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Abstnet-For application to the mid-latitude topside ionosphere, we have derived diffusion and heat 
flow equations for a gas mixture composed of two major ions, electrons and a number of minor ions. 
These equations were derived by expanding the velocity distribution of each constituent about its 13 
lower order velocity moments. As a consequence, each constituent was allowed to have its own 
temperature and drift velocity. The restriction to mid-latitudes results because we have assumed that 
the species temperature and drift velocity differences were small. In deriving the diffusion and thermal 
conduction equations, we have discovered some new transport effects. For the major ions, we have 
found that: (1) a temperature gradient in either gas causes thermal diffusion in both gases; (2) a 
temperature gradient in either gas causes heat to flow in both gases; and (3) a relative drift between 
the major ion gases induces a heat flow in both gases. Similar transport effects have also been found 
for the-minor ions. 

1. INTRODUCTION 

Early studies of the topside ionosphere by Johnson 
(1960), Mange (1960), Kockarts and Nicolet 
(1963), Bauer (1966), and others, gave special 
emphasis to a static nonflow model where the prin- 
cipal topside ions (0’, H’, He’) arranged them- 
selves in stratified layers according to ion mass. 
This static or diffusive equilibrium model of the 
mid-latitude topside ionosphere was later extended 
by Walker (1967) and Schunk and Walker (1969) 
to include thermal ditision effects. In Schunk 
and Walker (1969), d8usive equilibrium density 
profiles were presented for a topside ionosphere 
with two major ions, electrons, and a number of 
minor ions, and it was shown that thermal diffusion 
exerts an important influence on the altitude dis- 
tribution of these species. 

With mounting experimental observations of a 
significant ionization flow between the ionosphere 
and the protonosphere (Vasseur and Waldteufel, 
1968; Evans, 1969; Evans et al., 1970; Behnke, 
1970; Evans, 1971a, b; Hagen, 1972), later 
theoretical studies of the mid-latitude topside 
ionosphere were concerned with more dynamic 
models which took account of the relative flow 
between the interacting species (Banks et al., 1971; 
Mayr et al., 1972; Nagy and Banks, 1972; Moffett 
and Murphy, 1973; Massa et al., 1974; Murphy et 
al., 1976). These studies indicated that the ioniza- 

tion flow between the ionosphere and protonos- 
phere is strong enough to appreciably affect the F 
region and topside ionosphere. However, in all of 
these studies except Murphy et al. (1976), the flow 
of ions and electrons along the geomagnetic field 
has been described by the binary diffusion formula- 
tion of Chapman and Cowling (1970). Although 
the binary formulation is convenient to use, ther- 
mal diffusion effects are neglected. Furthermore, F 
region studies by Schunk and Walker (1970a, b) 
using a more rigorous formulation of multispecies 
transport indicate that the binary diffusion coeffi- 
cients may be in error by up to a factor of two 
when Coulomb collisions dominate. 

Schunk and Walker (1970a, b) used the mul- 
ticomponent formulation of Hirschfelder et al. 
(1964) to derive the ordinary and thermal diffusion 
coefficients. In this formulation, these diffusion 
coefficients are expressed as ratios of determinants, 
with the size of the determinants depending upon 
both the number of species in the gas mixture and 
the level of approximation. Therefore, as the 
number of species in the gas mixture increases, the 
effort involved in evaluating the diffusion coeffi- 
cients increases rapidly if these coefficients are to 
be accurate to within 20% (cf. Schunk and Walker, 
1970a, b). Furthermore, this approach has an 
added disadvantage in that the different species are 
assumed to have a common temperature. Since 
ionospheric modeling has reached the point where 
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the different temperatures of the various ions are 
taken into consideration (Roble and Hastings, 
1977), it would be useful to have a transport theory 
that takes account of this feature. 

An alternative approach to the derivation of 
transport equations for the Earth’s upper atmos- 
phere and ionosphere has recently been presented by 
Schunk (1975). This approach, which is based on 
the work of Grad (1949, 1958) and Burgers (1969), 
yields a continuity, momentum, internal energy, 
stress tensor and heat flow equation for each 
species in the gas mixture and, therefore, provides 
a better description of transport for situations 
where the components of the gas mixture have 
separate flow velocities and temperatures. Further- 
more, this approach has the added advantage in 
that ordinary diffusion, thermal diffusion and ther- 
moelectric transport are included at a level of ap- 
proximation that is equivalent to that obtained by 
Schunk and Walker (1970a, b) from the multicom- 
ponent formulation of Hirschfelder et al. (1964). 

In the present investigation, the general system 
of transport equations presented by Schunk (1975) 
is applied to the mid-latitude topside ionosphere. 
In this region of the ionosphere, the general system 
of transport equations reduces significantly, and it 
is possible to derive relatively simple diffusion and 
heat flow equations for a plasma composed of two 
major ions, electrons and a number of minor ions. 
These equations are presented in Section 2. In the 
course of deriving the diffusion and heat flow equa- 
tions, we have discovered some new transport 
terms, and in Section 3 we discuss their possible 
importance to ionospheric studies. In Section 4 we 
present a summary, which includes references to 
the formulae that are relevant to ionospheric mod- 
eling. 

2. THEORETICAL FORMULATION 

Schunk (1975) has presented a general system of 
transport equations for the Earth’s upper atmos- 
phere and ionosphere. This system of equations 
contains a continuity, momentum, internal energy, 
stress tensor and heat flow equation for each 
species in the gas mixture. In this section of the 
paper, the general system of transport equations is 
applied to the mid-latitude topside ionosphere. The 
restriction to this region of the ionosphere enables 
us to make several simplifying assumptions which 
significantly reduce the general system of transport 
equations. First, we consider a fully-ionized plasma 
composed of two major ions, electrons and a 
number of minor ions. Next, we assume a steady 
state and take account of the fact that the species 

temperature and flow velocity differences are small 
in the mid-latitude topside ionosphere. This ena- 
bles us to neglect stress and nonlinear acceleration 
terms and use Burgers’ linear collision terms (Bur- 
gers, 1969). In addition, we neglect density and 
temperature gradients perpendicular to geomagne- 
tic field lines. With this latter assumption, we need 
only consider plasma transport along geomagnetic 
field lines. 

The derivation of the diffusion and heat flow 
equations follows from Schunk’s momentum (2.7b 
and 5.lb) and heat flow (2.16 and 5.le) equations. 
With the above simplifying assumptions, these equ- 
ations become 

Vp, - n,m*G- n,e,E = - n,m, c v,,(n, -II,) 
r 

where 

3/z e 'et2 

-InA (3) 
CLIr 

D$= (3m:+&m,m, -im:)/(m, + m,)’ (4) 

02’ = ($q2 -$m,m&(m, + m,)’ (5) 

T,, = (mT, + rrgT,)l(m, + @) (6) 

CL,~ = m&(m, + m), (7) 

and where we have used the momentum equation 
to simplify the heat flow equation. In equations 
(l-7), n, is the density of species s, m, is the mass, 
e, is the charge, ps = n,m, is the mass density, T, is 
the temperature, ps = n,kT, is the partial pressure, 
u, is the drift or flow velocity, qs is the heat flow 
vector, G is the acceleration due to gravity, E is the 
electric field, k is Boltzmann’s constant and In A is 
the Coulomb logarithm (cf. Burgers, 1969; Schunk, 
1975). 

The ion and electron densities and flow velocities 
are not independent, but are coupled through the 
requirements of charge, neutrality and charge con- 
servation. In the steady state, these requirements 
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become 

(8) 

and 

qe,n, = 0, (9) 

provided no current flows parallel to the 
geomagnetic field. 

Equations for the major ions and electrons 

The momentum (1) and heat flow (2) equations 
can be applied separately for each major ion (sub- 
scripts i and j) and for the electrons (subscript e). 
The resulting system of equations is coupled, since 
heat flow and drift velocity terms for all species 
appear in each momentum and heat flow equation. 
The presence of heat flow terms in the momentum 
equations accounts for thermal diffusion effects, 
while the presence of drift velocity terms in the 
heat flow equations accounts for thermoelectric 
effects. 

To cast the momentum and heat flow equations 
in the classical form, it is convenient to first con- 
sider the heat flow equations. Substituting s = i, j 
and e, respectively, in equation (2), we obtain three 
equations which can be solved to obtain explicit 
expressions for qi, qi and qc in terms of the species 
temperature gradients and flow velocity differences. 
Neglecting terms of order (mJm$“, (mJmi)” and 
(T, - T,)/ T,, these expressions become 

q.= -h,VT,+6,i(o,-ui)+6,j(u,-uj), (12) 

where the thermal conductivities and thermoelec- 
tric coefficients are given by 

for s and t equal to i, j, e and where 

5 = Vii’Vji’/(Ui’Vj’). 

In equations (lo)-(15), the quantities v,‘, Vi’* Vi’, vii’ 
and vii’ are effective collision frequencies; the ex- 
pressions are given in the Appendix. 

Several important features should be noted about 
the heat flow expressions. First, there is a strong 
coupling between the ion gases in the sense that a 
temperature gradient in one gas causes heat to flow 
in both gases. Also, a relative drift between the 
ion gases causes heat to flow in both gases. On the 
other hand, a temperature gradient in the electron 
gas or a relative flow between the electron and ion 
gases has no effect on the ion gases. This latter 
result stems from our neglect of terms of order 
(m,/miY, (mJmi)“” and (TS - T,)/T,. The neglect 
of similar terms in the electron heat flow equation 
accounts for the absence of ion temperature gra- 
dient terms in the expression for the electron heat 
flow. Consequently, for q, we obtain the familiar 
result that electron heat flows are caused by elec- 
tron temperature gradients and relative electron- 
ion drifts (thermoelectric effect). 

With the aid of the heat flow equations (lo)-(12), 
it is now possible to derive diffusion equations of 
the classical form for the major ions and electrons. 
Since electrons are more mobile than ions, the 
electrons establish the polarization electrostatic 
field. Setting s = e in equation (1) and eliminating 
the heat flow terms with the aid of equations (lO)- 
(12), we obtain 

[vh(ue--ui)+ vej(ne-Ui)17 (16) 
where we have neglected terms of order m,/mi and 
mJm, compared to terms of order one. When 
equation (16) is substituted into the ion momentum 
equations, only the first two terms on the right- 
hand side survive, since the relative flow terms are 
of order (mJmi)“* and (m,/mi)“’ or smaller in 
comparison with other terms and must be neglected 
to be consistent with previous assumptions. There- 
fore, effectively the polarization electrostatic field 
becomes 

eE= -Lvpe- 
ne 

1545 
8 ( nizF + njzF) 

13Jz 
n,z, + njz,.+- 8 ( niz,Z + njzF) 

k V-L 

(17) 
where we have used the collision frequency expres- 
sion (3) and the equation for charge neutrality (8) 
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and where zi and .zi are the ion charge numbers. 
Equation (17) agrees with the result obtained by 
Schunk and Walker (1969) for a topside ionosphere 
in diffusive equilib~~. The second term on the 
right-hand side of equation (17) represents the 
influence of thermal diffusion and can be traced to 
the effect of electron heat flow on electron momen- 
tum transport. 

The ion diffusion equations are obtained by set- 
ting s = i and s = j, respectively, in equation (l), by 
using equation (16) or (17) for the polarization 
electrostatic field, and by using equations (lo)-(12) 
for the ion and electron heat flow vectors. Neglect- 
ing terms of order (m,lm$” and (m,/mj)ln and 
solving for the ion flow velocities, these diffusion 
equations become 

where the ordinary (Di, D,) and thermal 
ait*, yi, rj) diffusion coefficients are given by 

kT, 1 
Di =-- 

mivii (l-Aij) 

kT. 1 Di=~-.-- 
mivi, (1 - Ah,) 

15 5 v*i 
6 

- zi(vei + vcj) 

I 

7% = 
13(Q + v,.)+8v,, 

15 

‘yi = 
13(V&+Vej)+8V*e 

(18) 

(19) 

(20) 

(21) 

(22) 

(23) 

(24 

(25) 

(26) 

Equations (18) and (19) indicate that a tempera- 
ture gradient in either ion gas causes thermal diffu- 
sion in both gases. The corresponding ion thermal 
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diffusion coefficients a,, and aii* arise as a result of 
ion-ion collisions, and these coefficients depend 
only on the major ion densities, masses, charges 
and temperatures. Likewise, the ion ordinary difIu- 
sion coefficients Di and Di depend only on the 
major ion parameters. 

However, electrons do have an effect upon the 
thermal diffusion coefficients yi and yP These 
coefficients can be expressed in terms of the ion 
and electron parameters by using the electron colli- 
sion frequencies given in the Appendix. With a 
slight rearrangement of terms, we obtain 

1545 
Yi =- 

n,zizi (z, - Zj) 

8 1345 
(27) 

8 (~2: + nj$) + n,z, + gz, 

(28) 

where use has been made of the charge neutrality 
equation (8). Equations (27) and (28) agree with 
the corresponding thermal diffusion coefficients cal- 
culated by Schunk and Walker (1969). A complete 
discussion of these coefficients has been given by 
these authors, and we only note here that when the 
major ions have the same charge both T* and ri are 
zero. 

Finally, we note that when the relative drift 
between the major ions is neglected and when the 
major ions are assumed to have a wmmon temper- 
ature, our ion diffusion equations (18) and (19) 
reduce to the diffusive equilibrium equations of 
&hunk and Walker (1969), with (aij-oil*) agre- 
eing with their major ion thermal dif?Yusion coefli- 
cient. 

Equations for a minor ion 

Diffusion and heat flow equations for a minor ion 
in a gas mixture composed of two major ions and 
electrons can be obtained from equations (1) and 
(2). Letting subscript x correspond to the minor 
ion, the condition that an ion be minor is 

By virtue of equation (29), the equations for the 
major ions and electrons are unaffected by the 
presence of the minor ion. 

To obtain the minor ion heat flow equation, we 
set s = x in equation (2) and solve for qX. If, as 



Diffusion and heat flow equations for the mid-latitude topside ionosphere 911 

before, we neglect terms of order (mJm,)‘“, where 
s = i, j or x and assume small minor ion-major ion 
temperature differences, the minor ion heat flow 
equation becomes 

where 

(31) 

(33) 

and where the major ion heat flow vectors qg and e 
are given by equations (10) and (11). The quantities 
VX , ’ %i’ and vzi’ are effective collision frequencies 
and are given in the Appendix. 

Equation (30) indicates that a temperature gra- 
dient in either of the major ion gases or in the 
minor ion gas causes heat to flow through the 
minor ion gas. Also, a relative drift between the 
major ions or between the minor ion and either 
major ion causes a minor ion heat flow. 

To obtain the minor ion diffusion equation, we 
set s = x in equation (1) and repeat the algebraic 
manipulations which led to the major ion diffusion 
equations. If we again assume small temperature 
differences and take account of the small electron 
mass, we obtain 

(34) 

where the ordinary (0,) and thermal (&, /3,, ,!Ij, rX) 
diffusion coefficients are given by 

Dx = 
kTJm, 

v,*(I-A.,,)+v,i(I-A,) 
(35) 

where s = i, j or x in the last expression and where 

k-t = 
vxi (l- Ax,) - Rij + R,t 

v=~(l-A,)+v,,(l-Ah,j) 
(38) 

(39) 

where (4 is defined by equation (15). 
The quantities k$, A, and Ri, can be obtained 

from the last three equations by interchan~ng the 
subscripts i and j. The Q’s and Y’s are dimension- 
less quantities which depend on tho various colli- 
sion frequencies and are given in the Appendix. 

Equation (34) indicates that the motion of the 
minor ion is influenced by the motion of both 
major ions in addition to ordinary and thermal 
diffusion processes. With regard to diffusion pro- 
cesses, it should be noted that a temperature gra- 
dient in either major ion gas or in the minor ion gas 
causes thermal diffusion in the minor ion gas. The 
corresponding thermal diffusion coefficients &, fl, 
and & arise solely from collisions between the 
various ion species. Likewise, the ordinary minor 
ion diffusion coefficient D, results from ion-ion 
interactions. 

Electron-ion and electron-electron interactions 
influence the thermal diffusion coefficient “yx. Using 
the electron collision frequencies given in the Ap- 
pendix, this coefficient can be expressed in the form 

15Jzz.2(n,zi+~zj)-z,(n,z,‘+~%~) 
YX =- 

8 13& 
7 (t& + n,$) + &Z, + njzi ’ 

(41) 

where use has been made of the equation for 
charge neutrality (8). Equation (41) agrees with the 
corresponding thermal diffusion coefficient calcu- 
lated by Schunk and Walker (1969). As with the 
major ion coefficients K and yj, ‘yX is zero when all 
of the ions have the same charge. 

Finally, we note that when the major ion drift 
velocities a, and ni are set equal to zero and all the 
ions are assumed to have a common temperature, 
our minor ion diffusion equation (34) reduces to 
the diffusive equilibrium equation given by Schunk 
and Walker (1969), with (13~ + fli + 8) agreeing with 
their minor ion thermal diffusion coefficient 8. 

Comparison with Chapman and Cowling and others 

The 13-moment system of transport equations 
yields transport coefhcients that are equivalent to 
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those obtained by Chapman and Cowling (1970) if 
two terms in the Sonine polynomial expansion are 
retained in the latter formulation. Consequently, 
our ordinary diffusion coefficients correspond to 
what Chapman and Cowling call the “second ap- 
proximation” to these coefficients, while our ther- 
mal diffusion coefficients and thermal conductivities 
correspond to the “first approximation”. 

As noted by Schunk and Walker (1970b), the 
second approximation to the ordinary diffusion 
coefficients can be greater than the first approxima- 
tion values by as much as a factor of two for light 
minor ions such as He’ and H+. In Table 1, we 
present the ratio of the second to first approxima- 
tion to the minor ion diffusion coefficient for differ- 
ent minor ions in an electron-O+ plasma. The first 
approximation values are obtained from our diffu- 
sion coefficients by setting the A’s equal to zero. 
Also shown in Table 1 are the corresponding ratios 
obtained by Schunk and Walker (1970b) from the 
multicomponent formulation of Hirschfelder et al. 
(1964). As noted previously (Schunk and Walker, 
1970a), the two formulations give comparable but 
not identical results. 

From the comparison given in Table 1 and the 
work of Meador and Staton (1965) and Devoto 
(1966), it appears that our ordinary and thermal 
diffusion coefficients have an accuracy of about 
20-30%. 

An estimate of the accuracy of our ion thermal 
conductivities can be obtained from a simple model 
considered by Chapman and Cowling (1970). For a 
simple gas composed of ions of equal mass and 
charge, half positive and half negative, Chapman 
and Cowling found the second approximation to 
the ion thermal conductivity to be a factor of 1.25 
greater than the first approximation. Therefore, our 
ion thermal conductivities, which correspond to the 
first approximation, probably have the same accu- 
racy as our ordinary and thermal diffusion coeffi- 
cients, i.e. 20-30%. 

Of all the transport coefficients, the electron 
thermal conductivity is the least accurate. More 

TABLE 1. RATIO OF THE SECOND AND FIRST AP- 

PROXIMATIONS TO THE MINOR ION DIFFUSION 

COEFFICIENT 

Minor ion 

H+ 

He+ 

N+ 

DxWDx(l) 

(1%nament) 

2.76 

1.91 

1.22 

O,cwD,0) 

(Hirschfelder et al) 

2.15 

1.70 

1.18 

rigorous calculations of this coefficient by Spitzer 
and Hiirm (1953) and others indicate that the first 
approximation to the electron thermal conductivity 
is in error by about a factor of two. However, the 
electron gas effectively decouples from the ion 
gases and, therefore, electron transport coefficients 
can be calculated separately using, for example, the 
method of Shkarofsky (1961) (cf. Schunk and 
Walker, 197Oc; Schunk, 1975). 

3. APPLICATION TO THE IONOSPHERE 

The diffusion and heat flow equations that we 
have presented in the previous section are more 
complex than transport equations previously used 
in mid-latitude ionospheric modeling studies. It is 
therefore instructive to study some of the transport 
coefficients in more detail. 

Illustrative values of the major ion thermal diffu- 
sion coefficients (Yii and (yii* are shown in Tables 2 
and 3 for major ion mass ratios appropriate to 
ionospheric mixtures of ionized oxygen, nitrogen, 
helium and hydrogen. For completeness, we also 
present values for very heavy and very light ions. In 
generating these and subsequent tables, we have 
assumed that the various ions have a common 
temperature. The effect of different ion tempera- 
tures on the individual transport coefficients is dis- 
cussed separately. 

Tables 2 and 3 indicate that for mJm, > 712, a,j* 
is much greater than aii and nearly equal to the 
negative of the major ion thermal diffusion coeffi- 
cient, a,,, of Schunk and Walker. This implies that 
when there is a substantial mass difference between 
the major ions, the thermal diffusion of both the 
light and heavy ion is governed by the light ion 
temperature gradient [see equations (18) and (19)]. 
Since the H’ temperature gradient is typically grea- 
ter than the O+ temperature gradient in the topside 
ionosphere, thermal diffusion effects are even more 
important than previously thought. For comparable 
major ion masses, thermal diffusion has a negligib- 
ly small effect on the ion density profiles. 

With regard to the effect of the major ion temp- 
erature ratio 7’d’Tj on aii and aij*, we note that 
these coefficients are sensitive to TIJT, only when 
mi = mi. Therefore, for ionospheric mixtures of H’- 
O’, H+-He’ or He’-0’ little error is introduced 
by setting Ti = Tj in the expressions for aij and aij*. 
We also note that when m, + m, and T = q ther- 
mal diffusion does not occur, since the quantity 
(aij -aij*)+O. However, when m, = mj and T,Z T,, 
thermal diffusion persists. This latter effect appears 
to be a new result. 

Although doubly-charged ions are not likely to 
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TABLE 2. VALUES OF qj AS A FUNCTION OF &/I+ AND ??li/fR, FOR 

q/z, = 1 AND T,/T, = 1 

“Pj mtP = 14 4 1 
f 

16 712 a/7 lOa 0.001 

0.001 0.03 0.04 0.13 0.15 0.46 0.51 0.0 1.15 

0.01 0.03 0.04 0.13 0.15 0.46 0.51 0.0 1.16 

0.05 0.03 0.03 0.12 0.14 0.45 0.51 0.0 1.19 

0.10 0.02 0.03 0.11 0.13 0.45 0.51 0.0 1.22 

0.125 0.02 0.02 0.10 0.12 0.45 0.51 0.0 1.23 

0.25 0.01 0.01 0.08 0.10 0.44 0.51 0.0 1.30 

0.5 0.00 0.w 0.05 o.c6 0.43 0.51 0.0 1.42 

1.0 -0.01 -0.01 0.01 0.02 0.42 0.51 0.0 1.61 

2.0 -0.02 -0.02 -0.03 -0.02 0.41 0.51 0.0 1.85 

4.0 -0.03 -0.03 -0.06 -0.05 0.40 0.51 0.0 2.10 

8.0 -0.03 -0.03 ~0.08 -0.07 0.40 0.51 0.0 2.32 

16.0 -0.03 -0.04 -0.09 -0.08 0.39 0.51 0.0 2.46 

100.0 -0.03 -0.M -0.10 -0.09 0.39 0.51 0.0 2.62 

1000.0 -0.03 -0.04 -0.10 -0.10 0.39 0.51 0.0 2.65 

be major in the terrestrial ionosphere, we have 
studied the variation of aii and uii* with nJt+, nrJq 
and TJTt for ZJZ~ =2, and we found the same 
qualitative behaviour as for zdzi = 1. 

In Table 4, we present illustrative values of the 
correction factor, Aii, which appears in the major 
ion diffusion coefficients. This quantity, which ac- 
counts for the effect of heat flow on ordinary 
diffusion, attains its greatest value in the limit when 
one of the major ions becomes a very light minor 

ion. In this limit, Ati assumes its maximum value of 
0.69, and this results in a factor of 3.25 increase in 
both the major and minor ion diiusioa coefficients. 
For comparison, A, acts to increase the H” and 0’ 
diffusion coefficients by a factor of 2.76 when H’ 
becomes a minor ion (see Table 1). In the opposite 
limit of a very heavy minor ion, A, is zero. How- 
ever, as the density of the heavy minor ion ia- 
creases, A,i rapidly becomes important. For an H+- 
0’ mixture with 0’ minor, A, attains half of its 

TABLE 3. VALXBS OF %j AS A FUNCTION OF 4% AND %!mt FOR 

ZJZ, = 1 AND TJTj = 1 

np. : mi/mj = 16 14 4 712 %/7 1 1000 0.001 

0.001 2.41 2.38 1.80 1.71 0.64 0.51 2.65 0.0 

0.01 2.39 2.35 1.79 1.69 0.64 0.51 2.62 0.0 

0.05 2.29 2.26 1.74 1.65 0.63 0.51 2.50 0.0 

0.10 2.19 2.16 1.69 1.60 0.63 0.51 2.37 0.0 

0.125 2.14 2.12 1.67 1.58 0.63 0.51 2.32 0.0 

0.25 1.97 1.95 1.57 1.50 0.62 0.51 2.10 0.0 

0.5 1.75 1.74 1.44 1.38 0.61 0.51 1.85 0.0 

1.0 1.54 1.53 1.30 1.25 0.60 0.51 1.61 0.D 

2.0 1.37 1.37 1.1% 1.14 0.59 0.51 1.42 0.0 

4.0 1.26 1.26 1.10 1.07 0.58 0.51 1.30 0.0 

8.0 1.20 1.20 1.05 1.02 0.57 0.51 1.23 0.0 

16.0 1.17 1.16 1.02 0.99 0.57 0.51 1.19 0.0 

100.0 1.13 1.13 1.00 0.97 0.56 0.61 1.16 0.0 

looo.o 1.13 1.12 0.99 0.96 0.56 0.51 1.15 0.0 
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TABLB 4. VALUES OF A,, AS A FIJNCITON OF n,/n, AND Mm, FOR 2,/z, = 1 
ANDT,/T,=l 

V”j m,lmj - 16 14 4 712 a/7 1 loo0 O.ool 

0.001 0.00 0.00 0.02 0.02 0.13 0.15 0.00 0.69 

0.01 0.01 0.01 0.02 0.03 0.13 0.15 0.02 0.69 

0.05 0.06 0.06 0.05 0.05 0.13 0.15 0.07 0.68 

0.10 0.11 0.11 0.09 0.08 0.13 0.15 0.13 0.66 

0.125 0.14 0.13 0.10 0.10 0.13 0.15 0.15 0.66 

0.25 0.22 0.22 0.16 0.15 0.14 0.15 0.25 0.62 

o.5 0.33 0.32 0.23 0.22 0.15 0.15 0.37 0.57 

1.0 0.43 0.43 0.31 0.29 0.15 0.15 0.48 0.Q 

2.0 0.52 0.51 0.38 0.36 0.16 0.15 0.57 0.37 

4.0 0.57 0.56 0.42 0.40 0.17 0.15 0.62 0.25 

8.0 0.60 0.59 0.45 0.42 0.17 0.15 0.66 0.15 

16.0 0.62 0.61 0.46 0.44 0.18 0.15 0.67 0.09 

loo.0 0.63 0.63 0.47 0.45 0.18 0.15 0.69 0.02 

looo.o 0.64 0.63 0.48 0.45 0.16 0.15 0 69 0.00 

maximum value when the 0’ concentration reaches 
about 33%. 

We have found that A,, is not sensitive to TJT,, 
and little error is introduced by setting Ti = T, in 
the expression for A,,. 

Illustrative values of the minor ion thermal 
diffusion coefficients &, 0, and fl, are given in 
Tables 5-7 for various minor ions in mixtures of 
0’ (subscript i) and H+ (subscript i). Also shown in 
Tables 5-7 are values for the limiting cases of a 
very light (Lorentx limit) and a very heavy 
(Rayleigh limit) minor ion. These tables exhibit 

several important features. First, it should be noted 
that & generally has a sign that is opposite to that 
of g(0’) and g(H’). Consequently, the thermal 
diffusion force due to the minor ion temperature 
gradient generally opposes the thermal diffusion 
forces due to the major ion temperature gradients. 
Also, when one of the major ions becomes a minor 
ion, its associated thermal difhrsion coe5cient be- 
comes small, with the consequent result that its 
temperature gradient no longer affects the other 
minor ions. 

It should also be noted that thermal diffusion has 

TABLE 5. VALUES OF 0, FOR VARIOUS IONS IN MIXIWRES OF o+ AND H+ AM) 
FOR T’ = T(o+) = T(H+) 

n&ll/n(H+) 

0.001 

0.01 

0.05 

0.10 

0.125 

0.25 

0.5 

1.0 

2.0 

4.0 

8.0 

16.0 

100.0 

1000.0 

tie+ N+ 0++ N++ byleigh 1omntz 

-0.14 -0.04 -0.03 -0.04 0.0 -1.15 

-0.14 -0.04 -0.04 -0.04 0.0 -1.15 

-0.18 -0.07 -0.07 -0.07 0.0 -1.15 

-0.22 -0.11 -0.10 -0.11 0.0 -1.15 

-0.24 -0.12 -0.11 -0.12 0.0 -1.15 

-0.32 -0.18 -0.17 -0.18 0.0 -1.15 

-0.44 -0.26 -0.24 -0.26 0.1) -1.15 

-0.58 -0.35 -0.32 -0.35 0.0 -1.15 

-0.72 -0.43 -0.39 -0.43 0.0 -1.15 

-0.83 -0.49 -0.44 -0.49 0.0 -1.15 

-0.91 -0.52 -0.47 -0.52 0.0 -1.15 

-0.95 -0.54 -0.49 -0.54 0.0 -1.15 

-0.99 -0.56 -0.51 -0.56 0.0 -1.15 

-0.99 -0.56 -0.51 a.56 0.0 -1.15 
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TABLJI 6. VALUES OF @(O+) FOR VARIOUS IONS IN MDCNRES OF o+ AND H+ AND FOR 

T, = no+) = zYH+) 

He+ N+ 0 ++ N ++ 
Rayleigh Lorentr 

0.m 0.00 0.00 0.00 0.00 0.00 0.0 

0.01 0.00 0.01 0.04 0.03 0.02 0.0 

0.05 0.01 0.04 0.17 0.15 0.11 0.0 

0.10 0.02 0.07 0.31 0.26 0.22 0.0 

0.125 0.02 0.08 0.37 0.33 0.27 0.0 

0.25 0.04 0.14 0.63 0.56 0.48 0.0 

0.5 0.04 0.21 0.96 0.84 0.81 0.0 

1.0 0.03 0.28 1.31 1.12 1.24 0.0 

2.0 0.01 0.33 1.60 1.32 1.69 0.0 

4.0 -0.03 0.36 1.79 1.44 2.06 0.0 

8.0 -0.06 0.38 1.91 1.50 2.32 0.0 

16.0 -O.OR 0.38 1.97 1.53 2.47 0.0 

100.0 -0.10 0.39 2.02 1.55 2.62 0.0 

1000.0 -0.10 0.39 2.03 1.55 2.64 0.0 

a greater effect on the minor ion when H’ is the 
dominant major ion than when 0’ dominates. In 
addition, when I-I+ dominates both & and /3(0’) 
are much smaller than /3W), so that the IT temp- 
erature gradient establishes the thermal diffusion 
force on the minor ion. On the other hand, when 
0’ dominates the thermal diffusion force may be 
established by either the 0’ temperature gradient 
or the minor ion temperature gradient depending 
on the mass and charge of the minor ion. The 
lighter the minor ion the more important is the 
minor ion temperature gradient. 

In the Lorentx limit of a very light minor ion, 
only the minor ion temperature gradient is effective 
in establishing the thermal diffusion force on the 
minor ion. In the opposite limit of a very heavy 
minor ion, the thermal diffusion force on the minor 
ion is established by the H+ temperature gradient if 
H’ dominates and by the 0’ temperature gradient 
if 0’ dominates. 

In general, the thermal diffusion coefficients /?., 
/3, and g, are all complex functions of Z” T& and q. 
When O+ is the dominant major ion, /3(0’) is 
affected most by the temperature ratio TJT(O+). 

TASI_R 7. VALUES OF @(H+) FOR VARIOUS IONS IN MLXTURPS OF o+ AND H’ AND FOR 

T. = T(O+) = T(H@) 

n(O+)/n(H+) He+ N+ 0++ N++ Rayleigh LOlWltZ 

0.001 1.80 2.38 9.63 9.50 2.65 0.0 

0.01 1.76 2.33 9.45 9.32 2.60 0.0 

0.05 1.61 2.15 8.72 8.60 2.42 0.0 

0.10 1.44 1.96 7.96 7.04 2.23 0.0 

0.125 1.37 1.66 7.62 7.50 2.15 0.0 

0.25 1.10 1.55 6.30 6.19 1.81 0.0 

0.5 0.76 1.14 4.67 4.58 1.38 0.0 

1.0 0.46 0.75 3.08 3.00 0.94 0.0 

2.0 0.27 0.45 1.83 1.78 0.58 0.0 

4.0 0.14 0.25 1.01 0.98 0.33 0.0 

8.0 0.07 0.13 0.53 0.52 0.18 0.0 

16.0 0.04 0.07 0.27 0.26 0.09 0.0 

100.0 0.01 0.01 0.05 0.04 0.02 0.0 

1000.0 0.00 0.00 0.01 0.00 0.00 0.0 
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TABLE 8. VALUES OF 8(x, 0+) POR VARIOUS IONS M MD(TURBS OF o+ AND H+ AND POR 
T, = T(O+) = T(H+) 

“(O+VnW+) He+ n+ 0” ,++ Raylelgh LOrmtz 

0.001 0.07 0.01 0.01 0.01 0.0 0.69 

0.01 0.07 O.(il 0.01 0.01 0.0 0.69 

0.05 0.09 0.02 0.02 0.02 0.0 0.69 

0.10 0.11 0.03 0.03 0.03 0.0 0.69 

0.125 0.11 0.04 0.03 0.04 0.0 0.69 

0.25 0.15 0.06 0.05 0.06 0.0 0.69 

0.5 0.21 0.08 0.07 0.08 0.0 0.69 

1.0 0.28 0.11 0.10 0.11 0.6 0.69 

2.0 0.35 0.14 0.12 0.14 0.0 0.69 

4.0 0.40 0.16 0.13 0.16 0.0 0.69 

8.0 0.43 0.17 0.14 0.17 0.0 0.69 

16.0 0.45 0.17 0.15 0.17 0.0 0.69 

100.0 0.47 0.18 0.15 0.18 0.0 0.69 

low.o 0.48 0.18 0.15 0.18 0.0 0.69 

Likewise, when H+ is the dominant major ion, 
g(H+) is most sensitive to TJT(H+). As far as & is 
concerned, TJT(O+) is the most important temper- 
ature ratio when O+ dominates, while when H+ 
dominates, TJT(H’) is slightly more important 
than TJT(0’). For comparable major ion de- 
nsities, fix is most sensitive to the temperature ratio 
T(O+)/T(H+). 

In Tables 8 and 9, we present illustrative values 
of the minor ion correction factors Axr and A, for 
various minor ions in mixtures of O+ (subscript i) 

and H‘ (subscript j). These correction factors ap- 
pear in the minor ion diffusion (35) and frictional 
drag (38) coefficients. As with the major ion correc- 
tion factor A,,, the minor ion correction factors take 
on their maximum values in the limit of a very light 
minor ion. This tendency is clearly illustrated in 
Tables 8 and 9 by the increase in both A(x, 0’) and 
A(Jc, H+) with increasing 0’ concentration. It 
should also be noted that both A(x, 0’) and 
A(x,H’) are independent of the charge of the 
minor ion (compare N’ and Nz+ columns). 

TABLE 9. VALUES OF A(x, H+) FOR VARIOUS IONS IN MDcTURRS OF o+ AND H+ AM) FOR TX = 
T(O+) = T(H+) 

n(O+l/n(H+) Hei N+ 0++ N 
++ 

Rayleigh Lorentr 

0.001 0.02 0.00 0.00 0.00 0.0 0.69 

0.01 0.02 0.00 0.00 0.00 0.0 0.69 

0.05 0.02 0.00 0.00 0.00 0.0 0.69 

0.10 0.03 0.00 0.00 0.00 0.0 0.69 

0.125 0.03 0.01 0.00 0.01 0.0 0.69 

0.25 0.04 0.01 0.01 0.01 0.0 0.69 

0.5 0.05 0.01 0.01 0.01 0.0 0.69 

1.0 0.07 0.01 0.01 0.01 0.0 0.69 

2.0 0.09 0.02 0.01 0.02 0.0 0.69 

4.0 0.10 0.02 0.02 0.02 0.0 0.69 

8.0 0.11 0.02 0.02 0.02 0.0 0.69 

16.0 0.11 0.02 0.02 0.02 0.0 0.69 

100.0 0.12 0.02 0.02 0.02 0.0 0.69 

1000.0 0.12 0.02 0.02 0.02 0.0 0.69 
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With regard to the temperature dependence 
of the minor ion correction factors, we note that 
temperature effects are important only when the 
0+/H‘ density ratio is smaller than about 0.1. 
However, in this limit the correction factors are 
small (see Tables 8 and 9). Consequently, for most 
ionospheric applications it is possible to neglect the 
temperature dependence of the minor ion correc- 
tion factors. 

For practical computation, we note that A(x, H+) 
is negligibly small for all the ionospheric ions consi- 
dered in Tables 8 and 9, except He+ over the range 
n(O’)/n(H’) > 4. However, in this range minor ion 
collisions with 0’ dominate, and since A(x, H+) 
always appears as v(x, H’)[l - A(x, H’)] its con- 
tribution can be neglected. Therefore, when 
evaluating the minor ion diffusion and frictional 
drag coefficients, an error of less than 10% is 
introduced by setting A(x, H+) = 0. 

The frictional drag coefficients hi and IQ ac- 
count for the tendency of the minor ion to acquire 
the drift velocity of the major ions (!&chunk and 
Walker, 1970a). For these coefficients, we note 
only that (1) by definition, hi + hj = 1, (2) the 
quantity (R, -Rji) is negligibly small for all ionos- 
pheric ions and (3) these coefficients are not very 
sensitive to temperature. 

Our final discussion deals with the heat flow 
equations (10) and (11). As noted previously, a 
temperature gradient in either major ion gas causes 
heat to flow in both gases. Also, a relative drift 
between the major ion gases causes heat to flow in 
both gases. The importance of these processes can 
be determined by comparing the terms in the heat 
flow equations. This comparison can be done, for 
example, by setting the relative flow term in the 
species heat flow equation separately equal to both 
major ion temperature gradient terms. With this 
procedure, we not only can determine which temp- 
erature gradient term is more important, but we 
also obtain the magnitude of the relative drift that 
produces the same heat flow as a given temperature 
gradient. 

The results of such a comparison are shown in 
Table 10 for the case where 0’ and H+ are the 
major ions. In generating this table, we set T(0’) = 
T(H’) = 1000 K, VT(0’) = VT(H’) = 1 K/km and 
n, = 5 x lo4 cme3. Since the drift velocity differ- 
ences shown in Table 10 are proportional to 
T(H+)3’2 VTJn,, where s =H+or 0’, they can be 
readily scaled to other values of these parameters. 
In the expression for q(O’), larger H+-0’ drift 
velocity differences are needed to match the 
VT(0’) term than the VT(H+) term, indicating that 

TABLE 10. MAGNITUDE OF THE H+-O+ vnrocrr~ DIF- 

FERENCE (&CC) THAT PRODUCES THE SAME HEAT 

Fu3W AS THE INDICATED TEMPERATURE GRADlENC 

TERM. FOR THIS TABLE, T(o+)= TOI+) = lOOO”K, 
VT(O+) = VT(H+) = 1 “K/km, AND n, = 5 x lo4 cme3 

q,to+1 @+) 
“(o+)/“(ri*) vT(O+) VT(H+) 

+ 
vT(O ) 

+ 
VT(H ) 

0.001 119 30.6 0.41 i ‘470 

0.01 116 29.2 0.41 754 

0.05 106 24.6 0.41 157 

0.1 99 20.8 0.41 82 

u.25 90 15.0 0.42 37 

0.5 90 11.2 0.43 22 

1.0 104 8.5 0.44 15 

2.0 141 6.8 0.45 11.2 

4.0 221 5.9 0.46 9.4 

10.0 466 5.3 0.47 6.2 

50.0 877 5.1 0.46 7.9 

100.0 4170 5.0 0.48 7.6 

1000.0 41,200 4.9 0.48 7.5 

the VT(O+) term is the dominant temperature gra- 
dient term when the 0’ and H+ temperature gra- 
dients are comparable. However, the VT(H+) term 
does make about a 20% contribution to q(0’) 
when 0’ becomes a minor ion. This contribution is 
larger if VT(H’)>VT(O+). In the expression for 
q(H’), on the other hand, the familiar H+ tempera- 
ture gradient term is much larger than the VT(0’) 
term for all 0+/H’ density ratios shown in Table 
10. In order for an 0’ temperature gradient to 
affect q(H’), H’ would have to be a minor ion and 
VT(0’) would have to be 15 times greater than 
VT(H+). This situation is not likely to occur in the 
mid-latitude ionosphere. 

With regard to the ion heat flow induced by an 
H’-0’ relative drift, the column of larger numbers 
for a given q indicates the relative drift that is 
needed for this process to match the heat flow 
induced by the dominant temperature gradient 
term. For O’, the field-aligned H’-0’ relative drift 
would have to be greater than lOOm/sec for this 
process to induce the same heat flow as a 1 K/km 
O+ temperature gradient. Larger relative flows are 
needed to match larger 0’ temperature gradients. 
For H’, on the other hand, an H+-O+ relative drift 
of only 7.5 m/set induces an H’ heat flow equival- 
ent to a 1 K/km H’ temperature gradient, if H’ is a 
minor ion. For comparable H’ and 0’ densities, a 
field-aligned relative drift of 15 m/set is equivalent 
to 1 K/km. 

Recent measurements at Arecibo by Vickrey et 
al. (1976) indicate that field-aligned HC-0’ rela- 
tive drifts as large as 80 m/set occur in the transi- 
tion region between the F region and the 
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protonosphere after sunset. Since the measured 
electron densities and ion temperatures are com- 
parable to those adopted in our calculation, Table 
10 indicates that the observed 80m/sec relative 
drift induces a significant H heat flow and a de- 
tectable O+ heat flow. Furthermore, the divergence 
or convergence of the induced heat llow probably 
has a sign&ant effect on the H’ energy balance in 
the transition region, but a negligible effect on the 
0’ energy balance. 

As noted earlier, H’-0’ relative drifts have their 
greatest effect on the ion heat flow when the rela- 
tive drift is large and H+ is a minor ion. Such 
conditions exist at high latitudes in the polar wind 
where H’ flows through 0’ at speeds approaching 
several km/set. Unfortunately, our diffusion and 

Additional evidence for the existence of large 
H’-0’ relative drifts has been presented by Bailey 
et al. (1973) in their study of the nocturnal equator- 

heat flow equations are not valid in this region, 

ial ionosphere. Model studies indicate that field- 
aligned H’-0’ relative drifts of up to 300 mlsec 

since we have assumed that the species temperature 

are possible due to the asymmetry in the summer 
and winter hemispheres which results from merid- 

and flow velocity differences are small. Neverthe- 

ional neutral winds and electrodynamic drifts. 
When the values in Table 10 are scaled using the 

less, the relative flow that exists between H+ and 

0’ and II? densities calculated by Bailey et al. 
(1973), we find that He-O+ relative drifts of this 

O+ in the polar wind could induce a significant H+ 

order of magnitude are large enough to affect sig- 
nificantly the ion heat fiow in the nocturnal 

heat flow and this, in turn, could alter the H+ 

equatorial ionosphere. This additional induced heat 
flow, in turn, may alter the ion energy balance in 

energy balance. 

this region. 

4. SUMMARY 

We have derived diffusion and heat flow equa- 
tions for the mid-latitude topside ionosphere in an 
approximation that is equivalent to the second 
order multicomponent formulation of Hirschfelder 
et al. (1964). However, our equations have an 
advantage over those obtained from the multicom- 
ponent formulation in that each constituent of the 
gas mixture is allowed to have its own temperature 
and drift velocity. 

Considering two major ions, electrons, and a 
number of minor ions, we have found that a heat 
flow through both major ion gases results from a 

temperature gradient in either gas or from a rela- 
tive drift between the major ion gases [see equa- 
tions (10) and (ll)]. The corresponding major ion 
thermal conductivities, A,, and thermoelectric 
coefficients, S,,, are given by equations (13) and 
(14). We have also found that a temperature gra- 
dient in either of the major ion gases or in the 
electron gas causes thermal diffusion in both major 
ion gases [see equations (18) and (19)]. The corres- 
ponding thermal difhrsion coefficients a,,, a,,*, 7, 
and ‘y, are given by equations (22)-(25). The major 
ion ordinary diffusion coefficients Df and D, are 
given by equations (20) and (21). The quantity A,,, 
which appears in the expressions for the ordinary 
ditIusion coefficients, accounts for the effect of heat 
flow on ordinary dithrsion and is given by equation 

(26). 
As far as the minor ion is concerned, we have 

found that a heat tlow through the minor ion gas 
can result from a temperature gradient in either of 
the major ion gases, a temperature gradient in the 
minor ion gas, a relative drift between the minor 
ion gas and either of the major ion gases, or a 
relative drift between the major ion gases [see 
equation (30)]. The appropriate minor ion trans- 
port coefficients are given by equations (31)-(33). 

The motion of the minor ion is influenced by the 
motion of both major ions in addition to ordinary 
and thermal diffusion processes [see equation (34)]. 
The tendency of the minor ion to be dragged along 
by the major ions enters through the frictional drag 
coefficients h,, and h, [equation (38)]. The ordi- 
nary diEusion of the minor ion is described by the 
coefficient D, [equation (35)]. Thermal diffusion in 
the minor ion gas can result from a temperature 
gradient in the minor ion gas, in either of the major 
ion gases, or in the electron gas. The corresponding 
thermal diffusion coefficients &, & 8, and ‘y= are 
given by equations (36) and (37). 

We have evaluated the importance of some of 
the new transport processes. For the case where 0’ 
and H+ are the major ions, we have found that: 

(1) Thermal diffusion of both 0’ and H+ is 
governed by the H’ temperature gradient. 

(2) The increase in the H+ and 0’ diffusion 
coefficients that results from the coupling between 
diffusion and heat flow is greatest when H+ is a 
minor ion. In this limit the H+ and 0‘ diffusion 
coefficients are increased by a factor of 2.76. 

(3) An 0’ temperature gradient induces a neglig- 
ibly small amount of H’ heat flow. 

(4) An H+ temperature gradient induces a sig- 
nificant amount of O+ heat flow when VT(H’)2 
VT(0’) and H’ is the more abundant major ion. 
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(5) A relative drift between H+ and 0’ induces a 
heat flow in both gases, but it is more important for 
H’ than 0’. This induced H+ heat flow could 
significantly affect the H’ energy balance in the 
nocturnal equatorial ionosphere and in the mid- 
latitude ionosphere after sunset in a region be- 
tween the F region and the protonsphere. 
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The effective collision frequencies are given by 

The dimensionless quantities appearing in the minor 

ion diffusion equation are given by 

Y# J Y,, - 1+$ 
Vi’ 

Ysl = yxj = -(l-4). 

The quantities Q,,, Qji, YjI and Yr, can be obtained from 
&he above equations by interchanging the subscripts i and j. 

It should be noted that the Coulomb collision frequen- 
cies are not symmetric but satisfy the relation n,m,~~, = 
&m,v,. For In A= 15, the Coulomb collision frequency (3) 
can be approximated numerically by 

u, = 1.27 

where A* is the particle mass in atomic mass units, An is 
the reduced mass in atomic mass units, n, is in cmv3 and 
T,, is in K. For electron-electron and electron-ion co& 
sions, the Coulomb collision frequency reduces further to 


