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Suppose that f(z) = z + a& + ... + a,? + ... is regular in the unit 
disc D with v(z) f’(z)/z] + 0 in D, and further let oi > 0 and k > 2. If 
s:S I Re{(l - a)z[f’(z)/f(z)] + ~(1 + z[f”(z)/f’(z)])}l d0 Q krr for z E D, then 
f(z) is said to belong to the class MV[ol, k]. This class contains many of the 
special classes of regular and univalent functions. The authors determine the 
Hardy classes of which f(z), f ‘(2) and f”(z) belong and obtain growth estimates 
of a,. 

1. INTRODUCTION 

In a recent paper [3] we have determined the Hardy classes to which 
f(z) andf’(z) belong whenf(z) is in U, , the class of functions of bounded 
argument rotation. Recently, Coonce and Ziegler [l] have investigated some 
interesting subclasses of U, and it is the purpose of this paper to determine 
the Hardy classes off(z), f’(z) and f”(z) for these subclasses. In addition we 
will obtain some growth conditions on the coefficients of the Taylor expansion 

of fc4* 

* This work was carried out while the first author was a U.S.A.-Romania 
Exchange Scholar. 
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DEFINITIOS 1. Let f‘(z) L I + aa? --- ..’ be regular in the unit disc 0, 
with (.f(z)f’(g))!z z.5 0 in D, and further let 1: ‘3 0 and li ..z 2. If 

for z = Y@ E D, thenf(a) is said to be in the class MV[a, k]. 
This class of functions, which was introduced by Coone and Ziegler [l], 

contains many of the heavily researched classes of regular and univalent 
functions. In fact, for the classes of starlike functions S*, convex functions K, 
alpha-convex functions J& , functions of bounded argument rotation r-L 
and functions of bounded boundary rotation I/77: , we have 

In their paper, Coonce and Ziegler proved the following two results which 
we will need in this paper. 

THEOREM A. Iff(z) E &W[~Y, K], then J(a) E MF[O, K]. 

THEOREM B. 1f 01 > 0, then f(z) E MF[cY, k] if and ody if there exists 
g(z) E AW[O, k] such that 

For h > 0, we say that a function f(z) = x + aa.9 + ‘:‘, regular in D, 
belongs to the Hardy class HA if lim,,,- si” / f(reis)iA d0 exists (and is finite). 
In a recent paper [3] the authors investigated the Hardy classes for functions 
in the class U, = MV[O, K]. In this paper we extend this result and determine 
the Hardy classes for functions in the class MV[q K], when 01 > 0. 

In what follows, we denote by g(T, k; z) any function of the form 

g(T, h; z) s [z(l _ e-"T2)-']"+"'/i [s(z)]'"-k'/A, 
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where 7 is a real constant and s(z) is a starlike function. Note that g(r, K; 2) E 
MV[O, k] and is an extremal function for many problems in this class. In 
addition, we denote by f(a, 7, K; z) the function obtained from (1) by letting 
g(z) be the function g(k, T; z) and we interpret f(O,7, K; z) to be the function 
g(7, k 4. 

We require the following lemmas: 

LEMMA 1. Iff’(z) E HA (0 < X < l), then f(z) E H”:‘l-A) (HE, the class 
of bounded functions, if h = 1). 

LEMMA 2. If f(z) E HA (0 < X < 1 and f(z) = z + a.$ + ..., then 
a - (@cl/n-l,). n- 

LEMMA 3. Ifg(x) E MV[O, k], then g(z) E HA for all A < 2/(/z + 2). If in 
addition g(z) # g(T, k; z), then there exists E = e(g) > 0 such that g(z) E 
Hl2/(k+2))+~. 

LEMMA 4. If g(z) E MV[O, k], then g’(z) E HA for all X < 2/(k + 4). If 
in addition g(z) f g(T, k; z), then there exists E = c(g) > 0 such that 
g’(z) E H(2,‘(k+4)+~. 

Lemma 1 is in [2, p. 881, Lemma 2 is in [2, p. 981 and Lemmas 3 and 4 
are in [3]. 

3. HP PROPERTIES f(z) E MT,‘[ol, k] 

The ratio 2a/(k + 2) plays a very crucial role in determining the Hardy 
classes for functions in MV[ol, k] and it is because of this that we have broken 
up our results into the following three theorems. 

THEOREM 1. If 2oI/(k + 2) < 1 and f(z) E MV[ol, k] then: 

(i) j(z) E W’, for all h < 2/(k + 2 - 2a), 

(ii) if f(z) f f (oL, 7, k; z), then there exists E = c(f) > 0 such that 
f @) E H(P/(k+S--Pdkc. 

Proof. Since the case 01 = 0 has already been proved in Lemma 3 we 
restrict our study to the case 01 > 0. 

(i) Since f (3) E M~‘[oL, k]! by Th eorem B there exists a function 
g(z) E MV[O, k] such that 

f (4 = [; .r,’ g(W’= +]a3 
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or 

f’(z) = f(z)“‘” g(+b;,n. 

Since f(z)/z + 0 in D, if we let 

(2) 

(3) 

thenP(z) is regular in D and satisfies 

IfO,(h<l,thenforx=reis(O<r<l)weobtain 

Since g(z) E MV[O, k], by Lemma 3 

lim Ill(r) 
r+1- 

exists if /\h < 2/(k + 2). (4) 

Since f(z) E Ml;[cu, k], by Theorem A f(z) E MV[O, k] and hence, by 
Lemma 3, 

lim I,(Y) 
r+1- 

exists if A+ < 2/p + 2). (5) 

From (4) and (5) we see that lim,,,- I(Y) exists provided that h <2a/(k + 2), 
i.e., 

F’(z) E H” for all h < 2o1/(k + 2). (6) 

Since 2a/(k + 2) < 1 we can use Lemma 1 to obtain F(z) E Ha for all 
h < 2a/(k + 2 - 2ar), and hence, from (3), we obtain 

J-G-4 E HA for all X < 2/(k + 2 - 2ar). (7) 

(ii) If f(z) #~(cx, 7, k; z), then g(a) + g(T, k; a) and by Lemma 3 
condition (4) can be replaced by 

lim I,(r) 
r-.1- 

exists if h/a < 2/(k + 2) + E, (4’) 
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where E = e(g) > 0. In light of (7) we replace (5) by the stronger condition 

lim I,(r) 
r-1- 

exists if h/a < 2/(k + 2 - 2a). (5’) 

If we set a new positive E less than the 

min{<, l/a - 2/(k + 2) 2/(k + 2 - 2c~) - 2/(k + 2)) 

then (4’) and (5’) will be satisfied if h/or < 2/(k + 2) + E and (6) will be 
replaced by 

F’(z) E HA for all X < 2a/(R + 2) + OLE. (6’) 

Since 201/(k + 2) + (YE < 1 we can use Lemma 1 to obtain F(z) E HA, 
for all X < 201/(k + 2 - 2~) + E , f or a possiblydifferentvalue of E. Combining 
this with (3) we have our result. 

THEOREM 2. If 2a/(k + 2) > 1, and f(z) E MV[CI, k], then f(x) E Hm 
(i.e., f(z) is bounded). 

Proof. From (6) we have I;‘(z) E HA for h < 2ar/(k + 2), and since 
2ar/(k + 2) > 1 we haveF’(z) E H’. Hence by Lemma 1 F(z) is bounded and 
consequently, by (3) f(z) is also bounded. 

Note that this result is also proved in [l] using a different method. 

THEOREM 3. If 2a/(k + 2) == 1 and f (x) E MV[CX, k], then 

(i) f(z) E HA for all h > 0, 

(ii) if f (a) f f (oL, T, k; z), then f (2) E H”. 

Proof. (i) From (6) we obtain F’(z) E HA for h < 1 which, by Lemma 1 
and (3), yields f (2) E HA for all h > 0. 

(4 If f (4 # f( CL, 7, k; z), then condition (4) can be replaced by lim 
r+l- Ii(r) exists if X < 1 + E, and in light of what we have shown in (i) 

we can replace condition (5) by lim,,,- IT(y) exists for all A > 0. Combining 
these results we conclude that F’(z) E H1+<, and consequently F(z) and f (2) 
are bounded. 

Note that Theorem 3 implies that all functions in MV[or, k], 2or = k + 2 
are bounded with the exception of functions of the form f (ar, 7, k; z). 
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A. HD PROPERTIES OF f'(z) 

In general, if a regular function belongs to some Hardy class its derivatke 
need not belong to any Hardy cla ss. We show in the next two theorems that 
this is not true for functions in MI’[cY, k]. 

THEOREM 4. If2acj(k + 2) < 1 andf(z)~ MV[a,k], then 

(i) f’(z) E HA for all X < (2/(k + 4 - ~cx)), 

(ii) if f(z) +f(a, 7, k; z), then there exists E = c(f) > 0 such that 
f(Z) E fp/(k+Q---?a)+L~ 

Proof. The case (y. = 0 is handled by Lemma 4, so we restrict our study 
to the case 01 > 0. 

(i) Since (f (z)f’(z))/z + 0 in D, we can write f ‘(z) as 

fp,) _ f(z) zf’(z) 
x t I f(Z)’ 

and if 0 < h < 1, we have 

I(~) E j’” 1 f’(+ d0 =_ jzm / q [WI 1’ dd, 0 0 

for z = reis(O < r < 1). By applying HGlder’s inequality with conjugate 
indices p and q we obtain 

I(r) ~ [ joZ~ j ~ I*n dB]IIP [Jb’” 1~ j*r dell’*. (8) 

Since f(z) E MV[CY, k], by Theorem A we have f(z) E MY[O, k], i.e., 

Re zf’(4 - d6 < krr. 
f(z) 

Hence Re(.zf ‘(,x)/f (z)) is an h1 function and by a theorem of Kolmogorov 
[2, p. 571 (zf ‘(z)/f (a)) E Hn for all 7 < 1. Hence the second integral in (8) is 
bounded as r - l- provided that 

Aq < 1. (9) 

By Theorem 1 the first integral in (8) will be bounded as r + I- if 
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The inequalities (9) and (10) will be satisfied if X < 2/(K + 4 - ~cx), 
p = (k f 4 - 2o1)/(k + 2 - 20~) and 4 = (K + 4 - 2or)/2. Hence f’(z) E HA 
for all h < 2/(k + 4 - 2i~). 

(ii) Iff(z) # f(a, 7, k; z), then in the proof of (i) we can replace (IO) by 

Ap < -qk + 2 - 24 + E, (lo’) 

and conditions (9) and (10’) will be satisfied if h < 2/(K + 4 - 2ar) + E, for 
a possibly different value of E. 

THEOREM 5. If 24k + 2) >, 1, then f’(z) E H” for all h < 1. 

Proof. We first consider the case 2or/(li + 2) > 1. By Theorem 2 f(z) 
is bounded, say 1 f(z)\ < ill, and thus 

By our discussion in Theorem 4 we know that this last integral will be 
bounded as r + l- if X < 1. 

If 201/(K + a) = 1, by applying Holder’s inequality on the second integral 
in (11) and using Theorem 3 part (i) we obtain our result. 

5. HP PROPERTIES OF f”(z) 

As was mentioned in $4 a regular function will not in general have a 
derivative belonging to some Hardy class. We next show that for functions 
in MV[a, K], 01 > 0, even the second derivative belongs to some Hardy 
classes. 

THEOREM 6. If 0 < (2ol/(k + 2)) < 1 and f (z) E MV[ct, k], then: 

(i) f”(z) E HA for all X < 2/(k + 6 - 2or), 

(ii) if f(z) f ~(oL, 7, k; z), then there exists E = c(f) > 0 such that 
f “@) E H2/(k+6-W+~. 

Proof. (i) If 0 < X < 1, then from the identity 

cizf”(z) = f’(Z) [(l - LX) $$ + cy (a + l)] 

- [ (1 - a)f’@) $$y- + af@)] , 
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we obtain 

We apply Holder’s inequality, with conjugate indices p and 4, to I,(r) 
and obtain 

Ill(r) < [l” If’(Z)IAP dty [j;” I(1 - a) $$$ + 01 iw + 1) Idq &]l’: 

(12) 
By Theorem 4 the first integral will be bounded as r - l- if 

Ap < 2@ + 4 - 201). 

From Definition 1 we see that 

(13) 

is an h’ function. Hence by a theorem of Kolmogorov [2, p. 571, J(a,.f) E WJ 
for all q < 1, and thus the second integral in (12) will be bounded as r + 1~ if 

Aq < 1. (14) 

If we apply Holder’s inequality to I.,(r) and use the fact that [$‘(z)!f(z)] E 
Hn for all 7 < 1, we obtain the same conditions (13) and (14). 

The integral Ia will be bounded as r --r l- provided that 

A < 2/(k + 4 - 2a). (15) 

Conditions (13), (14) and (15) will be satisfied if h < 2/(k + 6 - 201), and 
hencef”(z) E HA for all h < 2/(k + 6 - 20;). 

(ii) Iff(z) + ~(oL, T, K; z), the inequalities (13) and (15) can be replaced 
by stronger results involving c which yield our result. 

Note that for 01 = 0 this coincides with the result [3] for the class Pi; . 
Using Theorem 5 and the technique in Theorem 6 we immediately obtain 

the corresponding result for 2a/(k $- 2) --: 1. 
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THEOREM 7. If2a/(k + 2) > 1, thenf”(x) E HA for all X < l/2. 

If we apply Theorems 6 and 7 to the class of alpha-convex functions 
Al, = MV[ol, 21, we obtain the following corollaries. 

COROLLARY 1. If&f(Z) E Mm ( 0 < a < 2, then 

(i) f”(z) E EP for all h < l/(4 - LX), 

(ii) if f(z) #f(q T, 2; z), then there exists E = c(f) > 0 such that 
fp) E fp/(1--OI)+E* 

COROLLARY 2. 1j f(,z)~M,, a: > 2, then f”(z) E HA for all h < l/2. 

6. COEFFICIENT ESTIMATES 

By combining Theorem 1 with Lemma 2 we obtain the following theorem: 

THEOREM 8. Iff(zz) = z + xz==, a,P E lllL’[o~, k], 2rr/(k + 1) < 1, then 

a,, = j$ry’“‘) f; t : ~~<~~--22~) if k < 2or, and 

If in addition f(z) + f(a, 7, k; z), then 

a, = /$$-*‘)“) if 2a < k, and 
if K<201<K+2. 

From Theorems 2 and 3 and the Cauchy estimate we obtain the following 
result. 

THEOREM 9. Iff(z) = x +xT a,zn E MV[,, k] and 24(k + 2) > 1, OY 
2ar/(k + 2) = 1 andf(x) #f(q 7, k; z), then lim,,, a,, = 0. 

In [l] it is shown that f(z) E MV[a, K] is univalent if and only if 
K < 2 + 2ar. Combining this result with Theorems 8 and 9 we obtain the 
following Theorem: 

THEOREM 10. If f(z) = z + x: a,z” E XV[ol, k] is univaZent and 
f(z) f f(oi, 7, h; z), then 

(i) li+i(a,/n) = 0, 201 < k, 

(ii) lii a, = 0, k < 2~. 
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