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It is found that in a plasma with 8 > 1 a finite amplitude ion acoustic wave is unstable and decays into two shear
Alfvén waves propagating in opposite directions. The threshold and growth rate of the instability are determined.

Resonant and non-resonant coherent wave interac-

tions in a plasma have been studied extensively recently.

In particular, the parametric decay and the purely
growing (or modified decay) instabilities of an Alfvén
wave has been studied by Lashmore-Davies and Ong
[1]. Furthermore the short time behavior of a non-
resonant modulational instability of a finite amplitude
Alfvén wave was discussed by Lashmore-Davies {2],
while the long time behavior has been investigated by
Ionson and Ong [3]. In each of these cases the plasma
was assumed to be of the low § type, i.e., 8 = p/(B2/4n)
< 1. In a low 8 plasma there is only one possible decay
instability in regard to an Alfvén wave, namely the
decay of a finite amplitude Alfvén wave into a sound
wave and another sideband Alfvén wave. On the other
hand if 8 > 1 the only possible parametric decay
instability is that of a finite amplitude sound wave
into two Alfvén waves. Physically, this is the result of
a reversal between branches of the dispersion curve
for the sound mode and Alfvén mode in a plasma
with 8 > 1. This reversal clearly indicates that the
sound wave branch is no longer the lowest frequency
normal mode of the high pressure plasma.

The dispersion relation for a sound wave is given
by

wd =k3cd(1 +k3Ne)
and for the Alfvén wave
w=key ,

where ¢y ‘BO/(47790)1/2 cg = (kgTe/my) 1/2 )‘De
kgT,/8mnge? with n the number density of the
ambient plasma and By, the external ma etlc field.
Moreover we assume T, > T; =0, and ko)\De <1.

For a plasma with § > 1, the matching conditions
for resonant three wave interactions (conservation
relations)

wo=wytwy, kg=ky tky,

are satisfied by

wy= %“’0[,1 +(calcl s
1)

wy =5wgl1 = eale]

k= %ko[l +(cglep)l s
93]
ky=3ko[1 — (cglcp)] <O.

Since 8> 1 implies ¢ > ¢, it may be seen that w; /k;
and wy/k, are, to a good approximation, equal to ¢,
and —c, respectively.

In order to analyze the decay instability we use the
equations of magnetohydrodynamics with an external
magnetic field in the x-direction. Thus we let

(a) B():Bof > (b) b =bj’ s

© u=ux, (@

and consider plane waves propagating in the x-direction.
Note that for Alfvén waves propagating along By, the
two possible linear polarizations are independent, so
that the analysis can be applied to either polarization.
We then have the following system of one-dimensional
MHD equations for a plasma warm with respect to the
electrons but cold for the ions:

apa

v=up,

S () =0, (©))
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where 7 is the electrical resistivity. Keeping only the
lowest order nonlinearity, eqgs. (5) and (6) yield

) (32b 2 3% nd aZb) 20 ( ab)
9°b_ 297 22,2
0 at2 A ax at a ox ox

3( db a2
—6 Ec(” E) ~ s D) 7

We now let the sound wave be the pump wave of
the form

p = pq exp(ivg) + p; exp(—ivq)

with Y = kgx — wyt, and look for Alfvén wave solu-
tions of the form

b=b, exp(—iy ;) +b, exp(iy,) ,

where Y = kix — wytand ¥ = kyx — wyt. As we
are considering an “absolute” instability, we let kg,
kq, and k, be all real and w,, w, be complex.

We substitute these relations into eq. (7) and ob-
tain a system of homogeneous algebraic equations for
the Alfvén wave amplitudes b, and b,. The vanishing
of the coefficient determinant yields the dispersion
relation. We can now investigate the parametric decay
instability in a manner similar to that for a low 8
plasma. In particular the equation for the imaginary
part of w, is
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Wi+ wyn(k? +k3)

+ wy; (M2 k3RS + 40 o, — dedk kg (py /pg)?]

+ Wy [2nwy o, (kT + kD)
cAkik(o1/0g)*1 =0,  (8)
where we have assumed that wy; = wy;, and (wy, k)
and (wj,, k) satisfy the matching requirements (1) and

(2) earlier. The threshold of the decay instability is
found to be

2,2,2
t+ [N k1kqwy o —

~ (1/B))/4ck .

Further the growth rate of the instability may be found
by solving for wy; in eq. (8). For the case when n=0
we find that

Wy wo(l = (18N 104 /pol
when
101 /pgl <(1/B)V/2,

and

lpl/Po|2 = w%nz(l

—(1/ppV2yet2,

wyj e Gwo(l
when
loylpgl > (182 .
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