
Volume58A, number6 PHYSICSLETFERS 4 October1976

ION ACOUSTIC PARAMETRIC DECAY INSTABILITY
IN A PLASMA WITH > I

J.A. IONSONandR.S.B.ONG
AerospaceEngineeringDept. and SpacePhysicsResearchLaboratory

The Universityof Michigan,AnnArbor, Michigan 48105,USA

Received3 November1976

It is foundthat in aplasmawith ~i> 1 a finite amplitudeion acousticwaveis unstableanddecaysinto two shear
Alfvén wavespropagatingin oppositedirections.The thresholdandgrowth rateof theinstability aredetermined.

Resonantandnon-resonantcoherentwaveinterac- For a plasmawith /3 ~ 1, the matchingconditions
tionsin a plasmahavebeenstudiedextensivelyrecently. for resonantthreewaveinteractions(conservation
In particular,the parametricdecayand the purely relations)
growing(or modifieddecay)instabilitiesof an Alfvén

W
0~W1+CO2~ k0=k1+k2,wavehasbeenstudiedby Lashmore-DaviesandOng

[1]. Furthermoretheshort time behaviorof anon- are satisfiedby
resonantmodulationalinstability of a finite amplitude =

Alfvén wavewas discussedby Lashmore-Davies[2], ~1 2w0[’ + (CA/Cs)]

while the long timebehaviorhasbeeninvestigatedby =

lonsonandOng [3]. In eachof thesecasestheplasma ~“2 2~~’0[1 — (CA/CS)]

wasassumedto beof the low /3 type,i.e., /3 p/(B
2/4ir) kl=~kO[1+(C/cA)]

4~I. In a low /3 plasmathereis only onepossibledecay 2
instability in regardto an Alfvén wave,namelythe

k
2=~k0[1 —(C /CA)] <0.decayof a finite amplitudeAlfven waveinto a sound S

waveandanothersidebandAlfvén wave.On the other Sincej3 ~ 1 impliesC5~CA, it maybe seenthatw1/k1
handif/3> 1 theonly possibleparametricdecay and w2/k2are,to agood approximation,equalto CA

instability is that of a finite amplitudesoundwave and —CA respectively.
into two Alfvén waves.Physically,this is the resultof In orderto analyzethe decayinstability we usethe
a reversalbetweenbranchesof the dispersioncurve equationsof magnetohydrodynamicswith an external
for the soundmodeandAlfvénmode in a plasma magneticfield in thex-direction.Thuswe let
with /3> 1. This reversalclearly indicatesthat the

(a) B0 = B0x, (b) b = bysoundwavebranchis no longerthe lowest frequency
normalmodeof thehighpressureplasma.

(c) u=ux , (d) u=vy,
The dispersionrelationfor a soundwaveis given

by and considerplanewavespropagatingin thex-direction.

2 = 2 2/( 2 2 ~ Notethat for Alfvén wavespropagatingalongB0 the
two possiblelinearpolarizationsareindependent,so

andfor the Alfvén wave that the analysiscanbe appliedto eitherpolarization.

— k We thenhavethe followingsystemof one-dimensional(.0 — CA MHD equationsfor a plasmawarmwith respectto the

whereCA B0/(4irp0)
1/2,Cs (kBTe/mi)”2, ~e = electronsbut cold for the ions:

kBTe/8lrflOe2with n
0 thenumberdensityof the ap a

ambientplasmaandB0 the externalma~neticfield. ~. +~ (pu)= 0, (3)
Moreoverwe assumeTe~‘ = 0, andk0X~e~ 1.
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+ w1~n(k~+k~)au au 2ap a
p~-+pu~—-+c5~—+~-—(b

2/8ir)=0, (4)
+ ‘~i

1~[nk1I+
4~”1r~~’2r— 4c~k

1k2(p1/p0)
2]

av ao ab
p .~- + pu ~- — (B

0/4ir) —=0, (5) + Wii[2OWirW2r(/C~+ k~)]ax

a (ub) av a
2b + ~ =0, (8)

at ax —B
0-~——i~—, (6)

ax
2 wherewe haveassumedthat w

1~= W2i, and(Wir, k)
and (W2r, k) satisfythematchingrequirements(1) and

wherei~is theelectricalresistivity.Keepingonly the (2) earlier. The thresholdof the decayinstability is
lowestordernonlinearity,eqs.(5)and (6) yield found to be

(~2 ~
2b a a2b 2 / Ip

1/p0I
2=w~n2(l —(l/~3))/44

ax2 ~ = ~ aX ax, Furtherthegrowthrateof the instability may befoundPo at2 CA7?
by solvingfor w

1~in eq.(8). For thecasewheni~= 0

_c5~(p~)-_c5.~~(pb). (7) we find that

~ _(1//3))h/2Ipi/pol
Wenow let the soundwavebe thepumpwave of when

the form
p1 /p0I’~ (1//3)~2

p = Pi exp(ii~0) +p~exp(—i~i0)
and

with ~Po= k0x— co0t,andlook for Alfvén wave solu- to11 ~ ~co~(l — (1//3))hh’2//3h/2
tionsof theform

when
b = b1 exp(—i~’1)+ b2 exp(i~1i2),

p1 /p01 ~ (1//3)~~
where i~1=k1x—w1tand %/12=k2x—co2t.Aswe
areconsidering an “absolute” instability, we let k0,
k1, andk2 be all real andto1, to2 be complex. This work was partially supported by Grant AFOSR-

76-2904.We substitutetheserelationsinto eq.(7) and ob-
tain a systemof homogeneousalgebraicequationsfor
the Alfvén wave amplitudesb1 andb2. Thevanishing
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