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Radiative corrections to the two-gamma decay of parapositronium are examined. Special
care is taken in the handling of the so-called binding diagram; in particular, the limiting
procedure related to the infrared divergence is considered carefully. The general covariant
gauges and the Fried-Yennie gauge are used in the computation to see that gauge invariance
is accounted for. The order « correction of Harris and Brown is confirmed. In addition,
from a sharp peak of the matrix element at low momentum and the low-momentum correc-
tion to the wave function, an «®In «~! correction is derived.

I. INTRODUCTION

The decay rate of parapositronium into two gammas was calculated to order « by
Harris and Brown [1] on the basis of an earlier calculation of Compton scattering [2].
While the experimental measurement [3] made so far is not accurate enough to test
the theoretical prediction, an ongoing precision measurement of the Michigan group
is expected to test the result of Harris and Brown.

The development of the study of the orthopositronium decay info three gammas is
more of a zigzag story. Although earlier experiments [4] agree with the order «
calculation of Stroscio and co-workers [5], recent experiments of the Michigan
group [6] indicate a significant discrepancy with the theoretical result as well as the
earlier experiments. A subsequent calculation [7] give a result which was in dis-
agreement with the previous calculation, and was consistent with the Michigan
experiments [6] within 2 standard deviation. A more recent experiment [8] confirmed
the result of the Michigan experiment.

In theoretical calculations of positronium decay, the treatment of the binding
diagram has been the most subtle part. In earlier work [1], dropping the Sommerfeld
factor was the key to eliminate double counting of the binding force and the radiative
correction. A considerable refinement of the argument was attained in more recent
work [7], but the limiting procedure related to the infrared divergence and the low-
momentum expansion of the matrix element is less than clear cut.

In this article, we present a calculation of the order « correction to paraposi-
tronium decay, in order to clarify the subtlety of the binding diagram treatment. In
order to see that gauge invariance is accounted for, we have used the general co-
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variant gauge in the computation. Although the positronium decay matrix element
should be infrared divergence free to order «, the usual procedure of on-mass-shell
renormalization introduces artificial infrared divergences for individual diagrams.
This makes some complication in the binding diagram in particular. We have used the
Fried-Yennie gauge [9], too, since this gauge eliminates the infrared divergence from
the individual diagrams.

The plan of the article is the following. Section II gives the order o correction to
parapositronium decay and Section ITI derives an o2 In o~* correction. A discussion is
given in Section IV and the Appendix shows the details of the computation and
relevant formulae [7].

II. RADIATIVE CORRECTIONS OF ORDER o

The amplitude for parapositronium decay into two gammas can be written

eZ
A= —i—ees | Up(p;k, k') o p) d*pdVK — k — Kk’ 2.1
gy | 03 K) i) dip ) e

with

N , . , € €
Up; k, k) = (Ce'y) M(p k, K)en) + (1 © 1) 22)
where (k, , €,) and (k. , €,) are the momentum and polarization vectors of the two
photons, the momenta p, and p, of the electron and positron pair are related to
K =p, + ps, p = (p; — p2)/2 which, in the c.m. system, gives

K . E_ ¥ 4
3 -*k—m—?—m 2m—{—0(m<x,

with
y = mof2.

The Bethe-Salpeter wave function for positronium is expressed as

_ ¢ —¢(op/2m)T
s = ((cp/Zm) é o) 2.3)

to the order required [10]. The 4 X 4 matrix C is the charge conjugation matrix and
is given by

C= —in.
The zeroth-order amplitude is obtained by using the lowest-order matrix element

M(p; k, k') = 1/(iy(p, — k) + m), 24
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and computing at p = 0. We thus get

A= 4—‘;~ [tr {(ox(ae)(Gk)(oe) — o(oe)(ok)(ae) b} dipS (K — k — k')

1202
— (_22)_4.21_9(]( ce X €) 8K — k — k'),

- 2m¥(ma®)t?
where the singlet wave function is defined by
[tx(e2b(p)) dp = 2mp(p)21%

and the Schrédinger wave function for the singlet state

O N 1 8y
9580 (p) - (7703)1/2 (pz + ,},2)2

with
a=2/ma=1}y

is used. The decay rate computed from Eq. (2.5) gives

IO — mas)2.

Lsg-oy
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(2.5)

2.6)

Q.7

(2.8)

(2.9)

The diagrams contributing radiative corrections of order « are given in Fig. 1. They
are (a) the self-energy correction, (b) the vertex correction, and (c) the binding dia-
gram, in which the wavy line represents the photon propagator. From (c), the contri-

D 7
N I
(a) (b)
(c) (d)
o = e
(dy) (")

Fic. 1. Diagrams which contribute order o corrections to parapositronium decay. (Crossed

photon diagrams are not shown.)
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Fic. 2. Diagrams which are incorporated to eliminate the ultraviolet divergence and to give
coupling constant renormalization. (Crossed photon diagrams and diagrams for bound-state wave
function renormalization are not shown.)

bution of diagram (d) in which the dotted line stands for the Coulomb interaction
ve, must be subtracted, since the Coulomb interaction is already included in the
Bethe-Salpeter wave function. On the other hand, the Bethe—Salpeter equation
enables us to write down the contribution from (the lowest order matrix element) x
(wave function) as (d"). The reason for using the form (d"), instead of (d,) is to avoid
computing the correction to the wave function which would give an order « correction
for the decay rate. In other words, using the diagram (d’), instead of (d,) is equivalent
to including the correction to the wave function in the computation. The total contri-
bution to the decay amplitude is then symbolically expressed as

(@) + (b) + () — (d) + (@). (2.10)

To these, the diagrams of Fig. 2 should be added. But this addition is equivalent to
absorbing the ultraviolet divergences into the Z remormalization constants and
replacing the coupling constant by the renormalized one. (Wave function renormaliza-
tion of the bound state is also necessary.)

One may think that the contributions of (d) and (d') in Eq. (2.10) cancel each other
exactly. This is not the case in a guage where an infrared divergence is artificially
introduced by the on-mass-shell renormalization procedure. In fact, all diagrams
(a)-(d) contain infrared divergences, which disappear in the sum. Obviously, diagram
(d") is infrared divergence free, so that (d) 7 (d’). This is due to the way the limit is
taken in the computation of (d) and (d): In (d), the limit v = m.,2/m,2 %0, |p| =0
is taken, while in (d'), the limit » = 0, | p | 5 O is considered, where m,, is the photon
mass. An exception occurs in the Fried-Yennie gauge, in which all the diagrams are
infrared divergence free so that (d) = (d).

Summing the contributions of all the diagrams, the amplitude A is written as

A== 22 E ke x ) [0 40 350 @11)
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where, to order o, ¢4(p) can be approximated by the nonrelativistic ground-state wave
function

g (YRR 8wy
$:(p) = $7(p) = (L) e 2.12)
and f(p) stands for the contribution from the diagrams (a), (b), (c), (d) and (d’). In
Eq. (2.11), we used the transverse gauge for the external photons, since the gauge of
the external photon can be chosen arbitrarily and independently from the gauge of
the internal photon. This is a result of charge conservation.

The value of f(p) for each diagram is given in TableI for the covariant gauge,
where the photon propagator is given by

i k.k,
_F(ngFg s ) (2.13)
and for the Fried—Yennie gauge, where the photon propagator is

(w Kk, ) (2.14)

In the table, we notice that the case of the Fried—Yennie gauge is not equal to the
limit £ — 2 in the general covariant gauge. The details of this account are given
elsewhere [11]. The computation which leads to the result of Table I is given in the
Appendix.

The final result for f(p) can be read off from Table I,

and hence
[1@ 6922 = (2" (1 — o= (5— ) (216)
(277)3 pe 2 7)) '
This leads to the decay rate
e =5 (1= (=) @17)

which is the result of Harris and Brown [1].
The second term of Eq. (2.15) is responsible for producing the zeroth-order ampli-
tude, the first term of the r.h.s. of Eq. (2.16). In fact, the relevant integral

3 © —1
8y dp _ 8 (vxtan”x .. _ (2.18)

2y a2 _
[Fen 2 s o — = |, @iy
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proves this assertion. If, however, one takes the limit y — 0 in Eq. (2.15), one obtains

2 i W4
In 1) =~ o (5 ) T 219)
The last term of Eq. (2.19),
Ty« m® o

D Ty 2 (2.20)

is precisely half of the Sommerfeld factor for the Compton scattering cross section.
The integration

wy 8wy dp . x .
Iy wrmrar =t w2 @21
indicates that the limit (2.19) should not be taken. As a matter of fact, Eq. (2.15) is,
though sharply peaked, finite at p = 0 as long as y # 0.

It is the sharp peak at p = 0 of the function (2y/P) tan! (p/y) as well as that of the
bound-state wave function which gives the zeroth-order amplitude by integration,
despite the fact that it originates from a diagram of order o. (See especially the case of
the Fried-Yennie gauge.) This is similar to the mechanism of reproducing the non-
relativistic wave function by iteration in the Bethe-Salpeter equation. It may also
suggest that a correction to the wave function should lead to a quantity larger than
the order o2 correction. That this is indeed the case will be shown in the next section.

Before closing this section, let us comment on the calculation of the binding dia-
gram in Refs. [5, 7]. They obtained a singular term wy/2p which is half that of Eq.
(2.20), so that the correct zeroth-order term is obtained by integration. However, that
involves a separation of an infrared divergent term and 1/p singular term starting
with an integral which is infrared divergent but p finite, or 1/p singular (in the limit
y — 0) but infrared convergent. As is shown clearly in Table 1, in particular for the
Fried-Yennie gauge, our computation gives Eq. (2.15) without any ambiguity. This
indicates that the procedure in Refs. [5, 7] may be sensitive. Certainly, it does not
give any result different from ours to order «, but it definitely leads to a different
prediction in the order ¢ In «~! calculation, as we see in the next section.

III. A CORRECTION OF ORDER o2 [n o~?

A correction to the bound-state wave function of the B.S. equation is obtained by
iteration of the nonrelativistic wave function as the zeroth-order approximation. For
the Coulomb kernel

ie?
- k|2 7;{1) '}’ib), (31)
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Karplus and Klein derived the solution
6@ = T [(1 - R (1 - 20 . P e 3.2
V=T e [( 2m)( - zm)+zn“z‘]¢ ®- (3.2)

For the large-large component ¢,,(p), we have

) _r A%
bu® = $%O(1 — 2z + 0 () (3.3)
The author proved that the solution (3.2) or (3.3) is, in fact, the exact solution of the
B.S. equation to the order p%/4m?, provided a term of order o? is neglected. This is
proved by showing that its form is invariant under further iteration [12].
The integral

Ay R .y A .y B .
[, e AT Gy~ e Y T O0) G
or
f ) 3y—tan—lﬂ 8y P dp
A RN . T e

__f_[ ! me 2 1 1 ]
T T mE L — AfamEe T 2mjAVR -y 4 1 — Ay¥m®

y* 2
— — LIy + 0 (3.5)

shows that the last term of Eq. (2.15) and the corrected wave function (3.5) give a
correction to the decay amplitude.

84 = (—(c¥/4) In a~* + O(o3) A, (3.6)

Note that the integral in Eq. (3.4) or (3.5) can be replaced by

2

Amy  8my P dp ¥ LY s
R R o T R A

v 4
==z lny + 0% (3.7

Hence, if we use the expression of Refs. [5, 7], my/2p for the singular part of Eq.
(2.15), then we would have obtained one half of Eq. (3.6) for the o* In o~ correction.

We have obtained an o In o1 term from the binding diagram singularity and the
p%4m? correction to the bound-state wave function. However, similar terms can be
obtained also from p? corrections to the matrix element and the small-small com-
ponent of the positronium wave function. The details of that calculation will be
reported elsewhere.
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IV. DiscussioN

We have presented a careful treatment of the radiative correction to paraposi-
tronium decay, in particular of the binding diagram. Because of the sensitivity of the
limiting procedure involving the infrared divergence, we kept the infrared parameter
finite for the binding diagram. The p singular term which corresponds to the
Sommerfeld factor appears from the subtraction of the Coulomb kernel for the
general covariant gauge. A logically simpler argument was given in the Fried—Yennie
gauge where there is no infrared divergence.

Additional o? In a~* corrections to the positronium decay rate and hfs were obtained
in Ref. [14]. Those authors use a formalism different from ours, and we think it would
be useful to derive such corrections by an independent method. In a forthcoming
paper, we will compare our result for the «? In a! corrections and those of earlier
works.

APPENDIX A: SELF ENERGY

(i) Renormalization

The self energy is given by [11]

. —ie? 1 8uv fkukv
2(P) = oy f”“ Wp—R) - m—ic” (k2 Tre— T ETe= ie)z)
9 d*k
Q)=
= A¢ + Biyp + m) + Ciliyp + m)?, (A.1)

where

A, = %(31) + 4),

B§=%[D+4—|—21nv+§(D—an)],

C, = o [ 1 2-—-3p

d7m l—p—(l—p)2
(Ziyp+m(—4+3p  4—4p—
+ pm { T—p (1—p?

1 P
o Ll
+(—1’)’P+m)g 2—2p+ p?
l—p (1—p)?

In p (A2)

2 Inp—2Inv

+§[11 +( n

Inp+1Invw

II-
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Here

1
2 —w

4ap?
e

D =

+ 4(1) + In (A.3)

represents the ultraviolet divergence in the dimensional regularization method [13],
(1) = —y = —0.57721..., p is a quantity of the dimension of mass, A is the photon
mass and

v = A/m?. (A.4)

Whenever permissible, the limits w — 2 and v — 0 are taken.
In the Fried-Yennie gauge (¢ = 2), the infrared-divergent terms disappear. In
Ref. [11] we noted the facts

Bry = By — of2m,

o

CFY = Cf=2 + I W

because of the on-mass-shell expansion of the renormalization and the infrared
divergence thus introduced. In fact, the self energy in the Fried-Yennie gauge is given
by

Zryv(p) = Apy + Bey(iyp + m) + Cey(iyp + m)?, (A.5)

where
Ary = 7= (3D -+ 4,

; ,
By = 71% D, (A.6)

_Baiyp 1 P
CFY_477'm2 (l—p + (l—p)zlnp)'
(ii) Contribution to the Decay Amplitude

The contribution to the decay amplitude for parapositronium due to the self-
energy diagram, Fig. la, can be expressed in terms of M defined in Eq. (2.1) and (2.2),

N L i — k)
= —Cydp, — k) for the general covariant gauge

= —Cpy(pn — k) for the Fried—Yennie gauge,

where X, stands for the third term of Eq. (A.1) or (A.5). Since p, = K/2 + p = p and
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we need to evaluate the amplitude for p = 0, the parameter p in C/p, — k) or
Cry(p, — k) is given by

p=XAM o (ki=m—L). (A8)
For
C{p)=a, + iypb,, s=~EorFY, (A9)
we obtain

4, = (ﬁ)—, [Tr(Cen—a, — iv(p, — k) b)(ey) 4(p) dipSOEK — k — k)

]
Using

Tr(Ce'y[—a; — iy(py — k) b] eyy)

=10 (L, 0 M o a0l e NG )

= ib, Tr(oy(oe’)(ok)(c¢) ) (A1
and
(o€")(ok)(oe) — (oe)(ok)(oe’) = 2ik - (exe’). (A.12)
We get
A, =— —%%T-——%Z;—e/: k(e X €)6NK —k — k') - (2bgm?), (A.13)

where 2bm*® can be computed from the coefficients of iyp in C; and Cpy (Egs. (A.2)
and (A.6)) for p = 2,

o 1
2bgm? = o 1—i—41n2+1nv—{—§(—1—}—1n2——§lnv) (A.14)

and
2bpym? = 7"‘; (=3 + 61In2). (A.15)

These are the entries (a) in Table I.
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APPENDIX B: VERTEX CORRECTION

(i) Renormalization

The vector correction is expressed as

Fp.p) =i d¥oq 1 1
JAD,D) = 1€ Q) ()2 (y“ i(p —q) + m — ie Yu iv(p —q) +m— ie y")
S £q.9,
X (q2 T e + F+ = i€)2) , (B.1)

=TI'Y(p', p) + ET'®(p, p),

where

, 2 N(l)
T 0) = o gy |40 [ 205 [ bt (B

with

F=m{x*+ p(l — x) (x — p) + pY(1 — %) + wy(x — ) + (1 — %)},

2 + m2 , 2 + m2 kz Az
p=ta A= k=g v=aa B
and
. ie? 1 2w = 6(1 —x) @
F (#'.p) = (277)4 Qmp)Hes fd qJO dxj; dy( 2 —!—F)4N . (B.4)

The numerators in the integrands N are
N® = y(—iy(p' — q — px + ky) + m) y(—ivp — g — px + ky) + m)y, (B.5)
and

N? = y(q + px — ky)(—iy(p' — q — px + ky) + m)
X v (—iy(p — g — px + ky) + m) y(q + px — ky). (B.6)

Expanding
Tp',p)= L%, +49(p,p) (=12 (B.7)
for the general covariant gange and

I'™(p', p) = Leyy. + A5, p) (B.8)
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for the Fried-Yennie gauge, we obtain the Ward identity

- T v
L = B% — (D + 4+ 21nv),

@ _po - % (p_
L® =B 4o (D —Inv), (B.9)
X
LFY == BFY == —4;7— D

(ii) Contribution to the Decay Amplitude

The vertex corrections contribute to the decay amplitude in the following form

I
Ap = (2k 2k )1/2 '[Tr EC(e ) o=k Fm €., (pr — k, p1) Y(p)

(B.10)

X dApd (K — k — k') + (k « k') .

e o
If
Af(py — k, p)) = vua + iPb + (iy(py — k) +m) y,c
+ (iy(py — k) 4+ m) P,d
+ X.(ipy +-m) f
+kg  Pu=Qp— k), (B.11)

we can easily conclude that only the first term contributes to the decay amplitude:
First, ek = O eliminates g. Furthermore the relationships

onmors= () SHE B Yoo i
Tt J) =o, ®.13)
o, =0 (B.14)

ensure the validity of our statement. (Here we have taken the limit p, = p = 0). Hence
if we find the coefficient of the y, term in Eq. (B.11), we can obtain the contribution to
the decay amplitude by

(2m) 21/2¢2

Ap = — 2m¥(ad®) 2

k-€x €30K —k — k') a (B.15)

Further, the values of p, p’ = ((p, — k)* 4+ m?)/m? in a are given by

p=0, p =2 (B.16)
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The a terms in Egs. (B.3) and (B.4) are obtained by replacing yp on the right and yp’
on the left by im, and dropping the k,, , py,, terms. Performing the ¢ integration (see
the formula in Appendix E), we obtain

a; = a™ + £a®,
where

o4

am:_&;[p_z-zfldxrdyln—r%

2m2 2—2x—x)—p(l —x+ (1 —x)
_f dxf B — 0 — ) — 2x(1 — x) ]

—%[D+4+21nv] (B.17)

(o4

5 1 z F
@ *ip_2_ ; £
a ; ’D g 6J; a’xf0 dy(1 — x)In—;

1 = m? (2 -12x + 6x% 4+ p(-1 + 6x - 6x2 + y(6x — 3))
6 dx [ (= GF L itk 3 £ 301 -20)
—x*2 — x)? ~( px(l — x)(x ?y)(l —x+Y)
! 2 m* [ —pxy(1 — x)(1 — y) — pp'x(1 — x)
—6 f., dxf G =0em |« (x = 20(x — ) + px(2 — D)2x(1 — %)
\— y(1 = 2x)] + p'x(2 — x)(x + y(1 — 2x))

6
— = (D —1nv) (B.18)
for the general covariant gauge and
apy = aV + 2a® + afm (B.19)

for the Fried-Yennie gauge. The last terms of Egs. (B.17) and (B.18) are to subtract
the renormalization constant and the last term of Eq. (B.19) is to take care of the
discrepancy between the renormalization constants in the general covariant gauge
(£ = 2) and the Fried-Yennie gauge [11].

By putting p = 0 and p’ = 2, x = 0 we obtain

[e 4

a =Z;[D—2-2fldxfm1n(x2+2y(1 — %)

2y(1 — x) — x?
—2j j dy x2+2y(1_x)—1)——4—21nv] (B.20)

ﬁ[ 4+-——21nu—41n2]
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and
a® = Z"‘; [D — g - 6f01de:dy(l — %) In(x? + 2p(1 — x))
— [ [ ap — AL B
(2x3 — x4 ?;2)):_ ;;(;L_Zf))—z{- 2y(1 — x)) % Dt V]
:%(2 +1Iny—2n2). (B.21)
and
aFY:%(4+%2~—81n2). (B.22)

Twice aV 4 £a'® and agy are the entries (b) in Table I (there are two vertex correc-
tions).

APPENDIX C: THE BINDING DIAGRAM

The binding diagram (Fig. Ic) gives the decay amplitude

et

A = BrarE

1 , 1 1
~ ”Cy“ iv(q + p) +m () iy(pp—q—k)+m () p—q) +m”"
8“!’ Squqv r
x (q2 BNy gy P (Y 5 (2#)4} Vaulp) d'pONK — ke — k)

k<—+k’)

€ > €

!

(z_k’zk—)l‘/if Tr(CG, (p)) d*pSK — k — k') €le,

(020
where

G,, = GY + ¢G9 (C.2)
(g (T (C o, M+ L
1) — j L I P T oy
G lf(21r)4 6];) de;) dyJ; dz

(¢ + H)*
1 P v 2M,, (€3
= ‘WJ; dxfo dyf0 dz(

+ 7 L)
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where

H=(p?+ mi)(y — 2) + (ps® + m*)1 — x) + ((py — kP + mB)(x — y) + A%z

— (puz — x) -+ Pyl — x) 4 k(x — y))%, (C4)
M, = i((yQs) v»vs + 7u(yQ2) v — ¥oyuyQ1), (C.5)
L, =4m3,,

+ 2im*{—y,y.(y Q1) + vy Q) v + (yQs) vy

+ 2m{y(yQs) v (yQ1) + (yQ1) iy Q2) v + YurlyQs)yQp)

+ (YQ(yQs) vy, — (vQ2) vy Ts) 7.

— 7y Qa) vy Dot} (C.6)
+ 2i{—yu.(y02) v(y@)(yQy) + (y@)(yQ2) vy Qs) Vi

+ (yQ0) v.(yQs) vy Q)

with
Qi =plx—2)+ px + k(y —x) =p, — 0,
Qr=p(l —x+2)+p(l—x)—k(l—x+N=p—~k+0Q
Os=p(l —x+ 2 +pl =) +k(x—») =p + 0, (0
Q = pyz — x) + po(l — x) + k(x — »)

and

L. dq ! o v 24z
G® = f e j'o dx fo dy fo b T B
- (yq ~ yO)Nivq + iyQy -+ m) y(ivg — iyQs + m) y,iyg - iyQs + m)yq - yQ)

- Tél}_zf: dx f: dy J'O‘! dz( }?}3 NO L T;FN(Z) + —3——N‘4’) , (C.8)

w 75 Vv
where
N = yQGiyQy + m) yu(—iyQy + m) y—iyQs + m)(y0Q),
N2 = 8iy,(—iyQ; -+ m) y—iyQs + m)(—yQ)
+ iy liyQr + m) vy yA—iyQs + m)(—yQ)
+ iy (iyQy + m) yu—iyQs + m) vy (—vQ)
+ vuliyQy -+ m) v —iyQ, + m) y(—iyQs + M)y,
+ 2(vQ) yuy—iyQs + m)yQ)
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— vQy,yu—iyQs + m) vy, (yQ)

— iyQy,yu—iyQs + m) y(—iyQs + m) y,
+ 2(yQ)(iyQ1 + m) Y.y yQ)

— iyQ@y 0y + m) yuyy(—iyQs + m) vy,
— 4iyQUiyQy + m) y(—iyQs + m)y, ,

N = — 2y,(iyQ) + yu(+iQy + 2my,)

— 4y (—iyQy + m)y, + (—4iQ* -+ 2my,) v,

Using the expressions

we get

where

— 2iyQy.y, -
K _ 0
P1~—2—+P~(P:l_2—),
K _ KO
p2—?—p_(_p’l2),
— Ky - Ko al
kﬁ(k’ZZ)’ ‘k|_2 AT
H H 2 2 i 2
Hzm—T:pz(l~z)—2p1/czt+2t——t +{d—-s5s42)

+o(l—2t—z+ 12~ — s+ 2%+ vz,

AN
p*=m?p, y*=mPs, ¢ = cos(kp),

t=x—y, s=x-+y.
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(C.9)

(C.10)

(C.11)

(C.12)
(C.13)

Here we can set ¢ = 0, since the answer does not depend on the direction of k. The
H can be rewritten as

where

H=/+(—1—2zp

fi=px(l —2)+ 2 — £ + vz + o((1 — 1) — 2).

In the numerator, we may set p = 0. Thus

O1 = (—1k, im(s — 2)),

Qy = (—(1 — Dk, im(1 — s + 2)),
Qs = (tk, im(2 — s -} 2),

Q = (tk, im(1 — 5 + 2)).

(C.14)

(C.15)

(C.16)
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Performing the trace calculation in Eq. (C.2) with

“=(5 o)

we obtain
. (2m)* 21/2p2 , )
A= = gy K€ X UK~k — k) - (0 + ), (CID)
where
. 2+t2—t3+(1+t)(s—z 1)?
m=2 f dxf dyf ( i ) (C.18)
and
—

2 — & _ 2

I fdxf dyf dlez( 0 12H2{1 31 — 5 + z)

=1 44— 5+ 2P) + 3% — 4% + (1 — s 2~ 201 — 5 + 2

12H3
X (2 42 + t4}) . (C.19)
With the change of variables
1 z v 1 1 1-z
jo dx fo dy L dz = jo dz jo dt L . *ds (C.20)

and performing the s integration, we obtain

o« 1 1-2 2+t2—t3 1 _11-241‘
I‘l’—ﬁfo dzf0 dt%[3—5t+ 7 ]/;1/2 tan P
242 -8 —(+04_  1—z~1t 2
i . (= (C.21)
and
—35  se—7e 31— —ilz
[(2)—~_,_.( zdz f dt %[ FVAYD + 243/2 44572 ]t AR
1—¢t—z 7— 11t 5¢2 — T8 1
+(1~t—z)2+/2( i T wamt =01
| — ¢ N s s, A1—=0H  (A—n¢
e T R e e D
Note that

A4+ —t—22=pz(1 —2) + (1 — 2+ 2tz + vz + o(l — 2).
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In order to evaluate the integral in Eq. (C.21), we perform a partial integration of the
first term, obtaining

IV = —% fol dz i[~5(pz(1 — 2) + vz + o(l — 2))1/2

2
T (pz(1 — 2) + o(1 — 2) 4 v2)!/2

1—z

(pz(1 — 2) + o(1 — z) + wz)'/?

24 12— 3
)(l—z—zt)—{————/z,-—-

] - tan—?!

1-z

a2

l
— (1 + )1 —z—t)}é+(1 ~z—-t)2}' (C.23)
For p — 0, ¢ — 0, the single integral in Eq. (C.23) gives
1 l—z o [ 2w
X -1 L . —
2m fo (vz)t2 tan wz)'/2 2 (Vl/2 +inv 2) ’ (C.24)
while the double integral becomes zero (we can put » = 0 in this integral):
o [t 1-z 2 —4z 4 41z o 1 N 1-+2zy
‘2'7?f0 dzf(, KR Py g § = T f(, dz (2(1 2) —zlny —z) —(3’25)
A similar calculation for I® gives
1 15 1—z
@ — X 2 — — 1/2tan-1
1 i J; zdzg 7 (pz(1 —2)+ (1 — 2) +-vz)*/2tan (T o (e E
1-2 1 15, 14 52 A—t—2(1 -9
+f0 dt(1—~t—z)2+é[(44 37 2)(1+ 7 )
7—11t | 512 —T78 3
+( 1, —}—m(l——t)t‘l)(l—t—z)] (C.26)
1-2 1—ft—2z 9 3 #(1 — (1—1)1"]
+'fo dt((l_t_z)2+é)2[2—2t+t—t+ 5 }

Assume that p = ¢ = 0. The single integral of (C.26) vanishes in the limit v — 0. The
only singular term comes from the first term of the last bracket,

o 12 2l — z2)
J"E?LZ"ZJO A =2F Fvz 727

= %f: dz(1 — Z)((l — 2;2 Tz T a= 212) T VZ) . (C.27)
= (~ 3y —1n2).

595/128/2-16
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For the rest of the integral, the limit v — 0 can be taken

. _a 1-2 1 15 o ., 1 8
I()—J~-E7;J;ZdZJ; dt%m[—z(zt-—t)—it —4-12“—t
PR Rt L (1 —1)e? 1
+—t Z)( 4 2—t+2(2—t)2)]+((1—z)2+22t)2
><[(1—t—z)(—-2t—|—t2—t3+(2t_t22)(l—t)-%—(21(1_:);)4)—24;.
(C.28)

After a lengthy and tedious calculation, we obtain
I? — J = (af27)(—1 4 21n 2). (C.29)

Collecting the results of Eqs. (C.24), (C.25), (C.27), and (C.29), we obtain the entry
(c) for the general gauge in Table I
For the Fried-Yennie gauge, we have to take the limit » — O first; then we have

2 1—z

ey = |, ey (1 —2) + ol — DN°
ot 1-2 21 — 2)
+2 ;TEL Zdzf(, W = ZF T o2 =2) =0z F ol — 17 F 202
+ 5 (=14 21n2) (C.30)

The single integral of Eq. (C.30) is estimated in Appendix E, and is given by

27

1/2
2 (s tan (£) 7 — 442106 + o) + 0() (€31)

for small ¢ but for arbitrary values of p/c = p/y, while the double integral is easily
evaluated,

o 1 1 1 o
_2;f0 dz(—1+z+ 1~Z+pz+o):—E;T—{—ln2-—ln(p+o)—{—O(a,;E,Cp)3}2.)

Hence, we obtain
_x (2m (P
5 (C.33)
Y tan1 2 L&
=5 tan y + 277( 6+ 21In2),

which is the entry for case (c) of the Fried—Yennie gauge in Table I.



PARAPOSITRONIUM 'DECAY 483

APPENDIX D: THe BINDING DIAGRAM FOR THE COULOMB KERNEL

— 7 et 4, 5(4) kY e
Ao = =1 o gy [THCC(pY) dips (K — k — k) €le,
(D.1)

’

i+ (k Hk’) ,

€ <> €
where
. dq 1 1 1
G, — : - -
w ’f QY Vg T ) m i p, — g =K Fm i~ q) +m

i
VE D

7§ + 0 + m) yu—ir(—G + Q0 + m) p—ip(—F + O9) + m) y,.

. (D.2)
Here we introduce the notation
i iq,
7= (o =
Q0 ®3
Q’i:(Q‘i’l 1___2)
and
_Iz_ _ _ s, (=5 2p
e = pZ(l Z) + 2t 1 + —'—-1—_—2:——
— 2
4+ o ((1 ~ 1R —z— _(~1__1_s:—(%£)_) — 2p' ¢zt -+ vz. (D.9)

As we have done before, we can drop o(1 — s + z)?(1 — z) + 2p'/%czt from Eq.
(D.4). The factor 1/(1 — z)'/2 is introduced by the change of integration variable
go = Go/(1 — )12, Using

7= v/l — 2)V%)
and (D.5)

v§=7yq

we can perform the g integration in Eq. (D.2)

_ 6i 1 © v dz 2 - . i
Gon =yt |, 4], | o= o 7 Tan—iv0a -+ m)
- (i'le + m) 'yu(')’;a'}’v?u) - ?u?u(—iVQ2 + m) 'yv');a]
-]
+ %—2 [va((iy Q1 + m) y(~iyQy + m) y(—iyQy + m) y,]l . (D.6)



484 YUKIO TOMOZAWA
The repeated use of
Va¥r¥e = —¥r — i/l — 2)

VaVaPa = (=3 + 1/(1 — 2)) y, (D.7)

and

and the trace calculation of Eq. (D.1) enable us to write down the corresponding
amplitude in the following way,

(2m)t 21/2¢2

B 2m3(7ra3)1/2 k-ex 5’8(4)(1( —k — kl) ]coul ’ (D8)

Ad:

where

el

42z

XM= 00 =28 =+ 06— 1 =2+ A =2 C+1— s+ o]

(D.9)
Since

(I—2)B=(0—s54+ 22+ 4, (D.10)
where

£=(—2)h

the integration of the s variable can be done easily:

o 1 plee St—3 44—+, 1 —t—z
IcouI:Z;J; d | dt{[ it ] tan @@=

(1—2)02(4 — 124 19 1+1¢ 1 —t—z
+ y; +(I-—z)l/z)(1—~t——z)2+;§(l—~z) :
(D.11)

Denoting
tg = pz(l — 2) + vz 4 o(l — 2)
we perform a partial integration in Eq. (D.11),

44

1
I = 2;}; dz

41 — ) — 22 a1
BT CEA e ] tan

[-3(2; — 12 g

1—fr—z 1-z

(@ = 2)Qt — 12+ A2,

1-2 (1 — )2 R o
-+ JO dt [——7——— (—8tz + 4z£2 + 213 — 1%
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td+1) ] 1
212

— /2 (— — ) —
+ 0 =2 (=2+1t+ 320 —1) = 2" Ta—2F 774
A 1/2 4 L (L=z\2
= J-o dz (340 + 4(1)/2) tan ( 7 )
-+ (nonsingular term). (D.12)
The singular part of Icout is given by
. ! 1 -1
J(p, 0,v) = -;fo dt 20 =) ¥ vz 7 o — )7 tan
1—2z 172
% (pz(l —zy+ vz + o(1 —z)) ’ (D.13)
As is shown in Appendix E,
2
J(p, 0, 0) — J(O, 0, v) = _I.,’L tan-1 -’;— — V—‘j‘ﬁ- . (D.14)

This is the entry for (—d) + (d") in Table 1.

APPENDIX E: FORMULAS AND INTEGRALS

We list some of useful formulae and integrals which were used in the text.

{yuyst = 28,

Yu¥u = 20

Yu¥iVu = —2w — 1)y,

Vo¥aYu¥s = 48 + 2w — 2) yay.
VYaVLYo¥r = —277u¥a — Ao — 2) vayuy,

ViVaYuYoYaVo = 2V3Va¥oVu + 2Vu¥o¥o¥s -+ 2w — 2) yavu¥o¥s

ViYYuYoYo¥¥y = —2VAVuVVo¥o — 2VAYsYoYVu T+ 2Vu05vo¥era — 2@ — 2) yayu¥e¥oVe

1 1 1
15, AT T B

1

z 1
ABC [ a7

L e ax [Ty a !
ABCD ~ f,, xfo yJ:, "TA0 = + B(x —») + C(y — 2) - Dzf

=2 f: dx
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d2w — jp Hw—a F(OL - w)
[Gmy =imH IO
ququzwq =38 H‘” a4l ['(a T w ,1)
(¢* + H) o 2 F(a)
" gidieq o Ee—a IlMNo—w-—-1
@+ B~ i Heomott ——T(&—)—*
quqvq)\qadzwq . in® T (O‘ - w — 2)
(q2 + H)a - (auvallo + Suz\svo + 8u98v,\) T H +2 _'_‘"'11—(0_()—""'_
9’q.q.4*q s H{w + 1) v Fu-os2 I'a —w—2)
(¢ +Hyr " ()
gdeq o Ta—w—2)
L

i(p+p)u =o0ulp—p) + (yp + m)y, + y.livp + m) — 2my,

Lln(l + x) ?
fo“*—‘x dx =15

772
6

Jl In(l — x) dy —

o X

1 2
f 11n1+xdx 7
o X 1 —x 4

1
fxln1+'xdx=1
0 —x

1 14 x 1, 2
2 —_— .
foxln1 -xdx~3—{—3]n2

rQ — zz—_l—w + (1)

R=a+ bx 1+ cx? 4 = 4ac — b?

[a i@+ (CRMP +2ex +B)  ¢>0
:c—llﬁarcsinhz%t—b c>0,4>0

-1 . 2x+4+b
= " sin~1 ) c<0,4<0

= 13I0Qex +8)  ¢>0,4=0
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xdx RV b dx
R”2 = ¢ T 2cJRE

dx  2Q2cx + b)

REE AR?
xdx  —2(a -+ bx)
RS2 T ARL2

X

x —
f(l _ x2)3/2 - (1 . x2)1/2

J-l dx _ 1 In
o X+ p(0 — %) T—p " Ff
i X 1 p

pmadg 1
fox+p(1~x) T—p " T—pF "
L x? 11 p p
—  _dx == - — In
fox+p(l—x) TTAT = T U= A —pp
1 x3 11 1 P2 I
— dx == i
e e it ke & (e R I (e
Jd x4 dx :1 1 _1 p +q o _ p? . p
b Xt pl—x) 41 —p 30 —=pF "ZU—pF (A—pF (A—pp
1 X Inp
fln(x—i—p(l—x))dx:-—l— l_Pp]np

fxln(x+P(1—x))dx:—%(—2~— P ~(lfp)21np)

2 [ P
fox 1n(x+p(1—x))dx:—§(§~§ﬁ+ T Ty In p)

(a) A singular integral for the binding diagram.

1 1 1—z
o9 = | Gatr =77 0(1 ~En G =D+ o = DT

J‘( 1+z dz

100,0,) =2 (-ii) i tan—l

)1/2 I -2z 4 vz

1 vi/2 1
ZEIHV“{‘VI/Ztn_I D) +;1_/~2 n—! 172

1
zilnv—[— 1/2 — 1 + O®).

—1/2
e tan~tu
Ip, 0,0) = 2f T, %
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where the change of variable

A — 22/(pz + o)/2 = u

is used.
Using the notation

@t =plo, A=1jo'",

tan—! At

1+ a%2 at

1

Ip, 0,0) =2 |

0

=2A (—1— tan~tatan—l A — 1 J(a))
a a ’

where
1 A
J@) = jo (tan™) at "y dt

Then J(0) = 0 and

1 t A
fo 14 a%% 1+ A%

_ A 1+ a®
=@ = 1“(1+A2)

J'(@) = dt

—1 1 In A
:E\—ln(l +a2)+§xln)\2+ 0(—A3 ),

where an expansion in the large parameter A is performed.

J(a)=—2l—)\[a1n(l+a2)—2a—f—2tan-1a]+_lnT>‘a+...'
Hence
o 0,0) =2 [ tant (&) — 1+ lin (1 4 2) — 1] Ol
(P’U’)__ [Zpl/2 an (—OT) B +§n( +7;)—n0.1/2]+ {cIn o)

(P 1/2
17z tan™ (—0_—) — 2+ In(p + o) + O(cln o).

(b) Singular part of the binding diagram with the Coulomb kernel

Horo =2 [ 1
Cod) = [ & T T
) I‘Z 1/2
Xtanl(pz(l——z)—l—vz—{-o(l—z)) ’
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1o 1 — zy12
J(0,0,v) :%fo detan‘l( )

~2 ) ("

1

T fol g (11~ LA ~—lz)1/2)

.
= e e
=+ —2)
and
5.0, = 3 [ e =i gy o G

a 1
BE R (e e

o-1/2
- 3- (%L 1 i—dgzﬁ - f: { ~d22)1/2 )

- (e (2

(—721 — tan~Y(pz -+ 0)1/2)

Pl /2
:giy—tan—lp——— 22
p Y ™
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