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ON THE SCHR~DINGEREQUATION WITH EXPONENTIAL NONLINEARITY *
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TheSchrddingerequationwith exponentialnonlinearityis solvedin the time-independentcase.The solutionsare
comparedwith thoseobtainedfrom thecasewith cubic nonlinearity.

Considera largeamplitudeelectromagneticwaveof F — V(e2/4irmw~)IEI2= eØ, (3)
frequencyw

0 incident on the critical surface(where whereq is theponderomotivepotential.Assuming
= theelectronplasmafrequency)of a dense thermalequilibrium, theelectronandion densitiesare

plasma.The ponderomotiveforce generated(in this re-
gion)actsto expelmatterfrom theregionof high ~e = n0 exp[e(Ø + Os)/Te], nj = n0 exp[—e05/Tj], (4)
field intensityforming a densitydepression.The de- whereq~isthe electromagneticpotentialdue to
pressionservesto trapthe field, enhancingthepondero- chargeseparation.If thescalelengthL [Vln(IEI

2)]~
motive force whichin turn deepensthe cavity. The ~ X~,the electronDebyelength,we may set~e

ponderomotiveforceandconsequentdensitycavity al- andobtain
low the field to penetratethecritical surfacewhere exp[-_e2IEf2/4irmw~(Ta + Ti)], (5)
W

0 < w~,andthedielectric permittivity ~ = ~i =

e = 1 — (w~/w~), (1) which is exponentiallydependenton the squareofthe
amplitudeof the field.

is negative. In manytreatmentsof the problemthe exponential
The field in the densitycavity is describedby the term is usuallyexpandedandhigherorder terms in the

Maxwell’s equationscoupledwith the equationsof seriesexpansionare thenneglected.The consequences
continuityandmotion for the particles.A straightfor- of sucha truncationare,in part: the density
wardcalculationleadsto a wave equationwith a dens-
ity dependentterm [1]. In one dimensionthis maybe n/no 1 [e

2IEl f4irmw
0 (Ta + Ti)], (6)

written as becomesunphysicalas El grows,in contrastto expres-
2 sion(5) which decreasesexponentiallyasthe field in-

= — w~(n/n0)E, (2) creases;andthedielectric permittivity in the expand-
edversionincreaseswithoutboundswith increasing

whereEis the transverseelectric field andn0 is the amplitudeof theelectric field. On the otherhandthe
ambientplasmadensity. inclusionof theexponentialforcesit to saturateat

The densitydependentcoefficient is, in turn, de- largevaluesin agreementwith observedphenomenain
pendenton the field. Thetime-averagedforce acting experimentsin nonlinearoptics.Hencewe are moti-
on an electronin a rapidly oscillatingelectromagnetic vatedto retainthe full exponentialnonlinearitywhen
field i5 consideringfields of significant amplitude.

* This work waspartially supportedby GrantAFOSR-76- We separatethefield into a slowly-varyingenve-

2904. lope modulatedby a highfrequencyoscillation
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0~
E(x, t)=E0(x,t)exp(—iw0t). (7)

A 095
Substitutingthis into eq.(2) andneglectingthe higher
ordertime derivativewe obtainthenonlinear 0 3

Schrodingerequationfor theenvelope

aE0 2a
2E

0 (8) 0.2//
2i~—+c

where

o =(~2 — w~)/w
2 ~ (n—n~)/n~, (9)

andE
0 indicatestheamplitudeof the slowly varying 0 0.5 1.0 X

envelope.We can interpreta as a nonlinearfrequency
shift. Fig. 1. Frequencyshift versusthenormalizedfield intensity.

We now introducethe dimensionlessvariables:
U A=l.l

T=l/2(w~/w0)t, ~=(w~/c)x,

l~l2= lEol
2/4~no(Te+ ~). (10)

In thesedimensionlessvariableseq.(8) becomes

a~a2~
i—+---——(v+ci)E=O. (11) 1

ar a~2 uA095

We now let ~ — MT, whereMis the Machnumber 1.0

with the ion-acousticspeedas referenceandseparate
the envelopeinto a modulusandphase,bothdepen- 0 5

dent on themovingcoordinate~, i.e.

E=u(~)exp[i~(~)]. (12)
1

Substitutingthis into eq.(11) andintegratingonce, U A= 1.0
we obtain anequationfor themodulusu(~)which is 1.0

nics (u’)2 +Ku + exp(—u2)= A, whereK (w~/w~) 0.5

analogousto an“energy” equationin classicalmecha-
+ 1/4M2, andprime meansdifferentiationwith re-
spectto the argument.Wenote that V(u) Ku2 +

exp(—u2)is the“potentialenergy”well. The energy 0 s 10 15

level in the well is determinedby the constantof in- Fig. 2. Comparisonof the formsof solutionsfor thecubic

tegrationA. For(I) A > 1, theenvelopeoscillates (-.——) and exponential(—) nonlinearitieswith K = 0.6.

aboutzero,(ii) A <1, the envelopeoscillatesabout
somevalueother thanzero,and (iii) A = 1, theen- tamedin the expanded,weakly nonlinearcase(cubic
velopeis a solitary pulseor “soliton”. The frequency nonlinearity)andthe casewith the exponentialnon-
shift a is plottedasa functionof the normalizedin- linearity. The form of thesolutionin eachcaseis
tensityx = u2 in fig. 1. preservedalthough theexponentialsolutionis larger

In theregime of current experimentalconditions in bothamplitudeandwidth. Thevalueof K = 0.6 is
all threetypesof solutionsmaybe observed.At large usedin obtainingthe figures.
intensities(x >1) anticipatedin laserfusion devices

Thiswork hasbeenpartially supportedby Granttheoscillatory envelopeof alternating phasewould be
AFOSR-76-2904.

expectedto dominate.
In fig. 2 we showa comparisonof the solutionsob- Ill V.E. Zakharov,JETP(USSR)62 (1972)1475.
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