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Abstract-Continuing a recent investigation of interface cracks, attention is paid to the exterior crack. Two 
elastic solids bonded over a finite segment of their boundary and capable of transmitting shear and tensile 
tractions are considered. It is found that one of the edge cracks remains completely closed under shear alone, 
and opens gradually as the level of tension is increased. Both crack tips, however, must remain closed at least 
over a small interval. Stress intensity factors and bond and contact stresses are given for a specific example. 

INTRODUCTION 

RECENT WORK by the author[l, 21 has shown how to avoid contradictions previously present in 
the conventional solution of interface crack problems [3]. The new formulation allows the crack 
to remain partially closed near the tips, so that neither overlapping in the zone of separation nor 
tensile tractions in the contact zones occur. A few of the basic ‘problems in this context have 
been considered already: the interface crack in a combined tension-compression and shear 
field [4], the penny-shaped crack at an interface [5] and the periodic array of interface cracks [6]. 
Some interesting and unexpected results were discovered: if the interface crack extends along 
the interface and does not veer into one of the solids, the propagation is according to mode II 
(shear) only, regardless of the type of loading. If the external load is shear, no amount of 
uniform compression can completely close the crack, which then resembles a bubble filled with 
fluid[4]. The ‘bubble’ phenomenon was recently observed also by Janach[7] who did a finite 
element analysis of an edge crack between an elastic-rigid interface subjected to a normal 
compression and a lateral compression simulating the effect of shear. The correction required to 
remove the objectionable singularity at the crack tip was not incorporated by Janach, and mode I 
stress intensity factors were computed. 

In the present article we consider the problem of two dissimilar half spaces bonded along 
their boundary over a segment of length 2L as shown in Fig. 1. The common boundary (viz. the 
bond and the contact zones that develop) transmits known normal and shear stress resultants 
due to applied loads at infinity. This problem had been solved originally by Erdogan[g], who 
however, disregarded the overlapping of the crack faces. The new analysis predicts that one of 
the edge cracks remains completely closed if no tension is transmitted by the bond, and thus 
significantly departs from the former solution. 
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Fig. 1. Exterior interface crack. 
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FORMULATION 

Consider two elastic solids with shear moduli pI and p2 and Poisson’s ratios yl and u2. The 
solids are perfectly bonded over a segment of length 2L as shown in Fig. 1. Due to the action of 
external loads, the common boundary transmits normal tractions with the resultant P and shear 
tractions with the resultant Q, where P and Q are taken as positive constants. The conventional 
analysis, which assumes both edge cracks completely open, leads to oscillatory singularities at 
the crack tips and predicts material interpenetration of finite extent. For instance, if P is zero, 
overlapping occurs over the entire length of the right or left edge crack, depending on the 
material combination. Thus, the two cracks must be partially closed over the zones (- a, - L) 
and (L, b) where a and b are unknown constants. The contact is assumed frictionless. 

To formulate the problem advantage is taken of the Flamant solution[9]. The quantities of 
interest here are the slopes of the displacements along the x-axis at the interface. To obtain 
these from the Flamant solution the limits must be taken with some care. If use is made of the 
identities [lo] 

lim y - &(x), 
+x2- Y>O 

lim ” 
y-to (x2+ 

~ $8(x), 
y2)2 - 

Y>O 

the results for a concentrated force (F,, 0) at x = 5, y = 0 acting on the lower half space are 

ad2) x = _&h+ 1) 1 
ax v=. 4cL27F x-5 

(3) 

and for a force (0, Fy) 

ad2) x 
ax y=o 

= - 5;;; 1) s(x - 5) 

* 
ax v=o 

= _ E;;; l) 6(x - [), 

(5) 

a@ = &(Kz+ 1) 1 _ 
ax v=o 4/.L27r x-5’ (6) 

In these expressions 6(x) denotes the Dirac delta function and K = 3 - 4v for plane strain. 
The normal traction considered as a distribution of normal forces along the common 

boundary (-a, b) is denoted by p(x) and the shear traction being a distribution of tangential 
forces over the bond (-L, L) by q(x). In this formulation several boundary conditions are 
automatically satisfied: continuity of tractions over the common boundary of the solids (- a, b), 
vanishing shear tractions over the contact zones ( - a, - L), (L, b) and vanishing tractions over 
the separation zones x <-a, x > b. The remaining boundary conditions are continuity of 
normal displacements over (-a, b) and continuity of tangential displacements over (-L, L). 
Instead of matching the displacements, however, it is more convenient to match the slopes at 
the interface, since a constant translation will not affect the solution. Thus, with no loss of 
generality 

au(l) au(Z) 
I=I 
ax ax ’ -L<x<L 

au:L)_ auf) 
ax - ax ’ -a<x<b 

Using (3)_(6), the boundary conditions (7) and (8) for the distributions p(x) and q(x) become 

/?p(x)-;/_;edE=O, -L<x<L (9) 
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pq(x) + ; 1”. 5 d5 = 0, -a<x<b 

where 

p = /.‘2k - 1) - PdK2 - 1) 

Pz(KI + 1) + Pd’O + 1)’ 

The conditions of the stress resultants are 

~(5) 65 = P. 

;<p<;. 
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(10) 

(11) 

(12) 

(13) 

Equations (9) and (10) are a system of coupled singular integral equations with Cauchy 
kernels that must be solved in conjunction with the constraints (12) and (13). The function q(x) 
is square-root singular at L and -L [1] and p(x) is bounded at - a and b. However, if the 
parameter /3 is taken as positive, the left zone is expected to be extremely small and p(x) which 
is singular at -L and L outside the bond changes very rapidly. In such case it is computation- 
ally better to take p(x) singular at -a and then impose the condition that the intensity of the 
singularity vanishes there. Under this assumption (10) is solved formally[ll] for p(x) 

p(x)=iw(x) L I _L w(g) x) dZ 
where 

w(x) = (b - x)“‘(x + a)-1’2. (15) 

Using (14), eqn (13) becomes 

Substituting (14) into (9) we obtain 

(16) 

(17) 

NUMERICAL SOLUTION AND RESULTS 

Equation (17) is a Cauchy singular integral equation for q(x) and must be solved numeric- 
ally. Using the dimensionless variables 

,=x 5 
L' 

p-c- 

L' 

retaining the same symbols for the new functions and setting 

q(s) = p (1 - r2)-“24(r) 

(17), (12), (16) and (14) become 

I 
1 (1 - r2)-1/2 

-1 r-s 
~(r)[/3z~-l]dr=0 

(18) 

(19) 

(20) 
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I’ 
_, (1- r*)-“*4(r) dr = 1 (21) 

I ’ (1 - r*)-l’*+(r) 
-I w(r) 

dr=& 

p(s) = PQ w(s) 
77.L I ’ (1 - r2)-“‘4(r) dr 

m1 w(r)(r-s) ’ 

(22) 

(23) 

The system of eqns (20)-(23) is discretized by applying the method of Erdogan and 
Gupta[l2]. Equations (20) and (21) yield a system of n algebraic equations for the n discretized 
values of 4(r). Equation (22) and the requirement of vanishing normal stress of - a, or 

I ’ (1 - W24(r) dr = o 

-’ w(r) r+f 
( > 

(24) 

suffice to determine a/L and b/L by iteration. It was found computationally that, for B positive, 
a/L is extremely close to 1, or that the extent of the left contact zone is of the order of lo-*L 
or smaller. Although a/L could not be determined exactly, it did not affect the numerical results 
because of this fact. Similarly, (24) could not be used. Moreover, to avoid iterations, b/L was 
specified and the required ratio P/Q was computed from (22). The normal stress over the bond 
and the right contact zone was computed from (23). Recalling the relation between the shear 
and normal stress intensity factors at ? L [ 1,2] 

K,(k L’) = 7 /x2(? L) (25) 

it is sufficient to show that K2(- L) is negative for the contact stress on the left zone to be 
compressive. This indeed was the case. In addition, the integral in (23) changed sign rapidly 
indicating that a value of a/L extremely close to 1 can be found so that (24) is satisfied. It 
should be noted that if p is taken as negative, the two zones are interchanged. Finally, the slope 
of the gap is obtained as 

and it was verified that the gap remained positive over the separation zones. Figure 2 shows 
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Fig. 2. Variation of P/Q with b/L (fi = 0.5). 
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Fig. 3. Variation shear stress intensity factors with P/Q (/3 = 0.5). 
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Fig. 4. Normal stress over the bonded zone (/3 = 0.5). 

Fig. 5. Shear stress over the bonded zone (p = 0.5). 
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Fig. 6. Normal stress over the right contact zone (B = 0.5). 

how b/L varies with P/Q. As P/Q-+0, b/L approaches asymptotically xc, viz. under the action 
of shear only, the right edge crack closes completely. The left edge crack will start closing when 
compression is applied, but it can never close completely[4]. The variation of the shear stress 
intensity factors with P/Q, is given in Fig. 3. Although the results for K2(L) are accurate, 
Kz(- L) is accurate only to the first decimal point, and this accuracy is obtained by using 200 
collocation points (a bigger matrix could not be handled numerically). The normal stress over 
the bond is shown in Fig. 4 for two values of the ratio P/Q = 0.97, 0.52 which correspond to 
b/L = 1.1, 1.6. The values at r L are both finite, although at -L p(x) is very large. Figure 5 
gives the shear stress over the bond for the same values of P/Q, and Fig. 6 shows the normal 
stress over the right contact zone. In all results shown /3 was taken as 0.5. 
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