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Abstract — Spline, periodic spline and spherical harmonic maximum reach estimation procedures are
compared and evaluated based on ease of usage, estimation error and bias. The comparison indicates that
each method provides comparable estimates based on percent variance accounted for (R*) and standard
error. Spherical harmonics, however, are less biased and provide accurate estimates of the maximum reach
sphere at the north and south poles, whereas splines and periodic splines are substantially biased in these
regions. Three dimensional computer graphic depictions of reach data for the seated operator illustrate these

biases.

INTRODUCTION

The ability of operators to reach all necessary controls

and hand holds i of obvions imnortance in the safe
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operation of man-machine systems. Measurements of
maximum reach capability are regularly used by
designers to locate handholds and controls in reach-
able locations. Maximum reach data are readily
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representations of maximum reach contours which
may be directly compared with the reach requirements
for a particular task (Fig. 1). The use of reach contours,
however, is usually restricted to a small range of body
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must be derived for a variety of postural and task
conditions to be of practical use.

The derivation of reach contours would be facili-
tated by the development of efficient data analysis
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percentiles are obtained from ranked maximum reach
data and contours are derived from point by point
plots or by regression estimates of maximum reach
distances in horizontal or vertical planes (Kennedy,
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Rozier, 1977). These procedures are time consuming,
hinder the derivation of reach contours for a variety of
conditions, and preclude the development of general
models for individual and population maximum reach
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Several promising techniques are available for
modelling maximum reach capabilities including
splines, periodic splines and spherical harmonics. These
techniques do not rely on visual or qualititative
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the entire reach surface, and are readily adaptable for
use in interactive computer aided job analysis pro-

* Received 22 May 1979 ; in revised form 19 October 1979.
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cedures. The purpose of this paper is to compare these

three techniounes with
techniques with
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Spline regression
The method of splines provides a polynomial esti-
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standard polynomial regression techniques. However,
spline analysis proceeds by dividing the range of the
independent variable into a series of k regions or
intervals which are separated by ‘knots’ (Lo, A4,y A4y
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derivation of a low order polynomial in each region.
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women in the sitting posture with shoulder restraints (Ken-
nedy, 1976).
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Fig. 2. Two-dimensional third order splines.

An accurate estimate may be obtained by decreasing
the width of the intervals. In contrast, the accuracy ofa
standard polynomial regression may only be increased
by increasing the polynomial order of the equation.

Spline analysis also insures that the estimation
function is smooth as it crosses each of the knots. A
spline function f(x) which is a polynomial of order m
within each interval will be continuous up to and
including the derivative of order (m — 1). For example,
a cubic spline will be continuous at each knot ap-
proached from either the left or right side of the knot
for position, slope and acceleration. Thus, for all values
of X within the range of interest:

lim f(X - AX) = lun f(X+AX) (1a)
AX =0
lim /(X - AX) = lim (X + AX) (1b)
AX =0 AX=-0

and
lim f"(X - AX) = (lc)

lim f"(X + AX)
AX =0 AX~0
A one dimensional spline of polynomial order m
with (k + 1) knots {J;, 4,,..., A4y, A4} requires
{k +m) parameters. The estimation function for equal-
ly spaced knots is given by Prenter (1975j:
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and kis the interval width between any adjacent pair of
knots.
The forward difference is recursively defined by:

FPX = A)s — F(X — A,_)%;

p=12,...,m
FPrYX - Ay = (3a)
(X =) = (X = 4%
p=0
where
R Al

Note that m additional knots must be added to each
end of the raunge of the independent variable (Fig. 3).
Least squares procedures may be used to estimate the
(k + m) parameters.

The coefficients C; associated with each basis fun-
ction B7(X) are ‘local’ since each basis function is non-
zero across only (m + 1) adjacent intervals as shown in
Fig. 2. Thus, coefficient C; contributes to the estimate
only in the intetval {i,_,_,, ..., 4}. In addition,
parameter estimates C, are primarily determined by
data within this interval. The influence of data outside
this interval becomes less important as the distance to
the interval boundaries increases. The effect of outliers
may, therefore, be localized by either judicious place-
ment of knots ot by utilizing a large number of equally
spaced knots.

Spline analysis may be generalized to any order with
unequally spaced knots in two dimensions through the
use of tensor products of divided differences {Prenter,
1975) which yield the estimation function:

+m m+k n+l
fX)=3 C.Br(X) (2a) fE )= T Y CDI DY) ()
i=1 i=15=1
where where:
BMX) = k™ Fm* (X —~ )" (2b) DP*i (X) = AN (X - A)% (4b)
£(x) = z ¢;83(x)
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Fig. 3. Basis functions for third order splines with equally spaced knots.



A comparison of three dimensional maximum reach estimation technigues

and
D;+1(Y) = An#l (Y - ”j)l (4C)

Additional knots have been added to each dimension
to give the following knot structure:
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and
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where
‘o< X <lpand po <Y <y (5¢)
The divided difference is defined recursively by:
APTHX — 2%
MX =M =AM X ~diesd 5
;'i o )‘i — p'l
(X =43 = (X Ao ) =0
A=y
(6a)
where:
(X -2 X-2)>0
— A% = 6b
(X = 2% { 0; otherwise (6)

Divided differences in Y are similarly defined. Stan-
dard least squares pracedures may be used to estimate
the spline parameters C,, for many applications.
Applications with a large number of knots or with
closely spaced knots may require more complex
procedures for evaluating the basis functions and for
parameter estimation (DeBoor, 1972; Cox, 1972;
Hays and Haliday, 1974; Dierckx, 1977).

Spline analysis of reach data in cartesian coor-
dinates is not feasible since the maximum reach surface
is doubly defined over the range of the independent
variables (Fig. 4). Thus, reach distance (r) is estimated
in spherical coordinates as a function of latitude (¢)
and longitude (8). This procedure is based on the more
reasonable assumption that the reach surface is ‘star
convex’. That is, each ray emitting from a center
located within the reach sphere intersects the reach
surface once and only once. Thus, the radius is
assumed to be a single valued function of latitude and
longitude.

Periodic spline regression

The analysis of reach contour data should pre-
sumably proceed under the assumption that the
maximum reach surface is in some measure smooth
and, therefore, without discontinuities on the reach
surface. Spline analysis, as discussed above, insures
that the estimation function is smooth at each of the
longitudinal and latitudinal knots. However, spline
analysis does not insure smoothness at the ends of the
latitude and longitude ranges. Thus, there is a discon-
tinuity at each pole of the reach surface, and 2 ‘seam’ of
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Fig. 4. Example of a double valued function in Cartesian
coordinates which is single valued in polar coordinates.
discontinuities along the surface at 6 = + 180°.
Periodic spline analysis resolves the latter problem
by explicitly incorporating the periodicity of the
estimation function along the longitudinal axis. The
estimation function is given by:

k ntl

f6.9)=3% Y C,Dr*' () D} (9)

i=1 j=1

(7a)

where the longitudinal knots are constrained by 4.,
= J; + 180°, k > m. This insures that:

1}(180°,6) = f*(— 180°,4);s =0, 1, .., m — 1
(7b)

The latitudinal divided differences D}*!(¢) are
equivalent to the basis functions defined for the non-
periodic splines in the previous section. The longitu-
dinal constraints are easily implemented on a digital
computer by transferring the non-zero elements from

{DFB), .. DY (0)) to (DT (6),... DR (B)}
®

respectively (see Fig. 5), prior to forming the tensor
products which are required for the estimation func-
tions. Otherwise the functions {D}*! ), ...
Dp*! ()} are defined the same as for non-periodic
splines.

Spherical harmonics

The analysis of reach contours in spherical coor-
dinates gives rise to two irregularities, as discussed in
the previous section. The first, continuity of the
estimation function at f (1+180° ¢), was resolved
through the use of periodic splines. The second and
unresolved irregularity lies at the poles of the reach
sphere which are completely specified at ¢ = +90° for
all values of 6. The reach estimation function shouid
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Fig. 5. Basis functions for third order periodic splines with equally spaced knots.

yield a single estimate for each pole which is inde-
pendent of 8. Thus, an estimation function is needed
which is; (1) periodic in @; and (2) independent of 8 at
the poles.

Spherical harmonics provide these properties by
combining the periodic Fourier functions with Ferrers’
associated Legendre functions (MacRobert, 1967).
The basis functions are of the form:

cosmé} " P o1
sin mo sin "(cos¢)vm— ..,
0<8<2n
0<¢<1[

Py (cos ) is the derivative of order m of the Legendre
polynomial of order n (Table 1). The basis functions
are clearly periodic in @ and are single valued at each
pole. Note that the coordinate system is transposed so
that ¢ now ranges from 0° to 180°.

An estimation function which utilizes spherical
harmonics is given by:

n i
fO.)=Y Y (Bmcosmd+ Cy,sinmb)

i=0 m=0
sin ™ ¢ P7 (cos ¢) )
The parameters C,, and B, may be estimated using
standard least squares procedures.

Upon rotation of the coordinate system any spheri-
cal harmonic basis function is re-expressible as a linear
combination of the original basis functions of the same
order. Therefore, the components of variance as-
sociated with the series of orders (Table 1) are exactly
invariant under rotation. In contrast, splines and
periodic splines do not have this property. Thus, the
quality of a spline estimate depends on the orientation
of the coordinate system. The accuracy of both
spherical harmonic and spline estimates is dependent
on placement of the origin.

Spherical harmonic basis functions are orthogonal
with respect to spherical area measure. The authors
have found that the nonorthogonality among spheri-
cal harmonic basis functions is small even with missing
data regions: the correlations among our basis func-

tions average only 0.02 in absolute value for data
placed at 15 degree intervals. However, efficiency of
data collection procedures may be a consideration for
spherical harmonics. For data collected at equally
spaced degree intervals on the longitudinal and latitu-
dinal axes, the horizontal spacing of the sample at
latititudes + 60° is half the horizontal spacing at the
equator corresponding to a doubled sample density. A
better and cheaper sample would be based on a regular
or semi-regular polyhedron, one whose vertices all
have the same relation to the ensemble and thus are
equivalent under symmetries of rather high order. For
instance, the vertices of a truncated icosahedron com-
prise 60 sample directions each at a constant arc-
distance from its three nearest neighbors (Holden,
1971, p. 43). The nonuniformity of this scheme will not
be manifest in coefficients of order less than 5. Practical
considerations, however, may dictate data placement.

METHOD

The establishment of generalized procedures for
estimating individual and population reach capabi-
lities would be facilitated by the establishment of a
data base consisting of individual reach profiles. The
data base should include model parameters, a sum-
mary of missing or unreachable areas and anthropo-
metric measures for each individual. A simple model is
advantageous since a generalized individual or popu-
lation model, perhaps based on anthropometric mea-
sures, will be most easily derived from parsimonious
individual models with identical structures or basis
functions. This implies that spline knot locations
shouid be the same for each individual. Equally spaced
knots are selected for simplicity. This approach avoids
a different optimal knot structure for each individual
and work environment but may result in somewhat
less accurate reach estimates. Spherical harmonics
provide the desired model simplicity since only one set
of basis functions are provided. Maximum reach data
for an individual (Kennedy, 1976) was selected to
compare spline, periodic spline and spherical har-
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monic analysis techniques. Each technique was limited
to twenty-five parameters or less to provide a parsi-
monious model.

RESULTS

The original reach data (Fig. 6) show that missing
data are confined to areas which are below and to the
rear of the subject. The results of the analysis (Table 2)
indicate that spherical harmonics account for a some-
what larger percentage of the variance when less than
ten parameters are included in the estimation function.
Estimation functions with sixteen or more parameters
yield similar results for each of the techniques.

Graphical depictions of the estimation functions
(Fig. 7) reveal substantial estimation biases at the
north and south poles for spline and periodic spline
analysis techniques. The seam to the rear of the subject
which runs from the north pole to the south pole is not
clearly visible for the spline analysis (Fig. 7a). How-
ever, the continuity of the periodic spline reach
sphere (Fig. 7b) to the rear of the subject is clearly
visible. A contour map of the spherical harmonic
estimation function (Fig. 8) concisely represents the
maximum reach data.

DISCUSSION

Splines, periodic splines and spherical harmonics
give comparable estimates over the range of the data
based on standard errors and multiple correlation
coefficients. Each technique tends to be biased in
regions to the rear and below the subject, which
contain missing data, as expected. Periodic splines and
spherical harmonics tend to give more plausible
estimates in these regions since they take advantage of
assumed regularities in the maximum reach surface.

Periodic splines yield biased estimates at the poles.
This bias is not the result of unstable numerical
procedures, but rather is due to a lack of constraints
which would force continuity at the poles. Unfor-
tunately, the constraints are not simple, as in the

Front Back

Fig. 6. Three-dimensional computer graphics depiction of an

individual’s maximum reach data (from Kennedy, 1976). The

origin is 61 cm vertically above seat reference point. Missing
data are coded as zeros.
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Tabie 2. Standard errors and multiple correlation coefficients for analyses of Kennedy (1976) reach data using (a) spline
regression with equally spaced knots (b) periodic spline regression with equally spaced knots, and (c) spherical harmonic

regression
Number of Number of Number of Standard
Order knots in 8 " knots in ¢ parameters R? error
1 2 2 4 0.374 15.86
1 3 3 9 0.689 11.32
1 4 4 16 0.870 7.46
2 2 2 9 0.769 9.77
2 3 3 16 0.884 7.05
2 4 4 25 0.893 6.94
3 2 2 16 0.875 7.31
3 3 3 25 0.896 6.85
3 4 4 36 0.909 6.63
4 2 2 25 0.896 6.87
(@
Number of Number of Number of Standard
Order knots in 8 knots in ¢ parameters R? error
1 3 4 12 0.837 8.26
1 4 4 16 0.873 737
1 5 4 20 0.885 7.11
2 3 4 15 0.874 1.37
2 4 4 20 0.886 706
2 5 4 25 0.896 687
3 4 4 24 0.900 6.72
3 5 4 30 0.902 6.72
)
Number of Standard
Order parameters R? error
1 4 0.796 9.05
2 9 0.836 823
3 16 0.884 7.06
4 25 0.895 6.90
5 36 0915 641
©
AN 18

(a) (b) (c)

Fig. 7. Three-dimensional computer graphics depiction of an individual's maximurq reach daEa (frqm

Kennedy, 1976) using (a) spline regression with equally spaced knots (b) periodic spline regression with

equally spaced knots, and (c} fourth order spherical harmonics. Each estimation function contains 25
parameters.
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Fig. 8. Contour map of Keanedy (1976) reach data using fourth order spherical harmonics with 25
parameters.

periodic case. Additional constraints would have to be
placed on non-adjacent basis functions at the north
and south poles. For example, the slope of a latitudinal
basis function at 0 degrees longitude would have to be
equal in magnitude and opposite sign to the latitudinal
basis function at 180 degrees longitude. Additional
constraints would also be required for position and
second derivative continuity. Thus, a great number of
constraints would be required. Addition of these
constraints disrupts the natural band structure of the
splines.

Periodic spiines and spherical harmonics should
give comparable estimates if more complete data were
available. However, the spherical harmonics have the
advantage of providing single reach estimates at the
poles whereas periodic splines provide multiple es-
timates at the poles. Spherical harmonics are simpler
to use since an underlying knot structure is not
required. Also, the basis functions for spherical har-
monics may be evaluated directly, whereas both the
periodic and non-periodic splines require recursive
computation of the basis functions. Spherical har-

monics are therefore recommended based on ease of
usage, estimation bias and estimation error.

The results of this study indicate that spherical
harmonics provide a depiction of the maximum reach
surface for an individual. Further research is needed to
develop methods which will generalize spherical har-
monics to provide population percentile data. In
addition, a generalized methodology should provide
the capability of determining the percentage of the
population which will be capable of reaching several
points in a work environment.

An important problem remains {0 be considered,
namely obstructions in the environment. It is apparent
that the procedures discussed in this paper will not
form a general solution to the obstruction problem.
The major difficulty is that the location of obstructions
and other restrictions in the design space are specific to
each application and may give rise to irregular max-
imum reach surfaces. Additional work is needed to
identify major classes of obstructions which com-
monly occur and methods are needed for dealing with
each class of obstructions.
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The use of computer techniques for the analysis of
three dimensional reach data reduces data storage
requirements in comparison to standard pictoral
representations (Fig. 1). Thus, reach parameters for a
large number of individuals may be compactly stored
in a data base. The ability to reproduce individual
reach contours from parsimonious models is especially
useful in the development of interactive computer
graphics procedures for the analysis of alternative
work station designs.

It should also be noted that the reach analysis
techniques explored in this paper permit flexible data
collection procedures. Thus, the researcher may: (1)
gather data in the standard spherical coordinate
format with reach distance as a function of latitude and
longitude; (2) collect data in conveniently placed
horizontal or vertical planes, or, (3) gather data at
arbitrary points. Therefore, while equally spaced ob-
servations in spherical coordinates offers symmetry,
other procedures will yield reliable results.
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