
ComputerPhysicsCommunications15 (1978) 259—273
© North-HollandPublishingCompany

II. REDUCED SU(3)MATRIX ELEMENTS *

D. BRAUNSCHWEIG **

Dept. ofPhysics,UniversityofMichigan,AnnArbor, Michigan48109, USA

Received8 February1978

PROGRAM SUMMARY

Title ofprogram: REDUCEDSU(3)MATRIX ELEMENTS

Cataloguenumber:ABKH

Programobtainablefrom: CPC ProgramLibrary, Queen’sUniversityof Belfast, N. Ireland(seeapplicationform in this issue)

Computer:AMDAHL 470V/6, IBM 360/370;Installation:Univ. of Michigan,Ann Arbor, Mich.

Operatingsystem:MTS

Programlanguageused: FORTRAN

High speedstoragerequired: 212 kwords
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Title: DATA FORABKG
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Keywords:Nuclearphysics,SU(3),SU(4), shell model,matrix elements,nuclearstructure,pseudo-SU(3),one-bodyoperators,
two-bodyoperators,theoreticalmethods

Natureofphysicalproblem
ReducedSU(3) matrix elements(RME) arecalculatedfor ageneraloneor two body tensoroperator,betweenarbitraryshell
modelstatesin an SU(3) X SU(4)or SU(3) X SU(2)scheme.Matrix elementsin theangularmomentumschemecan thenbeob-
tainedby multiplying theseRME with the appropriateSU(3) D R(3) coupling coefficientsavailablethroughthe code of ref. [2].

Methodof solution
One andtwo body tensoroperatorsareexplicitly constructedin termsof fermion creationoperators.Sincethe(BRA I and

I KET> statesobtainedby using theappropriateroutinesof thecode of ref. [1] are alsowrittenin termsof fermion creation
operators,theoverlapcanbecalculateddirectly. Thismethodis typically 2—3 ordersormagnitudefasterthan the usualCFP
expansion.

Restrictionson thecomplexityof theproblem
The<BRA I andI KET) statesarerestrictedto thosethat canbe calculatedwith the code of ref. [1]. No otherrestrictionsexist.

Typical running time
It is a critical function of thenuclearshell, the numberof particlesaswell asthe optionsselected.

Unusualfeaturesof theprogram
Thesamearraynamingconventionadoptedin thecodeof ref. [1] is kept.This allowsa savingof up to 35%of high speedstor-
agein IBM 360/370or similar operatingsystems.

References
[1] D. Braunschweig,Comput.Phys.Commun.14 (1978) 109.
[2] Y. AkiyamaandJ.P.Draayer,Comput.Phys.Commun.5 (1973)405.

LONG WRITE-UP

1. Introduction

Conventionalcomputercodes[3] for shellmodel calculationsarelimited to the/—i couplingscheme,and
eventhoughthesecanhandlematricesof very largesize the typesof problemswhich canbe tackledarevery
limited. To datedetailedcalculations[4] havebeencarriedout only for many nucleonsystemsin the P1/2P3/2

andsl/2d3/2d5/2(or p112p312f512)shellswith no excitationsout of the “valence” shell.
Often anunderlyingsymmetrycanbe usedto reducethe size of theshellmodel matrix. Forsomenuclei SU(3)

symmetry [5] (or pseudoSU(3) symmetry)[6] may makea severetruncationof theshellmodel matrix physically
meaningful.In a nucleusof good SU(3)symmetrythe low-lying nuclearstatesmay be approximatedvery well in
termsof a smallnumber(typically 3—6) of irreduciblerepresentationsof SU(3). In sucha nucleusthereforea
shell modelcalculationin the SU(3) schememaybe characterizedby a small basis.

Themain difficulty in performingSU(3)shell model calculationsis then concentratedin thecalculationof
matrix elementsof oneand two bodyoperatorsin this basis.

We describebelowa FORTRAN programwhich calculatesreducedmatrix elements(RME)directly, that is,
without usingtheusualcoefficientof fractionalparentage(CFP)expansion(seeeqs.(16) and (17) of ref. [7]).
Thisresultsin a speedincreaseof 2—3 ordersof magnitude.

The full matrix elementcanthenbe obtainedby multiplying the RMEby the appropriateSU(3)~ R(3) and
R(3) D R(2)Wigner coefficientsavailablethroughthe codeof ref. [2].

Althoughthepresentprogramis restrictedto thecalculationof RME for many-particleshellmodel stateswith
particlesof thesameshell only; thecombinationof the codesfor RME’s of one-bodyoperatorswith the CFPcode
of ref. [1] andstraightforwardrecouplingtechniquesmakeit possibleto calculatematrix elementswhich involve
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particle—holeexcitations.However,theCFPexpansionneededfor this purposeis simple, sincea two-bodyopera-
tor caninvolve at most2-particleexcitationsevenif thebasis includescomplicatedcoreexcitations.

The RME programcalls severalroutinesfrom the codesABKG [1] andACRM [2] henceforthcalledCFP
PROGRAM andSU(3)PACKAGE respectively.Familiarity with theCFPPROGRAM is assumed.Carehasbeen
exercisedto maintain the namingand dimensioningconventionsadoptedfor the CFPPROGRAM.Generalityis
preservedaswell, in that the RME programallows calculationsto be performedin:
1) Any major oscillator shell.
2) Both neutron-protonformalism(NPF) or full spin—isospinformalism(FSIF) are acceptable.
3) Optimizationavailablefor the prolate or oblatelimit is obtainedby calculatingthe RME from thehighest

weightstateor lowestweight state,respectively.
4) No SU(4) coupling coefficientsare neededsinceboth(BRA I and I KET) statescanbe loweredin SU(4)

accordingto the needsof a particularuser.
5) Arbitrary one andtwo body tensoroperatorsof goodSU(3) symmetryin eithertheNPF or FSIF are accept-

able.

2. Method of calculation

Throughoutthis sectionwe will use the notationintroducedin ref. [1]; furthermorewe will illustrateour
methodusing the full spin—isospinformalism.

The calculationof the RIvIE proceedsin thefollowing order:
I) Explicit constructionof themany-particlestatesin termsof fermion creationoperators.
2) Explicit constructionof the desiredtensoroperatorsin termsof fermioncreationand destructionoperators.
3) The tensoroperatorsconstructedin 2) areallowedtheact on the I KET) statesandthe result is overlapped

with the (BRA I states.
4) Finally the SU(3)D SU(2)X U(1) andSU(2)D U(l) dependenceis factoredout from the overlapby using the

appropriateWignercoefficients.

2.1. Constructionof themay-particlestates

The many-particlestatesareclassifiedaccordingto the JR of SU(3)X SU(4).The subgroupchainsusedare
SU(3) D SU(2) X U(1) andSU(4) D [SU(2)X SU(2)1.Since the many-particlestatesarehighestweight in SU(3)
and [SU(2)X SU(2)] they canbe denotedby:

In(Xp) a(PP’P”) lIST), (1)

wheren = numberof particles,
(?tji) = SU(3) irreduciblerepresentation,
a innermultiplicity label for SU(3)neededto distinguishmultiple occurrenceof (Xp) in a given space

symmetry; a = 1, 2, ..., amax,

(PP’P”) = supermultipletlabels,
S = spin,
T = isospin,

= innermultiplicity label for SU(4) neededto distinguishmultiple occurrencesof STin a givensuper-
multiplet;j3 1,2 l3max.

The methodusedto constructthesemany-particlestatesis spelledout in detail in sections2.1 through2.4of
sef. [1]. Thehighestweight statesof (1) canbe expressedin termsof fermioncreationoperatorsas:

In(Xp) a(PP’P”) lIST) = ~ Z~~P)1~T a~a~... a~10), (2)
il<12<...<im 1 2 m 1 m
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wherei1 is an indexwhich labelsthe single-particlelevels(seefig. 1 of ref. [1]).
The single-particlefermioncreationoperatorhavetensorialcharactergiven by:

11
1 1 = ~ 13

(TI O)CAMA~MS-2MT MAMSMT’ ~ a

wherei~is the numberof oscillator quantain the shellunderconsideration;similarly the tensorialcharacterof the
single-particledestructionoperatorsis givenby:

aØ,,)E,.J,IAIMS!MT = ()hl+A _MA+~—M5+ ~—MT T~o)~MA—MS—MT (3b)

2.2. Constructionofoneand two bodytensoroperators

In this sectionwe illustrate the constructionof two body tensoroperators.Onebody operatorsare obtained
in a similar fashion.

We denotea two particlecreationoperatorby:

[a
1a’] (X!.L)CAMASMSTMT (4)

where
(Xj.s) = SU(3) IR,
CAMA = subgrouplabelsof SU(3)belongingto SU(2) X U(l),
S = spin,
M

5 = Z-projectionof S,
T = isospin,
MT = Z-projectionof T.

The squarebrackets[...] denoteSU(3)aswell asspin andisospincoupling.Thenthetwo bodyoperatorof
arbitrary tensorialchractercanbe expressedas:

[a+a+]~~1M1~1T1 ~ ~ ‘(p2_X2)+~e2_M~2+S2—M52+T2—M~2
e1A1A2

MA1MS1MT1

((X11.i1) e1A1(p2X2)e2A211(Xji) eA)~52(A!MA1A2MA2IAMA)(S1MS1S2MS2ISMS)(T1MT1T2MT2ITMT),

[a+a+]~1~1)n1 AIMA1S1MS1 T1MT1 [a a]~2I~2) 2’~2 MA252 —M52T2—MT2

~ X 1T2x2)S2T2]P12 a~a a (5)
11121314 ‘1 ‘2 3 ‘4

wherethe doublebarredcoefficientis a reducedSU(3) D SU(2) X U(l) Wignercoefficientandthesinglebarred
coefficientsare ordinaryClebsh—Gordancoefficients.

P12 labelsmultiple occurrenceof(?~p)in the Kroneckerproduct (X~p1)X (/L2X2); this label is notneededfor
one body operators.

The two particleoperatorsof (2) neednotbe calculatedsince theyare readin asinput data from setA (see
section4.1.1).

2.3. Calculationof theoverlap

If we let theoperatorof eq. (5) act on the IKET) of eq.(1) we get:

~[aa~ ~(X1~i)~i T1 [aa]~2X2)S2T2]~ 12E~’~’!ASMSTMTI n(XkIi~)ak(PkPkPk) lIkSk Tk)

= ~
j=2,m i1<i2 ~ i 2 34

l=1,j—1 i3<14
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zkP~SkTk 6 i~
6~~‘ a~’at ...a~’ a1 at ...a*, a~a1 ...a1’ 10). (6)

3j 4j ‘1 ~2 ‘f—I ‘1 ‘/+1 ‘t—i ‘2 ‘1+1 ~m

Ifi
1 <i,)_~or i1 > i÷1or ~2~ orE2 > i.~ we have to reorder thefermionoperators,this introducesa phase

factorP. The final re:;ult can thenbe written as:

~II~ ~Z~Pk a
1 a~... a~’ , (7)
~1 ‘2 1m

wherewe have replaced the quantumnumbersassociatedwith X by the superscript“o” and the quantumnumbers
associatedwith Z by a superscript“k”.

We cannow evaluatethe overlap°Aas:

= (n(Xbpb) ab(PbPbPb)lIbSbTb [a+a+]~1!1i)~~1T1 [a a]~2X2~2T2]pi2~~MSiMT

In(Xkpk)ak(PkPkPk)lIkSkTk)

= ~ Zb~ZkPk(0Ia.,,, ... ~ a~~ I0)= ~ ZbZOZkPk ~ (8)
~‘ ~“ tm 11 ‘1 tm i i~~

Since the(BRA I and I KET) statesarehighestweight in SU(3), the totalnumberof admissiblevaluesof A is
equalto Pmax, the numberof times(Xbpb) is containedin the Kroneckerproduct(XkMk) X(Xfz).

The RME is thenobtainedby solvingthe systemof linearequations:

Pmax

= ~ ((X~ji~)ekAk; (~V.L)�AII(Xbllb) CbAb)p(AkAkAMAIAbAb)(SkSkSMSISbSb)(TkTkTMTITbTb)

p= 1

(n(Xbpb)ab(PbP~P’~)i3bSbTb III [a~a~ (X
1 i1)S1T1 [a a ](X2~z2)S2T2](X~)p12ST1II n(Xk11k)ak(PkPkPk)!

3kSkTk)p

(9)
where

= 2Xk +11k, Ak —Mk/2~ Cb —2Xb +/Jb Ab 11b/2. (10)

The triple barredquantityin eq.(9) is the RME.

3. Structureof the program

The overallstructureof the RMEprogramis illustratedin the block diagramof fig. 1.
Block I containsa MAIN routine aswell as subroutineRME andsubroutineTENSOR.Theseare the only

routinesprovidedaspartof the RME program;their function is describedin detail in commentstatementsat the
beginningof eachroutine.

In block 2 theexplicit constructionof the statesof eq. (2) is performed.All thesubroutinesin block 2 arepart
of the CFPprogram;we thereforedo not provide themaspart of the RME code;they canbe obtainedfrom the
CPClibrary (codenumberABKG). The subroutineswhich areenclosedin dottedsquarein fig. I needonly be
includedfor calculationsin theFSIF.

In block 3 the SU(3)D SU(2) X U(l) and the SU(2)D U(1) Wigner coefficientsarecalculated.Theseare
neededfor eq. (5) andeq.(9). All the subroutinesin block 3 arepartof the SU(3)PACKAGE butfor convenience
theywere repeatedas partof the deckABKG andcanbe obtainedfrom it.

Communicationbetweendifferentblocks is establishedthroughlabelledCOMMON blocks.Themeaningof the
variablesin a given blockis explainedin commentcardsat thebeginningof thosesubroutineswhich needthis
commonblock for communication.
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BLOCK I

BLOCK2 -~

TASK

TRIANG HOMEC ORTHO
BLOCK 3 SIMLEO

WIGSU3

_ H
__________ SU4LOW

~ilin.IIMULTU3E PATH OXYLOW

CEWUISI IMULTHYI : BETA LOWER

Fig. 1. Flow diagramfor programreducedSU(3)matrix elements.

Becauseof implicit dimensioningin the subroutinesof block 3 it is important to have these routinesfollow

thoseof block I and2 in the sourcedeck.

4. Input/output

Input to theRME programis doneexclusivelyin the MAIN routine.The structureof the input datadeckis
illustratedin fig. 2. The input datais of two typesaswe describebelow.

CARD 6-N

CARD 4-5 (OPTIONAL)

CARD 3

CARD 2

CARD I

DATA BLOCK FROM SET B

DATA BLOCK FROM SET A

Fig. 2. Structureof the input data deck.
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Table 1
FSIF

Operator Shell First card Last card

1-body p 1 13
2-body p 14 74
1-body sd 151 172
2-body sd 173 451
1-body fp 1876 1908
2-body fp 1909 2881

NPF

1-body p 6045 6056
2-body p 6057 6081
1-body sd 6082 6094
2-body sd 6095 6164

1-body fp 6165 6186
2-body fp 6187 6389

4.1. Inputof type1

This typeof input allows the userto selecta particularuseof the RME program.By selectingappropriatedata
setsof type I theusermay calculatereducedmatrix elementsfor one or two bodyoperators,in eitherthep, sd,
or fp shells, in the FSIF or NPF [81.

The inputof type I neededfor the RME programis identical to theinputof type I usedin the CFPprogram,
and thereforeshouldbe obtainedfrom the CPClibrary asdatafile AAC*.

Input of type 1 consistsof two blocks of input data,the first block to be selectedfrom setA and the second
block from set B.

4.4.1. DatasetA
Datablocks of setA containthenecessaryinformationto describefully the one or two body tensoroperators

needed.
Since a one(two) bodyoperatoris constructedby coupling a one(two) particlecreationoperatorwith a one

(two) particledestructionoperatorwe cantakeadvantageof the fact that theone (two) particlecreationopera-
tors are alreadydescribedby datasetA of theCFPprogram,and we canthereforeavoid constructinga new data
set A for the RME program.

It shouldbe pointedout that sincea generaltwo-bodytensoroperatormay containbothsymmetricallyand
antisymmetricallycoupledpairs,both thesymmetricand antisymmetrictwo-particleoperatorsmust be read in
andstored.

Table 1 givesthe first andlast card of datafile AAC* which makeup datasetA for a particularapplication.
The meaningof the quantitiesin set A is thesameas in the CFPprogramand the readeris referredto ref. [1] for
details.

4.1.2. Data setB
Datablocks of setB contain a table for the reduction U(n) D SU(3)wheren = 3 for thep shell,n = 6 for the

sd shell and n = 10 for the fp shell.Thesetablesareneededin the calculationof highestweight states.
Table2 givesthe first and last card of datafile AAC* which makeup datasetB for a given shell. The meaning

of the quantitiesin set B is thesameasin the CFPprogram,and the readeris referredto ref. [11for details.
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Table 2

Spacesymmetry Restrictionson First card Last card
U(n) SU(3) content

U(3) none 6390 6399
U(6) none 6400 6525
U(l0) ~max ~ 10 6526 7423

4.2. Inputof type2

This datamustbe providedby the user.
Cards 1—5 definethe(BRA I and IKET) statesdesired.The meaningof thequantitiesreadin aswell astheir

usein identical with that of ref. [11exceptfor the following changes:
Card 1: IPRST,IPRLVL, IPRTSK,MPUNCH FORMAT (1614)
thevariableMPUNCHwas addedto control punchingor logical I/O unit 7 of the RME.
Card2: IREPMN, IREPMX, LOHI FORMAT (1614)
thevariablesIREPMN andIREPMX are not used.
Card 3: ((LINBUF(I,J), I = 1, IMAX), J= 1,2) FORMAT (1614)
J = 2 is notusedsincewe assumethat theset of(BRAI statesis the sameasthe set of IKET) states.
Cards4—5: sameas in the CFPprogram.
Cards 6—N: JMI(I), MU1(I), 151(1), IT1(I), JM2(1),MU2(I), 1S2(I), 1T2(I), JM3(I), MU3(I), 1S3(I), 1T3(I)
referringto eq. (5) the meaningof the quantitiesin cards6—N is:

JM1(I) = X1 , MU1(I) = Pi , 151(1)= S~, IT1(I) = T1 , JM2 (I) = 112 , MU2(I) = , 152(1) = S2

1T2(I)= ~‘2 , JM3(I)=X, MU3(I)=11, 1S3(I)=S, 1T3(I)=T, (11)

If the NPF is being usedone shouldset IT 1(I) = 1T2(I) = 1T3(I) = 0.

4.3. Output

The outputis controlledby the valueof thevariablesread-inin card 1 as follows:
IPRST= 0: no printingof the many-particlestates,

= 1: print themany-particlestates.

IPRLVL = 0: no printing of singleparticlelevels
= 1: print single particle levels,
= 2: print both thesingleparticlelevelsand the explicit forms of raising andlowering operators.

IPRTSK = 0: no printing of summaryof states,
= 1: print a summaryof statesto be calculated.

MPUNCH= 0: no punchingof the RME,
= 1: punch-outtheRME aswell asthemany-particlestateson logical I/O unit 7.

5. Programmodifications

The size of arraysneededto calculatethe(BRA I and IKET) statesdependstronglyon the nuclearshellunder
considerationaswell asthe numberof particlesinvolved. Thereforeprovisionis madefor easyadjustmentof
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Table3

CSECT Parameter Oscillator shell

p sd fp

CTOP NP21 50 100 200
RME NS7 66 276 780

NS8 12 24 40
NP22 500 1500 3750
NP23 500 1000 2000

dimensionsin accordancewith theneedsof a particularuser.
Instructionsfor theproperdimensioningof arraysneededin subroutinesof blocks 2 and 3 canbe foundin

ref. [1] andref. [2], respectively.
The procedurefor dimensioningthe arrayswhich appearin the subroutinesof block 1 is similar to the one

adoptedin theCFPprogram.Table3 gives thesuggestedvalue for theparameterswhich determinethesize of
arraysin thoselabelledCOMMON blocks which do not appearin the CFPprogram.In theeventthat thedimen-
sion is insufficient a relevantmessagewill beprinted askingtheuserto increaseitsvalueand executionis stopped.

As with theCFPprogram,considerablesavingof highspeedstorage(up to 35%)canbe achievedby using
half-lengthwords for all integerarrayswhichbegin with theletter “L”. In IBM 360/370or similaroperating
systemsthis canbe doneby simply insertingasthe first statementof eachsubroutineIMPLICIT INTEGER*2(L).

6. Testrun

The RME programhasbeenextensivelytestedby checkingagainstRME sum rules.We reproducebelowa
testrun, aswell as, the necessaryinputdatarequired.

In this testrun we calculateRMEin the FSIF for two-body operatorsin the fp shell.
The set of (BRA I and I KET)statesareall the statesof theform:

In = 6(Xp)a(PP’P”)@S=PTP’)

with 2X + p = 30 and2X + p = 27 thetwo-body tensoroperatorsare:

[a+a+](60)20 [aa] 6)20J(00)00 [a+a+](22~2O[aa](22)02](22)22

[a+a+](41)22 [aa](22)20](25)42, [a+af](03)22[aa](14)22](17)44.

The input deckrequiredfor this run is:
DATA SETA: 2-body fp shell CARDS 1909—2881
DATA SET B: U(l0) D SU(3) CARDS 6526—7423
CARD 1: 1 1 1 0 FORMAT (1614)
CARD 2: 0 0 0 FORMAT (1614)
CARD3: 6—222—lll—lll—-111—lll—333—333 FORMAT(16I4)
CARD 4: 23027 FORMAT (2014)
CARDS: 662006200000 FORMAT(1614)
CARD6:222022022222 FORMAT(l6I4)
CARD7: 4 1 2 2 2 2 2 0 2 5 4 2 FORMAT(1614)
CARD8: 0 3 2 2 1 4 2 2 1 7 4 4 FORMAT(1614)
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