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Abstract - The material properties of the cell membrane are discussed. Various theories concerning the 
mechanism of cytokinesis in animal cells are presented. The currently accepted mechanism is that of active 
muscle-like contraction of the furrow base itself. A mathematical model is developed based on this theory. 
The cell membrane is modelled as a spherical membrane of nonlinear, elastic material. The membrane 
undergoes large deformations under the action of a contractile ring force in its equatorial plane. The 
numerical procedure employed in the solution of the governing equations is explained. The numerical results 
are compared with the experimental observations available in the literature. It is concluded that the cell 
membrane stiffness increases during the early stages ofcleavage and it, later, decreases. The cell membrane 
division is a biomechanical instability problem. The factors that may facilitate or block cleavage are 
discussed. The experimental evidences that support the conjectures of the model are pointed out. 

INlXODUCTlON 

The cell is the basic structural and functional unit of all 
living organisms. It can simply be defined as a discrete 
mass of cytop@sm enveloped in a selective and 
retentive membrane and containing a nucleus. The 
cytoplasm, a translucent, colloidal material of gela- 
tinous consistency, is composed of numerous differen- 
tiated subcellular organelles which carry on the diverse 
cellular activities, such as growth, division and differ- 
entiation The nucleus, bounded by the nuclear mem- 
brane, is the control center of the cell. It contains the 
chromosomes, the carriers of genetic information. 
There are virtually thousands of books, monographs 
and papers written on the biology of cells from which 
detailed information can be obtained on cytoplasm, 
organelles, nucleus, and their roles in various stages of 
cell cycle. For instance, one can be referred to Thread- 
gold (1976) Hall and Baker (1977), Hopkins (1978), 
Finean et al. (1978), and Avers (1978). On the other 
hand, for the purposes of our work, it is necessary to 
discuss the cell membrane and the cell division in more 
detail. 

CELL MEMBRANE 

The cell membrane is the vital biological interface 
separating the cytoplasm from the external environ- 
ment. It is a selective, semipermeable barrier through 
which substances necessary for cellular activities may 
be acquired and waste products may be removed. The 
entire complex is a sheet approximately 70 A in 
thickness. In the contemporary fluid mosaic model of 
Singer and Nicolson (1972) the basic structure is a 

l Receiwd 20 September 1979; in revisedform 18 January 

1980. 

two-dimensional arrangement of globular integral 
proteins dispersed in a matrix of fluid lipid bilayer. The 
membrane is not a tightly stretched layer, but rather 
loose and wrinkled. It covers fingerlike cytoplasmic 
processes called microuilli and also lines deep depres- 
sions on the cell surface. Water is present in cytoplasm 
in a concentration between IO and 85 per cent, 
Threadgold (1976). 

The cell membrane shows the property of a selective 
permeability. Water-soluble solutes can apparently 
enter by diffusion through aqueous channels or pores 
which are 3 to 4A in diameter. Indeed, the cell 
membrane is highly permeable to water. Cells in 
hypotonic solutions admit water molecules without 
control and they eventually burst. There is another 
event in which bursting of the cell membrane can be 
observed. After a virus enters a cell, a large number of 
new virus particles is manufactured. Eventually, the 
cell bursts or splits open which is called death by Iysis, 
Avers (1978). Bursting of the cell membrane means 
failure of the structure which, in general terms, can be 
caused by two different but interrelated mechanisms: 
(a) The membrane material reaches its yield or rupture 
point, leading to bursting, under the influence of the 
increasing pressure. (b) The membrane, as a structural 
system, reaches a point of instability as the in- 
tracellular pressure increases. At this point, the cetl 
membrane tends to snap out to another stable equilib- 
rium configuration. However, during this process, the 
deformations and stresses become so large that the 
material yields or ruptures, leading to bursting, Akkas 
(1978). At this time, it is not known which mechanism 
is the one that initiates the failure of the cell membrane, 
since the experiments reported in the literature were 
not undertaken with this purpose in mind. 

There are many experiments reported in the litera- 
ture in which the external force vs some characteristic 
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deflection curves of the cell membrane were obtained. 
They are presented in detail in a review article by 
Hiramoto (1970). In the suction method, a micropip 
ette connected to a movable reservoir of water is 
brought up to a cell and when the reservoir is lowered a 
bulge is sucked out of the cell surface. The pressure vs 
deformation curves obtained so are approximately 
linear. Mitchison and Swann (1955) calculated the 
Young’s modulus of the cell membrane of sea urchins 
using this method. They found a range from 0.91 x 10’ 
to 2.08 x 10’ dynes/cm*. The observed fact that the 
pressure vs deformation curves are approximately 
linear does not necessarily imply that the cell mem- 
brane material is linear. Because the cell surface is 
sucked into the micropipette which has a cylindrical 
inner surface, the final configuration that the bulge can 
take without being compressed by the cylindrical 
surface is a hemispherical one. The experiments in 
which micropipettes are used cannot give that portion 
of the pressure vs deformation curve which cor- 
responds to unconstrained inflation of the bulge 
beyond the hemispherical configuration. It has been 
shown (Akkag and Engin, 1980) that the nonlinearity 
of the curve becomes apparent for configurations 
beyond the hemispherical one. 

In the compression method developed by Cole 
(1932), the cell is compressed between a pair of parallel 
plates. The force of compression is known and, hence, 
the intracelhtlar pressure can simply be determined 
from a consideration of the static equilibrium. The 
pressure can, then, be related to the tension in the 
membrane. Cole’s results led him to the conclusion 
that the cell membrane is a thin, elastic membrane. 
Hiramoto (1963), using this method, estimated the 
Young’s modulus of the cell membrane as 1.2 x lo3 
dynes/cm’ for the unfertilized egg. This is one order of 
magnitude smaller than that obtained by Mitchison 
and Swann (1955). Yoneda’s experimental results 
(1973), obtained from a modified compression method, 
indicate that the surface is not even elastic. The surface 
tension remains constant as the surface area is 
increased. 

As discussed in detail in Hiramoto (1970), various 
methods of determining rheological properties of the 
cell yield various force vs deformation curves. In the 
compression method the force vs deformation curve is 
concave toward the force. axis, whereas in the stretch- 
ing method it is convex toward the same axis. In the 
suction method, the curve appears to be linear. These 
differences are due to the fact that the forces and the 
deformations measured in the methods do not have a 
common basis. Plotting the intracellular pressure vs 
cell volume curve, rather than the external force vs 
some typical displacement curve, will probably bring 
the results into, at least qualitative, agreement. 

In determining the cell membrane properties, the 
two most commonly used techniques are the so-called 
suction and compression methods described above. It 
is now generally agreed upon, in view of the experim- 
ental results obtained from these two methods, that the 

cytoplasm is enveloped in a thin, elastic membrane. 
Yoneda (1973) is apparently one of the few who do not 
accept the concept of an elastic cell membrane. In view 
of his experimental results, Yoneda (1973) supports the 
liquid-drop concept. As discussed in more detail 
from a critical viewpoint in Pujara (1978), Yoneda’s 
(1973) conclusion that the surface tension in the cell 
membrane remains constant irrespective of change in 
surface area appears to be not valid. Yoneda (1973) 
initiallly assumes that the surface tension is uniform 
and remains constant during the compression of the 
cell. On the other hand, Pujara (1978) showed numeri- 
cally that the predicted surface tension increases as cell 
deformation increases. Thus, the findings of the latter 
author also support the elastic membrane concept. 

As mentioned previously, the compression and 
suction methods yield different elastic moduli for the 
cell membrane, the difference being one order of 
magnitude. It is thought to be of interest to discuss the 
possible reasons causing this apparent discrepancy. It 
should be realized that the conclusions concerning the 
mechanical properties of the cell membrane will be 
affected by the manipulation and interpretation of the 
experimental data. For instance, as emphasized in 
Pujara (1978), in suction experiments, whether the cell 
surface slips, slips partially or does not slip at all over 
the edge of the pipette will affect the resulting pressure 
vs deflection curves significantly. In case there is no 
slip, it is the region of the cell membrane within the 
pipette only that is stretched. If there is slip, the whole 
surface of the cell is stretched. In compression experi- 
ments, if there is no slip, it is the region of the cell 
membrane between the two compressing plates that is 
stretched. Under these circumstances, one should not 
expect to have good correspondence between the 
experimental results obtained from the two methods. 

An ultrastructural study of the cell membrane may 
also be helpful in explaining the apparent discrepan- 
cies mentioned. It should be noted that the cell 
‘membrane’ that is studied by Mitchison and Swann 
(1955), Cole (1932), and Hiramoto (1970) is not the 
bilayer lipid membrane of Singer and Nicolson (1972). 
The thickness of the lipid bilayer is in the order of 
several nanometers, whereas the membrane thickness 
used by the former investigators in their calculations is 
in the order of a few micrometers. The submem- 
braneous region, corresponding to the ‘cortex’ of 
Hiramoto (1970), is considered as part of this mem- 
brane. This submembraneous region contains nu- 
merous microfilaments which are linked to each other 
and also to the proteins dispersed in the matrix of the 
fluid lipid bilayer. The micro-filaments are in a dy- 
namic state; i.e., they are polymerized and depolyme- 
rized at various stages of the cell cycle. It is this 
microfilamentous cortical layer that contributes to the 
stiffness of the cell membrane. A composite structure 
may require two or more moduli to characterize it 
completely and different loading conditions may mea- 
sure different moduh. In the compression method, the 
cell membrane is pushed out due to the intracellular 
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pressure increase caused by compression. In the suc- 
tion method, the membrane is sucked out locally. In 
other words, the pressure difference is applied to most 
of the cell membrane in the compression test and to 
only part of the cell membrane by the pipette. Ap 
parently, these two different loading conditions act on 
the submembraneous region in different manners 
which may cause some difference in the experimentally 
observed load-deflection curves. 

CYTOKINFSIS 

For growth and replacement of cells that wear out, it 
is essential that new cells are reproduced from old. 
New cell formation occurs through cell division. It 
consists ofa series of phases in which both nucleus and 
the extranuclear components of the parent cell under- 
go a division. Cell division can, in general terms, be 
said to consist of nuclear division (mitosis) and the 
division of the cytoplasm and the membrane (cyto- 
kinesis). In the present work, mitosis is not considered 
at all. The literature contains some review articles on 
cytokinesis. An interested reader is referred to the 
excellent and recent review articles by Rappaport (1971), 
which contains 217 references, Arnold (1976), which 
contains 96 references and concentrates on more 
recent work, Rappaport (1974, 1975), and Schroeder 
(1975). 

Cytokinesis in animal cells appears to be a relatively 
simple event; namely, division of a membrane, en- 
veloping the cytoplasm, into two. The problem has 
been to determine the mechanisms of cytokinesis and 
to distinguish between active and passive phenomena. 
Accordingly, many theories have been developed to 
shed some light on these mechanisms. Here, we will 
present these theories without any detail: 

1. Polar expansion: The membrane expands ac- 
tively at the poles but not the equalor. Thus, the 
equator is passively pushed inward to form the furrow. 

2. Polar relaxation: Cleavage is initiated by the 
relaxation of the membrane in the polar surfaces. Thus, 
tension in the equatorial surface exceeds that at the 
poles and the resulting tension difference causes fur- 
rowing. It is the polar surfaces where the events 
causing division take place. 

3. Equatorial constriction: The furrow base itself 
actively contracts. It has independent power to con- 
tract. This is a muscle-like contraction of a ring of 
equatorial surface material. 

4. Cytoplasmic streaming : The furrow forms as inner 
cell contents stream away from the equator and 
daughter cells are pushed away. 

5. Formation of new membrane: The cleavage 
furrow is formed by the fusion of aligned mem- 
braneous vesicles that appear at the equatorial plane. 

A very detailed discussion of these theories can be 
found in Rappaport (1971). The currently accepted 
mechanism of cytokinesis in animal cells is that of 
active muscle-like contraction of the furrow base itself, 
and Arnold (1976) dwells solely upon this mechanism. 

During division, the mitotic apparatus is believed to 
play an important role in changing the ultra-structure 
and mechanical properties of the equatorial surface. 
Tension in the equatorial surface exceeds that at the 
poles and the resulting tension difference causes fur- 
rowing. It is the equatorial surface where the changes 
that precipitate cytokinesis occur. During division no 
new membrane is formed, but the old cell membrane 
simply extends. The division furrow has a dense ring of 
circumferentially oriented microfilaments at its lead- 
ing edge. The microfilaments are fibrils 40-70 A in dia. 
and of an indeterminate length. They form a band 
approx 0.1-0.2 p thick and 5-6~ wide. This band is 
named the contractile ring. It is the muscle-like 
contraction of this ring that causes cleavage. It has 
been proposed that microfilaments associated with 
surface microvilli constitute the pool from which the 
constituents of the contractile ring are recruited. The 
existence of the contractile ring was experimentally 
confirmed, Schroeder (1975). 

MATHEMATICAL MODEL 

The problem of cytokinesis, in contrast to the 
attention it has received from a biological point of 
view, has not received much attention from a mech- 
anics point of view. This does not mean that the 
principles of mechanics have not been made use of in 
the reports on the subject. Indeed, biologists frequently 
used basic concepts of mechanics in interpreting their 
experimental findings. Applications of membrane 
theories which incorporate neither large defor- 
mations nor material nonlineaxities (Hiramoto, 1968 
and Yoneda, 1973) or calculations based on the 
assumption that the cell contours during cytokinesis 
can be fitted to spheres (Ishizaka, 1966 and Yoneda 
and Dan, 1972) are available. In addition, there are a 
few other investigations based on a completely fluid 
model of cleavage dynamics (Greenspan, 1977,1978), 
and on the concept of a surface cleavage field (Ca- 
talano and Eilbeck, 1978). 

Greenspan (1977, 1978) treats the cell as a verb 
viscous, homogeneous fluid. He introduces the con- 
cept of tension elements which are uniformly distrl- 
buted over the cell surface before the onset of cleavage. 
As the uniformity of the surface tension is disturbed. 
due to some chemical activity within the cell, and the 
tension elements start moving towards the equatorial 

surface, cleavage is initiated. The resulting cytoplasmic 
streaming increases the concentration of the tension 
elements at the equatorial surface furthering the 
cleavage. Accordingly, the process is dynamicall! 
unstable and once triggered, the cleavage is completed 
without further stimulus. Greenspan’s cleavage me- 
chanism can be sufficient only if the cell membrane has 
very fluid characteristics. Cells with stiffer membranes 
will apparently require an equatorial constriction 
action. The surface tension elements may stimulate the 
microfilaments of the cortical layer. It is known that 
these filaments are all interconnected and are also 
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attached to the membrane proteins. It is not clear 
whether Greenspan’s cytoplasmic streaming can cause 
the breaking (or depolymerization) of these linkages. 
The breaking of the interconnections among the 
microfilaments is necessary for an individual filament 
to flow towards the equator as shown in Fig. 4 of 
Greenspan (1977). Moreover, it is reasonable to as- 
sume that stirring the internal cytoplasm actively 
during furrowing will offset the cytoplasmic streaming. 
Thus, according to Greenspan’s model, the stirring 
should affect the furrowing also. However, this is not 
reported to be the case observed in experiments, 
Rappaport (1971). The model of Catalan0 and Eilbeck 
(1978) is, in principle, different from the mechanical 
models and, hence, it will not be discussed any further. 

TO the author’s best knowledge, the first and only 
paper published in literature in which division of the 
cell membrane has been studied via a mathematical 
model which incorporates both geometric and ma- 
terial nonlinearities is that by Pujara and Lardner 
(1979). They examined the deformation pattern of an 
initially spherical membrane for prescribed displace- 
ment at the equator, subject to the condition that the 
enclosed volume is constant. The nonlinear con- 
stitutive relation chosen to describe the behavior of the 
membrane material is that originally proposed by 
Skalak et al. (1973). The Mooney-Rivlin 

: 

(a) 

@I 

(c) 

(4 

(4 

(f) 

At the onset of cleavage, the cell membrane has a 
spherical shape. 
In contrast to the assumption used in Pujara 
and Lardner (1979), the membrane is initially 
slightly inflated. 
Cleavage is caused by contraction of an equa- 
torial ring. 
The constitutive relations describing the mem- 
brane material are nonlinear, and, moreover, the 
Mooney-Rivlin material is sufficient. 
The viscous properties of the cytoplasm are 
ignored ; hence, the intracellular pressure is 
uniform. 
In contrast to the assumption used in Pujara 
and Lardner (1979), the volume enclosed by the 
cell membrane may change. 

(g) Division of the cell membrane is a large defor- 
mation, quasi-static problem. 

Assumption (b) is the result of the observations 
discussed in Hiramoto (1970) where it is stated that 
there is an initial stretch of the cell surface and it ought 
to be about 5%. The use of the Mooney-Rivlin 
material in the model may be the most controversial 
one. It is generally agreed upon that soft tissues exhibit 
stress vs stretch ratio diagrams which are exponential 
in shape. Discussion of various representations can be 
found, for instance, in Alexander (1968), Hart-Smith 
and Crisp (1976), and Pujara and Lardner (1978). To 
try to justify our assumption would be academic, since 
our numerical results indicate that neither the Moo- 
ney-Rivlin representation nor any other exponential 
representation, in their classical forms, is appropriate 
for a description of the material properties of the cell 
membrane during cytokinesis. Later, we will come back 
.to this subject and, indeed, propose a new repre- 
sentation. Exponential forms may be appropriate for 
red blood cell membranes, but they do not divide. 

In their reply to the discussion by Akkas (1980), 
Pujara and Lardner (1980) present the values of the 
intracellular pressure variation with cleavage stage. 
Their results show that the pressure increases mo- 
notonically with stage of division. This is in contrast 
with the results given in Hiramoto (1968). Figure 3 of 
Hiramoto (1968) clearly shows that ‘... at the be- 
ginning of cleavage, the pressure increases again and it 
reaches a peak during cleavage followed by a decrease 
during the second half of cleavage. The pressure 
increases by about tenfold during the first half of 
cleavage and decreases by a similar degree during the 
second half.’ The subject figure is reproduced here as 
Fig. 1 in a modified form in which only the envelope of 
Hiramoto’s experimental results are given. To see if 
this apparent discrepancy between Hiramoto’s expe- 
rimental results and the numerical results of Pujara 
and Lardner (1980) can be resolved by not using the 
constant volume constraint, we make the assumption 
(f). Furthermore, this author is of the opinion that it is 
not absolutely necessary for the cell to have constant 

0 20 40 60 80 100 

FURROW RADIUS/ItiITIAL RADIUS (a) 

Fig. 1. Envelope of change in intracellular pressure during 
cleavage. Experimental results of Hiramoto (1968). 
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volume during division. The literature on experimen- 
tal cytology contains works which state that the cell 
volume roughly remains constant during division. It is 
well known that the cell surface contains numerous 
microvilli (ruffles) which are tiny vesicles extending 
outward and inward from the cell surface. These 
microvilli, which contain cytoplasmic components, are 
capable of causing small variations in the cytoplasmic 
volume. It is also known that they do not remain 
stationary during division; i.e., at some stages the cell 
surface has more ruffles and at other stages it is 
smoother. In addition to the possible contribution of 
the microvilli to the volume change, a study of the 
ultrastructural details of the cell membrane reveals 
that there are other possibilities that may cause slight 
volume changes. The cell membrane contains nu- 
merous channels or pores through which fluid can 
enter into the cell as well as it can leak out. The 
possibility of volume increase during cleavage due to 
inflow of fluid should not be rejected on the ground 
that the intracellular pressure increase should tend to 
decrease the cell volume by forcing fluid out. Cell is 
such a complex system that there still exist many 
points open to question. For instance, as stated in a 
previous section, cells in hypotonic solutions admit 
water molecules without control. During this process, 
the intracellular pressure increases as well as the cell 
volume and, eventually, the cells burst open. In other 
words, a pressure increase in the cell does not nec- 
essarily lead to a decrease in cell volume by forcing 
fluid out. In any case, as pointed out at the beginning of 
this discussion, it is of practical interest to see if the 
constant volume constraint during cleavage is the 
reason behind the apparent discrepancy mentioned.* 
Under the mentioned assumptions, the problem re- 
duces to the large deformation analysis of a spherical 
membrane of a nonlinear, elastic material subjected to 
an equatorial ring load. The governing equations are 
derived below. Similar derivations can be found in 
Fliigge and Chou (1967), Engin (1976) and Yang and 
Feng (1970). 

Consider an element cut from a membrane of 
revolution in the deformed configuration. The equilib- 
rium of forces parallel to the axis of the membrane and 
in thedirection of the radius /i of a latitude circle yields 
the following equations : 

~(~~psinI)-ppp,cor~=O, (1) 

-$(7,pcos$)- TT,p, +ppp,sin$=O. (2) 

In these equations, (p, PI, JI) define the deformed 
nonspherical state as shown in Fig. 2. The normal 

l The n~crical results that are given in a later section 
show that the reason behind this discrepancy is not related to 
the constant or changing volume condition. One may as well 
use the eonstant volume constraint, ignoring the possibly 
small changes in the total volume during division. 

pressure acting on the deformed membrane is p. 
Finally, T* and Fe are the membrane forces per unit 
length of the sides of the deformed element. The 
deformed configuration C of Fig. 2 is not known 
beforehand. Therefore, the quantities occurring in the 
governing equations are to be expressed in terms of 
those measured on the uninflated reference con- 
figuration A of Fig. 2 which is described by (i,fl, 4). 
Note that the reference configuration A is not the 
configuration at which cleavage starts. The con- 
figuration at which cleavage starts is B of Fig. 2 which 
is slightly inflated, but still spherical, in accordance 
with our assumption (b). The configuration B will be 
called the initial configuration and the corresponding 
radius will be called the initial radius. The following 
relations hold among the quantities of the deformed 
and reference configurations 

directions, respectively. Substitu t- 
ing equations (3) into equations (1) and (2), we obtain 
the following equilibrium equations : 

J& (m,?sin $) - prT,i.+i., cos Ic, = 0, (4) 

$ (R,rcos $) - N&, + pi~,i.$., sin + = 0. (5) 

The compatibility condition gives an additional re- 
lation among the variables: 

di., f, 
~+~%,cosI$-~ i.,cos$=O. (6) 

r 

INITIAL - FlJRROlj 
RADIUS RADIUS 

A: UNINFLATED REFERENCE CONFIGURATION 

B: INFLATED SPHERICAL INITIAL CONFlG&iRATION 

C: DEFORWI NONSPHERICAL CONFIGURATION 

Fig. 2. Geometric quantities of deforming cell membrane. 
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Finally, the constitutive relations for the Mooney- 
Rivlin material are 

N, = (2hC,/%,)(%~ - I.; 2%; 2)( 1 + a%:), (7) 

N* = (zhc,/%J(%: - %,82%.02)(1 +a%$), (8) 

in which h is the initial uniform thickness of the 
membrane and a = C2/C,, C, and C2 being the 
material constants. Equations (4-8) are five equations 
from which the five unknowns (No, m, $, I.,, %@) of the 
problem are to be determined. The following quan- 
tities will also be needed in the presentation of the 
results : 

The total surface area (ofboth sides) of the deformed 
membrane: 

n/2 
S = 4n 

I 
rr,R,%, d& (9) 

0 

The total enclosed volume (of both sides) of the 
deformed membrane : 

s 

r/2 

P = 2n ?2~,%,%~ sin $ d4. (10) 
0 

The equatorial ring force per unit length of the 
deformed membrane : 

R, = 2lV; f cos (n-ljI*), (at 4 =i), 

which, when referred to the unit length of the reference 
membrane, becomes 

Bm = 2m; cos(n - 1(1*), (at 4 =t). (11) 

The axial force in the equatorial ring: 

F, = R*p* = R,?, (at 4 =i). (12) 

&,, I?,, and F, are those quantities that occur only in 
the equatorial plane. The quantities appearing on the 
right hand sides of equations (11) and (12) are to be 
evaluated at 4 = n/2. That is why they have been 
superscripted by stars. 

Equations (4) through (12) are, now, nondimen- 
sionalized as follows : 

r = i/h, rl = FJh, P = tw,, 

N, = rn,l(C,h), No = ~,l(C,h), (13) 

S = S/h2, V = p/h3, 

R, = &I(C,h), F, = F,/(C,h2). 

The nondimensional equations are not given here 
separately, because they are similar to the dimensional 
equations (4)-( 12), except that all the barred quantities 
become unbarred. The resulting equations are valid for 
any membrane of revolution. If the reference con- 
figuration is spherical in shape, which is the case in our 
work, then r, = constant. 

NUMERICAL PROCEDURE 

When the constitutive relations are substituted into 
the equilibrium equations, the latter, together with the 
compatibility condition, can be brought to the follow- 
ing form : 

d%, 
@ =i$(4,ti%).e>).o>P>, 

(14b) 

Now, one has three equations to determine the three 
unknowns &, i.,, I,$). The independent variable is 4, 
and p is the loading parameter. Equations (14) can be 
solved easily using the Runge-Kutta method (Ralston 
and Wilf, 1960). 

The limits of the integrations in equations (14) are 4 
= 0 and 4 = n/2. The numerical integration could 
start at 4 = n/2 ; however, there only %B can be 
specified. Accordingly, the numerical integration must 
start at r$ = 0 because, at this point, it is known that J, 
= 0 and %B = i., = R. 2 1.0. Once a value for %. is 
selected, the numerical integration can be completed 
and Qe, R,, $) can be evaluated at any other location 4, 
provided that the loading parameter p is specified also. 
For a selected value of %,, there are, indeed, different 
equilibrium configurations corresponding to various 
value of p. 

As an example, let us discuss Fig. 3 which gives p vs 
polar length and p vs furrow radius curves for various 
values of i.,. The numerical results presented in Fig. 3 
are for rl = 50 and a = 0.0. As seen in Fig. 3, for a specified 
value of the furrow radius, one can find virtually an 
infinite number of (p, ,To) combinations which satisfy 
the equilibrium equations. Similarly, for a specified 
value of the polar length, there are, again, an infinite 
number of (p,&) combinations satisfying the equa- 
tions. On the other hand, if both the furrow radius and 
the polar length are specified simultaneously, then 
there is only one combination of (p,%,) that satisfies 
the equilibrium equations. This is where the concept of 
‘artificial constraint condition’ comes into play. The 
concept is to select those combinations of (p, %o) which 
will yield numerical results in agreement with the 
experimental results as much as possible. For instance, 
if one can find a relationship between the polar length 
and the furrow radius during division, that would put a 
constraint condition on the acceptable combinations 
of (p,%,). Such a relationship is available in the 
literature. Figure 4 gives the envelope of the polar 
length vs furrow radius curves obtained by Hiramoto 
(1958) and Yoneda and Dan (1972) during their 
observations ofcleaving sea urchin eggs. Therefore, the 
multivaluedness of the solution has been eliminated, 
and unique (p, %o) combinations can now be obtained. 
Indeed, these combinations are shown as circles in Fig. 
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Fig. 3. Intracellular pressure vs furrow radius and polar length for various values of stretch ratlo at apex 

3 and the resulting polar length vs furrow radius curve 
is compared with the experimental results in Fig. 4. 
Pujara and Lardner (1979) obtained similar curves for 
both the Mooney material and their SZTC material. 
Their results indicate that the STZC material is a 
better representation. Our results indicate that the 
Mooney material representation is also satisfactory. 

In the numerical solution, the angular increment in the 
meridional direction was taken to be three degrees. 
Finally, it is assumed that the membrane cannot be 
subjected to compressive stresses. Accordingly, when- 

PRESENT RESULTS 

P 0 20 40 EO 80 105 
FURROW RADIUS/INITIAL RADIUS (2) 

Fig. 4. Change in polar length during cleavage. Envelope of 

experimental results of Hiramoto (1958) and Yoneda and 
Dan (1972). 

ever the stress resultant N, turned out to be com- 
pressive, which is the case near the equator in the 
advanced stages of the cleavage, it was set equal to 
zero. This implies that wrinkling occurs near the 
equator at these stages. 

NUMERICAL RESULTS AND DISCUSSIOS 

The cell membrane, spherical in shape in its unin- 
flated reference configuration. is assumed to be 100 p 
in dia. and 1 Jo in effective thickness. Accordingly, the 
numerical results are for rl = 50. The second material 
constant, C1. is taken to be zero, which implies that the 
membrane material is neo-Hookean. In accordance 
with the observations discussed in Hiramoto (1970), 
the cell membrane is slightly stretched at the onset of 
cleavage and the radius of this initial configuration is 
1.05 times the radius of the reference configuration. 

Figure 5 presents the stretch ratio in the meridional 

direction, i.,, as a function of the furrow radius. The 
lower three of the curves are for $J = 0” and the upper 
three are for @I = 90’. The present results and other 
available results are all in qualitative agreement. The 
ratios of the total surface area, S, and the total enclosed 
volume, V, of the deformed configuration to the initial 
surface area, S,, and the initial volume, V,, are given in 
Fig. 6. At the end of the cleavage, the total surface area 
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Fig. 5. Change in meridional stretch ratio at apex and at 

equatorial plane during cleavage. 

of the two daughter cells is about 25% larger than that 
of the parent cell. This is in good agreement with the 
results obtained by Hiramoto (1958) and Pujara and 
Lardner (1979). Note also that this number is exactly 
the same as that mentioned in Rappaport (1971, 
p. 191). At the initial stages of the cleavage, the total 
enclosed volume increases slightly, but, as the cleavage 
is completed, the volume is almost equal to the initial 
volume. This result is, again, in accordance with the 
observations concerning the constancy of the cell 
volume during cytokinesis. In Fig. 7, we have pre- 
sented the deformed configurations of the cell mem- 
brane at three different stages of the division. At the 
end of the cleavage, the daughter cells are not perfectly 
spherical in shape. 

The intracellular pressure, the membrane force, and 
the axial force in the equatorial ring are plotted as 
functions of the furrow radius in Figs. 8, 9, and 10, 
respectively. The quantities are given in both non- 
dimensional (solid lines) and dimensional (dashed 

0.81 , , , , , , , , I 
0 20 1;” ” 60 80 1 0 

FURROW RACiUS/il~lTIRL RADIUS (1) 

Fig. 6. Change in total surface area and total enclosed Fig. 8. Change in nondimensional and dlmenslonal in. 
volume during cleavage. tracellular pressure during clealape 

80 
l- 

FURROW RADIUS 'p' 

Fig. 7. Deformed configurations of cell membrane at \arlous 

stages of cleavage. 

lines) forms. As seen in Fig. 8, the nondimensional 
intracellular pressure p increases continuously during 
cleavage. Recall that the material constant C, is 
related to the stiffness of the ceil membrane. If C, is 
assumed to remain constant during cleavage, then the 
pressure p in its dimensional form will show the same 
behavior as the nondimensional pressure p; i.e., a 
continuous increase during cleavage. This result is in 
total disagreement with the experimental result re- 
ported in Hiramoto (1968). As far as the present elastic 

model is concerned, it is apparent that the only other 
parameter that can change the shape of the dimen- 
sional pressure fi vs furrow radius curve is the material 

a 

o,10m500 
0.08 
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FUPROu RADIUS/INITIAL RADIUS (z) 

Fig. 9. Change in nondimensional and dimensional mem- 
brane force in meridional direction at apex and at equatorial 

plane during cleavage. 

initial stages of the mathematical study. Related 

literature survey revealed that this fact has been. 

indeed, fairly well established by experiments. In hts 

review article, Hiramoto (1970) clearly states that ‘In 

some eggs, the stiffness reaches a maxtmum at the 

beginning of cleavage and falls during and after 

cleavage In some other eggs, the stiffness 

reaches a mmimum at the onset of cleavage, rtses 

during the early half of cleavage and falls during the 
late half. .‘. A study of geometric variables onb. such 
as i.,, S, or V, would not reveal this conclusion. because 

they are independent of C, expltcitly. Pujara and 

Lardner (1979) did not come to such a conclusion. 

because their emphasis was mostly on the varration of 

geometric variables during cytokinests. Moreover. the 
only curve that they presented which is directly related 

to the material ‘constant’ is incorrect as discussed try 

Akkas (1980). 

‘constant’ Ct. Therefore, for the present numerical 

results to agree with Hiramoto’s experimental results. 

It is necessary that C, changes during cleavage. The 
required change in the material ‘constant’ C, during 

cleavage is given as a function of both time and furrow 

radius in Fig. 11. Here, time is that after the onset of 

cleavage and it is given in Hiramoto (1968). At time is 

equal to zero, it is assumed that Young’s modulus E of 

the cell membrane material is 1.2 x IO4 dynes/cm’ 

which is within the range reported by Mitchison and 

Swarm (1955). Since C, = E/6, this gives C, = 2000 
dynes/cm’ at the onset of cleavage. 

As seen in Fig. 11, the cell membrane becomes stiffer 

during the early stages ofcleavage and, after reaching a 
limit point, the cell membrane ‘deteriorates’ as clea- 

vage continues. This is the onI_r way that the numerical 
predictions of the present elastic model can be brought 

toaqualitative(andevenquantitative)agreement with 

the available experimental results. This result about 

the necessity of change of the cell membrane stiffness 

during cytokinesis was totally unexpected during the 

The discussion given above shows that the cell 

membrane maternal cannot be modelled as a Mooney 
material, nor as any other material of similar behavior. 

in which the maternal ‘constant’ C, actually remains 

constant during division. The material is. first, becom- 

ing stiffer and. then, it IS detertoratmg. The maternal 

‘constant’ is a functton of time. A viscoelasttc repre- 

sentation of the material property would probably be 

more appropriate. However, considering the very slou 
change of the material property as shown m Fig. 1 I, u e 

have employed a quasi-stattc approach m this work J t 
is assumed that the Mooney material can sttll repre- 

sent the ceil membrane material, pro\,rded that C, 

changes during cytokinesis in accordance with Fig 11. 

The dashed. dimensional curves of Figs 8. 9. and IO 

have been obtained from the use of the modified 

Mooney material described above. 

Fig. 10. Change in nondimensional and dimensional total 
axial ring force during cleavage. 

It should be noted that the device of allowtng 

material constants to vary during cleavage may allow 

a wide variety of materials to give equally good results 

The numerical results of Pujara and Lardner ( 19801 on 

the mtracellular pressure can also be brought into total 

agreement wtth Hiramoto’s expertmental results g~\er 

in F-ig. 1, employing the described concept of stage- 

dependent elasttctty constant. However. the resulting 

material representatton is neither the Mooney ma- 

terial nor the STZC material. What one needs actually 

is a new material representation which ts here called 

the deteriorating material. The stmple de\ tee of using a 

stage-dependent elastictty constant proposed tn thts 

work should be considered as a first step towards the 

development of a better representanon. It should also 
be emphasized that the quasi-srauc procedure used In 
thts work is not as non-deiintttve as It may seem. One 

must select the varration of the elastic matertal con- 

stant with stage of dlvtsion m such a manner that nor 

only the numerical results on the Intracellular pressure 

and the ring force will agree with the corresponding 

experimental results. but also the change tn membrane 

stiffness will show the initially increastnp and then 

decreasmg behavior observed In the experiments 

Before proceeding wtth the presentatton of the 
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Fig. I 1. Predicted change in stifhess ofcell membrane during 
cleavage. 

numerical results, it is thought to be of interest to 
discuss briefly the implications of a viscoelastic model 
which may prove to be a better representation of the 
cell membrane during division. Assuming that the cell 
membrane is a thin, viscoelastic membrane, the de- 
velopment of the governing equations is, in principle, 
similar to that for theelasticmembrane,except that the 
analysis is complicated by history effects. The pre- 
viously given equilibrium equations (4,s) and the 
compatibility condition (6) are still valid. The con- 
stitutive relations (7,8) must be replaced by their 
viscoelastic counterparts. One must be careful in 
selecting these viscoelastic constitutive relations. The 
use of linear viscoelastic constitutive equations as the 
ones described in classical works like Flugge’s (1967) 
may simplify the analysis; however, they are not 
capable of describing the nonlinearity of the cell 
membrane material. The concept of material in- 
stability is not applicable for such linear material 
representations. Moreover, the forms of the con- 
stitutive equations in Flugge (1967) are not proper for 
large deformations which are intrinsically the situation 
in the current work. Nor do they properly account for 
the requirements of material frame indifference. If the 
purpose is to see whether the quasi-static approach 
used in our elastic model described above can be 
replaced by a viscoelastic approach, one must be 
consistent in his formulations. In other words, the 
viscoelasticconstitutiveequations should benonlinear 
as the one studied by Wineman (1978). He models the 
visco-elastic material by a nonlinear integral con- 
stitutive equation which displays Mooney elasticity in 
its instantaneous and long time equilibrium response 
limits. The problem will now be governed by a set of 
nonlinear partial differential-integral equations. The 
analysis of this viscoelastic formulation should be the 
topic of further research. When the viscoelastic so- 
lution becomes available, it will be possible to discuss 
the advantages of the viscoelastic model over the 
quasi-static approach of the present elastic model. 

A comparison of the dimensional intracellular pres- 

sure p given in Fig. 8 with the experimental results 
given in Fig. 1 shows that they are in very good 
agreement. The dimensional membrane forces, N,, at 
4 = 0” and I#J = 90” are given as functions of the 
furrow radius in Fig. 9. A comparison of our Fig. 9 with 
Hiramoto’s (1968) Fig. 8 reveals that the results are in 

agreement not only qualitatively, but also 
quantitatively. 

The dashed curve in Fig. 10 gives the dimensional 
axial force in the equatorial ring, F,, as a function of 
the furrow radius. F, is the only active, external force in 
our mathematical model. Both the intracellular pres- 
sure j and the membrane force m, change passively 
during cytokinesis, their changes being due to the 
change in F,. The present result on i;, is in good 
agreement with the experimental findings of Yoneda 
and Dan (1972) and Hiramoto (1975). Figure IO shows 
clearly that cytokinesis is a biomechanical instability 
problem; i.e., the dashed curve in the figure has a limit 
point. 

F, vs furrow radius curve of Fig. 10 has a limit point 
at furrow radius-to-initial radius ratio equal to about 
0.70, which we shall call the critical stage of cleavage. 
In actuality, this critical stage cannot easily and clearly 
be pinpointed, because the curve has a relatively flat 
portion between the furrow radius-to-initial radius 
ratio equal to about 0.70 and 0.30. However, it is 
certain that the axial force in the equatorial ring, F,, 
increases during the early stages of cleavage and 
decreases during the final stages. Studying Figs. 10 and 
11 together, we come to the following inferences about 
cytokinesis. 

Due to some mechanism, the discussion of which is 
beyond the scope of this work, the axial force in the 
furrow ring starts increasing. The cell membrane, as if 
trying to resist this external force (or irritation) which 
is literally trying to cut the cell into two, gets stiffer. But 
the ring force increases also. Eventually, the membrane 
reaches its maximum stiffness capacity and it gives up 
resisting or it yields. We name the stage after this 
yielding point as the membrane deterioration stage; 
the deterioration is not abrupt but rather gradual. 
After the yielding of the membrane. the ring force does 
not have to increase any more, rather it decreases 
gradually. Since the critical stage of cleavage has been 
reached and passed, division continues and is finally 
completed. 

Now that the concept of a critical stage of cleavage 
has been noted, one can make some conjectures about 
cytokinesis based on this concept. If the ring force, for 
some reason, cannot reach that which corresponds to 
the critical stage and does not pass it, division will not 
occur provided that the cell membrane stiffness follows 
its natural variation with time. If the membrane 
stiffness does not decrease after reaching the critical 
stage, for division to occur it is necessary that the ring 
force increase continuously. In this case. the microfib- 
rils may break in which case the cell will return to its 
initial shape since, now, there is no ring force squeezing 
it. If the membrane stiffness does not show Its initial 
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increase during the very early stages of division but, 
rather, decreases continuously, then very small ring 
force is sufficient to complete the division. This may be 

termed as an uncontrolled division. If the furrow ring is 

destroyed by some external means before the critical 
stage of cleavage is passed, the division will stop and 

the membrane will turn back to its initial con- 
figuration. If the destruction of the ring is alTected after 
the critical stage has been passed, the division will 

continue. Here, it is assumed that the external means 

used for the destruction of the contractile furrow ring 
does not affect the natural behavior of the cell 
membrane. 

The following observations are from Rappaport 
(1971): 

A chemical agent, Cytochalasin B, rapidly destroys 

an equatorial array of circumferentially arranged 
fibrils and it stops furrowing almost immediately. 
When the furrow of a partly divided egg is cut from the 

inside or torn, the cell quickly resumes its initial 
spherical form. 

The following observations are from Arnold (1976). 

The inserts in parentheses are ours: 
The contractile ring in cleaving eggs is a transitory 

structure, existing for only six and seven minutes at 

ZO’C. As contraction proceeds, the contractile ring 

decreases in volume. As cleavage continues (very likely 
after the critical stage has been passed), actin- 
containing filaments from the contractile ring may well 

disassemble and they are recruited for utilization 

elsewhere in the cell. (This may be considered to 

correspond to the gradual decrease in the total axial 

ring force during the second half of cleavage.) 

These observations support some of our conjec- 
tures. At this time, the author is unable to present any 

experimental evidence that would support the remain- 

ing conjectures. For instance, will the, say, 80 or 90% 
cleaved cell return to its initial configuration when its 
furrow ring is destroyed? Do the chemical agents that 
block cleavage without destroying the furrow ring 

Increase the stiffness of the cell membrane? Do the 
agents that facilitate furrowing, such as calcium, 
decrease the cell membrane stiffness? There are still 

many questions to be answered. it is hoped that future 
investigations on the biomechanics of cytokinesis will 

shed more light on this exciting field. 

SCMMARY 

After a brief presentation of the material properties 

of the cell membrane and of the hypotheses concerning 
cytokinesis in animal cells, a mathematical model 

describmg this phenomenon was developed. The mo- 
del is a spherical membrane of an elastic, nonlinear 

material and undergoing large deformations due to a 
contractile, equatorial ring force. The numerical pro- 
cedure employed was explained. The numerical results 
showing the variations of the quantities during cyto- 
kinesis were given and discussed. According to the 
results, the cell membrane stiffness increasesduring the 

early stages of cytokinesis and it decreases later. 
Cytokinesis can be considered as a biomechanical 
instability problem. Based on the conclusions of the 

numerical results, some conjectures concerning cyto- 

kinesis were made. Experimental evidences available 
in the literature that support some of the conjectures 

were pointed out. All the numerical results obtained 

are in qualitative, and most of the time, quantitative, 

agreement with experimental results. 
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