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ABSTRACT
This paper examines the mechanics of evaporation of liquid droplets
in direct contact with heated surfaces whose temperature is below
the maximum boiling-rate point. The study ledds to a classification
of the evaporation mode into three categories (i) where the evapora-
tion is controlled by heat transfer through the droplet, (ii) where
conduction in the heating plate is the controlling mechanism, and
(iii) the intermediate case, where both effects are of comparable
importance. A dimensionless parameter is identified which may be
employed to characterize the mode of evaporation. Experimental re-
sults indicate the general validity of the theoretical analysis.

Introduction

A typical droplet lifetime curve, a plot of lifetime t, versus the
surface temperature Ty, takes the form of an inverted boiling curve, Fig. 1.
When T, is below the liquid boiling point Ty, liquid drops spread into a thin
layer and evaporate slowly. This range a-b is called the 'liquid-film'' type
evaporation regime in which the heat is transferred from the surface to the
liquid by convection. At the point b when Ty, is equal to the liquid boiling
point, nucleate boiling is observed in the spreading drop. When the maximum
boiling rate is reached at point ¢, the liquid forms a spherical drop which
intermittently makes contact with the surface and vaporizes violently. The
range b-c is referred to as the "nucleate-boiling' type vaporization regime.
The Leidenfrost point d indicates the interruption of contact between the
drop and the heating surface due to the formation of a stable vapor film.
With T, beyond the point d, the liquid is evaporated from the heating sur-
face by a stable layer of vapor. The ranges c-d and d-e are called the

transition and spheroidal (i.e., film boiling) vaporization regimes, respec-
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tively. It is only within the ranges a-b and b-c that a liquid droplet is in

direct contact with the heating surface during its evaporation process.

The evaporation of a droplet in direct contact with a heated surface may
be viewed as a problem of determining the rate of unsteady heat transfer from
the heating plate to the droplet surface (gas-liquid interface) where evapora-
tion takes place. The rate depends not only on the internal resistance with-
in the droplet and the droplet surface-to-ambient resistance but also on
non-uniformity in plate temperature. The latter can be explicitly related to
the thermal conductivity and heat capacity of the plate material. Initially,
the plate is maintained at a uniform temperature T,. When a drop is placed
on it, the local plate temperature changes with time as a result of heat
transfer to the drop across the liquid-solid interface. The local surface
temperature remains at Ty only if the plate material has an infinite thermal
conductivity and heat capacity. For any surface with a finite thermal con-
ductivity and heat capacity, the local temperature is dependent on the local
heat flux. Hence, there is coupling between the momentum and energy equa-
tions in the liquid and the equation for the temperature field in the solid

and the general problem becomes quite complex.

Perhaps the earliest work of drops resting on horizontal surfaces (ses-
sile drops) was due to Bashforth and Adams [1]. After developing a method
of calculating by quadratures the exact theoretical forms of drops of fluids
from the differential equation of Laplace, Bashforth in 1857 calculated drop-
let forms and determined the effects of physical properties and surface tem-
perature on droplet shapes. Savic and Boult [2] presented a theory of the
fluid flow associated with the impact of liquid drops with a solid surface.
The shape of the spreading drop was calculated as well as the pressure dis-
tribution over the impact plane. It was found in references 1 and 2 that
both the sessile and impinging drops are lens(dome)-shaped on horizontal

surfaces. Experimental observations confirmed the prediction.

Tamura and Tanasawa [3] measured the lifetime of impinging drops of
various liquids on a heated quartz plate with surface temperatures ranging
from below the boiling point to over the ignition point of the liquids. Al-
though they observed a sudden fall in surface temperature when the droplet
made contact with the surface, the surface temperature was assumed constant
at its initial value Ty in data correlations. The solid conduction was thus

neglected and the evaporation was presumed to be controlled by the rate of
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heat transfer through the droplet. Teshirogi [4] suggested an importance of
heat conduction in the heating plate to the evaporation rate. He used the
specific heat capacity of the solid as a parameter to correlate test data for
the evaporation of impinging drops of various liquids on three heating plates
of different materials. As will be pointed out later in the Discussion sec-
tion, solid conduction effects in his case were entirely negligible and the
evaporation was controlled by heat transfer through the droplet. Both refer-
ences 3 and 4 reported that those evaporating drops in the "liquid-film" and

"nucleate-boiling'" evaporation regimes were lens-shaped.

Theory [5] was developed on the evaporation of sessile and impinging
drops on heated surfaces for the evaporation mode controlled by heat transfer
through the droplets. The study was extended to the case of binary liquid
drops in reference 6. Results of both pure and binary liquid drops agreed
well with test data of references 3 and 4. Numerous works have been reported
on the droplet evaporation in the spheroidal vaporization regime. Since a
droplet evaporating in the spheroidal regime is not in direct contact with

the heating surface, a review on these works is not presented here.

Bascom et al [7] investigated the mechanisms of spontaneous spreading
of liquid drops over unheated horizontal and vertical surfaces. It is dis-
closed that the spontaneous spreading of liquids on smooth, clean metal sur-
faces is characterized by the advance from the bulk liquid of an invisible
primary film less than 1000 A. thick, usually followed by a visible thicker
secondary film. The primary film is considered to advance largely by sur-
face diffusion, while the movement of the secondary film results from a sur-
face tension gradient, i.e. Marangoni effects, across the transition zone
between the primary and secondary films. This gradient is produced by the
unequal evaporation depletion from these two regions of a volatile contamin-
ant having a lower surface tension. If the volatile contaminant has a higher
surface tension than the main components, the gradient is reversed and the
liquid recedes. Removal of the volatile constituents eliminates the secon-
dary but not the primary spreading. Liquid may also spread by capillary flow
in microscratches. The drop initially assumes a lens-shaped profile. As
the liquid film advances on the surface, it develops a plateau region with a
leading edge at a small angle to the solid surface. (This will not be ob-
served on a heated surface, for which the drop will maintain a lens-shaped

profile during evaporation process.) Progressively, a ridge is developed
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behind the edge, still maintaining an apparent contact angle with the solid.
Molecules having highly polar functional groups are generally adsorbed on
metal surfaces to formmonomolecular £ilms over which the liquid cannot spread.
On the other hand, relatively low polar liquids will spread with an apparent

angle of contact.

While the effect of heat transfer through drops on evaporation is well
documented, that of plate conduction has not yet been explored. Thus, it
appears that there is a definite need to establish conditions under which
either effect or both are important in controlling evaporation rate. This
paper examines the relative importance of these two effects for liquid drops
evaporating on heated surfaces. The problem is first formulated generally,
followed by simplifications to a form that is tractable to a solution. The
analysis leads to a classification of the evaporation mode into three cate-
gories. A dimensionless parameter is identified to characterize the mode of
evaporation. The theoretical analysis is compared with experimental re-
sults {3,4].

Analysis

Formulation of the problem on drop evaporation is much simplified if a
hemispherical geometry is considered, Fig. 2-a. However, analysis may be
readily extended to the general case in which the drop geometry is a spheri-
cal segment with a contact angle ¢ , Fig. 2-b. The former geometry is em-
ployed for demonstrating the formulation in the interest of brevity, since
a closed-form analytical solution for either case is apparently not obtain-
able. Transport of sensible heat from the drop to the ambient at T, is as-
sumed negligible compared to the transfer of latent heat as a result of
evaporation. An equivalent heat transfer coefficient h, is defined at the
liquid-ambient interface. Two limiting conditions for heat transfer through

the drop are treated: conduction-controlling and rapid mixing mechanisms.
1. Conduction-controlling model

In this model, internal fluid motion does not exist such that diffu-
sion is the only heat transfer mechanism. This represents the slowest in-
ternal heat transfer limit. The conduction equation for the droplet in
spherical coordinates (g, ¢) reads
’

aT
5$9

L_a__(zﬂ') + 1 i
ot T 2t ¢ 3z siné 2¢

(sinc
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The initial and boundary conditions are
]
T'(2,4,0) = T
T'(z, *n/2,t) = T(r,0,t) ---- for O<gz<R and r = ¢
T'(0,¢,t) = finite
- ’
3T(R,6,t)/30 = (hy/k") [Ty - T(R,0,t)]

Here, T denotes the temperaturej a, thermal diffusivity; t, time; T,, initial
droplet temperature; R, instantaneous droplet radius; k, the thermal conduc-

tivity; and '(superscript), liquid phase (droplet).

Cylindrical coordinates (r,z) are used for the surface. The energy

equation is
19T _1 3 . aT, , 8°T

= ——_— r —) +
a at r or or 822

subject to the initial and boundary conditions
T(r,z,0) = Ty

3T(0,2,t)/3r = 0

kdT(r,0,t)/32 = k'dT' (¢, Zn/2,t)/6z
g . for O0<z<R and r = p
kd3T(r,0,t)/9z = ha[T(r,o,t)-Ta]
. for R<r<e
T(~, 2,t) = Tw
T(r,»,t) = Tw

A finite element (or difference) computer program of good scale will be
required for a solution of the two sets of coupled equations. In order to
gain some insight into the mechanism and to determine the effects of the
governing dimensionless parameters, the problem will be simplified as follows:
The response of the liquid temperature is much slower than that of the sur-
face temperature because of very low liquid thermal diffusivity. Since drop-
let lifetime is short, generally in seconds, it is appropriate under the
condition of drop evaporation to deal with only the heating-surface tempera-
ture variation. The contribution of heat transfer through the droplet is
compensated as a thermal resistance. In other words, the flow of heat from

the heating surface to the ambient is controlled by two resistances, namely
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the conductive resistance through the droplet and the liquid-ambient inter-

facial resistance 1/(2nR2ha).

In a study on dropwise condensation, Umur and Griffith [8] have solved
the steady-state phase of the droplet equations, treating the liquid-solid
interfacial temperature as Ty. They obtained an expression for the heat
transfer rate through the drop. Subsequently, Mikic [9] has imposed a sim-
plification on the expression through the use of an equivalent conductive
resistance 1/(4mk'R). If hgq is the conductive heat transfer coefficient in

the droplet, one can write hy = 4k'/R.

Another simplification is to consider heat conduction in the heating
plate as one-dimensional in the z direction. The governing equations can be

written as

3T/3t = ad°T/3z° (1
T(z,0) = T, (2)
T(e,t) = T, (3)
kdT(o,t)/dz = U[T(o,t)-T,) 4

Here, the overall heat transfer coefficient between the surface and the am-

bient based on the liquid-solid interfacial area U is defined as

1/U = 1/(2hy) + 1/hg (5-a)
in which
hg = 4k'/R (6-a)

and h, = ky/R, is derived from Nu = 2 for natural convection over a spherical
droplet. Nu represents the Nusselt number and ky is the thermal conductivity
of the ambient gas. Both heat transfer coefficients hy and h, are evaluated

on the basis of the initial droplet size RO.

The solution of equations (1) through (4) are obtained in non-dimen-

sional form as

[T(Z,X)-T,1/AT = exf Z + exp (22X + XYerfe(z + X) 7
in which
AT =T, - T,, =2/ et 2], x = /K (an) 2 (8)

With the aid of equation (7), the heat flux across the liquid-solid inter-

face is found to be
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g = -4mR%y,UsTexpX er£eX ©)

Now, consider a droplet of lens-shaped profile. Its idealized geometry,
as shown in Fig. 2-b, consists of a spherical segment with contact angle 0.
Its base area, surface area and volume are 4nR2¢b, 4nR2ws and 4wR3wV/3, re-

spectively wherein
¥, = sine/4, y_ = (1-cos8)/2, ¥, = [2-cos8(2+sin?6)]/4 (10)
The total heat transferred to a drop of radius R may be expressed as
Q = p'AaRYy /3 an

where p and A denote the density and latent heat of vaporization, respectively
The heat balance on the drop reads dQ/dt = q,. With the aid of equations
(9) and (11), one obtains

p'Ay dR/dt = -UATy exp X°erfeX (12)

Since the drop geometry is generalized from a hemisphere to a spherical seg-

ment, both U and hd must be geometrically modified as

1/U = ¥/ (hgh,) + 1/h, (5-b)
and

hy = k'/(wbRo) (6-b)

respectively. Equation (12) is integrated subject to the initial condition

R(o) = R One obtains

o
R/R =1 - ¢(1)/Y 13)
wherein
* *
Y=0y0p XURO/KAT, v = wv/wb (14)
T
(1) = j expyerfcyl/zdy (15)
o
= X* = U2t/K, K = pCk (16)

The droplet lifetime tl may be obtained from equation (13), corresponding
to R =0, as

o(t*) = Y (17)
in which

* 2
T =U tQ/K (18)
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2. Lumped-parameter (rapid-mixing) model

In this model, internal fluid motion induces very rapid convective heat
transfer such that hd becomes infinite. Therefore, the overall heat trans-

fer coefficient is deduced to
U = ¥gk,/ (bR ) (5-¢)

This model represents the fastest internal heat transfer limit. All equations
(7) through (18) still apply. A comparison of equations (5-b) and (5-c) re-
veals that U for the lumped-parameter model is larger than U for the conduc-

tion-controlling case.

Results and Discussion

The quantity t_ = K/U2 in the definition of the dimensionless times Tt
and t* represents the characteristic time which defines the range of three
different evaporation mechanisms, as will be discussed later in the section.
Hence, it can be regarded as the time constant of the evaporating system.
Equation (15) was numerically integrated using the trapezoidal rule. Re-
sults are graphically illustrated in Fig. 3. Two asymptotic expressions

are obtained for ¢(t):

For small values of 1, both the exponential and complimentary error
functions may be expanded into infinite series [10]. One can then integrate

equation (15) to give
© n © n_(2n+1)/2
2 2
o (1) =2 Ty -

T
n.
n=1

n=l (2n+1) 1 (2n+1-2m)
m=1
When 1 is less than 0.001, or equivalently t*<0.001,

¢{1) =1 (19)

where t* is defined as tg/tc‘ A combination of equations (14), (17), (18)
and (19) produces

ty = ¥ (" VAT) R /U = 3 /qy, (20)

where t_, denotes the droplet lifetime within this range of t*. Qo and qpq

21
correspond respectively to Q and |qb| at zero time when R = Ro'

Similarly, for large values of 1, the integrand of equation (15) may be
approximated [10], followed by an integration to yield

1 (ZTI/Z 1 1 1-3 )

o(1) = + - * gyttt
172 777 377 7 2 572
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when T exceeds 100, or equivalently t* > 100
$(r) ¥ 2(/m/? (21)

Equations (14), (17), (18) and (21) are combined to yield

= (/8 e Aam i (RE/K
tyz = (/)W (R,/K)
_ 2
= (31/4)(Qy/q,,) (22)
where tys corresponds to the droplet lifetime in this range of t* and

1/2

22
qpo = 4ﬂRowbkAT/a (23)

denotes the conduction rate in the heating plate. The two asymptotic values
of ¢(t), equations (19) and (21), are superimposed on Fig. 3 as broken lines.
The numbers 0.001 and 100 used as the criteria to indicate very small and
large values of T, respecitvely, are determined by comparing the solid and
broken lines. It is seen that deviations of the asymptotic values from the

exact ¢(t) are confined to within 100 percents.

In the intermediate time domain of 0.001 <t* <100, one can express eq-

uation (17) as 1* = CYm, or through a rearrangement as

tyy = COr /AN R /6C)™ LR /1) 2T

;Q'Zqﬁgm) (24)

where ty3 is the droplet lifetime for the intermediate range of t*. C and m

22

3"C Qp/(a

are constants. Equation (24) can be reduced to equations (20) and (22) for
m=1, C=1 and m=2, C=n/4, respectively. In the intermediate case, therefore,
the value of m varies from 1 to 2 and C from 1 to n/4 as the value of t* in-

creases.

The analysis leads to a classification of the evaporation mode into
three categories, (i) where the evaporation is controlled by heat transfer
through the drop, (ii) where heat diffusion in the heating plate is the con-
trolling mechanism, and (iii) the intermediate case, where both effects are
of comparable importance. t* is used to characterize the mode of evapora-
tion. In category (i) when t* < 0.001, the evaporation is independent of K,
the combined property and the heating surface temperature stays constant at
Tyw. The droplet lifetime is completely governed by the heat transfer rate
through the drop. Whereas when t” 2 100, K plays a dominant role on droplet
evaporation, while the effect of the unit overall conductance through the

drop U becomes negligible. In other words, the evaporation rate is con-



160 W.-J. Yang Vol. 5, No. 3/4

trolled by the temperature variation in the heating plate and therefore the
surface temperature must be obtained through a distributed-parameter model.

In the intermediate case, however, the evaporation is governed by both the

heat diffusion rate in the heating plate and the heat transfer rate through

the droplet. The relative importance of the two heat transfer rates varies
with a change in t.. In both categories (ii) and (iii), the assumption of
constant surface temperature in droplet evaporation analyses would lead to a
substantial error in the prediction. The error is enhanced with an increase

in t. as the role of the heat diffusion rate in the heating plate progressively

becomes dominant.

It can be shown that
_ 2 _ 2
te = (Apo/apg)™s  tyg/te = (7/12)(t /e ) (25)

In practical applications, one would first evaluate Qo’ qpo and C according

to their definition. tll and t,, are then determined by equations (20} and

(22) respectively together withgfc. In reference to equation (25), it is
obvious that if the criterion for category (i) tu/tC £0.001 is fulfilled,
then that for (iii) tﬂ3/tc z 100 will not be simultaneously satisfied and
vicé versa. In the event neither criterion is met, then the evaporation pro-
cess is in the intermediate case (iii) and Fig. 3 must be used to determine

the rate and tyo-

The dimensionless parameters yp/y, and ws/ws characterize the behavior
of droplet spreading on the surface. Figure 4 illustrates that the contact
angle 6 affects the ratios of the geometrical coefficients for a lens-shaped
drop. For liquids which completely wet the solid, 6= 0. In practice, a
contact angle of 90° is often regarded as a sufficient criterion of non-
wetting. 6 = 90° corresponds to a special case for which the lens-shaped
drop becomes a hemisphere. Roughness of a surface has the effect of making
8 further from 90°. If the smooth material gives an angle greater than 90°,
roughness increases this angle still further, making it more non-wetting.

On the other hand, if 6 is less than 90°, roughness decreases the angle and
makes the surface more wetting. Both contact angle and surface tension de-
crease with an increase in the temperature. Figure 4 indicates that both
ws/wv and ¥, /¢, diminish as & increases. However, ws/wv takes a minimum
value at @ = 120°. A drastic change in spreading behavior occurs for 8

less than 50°.
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An examination of equations (20) and (22) reveals the following: The
droplet controlling evaporation mode takes place (i) when the surface is very
wetting to the liquid, 6 of 0° to 20° and (ii) when the liquid-solid combina-
tion has a very large value of K'/K, for example liquids on a copper surface.
On the other hand, the surface controlling evaporation mechanism is observed

only when the surface is very non-wetting to the liquid, 8 of 160° to 180°.

Figure 5 is a plot of equation (24) for comparing the droplet lifetimes
of the same liquid on various metal surfaces, using the same 6 for convenience
The subscript ss refers to a stainless steel (80 Cr, 20 Ni) surface. Since
copper has the highest value of K, a droplet would have the shortest life-

time on it.

In order to determine the effects of physical parameters on the evapora-

tion, equation (24) is rewritten in dimensionless form as

. * * - -

t, = Cu A AT ™! ™ (26)
where 1 S m £ 2 and

* 2 * *

t, =a't, /R, X = Af(c'AT'), AT = AT'/AT

i "o . (27)

K* = K'/K, Ut = U/ (k'/R)
AT = T; - T, and T; denotes the liquid temperature at which evaporation

takes place. Rg/a' represents the time required for heat diffusion in a
spherical drop of radius Rp. A* signifies the ratio of the latent heat to
the sensible heat of the droplet. U* indicates the ratio of the unit over-
all conductance between the heating surface and the ambient to the unit con-
ductance through the drop. Equation (20) indicates that t; reduces with a
decrease in y*, A*, AT or K* and an increase in U*. For an easy wetting
fluid characterized by 6 less than 50° at room temperature, U and conse-
quently U* can be approximated as (Ygka/¥pRo) and (bka/¥pk'), respectively.
It is seen in Fig. 4 that the value of ws/wb increases only slightly as 6
varies from 0° to 50°. Therefore, both U and U* remain essentially unchanged
with surface temperature even though 6 varies with T,. ¥ also changes very
slightly in the small 8 range. However, since v* depends very strongly on 6,
the magnitude of Y by definition changes very significantly with 6. 1In
dealing with the evaporation of droplets on an easy wetting solid, there-
fore, an accurate information on 6 and its temperature dependence is essen-

tial for correlating test data.
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Experimental results for droplet evaporation on a fused quartz plate [3]
and an aluminum plate [4] were compared with the theory (in solid lines) in
Figs. 6 and 7, respectively. The broken line in Fig. 6 corresponds to Y = t*
It was found that equation (5-c¢) applies to both the conduction-controlling
and lumped-parameter models, as the second term is much smaller than the
first one on the RHS of equation (5-b). Since K = 4.68x108 WJ/m4-°C2 for
aluminum compared to K = 2.12x10° WJ/m4-°C2 for quartz, liquid-aluminum com-
binations have much lower values of t* in Fig. 7 than liquid-quartz combina-
tions in Fig. 6. Contact angles are, in general determined at 20 °C and 50%
relative humidity. It is reported in references 11-14 that many liquids
from an adsorbed monolayer on high free energy surfaces, i.e. high melting
point solids such as silica, sapphire and most metals. As a result, a
high energy surface is transformed into one with the wetting properties char-
acteristics of a low energy surface of the same composition and packing as
the monolayer. Low melting solids such as organic polymers, waxes and co-
valent compounds in general have low surface energy. Spreading occurs only
if the liquid has a lower surface tension than the critical surface tension
(at which the liquid completely wets the surface) of the adsorbed layer. Un-
fortunately, the critical surface tensions of most metallic surfaces and the
temperature dependence of contact angles have not been investigated. In
correlating data for Figs. 6 and 7, a contact angle (indicated in parenthesis)
was selected in each liquid-solid combination. The choice is, of course,
to some extent arbitrary but within the range appropriate to the homologous
group of that combination [11-14]}. For each combination, the value of Y
reduces with an increase in surface temperature, resulting in a decrease in
t*. It is common to all combinations that deviations from theoretical pre-
dictions grow as Y decreases since contact angles diminish with an increase
in surface temperature, resulting in a decrease in w* as shown in Fig. 4.
Should the information on the contact angle-temperature relationship be
available, better agreement between theory and test data is certainly war-
ranted. It is deduced from Fig. 7 and equation (20) that the droplet life-
time on a heated aluminum plate is independent of the thermal properties of
the solid material, contrary to Teshirogi's conclusion. Therefore, the evap-
oration mode is controlled by heat transfer through the droplet. The mode
of droplet evaporation on the heated quartz surface in Fig. 6 is practically
in the same category with only a slight evidence of discrepancy at high

values of Y.
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Conclusions and Remarks

The theoretical analysis presented herein leads to a logical classifi-
cation of evaporation of droplets in direct contact with heated surfaces
into three categories: (i) heat transfer through droplet controlling, (ii)
plate conduction controlling, and (iii) the intermediate case where both
effects are of importance. For (i) which corresponds to the case of very
low contact angles or a liquid-solid eembination with very large value of K*, the
evaporation rates are high and consequently the droplet lifetimes are short.
The evaporation of wetting liquids on high melting solids falls into this
category. In contrast, the evaporation rates are slow for (ii) which fits
the case of very high contact angles. A dimensionless parameter, t*, has
been identified to characterize the evaporation mode. The lumped-parameter
model may be employed to describe heat transfer conditions in the droplet.
Experimental results indicates the general validity of the theoretical
analysis. A handicap exists in some cases due to a lack of the information
on contact angles, particularly at high temperatures. It is important to
note that the present study is not applicable to the evaporation of droplets

in the spheroidal state.
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used in analysis
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Fig. 6 Droplet evaporation on
a heated quartz surface [3]

Fig

o

. 7 Droplet evaporation on a

heated aluminum surface [4]



