteration. Obviously, the
high spatial frequency detail of the current takes more time to develop than the low
frequency spectrum.

Figure 6.4 shows the distribution of current for an incident plane wave at ¢ = 0°
and 6§ = 45°. The maximum computed magnitude for the domninant component
of current is now only about 1.2 times that of the cross polarization current. This
implies that the coupling between the equations is now stronger than at normal
incidence. The dominant component of current at the front edge approaches a more
uniform distribution and at the back edge nulls are developed and the level drops
slightly. Obviously, the wave motions are adding constructively in the front and
destructively in the back. The cross polarization current develops a standing wave
that increases towards the rear of the plate. The nulls actually disappear for the
cross polarization component. It appears that this is not due to interference like the
dominant component, but rather, there seems to be a exponential current excited at
the back edge which decays as it travels back towards the front edge possibly due to
energy being shed outward from the edge.

Figures 6.5 and 6.6 show the current distributions when the angle of incidence is
in the ¢ = 45° plane. In this case, the currents are most strongly coupled. The front
edges now dominate the scattering and the back edge contributions are very small.

Figure 6.7 shows the distribution of current for a incident plane wave at ¢ = 0°

and 8 = 90°. The maximium computed magnitude for the domninant component of
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current is now only about .8 times that of the cross polarization current. The "DC”
or zero spatial frequency component is practically zero and the contribution to the
scattered fields comes from the front edge for the dominant component and the side
edges for the cross polarization component.

In figures 6.3-6.7 the current appears to go to zero at the corners. This is actually
not the case. The author has observed that plotting the function f(z,y) = \/% in
the first quadrant near the origin yields exactly the same corner behavior as the
current. This function approaches 0 or co depending on the direction in which the
limit is taken. Note that if near the origin, K(z,y) \/%— and Kj(z,y) o« \/g, then
using the equation of continuity, the surface charge at the corner would behave as
ps(z,y) x \/g which approaches oo independent of the direction of approach.

Figure 6.8 shows the dominant and cross polarization current for a square 2
dielectric plate of thickness 7 = .0254)\, and dielectric constant €, = 7.4 — j1.11.
The maximum computed magnitude for the dominant component is about 15 times
that of the cross polarization component. Note that the edge behavior cannot be
predicted exactly since the boundary condition for dielectrics couples the internal

and external normal electric fields by the dielectric constant.
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Figure 6.6. Conducting plate currents,a=90°, ¢$=45°0=90°, d=2A,,
NS=55, N=120, iterations=100, residual=.02169.
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6.5 Spectral Analysis of Surface Currents

The spectrum of the surface current gives an indication of the major spatial
frequencies which comprise the surface current. For circular and triangular plates, it
may be easier to understand the current behavior better by looking at the spectrum
of the current rather than the spatial distribution. In the context of the conjugate
gradient FFT method it is also instructive to observe the asymptotic limit of the
transform of the current. Consider first the lowest spatial frequency current as a

constant current over a cell having side length h. The Fourier transform is given by

hrh . . . .
AL e‘]?ﬂ(fxx+fvy)dx — e"]?\’(f:*'fy)h SlnE:rfhfz) Slnsrwfhfy) ) (656)
z Yy

The highest spatial frequency current components come from the corner points which

have been postulated by the author to have the form

Ki(z,y) § (6.57)

The Fourier transform may be computed using the integral [34]
/0 e *dr = k7'y(v, ka). (6.58)

Since the function is separable, the transforms may be written as

[ eteiteds = (janf) (3, jorfua) (6.59)
/0 y~le~ihugy = (j21rfy)'%7(%,j27rfya) (6.60)

where 7(w, z) is the incomplete gamma function. Observing that

lim y(w,z) = constant, (6.61)

r—0o0

a rectangular plate in the = — y plane would have an asymptotic spatial frequency

spectrum given by

lim constant (physical optics)K o !

6.62
Sz, fy—o0 f:cfy ( )
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lim |# K|
f:yfy—'°°

lim |j-K| o

f.‘l:nfll—’oo

Y
fif
1

1 3¢
f2f

(6.63)

(6.64)

Examination of the spatial frequency spectrum may also be helpful to gain a

better understanding of how the geometry effects the coupling of the current compo-

nents. One way to explore the spectral dependence of the currents is to formulate the

scattering problem in the spectral domain. As an illustration, consider the solution

to the equations
J[ [z + K] as
J[ [Kepa+ K ds' =
where

_ ,1 2 62

Oz?
.1 92
V2 = ]2_7rax(9y
Y3 = I5r (47f +6y2) G.

I
]

(6.65)

(6.66)

(6.67)
(6.68)

(6.69)

Assume the current is multiplied by Z, and the physical coordinates are divided by

Ao- An implicit assumption in this formulation is that (6.65) and (6.66) are only

defined and valid on the plate. Defining a truncation operator as

1 on the plate

0 off the plate

and a complimentary truncation operator as

0 on the plate

(2
1 off the plate,

the equations (6.65) and (6.66) may now be written as

h1x K + o x K = ([0 x K + o % K]

Yok K&+ s x K& — (altba % K+ s % K] =

(6.70)

(6.71)

= GE! (6.72)

G.E; (6.73)
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where + denotes the convolution operator‘. Since equations (6.72) and (6.73) are
valid over all space, the Fourier transform may be applied to both sides. Letting
(1E;, = hs, and taking the Fourier transform of each equation allows the equations
to be solved algebraically to yield
K: = 4[(Fl(F WD)+ Biyds = (FIG(F WD + B (6.74)

—~

Ky = 4[(FIGF WD) +h)h - (FF WD) +R)d]  (6.75)

where

= K2+ 9.K; (6.76)

= N
I

D Ke + 0sK° (6.77)
and

- _f2
7 11— f7

~ 1 fafy

TR (6.79)

-1 1-f?

Y3 = ]5?\/-—:—](——3———_—1- (6.80)

It would appear that the transformation to the frequency domain yields oper-

A3
|

ator equations of the second kind suitable for a fixed point iteration of the form
Tn = f(zn-1). This is the basis for iterative methods in the spectral domain. How-
ever, equations (6.74) and (6.75) are intermediate and if simplified would reduce
to equations of the first kind. This is demonstated by observing that the Fourier
transform of (6.72) and (6.73) yields

//_Z (700 + T50a) dfidf, = (6.81)
//_o:o (700, + Ty 0] dfLdfy = B (6.82)

where
e = K:(f1, f)) 653

VU + ()2 -1
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7o _ __ KL 1)

6.84)
gRRN (A E T ! (
and
& = g5t~ (e i fu= £) (6:55)
0y = iz fofiZe it~ £) (6:56)
By = 3l = (FUe =Ty~ £ (657

Note that the introduction of T¢ and T; avoids the singularity on the unit circle in
the frequency domain.

Although (6.74) and (6.75) are intermediate, some useful information may be
obtained by noting that W, and Wy are the Fourier transforms of the scattered field
off the plate. Making the assumption that the magnitude of these terms is small

compared to the transform of the incident field, (6.74) and (6.75) simplify to

Il

K: = 4[Rigs—hig| (6.88)

K: = 4k - hidh] (6.89)

which the author has found to give a reasonable solution for the current at all angles
of incidence mainly because it incorporates the coupling of the equations and the
geometry through the Fourier transform of the incident field over the plate. The
approximation appears to be accurate to represent the low spatial frequency behavior
of the current. It is somewhat better than physical optics since it is valid at edge on
incidence and really gives the impression of the next higher order term after physical
optics although no rigourous justification is avaliable. As an example of the kind of
frequency spectrum to expect, consider a square 2\ conducting plate illuminated
with an E polarized plane wave with ¢; = 0° and 0° < §; < 90°. For these angles of

incidence K¢ is the cross polarization current and K ; is the dominant component of



141

current. The transforms have the behavior

7 sin[27( f, — sin(6;) cos(¢;))] sin[27( f, — sin(6;) sin(¢;))] fefy
: (f= — sin(6;) cos(¢)) (fy = sin(@)sin(¢:)) | /f2+ f2-1
(6.90)

7 o sin[27(f, — sin(6;) cos(¢;))] sin[2x(f, — sin(6;) sin(¢;))] 1 — f2 .
! (f= — sin(6;) cos(4:)) (fy—sin(8)sin(¢:))  \/f2+ f2-1

(6.91)

It is immediately obvious that the spectrum of the currents is dominated by the
angular frequency of the incident fields. The cross polarization has no zero frequency
contribution and the dominant component always has a peak at the angular frequency
of the incident field. In fact, the peak of the dominant component always lies inside
or on the edge of the unit disk in the frequency domain.

A Figures 6.9-6.14 are computed Fourier transforms for the dominant and cross
polarization currents induced on a perfectly conducting 2Aq square, a 2\ equilateral
triangle and a 2\, diameter disk. The excitation is an E polarized plane wave at either
normal or edge on incidence. In all cases of normal incidence the Fourier transform of
the dominant component of current displays the characteristic Fraunhofer diffraction
pattern based purely on the geometric shape. Note that this is the contribution of the
Fourier transform of the incident field on the plate in (6.83)-(6.84). The peak spectral
component is at zero and is independent of the geometric shape. As predicted, the
cross polarization current transforms have nulls along each principle axis independent
of the geometric shape or angle of incidence. At edge on incidence the transforms
follow the angular spectrum of the incident field and the peak of the dominant current

spectrum shifts from 0 to 1 on the unit frequency circle.



142

fy

,:'_1" {.
\\\\
‘} \ "I ““ “‘ ‘

“ \\ -‘ \\\‘

9

d’ N" ‘\‘!//,

i T
"’ \‘L '“‘{// / I‘\?“‘ f

ata) ql‘ 6 ; ;"
e 3’:»!;.‘/ i ‘\\» ,,,n ‘\ o{‘l‘,,,‘
’ \“/‘ .\/,\\\l, ‘@\ A ‘ " ' X u ‘¢,

v ' '/A‘ "5\‘/‘“\/ Y

fe

Figure 6.9. Square plate transforms, a=90°, ¢=0°, 6=0° , d=2),,
NS=45,N=240, iterations=200, residual=.02048.



143

”, Q’

,“"I‘\“\ ‘
0 ,,‘\

\\m I‘“
‘ ‘/‘/I, Yo
&"' / '
LS .:" ,,“(

‘:-::':;;:o:.f\'o:‘,,”/",“"‘ \\'

"‘“"":',:": ?: o““ ‘/Imo
"¢ 'I":‘ 2 0 " \ :\"\"/é“

fy

C/
oA ) NS
X SIS
o
oo

SOSKSZRA )

"0":“":::.";“:-:"(:"7 ‘;'/ IN ARt
"//‘”/ i o\i’l h\
\‘ \\ \x /’o\ XA

Figure 6.10. Square plate transforms, a=90°, $=0°, §=90° , d=2),,
NS=435, N=240, iterations=200, residual=.03215.



144

“

RO
R
0

fy

- = 3
=

N N
NSRS
eRR N Vv, %S
N\t
NS

fy

\.“
b’ T
SO
T—— .

$
“.“‘\\

/i
i
R '\"‘;/,“\\W y
gl e s
<Al ““\M\\
“0,77,"-‘-‘;‘\\“..«4 A 2\ A %\
R i \M JN
AR s
SNy /»4\ !/,0‘\\\“ "Mo“\\(w

X/

fz

Figure 6.11. Triangular plate transforms, a=90°,4=0°,=0°, d=2)\,,
NS=45, N=240, iterations=200, residual=.04281.



145

fy

‘o'.’ o : /
e
8 " ‘o‘x;w N -:

2 "." ’ ‘ “‘,"l ’
" / ‘ "( I '
m"o""o T ’/

'O
\‘ O’o‘
o‘ “.
/f ('\‘.‘v o5 2
‘ -""‘ \\\‘

\J
"‘:::::‘:E"“‘ ‘ ' : ""' v A“’ o'o‘“
— ‘ X > \
7 \‘:"“:‘:":”?’: .‘! ,‘ .‘,‘, "‘\‘ R “0
\\\

"A\

\\ ‘
“

fe

Figure 6.12. Triangular plate transforms, a=90°¢=0°,0=90°, d=2),,
NS=45, N=240, iterations=200, residual=.05016.



146

Co o
RGN
S () 5

CSOSSIES ¢"'¢0‘¢"
SSREEIEEIS) A} S S

IS S SRS O I Lo ST S LSOO
SSSCOSINEIOINRD . Y -
SN =

L L2 LS
Rt RSO AT IO | PSS
—._‘O’Q'voo"' ," ‘ 305 “‘ N
SRS ?«Q,‘;‘::“.“““““,
SIS SN
S et enie et
‘0

fz

A‘ N\yg
A \p
,,A\‘ ‘V}\
ANA
\3 ;‘q:\\\ /”\\\

WO /)
s

et

fy

A

i

fz

Figure 6.13. Circular plate transforms, a=90°4=0°0=0°, ro=M\o,

NS=45, N=240, iterations=200, residual=.02533.




147

Pt
UL LR
SR ek X ]

v “"}‘.‘_Q_‘:;t:—"“:\\\‘ s

/4 - e e e Ve '
3 O AT SR Scie
A2 2L\ VY '&““‘\‘\:"_’-4 ==t
AR AN
A
'0:::‘::;'/;;"\\»?/’“‘.‘/' \\) ' t) “

LA
LA
":o ‘?""; ‘ X

% - COOR -
(OIS | Y S g < A ST Ty
50 ! _v'f"\\\_\v.‘-‘\\\gg:‘;.;‘_ %35, %

< SO S AR, X
<P vo‘\\““\ “‘“\\\.‘,‘,““ AR Y
AR RSy XA
D A ‘
X

e O
S
'-\\“‘\Y./a“ X I \ " \""“’ "'\ Wt ']

‘l/"’::‘)‘;“ \3K AN\ T4 S \ "4 \' (N '\"')“‘:\
T8 l,//,‘\',//////'\' l'\‘ /‘ \\// NN
N X ‘ ™ NP (S
i,,g,:‘,;;‘q‘o,o \ .

Figure 6.14. Circular plate transforms, a = 90°,¢ = 0°,0 = 90°, ry =
Ao, NS=45, N=240, iterations=200, residual=.02996.



148
6.6 Backscatter Patterns

Figures 6.15-6.20 show backscattering plots for various plate configurations. Each
plot is a plane cut with the backscattering cross section o computed at 2° increments.
The maximum number of iterations per angle was set to 50 with a tolerance of .0001.

Figures 6.15 and 6.16 show the backscattering cross section for E and H polar-
izations for a perfectly conducting equilateral triangle with side=2), oriented as in
figure 4.2. The agreement with measured data is good for most of the angular region
until the incidence angle approaches grazing. It is well known that the backscatter-
ing cross section is quite sensitive to the geometry close to edge on incidence such
that any error in the approximation of the geometry will yield the greatest error in
the results. Therefore, approximating the triangle as a collection of square cells will
yield the greatest error at edge on incidence. The only remedy for this disadvantage
is to decrease the cell size to improve the geometrical model.

Figures 6.17 and 6.18 show the backscattering for a 2)¢ square material plate
with a thickness 7 = .0254),. The material constants are ¢, = 7.4 — j1.11 and
pr = 1.4 — j0.672. This yields an effective wavelength of A\, ~ .31) implying a
thickness of 7 = .0819),. Since only one sample is assumed in the z direction, the
thickness sampling rate is approximately 12 samples per ),. The number of samples
over each major dimension of the plate is NS=39 which implies a surface sampling
rate of approximately 6 samples per A,. More accurate results may be obtained by
increasing the surface sampling rate.

Figures 6.19 and 6.20 show the backscattering for a 2\, diameter dielectric disk
of thickness 7 = .01)o. The material dielectric constant is €, = 2.0 — j10.0 implying
an effective wavelength inside the plate of A, & .41)o. The plate thickness is then
7 = .02439), yielding a thickness sampling rate of approximately 41 samples per

Ap- The number of samples across the diameter of the plate is NS=39 which implies
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a surface sampling rate of approximately 8 samples per A,. As seen, the computed

results agree well with those computed by Willis and Weil [35].
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6.7 Three l)imensiogdl Bistatic Patterns

The computation of a backscattering plot at n angles would require a solution
of n systems of equations. Due to computational constraints, it is not possible to
produce back scatter plots at this time. However, Since the computation for bistatic
scattering requires the solution of a system with just one excitation, computation of
a three dimensional plot is feasible. The algorithm to represent these plots in three
dimensions was developed by the author and is in Appendix B.

Figure 6.21 gives the bistatic scattering pattern of a square 2\ conducting plate
illuminated at normal incidence with an E polarized plane wave. For this case the
energy appears to scatter equally in the backward and the forward direction. Figure
6.22 shows the same plate illuminated at ¢ = 30° and § = 45°. For this incidence
the energy is concentrated in the specular and the forward scatter direction but with
a continuous distribution in the angular sector between these two directions. Based
on the author’s observation of similiar plots for other shapes, the distribution of the
side lobes carries the information of the shape of the plate and the beamwidth of
the specular and forward scatter lobes indicates the relative size of the plate. This is
expected since the high spatial frequencies, which contribute most to the sidelobes,
contain the detail of the object and the low spatial frequencies, which contribute

most to the main lobes, contain the magnitude.
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Figure 6.21. Conducting square plate: d = 2Xo, ¢ = 0°, 0; = 0°,
NS=35, N=72
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6.8 Summary

In this chapter an expresion of the spatial distribution of the surface currents on
perfectly conducting plates was proposed and a method to compute a finite expansion
of the current over an entire plate was presented. Several material distribution func-
tions were given and basic guidelines were discussed for choosing the correct sample
size. In addition, spatial and spectral surface current distributions were computed
and discussed and an asymptotic expression for the high spatial frequency behavior
was postulated. Further, principal plane backscattering patterns and bistatic three

dimensional patterns were presented for various plate configurations.



CHAPTER VII

FACTORS EFFECTING THE TERMINATION OF A
CONJUGATE GRADIENT FFT METHOD APPLIED
TO SCATTERING BY MATERIAL PLATES

7.1 Introduction

Using the conjugate gradient FFT method as an iterative method naturally raises
the issue of termination or convergence. The termination point is defined to be where
the solution converges to some value that is within a certain tolerance of the exact
value. This brings up the question of what criterion to use for termination and
what is the level of accuracy achieved at the termination point. The purpose of this

chapter is to discuss some of the salient aspects of terminating the method.
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7.2 Estimating Error

The most common error estimate or “stopping criterion” for the solution of the
operator equation Az = h is the Euclidean norm of the residual divided by the

Euclidean norm of the right hand side which is given by

Il 1A= Azall
= — 7.1
ALz Tl (1)

This is commonly referred to as the normalized residual. If z. denotes the exact
solution, then using (7.1) the difference between the nth approximation and the

exact solution is given by
Zn—2e = A7lr,. (7.2)
Using a consistent norm yields an absolute error bound
lza = zll = [[A7 rall S NATY] [lrall- (7.3)
To obtain a relative error bound, note that if h = Az,, then
IRl = [lAz|| < IA]l [lzll- (7.4)

Combining (7.3) and (7.4) yields the relative error bound

“zn - ze” ”rnH

L] (79)

The parameter « is referred to as the condition number of the operator A and is

defined by

ko= |lAll A7 (7.6)

The matrix norms ||A|| and ||A~!|| must be consistent with the vector norms used

in (7.5) and may be computed as

1Al = [i 5 Iamnlz]% )

m=1n=1
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although, if computation is to be minimized, the infinity norm
N
||Al|ec = maximum mth row sum Y |amal, (7.8)
n=1
could be used for vectors or matrices.
The condition number « gives a measure of the sensitivity of the solution to
a change in the coefficients of A. A descriptive view would be to say that if the
coefficients change by an amount Ac then the solution may change by an amount
kAc. The interested reader may consult Rice [36] for a more general discussion of
the condition of a operator. Note that for & >> 1, the normalized residual is not
a good measure of the relative error of the system. However, since a good estimate
of the condition number is usually not available until the majority of computation
is complete, it is easier to just let experience dictate the appropriate terminating
normalized residual for a particular problem.
If an estimate of & is available, the predicted accuracy using ¢ digit base § floating
point computations may be estimated by using the relation
= 2l gt 9)
[EA
obtained by Golub and Van Loan [10]. Making the assumption that « = 3%, and

defining the parameter § =t — ¢ as the number of correct decimal digits yields

§ = tlog(B) — log(rwe(A)). (110

Therefore, if base 10 arithmetic is used, then for every factor of 10 that the condition
number increases, one decimal place of accuracy is lost. Computation in single
precision yields 8 decimal places with rounding in the last place such that 7 decimal
places are accurate. This means that no more than 2 digits of accuracy could be

expected from the solution of a system of equations with a condition number on the

order of 10°.
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7.3 Eigenvalues

Observation of the eigenvalue structure of the matrix associated with the plate
scattering problem gives an indication of the relative condition of the formulation.
The eigenvalues of a matrix A denoted by e, are the roots of the characteristic

equation given by
|A—ell = 0 (7.11)

where I is the identity matrix. If A is positive definite then the eigenvalues will be
real and positive. It is known that the matrix associated with the plate scattering
problem is not positive definite. As a verification of this statement, the eigenvalues
for the matrix associated with the solution of the fields scattered from a perfectly
conducting plate were observed. This matrix may be found in appendix A as part
of a matrix version of the conjugate gradient method which does not use the DFT.
Figure 7.1 shows the distribution of the eigenvalues in the complex plane for a 1Aq
perfectly conducting square plate with 7 cells across each dimension. As expected,

the eigenvalues are not real and positive.
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Figure 7.1. Eigenvalues for a square plate matrix A with side=M\,,

samples=7, size=98x98.
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To make the matrix positive definite, the system Az = b must be multiplied by
the adjoint operator to yield A°Ax = A®b. As discussed, the operator B = A%A is
positive definite. The eigenvalue distribution for the matrix B is shown in figure 7.2.
Note that now all the eigenvalues are positive and real. It may be shown that if e,,q,
and e,,;, denote the maximium and minimum eigenvalues for the matrix B, then the

condition number may be expressed as

e
= Il—e’-"m-':-:—ll-. (7.12)
For this example, €mqr = 18393.45 and e, = 26.34 such that k = 698.31. This
indicates that about 4 decimal places of accuracy could be expected with single
precision computation which is consistent with the author’s experience.

It is interesting to note that the matrix associated with the scattering by a dielec-
tric or dielectric/magnetic plate is usually much better conditioned than the matrix
for the perfectly conducting plate problem. This is because the system of Fredholm
equations of the second kind for the material plates yields a matrix which is much
more diagonally dominant due to the terms outside the integrand. Furthermore,
the matrix for the material plate scattering problem may be made arbitrarily well-
conditioned by an appropriate choice of plate thickness since the diagonal matrix

elements are inversely proportional to the thickness.
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Figure 7.2. Eigenvalues for a square plate matrix B = A®A with
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7.4 Convergence

Although the conjugate gradient method is a direct method, its unique property
of also being an iterative method is very important from a computational viewpoint.
Therefore, some measure of the convergence is necessary. Assume that the sequence

{r.}X_, converges to zero. Then if positive constants a and L exist, such that

fi Wil (7.13)
n—N HrnH"

the sequence is said to converge to zero with order a and asymptotic error constant
L. The conjugate gradient method is known to have linear convergence which implies
a = 1. Figure 7.3 shows the asymptotic error constant L, computed at each iteration
for a conjugate gradient FFT method. In order to insure convergence based on the
ratio test, the condition L < 1 must be satisfied. The test case is a square perfectly
conducting 2\, plate illuminated with a normally incident E polarized plane wave.
The plate was seqmented into 27 cells per dimension with a 60 point FFT. Note that
as predicted, the convergence is linear since the curve approaches a constant and

that constant appears to be 0.99.



168

1.00 |
0.95
0.90
0.85
0.80
lrnsall  0.75
[Irall

0.70

0.65

0.60
0.55

0.50 F

0.45

iteration number

Figure 7.3. Asymptotic error constant.
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The word convergence is somewhat vague unless it is defined with respect to
some particular application. For the purposes of this presentation, assume that the
sequence of approximations to the unknown surface currents has converged if there
exists a number p and tolerances ¢; and ¢, such that the kth residual norm ||r¥||,
and the difference between the kth cross section o* and the exact cross section o°

satisfy the relations

”Zn—Zellg < tl (714)

ol < 1y (1.5

lo

for all k£ > p. Figure 7.4 shows the dependence of the normalized residual and the
backscatter cross section on the iteration number. The test case shown is for a
perfectly conducting square 2)¢ plate illuminated with an E polarized plane wave at
normal incidence. The plate was segmented into 41 cells per dimension with a 144
point prime factor FFT. The most important observation is that beyond a certain
iteration number the incremental cost of computation may exceed the incremental
benefit in terms of accuracy. Only experience will indicate the best terminating
normalized residual, however, the author has found that a tolerance of .01 is usually
sufficient to compute the backscattering cross section to within 0.1 dB at normal

incidence and to within 2 dB at edge-on incidence.
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Figure 7.4. Normalized residual and backscatter cross section.



171

7.5 Summary

In this chapter the relationship between the normalized residual and the actual
error of the solution was discussed. The eigenvalue structure of a perfectly conduct-
ing plate was analyzed for the positive definite and non-positive definite cases. Also,
the relationship between the minimum and maximum eigenvalues and the condition
number was shown for a conducting plate. The issue of convergence was discussed
by first, verifying the order of convergence and second, establishing criteria for con-

vergence in the context of computing the backscatter cross section.



CHAPTER VIII

DERIVATION OF A BOUNDARY INTEGRAL
CONJUGATE GRADIENT FFT METHOD FOR
COMPUTATION OF SCATTERING FROM AN
OBJECT WITH ARBITRARY GEOMETRY AND
MATERIAL COMPOSITION

1 Int ti

The conjugate gradient FF'T method is directly applicable to a three dimensional

object under the following geometric constraints:
1. The object is impenetrable with a surface that conforms to orthogonal planes.

2. The object is a penetrable material, but thin, and the surface conforms to

orthogonal planes.
3. The object is penetrable and all major dimensions are large.

The optimal objects are then a rectangular conducting box or a rectangular block
of material. The fundamental constraint is that a uniform three dimensional lattice
of cubes must adequately model the geometry of the scatterer. This requirement

originates because of the DFT used to evaluate the appropriate convolution integrals.
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If the integral equations are reparametrized to conform to the surface of the scatterer
then the convolution nature of the integrand is lost and the efficiency of the FFT can
not be exploited. The method proposed by the author in the following discussion
is a hybrid method which combines a boundary integral method [37]-[38] with a
conjugate gradient FFT method to yield a new method which minimizes the total
storage required. The method is robust enough to allow the efficient computation
of scattering from objects with arbitrary shape and material composition. It was
derived by the author after the following observations were made. Take an object
and break it up into appropriate segments suitable for some expansion function.
Let the number of segments be denoted by N. Now surround the object with a
rectangular bounding box and segment the volume between the box surface and
the object surface into M segments. It can be now be stated that for a large class
of geometries, the total information needed to solve the scattering problem for the
object alone requires O(N?) storage. However, the amount of storage required to
solve the scattering problem using a combined boundary integral conjugate gradient
FFT method is O(N + M). Thus, it is obvious that the method will yield the
largest gains in efficiency for impenetrable scatterers and will yield very little gain in
efficiency for cavity type scatterers. As an illustration of the method, the scatterer
will be assumed to consist of a curved, perfectly conducting plate coated on both

sides with a dielectric/magnetic material.
.2 Geometrical Formulatio

The geometry of the curved plate is shown in figure 8.1.
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N

Figure 8.1. Curved material plate.
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Let the curved plate be enclosed in a bbunding shell which has an outer surface
denoted by s; and an inner surface denoted by s,. Decompose the region within this
shell into uniformly spaced cubes which may further be subdivided into tetrahedrals.
Let the region bounded by surface s; be decomposed into tetrahedrals which degen-
erate to better approximate the surface of the scatterer. Further, let s; denote the
surface the top layer, s4 the surface of the bottom layer, and ss the conducting plate
interfacing surfaces s3 and s4.

Although tetrahedrals are suggested, the author believes this method is ideally
suited for iso-parametric elements which exactly fit the surface of the scatterer. This
is a major advantage of a differential equation approach over an integral equation
approach since it is easier to differenciate a basis function rather than integrate the
product of a basis function and a singular kernel over a non-uniform region.

The partial decomposition of the curved plate is shown in figure 8.2.
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Let the subscript a denote the fields within the volume surrounded by surfaces
sy and s;. Let the subscript b denote the fields within the volume surrounded by
surfaces s; and s3 and s4. Let the subscript ¢ denote the fields within the volume
surrounded by surfaces s; and s5 and let the subscript d denote the fields within the
volume surrounded by surfaces s; and ss. Finally, let each tetrahedral be represented

by a ten point quadratic [32] as shown in figure 8.3.

Figure 8.3. Quadratic tetrahedral.

The cross section of the decomposition could appear as in figure 8.4. The midside

nodes are assumed and not shown.
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0 ti oble

The basic idea in the boundary integral method is to replace the boundary con-
ditions associated with the solution of a set of differential equations with a integral
over the boundary of the region which relates the boundary unknowns to the internal
unknowns. For the case of an electromagnetic scattering problem, the appropriate
differential equation is the vector Helmholtz equation. The total electric fields in

each region must satisfy the vector Helmholtz equations

(VE4+EDE, = 0 (8.1)
(VE+EDE, = 0 (8.2)
(VE+EDE, = 0 (8.3)
(V24 EDE; = 0 (8.4)
where
kg = w260p0 (85)
ko= Wl (8.6)
ki = wleus. (8.7

Let the Helmholtz operators be denoted by D and the field variables by E;. The

vector components can then be represented in matrix form as

r 7
Dy, 0 0
Dk = 0 Dky 0 (88)
i 0 0 Dy,
and :
Ekr
By = Ey, (8.9)
Ekz
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Equations (8.1)-(8.4) can be written in matrix form as

-Da 0 0 0 -
0 D, 0 0
0 0 D, 0

i 0 0 O Dd_

| Ba |

L

R
S o S (=)
L ]

(8.10)

in which Dgp .4 represent matrices of the form (8.8). The appropriate boundary

conditions at the interfaces provide the coupling of the fields and are given by

= fEb

a

=0

on 84

on $3

on 34

on S8j

on Ss

on 83

on s4.

(8.11)
(8.12)
(8.13)
(8.14)
(8.15)
(8.16)

(8.17)

The implemention of the boundary conditions may be accomplished implicitly, by

incorporating the correct condition into each basis function. To illustrate this idea,

consider the two dimensional boundary between two triangles p and ¢ with different

material constants as shown in figure 8.5.
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N\
-
T
Figure 8.5. Material discontinuity between triangles.

In this case the shape functions are linear, however, the extension to higher order
polynomials and higher order shapes follows a similiar procedure. The electric field

in each region may be represented by linear two-dimensiona] functions [32]

E* = EPi+ EPj (8.18)
E* = E%+ By (8.19)
where

3

EXzy) = Y eral(z,y) (8.20)
n=1
3

Ej(z,y) = Y e p2(z,y) (8.21)
n=1
3

Ei(zy) = Y elal(z,y) (8.22)
n=1
3

Ejz,y) = 3 el pi(z,y). (8.23)

n=1
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Applying the boundary conditions on the tangential and normal components yields

P x (EP-=E%) = 0 (8.24)

P (PEP — %) = 0. (8.25)

Enforcing the boundary condition at the common node 1 yields

P _4P9 q Pg.P  _ 4Pq,P
tyq t:r: e:1:1 t ezl t.‘l: eyl
= (8.26)
—nPlcq P9 q —nPecP — nPlcPpPd
niel —nlfe] € n? ezlezl nilele,
and enforcing the boundary condition at common node 2 yields
Pq —1pq q PaoP  __ 4pq,P
ty 124 €9 t €z — 1P €y2
= (8.27)
—nPled P9l q —nPaP P__pqppq
nples —nilel €y2 ngl€x9€z0 — N €NE Y

The field at the boundary nodes for triangle ¢ may be written in terms of the fields
at the boundary nodes of triangle p and thus reducing the required unknowns from
12 to 8 and coupling the fields.

The boundary condition (8.11) is enforced as follows. Using the z component at
the kth tetrahedral as an example, the vector component of the total electric field
has the form

EXz,y,2 Zemyn (z,y,2 (8.28)

n=1
Consider the tetrahedral shown in figure 8.3 where node 1 connects to surface s, and
the nodes 2,3,4,8,9 and 10 form part of surface s;. The electric field in the tetrahedral

may be written in matrix form as

- -T r -
o g | | e
0 €3 95" €2
Eak — ge e:’é n g:k e:i 8.99
T las | e | |as| | e )
(97| et |98 | e
i g%‘ || e:’fc ]




183

Letting
hon = (VP +k))gom (8.30)

the boundary condition yields

ST ¢
ak ak
h2 €z2
17T k ] k k
a a a
hy €1 h3 €3
ak ak ak
he €z6 | _ hg €r4 (8.31)
ak ak ak
h5 €z5 h8 €8
ak ak ak
h7 61.7 h9 61.9
ak ak
hio L €z10

This system of equations cannot be solved numerically unless the boundary sur-
face field E® is known. This boundary condition replaced a boundary integral ex-

pressed in terms of the surface field over s,.
ET = E+E (8.32)

If the total field is evaluated on s5 and denoted by E® then by use of the Stratton-Chu

[33] equations

B = B+ [ (3% B) x V'G+ (3 x V' x B)G + (i} - B)V'G] ds
3

(8.33)
and thus, the boundary condition may be written as
- AT r - _ 1T ¢ N
) mt | | B mt | | B
- T - |
ho| ek | || | Bzt hg | | Eig
h6 eak hak Eaak hak Eiak
z6 + 4 z4 - _ 4 z.:4 . (83 4)
b | ek | | hgt| | Bz ht | | B
b | || | ng| | Ex hg | | B
IR R IR
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The entire system could be written in symbolic form as

Li-=Ly 0 0 0 E, L3E'
Dy Dy Dy Dy Ey 0
- . (8.35)
0 ch Dc Dcd Ec 0
L 0 Dg Dg. Dy E; 0

The conjugate gradient FFT method could then be applied to the entire system.

8.4 Multiple Plane Convolution

The most time consuming computation per iteration will be the evaluation of
the convolution integrals over the six sides of the bounding surface s,. This requires
that the convolutions be computed in several planes. The concept of a multiple plane

convolution may be illustrated by observing that the integrals will all have the form

@u2) = [ [ s\ y)ge-\y-y\ ity (330)

where the analytic Fourier transform of ¢ is known. The convolution is evaluated for

each value of z as

h(z,y,z) = f—l[z(fz’fy)og(fmfy’z)]- (837)

For parallel planes the convolution is computed in the same manner as for the coated
plate given in Chapter V. However, for orthogonal planes the inverse transform is

extremely sparce so special FFT’s should be developed to handle this special case.



185

8.5 Summary

The conjugate gradient FFT method, as discussed in this thesis, was extended to
three dimensional arbitrary shape and material composition scatterers by combining
it with a boundary integral method. The major advantage of this hybrid method is

in storage minimization.



CHAPTER IX

DERIVATION OF A MATERIAL DISTRIBUTION
SYNTHESIS METHOD USING CONSTRAINED
MINIMIZATION

9.1 Introduction

The scattering characteristics of an object may be controlled by changing the
material distribution over the surface. The applications of interest in this study
are the synthesis of bistatic and backscatter patterns. The problem statement will
be to synthesize the material distribution that yields a bistatic or backscatter level
below some tolerance over some angular sector. A synthesis method was developed
by Colton and Kress [39], based on previous work by Kirsch [40], and an alternative,
but similiar method was also suggested by Angell and Kleinman [41]. These methods
originated from studies of the complete inverse scattering problem and involve the
approximate solution of operator equations of the second kind using eigenfunction
expansions. The mathematical basis of the solution technique is given by Stakgold
[42]. A different method used by Haupt [43] employs well known theories in antenna
array synthesis to solve the material synthesis problem for planar strip problems.

The method proposed by this author is different from the above. It is a formu-

lation that is independent of the geometrical shape of the scatterer and exploits the
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use of the FF'T for computational efficiency. It results in a ndn—linear system of equa-
tions with linear and non-linear inequality constraints. This constrained problem is
modified into an unconstrained problem using the method of penalty-functions [44]
and solved using a general gradient method. The method is illustrated by applying

it to three basic problems.

9.2 Placement of Nulls in the Bistatic Pattern

The placement of nulls in a bistatic pattern may be illustrated as follows. The
problem statement is to find the material distribution which yields a zero in the
bistatic pattern at one or more angles. Consider the solution to the non-linear

operator equation

uw+Av = b (9.1)

under the constraints
(Bv,Bv) = 0 (9.2)
Umin S u S Umaz- (93)

where v denotes a current, u denotes a material distribution and B denotes the far
zone field operator. If M nulls are required for a planar plate seqmented into N cells,

B would be given as

o -

g(¢laol’$11yl) g(¢l’01’zlayl) g(¢1101,$N,yn)
9(#2,02,71,91) 9(¢2,02,21,41) ... 9(é1,01,2N,9n)

g(¢M90Maxl’yl) g(d’M,oM’zl)yl) g(¢M,0M,$N,yn)

L

where

9By Om, Tnyyn) = €350 552 Cmleos(m)ontsinigm)in], (9.5)
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The equality constraint may be incorporated into the solution by defining an objec-

tive function to be minimized. The problem statement is then given as follows.

Minimize
I(u,v) = (ryy,Ty)+ w(Bv, Bv) (9.6)
where
Ty = b—uv— Av (9.7)
subject to
Umin £ U < Umag. (9.8)

The weight w is a specified positive constant or 'penalty’ which determines how much

the constraint is satisfied. Thus, the possible range will be

0 for unconstrained problem
w= (9.9)
00 for constrained problem.
The particular choice of w will depend on the problem and only experience will

indicate an appropriate value.

Assuming a discrete representation of the unknown vectors as
. : T
o= [ (9.10)
v"—[k koo k k]T (9.11)
= |v v; v; ... vx | > :
the unknowns are generated in recursive form as

ubtt = ok 4 oagpt (9.12)

k+1

v vk + aypk (9.13)

where  is a real positive constant and p¥ , are search vectors chosen in the direction

of the negative gradient of the objective function such that

pE = —VuaI(uF, o) (9.14)

Pt = —Vul(uk,0F). (9.15)



The gradients are defined as

Vg =

Vap =
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T
3 3 3 o)
3 5E 3K

T
3 2] 3 o)
3F 3 3F 3

(9.16)

(9.17)

and using a backward difference approximation, they may be approximated as

Ve I(uF,vk) =

and

VaI(u* oF) =

)
1
2

iI(u"‘1 + Auk,v%) — T(uF1, v")]
:I(u"‘1 + Auk,v*) — I(u"‘l,v")]
[I(u*1 + Auk, %) — I(u"‘l,v")]

£h &F 2k

L

-A—t}- [I(u",v"‘l + Avk) — I(u",v"‘l)]
A—t}- [I(u",v”‘1 + Avk) - I(u",v"‘l)]
A_tf [I(u",v"‘l + Avk) - I(u",v""l)]

i K:va- [I(u", vkl 4+ Avk) - I(u",v""l)] |

E

I(uF=! + Auk, v%) — I(u*1, v")]

1

(9.18)

(9.19)

The search amplitude ay is chosen to minimize I(u*+!,v*+!) at each step such that

0

_[I(uk+l’vk+l)] = 0

aak

Substituting the recursive expressions into (9.6) yields

(rk+l rk+l)

uv ) uv

(ka+l, ka“)

where

a =

2 3 4
= ao + 010k + a20) + a30 + a4

= bo+ bk + baaf

(rhorh)

uv) " uv

—QRe(rﬁw Q.’fu)

(9.20)

(9.21)

(9.22)

(9.23)

(9.24)
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= (¢}, k) —2Re(rt,, pE o pt)
= 2Re(gy,, Pl o p})
= (p%op,pkopt)
= (ka,ka)
= 2Re(ka,Bpf)
= (Bp}, Bp})

= u*opf+vFop+ Ap).

The objective function may then be written as

where

K+l k+1 3 4
I(W* ") = co+ crap + cr0? + ez + caaf

co = ap+who

a = ar+wh
c; = aztwp
C3 = Q3
4y = oy

Using (9.20), ai is the root of a cubic given by

where

a3 + 6,0} + 60+ 63 = 0

3C3
5 = =232
! 4C4

162
b, = =2
2 264
5~ La

404.

9.32)

(9.33)
(9.34)
(9.35)
(9.36)

(9.37)

(9.38)

(9.39)
(9.40)

(9.41)
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From Lovitt [45], the roots are given as

where

The parameter « is then chosen as the smallest real positive root.

no= Yntn
r; = Ynttdn
r3s = m+tYn

N o= —%4— qzz+§
S

p = 52—%'f

q = 53—%+¥.

A proposed algorithm is given below.

Initialize the residual and search vectors.

Iterate for k =1,....
T
Qai
az

Qg

vV, = (b, b)
1 - 1,.1 1
Tww = b—uv —Av
1 _ 1
Py = ruv
1 _ 1
pv - ruv
u* o pF

—QRC(T!:V, q:v)
(¢, q%,) — 2Re(rt,, pk o p¥)

2Re(gk,, p¥ o p¥)

(9.42)
(9.43)

(9.44)

(9.45)
(9.46)

(9.47)
(9.48)

(9.49)

(9.50)

(9.53)

(9.54)
(9.55)
(9.56)

(9.57)
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Qg
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k+1

k+1
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(p% o pk, pk o pk)
2Re(Bv*, Bpf)
(Bp:, Bp})
ay +wp
a2 + wh
Qs

Qay
3¢

44,
16
2§,
1§

444

1 V3
2 2
i+
S+t

IVn+t7;

min RC{T‘], 7‘2,1‘3}

uk 4+ axpt

Umin OF Upmgz if outside range

vk + aypt

= bh— uk+lvk+l _ Avk+1

if inside range

(9.58)
(9.59)
(9.60)
(9.61)
(9.62)
(9.63)
(9.64)

(9.65)
(9.66)
(9.67)
(9.68)
(9.69)

(9.70)

(9.71)

(9.72)
(9.73)
(9.74)
(9.75)

(9.76)

(9.77)

(9.78)

(9.79)
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1 = (redt i) (9.80)
P (Rl (9.81)
pitl = —V,I(uFH,oF ) (9.82)
Terminate when
T < tolerance. (9.83)
T

9.3 Controlling Bistatic Level

The formulation is similiar to the previous section except that an inequality
constraint is present. The problem statement is as follows. Find the material dis-
tribution which yields a bistatic pattern below a certain tolerance for a particular

angular sector. The non-linear operator equation is given by

w+Av = b (9.84)

under the constraints
(Bv,Bv) < h (9.85)
Umin & U < Umgz- (986)

where B denotes the far zone field operator. The inequality constraint may be

incorporated into the objective function such that the problem statement is as follows.

* Minimize
I(uyv) = (FyyyTuy) + w[(Bv, Bv) — h]? g(v) (9.87)

where
0 for (Bv,Bv)-h<0
g(v) = (9.88)
1 for (Bv,Bv)—h>0
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Tew = b—uv—Av | (9.89)

subject to
Umin S u S Umaz-: (990)

The solution procedure is similiar to the previous case.

9.4 Controlling Backscatter Level

This problem is considerably more difficult then the bistatic problem since multi-
ple right-hand sides are required. A significant increase in the number of unknowns
occurs because the surface currents for each excitation must be computed. The prob-
lem statement is as follows. Find the material distribution which yields a backscatter
pattern below a certain tolerance for a particular angular sector. Consider the solu-

tion to the set of non-linear operator equations
Uy, + Avy, = b, form=1,..M (9.91)
subject to the constraints

(BomyBvg) < hy form=1,.,.M (9.92)
umins u S Umaz- (993)

where m denotes each backscatter angle. Similar to the bistatic case, the inequality

constraint may be replaced by an equality constraint. The new problem statement
is given as follows.

Minimize

M
I(w,0) = Y [(ruomsTuom) + 0[(Bm, Bum) — hPgm(v)]  (9.94)

m=1
where

0 for (Bvy,Bv,)—h<0
gm(v) = o (9:9)
1 for (Bvm,Bv,)—h>0
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Puom = b—uvy, — Avp, (9.96)

subject to the constraint
Umin S u S Umaz- (997)

The solution proceeds in the same manner as section 9.2. However, due to the
potentially large amount of storage required for this problem, it would be advisable
to solve the constant material scattering problem first and find where the peaks occur
in the backscattering pattern. The synthesis problem would then start by placing

nulls in the pattern at the anglular location of these peaks.

9.5 Extension to Arbitrary Shaped Scatterers

Although the operator expressions given in this chapter have extensions to non-
planar surfaces, this extension would require a parametric replacement of the vari-
ables and destroy the convolution nature of the integrals. Therefore, it is the authors
opinion that the method of chapter VIII be used to extend the synthesis problem to

three dimensions.

9.6 Summary

A method was proposed to synthesize the material distribution of a plate based on
the solution of a constrained minimization problem. The method is independent of
the geometry. For general three dimensional objects, the solution method of chapter

VIII should be used to exploit the convolution nature of the integrals.



CHAPTER X

CONCLUSION

10.1 Problem Formulation

The author believes that the formulation given in Chapters IV and V provides the
best accuracy at the least cost. The basic rule of thumb to follow when developing
conjugate gradient FFT methods is to pick the method which minimizes the required

spectrum.

10.2 Higher Order Integration

Embedding higher order integration rules in the forward DFT was really an ex-
periment to determine the sensitivity of the conjugate gradient FFT method to a
change in integration formulas. The assumption by the author was that the majority
of the error was due to the low order approximation to the Fourier integral. Based on
observations in Chapter VII, this assumption was incorrect and the majority of the
error appears to originate on the inverse transform‘ due to the truncation of the infi-
nite spectrum. The incorporation of the second derivatives into the integrand then

amplifies the spectrum and in a practical sense, violates the bandlimited require-

ment. Although the higher order integration formulas increased the convergence

196
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rate slightly, the increase in the computation per iteration offset the gain so that
higher order integration does not appear to be a viable option at this time. Rather,
removal of the second derivatives from the integral appears to increase the accuracy
and convergence of the method significantly at only a slight increase in computation

time per iteration.

103 Prime Factorizati

The speed advantages of the prime factor are well documented in the literature.
Another advantage which is very important is the ease of programming of the al-
gorithm. As discussed, the small order one dimensional DFT modules have already
been established and are available. Modifications are relatively easy to make and
can be implemented in a modular manner. Appendix C contains a two dimensional
prime factor FF'T written by the author using small one dimensional Winograd DFT
modules found in Burrus [27].

If extreme efficiency is necessary, a separate forward and inverse FFT subroutine
for each value of N should be used. There is a certain amount of overhead in terms
of index calculation and indirect addressing which may be avoided if each FFT is
"hard wired”. Also, any sparseness of the data such as that due to padding may be

more easily exploited if the size N is known a priori.

10.4 Future Work

~ Chapter 8 presents a method which the author calls the boundary integral conju-
gate gradient FFT method and is applicable to objects having arbitrary shape and
material composition. The algorithm requires substantially less storage than con-

ventional methods and is thus inherently suitable for electrically large objects. It
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may also use the most sophisticated geometry generation packages available while
still exploiting the convolution nature of the integrals through use of the FFT.

The method would be optimal for a closed impenetrable surface. For a pene-
trable closed surface or an impenetrable closed surface with an aperture, it is not
immediately obvious that there is a significant reduction in storage requirements.

Chapter 9 discusses a proposed synthesis technique for computing the material
distribution required to achieve a certain scattering characteristic. The method pro-
posed is not restricted to a particular geometrical shape. For an arbitrarily shaped
object, the synthesis technique could be combined with the method proposed in

chapter 8.

10.5 Summary of Author’s Contributions

The following paragraphs present a summary of what the author considers to be
original contributions. However, it is the author’s opinion that much of the subject
of the thesis is under active investigation by other researchers and it would seem
logical that similiar analysis could appear elsewhere in the near future.

Chapter II presents a derivation by the author of a conjugate gradient FFT
method. Although the author is unaware of a similiar derivation, the end result is
not original. It is fair to say that chapter II represents the author’s understanding
of how a conjugate gradient FFT method could be derived.

Chapter III contains several new contributions. The one and two dimensional
weighted open finite difference integration formulas derived by the author for com-
putation of the DFT are not known to exist elsewhere. The prime factor algorithm
derived by the author starts out in the same way as the classical algorithm, however,
the author has made some observations which lead to a different algorithm. The au-
thor observed that the order of summation of the nested DFT terms was independent

of the mapping function. This observation allowed a very simple indexing scheme to
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be used. The author then extended this aigorithm to two dimensions and in doing
so observed that a significant amount of sparcity in the data could be exploited to
yield an even faster computation. This algorithm has been verified and is given in
Appendix C.

In chapter IV the author observed the appropriate criterion on which to develop
the optimal formulation for implementation with a conjugate gradient FFT method.
A unique algorithm was developed for each type of plate and each principle polariza-
tion which minimized the total computation and storage required. Each algorithm
for chapter IV was programmed and may be found in appendix C. Chapter V ex-
tends the method of chapter IV to include the material coated conducting plate. As
in chapter IV, a specific algorithm was developed for each type of plate and incident
polarization.

Chapter VI presents all the results computed with the programs in appendix
C. With the exception of the perfectly conducting square plate, none of the surface
current, backscattering or bistatic scattering plots has ever been published by another
author. The three dimensional graphics algorithms used to display some of the results
shown in this chapter were slowly developed by the author over the past 5 years. The
end result was an amazingly simple algorithm to plot functions in different coordinate
systems which is given in appendix B.

The eigenvalues computed in chapter VII for the perfectly conducting plate nu-
merically verified that the operators for the plate scattering problem are not positive
definite. The direct comparison of the residual and backscattering cross section is
the first such comparison made which indicates the relationship between residual and
the convergence of the backscattering cross section.

Chapter VIII presents a hybrid method proposed by the author which combines
the boundary integral method with a conjugate gradient FFT method. The major

advantage of this method is that the convolution nature of the boundary integral may
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be exploited in the same way as the planaf plate scattering problem to significantly
reduce the storage requirements.
Chapter IX presents a synthesis method proposed by the author which is not
dependent on the geometry of the scatterer and may be solved to any required degree
of accuracy. This method coupled with the proposed method of chapter VIII could

provide a extremely useful tool in the analysis of complex scattering objects.
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APPENDIX A

Application of a Matrix Conjugate Gradient Method to
the Perfectly Conducting Plate Problem

The appropriate integral equations for the solution of the surface current from a

perfectly conducting plate are given by

where

wq

il

/ / [0:1K2+ UoKS)ds' = wiE} (A.1)
[ sk + wks] s = wiB; (A2
62
62
50,0 (A4)
62

e—ik/(e-2 ) +(y-y')?

—_—,—,—,— (A.6)
a2 + -7

[cos(a;) cos(8;) cos(¢;) — sin(e;) sin(¢;)]e ™ * ) (A.7)
[cos(a;) cos(6;) sin(¢;) + sin(a;) cos(@;)]e =i * ) (A.8)
—ko sin(0;) [cos(4;)z + sin(e;)y] (A.9)
—jg—‘;. (A.10)

The plate is divided up into a total of N x N square cells of side length & over

which the surface current is assumed to be constant. A set of matrix equations may
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be found by satisfying the equations at the centroid of each square cell. The matrix

equations may be represented as

A B||K: E:
B C K E;

y
where A, B and C are N x N complex matrices and K2,K¢, E: and E} are N x 1
complex vectors. The matrix elements are computed by letting the row index denote
the observation point or unprimed coordinate and column index represent the source

point or primed coordinate. If simple midpoint integration is used, then for all points

where the observation point is not equal to the source point, the matrix elements are

given by
1. = h2' 3 -k2+'3k° (mm"x")2+k2_<L+'k) 1 Glrm)
m B L r?nn 0 ern rmn 0 rmn ] 0 mn rmn
(A.12)
Bpw = A2 (;3—-—1:3+ jf’“°)(“”’"'“’:2(y’"‘y“)] G(rmn) (A13)
L mn mn mn
[ 3 3"70 ym—yn 2 1 . 1
Con = 1| (-7 ) (B2 - (2 k) 2 e
(A.14)
where
e‘jkofmn
G(rmn) = —— (A.15)
Frn =/ (Tm = Ta)2 + (Ym = ¥a)?. (A.16)

when the observation point and the source point are the same, then the cell integral
must be performed analytically due to the singularity of the Green’s function. These

matrix elements are usually called the "self cell” contributions. The two integrals of

interest have the form

Il = /&
-2

/ " G(,7)ds (A.17)
a* 4oy,
L = a_xi/_g./ G(F,7)ds" (A.18)
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The integral I; may be computed directly as

31— jko|F—7|,,
Lo~ 41r/ ./ |r—r’| I

= _’io_ff ——// ds'
- ]47r 4r J-b F—f’l

A

Icoh2 h %
B —1—21—7;— + T /o cos(¢)d¢
_ k? k[ [14sin(g)]”
= + T [ln 1 — sin(¢) .

V241 koh?
T or V2-1 J47r'

The integral I is taken from Miron [37] and is given by

V2 | k3R’
b~ =%

This yields the self cell matrix elements

1|, [V2+1 V2 A%}
Apm = Cmm_w[hkoln,lﬁ_l— =i

Bpm = 0.

The reader should note that all the matrices are symmetric.
The conjugate gradient algorithm is now given as follows.

Initialize the residual and search vectors.

[1hzllz + [lAy |12

sz = AK!+ BK!

Th

sy = BK!+ CK;
oy = hzy = 8z,
8y = A’r; + B"r;

_ = 1 * 1
sy = B'r,+Cr,

(A.19)

(A.20)

(A21)

(A22)

(A.23)

(A-24)
(A.25)
(A.26)
(A27)
(A.28)

(A.29)
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Yo = llsallz + llsyll2
Bo = 7:1
p:lz,y = ﬂosz,y

Iterate for k =1,...,N

8y = Ap:-i-Bp’;

8y = Bp’;-i—Cp:

Ys = llsallz + [lsyll3
o =

K3t = K, +awp},
ritl = ok — st
Y= (SR + g
sp = ARG grke
sy = Brritl 4okt
7= el + ol
B = ;!

k+1 k
pz,y - pz,y+ﬂks$,y

The algorithm is terminated at k = N or when

| / X < tolerance.
Th

(A.30)
(A31)

(A.32)

(A.33)
(A.34)
(A.35)
(A.36)
(A.37)
(A.38)
(A.39)
(A.40)
(A41)
(A42)
(A43)

(A44)

(A.45)
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APPENDIX B

Derivation of A Simple Algorithm for Plotting Functions

in Rectangular, Cylindrical, or Spherical Coordinates

Introduction

The representation of arbitrary objects in three dimensional space is well doc-
umented in the literature [1)-[5]. A wide variety of graphics packages are available
for every type of computer, however, these are usually quite sophisticated and re-
quire the user to have some prior knowledge of computer graphics. The purpose
of this discussion is to present a simple algorithm to plot functions in rectangu-
lar, cylindrical, and spherical coordinates which is simple, yet flexible enough for

implementation on any computer equipped with graphics capability.
Basics

The types of functions considered in this study will be either rectangular, cylin-
drical or spherical. Each function will have two independent variables and the third
unused variable will be assigned as the function value. Using standard coordinate

variables defined by

R = (Jo¥+y?+2? (B.1)
r o= yJz?+y? (B.2)
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4 = tan™ <%) (B3)
= tan™! (—z—zty—), (B.4)

the possible permutations for rectangular, cylindrical and spherical functions are

shown in Table B.1.

rectangular | cylindrical | spherical
:c=f(y,z) Z=f(¢,7‘) R=f(¢,0)
y=f($az) 7‘=f(¢,2) ¢=f(R10)
z=f(z,y) ¢=f(r,z) 0=f(R’¢)

Table B.1. Possible function types.

The right-hand convention is used for the coordinate axis directions and the viewer
will be assumed to be stationary and looking in from the positive z axis down
onto the zy plane. The surface is observed by spinning it around its centroid
counterclockwise in the ry plane by an angle ay, tipping it away from the viewer
counterclockwise in the yz plane by an angle B, and then projecting it straight
onto the zy plane. This paper only considers rotation around the origin since the
extension to an arbitrary center of rotation just requires a simple translation. The

path of rotation is indicated in Figure B.1.

N N
y1 y

(232,!/2,21) (932,3/3,22)

Qo (xlvyhzl) ,30 (32,y2azl)

WV

N
7

T V4
Figure B.1. Rotation in zy and yz planes.

Each point on the surface is converted to rectangular coordinates before the
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transformation to the viewing coordinates. - The rotation in the zy plane may be

expressed in matrix form as

Siﬁliliarly, rotation the the yz plane may be written as

Z3 1

ys | = 0

L

T2 cos(ep) —sin(ap) 0
y2 | = | sin(ap) cos(ap) 0
29 0 0 1

7 | L0 —sin(fo) cos(fo)

- -

g

0 0
cos(fo) sin(fBo)

The composite transformation yields

Vg
Uy

V2

8z cos(ag)

3z c0s(fo) sin(ap)

—3zsin(fo) sin(ag) —3,8in(Bo) cos(ag) 3, cos(Bo) _

— 3y sin(ap)

3, cos( o) cos(ap)

I

)|

Y2

22

0
Sz Sill(,@o)

(B.5)

(B.7)

where the parameters s,, s,, and s, are user supplied scale factors for observing

the surface. The coordinates v, and v, are used to plot the projected surface and

v, is used to determine the depth of each point. For computational convenience

it is desirable to define two coordinates p and ¢ which are related to the standard

coordinates as shown in Table B.2.

rectangular cylindrical spherical
f(z,y) f(g,r) | f(¢,2) | f(4,0)
p= z ¢ ¢ ¢
q= Yy r z 6

Table B.2. Definition of p and ¢ coordinates.
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The conversion relations for each coordinate system to rectangular is shown in

Table B.3.

rectangular cylindrical spherical
flz,y) |z2=f(,r) | r=f(¢,2) R = {(¢,0)
T = p g cos(p) ( q) cos(p) | f(p, q)sin(q) cos(p)
y = q gsin(p) | f(p,q)sin(p) | f(p,q)sin(q)sin(p)
z=| f(p,q9) f(p,9) q f(p, q) cos(q)

Table B.3. Conversion of p and ¢ coordinates to rectangular coordi-
nates.

Note that the conditions 0 < f(¢,2) and 0 < f(¢,60) must be satisfied to avoid

ambiguity in the surface orientation.

Description of Algorithm

The algorithm starts by mapping each quadrilateral in the pq space to the
viewing surface space. The transformed quadrilaterals are then placed on the
viewing surface from background to foreground in the same way a painter paints

a landscape. Figure 2 shows a typical sample grid in pq space.
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Figure B.2. Sampled function in pq space.

For this example, there are 144 sample points and 121 quadrilaterals. A value
of the function is computed at each centroid by taking the average of the corner
points. This value is then transformed and the value v, is computed from (B.7).

Figure B.3 shows a typical map of a single quadrilateral in pq space to v,v, space.
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A A
¢ | (p1,q2) (p2,92) g (vp2, Vp2)
[ ®
(vpl, vq?)
°
(Pe, 9c)
[ @
(P1, 1) (P2, 1) . (vp1,vq1) (vp2, Vg1 )\
/7 7
p Up

Figure B.3. Quadrilateral map from pq space to v,v, space.

The quadrilaterals are ranked from 1 to 121 with 1 being the farthest away from
the observer and 121 being the closest to the observer. The quadrilaterals are then
drawn from 1 to 121 in the following manner. The interior of the quadrilateral is
first filled with a solid color so that any line underneath is erased. A line is then
drawn around the perimeter. Thus, if the quadrilaterals are placed on the viewing
surface from back to front, the hidden parts of the surface will not be visible.

Drawing the axis may be accomplished in several ways. The sample program
given at the end of this paper draws each axis before the graph and thus the hidden
portions of each axis are removed in the process. This is sufficient for many surfaces
although it fails when the axis is visible and between the surface and the observer.
A more accurate way to draw the axis would be to construct each line as a series of
small segments which are considered to be zero width quadrilaterals. This would

allow each axis to be drawn with the same algorithm as the surface.

Test Results

The following functions were generated using the program given at the end of
this appendix. The program is written in Fortran 77 and uses PostScript [6)-[7]

graphics primitives. The output was printed on an Apple LaserWriter.
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Figure B.4 shows a function of rectangular coordinates plotted on a square base.
Figure B.5 shows a function of the cylindrical variables ¢ and r plotted on a circular
base. Figure B.6 is a function of the cylindrical variables ¢ and z plotted on a
non-uniform base. Figure B.7 represents a function of the spherical variables ¢ and
0 shown in three dimensional space. It has been the author’s experience that the
detail near the origin of some spherical plots is difficult to observe and it is therefore
desirable to cut away an angular sector to view the functional variation near the
origin. This may be accomplished by filling the polygon created by the border
points along the cut and then redrawing the perimeter, as shown, for example, in
Fig B.8.

The algorithm presented is also sufficiently general to allow plots with non-
uniformly spaced samples. Furthermore, it is possible to combine different types
of surfaces by drawing each surface in a different coordinate system. An implicit
assumption of the method is that the quadrilaterals should be small enough to

accurately approximate the surface.
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Figure B.5. f(g,r) =20 0<g<2r,0<r<3
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Figure B.6. f(¢,2) = e*cos(¢), 0 < ¢ < 21,0<2<3
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Figure B.7. f($,0) = c0s*(20),0< ¢ <2r,0<0< 7
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cos?(26), 0 <

Figure B.8. f(4,0)
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Sample Program

The following program was used to generate the test results shown in this

appendix.

PROGRAN PAINT
Chasssnssbasinss
C TIMOTHY J. PETERS
C DEPT. OF EECS - RADIATION LABORATORY
C THE UNIVERSITY OF MICHIGAN
C

Qaoaaa

PARAMETER (L=10000,L2=100)

REAL ZPC(L),X1(L),Y1(L),X2(L),Y2(L),X3(L),Y3(L) ,X4(L),Y4(L)
REAL P(L),Q(L),F(L2,L2)

INTEGER M(L)

OPEN(UNIT=6 ,FILE=’PAINT.PS’)

DATA XMIN,XMAX,YMIN,YMAX /1.0E+03,-1.0E+03,1.0E+03,-1.0E+03/

INPUT PARAMETERS: FROM FILE ’°DATA’

1P, HQ NUMBER OF SAMPLES ALONG THE P AND Q AXIS
IT - TYPE OF CURVE

IT=1 RECTANGULAR F(X,Y) IT=3 CYLINDRICAL F(PHI,Z)
IT=2 CYLINDRICAL F(PHI,R) IT=4 SPHERICAL F(PHI,THETA)

AX...AZ - SCALE CONSTANTS FOR THE X,Y,Z COORDINATES

IA...AT - AXIS END POINTS AND ARROV LENGTH

PO,TO - AZMUTHAL AND ZENITH OBSERVATION ANGLES

P,Q.F COORDINATES AND CORRESPONDING FUNCTION VALUES

IR R R R R R e e I Kt
aaoaoaaoaaoacaacaaaoaaaf

OPEN(UNIT=1,FILE=’DATA’)
READ(1,+) NP,NQ,IT,AX,AY,AZ,XA,XB,YA,YB,Z4,2B,AT,PO,TO
READ(1,+) (P(I),I=1,NP)
READ(1,s) (Q(J),J=1,KQ)
READ(1,s) ((F(I,J),I=1,NP),J=1,KQ)
RT=.17453293E-01+T0
RP=.17453293E-01+P0
CP=C0S (.17453293E-01#P0)
SP=SIN(.17453293E-01#P0)
CT=C0S(.17453293E-01+T0)
ST=SIN(.17453293E-01+T0)
K=0
DO 1 J=1,HQ-1
Qc=(Q(3)+qJ+1))/2.0
DO 2 I=1,BP-1
K=K+1
M(K)=K
FC=(F(I,J)+F(I+1,))+F(I+1,J+1)+F(1,1+1))/4.0
PC=(P(I)+P(I+1))/2.0
IF (IT .EQ. 1) THEN
IS1=P(I)
YS1=Q(J)
281=F(1,J)
182=P(I+1)
YS2=Q(J)
282=F (I+1,])
XS3=P(I+1)
YS3=Q(J+1)
2S3=F(I+1,J+1)
XS4=P(I)
YS4=Q(J+1)
2S4=F(I,J+1)
IC=PC
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YC=QC
2C=FC
ELSE IF (IT .EQ. 2) THEN
XS1=Q(J)*C0S(P(I))
YS1=Q(J)*SIN(P(I))
281=F(I1,J)
X52=Q(J)*COS(P(I+1))
Y52=Q(J) +SIN(P(I+1))
2S2=F(I+1,J)
1S3=Q(J+1)«COS(P(I+1))
YS3=Q(J+1)+SIN(P(I+1))
2S3=F(I+1,J+1)
XS4=Q(J+1)*COS(P(I))
YS4=Q(J+1)+SIN(P(I))
2S4=F(I,J+1)
IC=QC*C0S(PC)
YC=QC*SIN(PC)
1C=FC
ELSE IF (IT .EQ. 3) THER
IS1=F(I,J)*C0OS(P(I))
YS1=F(I,J)*SIN(P(I))
Z51=Q(J)
I82=F (I+1,])*C0S(P(I+1))
YS2=F (I+1,))*SIN(P(I+1))
282=71
IS3=F(I+1,J+1)*COS(P(I+1))
YS3=F (I+1,J+1)+SIN(P(I+1))
283=Q(J+1)
XS4=F(I,J+1)+C0S(P(I))
YS4=F(I,J+1)*SIN(P(I))
184=23
IC=FC*C0S(PC)
YC=FC+SIN(PC)
2C=QC
ELSE IF ((IT .EQ. 4).0R.(IT .EQ. 5)) THEN
XS1=F(I,J)+SIN(Q(J))*COS(P(I))
YS1=F(I,J)+SIN(Q(J))+SIN(P(I))
281=F(I,J)*C0S(Q(J))
IS2=F (I+1,J)»SIN(Q(J))*COS(P(I+1))
YS2=F (I+1,J)+SIN(Q(J))+SIN(P(I+1))
282=F(I+1,J)+C0S(Q(J))
IS3=F (I+1,J+1)+SIN(Q(J+1))*COS(P(I+1))
YS3=F (I+1,J+1)+SIN(Q(JI+1))+SIN(P(I+1))
283=F(I+1,J+1)+C0S(Q(J+1))
XS4=F(I,J+1)+SIN(Q(JI+1))+COS(P(I))
YS4=F (I,J+1)+SIN(Q(J+1))+SIN(P(I))
254=F(I,J+1)+C0S(Q(J+1))
XC=FC*SIN(QC)+C0S(PC)
YC=FC#SIN(QC)*SIN(PC)
ZC=FC+C0S(QC)
ELSE
END IF
CALL ROTATE(XS1,YS1,281,X1(K),Y1(K),AX,AY,AZ,RP,RT)
CALL ROTATE(XS2,YS2,282,X2(K),Y2(K),AX,AY,AZ,RP,RT)
CALL ROTATE(XS3,YS83,283,X3(K),Y3(K),AX,AY,AZ,RP,RT)
CALL ROTATE(XS4,YS4,234,X4(K),Y4(K),AX,AY,AZ,RP,RT)
ZPC(K)=-ST+ (SP+XC+CP+YC) +CT*2C
IMIN=AMIN1 (XMIN,X1(K))
IMAX=ANAX1 (XMAX,X1(K))
YMIN=AMIN1(YMIN,Y1(K))
YMAX=AMAX1(YMAX,Y1(K))
CONTINUE
CONTINUE
WRITE(6,100) ’/m {moveto} def /1 {lineto} def /s {stroke} def’
WRITE(6,100) ’/sg {setgray} def /c {closepath 1 sg £ill s} def’
WRITE(6,100) ’/u {closepath O sg s} def /g {0 sg s} def’
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WRITE(6,100) ’/f {/Helvetica findfont 12 scalefont setfont} def’

WRITE(6,100) ’.5 setlinewidth /t {translate} def’

WRITE(6,101) 306.0-0.5¢(XMIN+XMAX),396.0-0.5+(YMIN+YMAX),’ t’

PUT OF EACH AIXIS

Qaaa

400

401

402

AS=AX#SP
WRITE(6,101) AX#CP+XA,CT#AS*#IA,’ m’
WRITE(6,101) AX+CP+XB,CT#AS#XB,’ 1’

WRITE(6,101) AX#CP#(XB-AT)-AY#SP#AT,CT#(AS#(XB-AT)+AY*CP#AT),’ 1’

WRITE(6,101) AX+CP+XB,CT+AX*SP+IB,’ m’

WRITE(6,101) AX+CP*(XB-AT)+AY#SP#AT,CT»(AS*(XB-AT)-AY*CP#AT),’ 1’

WRITE(6,400) AX#CP*(XB+AT),CT+AX#*SP#(XB+AT)
FORMAT(’s £ ’,F7.2,1X,F7.2,’ m (X) show’)
WRITE(6,101) -AY#SP#YA ,CT#AY#CPsYA,’ m’
WRITE(6,101) -AY#SP*YB,CT#AY#*CPsYB,’ 1’

WRITE(6,101) AX*CP#AT-AY#SP#(YB-AT),CT*(AS*AT+AY+CP#(YB-AT)),’ 1’

VRITE(6,101) -AY#SP*YB,CT+AY+CP*YB,’ m’

VRITE(6,101) -AX#CP*AT-AY#SP#(YB-AT),CT#(AY+#CP*(YB-AT)-AS#AT),’ 1’

WRITE(6,401) -AY#SP#(YB+AT) ,CT*AY+CPs(YB+AT)
FORMAT(’s £ ’,F7.2,1X,F7.2,’ m (Y) show’)
WRITE(6,101) 0.0,AZ*ST+ZA,’ w’

WRITE(6,101) 0.0,AZsST*ZB,’ 1’

WRITE(6,101) -AY*SIN(RP)#AT,CT*AY+CP*AT+AZ*ST#(ZB-(AY/AZ)*AT), 1’

WRITE(6,101) 0.0,AZ*ST+ZB,’ w’

WRITE(6,101) AY*SIN(RP)*AT,-CT#AYsCP+AT+AZ#ST+(ZB-(AY/AZ)*AT),’1’

VRITE(6,402) 0.0,AZ#ST+(ZB+(AY/AZ)*AT)
FORMAT(’s £ ’,F7.2,1X,F7.2,’ m (Z) show’)

QaQaQ

SORT THE TAGS

Qaa

Csx

C
C

4

)

DO 3 I=1,(NP-1)*(NQ-1)
DO 4 J=I,(NP-1)*(NQ-1)
IF(ZPC(M(J)) .LT. ZPC(M(I))) THEN
IL=M(J)
N(3)=K(I)
M(I)=IL
ELSE
END IF
CONTINUE
CONTINUE
DO 5 k=1, (NQ-1)*(NP-1)
¥=N(K)
WRITE(6,200) X1(N),Y1(N),X2()),Y2(F),X3(W),Y3(N),X4(N),Y4(N)
WRITE(6,201) X1(N),Y1(N),X2(N),Y2(F),X3(N),Y3(N),X4(N),Y4(N)
CONTINUE

CUT OUT ANGULAR SECTOR

QaaQ

15

16

IF(IT .EQ. 5) THER

WRITE(6,101) X1(1),Y1(1),’ m’

k=1

D0 16 I=0,NQ-2

K=K+1

WRITE(6,101) X4(Is(NP-1)+1),Y4(I+(NP-1)+1),’ 1’
CONTINUE

WRITE(6,100) ’c’

WRITE(6,101) X1(1),Y1(1),’ w’

k=1

DO 16 I=0,NQ-2

K=K+1

WRITE(6,101) X4(I+(NP-1)+1),Y4(I+(NP-1)+1),? 1’
CONTINUE

VRITE(6,100) ’g’

WRITE(6,101) X2(NP-1),Y2(NP-1),’ m’

=1
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D0 17 I=0,NQ-2

K=K+1

WRITE(6,101) X3((I+1)*(NP-1)), Y3((I+1)*(E¥P-1)),’ 1’
CONTINUE

WRITE(6,100) ’c?

WRITE(6,101) X2(NP-1),Y2(NP-1),’ m’

K=1

D0 18 I=0,NQ-2

K=K+1

WRITE(6,101) X3((I+1)*(NP-1)), Y3((I+1)=(NP-1)),’ 1’
CONTINUE

ELSE

END IF

WRITE(6,100) ’g’

WRITE(6,100) ’showpage’

FORMATS

C
100
101
200

201

FORMAT(A72)

FORMAT(F7.2,1X,F7.2,458)

FORMAT(F7.2,1X,F7.2,’ m ’,F7.2,1X,F7.2,’ 1 ?,F7.2,1X,
&F7.2,’ 1 ?,F7.2,1X,F7.2,’ 1 ¢?)

FORMAT(F7.2,1X,F7.2,’ m *,F7.2,1X,F7.2,’ 1 *,F7.2,11,
&F7.2,’ 1 °,F7.2,1X,F7.2,’ 1 w’)

END

SUBROUTINE ROTATE(XA,YA,ZA,X,Y,AX,AY,AZ,RP,RT)
I=AX+#COS (RP) *XA-AY*SIN(RP)*YA

Y=COS (RT)*# (AX+#SIN(RP) *XA+AY*COS(RP)*YA)+AZ#SIN(RT)*ZA
RETURN

EED

aaqa



222
APPENDIX C

Plate Programs

This appendix contains Fortran 77 programs and subroutines for the solution of
the scattering by planar material plates illuminated by an E or H polarized plane
wave using the conjugate gradient FFT method described in this dissertation.
The allowed perimeter shapes are rectangular, circular, or triangular, although,
any perimeter may be synthesized by the user by adding an appropriate shape
subroutine similiar to those already installed. Similarily, any material distribution
may be used by including an appropriate subroutine.

A brief description of the main programs is given in the following pages. The
description of each subroutine is given in the comment statements for that sub-
routine. The required subroutines for each main program for the single plate are

given in table C.1.
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PROGRAM BRIEF DESCRIPTION

CGFCON - This program computes the surface currents and backscattering cross

section of a infinitesimally thin perfectly conducting plate

illuminated with either an E-polarized or H-polarized plane wave.
CGFDIE - Computes the surface currents and backscattering cross section of a

thin dielectric plate illuminated with an E-polarized plane wave.
CGFEFDIH - Computes the surface currents and backscattering cross section of a

thin dielectric plate illuminated with an H-polarized plane wave.
CGFDME - Computes the surface currents and backscattering cross section of a

thin dielectric/magnetic plate illuminated with an E-polarized plane wave.
CGFDMH -Computes the surface currents and backscattering cross section of a

thin dielectric/magnetic plate illuminated with an H-polarized plane wave.
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Subroutines
required

Main Program

CGFCON

CGFDIE

CGFDIH

CGFDME

CGFDMH

CONALG

X

DIEALG

DIHALG

DMEALG

DMHALG

PERIMI

RECTAN

CIRCLE

TRIANG

SHIFTP

LR R LR L]

EPSUBR

F1,F2

TANIMP

LA L LB L R R K

AL AL R LR LR L L L L

LR LR L LR L KA KB L

NORIMP

MUSUBR

F3,F4

TANADM

AL AL AL A L AL A L R LA LR L L L

NORADM

DDAFGA

INETAN

E]

LA L L LR L L

INENOR

INHTAN

E]

LR R D L

INHNOR

BACSCA

BACSCB

BACSCC

BACSCD

DERIV1

DERIV2

b

DERIV3

RKPx|x|x

DERIV4

DERIV5

DERIV6

PFFFT2

TABLE

NORM22

COPYME

NEGONE

LA LA LA L

AL LA LR L]

AL L LA L]

AL AL AL R LR L L LR LB L A

LA L AL A L A L AL LR LA L LA k]

Table C.1. Single layer plate programs.
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THIS PROGRAM IS A DRIVER FOR SUBROUTINE CONALG

TIMOTHY J. PETERS

RADIATION LABORATORY

DEPT. OF ELECTRICAL ENGINEERING AND COMPUTER SCIENCE
THE UNIVERSITY OF MICHIGAN

LAST UPDATE JULY 1988

a0 a0a0a0a0a0a0a0a0a0a0a0aQ

ALLOVED FFT DIMENSIONS FROM THE SET (2,3,4,5,7,8,9,16)

(L=2,L2=4)
(L=3,L2%9)
(L=4,L2=16)
(L=5,L2=25
(L=6,L2=36)
(L=7,L2=49)
(L=8,L2=64)
(L=9,L2=81)
(L=10,L2=100)
(L=12,L2=144)
(L=14,L2=196)
(L=15,L2=225)
(L=16,L2=256)
(L=18,L2%324)
(L=20,L2=400)
(L=21,L2=441)
(L=24,L2=576)
(L=28,L2=784)
(L=30,L2=900)
(L=35,L2=1225)

(L=36,1221296) (L=180,12%32400)
(L=40,12=1600) (L=210,L2%44100)
(L=42,L2=1764) (L=240,12=57600)
(L=45,12=2025) (L=252,1.2=63504)
(L=48,12=2304) (L=280,1.2%78400)
(L=56,L2=3136) (L=315,12%99225)
(L=60,12%3600) (L=336,1.2%112896)
(L=63,12=3969) (L=360,L2%129600)
(L=70,12=4900) (L=420,12%176400)
(L=72,L2%5184) (L=504,1.2%254016)
(L=80,12=6400) (L=560,1.2%313600)
(L=84,12%7056) (L=630,1.2%396900)
(L=90,12=8100) (L=720,12%518400)
(L=105,11025) (L=840,1.2%705600)
(L=112,L2=12644) (L=1008,L221016064)
(L=120,12=14400) (L=1260,12%1687600)
(L=126,L215876) (L=1680,12%2822400)
(L=140,L2=19600) (L=2520,L2%6350400)
(L=144,12220736) (L=5040,12%25401600)
(L=168,12228224)

T R R R e R I I I I G G B G I R R B R B B B s e I s B s I BT B B e B e ]

PARAMETER (L=70,L2=4900)
REAL KXR(L2),KXI(L2),KYR(L2),KYI(L2),EXI(L2),EXR(L2),EYR(L2)

&,EYI(L2),RXR(L2) ,RXI(L2),RYR(L2) ,RYI(L2) ,PXR(L2),PXI(L2),PYR(L2)
&,PYI(L2),QXR(L2),QXI(L2),QYR(L2),QYI(L2) ,SXR(L2),SXI(L2),SYR(L2)

&,8Y1(L2),ZE1(L2) ,U1R(L2),U1I(L2),U2R(L2),U2I(L2),X(L),Y(L)
INTEGER SG(L2),FG(L2),8GT(L2)
OPEN(UNIT=6 ,FILE=’CONOUT’)

oo aaaaaaaaaaf

C
C INPUT VARIABLE DESCRIPTIONS:
C
C IS - INTEGER+4 TYPE OF PLATE
C IS=1 RECTANGULAR PLATE
Cc IS=2 CIRCULAR PLATE
Cc I18=3 TRIABGULAR PLATE
C PH1 - REAL INITIAL PHI ANGLE (DEGREES)
C PH2 - REAL FINAL PHI ANGLE (DEGREES)
C TH1 - REAL INITIAL THETA ANGLE (DEGREES)
C TH2 - REAL FINAL THETA ANGLE (DEGREES)
C DP - REAL ANGULAR INCREMENT OF PHI ANGLE (DEGREES)
C DT - REAL ANGULAR INCREMENT OF THETA ANGLE (DEGREES)
C IPOL - INTEGER POLARIZATION
Cc IPOL=1 E-POLARIZATION (EZ=0)
C IPOL=2 H-POLARIZATION (HZ=0)
C TOL - REAL TOLERANCE (USUALLY .001 TO .01)
C EKMAX - INTEGER MAXINUM NUMBER OF ITERATIONS PER ANGLE
Cass .
DO 1 I=1,L2
KXR(I)=0.0
KXI(I)=0.0
KYR(I)=0.0
KYI(I)=0.0
1 CONTINUE

Is=1
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PH1=0.0

PH2=0.0

TH1=0.0

TH2=0.0

DP=20.0

DT=2.0

IPOL=1

TOL=.001

KMAX=101

CALL PERIMI(L,L2,IS,NS,DS,SG,X,Y)

CALL SHIFTP(L,L2,5G,SGT)

CALL comaLG(L,L2,¥S,DS,PH1,PH2,TH1,TH2,DP,DT,IPOL,KMAX,TOL,SG
&,FG,X,Y,KXR,KXI KYR,KYI,RXR,RXI,RYR,RYI,PXR,PXI,PYR,PYI,QXR,QXI
&,QYR,QYI,SXR,SXI,SYR,SYI,EXR,EXI,EYR,EYI,ZE1,U1R,U11,U2R,U2I)

END
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PROGRAM CGFDIE

a0 acaacaa0aaa

c FT 1

C THIS PROGRAM IS A DRIVER FOR SUBROUTINE DIEALG

C

C  TIMOTHY J. PETERS

C  RADIATION LABORATORY

C DEPT. OF ELECTRICAL ENGINEERING AND COMPUTER SCIENCE

C THE UNIVERSITY OF MICHIGAN

C  LAST UPDATE JULY 1388

C **
C ALLOVED FFT DIMENSIONS FROM THE SET (2,3,4,5,7,8,9,16)

c

C (L=2,L2=4) (L=36,L2=1296) (L=180,L2=32400)

C (L=3,L2=9) (L=40,L2=1600) (L=210,L2=44100)

C (L=4,L2=16) (L=42,L2=1764) (L=240,L2=57600)

C (L=5,L2=25 (L=45,12=2025) (L=252,L2=63504)

C (L=6,L2=36) (L=48,12=2304) (L=280,L2=78400)

C (L=7,L2=49) (L=56 ,L2=3136) (L=315,12=99225)

C (L=8,L2=64) (L=60,12=3600) (L=336,L2=112896)
C (L=9,L2=81) (L=63,L2=3969) (L=360,L.2=129600)
Cc (L=10,L2=100) (L=70,L2=4900) (L=420,L2=176400)
C (L=12,L2=144) (L=72,L2=5184) (L=504,L2=264016)
C (L=14,L2=196) (L=80,L2=6400) (L=560,L2=313600)
C (L=15,L2=225) (L=84,L2=7066) (L=630,12=396900)
C (L=16,L2=256) (L=90,12=8100) (L=720,L2=518400)
C (L=18,L2=324) (L=105,11025) (L=840,L2=705600)
C (L=20,L2=400) (L=112,L2=12544) (L=1008,L2=1016064)
C (L=21,L2=441) (L=120,L2=14400) (L=1260,L2=1587600)
C (L=24,L2=576) (L=126,L2=15876) (L=1680,L2=2822400)
C (L=28,L2=784) (L=140,1.2=19600) (L=2520,1226350400)
C (L=30,L2=900) (L=144,L2=20736) (L=5040,L2=25401600)
C (L=35,L2=1225) (L=168,12=28224)

c .

PARAMETER (L=120,12=14400)

REAL KXR(L2),KXI(L2),KYR(L2),KYI(L2),6EXI(L2),EXR(L2),EYR(L2)
&,EYI(L2) ,RXR(L2) ,RXI(L2),RYR(L2),RYI(L2),PXR(L2),PXI(L2),PYR(L2)
&,PYI(L2),QXR(L2),QXI(L2),QYR(L2),QYI(L2),SXR(L2),SXI(L2),SYR(L2)
&,8YI(L2),2E1(L2) ,U1R(L2),U1I(L2) ,U2R(L2) ,U2I(L2),X(L),Y(L)
&,EP1(L2) ,EP2(L2) ,ETR(L2) ,ETI(L2)

INTEGER SG(L2),FG(L2),S6T(L2)

OPEN(UNIT=6 ,FILE=’DIEOUT’)

c C
C INPUT VARIABLE DESCRIPTIONS: ¢
c c
C IS - INTEGERe4 TYPE OF PLATE c
c IS=1 RECTANGULAR PLATE c
c IS=2 CIRCULAR PLATE c
c 18=3 TRIANGULAR PLATE c
C PH1 - REAL INITIAL PHI ANGLE (DEGREES) c
C PH2 - REAL FINAL PHI ANGLE (DEGREES) c
C TH1 - REAL INITIAL THETA ANGLE (DEGREES) c
C TH2 - REAL FINAL THETA ANGLE (DEGREES) c
C DP - REAL ANGULAR INCREMENT OF PHI ANGLE (DEGREES) c
C DT - REAL ANGULAR INCREMENT OF THETA ANGLE (DEGREES) c
C T - REAL THICKNESS NORMALIZED TO FREESPACE WAVELEEGTE C
C IPOL - INTEGER POLARIZATION c
c IPOL=1 E-POLARIZATION (EZ=0) c
c IPOL=2 H-POLARIZATION (HZ=0) ' c
C TOL - REAL TOLERANCE (USUALLY .001 TO .01) c
C KMAX - INTEGER MAXIMUM NUMBER OF ITERATIONS PER ANGLE c
Chsssssssss 'Y ) **C

DO 1 I=1,L2

KIR(I)=0.0

KXI(I)=0.0

KYR(I)=0.0

KYI(I)=0.0
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CONTINUE

1S=2

PH120.0

PH2=0.0

TH1=0.0

TH2290.0

DP=1.0

DT=2.0

TOL=.0001

KMAX=50

T=.01

CALL PERIMI(L,L2,IS,NS,DS,SG,X,Y)

CALL SHIFTP(L,L2,SG,SGT)

CALL EPSUBR(L,L2,SG,X,Y,EP1,EP2)

CALL TANIMP(L,L2,SG,T,EP1,EP2,ETR,ETI)

CALL DIEALG(L,L2,NS,DS,PH1,PH2,TH1,TH2,DP,DT,KMAX,TOL,SG
&,FG,X,Y,KXR,KXI,KYR,KYI,RXR,RXI,RYR,RYI,PXR,PXI,PYR,PYI,QXR,QXI
&,QYR,QYI,SXR,SXI,SYR,SYI ,EXR,EXI,EYR,EYI,ZE1,U1R,U1I,U2R,U2I
& ,ETR,ETI)

END



PROGRAM CGFDIH
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C

C THIS PROGRAM IS A DRIVER FOR SUBROUTINE DIHALG

Casx

C TIMOTHY J. PETERS

C  RADIATION LABORATORY

C DEPT. OF ELECTRICAL ENGINEERING AND COMPUTER SCIENCE

C THE UNIVERSITY OF MICHIGAN

C  LAST UPDATE JULY 1988

Cxx

C  ALLOWED FFT DIMENSIONS FROM THE SET (2,3,4,5,7,8,9,16)

c

C (L=2,L2=4) (L=36,L2=1296) (L=180,L2=32400)

C (L=3,L2=9) (L=40,12=1600) (L=210,L2=44100)

C (L=4,L2=16) (L=42,L2=1764) (L=240,L2=57600)

C (L=5,L2=25 (L=45,12=2025) (L=252,L2=63504)

C (L=6,L2=36) (L=48,L2=2304) (L=280,L2=78400)

C (L=7,L2=49) (L=56 ,L223136) (L=315,L2=99225)

C (L=8,L2=64) (L=60,L2=3600) (L=336,L2=112896)

C (L=9,L2=81) (L=63,L2=3969) (L=360,L2=129600)

¢ (L=10,L2=100) (L=70,L2=4900) (L=420,L2=176400)

C (L=12,L2=144) (L=72,L2=5184) (L=504,L2=254016)

C (L=14,L2=196) (L=80,12=6400) (L=560,L2=313600)
C (L=15,L2=225) (L=84,L2=7056) (L=630,L2=396900)

C (L=16,L2=256) (L=90,L2=8100) (L=720,L2=518400)
C (L=18,L2=324) (L=105,11025) (L=840,L2=705600)
C (L=20,L2=400) (L=112,L2=12644) (L=1008,L2=1016064)
C (L=21,L2=441) (L=120,L2=14400) (L=1260,L2=1587600)
C (L=24,L2=576) (L=126,L2=15876) (L=1680,1.2=2822400)
C (L=28,L2=784) (L=140,L2=19600) (L=2620,1L.226350400)
C (L=30,L2=900) (L=144,L2=20736) (L=5040,12=25401600)
C (L=35,L2=1225) (L=168,L2=28224)

C

s R e I I R I B G R R B R e R B e B B e s s s I s B I s B e B > B e B> B S B> B 2 )

PARAMETER (L=120,L2=14400)

REAL KXR(L2),KXI(L2),KYR(L2),KYI(L2),KZR(L2),KZI(L2),EXR(L2)
&,EXI1(L2) ,EYR(L2) ,EYI(L2) ,EZR(L2),EZI(L2) ,RXR(L2),RXI(L2) ,RYR(L2)
&,RYI(L2),RZR(L2) ,RZI(L2) ,PXR(L2) ,PXI(L2) ,PYR(L2),PYI(L2),PZR(L2)
&,PZI(L2),QXR(L2),QXI(L2),QYR(L2),QYI(L2),QZR(L2),QZI(L2),SXR(L2)
&,SX1(L2),SYR(L2),SYI(L2),SZR(L2),SZI(L2),ZE1(L2),U1R(L2),U1I(L2)
&,U2R(L2),U21(L2) ,EP1(L2) ,EP2(L2) ,ETR(L2) ,ETI(L2) ,ENR(L2) ,ENI(L2)
&,X(L),Y(L)

INTEGER 8G(L2),FG(L2),SGT(L2)

OPEN(UNIT=6 ,FILE=’DIHOUT’)

INPUT VARIABLE DESCRIPTIONS:
IS - INTEGER+4 TYPE OF PLATE
IS=1 RECTANGULAR PLATE
IS=2 CIRCULAR PLATE
IS=3 TRIANGULAR PLATE

Qaoaoaacaaoaaoaaoaacaacaaacaaaoaaaaaoaa

C
C
C
c
C
C
C
C PH1 - REAL INITIAL PHI ANGLE (DEGREES)
C PH2 - REAL FINAL PHI ANGLE (DEGREES)
C TH1 - REAL INITIAL THETA ANGLE (DEGREES)
C TH2 - REAL FINAL THETA ANGLE (DEGREES)
C DP - REAL ANGULAR INCREMENT OF PHI ANGLE (DEGREES)
C DT - REAL ANGULAR INCREMENT OF THETA ANGLE (DEGREES)
C T - REAL THICKBESS NORMALIZED TO FREESPACE WAVELENGTE
C IPOL - INTEGER POLARIZATION
C IPOL=1 E-POLARIZATION (EZ=0)
C IPOL=2 H-POLARIZATION (HZ=0)
C TOL - REAL TOLERANCE (USUALLY .001 TO .01)
C KMAX - INTEGER MAXINUM NUMBER OF ITERATIONS PER ANGLE
Cee - ssssenes sessees
DO 1 I=1,L2
KXR(I)=0.0

KXI(1)=0.0
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KYR(I)=0.0
KYI(I)=0.0
KZR(1)=0.0
KZI(I)=0.0

CONTINUE

IS=2

PH1=0.0

PH2=0.0

TH1=0.0

TH2=88.0

DP=2.0

DT=2.0

TOL=.0001

KMAX=50

T=.01

CALL PERIMI(L,L2,IS,NS,DS,SG,X,Y)

CALL SHIFTP(L,L2,SG,SGT)

CALL EPSUBR(L,L2,SG,X,Y,EP1,EP2)

CALL TANIMP(L,L2,8G,T,EP1,EP2,ETR,ETI)

CALL NORIMP(L,L2,SG,T,EP1,EP2,ENR,ENI)

CALL DIHALG(L,L2,¥S8,DS,PH1,PH2,TH1,TH2,DP,DT,KMAX,TOL,SG,FG,X,Y
&,KXR,KXI,KYR,KYI,KZR,KZI,RXR,RXI,RYR,RYI ,RZR,RZI ,PXR,PXI,PYR,PYI
&,PZR,PZI,QIR,QXI,QYR,QYI,QZR,QZI,SIR,SXI,SYR,SYI,SZR,S2I ,EXR ,EXI
&,EYR,EYI,EZR,EZI,ZE1,U1R,U1I,U2R,U2I ,ETR,ETI,ENR,ENI)

END
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C

C THIS PROGRAM IS A DRIVER FOR SUBROUTINE DMEALG

C

C TIMOTHY J. PETERS

C  RADIATION LABORATORY

C  DEPT. OF ELECTRICAL ENGINEERING AND COMPUTER SCIENCE

C THE UNIVERSITY OF MICHIGAN

C  LAST UPDATE JULY 1988

C

C ALLOWED FFT DIMENSIONS FROM THE SET (2,3,4,6,7,8,9,16)

c

C (L=2,L2=4) (L=36,L21296) (L=180,L2=32400)

C (L=3,L2=9) (L=40,L2=1600) (L=210,L2=44100)

¢ (L=4,L2=16) (L=42,L2=1764) (L=240,L2=57600)

C (L=5,L2=25 (L=45,L2=2025) (L=252,L.2=63504)

Cc (L=6,L2=36) (L=48,L2=2304) (L=280,L2=78400)

C (L=7,L2=49) (L=56 ,1.2=3136) (L=315,L2=99225)

C (L=8,L2=64) (L=60,12=3600) (L=336,L2=112896)

C (L=9,L2=81) (L=63,L2=3969) (L=360,L2=129600)

¢ (L=10,L2=100) (L=70,L2=4900) (L=420,L2=176400)

C (L=12,L2=144) (L=72,L2=5184) (L=504,L2=254016)

C (L=14,L2=196) (L=80,12=6400) (L=560,L2=313600)

C (L=15,L2=225) (L=84,L2=7056) (L=630,L2=396900)

C (L=16,L2=256) (L=90,12=8100) (L=720,L2=518400)

C (L=18,L2=324) (L=105,11026) (L=840,L2=705600)

C (L=20,L2=400) (L=112,L2=12544) (L=1008,L2=1016064)
C (L=21,L2=441) (L=120,L2=14400) (L=1260,L2=15687600)
C (L=24,L2=576) (L=126,L2=15876) (L=1680,12=2822400)
C (L=28,L2=784) (L=140,L2=19600) (L=2520,L2=63560400)
C (L=30,L2=900) (L=144,12=20736) (L=5040,L2=25401600)
C (L=35,L2%1225) (L=168,12=28224)

C

L R R R e e I R R I G R R R G R G R R G s R B s B e I e B e I e B A B 2

PARAMETER (L=120,L2=14400)
REAL KXER(L2),KXEI(L2),KYER(L2),KYEI(L2) ,KXMR(L2),KXMI(L2)
&,KYMR(L2) ,KYMI(L2) ,KZMR(L2) ,K2MI(L2),EXR(L2),EXI(L2),EYR(L2)

&,EYI(L2) ,HXR(L2) ,BXI(L2) ,HYR(L2) ,BYI(L2) ,HZR(L2) ,HZI(L2) ,RXER(L2)
&,RXEI(L2) ,RYER(L2) ,RYEI(L2) ,RXMR(L2),RXMI(L2) ,RYMR(L2),RYMI(L2)
&,RZMR(L2) ,RZMI(L2) ,PXER(L2) ,PXEI(L2),PYER(L2) ,PYEI(L2) ,PXMR(L2)
&,PXNMI(L2) ,PYMR(L2) ,PYNI(L2) ,PZMR(L2),PZMI(L2) ,QXER(L2),QXEI(L2)
&,QYER(L2) ,QYEI(L2),QXMR(L2),QXNI(L2),QYMR(L2) ,QYMI(L2),QZMR(L2)
&,QzMI(L2) ,SXER(L2) ,SXEI(L2) ,SYER(L2),SYEI(L2) ,SXMR(L2),SINI(L2)
&,SYMR(L2) ,SYMI(L2) ,SZNMR(L2) ,SZMI(L2),ZE1(L2) ,U1R(L2),U1I(L2)
&,U2R(L2),U2I(L2) ,U3R(L2) ,U3I(L2) ,EP1(L2) ,EP2(L2) ,ETR(L2) ,ETI(L2)
&,MU1(L2) ,MU2(L2) ,NTR(L2) ,NTI(L2) ,MNR(L2) ,MBI(L2),X(L),Y(L)
INTEGER 8G(L2),F@(L2),8GT(L2)

OPEN(UNIT=6,FILE=’DMEOUT?)
c C
C INPUT VARIABLE DESCRIPTIONS: c
c C
C IS - INTEGER+4 TYPE OF PLATE C
C IS=1 RECTANGULAR PLATE C
C IS=2 CIRCULAR PLATE C
c IS=3 TRIANGULAR PLATE : c
C PH1 - REAL INITIAL PHI ANGLE (DEGREES) c
C PH2 - REAL FINAL PHI ANGLE (DEGREES) C
C TH1 - REAL INITIAL THETA ANGLE (DEGREES) C
C TH2 - REAL FINAL THETA ANGLE (DEGREES) c
C DP - REAL ANGULAR INCREMENT OF PHI ANGLE (DEGREES) C
C DT - REAL ANGULAR INCREMENT OF THETA ANGLE (DEGREES) c
C T - REAL THICKNESS NORMALIZED TO FREESPACE WAVELENGTH C
C TOL - REAL TOLERANCE (USUALLY .001 TO .01) c
C KMAX - INTEGER MAXIMUM NUMBER OF ITERATIONS PER ANGLE C
C*ss FTY ] PTTYT) C

DO 1 I=1,L2
KXER(I)=0.0



232

KIEI(I)=0.0

KYER(I)=0.0

KYEI(I)=0.0

KXMR(I)=0.0

KIMI(I)=0.0

KYMR(I)=0.0

KYMI(I)=0.0
KZMR(1)=0.0
KZMI(1)=0.0

CONTINUE

Is=1

PH1=0.0

PE2=0.0

TH1=0.0

TH2=90.0

DP=2.0

DT=2.0

TOL=.0001

KMAX=50

T=.0254

CALL PERIMI(L,L2,IS,NS,DS,SG,X,Y)

CALL SHIFTP(L,L2,SG,SGT)

CALL EPSUBR(L,L2,S6,X,Y,EP1,EP2)

CALL MUSUBR(L,L2,SG,X,Y,MU1,MU2)

CALL TANIMP(L,L2,86,T,EP1,EP2,ETR,ETI)

CALL TANADM(L,L2,SG,T,MU1,MU2,MTR,NTI)

CALL NORADM(L,L2,SG,T,MU1,MU2,MNR,MNI)

CALL DMEALG(L,L2,NS,DS,PH1,PH2,TH1,TH2,DP,DT,KMAX,TOL,SG,FG,X,Y
& ,KXER,KXEI,KYER,KYEI,KXMR,KINI ,KYMR,KYNI ,KZMR ,KZNI ,RXER,RXEI,RYER
& ,RYEI ,RXMR,RXMI,RYMR,RYMI,RZMR ,RZNI ,PXER,PXEI ,PYER,PYEI,PXMR ,PXNI
&,PYMR,PYNI,PZMR,PZNI,QXER, QXEI,QYER,QYEI,QXMR,QXNI,QYMR, QYMI,QZMR
&,QZNMI,SXER,SXEI,SYER,SYEI,SXMR ,SINI ,SYMR ,SYNI ,SZMR ,SZMI ,EXR,EXI
& ,EYR,EYI, HXR,HXI ,HYR,BYI, HZR,HZI,2E1,U1R,U11,U2R,U2I,U3R,U31,ETR
&,ETI,NTR,MTI,NNR ,NNI)

END
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PROGRAM CGFDME
C e C
C  THIS PROGRAM IS A DRIVER FOR SUBROUTINE DMHALG C
C c
C  TIMOTHY J. PETERS c
C  RADIATION LABORATORY c
C  DEPT. OF ELECTRICAL ENGINEERING AND COMPUTER SCIENCE C
C THE UNIVERSITY OF MICHIGAN c
C  LAST UPDATE JULY 1988 c
C C
C  ALLOWED FFT DIMENSIONS FROM THE SET (2,3,4,5,7,8,9,16) C
C c
C (L=2,L2=4) (L=36,L2=1296) (L=180,L2=32400) c
C (L=3,L2=9) (L=40,12=1600) (L=210,L2=44100) c
C (L=4,L2=16) (L=42,L2=1764) (L=240,L2=57600) c
C (L=5,L2=25 (L=45,L2=2025) (L=252,L2=63504) C
C (L=6,L2=36) (L=48,12=2304) (L=280,L2=78400) c
C (L=7,L2=49) (L=56,L2=3136) (L=315,12=99225) C
C (L=8,L2=64) (L=60,L223600) (L=336,L2=112896) C
¢ (L=9,L2=81) (L=63,L2=3969) (L=360,L2=129600) C
C (L=10,L2=100) (L=70,L2=4900) (L=420,L2=176400) c
C (L=12,L2=144) (L=72,L2=5184) (L=504,L2=254016) C
C (L=14,L2=196) (L=80,L2=6400) (L=560,L2=313600) c
C (L=15,L2=225) (L=84,L2=7056) (L=630,L2=396900) c
C (L=16,L2=256) (L=90,L2=8100) (L=720,L2=518400) c
C (L=18,L2=324) (L=105,11025) (L=840,L2=705600) c
C (L=20,L2=400) (L=112,L2=12544) (L=1008,1L2=1016064) c
C (L=21,L2=441) (L=120,L2=14400) (L=1260,L2=1587600) c
C (L=24,L2=576) (L=126,L2=15876) (L=1680,L2=2822400) c
C (L=28,L2=784) (L=140,L2=19600) (L=2520,L2=6350400) c
C (L=30,L2=900) (L=144,L2=20736) (L=5040,L2=25401600) c
C (L=35,L2=1225) (L=168,12=28224) c
C C

PARAMETER (L=120,L2=14400)

REAL KXMR(L2),KXMI(L2),KYMR(L2),KYMI(L2),KXER(L2),KXEI(L2)
&,KYER(L2) ,KYEI(L2) ,KZER(L2) ,KZEI(L2),HXR(L2),HXI(L2),HYR(L2)
&,HYI(L2) ,EXR(L2) ,EXI(L2) ,EYR(L2) ,EYI(L2) ,EZR(L2) ,EZI(L2) ,RXMR(L2)

&,RXMI(L2) ,RYMR(L2) ,RYMI(L2) ,RXER(L2),RXEI(L2) ,RYER(L2),RYEI(L2)
&,RZER(L2) ,RZEI(L2) ,PXMR(L2) ,PXNI(L2),PYMR(L2) ,PYMI(L2) ,PXER(L2)
&,PXEI(L2) ,PYER(L2) ,PYEI(L2) ,PZER(L2),PZEI(L2) ,QXMR(L2),QXNI(L2)
&,QYMR(L2) ,QYMI(L2),QXER(L2) ,QXEI(L2),QYER(L2),QYEI(L2),QZER(L2)
&,QZEI(L2) ,SXMR(L2) ,SXMI(L2) ,SYMR(L2),SYNI(L2),SXER(L2),SXEI(L2)
&,SYER(L2) ,SYEI(L2) ,SZER(L2) ,S2EI(L2),ZE1(L2),U1R(L2),U1I(L2)
&,U2R(L2),U21(L2) ,U3R(L2) ,U31(L2) ,EP1(L2) ,EP2(L2) ,ETR(L2) ,ETI(L2)
&,MU1(L2) ,MU2(L2) ,NTR(L2) ,NTI(L2) ,ENR(L2) ,ENI(L2),X(L),Y(L)
INTEGER 8G(L2),FG(L2),SGT(L2)

OPEN(UNIT=6 ,FILE=’DMHOUT’)
C C
C INPUT VARIABLE DESCRIPTIONS: C
c C
C IS - INTEGER+4 TYPE OF PLATE c
C IS=1 RECTANGULAR PLATE C
C IS=2 CIRCULAR PLATE C
Cc IS=3 TRIANGULAR PLATE C
C PH1 - REAL INITIAL PHI ANGLE (DEGREES) C
C PH2 - REAL FINAL PHI ANGLE (DEGREES) C
C TH1 - REAL INITIAL THETA ANGLE (DEGREES) C
C TH2 - REAL FINAL THETA ANGLE (DEGREES) C
C DP - REAL ANGULAR INCREMENT OF PHI ANGLE (DEGREES) [+
C DT - REAL ANGULAR INCREMENT OF THETA ANGLE (DEGREES) c
C T - REAL THICKNESS NORMALIZED TO FREESPACE WAVELENGTH C
C TOL - REAL TOLERANCE (USUALLY .001 TO .01) c
C KMAX - INTEGER MAXTMUN NUMBER OF ITERATIONS PER ANGLE c
Ces L34 s C

DO 1 I=1,L2
KXMR(I)=0.0
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KIMI(I)=0.0
KYMR(I)=0.0
KYMI(I)=0.0
KXER(I)=0.0
KXEI(I)=0.0
KYER(I)=0.0
KYEI(I)=0.0
KZER(I)=0.0
KZEI(I)=0.0

CONTINUE

Is=1

PH1=0.0

PH2=0.0

TH1=0.0

TH2=88.0

DP=2.0

DT=2.0

TOL=.0001

KMAX=50

T=.0254

CALL PERIMI(L,L2,IS,NS,DS,SG,X,Y)

CALL SEIFTP(L,L2,SG,SGT)

CALL EPSUBR(L,L2,SG,X,Y,EP1,EP2)

CALL MUSUBR(L,L2,SG,X,Y,MU1,MU2)

CALL TANIMP(L,L2,SG,T,EP1,EP2,ETR,ETI)

CALL NORIMP(L,L2,8G,T,EP1,EP2,ENR,ENI)

CALL TANADM(L,L2,SG,T,MU1,MU2,MTR,NTI)

CALL DMHALG(L,L2,NS,DS,PH1,PH2,TH1,TH2,DP,DT,KMAX,TOL,SG,FG,X,Y
& ,KXMR,KXMI,KYMR,KYMI,KXER,KXEI,KYER,KYEI,KZER ,KZEI ,RXMR ,RINI ,RYMR
&,RYMI ,RXER,RXEI,RYER,RYEI,RZER ,RZEI ,PXMR ,PXMI ,PYMR ,PYNI ,PXER,PXEI
&,PYER,PYEI,PZER,PZEI,QXMR,QXMI ,QYMR,QYNI,QXER,QXEI,QYER, QYEI,QZER
&,QZEI,SIMR,SIMI,SYMR,SYMI,SXER,SXEI,SYER,SYEI,SZER ,SZEI ,HXR ,HXI
& ,HYR,HYI,EXR,EXI,EYR,EYI,EZR,E2I,ZE1,UiR,U1],U2R,V21,U3R,U3],ETR
&,ETI,ENR,ENI,NTR,NTI)

END
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SUBROUTINE CONALG(L,L2,NS,DS,PH1,PH2,TH1,TH2,DP,DT,IPOL,KMAX,TOL
&,86,FG,X,Y,KXR KXI ,KYR,KYI RXR,RXI,RYR,RYI,PXR,PXI,PYR,PYI,QXR,QXI .

&,QYR,QYI,SXR,SXI,SYR,SYI ,EXR,EXI,EYR,EYI,ZE1,U1R,U1I,U2R,U2I)

THIS SUBROUTINE USES A CONJUGATE GRADIENT FFT METHOD TO COMPUTE

THE SURFACE CURRENT AND RCS OF A THIN PERFECTLY CONDUCTING PLATE

ILLUMINATED WITH AN E OR H POLARIZATED PLANE WAVE

aaaaaqQ

REAL KXR(#*),KXI(#*),KYR(*) KYI(#),RXR(#),RXI(*),RYR(*),RYI(*)

aaaaaa

&,EXR(*) ,EXI(#*) ,EYR(#) ,EYI(*),PXR(*),PXI(*),PYR(*),PYI(*),QXR(*)
&,QXI(*),QYR(*),QYI(*),SXR(*),SXI(*),SYR(*),SYI(*),ZE1(*) U1R(%)

&,U1I(#+),U2R(») ,U21(%),X(),Y(»)
INTEGER N(4),SG(#),FG(#),SIGN
CALL TABLE(L,M,N)

CALL DDAFGA(L,DS,ZE1,FG)

DATA PI,TP,RAD /.3141593E+01,.6283196E+01, .1745329E-01/
T1=2.0+(TP+PI+DS*DS-1.0)

VI=1.0/(TP+DS*DS+L2)
WRITE(6,500)

IF (IPOL .EQ. 1) THEN

AL=90.0

ELSE

AL=0.0

EED IF

c

STEP THROUGH EACH INCIDENT ANGLE

Ca%a

N1=INT((PE2-PH1)/DP)
¥2=INT((TH2-TH1)/DT)

DO 1 IPHI=O0,N1

PH=PH1+IPHI*DP

DO 2 ITHE=0,N2

TH=TH1+ITHE*DT

CALL INETAN(L,L2,DS,SG,AL,PH,TH,X,Y,EXR,EXI,EYR,EYI)
CALL NORM22(L2,EXR,EXI,SG,ENX)
CALL NORM22(L2,EYR,EYI,SG,ENY)
GE=ENX+ENY

R1=RADsPH

R2=RADsTH

CP=COS (R1)

SP=SIN(R1)

CT=C0S (R2)

ST=SIN(R2)

QaqQ

c

Ch%a

INITIALIZE RESIDULE

3

CALL COPYME(L2,SG,KXR,QXR)
CALL COPYME(L2,SG,KXI,QXI)
CALL COPYME(L2,5G,KYR,QYR)
CALL COPYME(L2,5G,KYI,QYI)
SIGN=-1
CALL PFFFT2(L,)S,X,¥,QIR,QXI,SIGK)
CALL PFFFT2(L,NS,N,N,QYR,QYI,SIGH)
DO 3 I=1,L2
IF (FG(I) .EQ. 1) THEN
SIR(I)=-ZE1(I)*+QXI(I)
SII(I)= ZE1(I)#QXR(I)
SYR(I)=-ZE1(I)*QYI(I)
SYI(I)= ZE1(I)*QYR(I)
ELSE
SXR(I)= ZE1(I)*QXR(I)
SXI(I)= ZE1(I)*QXI(I)
SYR(I)= ZE1(I)+QYR(I)
SYI(I)= ZE1(I)+QYI(I)
END IF
CONTINUE
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SIGN=1
CALL PFFFT2(L,NS,M,N,SIR,SXI,SIGN)
CALL PFFFT2(L,NS,M,N,SYR,SYI,SIGN)
CALL DERIV1(L,L2,SG,T1,SIR,U1R)
CALL DERIV1(L,L2,8G,T1,SXI,U1I)
CALL DERIV2(L,L2,SG,SYR,U2R)
CALL DERIV2(L,L2,SG,SYI,U2I)
DO 4 I=1,L2
IF (SG(I) .NE. 0) THEN
QXR(I)=-VI+(UL1I(I)+U2I(I))
QXI(I)= VI#(U1R(I)+U2R(I))
ELSE
QIR(1)=0.0
QXI(I)=0.0
END IF
CONTINUE
CALL DERIV2(L,L2,8G,SXR,U1R)
CALL DERIV2(L,L2,8G,SXI,U1I)
CALL DERIV3(L,L2,8G,T1,SYR,U2R)
CALL DERIV3(L,L2,SG,T1,SYI,U2I)
DO 5 I=1,L2
IF (SG(I) .BE. 0) THEN
QYR(I)=-VIs(U1I(I)+U2I(I))
QYI(I)= VI«(ULR(I)+U2R(I))
ELSE
QYR(I)=0.0
QYI(I)=0.0
END IF
CONTINUE
DO 6 I=1,L2
IF (SG(I) .NE. 0) THEN
RXR(I)=EXR(I)-QXR(I)
RXI(I)=EXI(I)-QXI(I)
RYR(I)=EYR(I)-QYR(I)
RYI(I)=EYI(I)-QYI(I)
ELSE
RIR(I)=0.0
RXI(I)=0.0
RYR(I)=0.0
RYI(I)=0.0
END IF
CONTINUE
CALL COPYME(L2,SG,RIR,QXR)
CALL COPYME(L2,SG,RXI,QXI)
CALL COPYME(L2,SG,RYR,QYR)
CALL COPYME(L2,SG,RYI,QYI)
SIGN=-1
CALL PFFFT2(L,NS,M,N,QXR,QXI,SIGH)
CALL PFFFT2(L,NS,M,N,QYR,QYI,SIGH)
DO 7 I=1,L2
IF (FG(I) .EQ. 1) THER
SXR(I)= ZE1(I)*QXI(I)
SXI(I)=-ZE1(I)*QXR(I)
SYR(I)= ZE1(I)*QYI(I)
SYI(I)=~ZE1(I)*QYR(I)
ELSE
SXR(I)= ZE1(I)*QXR(I)
SXI(I)= ZE1(I)*QXI(I)
SYR(I)= ZE1(I)*QYR(I)
SYI(I)= ZE1(I)*QYI(I)
END IF
CONTINUE
SIGE=1
CALL PFFFT2(L,NS,M,N,SIR,SXI,SIGN)
CALL PFFFT2(L,NS,M,N,SYR,SYI,SIGN)
CALL DERIV1(L,L2,SG,T1,SIR,U1R)
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CALL DERIV1(L,L2,SG,T1,SXI,U1I)
CALL DERIV2(L,L2,8G,SYR,U2R)
CALL DERIV2(L,L2,SG,SYI,U2I)
DO 8 I=1,L2
IF (SG(I) .NE. 0) THEN
QXR(I)= VI+(U1I(I)+U2I(I))
QXI(I)=-VIs(UL1R(I)+U2R(I))
ELSE
QXR(I)=0.0
QXI(1)=0.0
END IF
CONTINUE
CALL DERIV2(L,L2,5G,SXR,UiR)
CALL DERIV2(L,L2,SG,SXI,U1I)
CALL DERIV3(L,L2,5G,T1,SYR,U2R)
CALL DERIV3(L,L2,8G,T1,SYI,U2I)
DO 9 I=1,L2
IF (s6(I) .NE. 0) THEN
QYR(I)= VIs(U1I(I)+U2I(I))
QYI(I)=-VIs(U1R(I)+U2R(I))
ELSE
QYR(I)=0.0
QYI(I)=0.0
END IF
CONTINUE
CALL NORM22(L2,QXR,QXI,SG,QNX)
CALL NORM22(L2,QYR,QYI,SG,QNY)
GQ=QNX+QNY
BO=1.0/GQ

C
C

INITIALIZE SEARCH VECTORS

Qaaq

C

10
C

DO 10 I=1,L2
IF (SG(I) .NE. 0) THEN
PIR(I)=BO*QXR(I)
PXI(I)=BO*QXI(I)
PYR(I)=BO*QYR(I)
PYI(I)=BO*QYI(I)
ELSE
PIR(I)=0.0
PXI(I)=0.0
PYR(I)=0.0
PYI(I)=0.0
END IF
CONTINUE

c

Cesssnns

300

BEGIN ITERATIONS

Qad

k=0
CONTINUE
K=K+1
CALL COPYME(L2,3G,PXR,QXR)
CALL COPYME(L2,SG,PXI,QXI)
CALL COPYME(L2,3G,PYR,QYR)
CALL COPYME(L2,8G,PYI,QYI)
SIGN=-1
CALL PFFFT2(L,NS,N,N,QXR,QXI,SIGN)
CALL PFFFT2(L,BS,M,N,QYR,QYI,SIGN)
DO 11 I=1,L2
IF (FG(I) .EQ. 1) THEN
SXR(I)=-ZE1(I)*QXI(I)
SII(I)= ZE1(I)*QXR(I)
SYR(I)=-ZE1(I)*QYI(I)
SYI(I)= ZE1(I)*QYR(I)
ELSE
SXR(I)= ZE1(I)+QXR(I)
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SII(I)= ZE1(I)+QXI(I)
SYR(I)= ZE1(I)*QYR(I)
SYI(I)= ZE1(I)+QYI(I)
END IF
11 CONTINUE
SIGN=1
CALL PFFFT2(L,NS,X,N,SIR,SXI,SIGN)
CALL PFFFT2(L,NS,M,N,SYR,SYI,SIGK)
CALL DERIV1(L,L2,SG,T1,SIR,U1R)
CALL DERIV1(L,L2,SG,T1,SXI,U1I)
CALL DERIV2(L,L2,SG,SYR,U2R)
CALL DERIV2(L,L2,SG,SYI,U2I)
DO 12 I=1,L2
IF (S6(I) .NE. 0) THER
QXR(I)=-VI#(U1I(I)+U2I(I))
QXI(I)= VI#(U1R(I)+U2R(I))
ELSE
QXR(I)=0.0
QXI(I)=0.0
END IF
12 CONTINUE
CALL DERIV2(L,L2,SG,SIR,U1R)
CALL DERIV2(L,L2,SG,SXI,U1I)
CALL DERIV3(L,L2,SG,T1,SYR,U2R)
CALL DERIV3(L,L2,SG,T1,SYI,U2I)
DO 13 I=1,L2
IF (S6(I) .NE. 0) THEN
QYR(I)=-VI#(U1I(I)+U2I(I))
QYI(I)= VI+(U1R(I)+U2R(I))
ELSE
QYR(1)=0.0
QYI(I)=0.0
END IF
13 CONTINUE
CALL NORM22(L2,QXR,QXI,SG,QNX)
CALL NORN22(L2,QYR,QYI,SG,QNY)
GQ=QEX+QNY
AK=1.0/6GQ
c

C COMPUTE NEW CURRENT AND RESIDUAL VECTORS
Cs»

Qo

DO 14 I=1,L2

IF (SG(I) .NE. 0) THEN
KXR(I)=KXR(I)+AK*PXR(I)
KXI(I)=KXI(I)+AK*PXI(I)
KYR(I)=KYR(I)+AK*PYR(I)
KYI(I)=KYI(I)+AKePYI(I)
RXR(I)=RIR(I)-AK*QXR(I)
RXI(I)=RXI(I)-AKsQXI(I)
RYR(I)=RYR(I)-AK#QYR(I)
RYI(I)=RYI(I)-AK*QYI(I)

ELSE
KXR(I)=0.0
KXI(1)=0.0
KYR(I)=0.0
KYI(I)=0.0
RIR(I)=0.0

RXI(I)=0.0

RYR(I)=0.0

RYI(I)=0.0

END IF

14  CONTINUE

Cessss 'Y 3 'Y rnm, 'Y}

C  CHECK THE TERMINATION CRITERIA
(22T AT L P T T T Py P e se4e

aaq

CALL NORM22(L2,RXR,RXI,SG,RNX)
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CALL NORM22(L2,RYR,RYI,SG,REY)

GR=RNX+RNY

ERR=SQRT(GR/GE)

IF((ERR .LT. TOL) .OR. (K .GE. KMAX)) THEN
CALL BACSCA(L,X,Y,SG,ST,CT,SP,CP,KXR,KXI,KYR,KYI,DS,SDB)
WRITE(6,520) AL,PH,TH,K,ERR,SDB
GO TO 999

ELSE

EXD IF

CALL COPYME(L2,SG,RIR,QXR)

CALL COPYME(L2,SG,RXI,QXI)

CALL COPYME(L2,SG,RYR,QYR)

CALL COPYME(L2,SG,RYI,QYI)

SIGN=-1

CALL PFFFT2(L,NS,M,¥,QXR,QXI,SIGH)

CALL PFFFT2(L,¥S,M,N,QYR,QYI,SIGH)

D0 15 I=1,L2
IF (FG(I) .EQ. 1) THEN

SIR(I)= ZE1(I)+QXI(I)
SXI(I)=-ZE1(I)*QXR(I)
SYR(I)= ZE1(I)*QYI(I)
SYI(I)=~ZE1(I)*QYR(I)
ELSE
SXR(I)= ZE1(I)#QXR(I)
SXI(I)= ZE1(I)#QXI(I)
SYR(I)= ZE1(I)#QYR(I)
SYI(I)= ZE1(I)*QYI(I)
EID IF
15  CONTINUE

SIGE=1

CALL PFFFT2(L,NS,X,N,SIR,SXI,SIGN)
CALL PFFFT2(L,NS,M,N,SYR,SYI,SIGN)
CALL DERIVi(L,bL2,SG,T1,SXR,UiR)
CALL DERIV1(L,6L2,SG,T1,SXI,U1I)
CALL DERIV2(L,L2,SG,SYR,U2R)

CALL DERIV2(L,L2,SG,SYI,U2I)

D0 16 I=1,L2
IF (SG(I) .NE. 0) THEN

QXR(I)= VIs(U1I(I)+U2I(I))
QXI(I)=-VI*(ULR(I)+U2R(I))
ELSE
QXR(I)=0.0
QXI(I)=0.0
EED IF
16  CONTINUE

CALL DERIV2(L,L2,SG,SIR,U1iR)

CALL DERIV2(L,L2,SG,SXI,U1I)

CALL DERIV3(L,L2,SG,T1,SYR,U2R)
CALL DERIV3(L,L2,SG,T1,SYI,U2I)
DO 17 I=1,L2
IF (SG(I) .NE. 0) THEN

QYR(I)= VI*(U1I(I)+U2I(I))
QYI(I)=-VIs(U1R(I)+U2R(I))
ELSE
QYR(I)=0.0
QYI(I)=0.0
END IF
17  CONTINUE
CALL NORM22(L2,QXR,QXI,SG,QNX)
CALL NORM22(L2,QYR,QYI,SG,QNY)

GQ=QNX+QEY

BK=1.0/GQ
Coss e T T P T P PR R PR R PR L P T
C COMPUTE NEW SEARCH VECTOR c

[ Ty P P L R PR PP L AT PR L 2L T
DO 18 I=1,L2
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999
2
1
C»
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IF (SG(I) .NE. 0) THEN
PXR(I)=PXR(I)+BK+QXR(I)
PXI(I)=PXI(I)+BK+QXI(I)
PYR(I)=PYR(I)+BK+QYR(I)
PYI(I)=PYI(I)+BK+QYI(I)

ELSE
PXR(I)=0.0
PXI(1)=0.0
PYR(I)=0.0
PYI(I)=0.0

END IF

CONTINVE
GO TO 300
CONTINUE
CONTINUE
CONTINUE

C
C

FORMATS

aaa

500

520

FORMAT(//,” ALPHA ’,’ PHI ’,” THETA ’,’ ITER ’ ,’ RESIDUAL ’
&,’ RCS °,//)
FORMAT(1X,F6.1,2X,F5.1,2X,F5.1,2X,14,E16.8,F10.2)

RETURN

EXD



Q
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SUBROUTINE DIEALG(L,L2,¥S,DS,PH1,PH2,TH1,TH2,DP,DT ,KMAX,TOL,SG
&,FG,X,Y,KXR,KXI,KYR,KYI,RXR,RXI,RYR,RYI,PXR,PXI,PYR,PYI,QXR,QXI
&,QYR,QYI,SXR,SXI,SYR,SYI ,EXR,EXI ,EYR,EYI,ZE1,U1R,U1I ,U2R,U2I
&,ETR,ETI)

aaaa

THIS SUBROUTINE USES A CONJUGATE GRADIENT FFT METHOD TO COMPUTE
THE SURFACE CURRENT AND RCS OF A& THIN DIELECTRIC PLATE ILLUMINATED
WITH AN E POLARIZATED PLANE WAVE

aaaaa

REAL KXR(#) ,KXI(#),KYR(#),KYI(#),RXR(#*),RXI(#*),RYR(*),RYI(*)
&,EXR(*) ,EXI(*) ,EYR(#*) ,EYI(#),PXR(#*) ,PXI(*),PYR(#*),PYI(»),QXR(*)
&,QXI(*),QYR(+),QYI(#*) ,SXR(*),SXI(#*) ,SYR(#*),SYI(#+),ZE1(#) ,U1R(*)
&,U11(*) ,U2R(*) ,U2I(#*) ,ETR(*) ,ETI(*) ,X(#),Y(»)

INTEGER N(4),8G(»),FG(s),SIGN

CALL TABLE(L,NM,N)

CALL DDAFGA(L,DS,ZE1,FG)

DATA PI,TP,RAD /.3141593E+01,.6283196E+01, .1745329E-01/

T1=2.0#(TP*PI*DS+DS-1.0)

VI=1.0/(TP+DS+DS+L2)

WRITE(6,500)

AL=90.0

' TT]

C
c

Chsx

STEP THROUGH EACH INCIDENT ANGLE

N1=INT((PE2-PH1)/DP)
¥2=INT((TH2-TH1)/DT)

DO 1 IPHI=O,N1

PH=PH1+IPHI*DP

DO 2 ITHE=0,N2

TH=TH1+ITHE+DT

CALL INETAN(L,L2,DS,SG,AL,PH,TH,X,Y,EXR,EXI,EYR,EYI)
CALL NORM22(L2,EXR,EXI,SG,ENX)
CALL NORM22(L2,EYR,EYI,SG,ENY)
GE=ENI+ENY

R1=RAD*PH

R2=RAD*TH

CP=C0S (R1)

SP=SIN(R1)

CT=C0S (R2)

ST=SIN(R2)

C

INITIALIZE RESIDULE

aaaQ

CALL COPYME(L2,5G,KXR,QXR)
CALL COPYME(L2,5G,KXI,QXI)
CALL COPYME(L2,SG,KYR,QYR)
CALL COPYME(L2,5G,KYI,QYI)
SIGN=-1
CALL PFFFT2(L,NS,M,¥,QXR,QXI,SIGN)
CALL PFFFT2(L,¥S,M,¥,QYR,QYI,SIGNH)
DO 3 I=1,L2
IF (FG(I) .EQ. 1) THEN
SXR(I)=-ZE1(I)*QXI(I)
SXI(I)= ZE1(I)*QIR(I)
SYR(I)=-ZE1(I)*QYI(I)
SYI(I)= ZE1(I)*QYR(I)
ELSE
SIR(I)= ZE1(I)*QXR(I)
SXI(I)= ZE1(I)*QXI(I)
SYR(I)= ZE1(I)*QYR(I)
SYI(I)= ZE1(I)*QYI(I)
END IF
CONTINUE
SIGN=1
CALL PFFFT2(L,NS,NM,¥,SXR,SXI,SIGN)
CALL PFFFT2(L,¥S,N,¥,SYR,SYI,SIGN)



242

CALL DERIV1(L,L2,SG,T1,SXR,U1R)
CALL DERIV1(L,L2,SG,T1,SXI,U1I)
CALL DERIV2(L,L2,SG,SYR,U2R)
CALL DERIV2(L,L2,SG,SYI,U2I)
DO 4 I=1,L2
IF (SG(I) .NE. 0) THEN
QXR(I)'ETR(I)‘KXR(I)-ETI(I)'IXI(I)-VI*(UII(I)+U2I(I))
QXI(I)*ETR(I)‘IXI(I)*ETI(I)‘KXR(I)#VI‘(UIB(I)+UZR(I))
ELSE
QXR(I)=0.0
QXI(I)=0.0
END IF
CCNTINUE
CALL DERIV2(L,L2,SG,SXR,UiR)
CALL DERIV2(L,L2,SG,SXI,U1I)
CALL DERIV3(L,L2,SG,T1,SYR,U2R)
CALL DERIV3(L,L2,8G,T1,SYI,U2I)
DO 5 I=1,L2
IF (sG(I) .NE. 0) THEN
QYR(I)’ETB(I)‘KYR(I)-ETI(I)txYI(I)-VIO(UII(I)+U2I(I))
QYI(I)'ETR(I)‘IYI(I)+ETI(I)*KYR(I)+VI‘(UlR(I)+UﬁR(I))
ELSE
QYR(I)=0.0
QYI(I)=0.0
END IF
CONTINUE
DO 6 I=1,L2
IF (SG(I) .NE. O) THEN
RIR(I)=EXR(I)-QXR(I)
RXI(I)=EXI(I)-QXI(I)
RYR(I)=EYR(I)-QYR(I)
RYI(I)=EYI(I)-QYI(I)
ELSE
RXR(I)=0.0
RXI(I)=0.0
RYR(I)=0.0
RYI(I)=0.0
END IF
CONTINUE
CALL COPYME(L2,SG,RXR,QXR)
CALL COPYME(L2,SG,RXI,QXI)
CALL COPYME(L2,SG,RYR,QYR)
CALL COPYME(L2,5G,RYI,QYI)
SIGN=-1
CALL PFFFT2(L,NS,M,N,QXR,QXI,SIGH)
CALL PFFFT2(L,NS,M,N,QYR,QYI,SIGE)
DO 7 I=1,L2
IF (FG(I) .EQ. 1) THEN
SIR(I)= ZE1(I)*QXI(I)
SII(I)=-ZE1(I)*QXR(I)
SYR(I)= ZE1(I)*QYI(I)
SYI(I)=-ZE1(I)*QYR(I)
ELSE
SIR(I)= ZE1(I)*QXR(I)
SXI(I)= ZE1(I)*QXI(I)
SYR(I)= ZE1(I)*QYR(I)
SYI(I)= ZE1(I)*QYI(I)
END IF
CONTINUE
SIGN=1
CALL PFFFT2(L,NS,M,N,SIR,SXI,SIGH)
CALL PFFFT2(L,NS,M,N,SYR,SYI,SIGN)
CALL DERIVi(L,L2,SG,T1,SIR,U1R)
CALL DERIV1(L,L2,SG,T1,SXI,U1I)
CALL DERIV2(L,L2,SG,SYR,U2R)
CALL DERIV2(L,L2,SG,SYI,U2I)
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DO 8 I=1,L2
IF (8G(I) .NE. 0) THEN
QXR(I)=ETR(I)*RXR(I)+ETI(I)*RXI(I)+VI#(U1I(I)+U2I(I))
QXI(I)=ETR(I)*RXI(I)-ETI(I)*RXR(I)-VI+(U1R(I)+U2R(I))
ELSE
QXR(I)=0.0
QXI(I)=0.0
END IF
8 CONTINUE
CALL DERIV2(L,L2,SG,SXR,U1R)
CALL DERIV2(L,L2,SG,SXI,U1I)
CALL DERIV3(L,L2,S6,T1,SYR,U2R)
CALL DERIV3(L,L2,5G,T1,SYI,U2I)
DO 9 I=1,L2
IF (SG(I) .NE. 0) TEHEN
QYR(I)=ETR(I)*RYR(I)+ETI(I)*RYI(I)+VI#(U1I(I)+U2I(I))
QYI(I)=ETR(I)*RYI(I)-ETI(I)*RYR(I)-VI*(U1R(I)+U2R(I))
ELSE
QYR(I)=0.0
QYI(I)=0.0
END IF
9 CONTINUE
CALL NORM22(L2,QIR,QXI,SG,QNX)
CALL NORM22(L2,QYR,QYI,SG,QNY)
GQ=QNX+QNY
B0=1.0/6GQ

[ 21
C  INITIALIZE SEARCH VECTORS
C

Qaaa

DO 10 I=1,L2
IF (SG(I) .NE. 0) THEN
PXR(I)=BO*QXR(I)
PXI(I)=BO*QXI(I)
PYR(I)=BO*QYR(I)
PYI(I)=BO#QYI(I)
ELSE
PIR(I)=0.0
PXI(I)=0.0
PYR(I)=0.0
PYI(I)=0.0
END IF
10 CONTINUE
C

C  BEGIN ITERATIONS

Qaaa

C s

k=0
300 CONTINUE
K=K+1
CALL COPYME(L2,SG,PIR,QXR)
CALL COPYME(L2,8G,PXI,QXI)
CALL COPYME(L2,SG,PYR,QYR)
CALL COPYME(L2,5@,PYI,QYI)
SIGN=-1
CALL PFFFT2(L,¥S,M,N,QXR,QXI,SIGN)
CALL PFFFT2(L,NS,M,N,QYR,QYI,SIGN)
DO 11 I=1,L2
IF (FG(I) .EQ. 1) THEN
SXR(I)=-ZE1(I)*QXI(I)
SXI(I)= ZE1(I)*QXR(I)
SYR(I)=-ZE1(I)*QYI(I)
SYI(I)= ZE1(I)*QYR(I)
ELSE
SIR(I)= ZE1(I)*QXR(I)
SXI(I)= ZE1(I)*QXI(I)
SYR(I)= ZE1(I)*QYR(I)
SYI(I)= ZE1(I)*QYI(I)
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END IF
11 CONTINUE
SIGE=1
CALL PFFFT2(L,NS,M,N,SIR,SXI,SIGH)
CALL PFFFT2(L,NS,M,N,SYR,SYI,SIGN)
CALL DERIV1(L,L2,SG,T1,SIR,UiR)
CALL DERIV1(L,L2,SG,T1,SXI,U1I)
CALL DERIV2(L,L2,SG,SYR,U2R)
CALL DERIV2(L,L2,SG,SYI,U2I)
DO 12 I=1,L2
IF (sG(I) .NE. 0) THEX
QXR(I)=ETR(I)*PXR(I)-ETI(I)*PXI(I)-VI+(U1I(I)+VU2I(I))
QXI(I)=ETR(I)*PXI(I)+ETI(I)*PXR(I)+VI*(U1R(I)+U2R(I))
ELSE
QXR(1)=0.0
QXI(I1)=0.0
END IF
12 CONTINUE
CALL DERIV2(L,L2,SG,SIR,U1R)
CALL DERIV2(L,L2,SG,SXI,U1I)
CALL DERIV3(L,L2,SG,T1,SYR,U2R)
CALL DERIV3(L,L2,8G,T1,SYI,U2I)
DO 13 I=1,L2
IF (S6(I) .EE. O) THEN
QYR(I)=ETR(I)*PYR(I)-ETI(I)*PYI(I)-VI+(U1I(I)+U2I(I))
QYIC(I)=ETR(I)*PYI(I)+ETI(I)*PYR(I)+VI*(U1R(I)+U2R(I))
ELSE
QYR(I)=0.0
QYI(I)=0.0
END IF
13 CONTINUE
CALL NORM22(L2,QXR,QXI,SG,QNX)
CALL NORM22(L2,QYR,QYI,SG,QEY)

aQaaa

GQ=QUI+QNY
AK=1.0/GQ
Ce» T
C COMPUTE NEVW CURRENT AND RESIDUAL VECTORS
C
DO 14 I=1,L2
IF (SG(I) .NE. 0) THEN
KXR(I)=KXR(I)+AK+PXR(I)
KXI(I)=KXI(I)+AK+PXI(I)
KYR(I)=KYR(I)+AK#PYR(I)
KYI(I)=KYI(I)+AK+PYI(I)
RXR(I)=RXR(I)-AK*QXR(I)
RXI(I)=RXI(I)-AK*QXI(I)
RYR(I)=RYR(I)-AK*QYR(I)
RYI(I)=RYI(I)-AK*QYI(I)
ELSE
KIR(I)=0.0
KXI(I)=0.0
KYR(I)=0.0
KYI(I)=0.0
RIR(I)=0.0
RII(I)=0.0
RYR(I)=0.0
RYI(I)=0.0
END IF
14 CONTINUE
Cersns s LI 2] (22 11
C  CHECK THE TERMINATION CRITERIA
Crsssnnss L1 1] LI i 2L *

aad

CALL NORM22(L2,RXR,RXI,SG,RNX)
CALL NORM22(L2,RYR,RYI,SG,RNY)
GR=RNX+RNY

ERR=SQRT (GR/GE)
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IF((ERR .LT. TOL) .OR. (K .GE. KMAX)) THEN
CALL BACSCA(L,X,Y,SG,ST,CT,SP,CP,KXR,KXI,KYR,KYI,DS,SDB)
WRITE(6,620) AL,PH,TH,K,ERR,SDB
GO TO 999
ELSE
END IF
CALL COPYME(L2,SG,RXR,QXR)
CALL COPYME(L2,SG,RXI,QXI)
CALL COPYME(L2,SG,RYR,QYR)
CALL COPYME(L2,SG,RYI,QYI)
SIGE=~1
CALL PFFFT2(L,NS,M,¥,QXR,QXI,SIGH)
CALL PFFFT2(L,NS,M,¥,QYR,QYI,SIGN)
DO 15 I=1,L2
IF (FG(I) .EQ. 1) THEN
SIR(I)= ZE1(I)*QXI(I)
SXI(I)=-ZE1(I)*QXR(I)
SYR(I)= ZE1(I)*QYI(I)
SYI(I)=-ZE1(I)#*QYR(I)
ELSE
SXR(I)= ZE1(I)*QXR(I)
SXI(I)= ZE1(I)*QXI(I)
SYR(I)= ZE1(I)*QYR(I)
SYI(I)= ZE1(I)*QYI(I)
END IF
15  CONTINUE
SIGE=1
CALL PFFFT2(L,NS,M,N,SXR,SXI,SIGN)
CALL PFFFT2(L,¥S,M,¥,SYR,SYI,SIGE)
CALL DERIV1(L,L2,SG,T1,SIR,UiR)
CALL DERIV1(L,L2,56,T1,SXI,UiI)
CALL DERIV2(L,L2,5G,SYR,U2R)
CALL DERIV2(L,L2,8G,SYI,U2I)
DO 16 I=1,L2
IF (sG(I) .NE. 0) THER
QXR(I)=ETR(I)*RXR(I)+ETI(I)*RXI(I)+VI+(U1I(I)+U21I(I))
QXI(I)=ETR(I)*RXI(I)-ETI(I)*RXR(I)-VI+*(UiR(I)+U2R(I))
ELSE
QXR(I)=0.0
QXI(I)=0.0
END IF
16  CONTINUE
CALL DERIV2(L,L2,SG,SIR,U1R)
CALL DERIV2(L,L2,SG,SXI,U1I)
CALL DERIV3(L,L2,SG,T1,SYR,U2R)
CALL DERIV3(L,L2,SG,T1,SYI,U2I)
DO 17 I=1,L2
IF (SG(I) .NE. 0) THEN
QYR(I)=ETR(I)sRYR(I)+ETI(I)*RYI(I)+VI*(U1I(I)+U2I(I))
QYI(I)=ETR(I)*RYI(I)-ETI(I)*RYR(I)-VI#*(U1R(I)+U2R(I))
ELSE
QYR(I)=0.0
QYI(I)=0.0
END IF
17  CONTINUE
CALL NORM22(L2,QXR,QXI,SG,QNX)
CALL NORM22(L2,QYR,QYI,SG,QNY)
GQ=QNX+QNY
BK=1.0/GQ
Crissssassn 8 L 2

C COMPUTE NEV SEARCH VECTOR

Cass e e ' Ladd
DO 18 I=1,L2
IF (SG(I) .NE. 0) THEN
PXR(I)=PXR(I)+BK*QXR(I)
PXI(I)=PXI(I)+BK+QXI(I)

aaoa



PYR(I)=PYR(I)+BK+QYR(I)
PYI(I)=PYI(I)+BK+QYI(I)
ELSE
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PIR(I)=0.0
PXI(I)=0.0
PYR(I)=0.0
PYI(I)=0.0
END IF
18  CONTINUE
GO TO 300
999 CONTINUE
2 CONTINUE
1 CONTINUE
Chekrens
C  FORMATS
Cxx» Ty TI1T]
500 FORMAT(//,’ ALPHA ’,’ PEI ’,” THETA ’,’ ITER ’ ,’ RESIDUAL ’

520

&,’ RCS °,//)

FORMAT(1X,F5.1,2X,F5.1,2X,F5.1,2X,14,E16.8,F10.2)

RETURN
END

Qaaq
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SUBROUTINE DIHALG(L,L2,N8,DS,PH1,PH2,TH1,TH2,DP,DT,KMAX,TOL,SG,FG

&,X,Y,KXR,KXI,KYR,KYI,KZR,KZI,RXR,RXI,RYR,RYI, RZR ,RZI,PXR,PXI,PYR
&,PYI,PZR,PZI,QIR,QXI,QYR,QYI,QZR,Q2I,SXR,SXI,SYR,SYI,SZR,SZI ,EXR
& ,EXI,EYR,EYI,EZR,EZI,2E1,U1R,U1I,U2R,U21 ,ETR,ETI ,ENR,ENI)

C»

aaoaaa

THIS SUBROUTINE USES A CONJUGATE GRADIENT FFT METHOD TO COMPUTE
THE SURFACE CURRENT AND RCS OF A THIN DIELECTRIC PLATE ILLUMINATED
WITH AN H POLARIZATED PLANE WAVE

T Y]

aaoaaa

REAL KXR(*),KXI(%),KYR(#),KYI(*) KZR(+),KZI(#),EXR(+) EXI(*)

& ,EYR(#) ,EYI(s) ,EZR(») ,EZI(#) ,RXR(*) ,RXI(#) ,RYR(*) ,RYI(*) ,RZR(*)
&,RZI(#),PXR(+) ,PXI(+) ,PYR(#) ,PYI(+) ,PZR(+) ,PZI(+),QXR(#) ,QXI(#)
&,QYR(#),QYI(+),QZR(*),QZI(+),SXR(+) ,SXI(#),SYR(+),SYI(+),SZR(*)
&,SZI(+),ZE1(#) ,UIR(#) ,U1I(#) ,U2R(+) ,U2I(#) ,ETR(+) ,ETI(+) ,ENR(%)

&,ENI(#),X(#),Y(s)

INTEGER ¥(4),SG(»),FG(s),SIGN

CALL TABLE(L,X.N)

CALL DDAFGA(L,DS,ZE1,FG)

DATA PI,TP,RAD /.3141593E+01, .6283196E+01,.1745329E-01/
T1=2.0+(TP+PI+DS*DS-1.0)

VI=1.0/(TP*DS¢DS+L2)

WRITE(6,500)

AL=0.0

C
C
C»

Cus
C

STEP THROUGH EACH INCIDENT ANGLE

aQaaqQ

N1=INT((PH2-PH1)/DP)
¥2=INT((TH2-TH1)/DT)

DO 1 IPHI=0,N1

PH=PH1+IPHI*DP

DO 2 ITHE=0,N2

TH=TH1+ITHE+DT

CALL IFETAN(L,SG,AL,PH,TH,X,Y,EXR,EXI,EYR,EYI)
CALL INENOR(L,SG,AL,PH,TH,X,Y,EZR,EZI)
CALL NORM22(L2,EXR,EXI,SG,ENX)

CALL NORM22(L2,EYR,EYI,SG,ENY)

CALL NORM22(L2,EZR,EZI,SG,ENZ)
GE=ENX+ENY+ENZ

R1=RAD*PH

R2=RADsTH

CP=C0S(R1)

SP=SIN(R1)

CT=C0S (R2)

ST=SIN(R2)

INITIALIZE RESIDULE

Cs

CALL COPYME(L2,SG,KXR,QXR)
CALL COPYME(L2,SG,KXI,QXI)
CALL COPYME(L2,5G,KYR,QYR)
CALL COPYME(L2,SG,KYI,QYI)
CALL COPYME(L2,5G,KZR,QZR)
CALL COPYME(L2,SG,KZI,QZI)
SIGN=-1
CALL PFFFT2(L,NS,M,N,QXR,QXI,SIGN)
CALL PFFFT2(L,NS,M,¥,QYR,QYI,SIGN)
CALL PFFFT2(L,NS,M,¥,QZR,QZI,SIGN)
DO 3 I=1,L2
IF (FG(I) .EQ. 1) THEN
SXR(I)=-ZE1(I)*QXI(I)
SXI(I)= ZE1(I)*QXR(I)
SYR(I)=~ZE1(I)*QYI(I)
SYI(I)= ZE1(I)*QYR(I)
SZR(I)=-ZE1(I)+QZI(I)
SZI(I)= ZE1(I)*QZR(I)
ELSE

aQa

*5C
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SXR(I)= ZE1(I)*QXR(I)
SII(I)= ZE1(I)*QXI(I)
SYR(I)= ZE1(I)*QYR(I)
SYI(I)= ZE1(I)*QYI(I)
SZR(I)= ZE1(I)*QZR(I)
SZI(I)= ZE1(I)+QZI(I)
END IF
3 CONTINUE
SIGN=1
CALL PFFFT2(L,¥S,M,N,SXR,SXI,SIGN)
CALL PFFFT2(L,¥S,M,N,SYR,SYI,SIGH)
CALL PFFFT2(L,NS,M,¥,SZR,SZI,SIGN)
CALL DERIV1(L,L2,SG,T1,SXR,U1R)
CALL DERIV1(L,L2,SG,T1,SXI,U1I)
CALL DERIV2(L,L2,SG,SYR,U2R)
CALL DERIV2(L,L2,SG,SYI,U2I)
DO 4 I=1,L2
IF (SG(I) .NE. 0) THEN
QXR(I)=ETR(I)*KXR(I)-ETI(I)*KXI(I)-VI*(U1I(I)+U2I(I))
QXI(I)=ETR(I)*KXI(I)+ETI(I)*KXR(I)+VI#(U1R(I)+U2R(I))
ELSE
QXR(I)=0.0
QXI(I)=0.0
END IF
4  CONTINUE
CALL DERIV2(L,L2,SG,SXR,U1R)
CALL DERIV2(L,L2,SG,SXI,U1I)
CALL DERIV3(L,L2,SG,T1,SYR,U2R)
CALL DERIV3(L,L2,5G,T1,SYI,U2I)
DO 5 I=1,L2
IF (S6(I) .NE. 0) THEN
QYR(I)=ETR(I)*KYR(I)-ETI(I)*KYI(I)-VI*(U1I(I)+U2I(I))
QYI(I)=ETR(I)*KYI(I)+ETI(I)*KYR(I)+VI*(U1R(I)+U2R(I))
ELSE
QYR(I)=0.0
QYI(I)=0.0
END IF
5 CONTINUE
CALL DERIV4(L,L2,SG,SZR,U1R)
CALL DERIV4(L,L2,SG,SZI,U1I)
D0 6 I=1,L2
IF (SG(I) .NE. 0) THEN
QZR(I)=ENR(I)*KZR(I)~-ENI(I)*KZI(I)+VI+U1I(I)
QZI(I)=ENR(I)*KZI(I)+ENI(I)*KZR(I)-VI+U1R(I)
ELSE
QZR(1)=0.0
QZI(I)=0.0
EXD IF
6 CONTINUE
DO 7 I=1,L2
IF (36(I) .NE. 0) THEN
RXR(I)=EXR(I)-QXR(I)
RXI(I)=EXI(I)-QXI(I)
RYR(I)=EYR(I)-QYR(I)
RYI(I)=EYI(I)-QYI(I)
RZR(I)=EZR(I)-QZR(I)
RZI(I)=EZI(I)-QZI(I)
ELSE
RXR(I)=0.0
RXI(I)=0.0
RYR(I)=0.0
RYI(I)=0.0
RZR(I)=0.0
RZI(I)=0.0
END IF
7  CONTINUE
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CALL COPYME(L2,SG,RXR,QXR)
CALL COPYME(L2,SG,RXI,QXI)
CALL COPYME(L2,SG,RYR,QYR)
CALL COPYME(L2,SG,RYI,QYI)
CALL COPYME(L2,SG,RZR,QZR)
CALL COPYME(L2,SG,RZI,QZI)
SIGE=-1
CALL PFFFT2(L,NS,M,N,QXR,QXI,SIGN)
CALL PFFFT2(L,NS,M,N,QYR,QYI,SIGN)
CALL PFFFT2(L,NS,M,N,QZR,QZI,SIGN)
DO 8 I=1,L2
IF (FG(I) .EQ. 1) THEN
SXR(I)= ZE1(I)*QXI(I)
SXI(I)=-ZE1(I)#*QXR(I)
SYR(I)= ZE1(I)*QYI(I)
SYI(I)=-ZE1(I)*QYR(I)
SZR(I)= ZE1(I)*QZI(I)
SZI(I)=-ZE1(I)*QZR(I)
ELSE
SXR(I)= ZE1(I)*QXR(I)
SXI(I)= ZE1(I)*QXI(I)
SYR(I)= ZE1(I)*QYR(I)
SYI(I)= ZE1(I)*QYI(I)
SZR(I)= ZE1(I)*QZR(I)
SZI(I)= ZE1(I)*QZI(I)
END IF
CONTINUE
SIGE=1
CALL PFFFT2(L,NS,M,N,SIR,SXI,SIGN)
CALL PFFFT2(L,NS,M,N,SYR,SYI,SIGN)
CALL PFFFT2(L,NS,M,N,SZR,SZI,SIGH)
CALL DERIV1(L,L2,SG,T1,SIR,U1R)
CALL DERIV1(L,L2,SG,T1,SXI,U1I)
CALL DERIV2(L,L2,SG,SYR,U2R)
CALL DERIV2(L,L2,SG,SYI,U2I)
D0 9 I=1,L2
IF (SG(I) .NE. O) THEN
QXR(I)=ETR(I)*RXR(I)+ETI(I)*RXI(I)+VI+(U1I(I)+U2I(I))
QXI(I)=ETR(I)*RXI(I)~ETI(I)*RXR(I)-VI*(U1R(I)+U2R(I))
ELSE
QXR(I)=0.0
QXI(I)=0.0
END IF
CONTINUE
CALL DERIV2(L,L2,SG,SXR,UiR)
CALL DERIV2(L,L2,SG,SXI,U1I)
CALL DERIV3(L,L2,SG,T1,SYR,U2R)
CALL DERIV3(L,L2,SG,T1,SYI,U2I)
D0 10 I=1,L2
IF (SG(I) .NE. 0) THEN
QYR(I)=ETR(I)*RYR(I)+ETI(I)*RYI(I)+VI#(U1I(I)+U2I(1))
QYI(I)=ETR(I)*RYI(I)-ETI(I)*RYR(I)-VI#(U1R(I)+U2R(I))
ELSE
QYR(I)=0.0
QYI(I)=0.0
EED IF
CONTINUE
CALL DERIV4(L,L2,SG,SZR,U1R)
CALL DERIV4(L,L2,5G,SZI,U1I)
DO 11 I=1,L2
IF (S6(I) .NE. 0) THEN
QZR(I)=ENR(I)*RZR(I)+ENI(I)*RZI(I)-VIsU1I(I)
QZI(I)=ENR(I)*RZI(I)-ENI(I)*RZR(I)+VIsU1R(I)
ELSE
QZR(1)=0.0
QZI(I1)=0.0
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C

END IF

CONTINUE

CALL NORM22(L2,QXR,QXI,SG,QNX)
CALL NORM22(L2,QYR,QYI,SG,QNY)
CALL NORM22(L2,QZR,QZI,SG,QNZ)
GQ=QNX+QNY+QNZ

BO=1.0/GQ
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C

INITIALIZE SEARCH VECTORS

[+

12

DO 12 I=1,L2
IF (sG(I) .NE. 0) THEN
PXR(I)=BO*QXR(I)
PXI(I)=BO*QXI(I)
PYR(I)=BO*QYR(I)
PYI(I)=BO#QYI(I)
PZR(I)=BO+QZR(I)
PZI(I)=B0*QZI(I)
ELSE
PXR(I)=0.0
PXI(I)=0.0
PYR(I)=0.0
PYI(I)=0.0
PZR(I)=0.0
PZI(I1)=0.0
END IF
CONTINUE

Qaad

c
c
C

BEGIN ITERATIONS

Qaa

300

13

k=0
CONTINUE
K=K+1
CALL COPYME(L2,SG,PIR,QXR)
CALL COPYME(L2,SG,PXI,QXI)
CALL COPYME(L2,SG,PYR,QYR)
CALL COPYME(L2,SG,PYI,QYI)
CALL COPYME(L2,5G,PZR,QZR)
CALL COPYME(L2,SG,PZI,QZI)
SIGE=-1
CALL PFFFT2(L,NS,M,N,QXR,QXI,SIGH)
CALL PFFFT2(L,ES,N,N,QYR,QYI,SIGN)
CALL PFFFT2(L,NS,M,N,QZR,QZI,SIGH)
DO 13 I=1,L2
IF (FG(I) .EQ. 1) THEN
SIR(I)=~ZE1(I)*QXI(I)
SXI(I)= ZE1(I)*QXR(I)
SYR(I)=-ZE1(I)*QYI(I)
SYI(I)= ZE1(I)*QYR(I)
SZR(I)=-ZE1(I)+QZI(I)
SZI(I)= ZE1(I)*QZR(I)
ELSE
SXR(I)= ZE1(I)*QXR(I)
SXI(I)= ZE1(I)*QXI(I)
SYR(I)= ZE1(I)*QYR(I)
SYI(I)= ZE1(I)*QYI(I)
SZR(I)= ZE1(I)*QZR(I)
SZI(I)= ZE1(I)*QZI(I)
END IF
CONTINUE
SIGE=1
CALL PFFFT2(L,NS,M,N,SIR,SXI,SIGE)
CALL PFFFT2(L,¥S,N,N,SYR,SYI,SIGN)
CALL PFFFT2(L,NS,N,N,SZR,SZI,SIGN)
CALL DERIV1(L,L2,5G,T1,SXR,UiR)
CALL DERIV1i(L,L2,SG,T1,SXI,U1I)
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CALL DERTV2(L,L2,5G,SYR,U2R)
CALL DERIV2(L,L2,8G,SYI,U2I)
DO 14 I=1,L2
IF (S6(I) .NE. 0) THEN
QXR(I)=ETR(I)*PXR(I)-ETI(I)*PXI(I)-VI+(U1I(I)+U2I(I))
QXI(I)=ETR(I)*PXI(I)+ETI(I)*PXR(I)+VI+(U1R(I)+U2R(I))
ELSE
QIR(I)=0.0
QXI(I)=0.0
END IF
14  CONTINUE
CALL DERIV2(L,L2,5G,SXR,U1R)
CALL DERIV2(L,L2,5G,SXI,U1I)
CALL DERIV3(L,L2,SG,T1,SYR,U2R)
CALL DERIV3(L,L2,SG,T1,SYI,U2I)
DO 15 I=1,L2
IF (S6(I) .NE. 0) THEN
QYR(I)=ETR(I)*PYR(I)-ETI(I)*PYI(I)-VI+(U1I(I)+U2I(I))
QYI(I)=ETR(I)*PYI(I)+ETI(I)*PYR(I)+VI#(U1R(I)+U2R(I))
ELSE )
QYR(I)=0.0
QYI(I)=0.0
END IF
15  CONTINUE
CALL DERIV4(L,L2,S6,SZR,U1R)
CALL DERIV4(L,L2,SG,SZI,U1I)
DO 16 I=1,L2
IF (SG(I) .NE. 0) THEN
QZR(I)=ENR(I)*PZR(I)-ENI(I)+PZI(I)+VIsU1I(I)
QZI(I)=ENR(I)+PZI(I)+ENI(I)*PZR(I)-VIsU1R(I)
ELSE
QZR(I)=0.0
QZI(I)=0.0
END IF
16  CONTINUE
CALL NORM22(L2,QXR,QXI,SG,QNX)
CALL NORM22(L2,QYR,QYI,SG,QNY)
CALL NORM22(L2,QZR,QzZI,SG,QNZ)

GQ=QNX+QNY+QNZ

AK=1.0/GQ
Cee c
C COMPUTE NEW CURRENT AND RESIDUAL VECTORS c
Ceas C

DO 17 I=1,L2

IF (SG(I) .NE. 0) THEN
KXR(I)=KXR(I)+AK+PIR(I)
KXI(I)=KXI(I)+AK+PXI(I)
KYR(I)=KYR(I)+AK+PYR(I)
KYI(I)=KYI(I)+AKePYI(I)
KZR(I)=KZR(I)+AK+PZR(I)
KZI(I)=KZI(I)+AK+PZI(I)
RIR(I)=RXR(I)-AK*QXR(I)
RXI(I)=RXI(I)-AK*QXI(I)
RYR(I)=RYR(I)-AK+QYR(I)
RYI(I)=RYI(I)-AK*QYI(I)
RZR(I)=RZR(I)-AK+QZR(I)
RZI(I)=RZI(I)-AK*QZI(I)

ELSE
KXR(I)=0.0
KXI(I)=0.0
KYR(I)=0.0
KYI(I)=0.0
KZR(I)=0.0
KZI(I)=0.0
RIR(I)=0.0
RXI(I)=0.0
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RYR(I)=0.0
RYI(I)=0.0
RZR(I)=0.0
RZI(I)=0.0
END IF
CONTINUE

C
c

CHECK THE TERMINATION CRITERIA

Qaa

18

19

CALL NORM22(L2,RIR,RXI,SG,RNX)

CALL NORM22(L2,RYR,RYI,SG,REY)

CALL NORM22(L2,RZR,RZI,SG,RNZ)

GR=REX+RNY+RNZ

ERR=SQRT (GR/GE)

IF((ERR .LT. TOL) .OR. (K .GE. KMAX)) THEN
CALL BACSCB(L,X,Y,SG,ST,CT,SP,CP,KXR,KXI,KYR,KYI,KZR,KZI,DS,SDB)
WRITE(6,520) AL,PH,TH,K,ERR,SDB
GO TO 999

ELSE

END IF

CALL COPYME(L2,SG,RIR,QXR)

CALL COPYME(L2,SG,RXI,QXI)

CALL COPYME(L2,SG,RYR,QYR)

CALL COPYME(L2,SG,RYI,QYI)

CALL COPYME(L2,SG,RZR,QZR)

CALL COPYME(L2,SG,RZI,QZI)

SIGN=-1

CALL PFFFT2(L,NS,M,N,QXR,QXI,SIGN)

CALL PFFFT2(L,NS,M,¥,QYR,QYI,SIGH)

CALL PFFFT2(L,NS,M,N,QZR,QZI,SIGH)

DO 18 I=1,L2
IF (FG(I) .EQ. 1) THEN

SXR(I)= ZE1(I)*QXI(I)
SXI(I)=-ZE1(I)*QXR(I)
SYR(I)= ZE1(I)»QYI(I)
SYI(I)=-ZE1(I)*QYR(I)
SZR(I)= ZE1(I)*QZI(I)
SZI(I)=-ZE1(I)*QZR(I)
ELSE
SYR(I)= ZE1(I)*QXR(I)
SXI(I)= ZE1(I)*QXI(I)
SYR(I)= ZE1(I)*QYR(I)
SYI(I)= ZE1(I)*QYI(I)
SZR(I)= ZE1(I)*QZR(I)
SZI(I)= ZE1(I)*QZI(I)
EID IF

CONTINUE

SIGE=1

CALL PFFFT2(L,NS,N,¥,SIR,SXI,SIGN)

CALL PFFFT2(L,¥S,M,¥,SYR,SYI,SIGN)

CALL PFFFT2(L,¥S,M,N,SZR,SZI,SIGN)

CALL DERIV1(L,L2,SG,T1,SIR,U1R)

CALL DERIV1(L,L2,8G,T1,8XI,U1I)

CALL DERIV2(L,L2,SG,SYR,U2R)

CALL DERIV2(L,L2,8G,S3YI,U2I)

DO 19 I=1,L2
IF (SG(I) .NE. 0) THEN

QXR(I)=ETR(I)*RXR(I)+ETI(I)*RXI(I)+VI*(U1I(I)+U2I(I))

QXI(I)=ETR(I)*RXI(I)-ETI(I)*RXR(I)-VIs(U1R(I)+U2R(I))
ELSE

QIR(I)=0.0

QXI(I)=0.0

END IF

CONTINUE

CALL DERIV2(L,L2,SG,SIR,U1R)

CALL DERIV2(L,L2,5G,SXI,U1I)
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CALL DERIV3(L,L2,SG,T1,SYR,U2R)

CALL DERIV3(L,L2,SG,T1,SYI,U2I)

DO 20 I=1,L2

IF (SG(I) .NE. 0) THEN
QYR(I)=ETR(I)#+RYR(I)+ETI(I)*RYI(I)+VI+(U1I(I)+U2I(I))
QYI(I)=ETR(I)*RYI(I)-ETI(I)*RYR(I)-VI+(U1R(I)+U2R(I))
ELSE
QYR(I)=0.0
QYI(I)=0.0

END IF

20  CONTINUE

CALL DERIV4(L,L2,SG,SZR,U1R)

CALL DERIVA4(L,L2,SG,S2I,U1I)

D0 21 I=1,L2

IF (SG(I) .NE. 0) THEN
QZR(I)=ENR(I)*RZR(I)+ENI(I)*RZI(I)-VIsUL1I(I)
QZI(I)=ENR(I)*RZI(I)~-ENI(I)*RZR(I)+VIsU1R(I)

ELSE
QZR(I)=0.0
QZI(1)=0.0

END IF

21 CONTINUE

CALL NORM22(L2,QXR,QXI,SG,QNX)

CALL NORM22(L2,QYR,QYI,SG,QEY)

CALL NORM22(L2,QZR,QZI,SG,QNZ)

GQ=QNX+QNY+QNZ

BK=1.0/GQ

C
C COMPUTE BEW SEARCH VECTOR

Ces
DO 22 I=1,L2
IF (S¢(I) .NE. 0) THEN
PXR(I)=PXR(I)+BK+QXR(I)
PXI(I)=PXI(I)+BK+QXI(I)
PYR(I)=PYR(I)+BK+QYR(I)
PYI(I)=PYI(I)+BK+QYI(I)
PZR(I)=PZR(I)+BK+QZR(I)
PZI(I)=PZI(I)+BK+QZI(I)
ELSE
PIR(I)=0.0
PXI(1)=0.0
PYR(I)=0.0
PYI(I)=0.0
PZR(I)=0.0
PZI(I)=0.0
END IF
22  CONTINUE
G0 TO 300
999  CONTINUE
2 CONTINUE
1 CONTINUE
C

aaaqQ

C  FORMATS
c bd

Qoo

500 FORMAT(//,” ALPHA ’,’ PHI ’,’> THETA ’,’ ITER ’ ,’ RESIDUAL °’
&,’ RCS *,//)
6§20 FORMAT(1X,F5.1,2X,F5.1,2X,F5.1,2X,14,E16.8,F10.2)
RETURN
END
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SUBROUTINE DMEALG(L,L2,NS,DS,PH1,PH2,TH1,TH2,DP,DT,KMAX,TOL,SG,FG
&,X,Y,KXER,KXET,KYER,KYET ,KXMR,KXNI ,KYMR ,KYMI ,KZMR, KZMI ,RXER, RXET
&,RYER,RYET,RXMR,RXNI,RYMR,RYNI ,RZMR ,RZNI ,PXER,PXEI ,PYER ,PYET ,PXMR
& ,PIMI,PYNR,PYMI,PZMR,PZNI,QXER,QXEI ,QYER,QYET ,QXMR ,QXMT , QYMR , QYNI
&,QZMR,QZMI, SXER, SXEI,SYER,SYEI ,SIMR ,SXMI ,SYMR,SYMI ,SZMR , SZMT ,EXR
&,EXI,EYR,EYI,HIR,HXI,HYR,HYT,HZR HZI,ZE1,U1R,U11,U2R,U2I,U3R,U3I
& ,ETR,ETI NTR,NTI MR, MNT)

aaoaaaa

THIS SUBROUTINE USES A CONJUGATE GRADIENT FFT METHOD TO COMPUTE
THE SURFACE CURRENT AND RCS OF A THIN DIELECTRIC PLATE ILLUMINATED
WITH AN H POLARIZATED PLANE VAVE

aaoaaa

REAL KXER(#),KXEI(#),KYER(*),KYEI(*),KXMR(#+),KXMI(*),KYMR(#*)
& ,KYMI(*) ,KZMR(#) ,KZMI (%) ,EXR(#) ,EXI(#),EYR(#) ,EYI(#), HXR(#*), HXI(%)
& ,HYR(+) ,HYI(») ,HZR(#) ,HZI(#) ,RXER(*) ,RXEI(#*),RYER(*) ,RYEI(#*)
&,RXMR(*) ,RXMI(s) ,RYMR(*) ,RYMI(#) ,RZMR(#*) ,RZMI(#+) ,PXER(*) ,PXEI(*)
& ,PYER(#*) ,PYEI(#) ,PXMR(#) ,PXMI(#) ,PYMR(*) ,PYMI(#) ,PZMR(*) ,PZMI(*)
&,QXER(*) ,QXEI(+) ,QYER(#*) ,QYEI(#) ,QXMR(*) ,QXMI(#) ,QYMR(#) ,QYNI(s)
&,QZMR(») ,QZMI(+) ,SXER(#) ,SXEI(#) ,SYER(*) ,SYEI(#) ,SIMR(*) ,SXMI(#*)
&,SYMR(#) ,SYMI(#) ,SZMR(#) ,SZMI(#),ZE1(#) ,U1R(#),U1I(+) ,U2R(%)
&,U2I(*),U3R(*) ,U3I(+) ,ETR(*) ,ETI(#) ,MTR(#) ,MTI(#) ,MNR(*) ,MNI(s)
&,X(»),Y(»)

INTEGER N(4),SG(#),FG(*),SIGN

CALL TABLE(L,NM,N)

CALL DDAFGA(L,DS,ZE1,FG)

DATA PI,TP,RAD /.3141593E+01,.6283196E+01, .1745329E-01/
Ti=2,0«(TP+PI*DS*DS-1.0)

VI=1.0/(TP*DS*DS+L2)

V2=1.0/(2.0#+DS+L2)

WRITE(6,500)

AL=90.0

[+

STEP THROUGH EACH INCIDENT ANGLE

Qaa

Cons
c
C

N1=INT((PH2-PH1) /DP)
¥2=INT((TH2-TH1)/DT)

DO 1 IPHI=O,N1

PH=PH1+IPHI*DP

DO 2 ITHE=0,N2

TH=TH1+ITHE*DT

CALL INETAN(L,SG,AL,PH,TH,X,Y,EXR,EXI EYR,EYI)
CALL INHTAN(L,SG,AL,PH,TH,X,Y HXR,BXI HYR,HYI)
CALL INHNOR(L,SG,AL,PH,TH,X,Y, HZR,HZI)
CALL NORM22(L2,EXR,EXI,SG,ENX)

CALL NORM22(L2,EYR,EYI,SG,ENY)

CALL NORM22(L2,HXR,HXI,SG,HNX)

CALL NORM22(L2,HYR,HYI,SG,HNY)

CALL NORM22(L2,HZR,HZI,SG,HNZ)
GE=ENX+ENY+HNX+HNY+HNZ

R1=RAD*PH

R2=RAD+TH

CP=C0S(R1)

SP=SIN(R1)

CT=C0S(R2)

ST=SIN(R2)

INITIALIZE RESIDULE

Qaa

CALL COPYME(L2,SG,KXER,QIER)
CALL COPYME(L2,SG,KXEI,QXEI)
CALL COPYME(L2,8G,KYER,QYER)
CALL COPYME(L2,SG,KYEI,QYEI)
CALL COPYME(L2,SG,KXMR,QXMR)
CALL COPYME(L2,SG,KXMI,QXMI)
CALL COPYME(L2,SG,KYMR,QYMR)
CALL COPYME(L2,3G,KYMI,QYMI)
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CALL COPYME(L2,SG,KZMR,QZMR)
CALL COPYME(L2,SG,KZMI,QZMI)
SIGN=-1
CALL PFFFT2(L,NS,NM,N,QXER,QXEI,SIGN)
CALL PFFFT2(L,NS,M,N,QYER,QYEI,SIGH)
CALL PFFFT2(L,NS,M,N,QXMR,QXMI,SIGN)
CALL PFFFT2(L,NS,M,N,QYMR,QYNI,SIGN)
CALL PFFFT2(L,NS,M,N,QZMR,QZNI,SIGN)
D0 3 I=1,L2
IF (FG(I) .EQ. 1) THEN
SXER(I)=-ZE1(I)*QXEI(I)
SXEI(I)= ZE1(I)*QXER(I)
SYER(I)=-ZE1(I)*QYEI(I)
SYEI(I)= ZE1(I)*QYER(I)
SIMR(I)=-ZE1(I)+QXMI(I)
SINI(I)= ZE1(I)*QXMR(I)
SYMR(I)=~ZE1(I)*QYMI(I)
SYMI(I)= ZE1(I)*QYMR(I)
SZMR(I)=-ZE1(I)*QZNMI(I)
SZMI(I)= ZE1(I)*QZMR(I)
ELSE
SYER(I)= ZE1(I)*QXER(I)
SXEI(I)= ZE1(I)*QXEI(I)
SYER(I)= ZE1(I)*QYER(I)
SYEI(I)= ZE1(I)*QYEI(I)
SIMR(I)= ZE1(I)*QXMR(I)
SINI(I)= ZE1(I)*QXMI(I)
SYMR(I)= ZE1(I)*QYMR(I)
SYNI(I)= ZE1(I)*QYMI(I)
SZMR(I)= ZE1(I)*QZMR(I)
SZNI(I)= ZE1(I)*QZNI(I)
END IF
CONTINUE
SIGE=1
CALL PFFFT2(L,NS,M,N,SXER,SXEI,SIGN)
CALL PFFFT2(L,NS,N,N,SYER,SYEI,SIGN)
CALL PFFFT2(L,NS,N,N,SIMR,SXNI,SIGN)
CALL PFFFT2(L,¥S,N,¥,SYMR,SYNI,SIGN)
CALL PFFFT2(L,NS,M,N,SZMR,SZNI,SIGN)
CALL DERIV1(L,L2,SG,T1,SXER,UiR)
CALL DERIV1i(L,6L2,SG,T1,SXEI,U1I)
CALL DERIV2(L,L2,SG,SYER,U2R)
CALL DERIV2(L,L2,SG,SYEI,U2I)
CALL DERIV6(L,L2,8G,SZMR,U3R)
CALL DERIV6(L,L2,SG,SZMI,U3I)
DO 4 I=1,L2
IF (SG(I) .NE. 0) THEN
QXER(I)=ETR(I)*KXER(I)-ETI(I)*KXEI(I)-VI*(U1I(I)+U2I(I))
[ -V2¢U3R(I)
QXEI(I)=ETR(I)*KXEI(I)+ETI(I)*KXER(I)+VI*(U1R(I)+U2R(I))
[ -V2¢U3I(I)
ELSE
QXER(I)=0.0
QXEI(I)=0.0
END IF
CONTINUE
CALL DERIV2(L,L2,SG,SXER,U1R)
CALL DERIV2(L,L2,SG,SXEI,U1I)
CALL DERIV3(L,L2,SG,T1,SYER,U2R)
CALL DERIV3(L,L2,SG,T1,SYEI,U2I)
CALL DERIVS(L,L2,SG,SZMR,U3R)
CALL DERIVS(L,L2,SG,SZMI,U3I)
DO § I=1,L2
IF (SG(I) .NE. O) THEN
QYER(I)=ETR(I)*KYER(I)-ETI(I)*KYEI(I)-VI#(U1I(I)+U2I(I))
& +V2sU3R(I)
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QYEXI(I)=ETR(I)*KYEI(I)+ETI(I)*KYER(I)+VI#+(U1R(I)+U2R(I))
& +V2+U3I(I)
ELSE
QYER(I)=0.0
QYEI(I)=0.0
END IF
§ CONTINUE
CALL DERIV1(L,L2,8G,T1,SIMR,U1R)
CALL DERIVi(L,L2,SG,T1,SIMI,U1I)
CALL DERIV2(L,L2,8G,SYMR,U2R)
CALL DERIV2(L,L2,8G,SYMI,U2I)
DO 6 I=1,L2
IF (86(I) .NE. 0) THEN
QXMR(I)=NTR(I)+KXMR(I)-NTI(I)*KXNMI(I)-VI*(U1I(I)+U2I(I))
QXMI(I)=NTR(I)*KXNI(I)+MTI(I)*KXNR(I)+VI+(U1R(I)+U2R(I))
ELSE
QXMR(I)=0.0
QXNI(I)=0.0
END IF
6  CONTINUE
CALL DERIV2(L,L2,SG,SXMR,UiR)
CALL DERIV2(L,L2,SG,SXMI,U1I)
CALL DERIV3(L,L2,SG,T1,SYMR,U2R)
CALL DERIV3(L,L2,SG,T1,SYMI,U2I)
DO 7 I=1,L2
IF (SG(I) .NE. O) THEN
QYMR(I)=MTR(I)*KYMR(I)-NTI(I)*KYNI(I)-VI*(U1I(I)+U2I(I))
QYMI(I)=NTR(I)*KYMI(I)+NTI(I)*KYMR(I)+VI*(U1R(I)+U2R(I))
ELSE
QYMR(I)=0.0
QYNI(I)=0.0
END IF
7 CONTINUE
CALL DERIV6(L,L2,SG,SXER,UiR)
CALL DERIV6(L,L2,SG,SXEI,U1I)
CALL DERIVS(L,L2,8G,SYER,U2R)
CALL DERIV5(L,L2,SG,SYEI,U2I)
CALL DERIV4(L,L2,SG,SZMR,U3R)
CALL DERIV4(L,L2,5G,SZMI,U3I)
DO 8 I=1,L2
IF (SG(I) .NE. 0) THEN
QZMR (I)=-MNR(I)*KZMR(I)+MNI(I)+KZMI(I)+V2+(U1R(I)-U2R(I))
& -VIsU3I(I)
QZMI(I)=-MNR(I)*KZMI(I)-MNI(I)*KZMR(I)+V2+¢(U1I(I)-U2I(I))
4 +VIsU3R(I)
ELSE
QZMR(I)=0.0
QZMI(1)=0.0
END IF
8 CONTINUE
DO 9 I=1,L2
IF (SG(I) .NE. 0) THEN
RXER(I)=EXR(I)-QXER(I)
RXEI(I)=EXI(I)-QXEI(I)
RYER(I)=EYR(I)-QYER(I)
RYEI(I)=EYI(I)-QYEI(I)
RIMR(I)=HXR(I)-QXMR(I)
RINI(I)=HXI(I)-QXNI(I)
RYMR(I)=HYR(I)-QYMR(I)
RYMI(I)=HYI(I)-QYMI(I)
RZMR(I)=HZR(I)-QZMR(I)
RZMI(I)=HZI(I)-QZMI(I)
ELSE
RXER(I)=0.0
RXEI(I)=0.0
RYER(I)=0.0
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RYEI(I)=0.0
RXMR(I)=0.0
RIMI(I)=0.0
RYMR(I)=0.0
RYMI(I)=0.0
RZMR(I)=0.0
RZMI(1)=0.0
END IF
CONTINUE
CALL COPYME(L2,SG,RXER,QXER)
CALL COPYME(L2,S8G,RXEI,QXEI)
CALL COPYME(L2,SG,RYER,QYER)
CALL COPYME(L2,SG,RYEI,QYEI)
CALL COPYME(L2,SG,RIMR,QIMR)
CALL COPYME(L2,SG,RIMI,QIMI)
CALL COPYME(L2,SG,RYMR,QYMR)
CALL COPYME(L2,SG,RYMI,QYMI)
CALL COPYME(L2,SG,RZMR,QZMR)
CALL COPYME(L2,SG,RZMI,QZMI)
SIGN=-1
CALL PFFFT2(L,NS,M,¥,QXER,QXEI,SIGN)
CALL PFFFT2(L,¥S,X,¥,QYER,QYEI,SIGH)
CALL PFFFT2(L,NS,M,N,QXMR,QXMI,SIGH)
CALL PFFFT2(L,NS,M,N,QYMR,QYMI,SIGH)
CALL PFFFT2(L,NS,M,N,QZMR,QZMI,SIGH)
DO 10 I=1,L2
IF (FG(I) .EQ. 1) THEN
SXER(I)= ZE1(I)*QXEI(I)
SYEI(I)=-ZE1(I)*QXER(I)
SYER(I)= ZE1(I)*QYEI(I)
SYEI(I)=-ZE1(I)*QYER(I)
SIMR(I)= ZE1(I)*QXMI(I)
SXMI(I)=-ZE1(I)*QIMR(I)
SYMR(I)= ZE1(I)*QYMI(I)
SYNI(I)=-2E1(I)*QYMR(I)
SZMR(I)= ZE1(I)#QZMI(I)
SZMI(I)=-ZE1(I)*QZMR(I)
ELSE
SXER(I)= ZE1(I)*QXER(I)
SYEI(I)= ZE1(I)*QXEI(I)
SYER(I)= ZE1(I)*QYER(I)
SYEI(I)= ZE1(I)+QYEI(I)
SIMR(I)= ZE1(I)+QXMR(I)
SIMI(I)= ZE1(I)*QINMI(I)
SYMR(I)= ZE1(I)*QYMR(I)
SYMI(I)= ZE1(I)*QYMI(I)
SZMR(I)= ZE1(I)*QZMR(I)
SZMI(I)= ZE1(I)*QZMI(I)
END IF
CONTINUE
SIGN=1
CALL PFFFT2(L,NS,N,N,SXER,SXEI,SIGN)
CALL PFFFT2(L,¥S,N,N,SYER,SYEI,SIGH)
CALL PFFFT2(L,NS,N,N,SXMR,SXMI,SIGN)
CALL PFFFT2(L,NS,N,N,SYMR,SYNI,SIGE)
CALL PFFFT2(L,NS,N,N,SZMR,SZNI,SIGN)
CALL DERIV1(L,L2,8G,T1,SXER,UiR)
CALL DERIV1(L,L2,SG,T1,SXEI,U1I)
CALL DERIV2(L,L2,8G,SYER,U2R)
CALL DERIV2(L,L2,SG,SYEI,U2I)
CALL DERIVE(L,L2,SG,SZMR,U3R)
CALL DERIV6(L,L2,SG,SZMI,U3I)
DO 11 I=1,L2
IF (SG(I) .NE. O) THEN
QXER(I)=ETR(I)*RXER(I)+ETI(I)*RXEI(I)+VI#(U1I(I)+U2I(I))
-V2¢U3R(I)
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QIEI(I)=ETR(I)*RXEI(I)~-ETI(I)*RXER(I)-VI+(U1R(I)+U2R(I))
[ -V2+U3I(I)
ELSE
QXER(I)=0.0
QXEI(I)=0.0
END IF
11 CONTINUE
CALL DERIV2(L,L2,SG,SXER,U1R)
CALL DERIV2(L,L2,SG,SXEI,UiI)
CALL DERIV3(L,L2,SG,T1,SYER,U2R)
CALL DERIV3(L,L2,8G,T1,SYEI,U2I)
CALL DERIV5(L,L2,SG,SZMR,U3R)
CALL DERIV5(L,L2,8G,SZMI,U3I)
D0 12 I=1,L2
IF (Sa(I) .NE. 0) THEN
QYER(I)=ETR(I)*RYER(I)+ETI(I)*RYEI(I)+VI*(U1I(I)+V2I(I))
[ +V2+U3R(I)
QYEI(I)=ETR(I)*RYEI(I)-ETI(I)*RYER(I)-VI*(U1R(I)+U2R(I))
[ +V2+U3I(I)
ELSE
QYER(I)=0.0
QYEI(I)=0.0
END IF
12  CONTINUE
CALL DERIV1(L,L2,SG,T1,SXMR,UiR)
CALL DERIV1(L,L2,SG6,T1,SIMI,U1I)
CALL DERIV2(L,L2,5G,SYMR,U2R)
CALL DERIV2(L,L2,5G,SYMI,U2I)
DO 13 I=1,L2
IF (S6(I) .NE. 0) THEN
QXMR(I)=NTR(I)*RXMR(I)+MTI(I)*RINI(I)+VIs+(U1I(I)+U2I(I))
QXMI(I)=MTR(I)*RXMI(I)-NTI(I)*RXMR(I)-VI#(U1R(I)+U2R(I))
ELSE
QXMR(I)=0.0
QIMI(I)=0.0
END IF
13 CONTINUE
CALL DERIV2(L,L2,8G,SIMR,U1R)
CALL DERIV2(L,L2,SG,SIMI,U1I)
CALL DERIV3(L,L2,SG,T1,SYMR,U2R)
CALL DERIV3(L,L2,SG,T1,SYMI,U2I)
DO 14 I=1,L2
IF (SG(I) .EE. 0) THEN
QYMR(I)=MTR(I)*RYMR(I)+MTI(I)*RYMI(I)+VIs(U1I(I)+U2I(I))
QYMI(I)=MTR(I)*RYMI(I)-NTI(I)sRYMR(I)-VI*(U1R(I)+U2R(I))
ELSE
QYMR(I)=0.0
QYNI(I)=0.0
END IF
14  CONTINUE
CALL DERIV6(L,L2,8G,SXER,U1iR)
CALL DERIV6(L,L2,8G,SXEI,U1I)
CALL DERIVS(L,L2,8G,SYER,U2R)
CALL DERIV5(L,L2,SG,SYEI,U2I)
CALL DERIV4(L,L2,SG,SZMR,U3R)
CALL DERIV4(L,L2,SG,SZMI,U3I)
DO 16 I=1,L2
IF (SG(I) .NE. O) THEN
QZMR(I)=-MNR(I)*RZMR (I)-MNI(I)*RZMI(I)+V2¢(U1R(I)-U2R(I))
[ +VIsU3I(I)
QZMI(I)=-MNR(I)*RZMI(I)+MNI(I)*RZMR(I)+V2¢(U1I(I)-U2I(I))
[ -VIsU3R(I)
ELSE
QZMR(I)=0.0
QZMI(I)=0.0
END IF
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CONTINUE
CALL NORM22(L2,QXER,QXEI,SG,QNXE)
CALL NORM22(L2,QYER,QYEI,SG,QNYE)
CALL NORM22(L2,QXMR,QXMI,SG,QNXM)
CALL NORM22(L2,QYMR,QYMI,SG,QNYM)
CALL NORM22(L2,QZMR,QZMI,SG,QNZM)
GQ=QNIE+QNYE+QNXM+QNYN+QNZN
BO=1.0/GQ

259

Chsxas

C  INITIALIZE SEARCH VECTORS

C%x

Qaaa

16

DO 16 I=1,L2

IF (Sa(I) .NE. 0) THEN
PXER(I)=BO*QXER(I)
PXEI(I)=BO*QXEI(I)
PYER(I)=BO+*QYER(I)
PYEI(I)=BO*QYEI(I)
PIMR(I)=BO*QIMR(I)
PINI(I)=BO*QXMI(I)
PYMR(I)=BO*QYMR(I)
PYMI(I)=BO*QYMI(I)
PZMR(I)=BO*QZMR(I)
PZMI(I)=BO*QZMI(I)

ELSE

PIER(I)=0.0
PXEI(I)=0.0
PYER(I)=0.0
PYEI(1)=0.0
PIMR(I)=0.0
PINI(I)=0.0
PYMR(I)=0.0
PYNI(I)=0.0
PZMR(1)=0.0
PZINI(1)=0.0

END IF

CONTINUE

C
C
Caex

300

BEGIN ITERATIONS

Qo

K=0
CONTINUVE
K=K+1
CALL COPYME(L2,SG,PXER,QXER)
CALL COPYME(L2,SG,PXEI,QXEI)
CALL COPYME(L2,SG,PYER,QYER)
CALL COPYME(L2,8G,PYEI,QYEI)
CALL COPYME(L2,8G,PXIMR,QIMR)
CALL COPYME(L2,SG,PXMI,QXMI)
CALL COPYME(L2,SG,PYMR,QYMR)
CALL COPYME(L2,SG,PYMI,QYNI)
CALL COPYME(L2,SG,PZMR,QZMR)
CALL COPYME(L2,SG,PZMI,QZMI)
SIGE=-1
CALL PFFFT2(L,N¥S,N,N,QXER,QXEI,SIGN)
CALL PFFFT2(L,¥S,M,N,QYER,QYEI,SIGN)
CALL PFFFT2(L,NS,M,N,QXMR,QXMI,SIGH)
CALL PFFFT2(L,NS,M,N,QYMR,QYMI,SIGN)
CALL PFFFT2(L,NS,M,N,QZMR,QZMI,SIGN)
DO 17 I=1,L2
IF (FG(I) .EQ. 1) THEN
SXER(I)=-ZE1(I)*QXEI(I)
SXEI(I)= ZE1(I)*QXER(I)
SYER(I)=-ZE1(I)*QYEI(I)
SYEI(I)= ZE1(I)*QYER(I)
SXMR(I)=-ZE1(I)*QXMI(I)
SIMI(I)= ZE1(I)#*QXMR(I)
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18

19
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SYMR(I)=-ZE1(I)*QYNI(I)
SYNI(I)= ZE1(I)*QYMR(I)
SZMR(I)=-ZE1 (1) *QZMI(I)
SZMI(I)= ZE1(I)*QZMR(I)
ELSE
SXER(I)= ZE1(I)*QXER(I)
SXEI(I)= ZE1(I)*QIEI(I)
SYER(I)= ZE1(I)*QYER(I)
SYEI(I)= ZE1(I)*QYEI(I)
SIMR(I)= ZE1(I)*QXMR(I)
SYMI(I)= ZE1(I)*QXMI(I)
SYMR(I)= ZE1(I)*QYMR(I)
SYMI(I)= ZE1(I)*QYMI(I)
SZMR(I)= ZE1(I)*QZMR(I)
SZMI(I)= ZE1(I)*QZMI(I)
END IF
CONTINUE
SIGE=1
CALL PFFFT2(L,NS,M,N,SXER,SXEI,SIGN)
CALL PFFFT2(L,NS,X,N,SYER,SYEI,SIGN)
CALL PFFFT2(L,NS,X,N,SIMR,SIMI,SIGN)
CALL PFFFT2(L,NS,M,N,SYMR,SYNI,SIGN)
CALL PFFFT2(L,NS,M,N,SZMR,SZMI,SIGN)
CALL DERIVi(L,L2,SG,T1,SXER,UiR)
CALL DERIV1(L,L2,SG,T1,SXEI,U1I)
CALL DERIV2(L,L2,SG,SYER,U2R)
CALL DERIV2(L,L2,SG,SYEI,U2I)
CALL DERIV6(L,L2,SG,SZMR,U3R)
CALL DERIV6(L,L2,SG,SZMI,U3I)
DO 18 I=1,L2
IF (SG(I) .NE. 0) THEN
QXER(I)=ETR(I)*PXER(I)-ETI(I)*PXEI(I)-VI*(U1I(I)+U2I(I))
[ -V2sU3R(I)
QXEI(I)=ETR(I)*PXEI(I)+ETI(I)*PXER(I)+VI*(U1R(I)+U2R(I))
& ~V2+U3I(I)
ELSE
QXER(I)=0.0
QXEI(I)=0.0
EXD IF
CONTINUE
CALL DERIV2(L,L2,SG,SXER,U1R)
CALL DERIV2(L,L2,SG,SXEI,U1I)
CALL DERIV3(L,L2,8G,T1,SYER,U2R)
CALL DERIV3(L,L2,SG,T1,SYEI,U2I)
CALL DERIVS(L,L2,3G,SZMR,U3R)
CALL DERIVS(L,L2,8G,SZMI,U3I)
DO 19 I=1,L2
IF (Sa(I) .NE. 0) THEN
QYER(I)=ETR(I)*PYER(I)-ETI(I)*PYEI(I)-VI*(U1I(I)+U2I(I))
'3 +V2eU3R(I)
QYEI(I)=ETR(I)*PYEI(I)+ETI(I)*PYER(I)+VIs(U1R(I)+U2R(I))
& +V2eU3I(I)
ELSE
QYER(I)=0.0
QYEI(I)=0.0
END IF
CONTINUE
CALL DERIV1(L,L2,SG,T1,SIMR,U1R)
CALL DERIVi(L,L2,SG,T1,SXMI,U1I)
CALL DERIV2(L,L2,SG,SYMR,U2R)
CALL DERIV2(L,L2,SG,SYMI,U2I)
DO 20 I=1,L2
IF (SG(I) .NE. 0) THEN
QXMR(I)=MTR(I)*PXMR(I)~NMTI(I)*PXMI(I)-VIs(U1I(I)+U2I(I))
QXMI(I)=MTR(I)*PXMI(I)+MTI(I)*PXMR(I)+VI*(U1R(I)+U2R(I))
ELSE
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QIMR(I)=0.0
QXMI(I)=0.0
EED IF
20  CONTINUE
CALL DERIV2(L,L2,SG,SIMR,U1R)
CALL DERIV2(L,L2,SG,SINMI,U1I)
CALL DERIV3(L,L2,SG,T1,SYMR,U2R)
CALL DERIV3(L,L2,S5G,T1,SYNMI,U2I)
DO 21 I=1,L2
IF (SG(I) .NE. 0) THEN
QYMR(I)=NTR(I)*PYMR(I)-NTI(I)*PYNI(I)-VI#(U1I(I)+U2I(I))
QYMI(I)=NTR(I)*PYMI (I)+MTI(I)*PYMR(I)+VI#(U1R(I)+U2R(I))
ELSE
QYNR(I)=0.0
QYNI(I)=0.0
END IF
21 CONTINUE
CALL DERIV6(L,L2,3G,SXER,U1R)
CALL DERIV6(L,L2,SG,SXEI,U1I)
CALL DERIVS(L,L2,5G,SYER,U2R)
CALL DERIVS(L,L2,SG,SYEI,U2I)
CALL DERIV4(L,L2,SG,SZMR,U3R)
CALL DERIV4(L,L2,SG,SZMI,U3I)
DO 22 I=1,L2
IF (SG(I) .NE. 0) THEN
QZMR(I)=-MNR (I)+PZMR (I)+MNI (I)+PZNI (I)+V2+(U1R(I)-U2R(I))
s ~VIsU3I(I)
QZMI(I)=-MER(I)+PZNI(I)-MNI(I)+PZMR(I)+V2e(U1I(I)-U2I(I))
& +VIsU3R(I)
ELSE
QZMR(I)=0.0
QZMI(I)=0.0
END IF
22 CONTINUE
CALL NORM22(L2,QXER,QXEI,SG,QNXE)
CALL NORM22(L2,QYER,QYEI,SG,QNYE)
CALL NORN22(L2,QXMR,QXNMI,SG,QNIN)
CALL NORM22(L2,QYMR,QYMI,SG,QNYN)
CALL NORM22(L2,QZMR,QZNI,SG,QNZN)
GQ=QNXE+QNYE+QNIN+QEYN+QNZN
AK=1.0/6Q

c
C COMPUTE NEVW CURRENT AND RESIDUAL VECTORS

Qad

C
DO 23 I=1,L2
IF (SG(I) .NE. 0) THEN
KXER(I)=KXER(I)+AK¢PXER(I)
KXEI(I)=KXEI(I)+AKePXEI(I)
KYER(I)=KYER(I)+AK¢PYER(I)
KYEI(I)=KYEI(I)+AK*PYEI(I)
KXMR(I)=KXMR(I)+AK+PINR(I)
KXMI(I)=KXMI(I)+AK*PXNI(I)
KYMR(I)=KYMR(I)+AK+PYMR(I)
KYMI(I)=KYMI(I)+AKsPYNI(I)
KZMR(I)=KZMR(I)+AK+PZMR(I)
KZMI(I)=KZMI(I)+AK+PZMI(I)
RIER(I)=RXER(I)-AK+#QXER(I)
RXEI(I)=RXEI(I)-AK*QXEI(I)
RYER(I)=RYER(I)-AK+QYER(I)
RYEI(I)=RYEI(I)-AK#QYEI(I)
RIMR(I)=RXMR(I)~AK+QXMR(I)
RXMI(I)=RIMI(I)-AK+QXMI(I)
RYMR(I)=RYMR(I)-AK+QYMR(I)
RYMI(I)=RYMI(I)-AK+QYMI(I)
RZMR(I)=RZMR(I)-AK#QZMR(I)
RZMI(I)=RZMI(I)-AK+QZMI(I)
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ELSE
KXER(I)=0.0
KXEI(I)=0.0
KYER(I)=0.0
KYEI(I)=0.0
KXMR(I)=0.0
KXNI(I)=0.0
KYMR(I)=0.0
KYMI(I)=0.0
KZMR(I)=0.0
KZMI(I)=0.0
RXER(I)=0.0
RXEI(I)=0.0
RYER(I)=0.0
RYEI(I)=0.0
RXMR(I)=0.0
RXMI(I)=0.0
RYMR(I)=0.0
RYNI(I)=0.0
RZMR(I)=0.0
RZMI(I)=0.0

END IF

23 CONTINUE
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c
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CHECK THE TERMINATION CRITERIA

aaaq

c

24

CALL NORM22(L2,RXER,RXEI,SG,RNXE)
CALL NORM22(L2,RYER,RYEI,SG,REYE)
CALL NORM22(L2,RXMR,RXMI,SG,RNIN)
CALL NORM22(L2,RYMR,RYMI,SG,REYM)
CALL NORM22(L2,RZMR,RZMI,SG,REZN)
GR=RNXE+RNYE+RNXM+RNYN+RNZN
ERR=SQRT (GR/GE)
IF((ERR .LT. TOL) .OR. (K .GE. KMAX)) THEN
CALL BACScC(L,X,Y,SG,ST,CT,SP,CP,KXER,KXEI ,KYER,KYEI ,KXMR ,KXNI
& ,KYMR,KYMI,KZMR,KZMI,DS,SDB)
WRITE(6,520) AL,PH,TH,K,ERR,SDB
GO TO 999
ELSE
END IF
CALL COPYME(L2,8G,RXER,QXER)
CALL COPYME(L2,SG,RXEI,QXEI)
CALL COPYME(L2,SG,RYER,QYER)
CALL COPYME(L2,SG,RYEI,QYEI)
CALL COPYME(L2,SG,RXMR,QXMR)
CALL COPYME(L2,SG,RXMI,QXMI)
CALL COPYME(L2,SG,RYMR,QYMR)
CALL COPYME(L2,SG,RYMI,QYMI)
CALL COPYME(L2,SG,RZMR,QZMR)
CALL COPYME(L2,SG,RZMI,QZMI)
SIGE=-1
CALL PFFFT2(L,NS,M,¥,QXER,QXEI,SIGE)
CALL PFFFT2(L,NS,X,N,QYER,QYEI,SIGN)
CALL PFFFT2(L,NS,M,¥,QXMR,QXNI,SIGN)
CALL PFFFT2(L,NS,M,¥,QYMR,QYNI,SIGN)
CALL PFFFT2(L,NS,X,N,QZMR,QZNI,SIGN)
DO 24 I=1,L2
IF (FG(I) .EQ. 1) THEN
SXER(I)= ZE1(I)*QXEI(I)
SXEI(I)=-ZE1(I)*QXER(I)
SYER(I)= ZE1(I)*QYEI(I)
SYEI(I)=-ZE1(I)*QYER(I)
SIMR(I)= ZE1(I)*QXMI(I)
SIMI(I)=-ZE1(I)*QXMR(I)
SYMR(I)= ZE1(I)+QYMI(I)
SYMI(I)=-ZE1(I)*QYMR(I)
SZMR(I)= ZE1(I)+QZMI(I)
SZNI(I)=-ZE1(1)*QZMR(I)
ELSE
SXER(I)= ZE1(I)*QXER(I)
SXEI(I)= ZE1(I)*QXEI(I)
SYER(I)= ZE1(I)#QYER(I)
SYEI(I)= ZE1(I)*QYEI(I)
SIMR(I)= ZE1(I)*QXMR(I)
SINI(I)= ZE1(I)*QXMI(I)
SYMR(I)= ZE1(I)*QYMR(I)
SYMI(I)= ZE1(I)+QYMI(I)
SZMR(I)= ZE1(I)*QZMR(I)
SZMI(I)= ZE1(I)*QZMI(I)
END IF
CONTINUE
SIGN=1
CALL PFFFT2(L,NS,M,N,SXER,SXEI,SIGN)
CALL PFFFT2(L,NS,M,N,SYER,SYEI,SIGN)
CALL PFFFT2(L,NS,M,N,SIMR,SXMI,SIGH)
CALL PFFFT2(L,NS,M,N,SYMR,SYNI,SIGN)
CALL PFFFT2(L,NS,M,N,SZMR,SZNI,SIGN)
CALL DERIV1(L,L2,SG,T1,SXER,U1R)
CALL DERIV1(L,L2,SG,T1,SXEI,U1I)
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CALL DERIV2(L,L2,SG,SYER,U2R)
CALL DERIV2(L,L2,8G,SYEI,U2I)
CALL DERIV6(L,L2,SG,SZMR,U3R)
CALL DERIVE(L,L2,SG,SZMI,U3I)
DO 25 I=1,L2
IF (SG(I) .NE. O) THEN
QXER(I)=ETR(I)*RXER(I)+ETI(I)*RXEI(I)+VI*(U1I(I)+U2I(I))
& -V2+U3R(I)
QXEI(I)=ETR(I)*RXEI(I)-ETI(I)*RXER(I)-VI*(U1R(I)+U2R(I))
4 -V2+U3I(I)
ELSE
QXER(I)=0.0
QXEI(I)=0.0
END IF
25 CONTINUE
CALL DERIV2(L,L2,8G,SXER,U1iR)
CALL DERIV2(L,L2,SG,SXEI,U1I)
CALL DERIV3(L,bL2,8G,T1,SYER,U2R)
CALL DERIV3(L,L2,8G,T1,SYEI,U2I)
CALL DERIVS(L,L2,SG,SZMR,U3R)
CALL DERIV5(L,L2,8G,SZMI,U3I)
DO 26 I=1,L2
IF (SG(I) .EE. O) THEN
QYER(I)=ETR(I)*RYER(I)+ETI(I)*RYEI(I)+VI#*(U1I(I)+U2I(I))
& +V2#U3R(I)
QYEI(I)=ETR(I)*RYEI(I)-ETI(I)*RYER(I)-VI*(U1R(I)+U2R(I))
& +V2+U3I(I)
ELSE
QYER(I)=0.0
QYEI(I)=0.0
END IF
26 CONTINUE
CALL DERIV1(L,L2,SG,T1,SXMR,U1R)
CALL DERIV1(L,L2,SG,T1,SXMI,U1I)
CALL DERIV2(L,L2,8G,SYMR,U2R)
CALL DERIV2(L,L2,SG,SYMI,U2I)
DO 27 I=1,L2
IF (86(I) .NE. O0) THER
QXMR (I)=MTR(I)*RXMR(I)+MTI(I)*RXNI(I)+VIs(U1I(I)+U2I(I))
QXMI(I)=MTR(I)*RXMI(I)-MTI(I)*RXMR(I)-VI+(U1R(I)+U2R(I))
ELSE
QXMR(I)=0.0
QINI(I)=0.0
END IF
27 CONTINUE
CALL DERIV2(L,L2,SG,SXMR,U1R)
CALL DERIV2(L,L2,8G,SXMI,U1I)
CALL DERIV3(L,L2,8G,T1,SYMR,U2R)
CALL DERIV3(L,L2,SG,T1,SYMI,U2I)
DO 28 I=1,L2
IF (SG(I) .NE. 0) THEN
QYMR(I)=NTR(I)*RYMR(I)+MTI(I)*RYMI(I)+VIs(U1I(I)+U2I(I))
QYMI(I)=NTR(I)*RYMI(I)-NTI(I)*RYMR(I)-VIs+(U1R(I)+U2R(I))
ELSE
QYMR(I)=0.0
QYNI(I)=0.0
END IF
28 - CONTINUE
CALL DERIV6(L,L2,8G,SXER,U1R)
CALL DERIV6(L,L2,8G,SXEI,UiI)
CALL DERIVS(L,L2,3G,SYER,U2R)
CALL DERIVS(L,L2,SG,SYEI,U2I)
CALL DERIV4(L,L2,SG,SZMR,U3R)
CALL DERIV4(L,L2,SG,SZMI,U3I)
DO 29 I=1,L2
IF (SG(I) .NE. O) THEN
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QZMR(I)=-MNR(I)*RZMR(I)-MNI(I)*RZMI(I)+V2+(U1R(I)-U2R(I))
& +VI*U3I(I)
QZMI(I)=~MNR(I)*RZMI(I)+MNI(I)*RZMR(I)+V2¢(U1I(I)-U2I(I))

Qa

a0

& ~VIsU3R(I)
ELSE
QZMR(I)=0.0
QZMI(I)=0.0
END IF
29 CONTINUE
CALL NORM22(L2,QXER,QXEI,SG,QNIE)
CALL NORM22(L2,QYER,QYEI,SG,QNYE)
CALL NORM22(L2,QXMR,QXMI,SG,QNINM)
CALL NORM22(L2,QYMR,QYMI,SG,QNYM)
CALL NORM22(L2,QZMR,QZMI,SG,QNZN)
GQ=QNXE+QNYE+QNXM+QNYM+QNZN
BK=1.0/GQ
c
C COMPUTE NEW SEARCH VECTOR
c
DO 30 I=1,L2
IF (sa(I) .NE. 0) THER
PXER(I)=PXER(I)+BK+QXER(I)
PIEI(I)=PXEI(I)+BK+QXEI(I)
PYER(I)=PYER(I)+BK#*QYER(I)
PYEI(I)=PYEI(I)+BK+QYEI(I)
PXIMR(I)=PXMR(I)+BK+QXMR(I)
PXMI(I)=PXMI(I)+BK+QXMI(I)
PYMR(I)=PYMR(I)+BK+QYMR(I)
PYMI(I)=PYMI(I)+BK+QYNI(I)
PZMR(I)=PZMR(I)+BK+QZMR(I)
PZMI(I)=PZNMI(I)+BK«QZMI(I)
ELSE
PXER(I)=0.0
PXEI(I)=0.0
PYER(I)=0.0
PYEI(I)=0.0
PIMR(I)=0.0
PINI(I)=0.0
PYMR(I)=0.0
PYMI(I)=0.0
PZMR(I)=0.0
PZNI(1)=0.0
END IF
30 CONTINUE
GO TO 300
999  CONTINUE
2 CONTINUE
1 CONTINUE
c
C FORMATS
c
500 FORMAT(//,> ALPHA °,’ PHI ’,” THETA ’,’ ITER ’ ,’ RESIDUAL °’
&,” RCS ?,//)
520 FORMAT(1X,F5.1,2X,F5.1,2X,F5.1,2X,14,E16.8,F10.2)

RETURN
END
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SUBROUTINE DMHALG(L,L2,¥S,DS,PH1,PH2,TH1,TH2,DP,DT,KMAX,TOL,SG,FG
&,I,Y,KINR,KXNT KYNR,KYMT ,KXER,KXEI,KYER ,KYEI,KZER,KZEI ,RXMR,RXMT
&, RYMR,RYNI,RXER, RXEI,RYER,RYEI ,RZER ,RZEI ,PXMR ,PXMT ,PYMR ,PYNT ,PXER
& ,PXEI,PYER,PYEI,PZER,PZEI, QIMR,QXMI ,QYNR ,QYMI ,QXER,QXEI,, QYER, QYEL
&,QZER,QZET, SXMR, SXNI , SYMR, SYMI ,SXER ,SXEI ,SYER ,SYET ,SZER,SZEI , EXR
&, HXI,HYR,HYI,EXR,EXI,EYR,EYI,EZR,E2I,ZE1,U1R,U1T,U2R,U21,U3R,U3I
& ,ETR,ETI,ENR,ENI TR, NTI)

Crsx
C THIS SUBROUTINE USES A CONJUGATE GRADIENT FFT METHOD TO COMPUTE

C THE SURFACE CURRENT AND RCS OF A THIN DIELECTRIC PLATE ILLUMINATED
C WITH AN H POLARIZATED PLANE WAVE
C

aaoaaaaa

REAL KXER(#),KXEI(*),KYER(#+),KYEI(*),KXMR(#+),KXMI(*) KYMR(#)
&,KYMI(») ,KZER(#) ,KZEI(*) ,EXR(#*),EXI(*),EYR(*) ,EYI(#*) ,HXR(*) ,HXI(*)
& ,HYR(*) ,HYI(») ,EZR(*) ,EZI(#*) ,RXER(*) ,RXEI(#*) ,RYER(#) ,RYEI(#)
&,RXMR(+) ,RXMI(#*) ,RYMR(#+) ,RYMI(#) ,RZER(#) ,RZEI(*) ,PXER(#) ,PXEI(#)
& ,PYER(s) ,PYEI(#) ,PXMR(#) ,PXMI(#) ,PYMR(+) ,PYMI(#) ,PZER(#s) ,PZEI(#)
&,QXER(#) ,QXEI(*),QYER(#+) ,QYEX(#) ,QXMR(s) ,QXMI(*) ,QYMR(#) ,QYMI(+)
&,QZER(#*) ,QZEI(#+) ,SXER(#) ,SXEI(*) ,SYER(#) ,SYEI(#),SXMR(#) ,SXNI(*)
&,SYMR(+) ,SYMI(+) ,SZER(#) ,SZEI(#),ZE1(#+),U1R(#),U1I(s) ,U2R(*)
&,U2I(#),U3R(»),U3I(+) ,ETR(s),ETI(») MTR(*) ,NTI(#+),ENR(*) ,ENI(#)
&,X(#),Y(s)

INTEGER N(4),8G(*),FG(s),SIGN

CALL TABLE(L,N.N)

CALL DDAFGA(L,DS,ZE1,F@)

DATA PI,TP,RAD /.3141593E+01, .6283196E+01, .1745329E-01/

T1=2.0+(TP*PI+DS*DS-1.0)

VI=1.0/(TPsD3S#DSL2)

V2=1.0/(2.0+DSsL2)

WRITE(S,500)

AL=0.0

Ces
C  STEP THROUGH EACH INCIDENT ANGLE
C

QaaQad

N1=INT((PH2-PH1) /DP)

¥2=INT((TH2-TH1) /DT)

DO 1 IPHI=O,N1

PH=PH1+IPHI*DP

DO 2 ITHE=0,N2

TH=TH1+ITHE*DT

CALL INBETAN(L,SG,AL,PH,TH,X,Y,HXR,HXI,HYR,HYI)

CALL INETAN(L,SG,AL,PH,TH,X,Y,EXR,EXI,EYR,EYI)

CALL INENOR(L,SG,AL,PH,TH,X,Y,EZR,EZI)

CALL NORM22(L2,HIR,HXI,SG,HNX)

CALL NORM22(L2,HYR,HYI,SG,ENY)

CALL NORM22(L2,EXR,EXI,SG,ENX)

CALL NORM22(L2,EYR,EYI,SG,ENY)

CALL NORM22(L2,EZR,EZI,SG,ENZ)

GE=HNX+BNY+ENX+ENY+ENZ

R1=RAD*PH

R2=RADsTH

CP=C0S(R1)

SP=SIN(R1)

CT=C0S(R2)

ST=SIN(R2)
Css%s Y YTITL} [TITTTTE TN
C  INITIALIZE RESIDULE c
C 488 LA T T I TR T e L] s8885C

CALL COPYME(L2,SG,KXMR,QXMR)

CALL COPYME(L2,SG,KXNI,QXMI)

CALL COPYME(L2,SG,KYMR,QYMR)

CALL COPYME(L2,SG,KYMI,QYMI)

CALL COPYME(L2,SG,KXER,QXER)

CALL COPYME(L2,SG,KXEI,QXEI)

CALL COPYME(L2,SG,KYER,QYER)

CALL COPYME(L2,SG,KYEI,QYEI)
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CALL COPYME(L2,SG,KZER,QZER)
CALL COPYME(L2,SG,KZEI,QZEI)
SIGE=-1
CALL PFFFT2(L,NS,M,N,QXMR,QXMI,SIGN)
CALL PFFFT2(L,NS,M,N,QYMR,QYMI,SIGH)
CALL PFFFT2(L,NS,M,N,QXER,QXEI,SIGN)
CALL PFFFT2(L,NS,M,N,QYER,QYEI,SIGH)
CALL PFFFT2(L,NS,M,N,QZER,QZEI,SIGN)
DO 3 I=1,L2
IF (FG(I) .EQ. 1) THER
SIMR(I)=-ZE1(I)*QXNI(I)
SIMI(I)= ZE1(I)*QXMR(I)
SYMR(I)=-ZE1(I)*QYMI(I)
SYMI(I)= ZE1(I)*QYMR(I)
SIER(I)=-ZE1(I)+QXEI(I)
SXEI(I)= ZE1(I)*QXER(I)
SYER(I)=-ZE1(I)*QYEI(I)
SYEI(I)= ZE1(I)*QYER(I)
SZER(I)=-ZE1(I)*QZEI(I)
SZEI(I)= ZE1(I)*QZER(I)
ELSE
SIMR(I)= ZE1(I)*QXMR(I)
SIMI(I)= ZE1(I)*QXMI(I)
SYMR(I)= ZE1(I)*QYMR(I)
SYNI(I)= ZE1(I)*QYMI(I)
SXER(I)= ZE1(I)*QXER(I)
SIEI(I)= ZE1(I)*QXEI(I)
SYER(I)= ZE1(I)*QYER(I)
SYEI(I)= ZE1(I)*QYEI(I)
SZER(I)= ZE1(I)*QZER(I)
SZEI(I)= ZE1(I)*QZEI(I)
END IF
CONTINUE
SIGN=1
CALL PFFFT2(L,NS,N,N,SXMR,SINI,SIGE)
CALL PFFFT2(L,NS,X,N,SYMR,SYNI,SIGE)
CALL PFFFT2(L,¥S,M,N,SXER,SXEI,SIGH)
CALL PFFFT2(L,NS,X,N,SYER,SYEI,SIGK)
CALL PFFFT2(L,N¥S,M,N,SZER,SZEI,SIGH)
CALL DERIV1i(L,L2,SG,T1,SIMR,U1R)
CALL DERIV1(L,L2,8G,T1,SXMI,U1I)
CALL DERIV2(L,L2,8G,SYMR,U2R)
CALL DERIV2(L,L2,8G,SYMI,U2I)
CALL DERIV6(L,L2,8G,SZER,U3R)
CALL DERIV6(L,L2,8G,SZEI,U3I)
DO 4 I=1,L2
IF (Sa(I) .NE. 0) THEN
QXMR(I)=NTR(I)*KXMR(I)-NTI(I)*KXMI(I)-VI*(U1I(I)+U2I(I))
& +V2+U3R(TI)
QXNI(I)=NTR(I)*KXMI(I)+NMTI(I)*KXMR(I)+VI*(U1R(I)+U2R(I))
[ +V2+U3I(I)
ELSE
QIMR(I)=0.0
QXNI(I)=0.0
END IF
CONTINUE
CALL DERIV2(L,L2,SG,SIMR,UiR)
CALL DERIV2(L,L2,SG,SXMI,U1I)
CALL DERIV3(L,L2,SG,T1,SYMR,U2R)
CALL DERIV3(L,L2,SG,T1,SYNI,U2I)
CALL DERIVS(L,L2,SG,SZER,U3R)
CALL DERIVS(L,L2,SG,SZEI,U3I)
DO 5 I=1,L2
IF (SG(I) .NE. 0) THEN
QYMR(I)=NTR(I)*KYMR(I)-NTI(I)*KYNI(I)-VI*(U1I(I)+U2I(I))
& ~V2sU3R(I)
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QYMI(I)=MTR(I)*KYMI(I)+MTI(I)*KYMR(I)+VI*(U1R(I)+U2R(I))
: ~V2+U3I(I)
ELSE
QYMR(I)=0.0
QYMI(I)=0.0
END IF
CONTINUE
CALL DERIVi(L,L2,8G,T1,SXER,U1R)
CALL DERIVi(L,L2,SG,T1,SXEI,U1I)
CALL DERIV2(L,L2,8G,SYER,U2R)
CALL DERIV2(L,L2,8G,SYEI,U2I)
DO 6 I=1,L2
IF (SG(I) .NE. O) THEN
QXER(I)=ETR(I)*KXER(I)~ETI(I)*KXEI(I)-VI+(U1I(I)+U2I(I))
QXEI(I)=ETR(I)*KXEI(I)+ETI(I)*KXER(I)+VI*(U1R(I)+U2R(I))
ELSE
QXER(I)=0.0
QXEI(I)=0.0
END IF
CONTINUE
CALL DERIV2(L,6L2,SG,SXER,U1iR)
CALL DERIV2(L,L2,SG,SXEI,U1iI)
CALL DERIV3(L,L2,8G,Ti,SYER,U2R)
CALL DERIV3(L,L2,8G,T1,SYEI,U2I)
DO 7 I=1,L2
IF (SG(I) .NE. 0) THEN
QYER(I)=ETR(I)*KYER(I)-ETI(I)*KYEI(I)-VI+(U1I(I)+U2I(I))
QYEI(I)=ETR(I)*KYEI(I)+ETI(I)*KYER(I)+VI*(U1R(I)+U2R(I))
ELSE
QYER(I)=0.0
QYEI(I)=0.0
END IF
CONTINUE
CALL DERIV6(L,L2,SG,SXMR,U1R)
CALL DERIV6(L,L2,SG,SIMI,U1I)
CALL DERIVS(L,L2,SG,SYMR,U2R)
CALL DERIVS(L,L2,SG,SYMI,U2I)
CALL DERIV4(L,L2,SG,SZER,U3R)
CALL DERIV4(L,L2,SG,SZEI,U3I)
DO 8 I=1,L2
IF (8G(I) .NE. 0) THER
QZER(I)=-ENR(I)*KZER (I)+ENI(I)*KZEI(I)-V2+(U1R(I)-U2R(I))
3 =VIsU3I(I)
QZEI(I)=-ENR(I)*KZEI(I)-ENI(I)*KZER(I)-V2+(U1I(I)-U2I(I))
'y +VI«U3R(I)
ELSE
QZER(I)=0.0
QZEI(I)=0.0
ENID IF
CONTINUE
DO 9 I=1,L2
IF (8G(I) .NE. 0) THEN
RXMR(I)=HXR(I)-QXMR(I)
RXNI(I)=HXI(I)-QXMI(I)
RYMR(I)=HYR(I)-QYMR(I)
RYMI(I)=BYI(I)-QYMI(I)
RXER(I)=EXR(I)-QXER(I)
RXEI(I)=EXI(I)~-QXEI(I)
RYER(I)=EYR(I)-QYER(I)
RYEI(I)=EYI(I)-QYEI(I)
RZER(I)=EZR(I)-QZER(I)
RZEI(I)=EZI(I)-QZEI(I)
ELSE
RIMR(I)=0.0
RIMI(I)=0.0
RYMR(I)=0.0
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RYNI(I)=0.0
RXER(I)=0.0
RXEI(I)=0.0
RYER(I)=0.0
RYEI(I)=0.0
RZER(I)=0.0
RZEI(I)=0.0
END IF
CONTINUE
CALL COPYME(L2,SG,RIMR,QXMR)
CALL COPYME(L2,SG,RXMI,QXNI)
CALL COPYME(L2,SG,RYMR,QYMR)
CALL COPYME(L2,SG,RYMI,QYMI)
CALL COPYME(L2,SG,RXER,QXER)
CALL COPYME(L2,SG,RXEI,QXEI)
CALL COPYME(L2,SG,RYER,QYER)
CALL COPYME(L2,SG,RYEI,QYEI)
CALL COPYME(L2,SG,RZER,QZER)
CALL COPYME(L2,SG,RZEI,QZEI)
SIGN=-1
CALL PFFFT2(L,NS,M,N,QXMR,QXMI,SIGE)
CALL PFFFT2(L,NS,M,N,QYMR,QYMI,SIGN)
CALL PFFFT2(L,NS,X,N,QXER,QXEI,SIGH)
CALL PFFFT2(L,NS,M,N,QYER,QYEI,SIGN)
CALL PFFFT2(L,NS,X,N,QZER,QZEI,SIGN)
DO 10 I=1,L2
IF (FG(I) .EQ. 1) THEN
SIMR(I)= ZE1(I)*QXMI(I)
SXMI(I)=-ZE1(I)*QXMR(I)
SYMR(I)= ZE1(I)*QYNI(I)
SYMI(I)=-ZE1(I)*QYMR(I)
SYER(I)= ZE1(I)*QXEI(I)
SXEI(I)=-ZE1(I)*QXER(I)
SYER(I)= ZE1(I)#QYEI(I)
SYEI(I)=-ZE1(I)*QYER(I)
SZER(I)= ZE1(I)*QZEI(I)
SZEI(I)=-ZE1(I)*QZER(I)
ELSE
SIMR(I)= ZE1(I)*QXMR(I)
SIMI(I)= ZE1(I)*QXMI(I)
SYMR(I)= ZE1(I)*QYMR(I)
SYMI(I)= ZE1(I)*QYMI(I)
SIER(I)= ZE1(I)*QXER(I)
SXEI(I)= ZE1(I)*QXEI(I)
SYER(I)= ZE1(I)*QYER(I)
SYEI(I)= ZE1(I)*QYEI(I)
SZER(I)= ZE1(I)*QZER(I)
SZEI(I)= ZE1(I)*QZEI(I)
END IF
CONTINUE
SIGN=1
CALL PFFFT2(L,¥S,N,N,SXMR,SIMI,SIGH)
CALL PFFFT2(L,NS,N,N,SYMR,SYNI,SIGH)
CALL PFFFT2(L,NS,N,N,SXER,SXEI,SIGN)
CALL PFFFT2(L,NS,M,N,SYER,SYEI,SIGH)
CALL PFFFT2(L,¥S,M,N,SZER,SZEI,SIGH)
CALL DERIV1(L,L2,SG,T1,SIMR,UiR)
CALL DERIV1i(L,L2,SG,T1,SINI,U1I)
CALL DERIV2(L,L2,SG,SYMR,U2R)
CALL DERIV2(L,L2,SG,SYMI,U2I)
CALL DERIV6(L,L2,8G,SZER,U3R)
CALL DERIV6(L,L2,SG,SZEI,U3I)
DO 11 I=1,L2
IF (SG(I) .NE. 0) THEN
QXMR(I)=MTR(I)*RXMR(I)+MTI(I)*RXNI(I)+VIs(UL1I(I)+U2I(I))
& +V2sU3R(I)
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QIMI(I)=MTR(I)*RXMI(I)-NTI(I)*RXMR(I)-VI*(U1R(I)+U2R(I))
3 +V2+U3I(I)
ELSE
QIMR(I)=0.0
QIMI(I)=0.0
END IF
11 CONTINUE
CALL DERIV2(L,L2,8G,SXMR,UiR)
CALL DERIV2(L,L2,SG,SXNI,U1I)
CALL DERIV3(L,L2,SG,T1,SYMR,U2R)
CALL DERIV3(L,L2,SG,T1,SYMI,lU2I)
CALL DERIV5(L,L2,SG,SZER,U3R)
CALL DERIVS(L,L2,5G,SZEI,U3I)
D0 12 I=1,L2
IF (SG(I) .NE. 0) THEN
QYMR(I)=MTR(I)*RYMR(I)+MTI(I)*RYMI(I)+VI*(U1I(I)+U2I(I))
& =V2+U3R(I)
QYMI(I)=MTR(I)#*RYMI(I)-NTI(I)*RYMR(I)-VI*(U1R(I)+U2R(I))
'3 -V2sU3I(I)
ELSE
QYMR(I)=0.0
QYMI(I)=0.0
ENID IF
12  CONTINUE
CALL DERIV1i(L,L2,8@,T1,SXER,U1R)
CALL DERIVi(L,L2,8G,T1,SXEI,U1iI)
CALL DERIV2(L,L2,3G,SYER,U2R)
CALL DERIV2(L,L2,8G,SYEI,U2I)
DO 13 I=1,L2
IF (SG(I) .NE. 0) THEN
QXER(I)=ETR(I)*RXER(I)+ETI(I)*RXEI(I)+VIs(U1I(I)+U2I(I))
QXEI(I)=ETR(I)*RXEI(I)-ETI(I)*RXER(I)-VI*(U1R(I)+U2R(I))
ELSE
QXER(I)=0.0
QXEI(I)=0.0
END IF
13 CONTINUE
CALL DERIV2(L,L2,8G,SXER,U1R)
CALL DERIV2(L,L2,8G,SXEI,U1I)
CALL DERIV3(L,L2,SG,T1,SYER,U2R)
CALL DERIV3(L,L2,SG,T1,SYEI,U2I)
DO 14 I=1,L2
IF (SG(I) .NE. 0) THEN
QYER(I)=ETR(I)*RYER(I)+ETI(I)*RYEI(I)+VI#(U1I(I)+U21I(I))
QYEI(I)=ETR(I)*RYEI(I)~-ETI(I)*RYER(I)-VI#(U1R(I)+U2R(I))
ELSE
QYER(I)=0.0
QYEI(I)=0.0
END IF
14  CONTINUE
CALL DERIVE(L,L2,SG,SIMR,U1R)
CALL DERIV6(L,L2,SG,SIMI,U1I)
CALL DERIVS(L,L2,SG,SYMR,U2R)
CALL DERIVS(L,L2,SG,SYMI,U2I)
CALL DERIV4(L,L2,SG,SZER,U3R)
CALL DERIV4(L,L2,8G,SZEI,U3I)
DO 15 I=1,L2
IF (SG(I) .NE. 0) THEN
QZER(I)=-ENR(I)*RZER(I)-ENI(I)*RZEI(I)-V2+(U1R(I)-U2R(I))
[3 +VIsU3I(I) .
QZEI(I)=-ENR(I)*RZEI(I)+ENI(I)*RZER(I)-V2¢(U1I(I)-U2I(I))
[ -VI«U3R(I)
ELSE
QZER(I)=0.0
QZEI(I)=0.0
END IF
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CONTINUE

CALL NORM22(L2,QXIMR,QXNMI,SG,QNXM)
CALL NORM22(L2,QYMR,QYNI,SG,QEYN)
CALL NORM22(L2,QXER,QXEI,SG,QNIE)
CALL NORM22(L2,QYER,QYEI,SG,QEYE)
CALL NORM22(L2,QZER,QZEI,SG,QNZE)
GQ=QNXN+QNYN+QNXE+QNYE+QNZE
BO=1.0/GQ
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C
C

INITIALIZE SEARCH VECTORS

C

16
C

D0 16 I=1,L2

IF (SG(I) .NE. 0) THEN
PXIMR(I)=BO*QXMR(I)
PINI(I)=BO*QXMI(I)
PYMR(I)=BO*QYMR(I)
PYMI(I)=BO+QYMI(I)
PIER(I)=BO+QXER(I)
PXEI(I)=BO*QXEI(I)
PYER(I)=BO*QYER(I)
PYEI(I)=BO+QYEI(I)
PZER(1)=BO*QZER(I)
PZEI(I)=B0+QZEI(I)
ELSE
PIMR(I)=0.0
PINI(I)=0.0
PYMR(1)=0.0
PYNI(I)=0.0
PXER(I)=0.0
PXEI(I)=0.0
PYER(1)=0.0
PYEI(I)=0.0
PZER(I)=0.0
PZEI(1)=0.0

END IF

CONTINUE

c
C

BEGIN ITERATIONS

Qad

300

K=0
CONTINUE
K=K+1
CALL COPYME(L2,SG,PIMR,QIMR)
CALL COPYME(L2,SG,PXMI,QXNI)
CALL COPYME(L2,SG,PYMR,QYMR)
CALL COPYME(L2,SG,PYMI,QYNI)
CALL COPYME(L2,SG,PXER,QXER)
CALL COPYME(L2,SG,PXEI,QXEI)
CALL COPYME(L2,SG,PYER,QYER)
CALL COPYME(L2,8G,PYEI,QYEI)
CALL COPYME(L2,8G,PZER,QZER)
CALL COPYME(L2,8G,PZEI,QZEI)
SIGE=-1
CALL PFFFT2(L,NS,N,N,QXMR,QXNI,SIGN)
CALL PFFFT2(L,NS,N,N,QYMR,QYMI,SIGH)
CALL PFFFT2(L,NS,N,N,QXER,QXEI,SIGN)
CALL PFFFT2(L,NS,M,N,QYER,QYEI,SIGH)
CALL PFFFT2(L,NS,M,N,QZER,QZEI,SIGN)
DO 17 I=1,L2
IF (FG(I) .EQ. 1) THEN
SIMR(I)=-ZE1(I)*QXMI(I)
SIMI(I)= ZE1(I)*QXMR(I)
SYMR(I)=-2E1(I)*QYNI(I)
SYNI(I)= ZE1(I)#QYMR(I)
SXER(I)=-ZE1(I)+QXEI(I)
SIEI(I)= ZE1(I)*QXER(I)



17

18

19
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SYER(I)=-ZE1 (I)*QYEI(I)
SYEI(I)= ZE1(I)*QYER(I)
SZER(I)=-ZE1(I)*QZEI(I)
SZEI(I)= ZE1(I)*QZER(I)
ELSE
SXMR(I)= ZE1(I)*QXMR(I)
SINI(I)= ZE1(I)*QXMI(I)
SYMR(I)= ZE1(I)*QYMR(I)
SYMI(I)= ZE1(I)*QYMI(I)
SXER(I)= ZE1(I)*QXER(I)
SXYEI(I)= ZE1(I)*QXEI(I)
SYER(I)= ZE1(I)*QYER(I)
SYEI(I)= ZE1(I)*QYEI(I)
SZER(I)= ZE1(I)*QZER(I)
SZEI(I)= ZE1(I)*QZEI(I)
END IF
CONTINUE
SIGN=1
CALL PFFFT2(L,NS,X,N,SIMR,SXMI,SIGN)
CALL PFFFT2(L,NS,N,N,SYMR,SYNI,SIGN)
CALL PFFFT2(L,NS,X,N,SXER,SXEI,SIGN)
CALL PFFFT2(L,N¥S,NM,N,SYER,SYEI,SIGN)
CALL PFFFT2(L,NS,NM,N,SZER,SZEI,SIGN)
CALL DERIVi(L,L2,SG,T1,SXMR,U1iR)
CALL DERIV1(L,L2,SG,T1,SXMI,U1iI)
CALL DERIV2(L,L2,SG,SYMR,U2R)
CALL DERIV2(L,L2,SG,SYMI,U2I)
CALL DERIV6(L,L2,SG,SZER,U3R)
CALL DERIV6(L,L2,8G,SZEI,U3I)
DO 18 I=1,L2
IF (86(I) .NE. 0) THEN
QXMR(I)=NTR(I)*PXMR(I)~-NTI(I)*PXMI(I)-VI*(U1I(I)+U2I(I))
'} +V2+U3R(I)
QXMI(I)=MTR(I)*PXMI(I)+MTI(I)sPXMR(I)+VI#*(U1R(I)+U2R(I))
3 +V2+U3I(I)
ELSE
QIMR(I)=0.0
QXMI(I)=0.0
ENED IF
CONTINUE
CALL DERIV2(L,L2,SG,SXMR,U1R)
CALL DERIV2(L,L2,8G,SXMI,U1I)
CALL DERIV3(L,L2,SG,T1,SYMR,U2R)
CALL DERIV3(L,L2,8G,T1,SYMI,U2I)
CALL DERIVS(L,L2,8G,SZER,U3R)
CALL DERIVS(L,L2,SG,SZEI,U3I)
DO 19 I=i,L2
IF (SG(I) .NE. O) THEN
QYIIR(I)-!TI.(I)‘PY!I(I)-HTI(I)‘PYHI(I)-VI*(UiI(I)ﬂnI(I))
& -V2+U3R(I)
QYHI(I)IHTI(I)‘PYHI(I)mI(I)‘Pm(I)*VI'(UIR(I)ﬂnR(I))
& =-V2sU3I(I)
ELSE
QYMR(I)=0.0
QYNI(I)=0.0
END IF
CONTINUVE
CALL DERIV1(L,L2,S8G,T1,SXER,U1R)
CALL DERIV1(L,L2,S8G,T1,SXEI,U1I)
CALL DERIV2(L,L2,SG,SYER,U2R)
CALL DERIV2(L,L2,8G,SYEI,U2I)
DO 20 I=1,L2
IF (SG(I) .NE. 0) THEN
QXER(I)-E‘I'R(I)‘PXEB.(I)-ETI(I)‘PXEI(I)-VIt(UiI(I)ﬂmI(I))
QXEI(I)*ETR(I)OPXEI(I)*ETI(I)OPXER(I)*#VI‘(UiR(I)*U2R(I))
ELSE
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QXER(I)=0.0
QXEI(I)=0.0
END IF
20 CONTINUE
CALL DERIV2(L,L2,SG,SXER,UiR)
CALL DERIV2(L,L2,S8G,SXEI,U1iI)
CALL DERIV3(L,L2,86,T1,SYER,U2R)
CALL DERIV3(L,L2,SG,T1,SYEI,U2I)
D0 21 I=1,L2
IF (SG(I) .NE. O) THEN
QYER(I)=ETR(I)#*PYER(I)-ETI(I)*PYEI(I)-VI*(U1I(I)+U2I(I))
QYEI(I)=ETR(I)*PYEI(I)+ETI(I)#PYER(I)+VI*(U1R(I)+U2R(I))
ELSE
QYER(I)=0.0
QYEI(I)=0.0
END IF
21 CONTINUE
CALL DERIV6(L,L2,SG,SXMR,U1R)
CALL DERIV6(L,L2,SG,SXMI,U1I)
CALL DERIVS(L,L2,SG,SYMR,U2R)
CALL DERIVS(L,L2,SG,SYMI,U2I)
CALL DERIV4(L,L2,SG,SZER,U3R)
CALL DERIV4(L,L2,SG,SZEI,U3I)
DO 22 I=1,L2
IF (SG(I) .NE. 0) THEN
QZER(I)=-ENR(I)#+PZER(I)+ENI(I)*PZEI(I)-V2+(U1R(I)-U2R(I))
4 -VIsU3I(I)
QZEI(I)=-ENR(I)+PZEI(I)-ENI(I)*PZER(I)-V2+(U1I(I)-U2I(I))
4 +VI*U3R(I)
ELSE
QZER(I)=0.0
QZEI(I)=0.0
END IF
22 CONTINUE
CALL NORM22(L2,QXMR,QXMI,SG,QNXM)
CALL NORM22(L2,QYMR,QYMI,SG,QNYN)
CALL NORM22(L2,QXER,QXEI,SG,QNXE)
CALL NORM22(L2,QYER,QYEI,SG,QNYE)
CALL NORM22(L2,QZER,QZEI,SG,QNZE)
GQ=QNIN+QNYM+QNXE+QNYE+QNZE
1K=1.0/GQ
Ces

C COMPUTE NEW CURRENT AND RESIDUAL VECTORS
Ce»

Qaaa

DO 23 I=1,L2

IF (SG(I) .NE. 0) THEN

KIMR(I)=KXMR(I)+AK¢PXMR(I)
KXMI(I)=KXNI(I)+AKsPXNI(I)
KYMR(I)=KYMR(I)+AK+PYMR(I)
KYMI(I)=KYMI(I)+AK*PYNI(I)
KXER(I)=KXER(I)+AK*PXER(I)
KXEI(I)=KXEI(I)+AK¢PXEI(I)
KYER(I)=KYER(I)+AK+PYER(I)
KYEI(I)=KYEI(I)+AKsPYEI(I)
KZER(I)=KZER(I)+AK+PZER(I)
KZEI(I)=KZEI(I)+AK*PZEI(I)
RXMR(I)=RXMR(I)-AK*QXMR(I)
RXMI(I)=RXMI(I)-AK+QXMI(I)
RYMR(I)=RYMR(I)-AK+QYMR(I)
RYMI(I)=RYMI(I)-AK*QYMI(I)
RXER(I)=RXER(I)-AK+QXER(I)
RXEI(I)=RXEI(I)-AK*#QXEI(I)
RYER(I)=RYER(I)-AK*QYER(I)
RYEI(I)=RYEI(I)-AK+QYEI(I)
RZER(I)=RZER(I)-AK+QZER(I)
RZEI(I)=RZEI(I)-AK+QZEI(I)
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ELSE
KIMR(I)=0.0
KXNI(I)=0.0
KYMR(I)=0.0
KYNI(I)=0.0
KXER(I)=0.0
KXEI(I)=0.0
KYER(I)=0.0
KYEI(I)=0.0
KZER(I)=0.0
KZEI(I)=0.0
RIMR(I)=0.0
RINI(I)=0.0
RYMR(I)=0.0
RYMI(I)=0.0
RXER(I)=0.0
RXEI(I)=0.0
RYER(I)=0.0
RYEI(I)=0.0
RZER(I)=0.0
RZEI(I)=0.0

END IF

23 CONTINUE
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CEECK THE TERMINATION CRITERIA

Qaa

24 -

CALL NORM22(L2,RXMR,RXMI,SG,REXM)
CALL NORM22(L2,RYMR,RYMI,SG,REYN)
CALL NORM22(L2,RXER,RXEI,SG,RNXE)
CALL NORM22(L2,RYER,RYEI,SG,REYE)
CALL NORM22(L2,RZER,RZEI,SG,RNZE)
GR=RNXM+RNYM+RNXE+REYE+RNZE
ERR=SQRT(GR/GE)
IF((ERR .LT. TOL) .OR. (K .GE. KMAX)) THEN
CALL BACScD(L,IX,Y,SG,ST,CT,SP,CP,KXER,KXEI,KYER ,KYEI
& ,KZER ,KZEI,KXMR,KXNI ,KYMR,KYNI,DS,SDB)
WRITE(6,520) AL,PH,TH,K,ERR,SDB
GO TO 999
ELSE
END IF
CALL COPYME(L2,SG,RXMR,QXMR)
CALL COPYME(L2,SG,RXMI,QXMI)
CALL COPYME(L2,SG,RYMR,QYMR)
CALL COPYME(L2,SG,RYMI,QYMI)
CALL COPYME(L2,SG,RXER,QXER)
CALL COPYME(L2,SG,RXEI,QXEI)
CALL COPYME(L2,SG,RYER,QYER)
CALL COPYME(L2,SG,RYEI,QYEI)
CALL COPYME(L2,SG,RZER,QZER)
CALL COPYME(L2,SG,RZEI,QZEI)
SIGN=-1
CALL PFFFT2(L,NS,M,N,QXMR,QINI,SIGH)
CALL PFFFT2(L,NS,M,N,QYMR,QYMI,SIGH)
CALL PFFFT2(L,NS,M,N,QXER,QXEI,SIGH)
CALL PFFFT2(L,NS,N,N,QYER,QYEI,SIGN)
CALL PFFFT2(L,NS,M,N,QZER,QZEI,SIGN)
DO 24 I=1,L2
IF (FG(I) .EQ. 1) THEN
SXMR(I)= ZE1(I)*QIMI(I)
SYMI(I)=~ZE1(I)*QXMR(I)
SYMR(I)= ZE1(I)#QYMI(I)
SYMI(I)=-ZE1(I)*QYMR(I)
SXER(I)= ZE1(I)*QXEI(I)
SXEI(I)=-ZE1(I)*QXER(I)
SYER(I)= ZE1(I)*QYEI(I)
SYEI(I)=-ZE1(I)*QYER(I)
SZER(I)= ZE1(I)*QZEI(I)
SZEI(I)=-ZE1(I)*QZER(I)
ELSE
SIMR(I)= ZE1(I)*QXMR(I)
SINI(I)= ZE1(I)*QXMI(I)
SYMR(I)= ZE1(I)*QYMR(I)
SYNI(I)= ZE1(I)*QYMI(I)
SXER(I)= ZE1(I)*QXER(I)
SXEI(I)= ZE1(I)*QXEI(I)
SYER(I)= ZE1(I)*QYER(I)
SYEI(I)= ZE1(I)*QYEI(I)
SZER(I)= ZE1(I)*QZER(I)
SZEI(I)= ZE1(I)*QZEI(I)
END IF
CONTINUE
SIGE=1
CALL PFFFT2(L,NS,M,N,SIMR,SINI,SIGN)
CALL PFFFT2(L,NS,M,N,SYMR,SYMI,SIGH)
CALL PFFFT2(L,NS,N,N,SXER,SXEI,SIGN)
CALL PFFFT2(L,NS,M,N,SYER,SYEI,SIGH)
CALL PFFFT2(L,NS,M,N,SZER,SZEI,SIGN)
CALL DERIV1(L,L2,SG,T1,SXMR,U1R)
CALL DERIV1(L,L2,SG,T1,SXNMI,U1I)
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CALL DERIV2(L,L2,SG,SYMR,U2R)
CALL DERIV2(L,L2,8G,SYMI,U2I)
CALL DERIV6(L,L2,SG,SZER,U3R)
CALL DERIV6(L,L2,SG,SZEI,U3I)
DO 25 I=1,L2
IF (8G(I) .NE. 0) THEX
QXMR (I)=NTR(I)*RXMR(I)+MTI(I)#RXNMI(I)+VI*(U1I(I)+U2I(I))
+V2sU3R(I)
QXMI(I)=MTR(I)*RXMI(I)-MTI(I)*RXMR(I)-VI*(U1R(I)+U2R(I))
& +V2+U3I(I)
ELSE
QXMR(I)=0.0
QIMI(I)=0.0
END IF
25  CONTINUVE
CALL DERIV2(L,L2,8G,SXMR,U1R)
CALL DERIV2(L,L2,SG,SXMI,U1I)
CALL DERIV3(L,L2,S8G,T1,SYMR,U2R)
CALL DERIV3(L,L2,8G,T1,SYMI,U2I)
CALL DERIVS(L,L2,8G,SZER,U3R)
CALL DERIVS(L,L2,8G,SZEI,U3I)
DO 26 I=1,L2
IF (S6(I) .NE. 0) THEN
QYMR(I)=MTR (I) *RYMR(I)+MTI(I)*RYMI(I)+VIs(U1I(I)+U2I(I))
& -V2+U3R(I)
QYMI(I)=NTR(I)*RYMI(I)-MTI(I)*RYMR(I)-VI*(U1R(I)+U2R(I))
2 -V2+U3I1(1)
ELSE
QYMR(I)=0.0
QYMI(I)=0.0
END IF
26  CONTINUE
CALL DERIV1(L,L2,SG,T1,SXER,U1R)
CALL DERIV1(L,L2,8G,T1,SXEI,U1I)
CALL DERIV2(L,L2,SG,SYER,U2R)
CALL DERIV2(L,L2,8G,SYEI,U2I)
DO 27 I=1,L2
IF (86(I) .NE. 0) THEN
QXER(I)=ETR(I)*RXER(I)+ETI(I)*RXEI(I)+VI*(U1I(I)+U2I(I))
QXEI(I)=ETR(I)#RXEI(I)-ETI(I)*RXER(I)-VI#(U1R(I)+U2R(I))
ELSE
QXER(I)=0.0
QIEI(I)=0.0
END IF
27  CONTINUE
CALL DERIV2(L,L2,8G,SXER,U1R)
CALL DERIV2(L,L2,86,SXEI,U1I)
CALL DERIV3(L,L2,8G,T1,SYER,U2R)
CALL DERIV3(L,L2,8G,T1,SYEI,U2I)
DO 28 I=1,L2
IF (36(I) .NE. O) THEN
QYER(I)=ETR(I)*RYER(I)+ETI(I)#RYEI(I)+VI+(U1I(I)+U2I(I))
QYEI(I)=ETR(I)*RYEI(I)-ETI(I)*RYER(I)-VI+(U1R(I)+U2R(I))
ELSE
QYER(I)=0.0
QYEI(I)=0.0
END IF
28 - CONTINUE
CALL DERIV6(L,L2,SG,SXMR,U1R)
CALL DERIV6(L,L2,SG,SIMI,U1I)
CALL DERIVS(L,L2,SG,SYMR,U2R)
CALL DERIVS(L,L2,SG,SYMI,U2I)
CALL DERIV4(L,L2,SG,SZER,U3R)
CALL DERIV4(L,L2,SG,SZEI,U3I)
DO 29 I=1,L2
IF (SG(I) .NE. 0) THEN
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QZER(I)=-ENR(I)*RZER(I)-ENI(I)*RZEI(I)-V2+(U1R(I)-U2R(I))
& +VI=U3I(I)
QZEI(I)=-ENR(I)*RZEI(I)+ENI(I)*RZER(I)-V2#+(U1I(I)-U2I(I))

& -VI*U3R(I)
ELSE
QZER(1)=0.0
QZEI(I)=0.0
END IF
29 CONTINUE
CALL NORM22(L2,QXMR,QXNMI,SG,QNXM)
CALL NORM22(L2,QYMR,QYMI,SG,QNYM)
CALL NORM22(L2,QXER,QXEI,SG,QFXE)
CALL NORM22(L2,QYER,QYEI,SG,QNYE)
CALL NORM22(L2,QZER,QZEI,SG,QNZE)
GQ=QNXM+QNYM+QNXE+QNYE+QNZE
BK=1.0/GQ
c C
C COMPUTE NEW SEARCE VECTOR (]
Cons C
DO 30 I=1,L2
IF (SG(I) .EE. 0) THER
PXMR(I)=PXMR(I)+BK*QXMR(I)
PIMI(I)=PXNMI(I)+BK+QXMI(I)
PYMR(I)=PYMR(I)+BK*QYMR(I)
PYMI(I)=PYMI(I)+BK+QYNMI(I)
PXER(I)=PXER(I)+BK*QXER(I)
PXEI(I)=PXEI(I)+BK+QXEI(I)
PYER(I)=PYER(I)+BK*QYER(I)
PYEI(I)=PYEI(I)+BK+QYEI(I)
PZER(I)=PZER(I)+BK+QZER(I)
PZEI(I)=PZEI(I)+BK+QZEI(I)
ELSE
PIMR(I)=0.0
PINI(I)=0.0
PYMR(I)=0.0
PYMI(I)=0.0
PXER(I)=0.0
PXEI(I)=0.0
PYER(I)=0.0
PYEI(I)=0.0
PZER(I)=0.0
PZEI(I)=0.0
END IF
30 CONTINUE
GO TO 300
999 CONTINUE
2 CONTINUE
1 CONTINUE
c c
C FORMATS c
C C
500 FORMAT(//,’ ALPHA °,’ PHI ’,’> THETA ’,? ITER ’ ,’ RESIDUAL
&,’ RCS °,//)
520 FOR.HAT(I!,FS.1,2!,1-‘5.1,2!.!-'5.1,21,14,518.8,!"10.2)

RETURN
END
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SUBROUTINE PERIMI(L,L2,IS,NS,DS,SG,X,Y)

T ]

Cxx
C

THIS SUBROUTINE GENERATES A CODED GEOMETRY

Caaﬁa.

aaa

Cxs

c
C

INTEGER SG(*)
REAL X(#),Y(»)

REAL*+8 IMIN XMAX YMIN, YMAX,KD,R3,DX,X0,Y0,X1,X2,X3,Y1,Y2,Y3

IS=41

GENERATE THE SHAPE WITHIN A BOUNDING BOX

aaa

Coes

C
C

IF (IS .EQ. 1) THEN

SQUARE

C

ININ=-1.0
INAX=1.0
YNIN=-1.0
YMAX=1.0
DX=(XMAX-XMIN)/NS
DS=SNGL (DX)
XO=IMIN+DX/2.0
YO=YMIN+DX/2.0

QaaaQ

CALL RECTAN(L,XMIN YMIN,(IMAX,6YMAX,X,Y,X0,Y0,DX,SG)

ELSE IF (IS .EQ. 2) THEN

C
C

CIRCLE

aaa

c

X1C=0.0

YC=0.0

R=1.0

ININ=-1.0

XMAX=1.0

YMIN=-1.0

YMAX=1.0
DX=(XMAX-XMIN)/NS
DS=SNGL(DX)
X0=XNIN+DX/2.0
YO=YMIN+DX/2.0

CALL CIRCLE(L,XC,YC,R,X,Y,X0,Y0,DX,SG)
ELSE IF (IS .EQ. 3) THER

c
C#=»

TRIANGLE VERTICES (X1,Y1), (X2,Y2), (X3,Y3)

Qaaa

C*s

D=1.0D0
R3=DSQRT(3.0D0)
X1=-D

Y1=-D/R3

X2=D

Y2=-D/R3
X3=0.0D0
Y3=2.0+D/R3

Cc
[ 11

BOUNDING BOX AROUND TRIANGLE

s283C

c

IMIN=X1

INAX=X2

YMIN=Y1

YMAX=Y2
DX=(XMAX-XMIN)/NS
DS=SNGL (DX)
IO=XMIN+DX/2.0
YO=YMIN+DX/2.0

ITIITTITITILI LT T D o

CALL TRIANG(L,X1,Y1,X2,Y2,X3,Y3,X,Y,X0,Y0,DX,SG)

ELSE
END IF
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EED



C

280

SUBROUTINE RECTAN(L,XMIN,YMIN,XMAX,6YMAX,X,Y,X0,Y0,DX,SG)

C*=%

THIS ROUTINE GENERATES A RECTANGULAR PLATE

Qaa

2
1

REAL X(*),Y(»)
REAL#8 XMIN,YMIN,XMAX,YMAX,XO,YO,DX
INTEGER SG(#)
=0
DO 1 I=0,L-1
I1=I+1
Y(I1)=YO+I+DX
DO 2 J=0,L-1
K=K+1
J1=J41
X(J1)=X0+J#DX
IF((X(J1) .GT.XMIN) .AND.(X(J1).LT.XMAX)) THEN
IF ((Y(I1).GT.YNIN).AND.(Y(I1).LT.YMAX)) THEN
SG(K)=1
ELSE
S@G(K)=0
END IF
ELSE
SG(K)=0
END IF
CONTINUE
CONTINUE
RETURN
END



C
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SUBROUTINE CIRCLE(L,XC,YC,R,X,Y,X0,Y0,DX,SG)

C

THIS ROUTINE GENERATES A CIRCULAR PLATE

c

REAL X(#),Y(#)
REAL#8 X0,Y0,DX
INTEGER SG(#*)
k=0
D0 1 I=0,L-1
I1=I+1
Y(I1)=YO+I+DX
DO 2 J=0,L-1
K=K+1
J1=J+1
X(J1)=X0+J+DX
D=SQRT((X(J1)-XC)*(X(J1)-XC)+(Y(I1)-YC)*(Y(I1)-YC))
IF(D .LE. R) THEN
SG(K)=1
ELSE
SG(K)=0
END IF
2  CONTINUE
1 CONTINUE
RETURN
EED

Qaa
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SUBROUTINE TRIANG(L,X1,Y1,X2,Y2,X3,Y3,X,Y,X0,Y0,DX,SG)

C*%
C
C

%

THIS ROUTINE GENERATES A TRIANGULAR PLATE

P TTIIT)

aQaaa

REAL X(*),Y(s)

REAL#*8 I0,Y0,DX,X1,Y1,X2,Y2,X3,Y3

INTEGER SG(»)
k=0
DO 1 I=0,L-1
I1=I+1
Y(I1)=YO+I+DX
DO 2 J=0,L-1
K=K+1
Ji=J+1

X(J1)=X0+J+DX
Z1=(X(J1)-X1)*(Y2-Y1)-(X2-X1)*(Y(I1)-Y1)

22=(X3-X1)#*(Y2-Y1)-(X2-X1)*(Y3-Y1)

23=(X(J1)-X1)*(¥Y3-Y1)-(X3-X1)*(Y(I1)-Y1)

Z4=(X2-X1)*(Y2-Y1)-(X2-X1)*(Y2-Y1)

25=(X(J1)-X2)*(Y3-Y2)-(X3-X2)*(Y(I1)-Y2)

26=(X1-X2)*(Y3-Y2)-(X3-X2)*(Y1-Y2)

IF ( ((21 .GE. 0.0) .AND. (Z2 .GE. 0.0)) .OR.

((z1 .LT. 0.0) .AND. (Z2 .LT. 0.0)) ) THEN

IF1=1
ELSE
IF1=0
END IF
IF( ((Z3 .GE
((z3 .LT
IF2=1
ELSE
IF2=0
END IF
IF( ((25 .GE
((z5 .LT
IF3=1
ELSE
IF3=0
END IF

. 0.0)

. 0.0)
. 0.0)

JS=IF1+IF2+IF3
IF(JS .EQ. 3) THEN

SG(K)=1
ELSE

SG(K)=0
ENID IF
CONTINUE

CONTINUE
RETURN
END

.ANID.
. 0.0) .

.AND.
.AND.

(z4

. (24

(z6
(ze

.GE.
.LT.

.GE.
.LT.

0.0)) .OR.
0.0)) ) THEN

0.0)) .OR.
0.0)) ) THER
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SUBROUTINE SHIFTP(L,L2,SG,SGT)

C
C  THIS SUBROUTINE SHIFTS ALL TAGS ONE CELL UP AND TO THE RIGHT
C THIS IS DONE TO ALLOVW USE OF CENTER DIFFERENCE DERIVATIVES

Qaaaq

INTEGER SG(*),SGT(*)
K=0
D0 1 I=1,L
DO 2 J=1,L
K=K+1
SGT(K)=0
2 CONTINUE
1 CONTINUE
K=0
DO 3 I=1,L-1
D0 4 J=1,L-1
K=K+1
SGT(K+1+L)=SG(K)
4 CONTINUE
3 CONTINUE
k=0
DO 5 I=1,L
DO 6 J=1,L
K=K+1
SG(K)=SGT(K)
6 CONTINUE
5§  CONTINUE
RETURN
END
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SUBROUTINE EPSUBR(L,L2,SG,X,Y,EP1,EP2)

Ca» LE 2 d ] Cc
C THIS SUBROUTINE GENERATES THE REAL AND IMAGINARY COMPONENTS OF THE C
C  RELATIVE PERMITIVITY EPSILON_R = EP1-jEP2 c
Chas c
REAL X(#),Y(+) ,EP1(*) ,EP2(#)
INTEGER SG(#)
k=0
D0 1 I=1,L
D0 2 J=1,L
K=K+1
IF(SG(K).EQ. 1) THEN
EP1(K)=F1(X(J),Y(I))
EP2(K)=F2(X(J),Y(I))
ELSE
EP1(X)=0.0
EP2(X)=0.0
ENID IF
2 CONTINUE
1 CONTINUE
RETURN
EED
FUNCTION F1(X,Y)
c *sC
C THIS FUBCTION IS A USER SUPPLIED DISTRIBUTION OF EP1 c
c c
Fi=7.4
RETURN
END
FUNCTION F2(X,Y)
c 113 3
C THIS FUNCTION IS A USER SUPPLIED DISTRIBUTION OF EP2 c
C c

F2=1.11
RETURN
END
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SUBROUTINE TANINP(L,L2,8G,T,EP1,EP2,ETR,ETI)

THIS SUBROUTINE COMPUTES THE NORMALIZED TANGENTIAL IMPEDANCE

Qaa

C»

Cx»

REAL EP1(#*),EP2(#) ,ETR(#),ETI(%)
INTEGER SG(#*)
TP=.6283196E+01
Ci=TP*T
DO 1 I=1,L2
IF(SG(I).EQ. 1) THEN
E1=EP1(I)
E2=EP2(I)
D=C1#((E1-1.0)*(E1-1.0)+E2+E2)
ETR(I)=E2/D
ETI(I)=(1.0-E1)/D
ELSE
ETR(I)=0.0
ETI(I)=0.0
END IF
CONTINUE
RETURN
EXD
SUBROUTINE NORIMP(L,L2,SG,T,EP1,EP2,ENR,ENI)

c

Chas

THIS SUBROUTINE COMPUTES THE NORMALIZED NORMAL IMPEDANCE

REAL EP1(») ,EP2(%) ,ENR(#),ENI(»)
INTEGER SG(%)
TP=.6283196E+01
C:LaTPsT
DO 1 I=1,L2
IF(SG(I).EQ. 1) THEN
E1=EP1(I)
E2=EP2(I)
D=C1#((E1-1.0)*(E1-1.0)+E2¢E2)
ENR(I)=E2/D
ENI(I)=-(E1#(E1-1.0)+E2+E2)/D
ELSE
EFR(I)=0.0
ENI(I)=0.0
END IF
CONTINUE
RETURN
END

sassC
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SUBROUTINE MUSUBR(L,L2,8G,X,Y,MU1,MU2)

aaa

THIS SUBROUTINE GENERATES THE REAL AND IMAGINARY COMPONENTS OF THE
RELATIVE PERMEABILITY MU_R = MU1i-jMU2

2

REAL X(#),Y(*) ,MU1(*),HU2(s)
INTEGER SG(*)
k=0
DO 1 I=1,L
DO 2 J=1,L
K=K+1
IF(SG(K).EQ. 1) THEN
MU1(K)=F3(X(J),Y(I))
NU2(K)=F4(X(J),Y(I))
ELSE
MU1(K)=0.0
MU2(K)=0.0
END IF
CONTINUE
CONTINUE
RETURN
EED
FUNCTION F3(X,Y)
F3=1.4
RETURN
END
FUNCTION F4(X,Y)
F4=0.672
RETURN
END

QaaaQ
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SUBROUTINE TANADM(L,L2,SG,T,MU1,MU2,MTR,MTI)

C
Cesx

THIS SUBROUTINE COMPUTES THE NORMALIZED TANGENTIAL ADMITTANCE

QaaQ

REAL NU1(#),MU2(#) ,MTR(s),MTI(#)
INTEGER SG(»)
TP=.6283196E+01
C1=TP*T
DO 1 I=1,L2
IF(SG(I).EQ. 1) THEN
E1=MU1(I)
E2=MU2(I)
D=C1#((E1-1.0)*(E1-1.0)+E2+E2)
MTR(I)=E2/D
NTI(I)=(1.0-E1)/D
ELSE
NTR(I)=0.0
NTI(I)=0.0
END IF
CONTINUE
RETURN
END
SUBROUTINE NORADM(L,L2,SG,T,MU1,MU2,MNR,MNI)

THIS SUBROUTINE COMPUTES THE NORMALIZED NORMAL ADMITTANCE

1

REAL NU1(s) ,MU2(s) ,MER(s) ,MNI(s)
INTEGER SG(»*)
TP=.6283196E+01
C1=TPsT
DO 1 I=1,L2
IF(SG(I).EQ. 1) THEN
E1=MU1(I)
E2=NU2(I)
D=C1#((E1-1.0)*(E1-1.0)+E2+E2)
MER(I)=E2/D
MNI(I)=-(E1s(E1-1.0)+E2¢E2)/D
ELSE
MER(I)=0.0
MEI(I)=0.0
END IF
CONTINUE
RETURN
END

Qo
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SUBROUTINE DDAFGA(L,DS,ZE1,FG)

Coes
C THIS SUBROUTINE DISCRETELY SAMPLES THE ANALYTIC FOURIER TRANSFORMS
C xRS hkgkkE

REAL ZE1(#)

INTEGER FG(»)

PI=.3141593E+01
FP=4.0+PI

DF=1.0/(L*DS)
IM=MOD(L,2)

IF (IN .EQ. O) THEN
IB=L/2

ELSE
IB=(L+1)/2
END IF

K=0

DO 1 IFY=0,L-1

IF (IFY .LT. IB) THEN
IN=IFY

ELSE
IM=IFY-L

END IF

FY=DF+IN

FY2=FY*FY

DO 2 IFX=0,L-1

K=K+1

IF (IFX .LT. IB) THEN
IM=IFX

ELSE
IN=IFX-L

END IF

FX=DF*IN

FX2=FX+FX

F2=FX2+FY2

Z=ABS(F2-1.0)

IF(F2 .LT. 1.0) THEN
FG(K)=1
ZE1(K)=-1.0/(FP*SQRT(Z))

ELSE
FG(K)=0
ZE1(K)=1.0/(FP+SQRT(Z))

END IF

2  CONTINUE

1 CONTINUE
RETURN
END

aQaaa
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SUBROUTINE INETAN(L,SG,AL,PH,TH,X,Y,EXR,EXI,EYR,EYI)
e T T T

THIS SUBROUTINE COMPUTES THE INCIDENT TANGENTIAL ELECTRIC FIELD
OF THE PLATE

aaa

aaoaaaQqQ

2
1

L2 1] L2212 o]

REAL EXR(*) ,EXI(*),EYR(*),EYI(%),X(*),Y(*)

INTEGER SG(#)

DATA TP,RAD /.6283196E+01, .1745329E-01/

R1=RAD*AL

R2=RAD*PH

R3=RAD*TH

CA=COS (R1)

SA=SIN(R1)

CP=C0S (R2)

SP=SIN(R2)

CT=C0S (R3)

ST=SIN(R3)

EXO=CA*CT#CP-Si#SP

EYO=CA#CT*SP+SA*CP

SX=TP#*ST*CP

SY=TP#ST#+SP

k=0

DO 1 IV=1,L

DO 2 IX=1,L
K=K+1
IF(SG(X) .NE. 0) THEN
ARG=SX+X (IX)+SY*Y(IY)
EXR(X)=EX0*COS(ARG)
EXI(K)=EXO*SIN(ARG)
EYR(KX)=EYO*COS(ARG)
EYI(K)=EYO*SIN(ARG)
ELSE
EXR(K)=0.0
EXI(K)=0.0
EYR(K)=0.0
EYI(K)=0.0
END IF

CONTINUE

CONTINUE

RETURN

EED



290

SUBROUTINE INENOR(L,SG,AL,PH,TH,X,Y,EZR,EZI)

CHxx% *3C
Cc THIS SUBROUTINE COMPUTES THE INCIDENT NORMAL ELECTRIC FIELD C
C ON THE PLATE Cc
C **C

2
1

REAL EZR(*),EZI(#),X(#),Y(#)
INTEGER SG(s)
DATA TP,RAD /.6283196E+01,.1745329E-01/
R1=RAD+AL
R2=RAD+PH
R3=RAD*TH
CA=COS(R1)
SA=SIN(R1)
CP=C0S (R2)
SP=SIN(R2)
CT=C0S (R3)
ST=SIN(R3)
EZO=-CA#ST
SX=TP#ST#+CP
SY=TP*ST#*SP
K=0
DO 1 IY=1,L
D0 2 IX=1,L
K=K+1
IF(SG(K) .EE. 0) THEN
ARG=SX*X(IX)+SY+Y(IY)
EZR(K)=EZ0+COS(ARG)
EZI(K)=EZO+SIN(ARG)
ELSE
EZR(K)=0.0
EZI(K)=0.0
END IF
CONTINUE
CONTINUE
RETURN
END
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SUBROUTINE INHTAN(L,SG,AL,PH,TH,X,Y,HXR,HEXI,HYR,HYI)

PTIIITEI T 282 1o

C THIS SUBROUTINE COMPUTES THE INCIDENT TANGENTIAL MAGNETIC FIELD C
C OF THE PLATE

aQQ

[ 111 2]

2
1

K=K+1

IF(SG(X) .EQ. 1) THEN
ARG=SX+X (IX)+SY*Y(IY)

HXR(K)=HX0*COS (ARG)
HXI(K)=HXO+SIN(ARG)
HYR(K)=HYO*COS (ARG)
HYI(K)=HYO*SIN(ARG)
ELSE

HIR(K)=0.0
HXI(K)=0.0
HYR(K)=0.0
HYI(K)=0.0
END IF

CONTINUE
CONTINUE
RETURN
END

REAL HXR(#) ,HXI(#),HYR(#),HYI(#),X(#),Y(s)
INTEGER SG(*)
DATA TP,RAD /.6283196E+01,.1745329E-01/
R1=RAD#AL
R2=RAD*PH
R3=RAD*TH

CA=C0S (R1)
SA=SIN(R1)

CP=C0S (R2)
SP=SIN(R2)

CT=C08 (R3)
ST=SIN(R3)
HXO=SA*CT#CP+CA*SP
HYO=SA+CT+SP-CA*CP
SY=TP#ST#*CP
SY=TP#ST#SP

K=0

D0 1 IY=1,L

DO 2 IX=1,L
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SUBROUTINE INHNOR(L,SG,AL,PH,TH,X,Y, HZR,HZI)
Cons

C THIS SUBROUTINE COMPUTES THE INCIDENT NORMAL MAGNETIC FIELD
C OF THE PLATE

Chasnsns

Qaaa

REAL HZR(#) ,HZI(s),X(»),Y(»)
INTEGER SG(*)
DATA TP,RAD /.6283196E+01,.1745329E-01/
R1=RAD#AL
R2=RAD*PH
R3=RAD*TH
- CA=COS (R1)
SA=SIN(R1)
CP=C0S (R2)
SP=SIN(R2)
CT=C0S (R3)
ST=SIN(R3)
HZO=-SA*ST
SX=TP#ST*CP
SY=TPsST#SP
K=0
DO 1 IY=1,L
D0 2 IX=1,L
K=K+1
IF(SG(X) .EQ. 1) THEN
ARG=SX+X (IX)+SY*Y(IY)
HZR(K)=HZ0#*COS (ARG)
HZI(K)=HZO+SIN(ARG)
ELSE
HZR(K)=0.0
HZI(K)=0.0
END IF
2 CONTINUE
1 CONTINUE
RETURN
END
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SUBROUTINE BACSCA(L,X,Y,S@,sT,cCT,SP,CP,KXR,KXI,KYR,KYI,DS,SDB)

Caxs *%C
C  THIS SUBROUTINE CALCULATES THE BACKSCATTERING CROSS SECTION c
Crriss c

REAL X(*),Y(#),KXR(*),KXI(*),KYR(s),KYI(%)
REAL NTR,NTI,NPR,NPI
INTEGER SG(»)
PI=,3141593E+01
PI2=, 9869604E+01
TPI=.6283196E+01
RAD=,1745329E-01
(o} SIPI=10.0+AL0OG10(PI)
SIPI=.4971499E+01
C1=PI+DS
C2=ST»CP
C3=ST»SP
IF ((ABS(ST) .LT. .00001) .OR. (ABS(CP) .LT. .00001))THEN
SINCI=C1
ELSE
SINCX=SIN(C1#%C2)/C2
END IF
IF ((ABS(ST) .LT. .00001) .OR. (ABS(SP) .LT. .00001))THEN
SINCY=C1
ELSE
SINCY=SIN(C1+C3)/C3
EED IF
FTP=SINCX*SINCY/PI2
T1=TPI*ST
TX=T1sCP
TY=T1#SP
TIR=0.0
TXI=0.0
TYR=0.0
TYI=0.0
K=0
DO 1 J=1,L
VY=TY+Y(J)
DO 2 I=1i,L
K=K+1
IF (SG(K) .NE. 0) THEN
WX=TX+X(I)
ARG=WI+WY
CW3=C0S(ARG)
SW3=SIN(ARG)
TIR=TXR+KXR(K)*CW3-KXI(K)*SW3
TXI=TXI+KXR(K)*SW3+KXI(K)*CW3
TYR=TYR+KYR(K) *CW3~KYI(K)*SNW3
TYI=TYI+KYR(K)#*SW3+KYI(K)*CW3
ELSE
ENID IF
2 CONTINUE
1 CONTINUE
SIR=TIR¢FTP
SXI=TXI*FTP
SYR=TYR¢FTP
SYI=TYI+FTP
ETR=CT+(CP#*SXR+SP*SYR)
NTI=CT#(CP#SXI+SP+SYI)
NPR=-SP+SXR+CP*SYR
NPI=-SP*SXI+CP*SYI
SIG=NTR+NTR+NTI+NTI+NPR¢NPR+EPI+NPI
SDB=SIPI+10.0#AL0G10(SIG)
RETURN
END
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SUBROUTINE BACSCB(L,X,Y,SG,ST,CT,SP,CP,KXR,KXI,KYR,KYI,KZR ,KZI
&,DS,SDB)

Cr# 21 SREERRERREREE *

C THIS SUBROUTINE CALCULATES THE BACKSCATTERING CROSS SECTION
C*‘t *

aaoaQ

REAL X(*),Y(#),KXR(#) ,KXI(#*),KYR(*) ,KYI(#) ,KZR(#*),KZI(*)
REAL NTR,NTI,NPR,NPI
INTEGER SG(*)
PI=.3141593E+01
PI2=, 9869604E+01
TPI=.6283196E+01
RAD=.1745329E-01
C SIPI=10.0+L0G10(PI)
SIPI=.4971499E+01
C1=PI*DS
C2=ST*CP
C3=ST#*SP
IF ((ABS(ST) .LT. .00001) .OR. (ABS(CP) .LT. .00001))THEN
SINCX=C1
ELSE
SINCI=SIN(C1#C2)/C2
EED IF
IF ((ABS(ST) .LT. .00001) .OR. (ABS(SP) .LT. .00001))THEN
SINCY=C1i
ELSE
SINCY=SIN(C1#C3)/C3
ENED IF
FTP=SINCX+SINCY/PI2
T1=TPI*ST
TX=T1»CP
TYaT1sSP
TXR=0.0
TXI=0.0
TYR=0.0
TYI=0.0
TZR=0.0
TZI=0.0
K=0
DO 1 J=1,L
WY=TY*Y(J)
DO 2 I=1,L
K=K+1
IF (SG(K) .EQ. 1) THEN
VI=TX+X(I)
ARG=WI+WY
CH3=COS(ARG)
SW3=SIN(ARG)
TIR=TIR+KXR (K)*CW3-KXI(K)+SW3
TII=TII+KXR(K)*SW3+KXI(K)*CW3
TYR=TYR+KYR(K)*CW3-KYI(K)*SW3
TYI=TYI+KYR(K)*SW3+KYI(K)*CN3
TZR=TZR+KZR(K)*CW3-KZI(K)+SW3
TZI=TZI+KZR(K)*SW3+KZI(K)+CW3
ELSE
ENID IF
2 CONTINUE
1 CONTINUE
SIR=TXR*FTP
SXI=TXI*FTP
SYR=TYR*FTP
SYI=TYIsFTP
SZR=TZR*FTP
SZI=TZIsFTP
NTR=CT#*(CP+SXR+SP*SYR) -ST*SZR
NTI=CT#(CP*SXI+SP*SYI)-ST+SZI
NPR=-SP*SXR+CP*SYR



NPI=-SP#SXI+CP*SYI
SIG=NTR¢NTR+NTI+NTI+NPR+NPR+NPI+NPI
SDB=SIPI+10.0#*AL0G10(SIG)

RETURN

END

295
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SUBROUTINE BACscc(L,X,Y,sG,ST,CT,SP,CP,KXER,KXEI ,KYER,KYEI
&,KXMR ,KXMI,KYMR,KYMI,KZMR ,KZMI,DS,SDB)

THIS SUBROUTINE CALCULATES THE BACKSCATTERING CROSS SECTION

aaq

REAL X(*),Y(#),KXER(#+) ,KXEI(+) ,KYER(*),KYEI(*) ,KXMR(#*),KIMI(#)

& ,KYMR(#) ,KYMI(*) ,KZMR(*) ,KZMI(#)
REAL NTER,NTEI,NTMR,NTMI,NPER,NPEI,NPMR,NPMI
INTEGER SG(#)

PI=.3141593E+01
PI2=.9869604E+01
TPI=.6283196E+01
RAD=,1745329E-01
SIPI=10.0+L0G10(PI)
SIPI=.4971499E+01
C1=PI*DS
C2=ST*CP
C3=ST*SP
IF ((ABS(ST) .LT. .00001) .OR. (ABS(CP) .LT. .00001))THEN
SINCX=C1
ELSE
SINCX=SIN(C1#C2)/C2
END IF
IF ((ABS(ST) .LT. .00001) .OR. (ABS(SP) .LT. .00001))THEN
SINCY=C1
ELSE
SINCY=SIN(C1+C3)/C3
END IF
FTP=SINCX+SINCY/PI2
T1=TPI*ST
TX=T1#CP
TY=T1sSP
TXER=0.0
TXEI=0.0
TYER=0.0
TYEI=0.0
TXMR=0.0
TIMI=0.0
TYMR=0.0
TYMI=0.0
TZMR=0.0
TZMI=0.0
K=0
DO 1 J=1,L
VY=TYsY(J)
DO 2 I=1,L
K=K+1
IF (SG(K) .EQ. 1) THEN
VX=TX*X(I)
ARG=WX+WY
CW3=COS(ARG)
SW3=SIN(ARG)
TIER=TXER+KXER(K)*CW3-KXEI (K)*SW3
TXEI=TXEI+KXER(K)*SWU3+KXEI(K)*CW3
TYER=TYER+KYER(K) *CW3-KYEI (K) *+SW3
TYEI=TYEI+KYER(K)*SW3+KYEI(K)*CW3
TXMR=TXMR+KXMR(K)+CW3-KXMI (K)*SW3
TIMI=TXMI+KXMR(K)*SW3+KXMI(K)*CW3
TYMR=TYMR+KYMR(K) *CW3-KYMI (K) #SW3
TYMI=TYMI+KYMR(K)*SW3+KYMI (K)*CW3

CHERRARER RS SRS RREEEE RS2 ES SEEE RS REES

C

MULTIPLY KZMR BY -1 TO REFLECT THE CHANGE IN THE FORMULATION

*842C
C

Ctt“#“#““.‘.‘.“““t“l‘ltt.i“‘..“““““‘t.‘“.t“..“.tt.““c

TZMR=TZMR-KZMR (K) *CW3+KZMI (K) *SW3
TZMI=TZMI-KZMR(K)*SW3-KZMI (K)*CW3
ELSE
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END IF
CONTINUE
CONTINUE
SXER=TXER+FTP
SXEI=TXEI+FTP
SYER=TYER*FTP
SYEI=TYEI*FTP
SXMR=TXMR+FTP
SIMI=TXMI*FTP
SYMR=TYMR+FTP
SYMI=TYMI+FTP
SZMR=TZMR+FTP
SZMI=TZMI+FTP
NTER=CT# (CP+SXER+SP+SYER)
NTEI=CT#(CP+SXEI+SP#+SYEI)
NPER=~SP+SXER+CP*SYER
NPEI=-SP+SXEI+CP*SYEI
NTMR=CT+* (CP*SXMR+SP*SYMR)-ST*SZMR
NTNI=CT# (CP+SXMI+SP*+SYMI)-ST+SZNI
NPMR=-SP*SYMR+CP*SYMR
NPHI=-SP+SIMI+CP+SYNI
SIG=(NPMR+NTER)* (NPMR+NTER) + (NPMI+NTEI)* (NPMI+NTEI)
+(NTMR-NPER) + (NTMR-NPER) + (NTMI-NPEI) » (NTMI-NPEI)
SDB=SIPI+10.0+AL0G10(SIG)
RETURN
END
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SUBROUTINE BACscD(L,X,Y,SG,ST,CT,SP,CP,KXER,KXEI ,KYER,KYEI

&,KZER ,KZEI ,KXMR ,KXMI ,KYMR ,KYNI,DS,SDB)

Ce»
C

THIS SUBROUTINE CALCULATES THE BACKSCATTERING CROSS SECTION

Q

Qa

Cx*

ke

REAL X(*),Y(*) ,KXER(*) ,KXEI(*) ,KYER(*) ,KYEI(*) ,KZER(#) ,KZEI(#*)

&,KXMR(*) ,KXMI(#+) ,KYMR(#+) ,KYMI(#)
REAL NTER,NTEI,NTMR,NTMI,NPER,NPEI,NPMR,NPMI
INTEGER SG(1)

PI=.3141593E+01
PI2=.9869604E+01
TPI=.6283196E+01
RAD=.1745329E-01
SIPI=10.0+L0G10(PI)
SIPI=.4971499E+01
C1=PI+DS
C2=ST*CP
C3=3T#+SP
IF ((ABS(ST) .LT. .00001) .OR. (ABS(CP) .LT.
SINCI=C1
ELSE
SINCI=SIN(C1#C2)/C2
END IF
IF ((ABS(ST) .LT. .00001) .OR. (ABS(SP) .LT.
SINCY=C1
ELSE
SINCY=SIN(C1+C3)/C3
EID IF
FTP=STINCX+SINCY/PI2
T1=TPI*ST
TX=T1#CP
TY=T1sSP
TXER=0.0
TXEI=0.0
TYER=0.0
TYEI=0.0
TZER=0.0
TZEI=0.0
TIMR=0.0
TIMI=0.0
TYMR=0.0
TYMI=0.0
K=0
D0 1 J=1,L
WY=TY*Y(J)
DO 2 I=1,L
K=K+1
IF (SG(K) .EQ. 1) THEN
VX=TXeX(I)
ARG=WI+WY
CW3=COS(ARG)
SW3=SIN(ARG)
TIER=TXER+KXER(K)*CW3-KIEI (K)*SW3
TXEI=TXEI+KXER(K)*+SW3+KXEI (K) +CW3
TYER=TYER+KYER(K)#CW3-KYEI (K) *S¥3
TYEI=TYEI+KYER(K)*SW3+KYEI (K) *CW3

.00001) ) THEN

.00001)) THEN

Cess

c

MULTIPLY KZER BY -1 TO REFLECT THE CHANGE IN THE FORMULATION
Cresssssassassns

aad

TZER=TZER-KZER(K) #CW3+KZEI (K) #S¥3
TZEI=TZEI-KZER(K)#*SW3-KZEI(K)*C¥3
TIMR=TIMR+KXMR(K)*CW3-KXMI (K) *S¥W3
TXMI=TXMI+KXMR(K)#*SW3+KXMI (K)*CW3
TYMR=TYMR+KYMR(K)*CW3-KYMI (K) #S¥W3
TYMI=TYMI+KYMR(K)*SW3+KYMI (K) +CW3
ELSE
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EID IF

CONTINUE
COBTINUE
SXER=TXER+FTP
SXEI=TXEIsFTP
SYER=TYER+FTP
SYEI=TYEI+*FTP
SZER=TZER*FTP
SZEI=TZEI*FTP
SXMR=TXMR*FTP
SIMI=TXMI*FTP
SYMR=TYMR+FTP
SYMI=TYMI+*FTP
NTER=CT#* (CP*SXER+SP+SYER)-ST+SZER
NTEI=CT#+(CP*SXEI+SP#*SYEI)-ST+SZEI
NPER=~-SP*SXER+CP*SYER
EPEI=~-SP*SXEI+CP*SYEI
NTMR=CT#* (CP*SIMR+SP*SYMR)
NTMI=CT#+ (CP+SIMI+SP*+SYMI)
NPMR=-SP*SXMR+CP*SYMR
NPMI=~SP+SXMI+CP*SYMI
SIG=(NPMR+ATER)* (NPMR+NTER)+(NPMI+NTEI) « (NPMI+NTEI)

+(NTMR~NPER) * (NTMR~-NPER) +(NTMI-NPEI) * (STMI-NPEI)

SDB=SIPI+10.0+AL0G10(SIG)
RETURN
END
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SUBROUTINE DERIV1(L,L2,SG,T1,Z,ZXX)
[

C THIS SUBROUTINE COMPUTES NORMALIZED 2§D DERIVATIVE OF Z WITH
C  RESPECT TO X OF A TWO-DIMENSIONAL FUNCTION

Cﬁiﬁ FTT 111 Y 3

REAL Z(#),ZXX(*)

INTEGER SG(»)

DO 1 I=1,L2

IF (SG(I).EQ. 1) THEN
ZXX(I)=Z(I+1)+T1#Z(I)+Z(I-1)
ELSE
2IX(1)=0.0

END IF

1 CONTINUE

RETURN

END

SUBROUTIBE DERIV2(L,L2,5G,Z,ZXY)

THIS SUBROUTINE COMPUTES NORMALIZED 2§D DERIVATIVE OF Z VWITH
RESPECT TO X AND Y OF A TWO-DIMENSIONAL FUNCTION

aaaaaQ

Qaaaq

REAL Z(*),ZXY(#)
INTEGER SG(»)
D0 1 I=1,L2
IF (S6(I).EQ. 1) THER
S1=Z(I+L-1)
§2=Z(I+L+1)
S3=Z(I-L-1)
S4=Z(I-L+1)
ZXY(I)=0.26%(32+33-S1-54)
ELSE
ZXY(I)=0.0
END IF
1 CONTINUE
RETURN
END
SUBROUTINE DERIV3(L,L2,8G,T1,Z,ZYY)

C
C  THIS SUBROUTINE COMPUTES NORMALIZED 2§D DERIVATIVE OF Z WITH
C RESPECT TO Y OF A TWO-DIMENSIONAL FUNCTION

aaad

Ca» FTT )
REAL Z(#),ZYY(#)
INTEGER SG(»)
DO 1 I=1,L2
IF (SG(I).EQ. 1) THEN
ZYY(I)=Z(I+L)+T1#Z(I)+2(I-L)
ELSE
2YY(I)=0.0
END IF
1 CONTINUE
RETURN
END
SUBROUTINE DERIV4(L,L2,8G,Z,ZX2Y2)
Csass

C  THIS SUBROUTINE COMPUTES NORMALIZED SUM OF THE 2§D DERIVATIVES
C OF Z VITH RESPECT TO X AND THEN Y

Csss YT 8

aacaaa

REAL Z(»),ZX2Y2(#)

INTEGER SG(»)

DO 1 I=1,L2

IF (SG(I).EQ. 1) THEN
2X2Y2(I)=Z(I+L)+Z(I+1)~4.0¢Z(I)+Z(I-L)+Z(I-1)
ELSE
2X2Y2(1)=0.0

END IF

1 CONTINUE



aaoaaaq
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RETURN
END
SUBROUTINE DERIVS(L,L2,5G,Z,ZX)

THIS SUBROUTINE COMPUTES NORMALIZED FIRST DERIVATIVE OF Z
WITH RESPECT TO X

Qo

REAL Z(#),ZX(#)
INTEGER SG(»)
D0 1 I=1,L2
IF (SG(I).EQ. 1) THEN
ZX(I)=Z(I+1)-Z2(I-1)
ELSE
ZX(1)=0.0
END IF
CONTINUE
RETURN
END
SUBROUTINE DERIV6(L,L2,5G,Z,ZY)

QaoaaaQ

THIS SUBROUTINE COMPUTES NORMALIZED FIRST DERIVATIVE OF 2
WITHE RESPECT TO Y

Qaaa

REAL Z(»),2Y(#*)
INTEGER SG(»)
DO 1 I=1,L2
IF (8G(I).EQ. 1) THEN
ZY(I)=Z(I+L)-Z(I-L)
ELSE
2Y(1)=0.0
END IF
CONTINUE
RETURE
END
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SUBROUTINE PFFFT2(L,LP,M,N,X,Y,SIGN)

Ce»*

c
c
C

THIS SUBROUTINE COMPUTES A TWO - DIMENSIONAL FFT USING
A PRIME FACTOR ALGORITHM

Qaaaq

REAL X(*),Y(*)
INTEGER N(#*),MA(16),MB(16) ,KI(16),SIGK
DATA C31,C32,C51,C52 /.86602540, .50000000, .95105662,1.6388418/
DATA C53,C54,C55,C71 /.36327126, .55901699,-1.250000,-1.1666667/
DATA C72,C73,C74,C75 /.79015647,.05585427, .7343022, .44095855/
DATA C76,C77,C78,C81 /.34087293, .53396936, .87484229,.70710678/
DATA C92,C93,C94,C96 /.93969262,-.17364818, .76604444,-.34202014/
DATA C97,C98,C162,C163 /-.98480775,-.64278761, .38268343,1.306563/
DATA C164,C165 /.54119610,.92387953/
IF(SIGN .EQ. 1) THEN

DO 1 I=1,LsL

Y(I)=-Y(I)

CONTINUE
ELSE
END IF

C
C
c

STEP THROUGH ROW AND COLUMN TRANSFORMS DOING ROWS FIRST AND
THER COLUMES

aaa

(ot 223

IC1=2-L
IC2=2+L-1

DO 2 IRC=1,2
IC1=ICi+L-1
IC2=IC2-L+1

Q

STEP THROUGH THE M STEPS

aaa

DO 3 I=1,K
K=L/1(I)

Q

COMPUTE THE PERMUTATION OUTPUT MAP FOR THE ROTATED DFTS

4

aQaaa

DO 4 II=1,N(I)
JT=(II-1)*K
MB(II)=MOD(JT,N(I))+1

CONTINUE

(2]

INITIALIZE THE FIRST GROUP OF POINTS AND CALL THE APPROPRIATE DFT

100

Cosssssentnssssss L2 2] ] (221 1d 2] s C

c

Qaa

D0 5 IJ=0,N(I)-1
KI(MB(IJ+1))=IC2(IJ#K+1)+1-1C2

5 CONTINUE

IF ( ((SIGN .EQ. -1) .AND. (IRC .EQ. 1))
& .OR. ((SIGN .EQ. 1) .AND. (IRC .EQ. 2)) ) THER
ILIM=LP+2-1
ELSE
ILIN=L-1
END IF
IF (N(I) .EQ. 2) GO TO 100
IF (N(I) .EQ. 3) GO TO 101
IF (N(I) .EQ. 4) GO TO 102
IF (§(I) .EQ. 5) GO TO 103
IF (N(I) .EQ. 7) GO TO 104
IF (N(I) .EQ. 8) GO TO 105
IF (N(I) .EQ. 9) GO TO 106
IF (N(I) .EQ. 16) GO TO 107
CONTINUE

v

2 POINT DFT C

Ct‘t‘t‘.‘.“"....““...‘.“‘.‘.‘.“‘“i‘.‘!“““..t.‘“‘i‘..“““.tc

DO 6 J=1 K
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MA(1)=KI(1)

MA(2)=KI(2)

DO 7 1G=0,ILIN
I0=IG+IC1
I1=MA(1)+I0
I2=MA(2)+I0

Ca#%#3422-POINT DFT KERNAL###»
T1=X(I1)
X(MA(MB(1))+I0)=T1+X(I2)
X(MA(MB(2))+I0)=T1-X(I2)
T1=Y(I1)
Y(MA(MB(1))+I0)=T1+Y(I2)
Y(MA(MB(2))+10)=T1-Y(I2)

Q

C "
7 CONTINUE
KI(1)=MA(2)+IC2
KI(2)=MA(1)+IC2
6  CONTINUE
GO TO 998
101 CONTINUE
c

Q

C 3 POINT DFT

Cxax

Qaa

DO 8 J=1,K
MA(1)=KI(1)
MA(2)=KI(2)
MA(3)=KI(3)

DO 9 IG=0,ILINM
I10=IG+IC1
I1=MA(1)+I0
I2=MA(2)+I0
I3=MA(3)+I0

Css»»s+53-POINT DFT KERNAL

T1=(X(I2)-X(13))C31
U1=(Y(I2)-Y(I3))+C31
R1=X(I2)+X(13)
S1=Y(I12)+Y(I3)
T2=X(I11)-R1#C32
U2=Y(I1)-S1#C32
X(MA(MB(1))+I0)=X(I1)+R1
Y(MA(MB(1))+I0)=Y(I1)+S1
X(MA(MB(2))+I10)=T2+U1
X(MA(MB(3))+10)=T2-U1
Y(MA(MB(2) )+10)=U2-T1
Y(MA(MB(3))+10)=U2+T1

Chss P17 ]

Q

9 CONTINUE
KI(1)=MA(3)+IC2
KI(2)=MA(1)+IC2
KI(3)=MA(2)+IC2

8 CONTINUE

GO TO 998
102 CONTINUE
Cans

Q

C 4 POINT DFT

Cessnn LSS ESES

DO 10 J=1,K

MA(1)=KI(1)
MA(2)=KI(2)
MA(3)=KI(3)
MA(4)=KI(4)

DO 11 IG=0,ILIN
10=IGeIC1
I1=MA(1)+10
12=MA(2)+10
13=MA(3)+10

aaa



Cx##+##4-POINT DFT KERNAL*

C*

I14=MA(4)+I0
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'TT]

+44C

R1=X(I1)+X(I3)
R2=X(I1)-X(13)
S1=Y(I1)+Y(I3)
$2=Y(11)-Y(13)
R3=X(I2)+X(I14)
R4=X(12)-X(I4)
83=Y(12)+Y(14)
$4=Y(12)-Y(14)
X(MA(MB(1))+I0)=R1+R3
X(MA(MB(3))+I0)=R1-R3
Y(MA(MB(1))+I0)=S1+83
Y(MA(MB(3))+10)=S1-S3
X(MA(MB(2))+I0)=R2+54
X(MA(MB(4))+I0)=R2-S4
Y(MA(MB(2))+10)=S2-R4
Y(MA(MB(4))+I0)=S2+R4

11

10

103

CONTINUE
KI(1)=MA(4)+IC2
KI(2)=MA(1)+IC2
KI(3)=MA(2)+IC2
KI(4)=MA(3)+IC2
CONTINUE
GO TO 998
CONTINUE

Q

C*=%
C
c

§ POINT DFT

Qaa

DO 12 J=1 X
MA(1)=KI(1)
MA(2)=K1(2)
MA(3)=KI(3)
MA(4)=KI(4)
MA(5)=KI(5)
D0 13 1G6=0,ILIN

I0=IG+IC1

I1=MA(1)+I0
12=MA(2)+I0
I3=MA(3)+I0
I14=MA(4)+I0
I5=MA(5)+I0

Ce+#+33s5-POINT DFT KERNAL##»

R1=X(I2)+X(I5)
R2=X(12)-X(I5)
S1=Y(12)+Y(I5)
$2=Y(12)-Y(I5)
R3=X(13)+X(I4)
R4=X(I3)-X(14)
S3sY(I3)+Y(I4)
S4=Y(13)-Y(I4)
T1=(R2+R4)*C51
U1=(82+S4)*C51
R2=T1-R2¢C52
$2=U1~-82+C52
R4=T1-R4#C53
S4=U1-34+C53
Ti=(R1-R3)*C54
U1=(S1-S3)*C54

T2=R1+R3

U2=S1+S3
X(MA(MB(1))+I0)=X(I1)+T2
Y(MA(MB(1))+I0)=Y(11)+U2
T2=X(MA(MB(1))+10)+T2¢C55
U2=Y (MA(MB(1))+I0)+U2¢C55



R1=T2+T1
R3=T2-T1

S1=U2+U1

$3=U2-U1
X(MA(MB(2))+I0)=R1+S4
X(MA(MB(5))+I0)=R1-S4
Y(MA(MB(2))+10)=S1-R4
Y(MA(MB(5))+I0)=S1+R4
X(MA(MB(3))+I0)=R3-S2
X(MA(MB(4))+I0)=R3+S2
Y(MA(MB(3))+I0)=S3+R2
Y(MA(MB(4))+I0)=S3-R2

305

c;*: T 3
13 CONTINUE
KI(1)=MA(5)+IC2
KI(2)=MA(1)+IC2
KI(3)=MA(2)+1C2
KI(4)=MA(3)+IC2
KI(5)=MA(4)+IC2
12  CONTINUE
GO TO 998
104 CONTINUE

*552C

7 POINT DFT

Qaaa

DO 14 J=1,K
MA(1)=KI(1)
MA(2)=KI1(2)
MA(3)=KI(3)
MA(4)=KI(4)
MA(5)=KI(5)
MA(6)=KI(6)
MA(7)=KI(7)

DO 15 IG=0,ILIN
I0=IG*IC1
I1=MA(1)+I0
I2=NMA(2)+I0
I3=MA(3)+I0
I4=NMA(4)+10
I5=MA(5)+I0
I6=MA(6)+I0
I7=MA(7)+I0

C*ss#3427-POINT DFT KERNAL:

Qa

Q

R1=X(I2)+X(I7)
R2=X(12)-X(IT7)
S1=Y(I2)+Y(I7)
S2=Y(12)-Y(I7)
R3=X(I3)+X(I6)
R4=X(I3)-X(I6)
S3=Y(I3)+Y(I6)
$4=Y(13)-Y(I6)
R6=X(14)+X(15)
R6=X(I4)-X(I5)
S5=Y(I4)+Y(I5)
S6=Y(14)-Y(15)
T1=R1+R3+R5

U1=S1+83+S6
X(MA(MB(1))+I0)=X(I1)+T1
Y(MA(MB(1))+I0)=Y(I1)+U1
T1=X(MA(MB(1))+I0)+T1+C71
U1=Y (MA(MB(1))+I0)+U1sC71
T2=(R1-R5)*C72
U2=(S1-55)*C72
T3=(RS-R3)*C73
U3=(S5-S3)*C73
T4=(R3-R1)*C74



U4=(83-81)+C74
R1=T1+T2+T3
R3=T1-T2-T4
R6=T1-T3+T4
S1=U1+U2+U3
S$3=U1-U2-U4
§5=U1-U3+U4
U1=(S2+54-S6)*C75
T1=(R2+R4-R6)*C75
T2=(R2+R6)*C76
U2=(S2+56)+C76
T3=(R4+R6)*C77
U3=(S4+S6)*C77
T4=(R4-R2)*C78
U4=(S4-82)+C78
R2=T1+T2+T3
R4=T1-T2-T4
R6=T1-T3+T4
S2=U1+U2+U3
S4=U1-U2-U4
S6=U1-U3+U4
X(MA(MB(2))+I0)=R1+S2
X(MA(MB(7))+10)=R1-S2
Y(MA(MB(2))+I0)=S1-R2
Y(MA(MB(7))+I0)=S1+R2
X(MA(MB(3))+10)=R3+S4
X(MA(MB(6))+I0)=R3-34
Y(MA(MB(3))+10)=S3-R4
Y(MA(MB(6))+I0)=S3+R4
X(MA(MB(4))+I0)=R5-36
X(MA(MB(5))+I0)=R5+36
Y(MA(MB(4))+10)=S5+R6
Y(MA(MB(5))+10)=S5-R6

15

14

105

CONTINUE

KI(1)=MA(7)+IC2
KI(2)=MA(1)+IC2
KI(3)=MA(2)+IC2
KI(4)=MA(3)+IC2
KI(5)=MA(4)+IC2
KI(6)=MA(5)+IC2
KI(7)=MA(6)+IC2

CONTINUE
GO TO 998
CONTINUE

*555C

C
C

Cxxx

8 POINT DFT

Qo

DO 16 J=1,X

MA(1)=KI(1)
MA(2)=KI(2)
MA(3)=KI(3)
MA(4)=KI(4)
MA(5)=KI(5)
MA(6)=KI(6)
MA(7)=KI(7)
MA(8)=KI(8)
DO 17 1G=0,ILIN
10=IG+IC1
I1=MA(1)+I10
I2=MA(2)+I0
13=MA(3)+I0
14=MA(4)+I0
IS=MA(5)+I0
16=MA(6)+I0
I7=MA(T)+I0



C#»#x#28-POINT DFT KERNAL

17

I8=NA(8)+I0

307

Q

R1=X(I1)+X(I5)
R2=X(I1)-X(I5)
S1=Y(I1)+Y(I5)

S2=Y (I1)-Y(I5)
R3=X(I12)+X(18)
R4=X(12)-X(I8)
$3=Y(I2)+Y(18)
$4=Y(12)-Y(18)
RS=X(I3)+X(I7)
R6=X(13)-X(17)
S5=Y(I3)+Y(17)
S6=Y(13)-Y(I7)
R7=X(I14)+X(16)
R8=X(14)-X(I6)
S7=Y(14)+Y(16)
$8=Y(I14)-Y(I6)
T1=R1+R5

T2=R1-R5

U1=81+85

U2=81-85

T3=R3+R7
R3=(R3-R7)*C81
U3=33+87
83=(83-S7)+C81
T4=R4-R8
R4=(R4+R8)*C81
U4=S4-S8
S4=(84+58)*C81
T5=R2+R3

T6=R2-R3

U5=82+83

U6=82-83

T7=R4+R6

T8=R4-R6

U7T=S4+S6

U8=S4-36
X(MA(MB(1))+I0)=T1+T3
X(MA(MB(5))+I0)=T1-T3
Y(MA(MB(1))+I10)=U1+U3
Y(MA(MB(5))+I0)=U1-U3
X(MA(MB(2))+I0)=T5+U7
X(MA(MB(8))+I0)=T6-U7
Y(MA(MB(2))+I0)=US-T7
Y(MA(MB(8))+10)=US+T7
X(MA(MB(3))+I0)=T2+U4
I(MA(MB(7))+I0)=T2-U4
Y(MA(MB(3))+I0)=U2-T4
Y(MA(MB(7))+I0)=U2+T4
X(MA(MB(4))+I0)=T6+U8
X(MA(MB(6))+I0)=T6-U8
Y(MA(MB(4))+10)=U6-T8
Y(MA(MB(8))+I0)=U6+T8
CONTINUE

Cressx

16

KI(1)=MA(8)+IC2
KI(2)=MA(1)+IC2
KI(3)=MA(2)+IC2
KI(4)=MA(3)+IC2
KI(5)=MA(4)+IC2
KI(6)=MA(5)+IC2
KI(7)=MA(6)+IC2
KI(8)=MA(7)+IC2
CONTINUE
GO TO 998

a



106

CONTINUE

308

C
C
CHsx

Ce#»»+#29-POINT DFT KERNAL:

9 POINT DFT

D0 18 J=1,K

MA(1)=KI(1)
NA(2)=KI(2)
MA(3)=KI(3)
MA(4)=KI(4)
MA(5)=KI(5)
MA(6)=KI(6)
MA(T)=KI(7)
MA(8)=KI(8)
MA(9)=KI(9)
DO 19 IG=0,ILINM
I10=I1G+IC1
I1=MA(1)+I0
I2=MA(2)+10
I3=MA(3)+I0
I4=MA(4)+I0
I5=MA(5)+I0
16=MA(6)+I0
I7=MA(7)+I0
18=MA(8)+I0
I9=MA(9)+I0

R1=X(12)+X(19)
R2=X(12)-X(I9)
S1=Y(I2)+Y(19)
$2=Y(12)-Y(19)
R3=X(I3)+X(18)
R4=X(I3)-X(I8)
$3=Y(13)+Y(18)
$4=Y(13)-Y(18)
R5=X(14)+X(17)

T=(X(I7)-X(I14))*C31

S6=Y(I14)+Y(17)

U=(Y(17)-Y(I4))*C31

R7=X(15)+X(I6)
R8=X(I5)-X(16)
S7=Y(15)+Y(16)
S8=Y(I5)-Y(16)
R9=X(I1)+RS
S9=Y (I1)+S6
T1=X(I1)-R6+C32
Ui=Y(I1)-86+C32
T2=(R3-R7)*C92
U2=(83-87)#C92
T3=(R1-R7)+C93
U3=(S1~-57)+C93
T4=(R1-R3)+C94
U4=(81-83)+C94
R10=R1+R3+R7
S10=81+83+S7
R1aT1+T2+T4
R3=T1-T2-T3
R7=T1+T3-T4
S1=U1+U2+U4
$3=U1-U2-U3
S7=U1+U3-U4

X(MA(MB(1))+I0)=R9+R10
Y(MA(MB(1))+I0)=59+510

R5=R9-R10+C32
S5=59-810+C32

R6=(R4-R2-R8)+C31
$6=(34-52-58)+C31

QaaQ

Q



T2=(R4+R8)*C96
U2=(S4+58)»C96
T3=(R2-R8)*C97
U3=(S2-58)#C97
T4=(R2+R4)*C98
U4=(S2+54)+C98
R2=T+T2+T4

R4=T-T2-T3

R8=T+T3-T4

S2=U+U2+U4

$4=U-U2-U3

S8=U+U3-U4
X(MA(MB(2))+I0)=R1-S2
X(MA(MB(9))+I0)=R1+S2
Y(MA(MB(2))+10)=S1+R2
Y(MA(MB(9))+10)=S1-R2
X(MA(MB(3))+I0)=R3+S4
X(MA(MB(8))+I0)=R3-S4
Y(MA(MB(3))+I0)=S3-R4
Y(MA(MB(8))+10)=S3+R4
X(MA(MB(4))+I0)=R5-S6
X(MA(MB(7))+I0)=R5+S6
Y(MA(MB(4))+I0)=S5+R6
Y(MA(MB(7))+I0)=S5-R6
X(MA(MB(5))+10)=R7-S8
X(MA(MB(6))+I0)=R7+S8
Y(MA(MB(5))+I0)=S7+R8
Y(MA(MB(6))+10)=S7-R8

309

Q

19

18

107
Cs»

CONTINUE
KI(1)=MA(9)+IC2
KI(2)=MA(1)+IC2
KI(3)=MA(2)+IC2
KI(4)=MA(3)+IC2
KI(5)=MA(4)+IC2
KI(6)=MA(5)+IC2
KI(7)=MA(6)+IC2
KI(8)=MA(7)+IC2
KI(9)=MA(8)+IC2
CONTINUE
GO TO 998
CONTINUE

C

16 POINT DFT

C

D0 20 J=1,K
MA(1)=KI(1)
MA(2)=KI(2)
MA(3)=KI(3)
MA(4)=KI(4)
MA(5)=KI(5)
MA(8)=KI(6)
MA(7)=KI(7)
MA(8)=KI(8)
MA(9)=KI(9)
MA(10)=KI1(10)
MA(11)=KI(11)
MA(12)=KI(12)
MA(13)=KI(13)
MA(14)=KI(14)
MA(15)=KI(15)
MA(16)=KI(16)
DO 21 IG=0,ILINM
10=IG+IC1
I1=MA(1)+I0
I2=MA(2)+10

5%

Qaa



310

I3=MA(3)+I0
I14=NMA(4)+10
I5=MA(5)+I0
I6=MA(6)+I0
I7=MA(7)+I0
I8=MA(8)+I0
I9=MA(9)+I0
110=MA(10)+10
I11=MA(11)+I0
I12=MA(12)+10
I13=MA(13)+10
I14=MA(14)+10
I15=MA(15)+I0
116=MA(16)+I0
Ce++#+2416-POINT DFT KERNAL ssa8sC
R1=X(I1)+X(I9)
R2=X(I1)-X(I9)
S1=Y(I1)+Y(19)
$2=Y(I11)-Y(I19)
R3=X(12)+X(I10)
R4=X(I12)-X(110)
$3=Y(I12)+Y(I10)
S4=Y(I12)-Y(110)
RE=X(I3)+X(I11)
R6=X(I3)-X(I11)
S5=Y(I3)+Y(I11)
S6=Y(I3)-Y(I11)
R7=X(I14)+X(112)
R8=X(I14)-X(112)
S7=Y(14)+Y(I12)
S8=Y(14)-Y(I12)
RO=X(I5)+X(I13)
R10=X(I5)-X(I13)
S9=Y(I6)+Y(I13)
$10=Y(15)-Y(I13)
R11=X(I6)+X(114)
R12=X(16)-X(114)
S11=Y(I6)+Y(I14)
812=Y(16)-Y(I14)
R13=X(I7)+X(I15)
R14=X(I7)-X(115)
$13=Y(17)+Y(I15)
$14=Y(I7)-Y(I15)
R15=X(I18)+X(116)
R16=X(18)-X(I16)
S15=Y(I8)+Y(I16)
$16=Y(18)-Y(I16)
Ti=R1+R9
T2=R1-R9
Ui=31+89
U2=81-89
T3=R3+R11
T4=R3-R11
U3=83+811
U4=83-511
T5=R5+R13
T6=R6-R13
US=S5+S13
U6=86-S13
T7=R7+R15
T8=R7-R15
U7=S7+815
U8=87-S15
T9=(T4+T8)+C81
T10=(T4-T8) +C81
Ug=(U4+U8)+C81
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U10=(U4-U8) »C81
R1=T1+T5
R3=T1-T5
S1=U1+US
$3=U1-US
R5=T3+T7
R7=T3-T7
S5=U3+U7
S7=U3-U7
R9=T2+T10
R11=T2-T10
$9=U2+U10
$11=02-U10
R13=T6+T9
R15=T6-T9
$13=U6+U9
$15=06-U9
T1=R4+R16
T2=R4-R16
U1=§4+816
U2=$84-S16
T3=(R6+R14)*C81
T4=(R6-R14)+C81
U3=(S6+314)»C81
U4=(S6-S14) *C81
T5=R8+R12
T6=R8-R12
US=38+812
U6=38-812
T7=(T2-T6)*C162
T8=T2+C163-T7
T9=T6+C164-T7
T10=R2+T4
T11=R2-T4
R2=T10+T8
R4=T10-T8
R6=T11+T9
R8=T11-T9
U7=(U2-U6)*C162
U8=U2+C163-U7
U9=U6+C164-U7
U10=52+U4
U11=82-U4
$2=U10+U8
$4=U10-Us
S6=U11+U9
$8aU11-U9
T7=(T1+T5)+C166
T8=T7-T1+C164
T9=T7-T5+C163
T10=R10+T3
T11=R10-T3
R10=T10+T8
R12=T10-T8
R14=T11+T9
R16=T11-T9
U7=(U1+U5)+C165
U8=U7-C164sU1
U9=U7-C163+US
U10=510+U3
U11=810-U3
S10=U10+U8
$12=U10-U8
S14=U11+U9
$16=U11-U9
X(MA(MB(1))+I0)=R1+RS



21

Chass

X(MA(MB(9))+I0)=R1-R5
Y(MA(MB(1))+I0)=81+S5
Y(MA(MB(9))+I10)=S1-S5
X(MA(MB(2))+I0)=R2+510
X(MA(MB(16))+I0)=R2-510
Y(MA(MB(2))+I0)=S2-R10
Y(MA(MB(16) )+I0)=S2+R10
X(MA(MB(3))+I0)=R9+S13
X(MA(MB(15))+I0)=R9~-S13
Y(MA(MB(3))+10)=S9-R13
Y(MA(MB(15))+I0)=S9+R13
X(MA(MB(4))+I0)=R8-S16
X(MA(MB(14))+I0)=R8+S16
Y(MA(MB(4))+I0)=S8+R16
Y(MA(MB(14))+10)=S8-R16
X(MA(MB(5))+I0)=R3+37
X(MA(MB(13))+I0)=R3-87
Y(MA(MB(5))+I0)=S3-R7
Y(MA(MB(13))+I0)=S3+R7
X(MA(MB(6))+I0)=R6+S14
X(MA(MB(12))+I0)=R6-S14
Y(MA(MB(6))+I0)=S6-R14
Y(MA(MB(12))+I0)=S6+R14
X(MA(MB(7))+I0)=R11-S15
X(MA(MB(11))+I10)=R11+S15
Y(MA(MB(7))+I0)=S11+R16
Y(MA(MB(11))+I0)=S11-R15
X(MA(MB(8))+I0)=R4-812
X(MA(MB(10))+I0)=R4+S12
Y(MA(MB(8))+I0)=S4+R12
Y(MA(MB(10) )+I0)=S4-R12

CONTINUE

312

KI(1)=MA(16)+IC2
KI(2)=MA(1)+IC2
KI(3)=MA(2)+IC2
KI(4)=MA(3)+IC2
KI(5)=MA(4)+IC2
KI(6)=MA(5)+IC2
KI(7)=MA(6)+IC2
KI(8)=MA(7)+IC2
KI(9)=MA(8)+IC2
KI(10)=MA(9)+IC2
KI(11)=MA(10)+IC2
KI(12)=MA(11)+IC2
KI(13)=MA(12)+IC2
KI(14)=MA(13)+IC2
KI(15)=MA(14)+IC2
KI(16)=MA(15)+IC2

20 CONTINUE

998 CONTINVE

3 CONTINUE

2  CONTINUE
IF(SIGN .EQ. 1) THEN

22

DO 22 I=1i,LsL

Y(D=-Y(1)

CONTINUE

ELSE
END IF
RETURN
END

a



SUBROUTINE TABLE(L,N,N)

313

C
c

Chxs

THIS SUBROUTINE RETURNS THE PRIME FACTORS OF L

aQaaaQ

INTEGER N(»)
INTEGER NF(59,4)

DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
IF(L

(NF( 1,J),)=1,4)
(NF( 2,3),1=1,4)
(NF( 3,1),)=1,4)
(NF( 4,7),)=1,4)
(NF( 5,1),J=1,4)
(¥F( 6,1),J=1,4)
(XF( 7,1),3=1,4)
(NF( 8,1),J=1,4)
(NF( 9,3),J=1,4)
(NF(10,J) ,J=1,4)
(NF(11,J]) ,J=1,4)
(NF(12,J) ,J=1,4)
(¥F(13,]),J=1,4)
(¥F(14,3) ,1=1,4)
(NF(15,1) ,J=1,4)
(NF(16,]) ,J=1,4)
(NF(17,3) ,J=1,4)
(NF(18,J1),J=1,4)
(NF(19,J),J=1,4)
(NF(20,J),)=1,4)
(¥F(21,J),J=1,4)
(¥F(22,)),J=1,4)
(¥F(23,3),3=1,4)
(NF(24,71),)=1,4)
(§F(25,3),J=1,4)
(NF(26,J) ,J=1,4)
(NF(27,3) ,1=1,4)
(NF(28,]),J=1,4)
(¥F(29,]),)=1,4)
(NF(30,]),J=1,4)
(¥F(31,J),J=1,4)
(NF(32,7) ,J=1,4)
(NF(33,]),1=1,4)
(NF(34,]),J=1,4)
(NF(35,J),J=1,4)
(NF(36,J) ,J=1,4)
(NF(37,3) ,J=1,4)
(NF(38,]),1=1,4)
(NF(39,]) ,J=1,4)
(NF(40,J) ,J=1,4)
(NF(41,]),J=1,4)
(NF(42,3),J=1,4)
(NF(43,]),J=1,4)
(NF(44,7) ,)=1,4)
(WF(45,)),J=1,4)
(NF(46,]) ,J=1,4)
(NF(47,3) ,J=1,4)
(NF(48,3),J=1,4)
(NF(49,3),J=1,4)
(NF(50,J) ,J=1,4)
(NF(51,7),]=1,4)
(NF(52,J),J=1,4)
(NF(53,3),J=1,4)
(NF(54,]) ,J=1,4)
(NF(55,1),J=1,4)
(NF(56,J) ,J=1,4)
(NF(57,]),J=1,4)
(NF(58,3),]=1,4)
(NF(59,J),J=1,4)
.EQ. 2) THER

/2,0,0,0/
/3,0,0,0/
/4,0,0,0/
/6,0,0,0/
/2,3,0,0/
/7,0,0,0/
/8,0,0,0/
/9,0,0,0/
/2,5,0,0/
/3,4,0,0/
/2,7,0,0/
/3,5,0,0/
/16,0,0,0/
/2,9,0,0/
/4,5,0,0/
/3,7,0,0/
/3,8,0,0/
/4,7,0,0/
/2,3,6,0/
/5,7,0,0/
/4,9,0,0/
/5,8,0,0/
/2,3,7,0/
/5,9,0,0/
/3,16,0,0/
/7,8,0,0/
/3,4,5,0/
/7’9)010/
/2,5,7,0/
/8,9,0,0/
/6,16,0,0/
/3)4)710/
/2,5,9,0/
/3,6,7,0/
/7,16,0,0/
/3,5,8,0/
/2,7,9,0/
/4,6,7,0/
/9,16,0,0/
/3’7’8)0/
/4,5,9,0/
/2,3,5,7/
/3,5,16,0/
/4,7,9,0/
/53718l°/
/5,7,9,0/
/3,7,16,0/
/5,8,9,0/
/3,4,5,7/
/8,7,9,0/
/5,7,16,0/
/2,6,7,9/
/5,9,16,0/
/3,5,7,8/
/7,9,16,0/
/4,5,7,9/
/3,5,7,16/
/5,7,8,9/
/5,7,9,16/



M=1
K=1

ELSE IF(L .

M=1
K=2

ELSE IF(L .

N=1
k=3

ELSE IF(L
M=1
k=4

ELSE IF(L
N=2
K=5

ELSE IF(L .

M=2
K=6
ELSE IF(L
M=1
K=7

ELSE IF(L .

N=1
K=8

ELSE IF(L .

N=2
K=9

ELSE IF(L .

N=2
K=10

ELSE IF(L .

N=2
K=11
ELSE IF(L
N=2
K=12
ELSE IF(L
M=1
K=13
ELSE IF(L
N=2
K=14

ELSE IF(L .

N=2
K=1§

ELSE IF(L .

N=2

K=16
ELSE IF(L

M=2

K=17

ELSE IF(L .

N=2
k=18

ELSE IF(L .

N=3
k=19

ELSE IF(L .

N=2
K=20

ELSE IF(L .

N=2
K=21

ELSE IF(L .

N=2
K=22
ELSE IF(L

.EQ.

.EQ.

.EQ.

-EQ.

.EQ.

.EQ.

.EQ.

.EQ.

. 3) THEN

. 4) THEN

5) THEN

6) THEN

. 7) THEX

8) THEN

. 10)

. 12)

. 14)

15)

16)

18)

. 20)

. 21)

24)

. 28)

. 30)

. 36)

. 36)

. 40)

42)

. 9) THER

THEN

THEN

THEN

THEN

THER

THEN

THER

THEN

THEN

THEN

THEN

THEN

THEN

THEN

THEN
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N=3

K=23
ELSE IF(L

N=2

K=24

ELSE IF(L .

N=2

K=25
ELSE IF(L

N=2

K=26

ELSE IF(L .

M=3

K=27
ELSE IF(L

N=2

K=28

ELSE IF(L .

N=3
K=29

ELSE IF(L .

M=2
K=30

ELSE IF(L .

M=2
K=31

ELSE IF(L .

M=3

K=32
ELSE IF(L

M=3

K=33

ELSE IF(L .

M=3
K=34

ELSE IF(L .

N=2
K=36

ELSE IF(L .

M=3
k=368

ELSE IF(L .

M=3
K=37

ELSE IF(L .

N=3
K=38

ELSE IF(L .

N=2
K=39

ELSE IF(L .

N=3

K=40
ELSE IF(L

N=3

K=41

ELSE IF(L .

N=4
K=42

ELSE IF(L .

=3

K=43
ELSE IF(L

N=3

K=44

ELSE IF(L .

-EQ.

.EQ.

-EQ.

.EQ.

-EQ.

45)

. 48)

56)

. 60)

63)

. T0)

. 72)

. 80)

. 84)

90)

. 105)

. 112)

. 120)

. 126)

. 140)

. 1449)

. 180)

. 210)

. 240)

252)

. 280)

THEN

THEN

THEN

THEN

THEN

THER

THEN

THEN

THEN

THEN

THEN

THEN

THEN

THEN

THEN

THEN

THEN

THEN

THEN

THEN
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N=3

K=45
ELSE IF(L

N=3

K=46

ELSE IF(L .

M=3
K=47

ELSE IF(L .

M=3

K=48
ELSE IF(L

N=4

K=49

ELSE IF(L .

M=3
k=50

ELSE IF(L .

M=3
K=51

ELSE IF(L .

N=4
k=52

ELSE IF(L .

N=3

K=53
ELSE IF(L

N=4

K=54

ELSE IF(L .

M=3
K=55

ELSE IF(L .

N=4
K=56

ELSE IF(L .

M=4
K=§7

ELSE IF(L .

N=4
K=58

ELSE IF(L .

N=4

k=59
ELSE

END IF

DO 1 J=1,4

§(J)=NF (X,

CONTINUE
RETURN
END

.EQ.

.EQ.

b))

315) THEN

. 336) THEN

. 360) THEN

420) THEN

. 504) THEN

. 560) THEE

. 630) THEN

. 720) THEN

840) THEN

. 1008) THEN

. 1260) THEN

. 1680) THEN

. 2520) THEX

. 5040) THEN
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SUBROUTINE COPYME(L2,SG,A,B)

c
C  THIS SUBROUTINE COPIES A INTO B

c
REAL A(#),B(s)
INTEGER SG(*)
DO 1 I=1,L2
IF(SG(I) .NE. 0) THEN
B(I)=A(I)
ELSE
B(I)=0.0
END IF
1 CONTINUE
RETURN
END
SUBROUTINE BORM22(L2,UR,UI,SG,RN)

Qaaa

Chxx
C NORM OF THE RESIDUAL

(o3 111
REAL UR(#),UI(#)
INTEGER SG(»)
RE=0.0
DO 1 I=1,L2
IF (SG(I) .NE. O) THEN
RE=RE+UR(I)*UR(I)+UI(I)*UI(I)
ELSE
END IF
1 CONTINUE
RETURN
END
SUBROUTINE NEGONE(L,A)

Qaaaq

C  THIS SUBROUTINE MULTIPLIE A BY (-1)#**(I+J)

Qaa

REAL A(s)

K=0

DO 1 I=1,L

DO 2 J=1,L
K=K+1
A(K)=(~1)#s(I+])*A(K)
CONTINUE

1 CONTINUE
RETURN
END
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