JOURNAL OF ALGEBRA 62, 268-275 (1980)

On the Symmetric and Rees Algebra
of an Ideal Generated by a d-sequence

Craic HuNEKE*

Department of Mathematics, University of Michigan, Ann Arbor, Michigan 48109
Communicated by I. N. Herstein
Received February 23, 1979

TO NATHAN JACOBSON ON HIS 70TH BIRTHDAY

1. INTRODUCTION

Let R be a commutative ring and I an ideal of R. In this paper, we consider
the question of when the symmetric algebra of / is a domain, and hence iso-
morphic to the Rees algebra of I. (see Section 2 for definitions.) Several authors
have studied this question (for example, [1, 4, 9, 10], or [14]). In the cases in
which the symmetric algebra is a domain, other questions have been asked:
Is it Cohen—Macaulay [1]? Is it factorial [15]? Is it integrally closed [1, 12]?
In this paper we prove the symmetric algebra of I is a domain whenever R is
a domain and I is generated by a d-sequence (see [6] or [7]). A sequence of
elements ¥, ,..., x, in R is said to be a d-sequence if (i) x; & (%; ,..., %, ,
X1 sy %p) for i between 1 and » and (ii) if {7, ,..., ;} is a subset (possibly ¢) of
{1,...,n} and &, me {1,..., s}\{7; ,..., ij}then((xil,..., xij) 2 2gn) = (%5, 5eees %5) 2 %)
Many examples were given in [7] of d-sequences. We list some examples here.

(1) Any R-sequence which can be permuted and remain an R-sequence
is a d-sequence.

(2) If X == (%) is an # X n - 1 matrix of indeterminates, then the
maximal minors of X form a d-sequence in the ring of polynomials.

(3) If X = (x;) is an 7 X s matrix of indeterminates over a field &k and /
is the ideal in R = k[x,;] generated by all the ¢ X ¢ minors of X (z <7 <),
then the images of x4 ,..., ¥, in the ring R/I form a d-sequence.

(4) If A is a local Buchsbaum ring [17], then any system of parameters
forms a d-sequence.

(5) Let A4 be a ring satisfying Serre’s condition S,,;, and p a height n
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prime in A such that 4, is regular and p is generated by n + 1 elements.
(Hence p is an almost complete intersection.) Then p is generated by a
d-sequence.

(6) Let A4, m be a regular local ring and p a Gorenstein prime. If x, ,..., x;
is an 4-sequence such that p4, = (», ,..., #;) 4, , then the ideal ((x, ,..., x;) : p)
is generated by a d-sequence.

7 If

0 X Xip Xy X5
—X» O KXoy Xy Xos
X = —X13 —Xy O X24 Xss
—Xyy — Xy —Xy 0 X
—Xjs —Xps — X35 — X5 O

and p, ,..., ps are the Pffafians of order 4 [2], then p, ,..., p5 form a d-sequence.

(8) Any ideal in an integrally closed domain minimally generated by two
elements can be generated minimally by a d-sequence.

(9) If pCRIX,, X, , X, , X;] is the prime defining the cubic given
parameterically (A%, A%u, Au?, u®) then p is generated by a d-sequence, namely,
the 2 x 2 minors of (32 32 3°). On the other hand the defining ideal of the quartic
g C KXy, X}, X, , X;] given parametrically by (A%, Xy, Au?, u%) is not generated
by a d-sequence; its defining ideal is generated (not minimally) by the 2 x 2
minors of

(Xl X, X2 X0X2)
X, X, XX, X2/

(10) The prime p C [ X, Y, Z] determined by any curve given parametri-
cally by k[t™, t"2, 73] is generated by a d-sequence. It is known this ideal is
generated by three elements [5].

(11) If R is a two-dimensional local domain which is unmixed then there

is an n such that for every system of parameters x, v of R, {x", y*} is a
d-sequence.

In [7], the basic properties of d-sequences were studied, among them the fact
that any d-sequence in a local ring is analytically independent. The purpose
of this note is to prove:

THEOREM 3.1. Let R be a commutative Noetherian ring and x, ..., X, @
d-sequence in R. Set I = (x, ..., x,). Then the map ¢ defined in Section 2

$: SUI)— R(I)

is an isomorphism.
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2. GENERALITIES

Let I = (a, ,..., a,) be an ideal in a commutative ring A with unit. The map
An — I given by (by ,..., b,) — X;_; b,a; induces an A-algebra epimorphism
a A[ X ..., X,)] — S(I), the symmetric algebra of I. The kernel of «, which we
will henceforth denote by ¢ is generated by all linear forms

Y b,X,
=1

such that

The Rees algebra R(I) of I is the subring A[a,T,..., a,T] C A[T] and we obtain
a map

p: A[X, ., X, ] > RI) by X;,—>aT.

This map has a kernel which is generated by all forms F(X] ,..., X, such that
F(a, ,..., a,) == 0. In particular, we may factor 8 through S(J) and obtain the
diagram

A[X, ..., X,] —2> R(I)

VL
S

¢ is onto. If 4 is a domain, then R(I) is clearly also a domain. The following
proposition is proved in [9].

ProposITION. Let A be a domain and I an ideal of A. The following conditions
are equivalent:

(1) S{) s a domain;
(ii) S(I) s without torsion;

(iii) ¢ s injective (and hence an isomorphism).

If I is generated by an A-sequence, then the isomorphism S(I) ~ R(I) has
long been known. If p is a homogeneous prime in k[X;,..., X,] then S(p)
a domain implies [9, 10] that p is generated by analytically independent elements.
In addition, if I = (a4, ,..., a,) and S(I) is 2 domain [10] then 4, ,..., @, must be
a relative regular sequence in the sense of Fiorentini [4], ie., ((a,..., a,_;,



REES ALGEBRA OF AN IDEAL 271

Qi e Q) 1 4) OV (@ e, @) = (@ yeey Gi_y s Qypq ey @y)- It Was shown in [7]
that any d-sequence is a relative regular sequence.
Finally we list two propositions of [7] which will be used in the sequel.

PropostTioN 2.1. Letx, ..., x, be a d-sequence. Then (0 : x,) N (xq ..., x,) = 0.

ProrosITION 2.2.  Suppose I is an ideal in a ring R, and xy,..., x,, form a
d-sequence modulo I. Then

IOy (x50 )™ C (%) 500, ) 1T

3. ProoF oF TuEOREM 3.1

The proof of Theorem 3.1 requires a result concerning the powers of an ideal
generated by a d-sequence which generalizes Proposition 2.2 above.

ProrosiTiON 3.1. If I is an ideal in A and the images of xy,..., x, are
a d-sequence in A[I, then I OV (%) ..., 2,)(%y 5oy 3)™ C (% 5eres 2 )(%1 5eeny X)L T
if 0 <<k < nandm > 1. Proposition 2.2 asserts I M (xy ..., 2, CI(x, ..., 2,)"1;
the content here is that the left side remains linear in x; .4 ,..., %,, .

Proof. We induct on n — k. If # — & = 0 then the quoted Proposition 2.2
of [7] shows the veracity of the statement. Suppose the proposition has been
demonstrated for all m whenever n — £ — 1 <C t. We wish to prove the proposi-
tion for everymandn — k — 1 = ¢.

Set x = x; . By induction we may assume

(L, %) O (% yeney Bp)(®H soney B)™ C (R yerey %) (¥ yeney X)L (I, x)

forall m >> 1.
Let J, = Ax™1 4 x™(xy .y %,) + 2™ Ky yeey 2)(Xg 5eeey &) 4 o0

F (L, )Y Y%y e, 2,). Then we claim  J, NI CI(x, ,..., 2,)% 2 %
(xg ey ) a2t L J, NI Here l <u<m+ 1. Foru=m+1, J, =
T+ (g ey 1) (%5 o0, %,). Hence if re f,, and s&(wy ey )Xy yeeer %)

such that r + s €I, then as J,, C (I, x) we see § € (0, ..., %)™(%y 5., %,) N (I, x)
which by the induction is contained in (%, ,..., x,)" Yxy ,..., 2, )1, %) C Jn +
I(xg ooy 2y Y2y ..y %), Hence, 7 4-s€ Ju NI 4 Iy ..y )" Yty ..y %,,).
Assume 1 <u <m+41, and write [, = J,_; -+ ¥™1%(xy .., x)% 0 X
(%3 ,..., ¥,). Suppose ye J, ;, 2€a™V%ay ..., x,)" Ny ,..., x,) are such that
y + zel. We may write y = xm+2-%p and 5 = a1~y where

VE (Xg yeeey X)X uney Xp)-
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Then, x™1=%(v + xw) el and hence x(v + xw) el since (I : x) == ({ : a?) by
definition of a d-sequence.

Thus o+ xwe(I: %) N (x, x5,..., &, ,I) = I by Proposition 2.I. This
implies ¢ € (%, ,..., X,)* Y5 ,..., #,) N (I, x). Thus, by the induction,

b AR =R NN Lo €
A T(®y ey X)4 (g 5eeny 3y) XM

A= I(%g yeny %) H(Kg .nny X)) XIY,

Then y + ze J, 1 O I + I(%y ..., )Yy ..., &,) 2™ 1-% as required. Consider
Ji = Ax™ 4 a™(x, ..., x,). Then if remtt 4 so™J, NI with s e (xy,..., &),
then x™(s - rx) e I implies as above that s + rx €/ and hence s & (I, x); thus
x™s € Ix™ 4 (x™+1) and ra™H + g™ e Axmtt N T + Ix™ C Ix™ by Proposition
2.2.

Now [y = (%, %5 5er, £,)(%, %y ..., %)™ Hence Joy NI = (1, %5 500y ) X
(xry X ey 2" NI C Joo O T 4 Iy e, 2" Y%y yere, %) C Jouoy 0 1 +
oy youry 2™ Uy 5erey 2) + I(2 vy 2" 2(%g yoy )x C - C J, 0 T L
L%y ey XY™ (&g ey Hp)x 0 A (g .y 2,) 2™ C ] - I(xy ..., 21 X
(% 50y ) + 0 F I(%g ey %) a™ L C I(x, %9,y %,)(%, X 4.0, %)™ 1 which
proves the proposition.

TueoreM 3.1.  Suppose I = (2, ,..., 2,) 15 generated by a d-sequence. Then
the map ¢: S(I) — R(I) is an isomorphism.

Proof. We need to show if H(X] ,..., X,,) is a homogeneous polynomial such
that H(z, ,..., z,) = 0, then H(X, ,..., X,) € ¢ = ker(«) where

oz A[Xy ..y X,] = SUT) — 0

is defined as in Section 2.

First we show this if H(X],..., X,) is linear in every X, ,..., X,. Let H
have degree d. If only one monomial appears in H then H(X,,..., X,) =
ath - X, . But then as H(z,..., 5,) = az, "z, =0 the definition of a
d-sequence shows a€ (0 : 2, ;) = (0: %, ) so az; = 0. Let

F(Xy ey X,) = aX, .

Then F(z, ,..., 2,) = az; =0soFeq But H = X;, X,-qF so Hegq.
Now lexicographically order the monomials appearing in H by

X, X, < X, X,

a

ifand only if 7y = 7z, 14y == Jaq seees Fry1 = Jrs1» 2x << Ji for some | < k < d,
and induct on the greatest monomial appearing in H. Let aX, = X, be the
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maximal monomial appearing in H(X, ,..., X)) under this order. Put J = (the
ideal generated by 2, for k £ 4y ... iy, k < iy).

Now H(z; ..., 2,) = 0 shows az, -2, €] as every other monomial has
at least one z, which appearsin J. Thenasz, -z, formad-sequence modulo J,
we see

ae(J:z,2,)=(:2,)

and so az, € J. Hence there is an equation az;, = 31 byz; where 2, € J. Then
the polynomial F(X; ... X,) = aX, — 3, b,X, is in ¢. Hence 2 O VRS
F e g and so it is enough to show

“Fey fg—

Fegq.

But H — Xi1 - X "a_1F only has monomials which are strictly less that X g X,
The induction now shows that H — Xil . ¢ "a-lF € ¢ which shows the theorem
if H(X],..., X,) is linear in all variables.

We proceed to “linearize” H; induct on the degree of H to show H € g. Now
suppose deg H ==d and H(z,..., g,) = 0, with H linear in X,,..,X, ;.
Write H(X, ,..., X)) = X;F(X, ..., X)) + G(X .., Xoq, Xiiq 4o X,) Where
F and G are linear in X, ,..., X; ¢, and degree F = d — 1, degree G = d.
Since H(z, ,..., 3,) == 0 we see that w == G2 ,..., ,_1, 2,11 .- &) €(8,) and
S0 W E (2;) N (B yorey Byt s Fisd seeer )21 5eer ,-1)% L. By Proposition 3.1 this is
contained in

Zi(By yees Bicas Bigq seees BN 5eey Zig)¥ 2

Hence there is a polynomial F'(X, ,..., X;_;, X; 4 ..., X), linearin X, ,..., X, .,
so that

7
w == 2, (2 ,oeey B_q s Risq seers Zn)e
Now this shows that
'’
FF(2y 1o 8n) + ZF (21 ey Fi_q s Rigg seees Zn) = 0

so that (F + F')(2y,..., 2,) 1s in (0 : 2,). By Proposition 2.1 of [7], we see this
implies (F - F')(2y ..., 2,) = 0. Now deg(F + F’) < d so the induction shows
F+ F egq; hence X;F + X, F'eq and it is enough to show G — X;F' ==
(X F+G)—(X;F+ X F)eq But G is a polynomial in X;,., X,_,
Xit1sen Xy linearin X, ..., X, andso G — X;F'islinearin X, ,..., X;,, X, .
Continuing, we may clearly completely linearize and apply the above work to
finish the proof.
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4. APPLICATIONS

Theorem 3.1 can be used effectively to compute the graded ring of an ideal
generated by a d-sequence. We illustrate this in the case of Example | of the
Introduction; where [ is the ideal generated by the maximal minors of a generic
7 X n -+ 1 matrix X,

First, we recall some isomorphisms. If I = (4, ,..., a,) then the Rees algebra
R(I) is the subring A[a,T...., a,T] C A[T]. Adjoin T to this ring; set B =
Ala,T,..., a, T, T-']. Then it is easy to see B/BT™' ~ gr(d) = A/l ©
PIB@ .

Now let 4 be a domain, a, b € 4. Consider the ring B = A[a/b]. It is imme-
diate to check that if the kernel of the map A[T] — A[a/b] is generated by linear
polynomials then B/Bafb ~ Af(a : b). If (a: b?) = (a: b) then this is indeed
the case (see Ratliff [11]).

Now consider the example above. Let X = (x,;) be a n X n - 1 matrix of
indeterminates. It is well known that the linear relations on the maximal minors
4y ,..., 4,1 of X are generated by the relations

741

Y x;,4; = 0.

=1
Thus if I = (d,,...,d,.), SI) = A[Ty,..., Tpy1]/J where J is the ideal
generated by (Zf:ll x,,T)i, and 4 = k[x,,].

By Theorem 3.1, S(I)=~R(I). R(I)= A[4T...,4,,T1C A[T] and
T-1 = 4,/4,T. Now the map ¢ from S({I)— R(I) sends T, — 4,T. Hence
T-1 = A4, T = A,/T, . Set B = S(I)[4,/Ty]: to find B/B(4,/T)) it is enough
to find (4, : Ty). But T14; = A,T, follows from the relations Z:’fll x,T, =0
in SU). As (4,: 133 = (4, : Ty), gri(A4) == k[x;, Ty ,..., TMI]/(‘;;:1 x,T,,
4y ..., 4,.1). Now in [6] the following result is shown.

THEOREM. Let x = (x,)) be an v X s matrix of indeterminates and Y = (v;;)
an s X t matrix of indeterminates. Let k be a field, and let ] be the ideal in k]x,, , v;;]
generated by the entries of the product matrix XY, alla + 1 X a 4 1 minors of X
and all b+ 1 < b+ | minors of Y. If a + b <5, then J is prime and k[x,;,
vallJ is Cohen-Macaulay and integrally closed.

We apply this result with X = (x,;) an nx(n -+ 1) matrix and

~(7)

7+l
a (n -+ 1) X 1 matrix. The ideal J defining the graded algebra of [ is given by

the entries of XY and all # X # minors of X. Since (n — 1) +- 1 <<n + 1,
we can conclude gr(4) is Cohen—Macaulay and integrally closed.
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In characteristic zero, this result has been shown by Hochster (unpublished) by
representing gr;(R) as a ring of invariants of a reductive algebraic group.
Recently, DeConcini, Eisenbud, and Procesi have derived this result without
restriction on the characteristic [3]. We also note that Theorem 3.1 for the
d-sequence of maximal minors follows from the above theorem, as the ideal [
generated by the entries of

. ]“1

o)
‘Tn+1

is prime by the quoted result, and hence S(I) ~ R().

REFERENCES

1. J. Barsuay, Graded algebras of powers of ideals generated by A-sequences, ].
Algebra 25 (1973), 90-99.
2. D. BucusBaum anND D. EisenBuD, Algebra structures for finite free resolutions and
some structure theorems for ideals of codimension 3, Amer. J. Math. 99 (1977),
447-485.
3. DeConciNi, D. EisenBup, aNp C. Procesi, Young diagrams and determinantal
varieties, to appear.
4. M. FirorenTiNi, On relative regular sequences, J. Algebra 18 (1971), 384-389.
5. J. Herzog, A note on complete intersections, preprint.
6. C. Hunekg, Thesis, Yale University, 1978.
7. C. Hunekg, The theory of d-sequences and powers of ideals, to appear.
8. H. MAaTsuMURA, “Commutative Algebra,” Benjamin, New York, 1970.
9. A. MicaLl, Sur les algébras symétrique et de Rees d’un idéal, Ann. Inst. Fourier.
0. A. MicaLl, P. SaLMoN, aND P. SamukL, Integité et factorialité des algébras symé-
triques, Atas do IV Coloquio Brasileiro le Matematica, Sao Paulo (1965).
11. L. RatLirr, Condition for ker (R [X] — R [¢/b]) to have a linear base, Proc. Amer.
Math. Soc. 39 (1973), 509-514.

12. P. RiBenBoIM, Anneaux de Rees intégralement clos, Instituo de Matemitica Pura
e Aplicado do Conselho Nacional de Pesquisas, Rio de Janeiro, 1959.

13. P. SaLMoN, Sulle graduate relative ad un ideale, Symposia Mathematica 8, 269-293.

14. P. SaLmon, “Sulle algebre simmetricle e di Rees di un ideale,” Edizioni Scientifiche,
Genova, 1964.

15. P. SAMUEL, Anneaux gradués factoriels et modules réflexifs, Bull. Soc. Math. France
(1964).

16. P."SAMUEL, Modules réflexifs et anneaux facoriels, iz ‘“‘Séminare Dubreil 1963-1964,”
Exposé du 27 Janvier (1964).

17. J. STRUCKRAD AND W. VogGEL, Towards a theory of Buchsbaum Singularities. .4mer.
J. Math. 100 (1978), 727-746.



