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Here we demonstrate a technique for proving the existence of competitive
equilibrium without assuming either free disposability or monotone preferences.
Although this device is sufficiently flexible to allow generalization in several
directions,! our discussion will be confined to a pure exchange economy con-
structed as follows. There are m consumers indexed by the set I = {1, ce Ml
For each i € I, there is a consumption set C; = E", an initial endowment w; € E",
a trade set X; = C;—{w.}, a preference relation on trades* R, « X;x X;, and
a strict preference relation P;= {(x,y)e X;x X;|(x,») € R; and (», X) ¢ R;}.
The following notations are equivalent: (x,y)e€ R;, xR;y,x€ R{(y) and
y € R (x). Similar notational conventions apply for the relation P;.

A competitive equilibrium is an allocation of trades (%, ..., X,) €[] X;and a
price vector p e E" such that Y ; X; = 0 and for all i e I, p%; = 0 and P(X;) N
{x| Px £ 0} = 0. A quasi-equilibrium is an allocation of trades (X, ..., %,)€
[1X: and a price vector 5 e E" such that 5 # 0, Y, %; = 0, and for allie I, P(%) N
{x | px < 0} = 0. Following a procedure devised by Debreu (1962), we first
prove the existence of quasi-equilbrium and then show that (with additional
assumptions) a quasi-equilibrium is a competitive equilibrium.

Theorem 1. There exists a quasi-equilibrium for an exchange economy if:

(1) PForalliel, X; = E"is convex and compact and0O € X;.

*The author is indebted to Professors Trout Rader, Robert Parks, James Little, Wayne
Shafer, and Hugo Sonnenschein for instruction and encouragement. The main notion of this
paper is extracted from an earlier unpublished work [Bergstrom (1973)].

3More general cases to which this technique has been applied or can readily be appliedinclude
Lindahl equilibrium [Bergstrom (1971)], non-convex preferences [Bergstrom (1973)] and
non-transitive preferences [Bergstrom (1973 and 1975b), Gale and Mas-Collel (1975), Shafer
(1976), and Shafer and Sonnenschein (1975)]. An alternative method of discarding free disposal
is offered in a recent paper by Hart and Kuhn (1975).

2The formulation of preferences on trades is equivalent to a formulation in which preferences
are defined on consumption. Thus we could define R/’ = C;x C; where xR,y if and only if
wi+xRyw;+y. We deal with R, rather than R,’ purely for notational economy.
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(2) Foralliel, R, is transitive and for all x € X,;, R{(x) is closed and convex.

3 Ifxel];X:and Y x; =0, then for all ie I, R;is locally non-satiated
atx;.3

Our proof of Theorem 1 involves construction of correspondences, F;, with
domain X, = {pe E"| ||p| < 1} which differ essentially from excess demand
correspondences only where |p}] < 1. Thus we define for each i€ I, the cor-
respondences, B;, B;, and F; with domain X, where for pe X,, B{p) =
{xe X,| px < (1= IpDim}, Bip) = {xe X;| px < (1—Ilpl)/m}, and Fy(p) =
B(p) n {x | P(x) n B{(p) = 0}. The correspondence F, with domain []; X; is
defined so that Fo(x) = {>, x,/IIY .y x;l1} if Y x; ¢ 0and Fy(x) = Xpif Y x;=0.

Lemma 1.  Assumptions 1 and 2 of Theorem 1 imply that fori =0,1,..., m,
the correspondence F, has a closed graph with non-empty, convex image sets.

Proof. It is straightforward to verify that F,, has the desired properties. For
iel, let (p" x") — (p, x) where x" € F(p") for all n. Then for all n, p"x"<
(1= llp"D/m. Therefore px < (1—|p|)/m and since X, is closed, x € By(p). If
x' € B(p), then for all n sufficiently large, p"x’ < (1—|[p"|)/m and since
x"e F(p"), x' ¢ P{x"). Therefore x" € R(x") for all sufficiently large n, and since
R(x") is closed, x € R,(x'). It then follows that x € F;(p) and hence that F; has a
closed graph. Convexity of the image sets, Fi(p), follows from convexity of the
sets B/(p) and R (x). Since for all ie I, X; is compact and 0 e X;, the sets,
B,(p) are non-empty and compact. Non-emptiness of the sets, F;(p), then follows
from Assumption 2. Q.E.D.

Proof of Theorem 1. Define the correspondence F with domain, [[L, X; so
that F(p, Xy, . . ., Xm) = FoQr x) x Fy(p) x. . . x F,(p). According to Lemma 1
the correspondences F; have closed graphs and non-empty, compact image sets.
These properties are inherited by F which maps the convex, compact set
[ Tio X, into its subsets. Kakutani’s fixed point theorem therefore establishes the
existence of (p, X) € F(p, X). We show that p and X constitute a quasi-equilibrium.

If |p] < 1, then since pe Fo(}; %), it must be that }; X; = 0. Then, by
Assumption 3, R; is locally non-satiated at X; for each i € L. Since X; € Fi(p), it
follows that p%; = (1—||p|))/m for all ieI and that p);%; = 1—|p| > 0.*
But this is impossible since Y ; %; = 0. Therefore it cannot be that |p| < 1.
We must conclude that ||p[| = 1.

If Y, %; # 0, then since p € Fo(}; %)), it must be that 5 Y ; %, = [}, %]l > 0.

3Preferences are said to be locally non-satiated at x; if every neighborhood of x; contains
a point x,” such that x,’P,x,. Notice that we could not consistently assume that preferences are
locally non-satiated everywhere on X;. Assumptions 1 and 2 imply that for each /, there exists
X; € X, such that P(%,) = 0.

4Suppose j%; < (1~ ||5{))/m. Then since P, is locally non-satiated as %;, there exists %’ € X
such that x,"P,%, and px,” < (1— ||5l))/m. But this is impossible if ¥, € Fi(5).
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But since X; e F,(p) and ||p| = 1, p%; £ 0 for all ie I and thus py,; %; < 0.
This contradicts our previous assertion. Therefore it must be that ), X; = 0.
From the results that [|p| = 1, %, =0, and X;e Fy(p) for all iel, it is
immediate that X and p constitute a quasi-equilibrium. Q.E.D.

Remark 1. The assumption that R; is transitive is used only to show that
F{(p) is non-empty. For this purpose it would be sufficient to make the weaker
assumption that R; takes maximal elements on convex, compact sets. Assump-
tions weaker than transitivity which guarantee this property are studied in
Sonnenschein (1971), and Bergstrom (1973, 1975a and 1975b).

Remark 2. The assumption that each X, is compact can be replaced by the
weaker assumption that each X; is closed and bounded from below. This is
accomplished by a straightforward application of the truncation technique
exploited by Debreu (1962).

Remark 3. Theorem 1 can be slightly strengthened to assert the existence of
a quasi-equilibrium (p, %) in which x,R,0 for all i € I. This is accomplished by
simply replacing the correspondence F(p) by Fi(p) = R{0) n F(p) at each
point in the argument.

There are several known sets of conditions which guarantee that a quasi-

equilibrium is a competitive equilibrium. We conclude by presenting one useful
variant.

Lemma 2. Let (B, X) be a quasi-equilibrium such that X,R,0 for all ie I. Then
(p, X) is a competitive equilibrium if:

(i) Oelntd,X,.

(i) Forallie I, ifxP;y and z € X;, there exists A > Osuch that Ax+(1—17)
zP;y.’

(iiiy If x €[], R(O) and Y x; = O, then for each i€ I, there exists £ €[ ] X;
such that £,P;x; for all j # i and Y ;.;%;+0O%; = 0 for some scalar
0 > 0.5

Proof. Let K = {iellfv‘éi < 0 for some %;e€ X;}. Let ie K and suppose
px; £0 and x,PX;. Where ;€ X; and px; <0, let x(1) = AX;+(1—A)x;.
Then for all 1 > 0, px,(4) < 0 and by Assumption (ii), x,(A)P;X; for some

5This assumption is weaker than the assumption that P,(x) is open for all x € X;. Rader
(1974) shows that where there is a household production, the weaker assumption is significantly
more plausible than the stronger.

SIf there always exists such an allocation with @ = 1, then for every feasible allocation
which each consumer likes as well as no trade, it would be possible for the other traders to
‘exploit’ any individual by forcing him to make a trade more favorable to everyone except
himself. The possibility that @ may exceed one weakens the assumption further.
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A > 0. But this is impossible since (P, X) is a quasi-equilibrium. Therefore for all
ie K, P(X) n {x | px < 0} = 0. Thus if K = I, then (p, X) must be a competi-
tive equilibrium.

Suppose ie I and i ¢ K. By Assumption 3, there exists £ €[ [; X; such that
£;P;%; for all j # i and ) ;,,%; = — O, for some @ > 0. Since (p, X) is a
quasi-equilibrium, and K is non-empty, it must be that p£; > 0 for all j # i with
strict inequality for some j # i. Therefore p Y ;.; £; = —©@p%; > 0. It follows
that p£; < 0. But this cannot be if i ¢ K. Therefore K = I and hence (p, X) is a
competitive equilibrium. Q.E.D.

As an immediate consequence of Theorem 1, Remark 3, and Lemma 2 we
have the following:

Theorem 2. If an exchange economy satisfies the conditions of Theorem 1 and
Lemma 3, then a competitive equilibrium exists.
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