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We develop a systematic method of isolating the effects of virtual heavy particles in
renormalizable field theories. With a ¢4-type field-theory model involving two real scalar
fields (one with a heavy mass M, and the other light), we show in detail that, up to order
l/M2 (but to all orders in renormalized couplings), effects of virtual heavy particles can
be completely incorporated into pure light-particle theory via effective local vertices
which involve operators of canonical dimension at most six. All the coupling strengths
for such effective local interactions are of order l/M2 (the decoupling theorem) and are
systematically calculable in renormalized perturbation theory. We also derive a closed
set of Callan-Symanzik equations which are satisfied by these coupling strengths. Using
these equations, we explicitly sum all the leading logarithms (i.e., & log M ~ O(1)) which
appear in the perturbative calculations of the effective coupling strengths.

1. Introduction

In field-theoretic studies of strong interaction physics, there has been much inte-
rest recently in isolating genuine large-momentum processes from complicated long-
distance dynamics like confinement — so called factorization. This has been studied
in terms of the operator product expansion [1]} or from the viewpoint of mass singu-
larity cancellation [2]. In the language of the former, genuine large-momentum pro-
cesses are described by the so-called coefficient functions, and long-distance dyna-
mics by the matrix elements of various local operators. In an asymptotically free
field theory like QCD, the coefficient functions may be reliably calculated through
perturbation theory and further improved by using the renormalization group [3].
In this paper, we discuss another kind of factorization: heavy particles versus light
particles. Specifically, we wish to calculate systematically effects of virtual heavy
particles on light-particle Green functions in renormalizable field theories, when all
the external momenta are much smaller than the masses of heavy particles.

In renormalizable field theories without spontaneous symmetry breaking, Appel-

* Supported in part by the Department of Energy.
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172 C. Lee [ Theory of virtual heavy particle effects

quist and Carazzone [4] have shown that the heavy particle (of mass M) decouples
from light-particle physics, except for renormalization effects and corrections of
order 1/M? (the decoupling theorem). Since renormalization effects are absorbed
into the very definitions of physical parameters of the theory, this theorem prac-
tically denies any observable effects due to the existence of virtual heavy particles,
to the zeroth order in M ~!. However, we do want to understand the low-energy
manifestations of the heavy particles: for instance, effects of heavy muon loops
in QED, the influence of heavy quarks in total e” e~ annihilation, and, in fact, the
whole subject of the weak interaction. These are order 1/M? effects and, in this
paper, we present the precise theoretical framework to study them systematically.
We develop a simple theoretical formalism to isolate all the order 1/M? effects
via a set of effective local vertices with calculable coupling strengths. Thus, let m
denote the physical light masses and g the coupling strengths among these light
objects, defined at appropriate normalization points. Let M be the heavy masses and
G be the coupling strengths which involve at least one of the heavy particles. Let
T,.(g m, G, M) be the amputated » light-particle Green functions. Similarly, let
7",, (g m) be the same Green functions calculated with all heavy-particle lines taken
out. We will show that, to order 1/M?, we have the factorization:

~ 1 ~ o~
Ta(e m GM)=Tn (6 m)*+ 25 20 Clem G, M) Ty @igm), (1)
i

where C;(g, m, G, M) are universal coupling strengths which can be systematically
calculated in renormalized perturbation theory. 5,- are local vertices involving opera-
tors made up of the light-particle fields alone and with canonical dimension at most
six. T,,(b,-, g, m) denote amputated Green functions with O; once inserted, in the
pure light-particle theory.

In renormalized perturbation theory, the effective coupling strengths C;(g, m, G.
M) are at most of order (log(M?/m?))* (n;, a non-negative integer), with » in general
increasing as the number of loops in relevant Feynman diagrams increases. It is often
desirable to sum such powers of log(M?/m?) in a systematic fashion. This can be
most easily achieved if one can write down a set of closed Callan-Symanzik equations
[5] for Ci(g, m, G, M). However, the situation here is more complicated, compared
to that in previously known uses of the Callan-Symanzik equations. Complications
are due to the facts that:

(i) the usual right-hand sides (up to twice light-mass insertions) of the Callan-
Symanzik equations must not be neglected;

(ii) the Callan-Symanzik coefficients 8(g), y(g), etc., also obtain O(1/M?) contri-
butions from virtual heavy particles.

We have resolved these difficulties by using the homogeneous Callan-Symanzik equa-
tions developed by the author [6].

To present the main theoretical ideas without worrying too much about techni-
cal complications (like the consideration of local gauge invariance), in the present
paper we have chosen a simple renormalizable field theory to prove the above state-
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ments: a ¢*-type field theory involving two real scalar fields, one with a heavy mass
M and the other light. Extension to realistic field theories (e.g., QED with a heavy
muon or QCD with an extra heavy quark) and physical applications will be dealt with
in forthcoming publications. With our formalism, we are now able to study systema-
tically the influence of heavy quarks in e”e™ annihilation (or in deep inelastic scat-
tering processes) when the incident energy is much below their production thresholds.
We hope that after some extensions to incorporate spontaneously broken theories,

we may be able to express arbitrary higher-order effects of virtual heavy particles in
unified or grand-unified models, in terms of simple effective local vertices of the cor-
responding light-particle theory alone *.

The plan of our paper is as follows. In sect. 2, we derive the factorization (1). In
sect. 3, we derive the Callan-Symanzik equations satisfied by the effective coupling
strengths. In sect. 4, we present explicit lower-order calculations and explain how the
complete leading log sum can be obtained from these calculations by using the Callan-
Symanzik equations. In sect. 5, we summarize and discuss our results. Brief discus-
sions on more realistic field theories will be also given here to give a rough idea on
the scope of physical applications of our formalism. In appendix A, we discuss the
factorization analogous to eq. (1) for the heavy-particle two-point function, and
also for the four-point function with two external heavy particles and two external
light particles. These results are used in sect. 3. In appendix B, we briefly indicate
necessary modifications when different renormalization prescriptions, other than
the ones used in the main text, are employed.

2. Factorization

We consider a scalar field theory (the ¢-y theory) which involves two real scalar
fields, ¢ and y, interacting vig quartic couplings. The action for the system may be
written as

1
s= [a* [% Po (0u0)? + 304 (Bu¥ ) — 3%pg9” — IMpy ¥ — 17 apg e’

1
— a7 Bo V7 —4vpepy 677 + Bc:l , @)

where (1, M), (pp, py ) and (a, B, ) denote renormalized masses, renormalized wave-
function parameters, and renormalized coupling constants, respectively. Here, £,
denotes renormalization counterterms. Since the lagrangian counterterms .2 con-
sist of local operators of canonical dimension at most four, the action (2) may also

* Some interesting papers which deal with related problems may be found in refs. [12,13]. Brief
discussions are also given in sect. 5.
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be written in the following multiplicative form
S= fd“x [%PB¢(3,¢¢)2 +3ppy B V) — Sudpped® — IMEppy V2

1 1 .
AT agPpsd" ) Boogy ¥ — %mpwpswzwﬂ , 3)

where (ug, Mg), (PBg, PBy ) and (ap, By, ) denote bare masses, bare wave-func-
tion parameters, and bare coupling constants, respectively. We assume that the mass
of Yy -particle, M, is much larger than the mass of ¢-particle, u. In this limit, we are
interested in calculating effects of virtual heavy particles, here described by ¥, on
light-particle Green functions with external momenta much smaller than M.

We denote the renormalized (n + N)-point proper vertex function with » exter-
nal ¢-legs and NV external y-legs by 'y y(py, ..., Pn, Py, ..., Piy). (See fig. 1). As
our convention, dotted lines will be used to indicate ¢-lines, and solid lines to indi-
cate Y-lines throughout the paper. Also, all the external momenta will be specified
with respect to incoming directions. Then, the renormalization counterterms in the
action (2) may be chosen such that the following normalization conditions are satis-
fied:

Faolp, —p), = —iupy , (4a)
p“=0
ol .
352 Do, —p) 1 =ipg, (4b)
p 220
Fp,® -P) | =0, (4c)
P2oa?
2 r (P, -P) | =i (4d)
3 Lo, 28, — =Py,
oP p2aps?
F4,0(p1’ P2, P3s p4) | R = _iap(zp s (48)
pi=
Lo,a(Py, Py, P3, Py) 2' 2 = —ifpy, , (4f)
Pi=M

2 24,2
Py +Py) = (Py+P3)*=5M

= —iYpgppy - 4
pi=0,P3=P2=pM? i (4g)

l-‘2,2(p11 p2x)
Precise details of these normalization conditions are not important, as long as one
chooses the normalization points for light particles (i.e., ¢-fields) at momenta much
smaller than M. (The latter is necessary for the decoupling theorem to be valid in
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Fig. 1. A (n + N)-point proper vertex function.

the first place). Also, in eqgs. (4a—g) we renormalized the theory at zero momenta
for external ¢-fields, only for the sake of simplicity. In appendix B, cases with dif-
ferent normalization conditions will be considered.

We now address ourselves the following question: For the function I'y o (P4, ..., Pp)
in the limit of y, py, ..., P, << M, is it possible to describe the effects of virtual
heavy particles in terms of some simple quantities of pure light-particle theory?
According to the decoupling theorem [4], the effects are in general of order 1/M2,
But, do these order 1/M? effects appear in a certain systematic fashion? To be more
precise, let us consider a theory of light particles (the ¢ theory) with the action

~ 1 ~
S =fd4x{%p¢(au¢)2 —3H%0g" — 77 apg et + Bc} , 5)
or, in a multiplicative form,
§ = [t 1By (@,0)" ~ 435 3,97 — o Gub 3ys® ©
X¥12PBp Ou®)” — 3H BP Be® — 77 *BPBe? | -

Denoting the n-point proper vertex function in this theory by f‘,,(pl, ey Pp), WE
may impose the following normalization conditions:

Ly (0 ~P)yazg = —ik0g » (72)
a fod .
2 2P -p) | =ieg (7b)
P b0
f‘4(pl: P2, D3, p4) | =_iap(2p s (7C)
pi=0

namely the same values as those in the ¢-y theory with the action (2) at the com-
mon normalization points. (See the conditions (4a), (4b), and (4¢)). Here, we have
assigned the same values for observed (i.e., renormalized) parameters in both theo-
ries since renormalization effects are not directly observable. (This also implies that

L.o# L, PBo F P Bo > i #Fiy, ag #ap) .
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Fig. 2. Tree vertices for 51, 0,, 53.

We now introduce the function

Hy Dy, v Pn) = TroP1s s Pr) — T (P, oy PR s (8)

and then the question we have just addressed ourselves may be put as follows: Is
there any systematic method of expressing H,,(p;, ..., ) in terms of some simple
quantities of the pure light-particle theory only? To all orders in renormalized per-
turbation theory, we will now show that, for y, py, ..., pp <<M*,

~ o~ 1
Hy@y, ..., Pn) = E GiFn(Oi,pl'--~:pn)+O(;4_5) ) ©)
i

where the G;’s are of order 1/M? and (~),~ denotes certain local vertices in the ¢-field
theory as specified below.

In 5,-, one should in general include all the local vertices involving operators of
canonical dimension not larger than six. However, with the normalization conditions
(4a—g), (7a—c) and the normalization conditions for 5{5 as specified below, the
most convenient set of the local vertices are provided by the following vertices
which involve only dimension-six operators,

0,=2 [a*x NIs@*) o] , (102)
0,= #% Jatx N[ %), (10b)
- 3

0 = f;i; Ja*x N[#° ()] - (10¢)

Precise definitions of these local vertices can be given (traditionally in momentum
space) by specifying the corresponding tree vertices and appropriate subtraction
rules in calculating higher-order inatrix elements involving these new vertices. The
tree vertices are shown in fig. 2. Assuming minimum subtractions (i.e., subtract
only for the purpose of making certain divergent subgraphs finite and no further

* Here, the notation P1s s Pn << M implies that every individual component of the four-momen-
tapy, ..., pp is much smaller than M.
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finite renormalizations), the subtraction rules for the above operators can be com-

pletely specified by the following normalization conditions:

1:2(51"1): 'p)|p2:0=05 (i=1’253)7
0 ~ ~ B .

$F2(0i:p’ _p)lp2=0_07 (1_1,273)9
T4 (0 P1 P2 P3 Padlp=0 =0, (=1,2,3),

(04, p, -p) = P [(P*)? + O((P*))] ,
p " —0

[4(0y.p1. P2 P3. Pa) = . o).,

pi

lF:6(()11 P1,P2s o5 pé) = O(plz) s
p;i—>0

[0 p -p) = O,
p 0

[4(04, py. P2, P3. Pa) = Palpi+p3 +p3+p3] + 00,
pi—

i

Fe02 £, P6) = O],

pi

[,0sp -p) = O,
p2~0

T4(03,p1, P2 D3, Pa) =()0(p?),
Di—

T (03, Py, s P6) = Po tOWD).
pi—

(11a)

(11b)

(11¢)

(11d)

(11e)

(119)

(11g)

(11h)

(11i)

(1))

(11K)

(118)

The normalization conditions (11a—c) are for the subtraction of quartic and quadra-
tic divergences and, as will be seen later, are closely related to original renormaliza-

tion subtractions in the ¢-y theory with the action (2).

To prove the factorization (9), it is convenient to adopt the elegant language due
to Zimmermann in defining renormalization subtractions [7]. But, in the present
paper, we use a slight deviation from Zimmerman’s original approach to facilitate

our discussions.

Let us first look at the ¢-y theory. The action (2) with 2, = 0 provides Feyn-
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Fig. 3. Feynman rules for the ¢-y theory.
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man rules for unrenormalized Green functions, with the rules for tree graphs shown
in fig. 3. Higher-order, unrenormalized, Green functions are expressed in terms of
the tree-graph Feynman rules by using the Gell-Mann-Low theorem and Wick theo-
rem [8]. The proper vertex function I'y, y (Py, ..., Pn, Py, ..., Py} is in general ill-
defined due to ultraviolet divergence problems. To make them well-defined, we may
regulate those unsubtracted functions by well-known regularization methods, either
by the Pauli-Villars regularization or by the dimensional continuation method. To
be definite, let us take the Pauli-Villars method with the typical regulator mass
denoted by A. Then the renormalized function 'y, 5 (), ..., Pp, Py, ..., P} is given
by the forest formula [7]

oy Pro v P i P)=lim 20 T1 (VT2 01 o P P, s P,
A2>e Q YEN ! (12)

where the sum goes over all the forests of each Feynman graph contributing to I‘,‘,‘, N
Let us explain the formula (12) briefly. A forest (2 is defined as a set of non-over-
lapping proper subgraphs, vy, of a given Feynman graph G. (Note that Zimmermann
[7] defines a forest in terms of non-overlapping renormalization parts, rather than
in terms of arbitrary non-overlapping proper subgraphs. Instead, we will put some
restrictions upon the Taylor operator tfyo)). Thus, any two elements 7, ¥ in a forest
satisfy either y Cy' or y D' or y N y' = 0. A forest § containing the whole graph
G itself is callel: full, and a forest not containing the whole graph is called normal.
A proper subgraph v is defined by a non-empty set of lines of G which are connected
and one-particle-irreducible. According to this definition, the empty set or a trivial
diagram consisting of a single vertex and no line is not a proper subgraph. On the
other hand, the one-particle-irreducible whole graph G is considered as a proper
subgraph if G does not correspond to a tree graph. Also, & may be empty set, and
it is important to include this empty set in the sum over forests in eq. (12). The
Taylor operator tgo) operates on the part of the integrand which precisely represents
the proper subgraph «. (The superscript ‘(0)’ in tfro) indicates minimal or normal sub-
tractions). Let the proper subgraph ¥ correspond to a (k + K)-point vertex function
with the external momenta q, ..., g, @, ..., Qk, and then we may denote the cor-
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Fig. 4. Feynman rules for the ¢ theory.

responding Feynman amplitude simply by T} K(‘h s s G, Oty ..., Qg ) in a represen-
tative sense. Then the Taylor operator t(o) is specxfled by

)
f(o)FuO(qr q) F2 O(q’ q) tq [6—2 Fuo(q’_Q)J 2| ’ (133)
q°=0 q =0

[(O)F}:’o(qlﬂ q2, 43, q4) = Fio(‘]lr q3, 43, q4) l s (l3b)

qi=

0
tOry (@ -0)=T§,Q -Q) | +(Q2—M2)L)Q2F32(Q Q)} .

02=m? 0%=-m?
(13c)
tOT% (01, Q2 3, Q4)=T§4(Q1, Q2. 03, Qa) |
Q =m?
(Q1+Q2) =(22+03) —(Q1+Q3)
(13d)
I(O)F;,z(éhy 42, @1, @2) = F;,z(fh’ 42, @1, @2) l . (13e)
4=0,03=03=m?
1O @y, - Qo Q1s - Q) =0, (k+K>4). (13)

In the product H(—tgo)) in the forest formula (12), the factors are ordered such
that tfro) stands to the left of tflq), if ¥ D 7. For the empty forest, the product H(—tgo))
is simply reduced to 1. With these prescriptions, one can show that the expression (12)
has a well-defined limit and satisfies the normalization conditions (4a—g). It is also
matter of combinatorics to show that these renormalization subtractions correspond
to multiplicative renormalizations, as are manifest in the second form of the action,
eq. (3).

Almost parallel considerations may be given for the ¢-field theory with the action
(5). Tree-graph rules for unsubtracted Green functions are shown in fig. 4. The renor-
malized proper vertex function f‘n(pl, ..., D) in this theory is given by the forest for-
mula

Tw @y )= Im 20 T O FUy, . p0), (14)
Q yeEN

AT
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with the Taylor operator ISYO) specified by

. N 3
tOrig, —q)=T3%@ —q) | +q2[ﬁ (g —q)} P, (15a)
20 q =0
tOT%qy, 42, 43, 44) = T5@y1, 42, 43, 44) | (15b)
q;=0
tOTYqy, s q) =0, (k>4). (15¢)

The renormalized functions I, defined by the formula (14) satisfy the normaliza-
tion conditions (7a—c). Also, renormalized proper vertex functions with a certain
operator vertex insertion may be defined in an analogous manner, if the tree-graph
rule for the operator vertex to calculate unsubtracted functions has been given.

In particular, the renormalized vertex functions I, (5,~, D1, ---» Pn) With the opera-
tor vertices 5,- (see fig. 2 for the tree-graph rules) are given by the forest formulae

T ©; p1 o p)=lim - 22 1T (O F2 @4 py, e 1), (16)
Alow @ 7EQ
with the Taylor operator t(o) specified as follows:

() If the proper subgraph v corresponds to a vertex function which does not
include the 0 vertex, tg ) is given by egs. (15a—c).

(ii) If the proper subgraph 7 includes the 0 vertex, t(o) is determined by

~ ~ ~ o~ 0 ~  ~
(OTY 0y q -9)=T% 0, a0 —q) | +4* —5T501q ~q) |

=0 aq 72=0
82
+ %(qz)z [a( 2)2 Fu(Qtv 4, q)] | ) (173)
a=0
t“”f‘;(é,-, 91, 92,93 qa)= fﬁ(bi, g1, 4a) | o
qi=
D P s
+1 2, [ ™o, q4, ..., :| |
2 S 50004, 40 qy, -, qa) a0
+l E q2 i /A
2% Tk aq? I'4(0; g1, - q4) qu:o , (17b)
tOTL0; q1. - 36)=T2(0s 41, -, 46) |0, (17¢)
tOTY (0, q4, ., 41) =0, (k>6). (17d)

(In eq. (17b), the variable g, may refer to any of g4, 424, G34, G4, With an arbitrary
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Lorentz index.) Again, it is a simple matter to show that %, (O;, p1, ..., p,,) defined
by the forest formula (16) satisfies the normalization conditions (11a—8).

We are now ready to prove the factorization (9). The proof which follows is based
on the adaptation of Zimmermann’s algebraic identity to our problem [7]. Let us
define the unsubtracted function

HEPD1, oo D) =T o (P1s oo D) = TR (@ 1o e Pa) (18)

which is represented by all one-particle-irreducible Feynman graphs with n external
¢-legs and some internal y-lines. Then, the renormalized function H,,(pq, ..., Pn)
as defined by eq. (8) can be given by the forest formula

Hy(y o pn)= 20 1T CLOYHE2 1, ), (19)
2 yeEN

where the limit A2 - oo is implicitly assumed (here and henceforth) and the sum
goes over all the forests in the ¢-y theory. If §2 is not an empty forest, the elements
7 in general correspond to a certain proper vertex function, I‘";)N. When a proper
subgraph vy € £ corresponds to F:,”O, it is convenient to separate the case when v
includes some internal y-lines from the case when v includes only ¢-lines. Hence,
for the latter case we shall say that v corresponds to IN“," , and for the former case
to H;. We may then say that the elements vy with tso) # 0 correspond to one of
0y, T3 Hy Hy T 5,15 5, Tg q.

To prove the factorization (9), it is useful to consider the oversubtracted func-
tion H,(py, ..., 0, ) which may be written as

Hy@y o on)= 20 11 ) HY @y, o). (20)
2 yen
The Taylor operator t_,y is given by

ty= tfyz) , if ¥ corresponds to H}, H, or Hg and there are
no internal y-lines left outside v, (21a)

t, = tgo) , otherwise . (21b)

The Taylor operator tf,” indicates oversubtraction and is precisely specified by (cf.
eqs. (17a—d))

3
tDHY g, —q)=Hy @ —q) ) +q2[—5 H3 (@, —q)] I
q°=0 dq q2=0

2

17,.,2N2] d u _ :|
+5%) [a——(qz)z Hy @ —q) q2|=0 ) (22a)

2
PDHYq,, 92, 93, 4a) = H; @1, - 44) . | +3 g% qqu[——q—l Hiqv, - "“L .|_0
i [
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62
+% E Qi [_2 H;(qy, .. (I4):I . (22b)
k 9q q;=0
tDHE@Gy, 0 46) = HE Gy, - 6) | . (22¢)
qi=
tPHY 4y, qx)=0, (k>6). (22d)

Here, for any forest, we may consider the set <V consisting of all the proper sub-
graphs satisfying the condition (21a). Then, any two elements v, ¥ € O must satis-
fy v Cyor ¥’ D1, since there should not be any internal y-lines left outside
v (or 7).

We now rearrange the formula (20). Let us first define the set of all forests £2 for
a given Feynman graph as U(£2). Then, for any forest 2 € U(§2) which includes at
least one element belonging to Y we may split

1y = tgo) + (z‘g) - tgo)) , forany yeV . (23)

Substituting eq. (23) into eq. (20), we obtain

Ho(pyy s D)= 2 E [1 FHY Py, s Dn) » (24)
QEU(N) FEF(N) yEQN
where F(£2) is the family of the functions with the property
either —+© or —(¢® — 10y ifyew,
F'y = © T ( Y Y ) . Y (25)
=137, ifygE <Y .

For any 2, there must be a function Fy, in F(£2) which assigns —tgo) forallye Q.
Taking out all terms with F' = Fy and using the forest formula (19), we find

Fln(pl""’ pn)':Hn(pla-nspn)"'Xn(pl:---: pn)s (26)
where
Xn 1, opn)= 20 20 Nl Eute,, . b, Q7
QEU'(Q) FEF(Q) yEN
F+F

with U'(2) denoting the set of all forests which have at least one element belonging
to V.

In the sum (27), we now note that, for any £ and F # F, there is a smallest ele-
ment 7 € Y which gets the assignment

Fp=—(® - 1@y, (28)
Thus, for given €2 and F, we may decompose

Q=0,+Q, + {1}, (29)
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where
Q, :thesetofal YEQ (y #r)withy D r0oryN71=0,
Q, *theset of all yE Q(y#7) withyC 7.

Note that £, is a normal forest of 7, i.e., §2, € U(7) with U(7) denoting the set of
all normal forests of 7. The decomposition (29) implies that, for a given forest £2,

FEF(Q) yEN
F#F

2 AL e = I ot -@- @y 1 11 @y a0
TEQ, Y ES,

With this information, it is a simple matter to write X,,(p,, ..., P, ) in the form

X,y Pn) = E E E n (_77)] . [_(t‘(r2) _ tﬁo))]

€T Q1EM; QrEU(T) vER,
1 I o ae, (31)
Y EQ,

where

T: the set of all proper subgraphs 7 having the property that 7 corresponds to
H}, Hj, or Hg and there are no internal y-lines left outside 7,

M, : the set of forests §2, having the property that each y € Q, satisfies
7Cyor 1Ny =0 (M, may be empty),

U(7): the set of all normal forests of 7.

From eqs. (26) and (31), we conclude that

Ho@yopm)=— 20 22 2 [ o)) (@ - 1)

TET Q1EM, QreuU(r) Y&

L O HE @y, s D)+ B0y ). (32)
Y €82

In the expression (31) for X,,(p;, ..., p), we note that all the internal y-lines are
inside the proper subgraph 7. Then, we may define the constants G, G,, G3 by

normal

@@ @) 25 1 O H (g -9)= py@® PG (332)
Q yEQR 7

normal

(@ _ 1) % glﬂ (~YH3(q1. 42, 43, q4) = p3(a3 + a3 + 45 +43) Gy
Y

(33b)

normal

@@ 1 25 I ()2 Gy, s a6) = 93G5 , (33¢)
0 yEQ

where T2™4 indicates the sum over normal forests only and in eq. (33b) we have
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used the Bose and Lorentz symmetries. It is now a simple matter to write the expres-
sion (31) in the form

3
Xp@ry o p)=20 20 11 (1) P2, py, .. ) G
=1 Q vyEQN

3
=Z)1 f‘n(bi’ Pises pn)Gis (34)
l:

where the local operator vertices 0; i =1, 2, 3) are given in egs. (10a—c). Note that
oversubtractions for H, in eq. (32) turned into minimal subtractions for l"n(O,, D1,

-, Pn)in eq. (34). Due to the decoupling theorem, the constants G,, G,, G
deﬁned in eqs. (33a—c) are all of order 1/M2. On the other hand, it is a simple exer-
cise in application of the Weinberg power-counting theorem [9] to prove that the
oversubtracted function H,(py, ..., p,,) in eq. (32) is at most of order 1/M*. Thus, in
the limit of , py, ..., p,, << M, eq. (32) yields the factorization

3
~ o~ 1
Hy(py, s Pn) = E IOy, s Pr) Gi t O(W)
=1

3
o5 2 @i G+ Ofa) ©
where we have defined C; = M2G; (i= 1,2, 3).

Once the factorization (9) for proper vertex functions is established, it is a simple
matter to deduce the factorization for amputated, connected, Green functions (i.e.,
matrix elements). Let us denote the amputated, connected, Green function in the
¢- theory with n external ¢-legs (of momentap,, ..., p,) and no external y-legs by
T,,0(P1, - Dn)s and the corresponding function with # external ¢-legs in the ¢
theory by T #@1, -, Pn). The functions T, o (4, ..., P,) and T n@1, ..., Pn) can be
always represented as skeleton graphs in respective theories, with all the skeleton
blobs corresponding to proper vertex functions and all the bridge lines between
these skeleton blobs corresponding to one-particle-reducible lines. One-particle-
reducible lines are lines with the property that, when any of those lines is cut, the
whole graph becomes disconnected. Consequently, the four-momentum assigned to
any bridge line is uniquely given as a certain linear combination of external momen-
tapy, .., Pn, and thus should be considered as being much smaller than M in the
limit we are concerned. Moreover, it is obvious that, with all the external legs for
the whole graph corresponding to ¢-fields, all the one-particle-reducible lines will
be ¢-lines in both theories being considered; i.e., skeleton blobs for the function
Tp0(Py, .-, Pn) correspond to either T or H,,. Those sekeleton graphs for
Ty 0(P1, .., Pn) with all the skeleton blobs corresponding to f‘m will precisely
reproduce T,,(pl, «..s D). On the other hand, for the skeleton graphs with a single
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H-blob and all the rest corresponding to I-blobs, we may use the factorization (9)

for the H-blob. This obviously turns the proper vertex functions with (~),- once

inserted, into the amputated Green functions with O; once inserted, T, (0, D1, ..., Pn).
Skeleton graphs with H-blobs more than one yield at most O(1/M*) contributions,
due to the decoupling theorem [4]. We may thus conclude that amputated, connec-
ted, Green functions factorize in the form

3
~ 1 ~ 1
Tn,O(pl; vy pn): Tn(plr ey pn) +W g Tn (01" Pty pn) Cx' + O(W)’(l)

which is the result announced in sect. 1.

3. The Callan-Symanzik equations

In sect. 2 we have shown that, up to order 1/M?  virtual heavy particles () induce
effective local vertices O;(i = 1,2,3) in the light-particle physics, with the coupling
strengths G; =(1/M?) C;. In renormalized perturbation theory, the constants C; may
be directly obtained vig eqs. (33a—c), or more simply, by matching the both sides of
eq. (9), assuming the factorization as stated there. In general, these perturbative cal-
culations yield powers of log(M? /u?) for the effective coupling strengths C;. In this
section, we wish to develop a systematic method of summing those powers of loga-
rithms which appear in higher orders. To deal with this problem, the traditional form
of the Callan-Symanzik equations [5] needs to be significantly improved due to rea-
sons mentioned in sect. 1. Thus, we may begin with brief discussions on the homo-
geneous Callan-Symanzik equations developed in ref. [6] *.

Consider the following modified ¢-field theory (the ¢’ theory) with the action

dp Py %1, (35)

-, N o 1
s = fd4x{%PB¢(ap¢ ? — Smppped’ -

which is different from the action (6) only by the presence of ﬁzf, instead of & 123.
Bare parameters other than m3 are chosen identically to the ones given in the action
(6). As for the bare mass }, we write

mi=pE+N=p3 +NZ,, (36)

where Z u is independent of A2. Thus, as far as (appropriately regulated) bare theories
are concerned, the two theories defined by the actions (6) and (35) are identical for
A% = 0. In a subtractive language of defining the full action, we may write

- 1 ~,
5 = [atx{ 1@, — 402 42 pod® o ke’ + 2| @7

* These equations may be viewed as a generalization of the improved renormalization group
equation of Weinberg [11].
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Fig. 5. Feynman rules for the ¢ theory.

with

L= fd“x {3 (P8o — pp)u8) — 3I(EE + X)) Py — (W +2?) py] 67

— 1@ Pg, —a0j] 0%} . (38)

Note that we introduced A? as a new free parameter of the theory which appears
even in the tree approximation. We now must ask whether the bare theory defined
by the action (37) yields a consistent renormalized theory. The answer is yes and
we will briefly describe the procedure below.

The action (37) with @'C = 0 provides the Feynman rules for the unsubtracted
(but appropriately regulated) Green functions. These Feynman rules are shown in
fig. 5. Then, the renormalized proper vertex function IN‘;,(pl, vy Py A2) in this
theory may be defined by the forest formula (cf., eq. (14))

Tnr, o oA = 20 IL LV u(p,, o paid2), (39)
: Q yEQ

where the Taylor operator ['7(0) is specified by

' = =ru g a gy .
FOTY (@, -¢; ) =T g —a;:\?) |Az . +q2[— Y fq;kz)J o
- a2

- 3g° A2=0
N xz[i B, a0 | (40a)
) G P b
O (g1, 42, 43, 423 M) =T (@1, G2, 43, a3 22) | a2eg” (40b)
q;i=0,A%=
FOTY Gy, qrsA2)=0, (k>4). (40¢)

It is evident from these subtraction rules that we will have the same bare wave-func-
tion parameter and bare coupling constant as the corresponding bare parameters in
the action (6), and the total bare mass rer%3 will have the form (36). It is also a matter
of simple power counting [9] to show that these subtraction rules lead to a finite
theory. The renormalized vertex functions in this theory satisfy the following nor-
malization conditions:

Ty (p, —p3\2) | =iy (41a)
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9 ~
5 D ;%2} =ipy 41b
[apz 20, —p )pzzl;@:o Py (41b)
[a I ( )\2)] | =—ip (41c)
anz 2P p2or=g o>
T4 (p1, P2 P2, P43 N2) | —iap; ) (41d)
pi=0,A%=0

Note that, though mass dependence in the unsubtracted functions F' @1, s Pny N2)
always appears in the form of u? + A%, it is not so with the renormahzed functions
T (P1s s Prs A%). Also, one may note that

Fn(pl’-"’ pn’)\ =0)EFn(p1,, pn) (42)

We now derive the Callan-Symanzik equation in the ¢’ theory. Multiplicative
renormalizability of the theory implies that

LhPy, oo Dy XY =T (B1, oo P b, D gy G, A?) (43)

where A? is an ultraviolet cutoff and L WP, p,, ; mB, pB¢, &g, A?) denotes the
function obtamed by replacing u?® + 7\2, Py, @ by mB, o B ag in the unsubtracted
vertex function I’ u(p 1r s P )\2) With this relatlon in mind, we consider the fol-
lowmg one parameter vanatlon vary “2 for fixed m mB, 0 Bo> OB, AZ%. Under such vari-
ation, I (pl, ey p,,,mB, Opg,ap, A?)is invariant and thus, from eq. (43), we
obtain

Da d DN\? D Dpy @ ‘J” 2y
2 2 2 —|Th@1, o pa; A =0,  (44)
Di?oa W pZan B 3 ) " i)

where u2D/Du? denotes the above one-parameter variation.
Here, we may factor out the complete p, dependence from renormalized vertex
functions by writing

TpP1s o P N2 = pER TV (D4, oy D3 NP, (452)

Va(P1s s Pas N2) = Tp(Dy, ooos Py A2) | o (45b)
py=

and also define the dimensionless constants Ea, *74, by

~

Ba _ 2DO[ ~ 1 2Dp¢

L 4
p (46)
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Then, for the function V~n, eq. (44) yields the equation

uzi+B a£+uzb—}\2—+-ln'7:|l~/(p PN =0. @7
P PR WE R PERE A M
For the term u2DX?/Du? we note from the relation (36) that
D D D 5 5 , D
2 a2 Y~ 2.2 L 2. Y 2
0__,12 DIJ2 mB—:u' DMZMIZ;‘*‘)\ M D/Jz Z“ +Zu[1 D/J2 A, (48)
From eq. (48), we may thus write
D)\? ~ ~
#Zal“j:—ﬂz(l —09,)+2%0,, (49)
where (:)1 , @2 are dimensionless constants defined by
b ~2 _ ~ 2% -1 b 7 =
7! b Fa=l-60, 'z D Zn =02 (50)

Inserting eq. (49) into eq. (47), we obtain the Callan-Symanzik equation of the form
(6]

d ~ 0 ) ~
“2572*'3&0‘“ [(1_ 1)/1 *‘62)\2] a>\2 2"7(1) Vn(plr'-~:pn;7\2)=0

(1)

Since eq. (51) is an equation for renormalized vertex functions, the Callan-Sy-
manzik coefficients B, © 1 @)2, ¥ should be finite and, according to our defini-
tions, muct be dimensionless functions of @ only without any dependence on A?/u?.
In fact, these coefficients can be expressed in terms of appropriate derivatives of
renormalized vertex functions, viz.,

6= ¥, (52a)
i~ ~ 0 0
Ve —(1—0)u [av P =3 V2, -p; 7\2)J , |2 =0, (52b)
P =A"=0
L ~ 3?
—i(©2 t74)— (1 *91)M2|:5(>\—2)2 Voo, —p52*) 2 l}\2 o =0, (52¢)
p = =
_,'Eaa—2i§¢a —(1 -60)u? [axz V4 (D1, P2, P3, Pas A )] 0])\2 . =0.
pi=0,A"=
(52d)

Eqgs. (52a—d) determine the Callan-Symanzik coefficients Ba, @1 , @2, Y comple-
tely. Here, it may be worthwhile to note that, upon setting A2 = 0, eq. (51) reduces
to the conventional Callan-Symanzik equation [5] with its right-hand side written
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in the form,

(1 —®1)u{£—2 Va@y, - pn;hz)]
A*=0
We now turn to the ¢-y theory. To obtain the Callan-Symanzik equation which
is useful for our purpose, we consider the following field theory, called the (¢-/)’
theory, with the action

s’ =fd4x {%P&p(anfl’)z +1ppy Bu¥)* — Im%pped® — SMZppy V2
1 2 4 1 2 44 1 2,2
a1 apPg, ¢ A Beppy ¥ — zYBPBY PR Y (53)
=fd4x {%%(%@2 + 10y (0,9)% — 3(u? +N2) pyo? — M +k2) py Y2

1 1
2,4 2,4 1 2.2 ,
S % o Bog¥™ — 370y Ped° ¥ +Bc}: (54)
where the bare parameters ppg, pgy , B, BB, B are identical to the corresponding
bare parameters used in the action (3) and the bare masses m?% M'} are given by

my=pd +\2Z, +k*Z, (55)
MZ=MZ+NZy + K22y .

In eq. (55), u% and Mg are the same bare masses used in the action (3), and Z,,, Z;‘,
Zu, Zyy are independent of A%, k2. The corresponding renormalized theory can be
defined as below.

The action (54) with £ = 0 provides the Feynman rules for unsubtracted Green
functions. These Feynman rules are shown in fig. 6. Then, the renormalized proper
vertex function 'y, 5 (Py, ..., Pn, Py, ..., Py A2, k%) may be given by the forest for-
mula [7]

Fi"l,N(plx < Pns Pl! ooy PN;)\za K2)

=20 20 (—tOYI (51, s P Pry s Py A2, K2), 56
Q req % ) nN (pl Pn 1 N ) ( )
where the Taylor operator t;(o) is the minimum subtraction operator analogous to
the one specified by egs. (40a—c), this time treating external momenta, A?, and k2
on an equal footing. The vertex functions renormalized in such a manner will satisfy
the following normalization conditions:

T0@ —p;A%, k%) | = —iupy , (57a)
2_..2_ 2.
po=A"=k"=0
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0 .
— Taolp -2 N7 | =ipg (57b)
op p2=}\2: K*=0
0 F2 olp, —p; A%, k?) | = —ipg , (57¢)
n? 2_,2. 2
P =A"=K"=0
0 2 = 57d
azrzo(P, -p; A%, k%) | =0, (57d)
2.2, 2_
PT=AT=Kk"=0
L4001, 02, 3, Pas N ,1%) | = —iap} (57e)
pi=0,A2=k 2=0
o2 (P —P; 2%, k%) I =0, (57
Pr=m? \2=i2=0
Il PN | =ip (57¢)
p2 ,
op Pr=m?A2=k2=0
9 2 _
aAZF“(P —P; 2%, k%) | =0, (57h)
Pr=m? 32=i2=0
0 . .
a2 Loz (P, —P; 7\2 k%) [ =—ipy , (574)
PP=m? 2 2=k2=0
T'0,4 (Py, Py, Py, Pa; Nx?) X p =i (57j)
P =m2, A =k?=0
(Py+P)?=(Py+P3) —(1”1”’3)2 §M2
32y, P2, Py, P25 N2, k%) | = —iyogpy . (57K)

p=0,A*=k?=0,P1=P2=m?
One should here note that, although all the mass dependences in the unsubtracted
functions FnN(pl, ws D» P1,y ...y Py s A2, k®) appear only in the form of u? + A2
and M? + k?, the above renormalization procedure will not preserve such com-

bined mass dependences for the renormalized functions I‘,,,N D1, P P1s s Py
2, k?). It is also clear that

F;"N(pl, s Pas Pl’ veey PN, )\2 = K2 = 0) = Fn,N(pl, ey pn, Pl’ veey PN) (58)
To derive the Callan-Symanzik equation in the (¢-y)’ theory, we first note that
multiplicative renormalizability of the theory implies the relation
TN (D1, oo P Py ooy Py N2 k%) = Ton (P1seoes Do Py s Prys

m%) Mleyde)apB\yaaB’BB”YB,Az)y (59)
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Fig. 6. Feynman rules for the (¢-y)’ theory.

where
F;‘uN(plr ceey pn: Pl» sery PNsm%, M}?a pB¢’ pB\[/ s aBy ﬁBy 7B’ A2)

represents the function obtained from the unsubtracted function I'}" (Pp s Prs
Py, ..., Pyn; N2, k?) by replacing u? + N2, M2 + k%, py, py, 0, B,y with mi, M2,
pB¢, PBy - 0B, B, Yp- We are here interested in obtaining an equation for
LCroP1s s Pos A%, k%) which will be useful in studying the limit u, \, &, py, ..., Pn
<< M. Such an equation can be obtained by con51dermg the variation of u? for
fixed m3, M*, M}, ppy, PBY » o, Bp, v, A Since Ty (D1, ooy Py Py, oo, Pivs
mﬁ, MB s PBo PRy » @B, BB TB» A?) is invariant under that variation, eq. (59) yields
the following Callan-Symanzik equation for the renormalized proper vertex func-
tion:
=it 8 20 D80 D10 2 DN 2

D
2
e L + N
K 2wy o2 M Du? v M D2 Y Dt oy WDR

+ —_—
K Du? ak? H Du?* 9py H Du?

=0. (60)

Dk* 3 Dp, Dp ,
2 —+2——pg_+ 2—Q]FH,N(ply""pn1Pl’"'vPN;)\zakz)

As in the case of the ¢’ theory, we may factor out py and py, dependences by writing

F;'I,N(plxn-: Pns Pl!" PN’A K2) pn/2 n/2 n,N(pl,'“x Pns Pl""r PN;)\zskz)y

(61a)
Va N @1 o P Prs s PN A KDY =T N (P s Ps Py ooy Pyi N2 62)
pp=py =1
(61b)
and define the Callan-Symanzik coefficients B, Bg, By, Yg, Yy bY
1 Do 1 D 1 Dy
By =—u? By=aw2 28 B =t Y (62)

o Du?’ £78" Du?° v~ Du*’
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y =»l~u2—;Dp¢ Ty =i ____qu,
®oe DY pyn Dy

For u2D\?/Du® and u*>Dk?/Du?, we note from eq. (55) that

2 Dup \242 Dz, + k22 Dz, 7!
2 DN\? - -1 Du? Du? Du?
Dz, Z, ) ,
Zy Zy , DM \2 , DZy + 2 2 DZy 7!
M 2 2 M
Du Du
=—12(1 - 8;) + N0, +«%0; , (63)
Dy Dz, DZ,
Z, p-3%+ﬁ2D2+2ﬁD§
2 Dk? -1 H
D/»l2 7 ’
Z '
u K DM? DZy DZy
VA B + }\2 2 +K 2,2
=u2Q; +22Q, +4%Q3, (64)

where we have defined A\? and k2 independent constants @, 0,, 3, Q,, Q,, Q3.
Inserting egs. (62)—(64) into eq. (60), we obtain the Callan-Symanzik equation of
the form

0
+B,y —— [12(1 = ©;) — \?0, —k*03] —

Ay a)\2

, 3 N
+ 2y + 220, tk 93] +27¢ 7% Ven(P1s s Pns Prs - Py

A2, k2)=0. (65)

Since eq. (65) is an equation for renormalized vertex functions, the Callan-Syman-
zik coefficients By, Bg, By, ©;, 03, O3, 4, 25, 3, 7, vy should be finite and
moreover, according to the definitions given in egs. (62)—(64), dimensionless func-
tions of , 3, v, u2 IM?. As was previously done in the ¢’ theory, we may again express
these Callan-Symanzik coefficients explicitly in terms of appropriate derivatives of
renormalized vertex functions as follows:

81 = _74) ’ (663)
Q,=0, (66b)
. a 0

17(1) - (1 - 91)“ [a>\2 a 2 V2 O(P, —-P, )\2 )J ' 2 = 0 ’ (66C)

p2=a%=k2=0



C. Lee [ Theory of virtual heavy particle effects 193

_i(®2+7¢)_(1“®l)/-1{ 7 Va0 -0 A%k )J | =0,
a(A*) 2_,2_ 2_
P =A"=k"=0
(66d)
. 2| 8 9 2 2
=103 (1 =@ W?| =525 Vaolp, 03 0%, k%) | =0,  (66e)
ON“ Ok 2,22
P =N"=k"=0
) o022 2 2 2 |
ry —(1 =8| 75 553 Vo (B -PiN,u?)| | =0, (660
EREII S
9’ 2 2
10 - (1- 0025 Vo B PR | =0, (ee)
o(A%) Pr=pm? A 2=k 2=
. 9 0 2,2
@+ 7) ~ (0K 305 5 Voa PN | =0,
O\ Ok PPopy? a2= 2
= s K"=0
(66h)
. . 0 2 2
—zBaa—21'ya—(l~®1)u a)\2 V40(P1,- »p4;>\ » K )} l =O’
pi=0, A*=k?=0
(66)
. . a
—iBgB — 2ivy B — (1 — ©;) u? [_2
oA
X Vo4 (Py, ..., Py; N2 2)} | =0,
?\2=x2=0,Pt~2=M2 .
Py +Py)?=(Py+P3)*=(Py +P3)’=3m? (66))
. ) ) 2| 9
By —ivgY — ivyy — (1 —O))u e V22
X(pl,p2rPl,P2’>\2’K2)i| | =0. (66k)
2 52 52 02

o 222,22 _p2.
pi=0, N“=«*=0, P{=P3=M

So far, we have introduced the ¢’ theory and the (¢-y") theory respectively, on
the behalf of the ¢ theory and the ¢-y theory discussed in sect. 2. The primed theo-
ries are reduced to the unprimed theories, upon setting A2 = k2 = 0. Renormaliza-
tions for the primed theories have been done by generalizing Zimmermann’s sub-
traction scheme [7] in the sense that we have introduced the primed Taylor operator
'@ treating A2, k2 on an equal footing with the external momenta for y. The Cal-

Y
lan-Symanzik equations followed naturally from the multiplicative renormalizability
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of the primed theories. We now want to study what kind of information these Cal-
lan-Symanzik equations provide us for the function I'y, (P, ..., P) in the limit of
Uy D15 ey Pn <K M, or more generally, for the function I‘,;,O(pl, e P N2 kD)
in the limit of u, A, k, Py, ..., Py << M. As will become evident later, consideration
of Ty o(P1, .--s Pns A2, k?) here is an important key to our analysis, since this will
allow us to handle the changes in the Callan-Symanzik coefficients systemmatically.
(See egs. (52a—d) and (66a—k), which express various Callan-Symanzik coefficients
in terms of appropriate derivatives of renormalized vertex functions.)

As a prerequisite for such analysis, we have to first establish the factorization
analogous to eq. (9), for the function I'y, o (p1, ..., Pn» 22, k%) in the limit of
M A K, Py e, P <ML Since its derivation is almost parallel to the one given for
Puo(p1s s Pr)insect. 2, here we will only indicate main steps leading to the
final result. Write the unsubtracted function

H (D1, ooy s N KDY =T R0, o P N2 K3) = T2 (0, e, D3 AP)

(67)
and the corresponding renormalized function
Hu(Dy, oo Py N KD ZT 00 (01 o P N, k) = Ty, o D3 N2)
=2 I 2Oy 12 oy, pai A2 1) (68)

2 reEN

We also define the oversubtracted function
H Py, oy P3N,k = %) IE]Q TOYH by, s s N kD), (69)
¥

with the Taylor operator 7, given by

th= t;@) ,  ify corresponds to H.", H," , or H¢" and there are
no internal y-lines left outside , (70a)

7'., = t;(o) ,  otherwise . (70b)

Here, t;m is an oversubtraction operator which is analogous to the one specified by

egs. (22a—d), but treats the auxiliary mass variables A%, k2 on an equal footing with
external momenta of a proper subgraph in the Taylor series expansion. For instance,
for a proper subgraph corresponding to H '3 it acts according to

t'@OHP (g1, 42, 3, 4402, K2 =H" (qy, ..., G5 N2, k2) |
_ 2_ 2_
q;=0, A"=xk"=0

a r
+2A2 —}\‘2H4Pu g1, - q4;)\2, K2) |
qi=0,?\2:n2=0
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0
+;<2[——2 H (g1, -, qa3 A2, Kz)j| |
oK 2 2
ai=0, A2=k2=0

a2
+1 Eq q|: HY (g4, ..., ,’?\2,K2J
2.7 k41 34x34, 4 (qq da ) |

8%,
+%E qi[FHq,u (qu---: q4;>\2’ K2)i| , ) (71)
p ai 2770, A*=x?=0

Now, one may go through the same arguments as described in sect. 2 to obtain (cf.,
eq. (32))

Hyp1, o b\ k=20 2 20 [ Ty

€T 2 1EM; Q€U @) ¥EQ,

[7(1‘;'(2) - t;(O))] ' [ ,I_I (—tfy(p) )] Hy’;u (pl’ - Pns )\2’ Kz)
Y EQN

+H;1(plx"': pn’)\z: Kz)' (72)

According to simple power counting [9], it is again a simple matter to show that,
in the limit of u, \, , py, ..., p,, << M, the oversubtracted function I-_I,,(pl, O /I
A2, k?) is at most of order 1/M*.

In the ¢’ field theory with the action (35), we now introduce the following local
vertices:

) =4y [d*x Nig?()] ,
04 =—3py [d*x N[9220(x) |,

2
0 =§.<;z [atx NI#* )] (73)
04 = 1oy [d*x N[#(2*Pow)] ,

O = Lo [a*x N[*8%p (v)]

3
50 =P 4 6
0y =22 [a'x Ng°e)]

with the Feynman rules for the cerresponding tree vertices as shown in fig. 7. Renor-

malized proper vertex functions with the local vertices O ; once inserted may be repre
sented by the forest formula

f‘;l(b;', D1, Py N2) = %; l;lﬂ (—t:y(o) ) l~“'n“ (5;, D1s o P> A2, (74)
¥
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(4 0;
N X 2
PA K /s PiNT kP
’ '\ / N
’ ~y
?3 2 24 /° (F,_)z
RO P NP
:”' *-R“EQ /; A >, ¢
B R '
~r ’
g 22 2y |py e 3
P(,,'l: At +B+E+E) B A
" ‘.P ¥4 I‘ Ay
‘R H * L R

Fig. 7. Tree vertices for 5'1, 5'2, s 56-

with ty 1(0) denoting the minimum (or normal) subtraction operator, defined by appro-

priate Taylor series in A and external momenta of the proper subgraph involved. It is
then a simple matter to show that the renormalized vertex functions I’ ,,(0,, D1, s Pn
A?) satisfy the following normalization conditions:

F2(019p’ va)\ )I 2: 2=0=p¢s

50} p, —pi M)l2_32.4 =0,

0 ~, ~
55 150} p, —p: W2 }
[a)\Z 2( p, —p ) p2=}\2=0

= pd) ’

0 =i 32
a2 ['2(02, b, —p; N\°)

4(03,171,172 P3, Da; N )| <0, A2=0 Pé

2 =05 (j=374!556)5

LY T ,v}
[apz 200, b, =P \%) p2=a2o0

1T;:l(all’ P, P2, P3, Pa, )\Z)IP,’:O,}\zzo =0 ’ (]: 25 49 55 6) s

roa2

'O}, p, —p;kz)J =0, (j=4,5,6),

(7=2,3,4,5,6),

=0, (7=2,3,4,5,6),

La(A?)? 223220

_ 5 -

—n—r’g,~;v} =0,(=4,5,6),

_a)\2 ap2 2(0] p p ) p2:}\2:0 (] )
I'2(0; py, L, Pai N2 } =0, (=4,5,6),

a>\2 a( 5 P1, P2, P3, Pai A7) p=0.2=0 G )

(75a)
(75b)

(75¢)

(75d)

(75e)

(75f)

(758)

(75h)

(751)

(755)



C. Lee [ Theory of virtual heavy particle effects 197

304 p, ~ps N =0) g Po@T OB (75k)
T4(0% b1, Py, P3, Pas N2 = 0)p1093>(p? +p3 +p3+p2)+ 00}, (759
;
05 (Os. p1o s pe: N =0) = oG+ O(P]), (75m)
;
T5(0}, p, ~p; A2 =0) 5, 0@ (=5,6), (75n)
T4(0}, p1, P2 P3. Pas N = 0=, o)), (i=4,6), (750)
F6(0} p1s - Pos N = 0) = 0. (=4,5). (75p)
;

Let us now introduce the effective couplings G1, ..., G¢ by

normal
@@ @y 25 [T Oyup (g —g:02, k)
2 yeEN
= pyG1 +peq°Gy +py(a®)?Gy (76a)

normal

@ -1 > (—f.’,(o))H;u(fh,4236135614;)\2,Kz)
Q e

=PG5 + pja} +45 +45 +45) Gs (76b)
normal

D _ /O %} 759 (1) H'8 @1, 42 @3 Ga0 G5, 463 N2, K2) = P3G

(76¢)

Due to the decoupling theorem [4], the constants G, ..., G are all of order 1/M?
and thus we may write

' 1 = =

Gi =7 {(A2D, +N2k*D, +(x*)* D, }, (77a)
, 1 = .

Gy Y {3°D; +¥*D;}, (=2,3), (77b)
, 1

Gk=A‘7§Dk, k=4,5,6), (77¢)

where the dimensionless numbers Dy, Dy, Dy, D,, D, ..., D¢ are independent of
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A% and «? according to our oversubtraction procedure. Upon comparing egs.
(76a—c) with egs. (33a—c) it is evident that

G, =Gy, G, =Gy, G3=Gg ,

C1 =Dy, G, =Dg, C3 =Dg . (78)

With this information and eq. (72), it is a simple matter to conclude that
Do (P15 oos D3 N2, k2) = TPy, oo P V)

6
N 2 1
+ 23T Py s Pas V) G +0(@)v (79)
=1

Astute readers many note that, due to presence of appropriate powers of A? and k2
oversubtractions in the full (¢-y/)’ theory correspond to minimal subtractions as for
proper subgraphs with the local vertices O once inserted, regardless of the dimen-
sion of the operator involved.

Just like ordinary renormalized vertex functions, the functions T, (O}, Py, ... Pn;
A?) also satisfy certain types of Callan-Symanzik equations. Consider the local vertex
O}. The forest formula

Fp @, 01, oWy = 20 1L 0OV F2 O pys o paid®), 80)
Q veq
implies multiplicative renormalization

I’:’n(ally Pis s Pns }\2) 111-‘,u (01, p1,-->pn;’%23,5B¢,aB;A2) (81)

where F O, Pis e Pns mB, g Bo> &g, A?) denotes the functlon obtained from
the unsubtracted function F'“ (01, D1y oor Pns A2) by replacing u? + 22 Py @

with mB, Ppgs &p- In eq. (81) the A2 independent constant X“ is equal to 1 in the
tree approximation and, in general, involves powers of log A? from loop corrections.
For the local vertices 02, 03, the forest formulae for them imply

Tn(0% P, o Pus M) = X3 T2 (05, D1, s D3 1, B g, @, A?)

(Y31 + 2,0 T MO, Py, o Pr 13, Bpgs G, A?)

+ X3 (5;,p,, woy Py, Bg, @p, A2), (82a)
[.03. p1, oo Pa3 A2) =A~’331~"n“(5§, D1y - Pn; %, Pg, g, A?)

(Y5, + N2Y3)) F2OY, Py s Py 3, By, G, A?)

+ Xgo D202 Py, s P P, By, gy A?) (82b)
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Here, all X s and ¥'s are independent of A?, and in general Y}, ¥, are O(A?)
while X 55, Y5, X,3, X33, Y31, X3, are O([log A%]%) with & being non-negative
integers. In the tree approximation,

) = 30) = $0) = $0) = 7(0) = T0) = 3(0) = 3(0) —
FR-RQ -1, TP -TR-T0-1Q-70=0. @
Similarly, for the local vertices O, O, O, we have (, = 4,5, 6)
LhOk p1s oo Dy N = X gD Ol D1, ooy D S, B, Ui, A?)
- (YILII + Y;Cl )\2 + Ykl)\4) I’:;u (5,1: P, .y pn,’%%, 5B¢, &B, A2)

3
_ 22 (Vij+ 22 T80, 1, ooy iy 113, Bog, G g, A2)
pu

+ E z?klf‘;,u (5;: Dis s Pn;’Nﬂé, 5B¢’ ag, Az) s (84)
=4
I#k

where again all X’s and Y’s are independent of A% and
Yii ~0h),
Yii, Yia, Yia ~ 0(A%), (85)
Xioo Yir, Yia, Yz, Xig ~ O([log A?]%) .

In the tree approximation, X g‘) =1(k=4,5,6)and all the other X, Y s vanish.
Let us now define the block diagonal matrix

L0 0 0 0 0
X2 X3 0 0 O
%, X330 0 0
~ ~ ~ , 6
0 0 Xa Xas Xao (86)
0 0  Xssa Xs5 Xso
0 0 Xea Xes Xeo

>
1
o NoNoNeRolS]

elements of which are at most of order [log A2]°‘ in perturbation theory. If we also
define the inverse of the matrix (86) by X~!, we may express egs. (81), (82a),
(82b), (84) in the following forms (i,j=2,3 andk, [=4,5,6)

I’:Inu (5'lr Dis oo pn;’?ﬂB, 5B¢n &Br A2) = (Xﬂl)llr"n(olli Dis s pn;>\2) >
(87a)

T2 (O 1y P 1y, Bgs G, A7) = (X000, Py oors D3 NP

+ (Y +22Y,) (XD T w0 prs s Ps W) 3, (87b)
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T Ok Prv oo P T3, Bpglin, A?) = (X V) (T0(D'y prs oy i A2)
(X 02T+ 28F) R, T, b1, s P ) (87c)
+(?;i+>\2}~’1i)(/?_l)ij[f"n(5,",P1,---»Pn;)\z)

(¥, +027,) X TH(©01, prv oo P A1 }

Egs. (87a—c) describe the renormalization mixing structure of the local vertices
0 Now we may write down the Callan-Symanzik equations for I’,,(O,, D1y ees Pnis
)\2) since the left-hand sides of eqs. (87a-c) are invariant under the one-parameter
variation of varying u? for fixed %, py,, &y, A%. For O}, the condition

~

D = ~ ~ ~ ~
u? D L0, Pys o Pny 15, Py G, A2)=0, (88)

yields the Callan-Symanzik equation

d 3
uza+Ba ~[(1 -8 p* -6, ] ’Y¢P¢a +7T1,
XT(0), P1s oo Pa A2 =0, (89)
where
- D ~_
1=X11# D2X11 . (90)
For Oy and 0’3, the conditions
__Z_)_ u L2 ~ 2N — . _
“ Du 2F (Ol’pl""pn’mB’pB(b9aB>A )—0’ (1_2,3) (91)

and eq. (89) yields the Callan-Symanzik equations (4, j, 7' =2, 3)

—1!,2 ! 2 3
0=1{p— +Baa —[(1 -0 ®2>\]a

)\2

~ a ot R4 ~ =y Nt
+ Y0 ép_(pirn(oi’ Pivos Pas N) + Tl (05 1, oo P03 A)

+@h +027;,) Th0', prs oy D A2, ©2)
where
7= Xy u? B XY, (932)

T! ~ 37 b - ndy) fayd o= ) oyd 1~
T + N7y EXii'”zD_ﬂi [X Ny (Y + Y X — (B + MY X T
(93b)
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Similarly, for O}, O%, O, the conditions

D - —y
Da 21‘ YOk P1» - Py My, Bpgs G, A2) =0, (k=4,5,6), (94)

and egs. (89) and (92) yield the Callan-Symanzik equations (i, j, j' = 2, 3 and
k1 1'=4,56)

u?

0 ~ 2 - b}
0= #5“—1”30101 —[(1— 1).‘12—@2)\2]5\7*%%@

Xfl\;”l(é;ﬁ Diyeees Pn; 7\2)

+ Tl (O} Py oo P NB) + F o + N2 1) T30} Py, oo Prs N2)

+ @y + 0 T +7\4?k1)1:;1(51y171’ o D3 N2), 95)
where
s D o_
i = Xpr 1 D X Yy, (962)
u

~

~ 1 ~ fond D >— ! oyl T —
iyt N7 = Xarn® 5 (XD (Tit MY )

— (Vg + M2 V) X 17 (96b)
S ger am % 2 Do o sor L as o
tkl + A tkl +A tkl =Xkl'ﬂ D—Tﬂ [(X )[’]()/“ +>\ Y“ +)\ Yll)Xll ]

- D w1y S N Tl o N

+th’#20_“2 (X DYy + N2 ) (XY, + MY ) X

m

- (?;cj +22 ?ki) (X_l)ji'(?il'l + )‘ZF]"I) - (?;1 +N2% + A S}kl))?l_]l 11

— T+ 020 X0 (V) + 027, X7 7y (96¢)

Since eqs. (§9) (92), (95) are part1a1 differential equations for renormahzed ver-
tex functions I',,(0}, py, ..., p,,, A% (@=1,2, .., 6), the constants Ty, Tij, Fif are
expected to be finite (i.e. A2 independent). In fact from the normalization condi-
tions (75a—p), one can easily conclude that

fn=Ta=Tx1=Fg =0, ((=2,32ndk=4,5,6). 97)
If we factor out the wave-function constant by writing
Tp(04 Py voos Pas N = 03 V(0} Py s s B V) (98a)

Va0 P1.vves Pni M) = D05 Pty s P Mgy 1 (98b)
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the Callan-Symanzik equations (89), (92), (95) can be written as

d ~ 0 ~ a
2 —_[(1 — — 9,02 Invs) 85
[{IJ aIJ2 +Boza da [(1 61)“ 2 ] a)\ 2 7¢
ﬁ-i] Va©} p1, s Pni A2) =0, 9
with

| Py 0 0 0 0 0
; ATy Foa T3 0 0 0

| Ny Ty f33 0 0 0
| T = )\42\‘41 )\2F42 7\2F43 Tag Tas Tas (100)
; Mg, My AFss !'sa Iss Ise
‘ Moy NFea Nz Tea Les o6

The elements of the triangular block matrix T may be explicitly expressed in terms
of appropriate derivatives of V,,(O}, p1, ..., Pn3 )\2) Equivalently, the constants £ ;
(and q; ( which will be used later) may be read off from the following double Taylor

series 2,3and k=4,5,6)
~ o, A? 7¢+t ) Pz( ar )
32 = SAELE S § 'Y ==+ .. 101
V2(01J D, —D; 7\ )p2,A2—>0 1+— (1 . @1 1 . 6 ( a)
Va(O1, Py 2. P2 P43 N?) = i(L3~—)+ (101b)
4 1, F1, P2, F3 F4> pi"’O 7\2_’0 M2 1 _ @1 ey
I\ T N (Fy + T
(O b, —ps N2 ( 21 )+ |:1+—(—¢—~22~)j|
2(21’ p )2 w022\1-6 p 2\1-0,
1@ )2( CF7Y )
+— +.., 101
202 \1-6, (101¢)
~ >\2( I3 )
Va(0%, Py, P2, D3, Pas N = 3 =
4(02, Py, P2, P3. Pa )pi—>o,>\2—+o 2\1-9,
A2 25
+—‘(p1 +p32 +p3 +p4) ~6, +.., (101d)
70" \?) “—( fay )+ 212—( Iz )
2 3P —D; 2 2 2 2 @1 p ”2 lw’("‘)l )
+ 12y (- T2 )+ 101
2(p ) (1_®1 s ( e)
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~ o~y )\ 2’)’¢+t33
Va(03, D1, P2, P3. Pas N2 =, 1+ (
2(03, P1, P2, P3, Pa )pi—>0,A2—>o -y
>\2 2 2 2 2 ( 535 )
+— (P2 +p2 +p2 +p)[-25-) ¢ 101
#4 (pl P, TPy "'p4) -0, ( f)
(A — 1 Z .
I/G(Oi’ P1seees p6, >\2)p~—>0_)\2 0?2 (1 l6él)+ ey (1 = 2, 3) > (IOIg)
i A -
<~ o~ 1A (7 INp? (7
72 OI’ . ’7\2 - ___( kl~ )+_ ( k?\. )
20 PPN 5 3\ 6 o 1-8,

~

+84a(P?)? [l +§<i‘%iﬂ +(1 — 5,,4)(” 2!2)\2 (t—k4~—)+...,(101h)

1— \1-0,
(k=4,5,6),
o= 1A [ Fis
V 0 ’ ’ ’ » ;>\2 = '——_( ~ )
4Ok, 1, D2, D3, Pa )p,-->0 oo 212 \1 -8,
294 + T
+5k5(p1 +p2 +p3+p4)[1+ ( S S58 ):|
1-08,
1% Tis
+(1'“8k5) 2(p1 +p2 +p3 +p4) é (k 4’5’6))
(101)
ot )
6e\Ugk, P15 --s De> pi=0, )\ —o k6 u2 1-0
A2 [ Fre ) .
+(1 -6r6)— ~ |+ ... 101
e 1019

Here, the constants 7, Eii are evidently functions of « only.

We are now ready to derive the Callan-Symanzik equations satisfied by the coup-
lings G}, which have the general structure of eqs. (77a—c). Inserting the factorized
form (79) into the Callan-Symanzik equation, (65), we obtain

) 3 N
0= {u2 " tBoa o — (1 — ©;) — \?0, — k03] — 37\2 %nw} Va@1 s D3 A?)

0
+377—

6
~ 0 0
+ 21 V(05 prs o i W) W2 55 + Bu By >

ou? da s

— [12(1 —©,) - N0, —k?0;] +[>\292+K293] }Gi’

a>\2
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6 d 3
+ 20 GH{i? = + Baa = — [12(1 — N0, —«’0
,{u 2 P Bac [4*(1 - ©;) — N0, — k“O3] a)\z

+ %nm} VaOy D1y s Dus A2). (102)

If we use the Callan-Symanzik equations (51) and (99) for the functions I7r,(p1, ey P
A2)and ¥, (0; Py, ..., Pn: A2?), respectively, eq. (102) can be written in the form

)
+®3K

+(AQ,) N2 —
(40,) e

a>\2

{(ABa)a~+/.4 (401) -3 IN2

+ %nA’Y(j)] Vn(plx s Pns )\2) + 21 vn(a; pl! seey pns >\2)
i=

X {u? 9 +B a+B[3 +8 9
o KA
Boau2 TP 5q TP 5 T BTGy

0
— (1 -0)) - N0, —«?03] 3 3

YR LR +f<2931 7( Gi

6
3 3
+ I Cafoy| e an + (401 42 573 + (202) N5y
a !
+@3K 67\ 2”A’)’¢} l]} V;z(op P pn;>\2), (103)
where we have defined
ABa=Ba"Ea s A’Y¢=7¢"7¢ > (104)
A®, =0, — 6, , 2B, =0, -0, .

We now note that all the effective couplings C; are of order 1/M?, and thus it is clear
that, for eq. (103) to be true, we must have

1
ABa,AG‘)I,Agz,@:;,A'Yd,A’O(w) . (105)
Actually, the conclusion (105) is a direct consequence following from the expres-
sions given for By, 74, ©,, 0,, ©3, By, 74, ©1, ©, in eqgs. (52) and (66), and the fac-
torization given in eq. (79). Hence, ignoring terms of O(1/M*), eq. (103) becomes

6
5 5 ) ) )
S22
E: Va(O4 Py ooy Pps A ){[u P +B, o o +Bﬁﬁaﬁ+37~,——

2 0 ¥ i
- [I‘l (1 ®1) >\2®2] a>\2 +(>\2Q2 +K293)5’"<‘5} 8,']'\ T} G/
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3
a’
+ %nmd,:l Va@rs o P3N, (106)

where T 0= Ty

Eq. (106) is not in a desired form yet for the following two reasons:

(i) eq. (106) involves the constants like Bg, B, {25, AB,, Ayy, A, A®, which
are not completely determined by the pure light-particle theory;

(ii) eq. (106) involves the cumbersome momentum-dependent functions like
Vil Gy D1, oo P N2) and V(D4 .., Pa; A2). In the first place, let us consider the
functions By, By, 2, , {23, which are specified by the expressions (66f—h.j,k).
Now, according to simple power counting, one may observe that, in the limit of
oA, k<< M,

) d 0
= —[(ABa) a -+ (40,) u? et (A0,)\? Fel NG

o @ 1

[-— —= Vo.o(P, —P; \? x2)} ~o<——) (107a)
2 2 7 0,2\5 ’ 21

N oP P 22 ==0 M

[ 92 2 2

55 Vo2 P =P A% )} l ~ O(1), (107b)

2y2 70,2
(%) P2=p? 2 %=k=0

1
VoolB—PLkD] 1~ o(—) , (107¢)

0 1
— Vo.a Py, ..., Pai N2, KZ} ~0(M—).
[akz 0,4 (L1 4 ) , | , 5

A2=?=0,P2=M

2= 2= =gm? 07d

(P1+Pp)"=(Py+P3) =(P1+P3) =M (107d)

[ i Va,2(P1, P2, P1, Pys N2 K2)] l ~ 0(1). (107¢)
R Y G

Inserting the behaviors (107a—e) into eq. (66), we conclude that

1 1 1
(108)

Thus, in the left-hand side of eq. (105), the derivative BB3/d8 + Q2;3x23/0k% may
be safely ignored in our analysis which is valid only up to order 1/M2. As for B,
and §2,, we have to use the idea of factorization once more with the vertex func-
tions, I 2 (9, P2, Py, P2; A%, k%) and (2/3(A2)2) Ty 5 (P, —P; A%, k), in the limit
of Py, Py, P, M <<pjy, P2, 4, N, k*. In appendix A, we derive the factorizations

* More precisely, we are considering the limit o%pﬁlﬂ’ |P§|1/2, M>>p, K,Zlgl,,l, 1Pl

w=1,2,3, 4) for Ty, and the limit of (P22, M >> p) A, « for (32/3(A%)%) 'y .
22 0,2
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(DT2,2(P1, P2, Py, Pp3 A%, k) in the limit of Py, Py, M>>py, py, i, N, k:

P22(P1, P2, Pr Py N k%) = —iyT 5N (6% (x = 0)], by, pas A2)

1
+0(}g)’ (109)
2
(i) === a(>\2)2 To,2(P, —P; A%, k?) in the limit of P, M >> \, , u:
2 aZ - 1
302y Lo,2 (P, ~P; N2, k?) = 500y Fé,o(iN[¢2(x=0)];7\2)+0(A7).

(110)

(Here, Fo(zN [¢2(x 0)]; A?) denotes the vacuum matrix element of the local
operator 3 LNTp?(x = 0)]. See appendix A for details.) Inserting the result (109)
into eq. (66k), we obtain

. - 3
—iBy — gy = —iv(l — ©;) 12 [a)\z Va(AN[¢*(x = 0)], Py, P23 N )] |

i=0,}\2=0
Yy . 1
where 7, can be obtained from eq. (101a). From eq. (111), it is clear that
- 1
B,=1;; +0O|—]. 112
= +of) (12)
On the other hand, egs. (110) and (66g) yield the expression
~ 1
=y +0\—), 113
Y (M) (113)
with
~ ~ 32
Q=(1-0)) 1 553 Vo oGN#*x = 0)];\%) (114)
(") }\ —o

With this information and eq. (106), it is a simple matter to obtain the Callan-Sym-
manzik equation (which is valid up to O(1/M?)):

~ o~ 9 ~ 0 9
20 VB Py P N 85| 12 =5 + B+ F
A 1p1 Pn ){ U[M 6“2 o & 30 11787

i,j=1

a T ]
-~ - 1) A2 92] % +)\2‘)’Q‘a?:\ - T,-,-}G]-
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-] @B a5 + (@07 5 + (00N o

0 n ~
+ 3% 25 +5A7¢] Va@1, s D3 A?) (115)

From eq. (115), we will now extract a closed set of Callan-Symanzik equations
satisfied by D;. D, Dl, D,, Dy, ..., D¢, while expressing AB,, 8O, AO,, Avy, O3
in terms of Dy, Dy, D, D5. Let us first look at eq. (115) for the two-point function
(n=2) at p*=0. From order-(A%)® terms, we obtain

A8, + Ay, =0, (116)

which should be expected from eqs. (52a) and (66a). For order-A? terms in eq.
(115), only the local vertex 01 and the effective coupling D; contribute to the left-
hand side, yielding the equation

—2u%(1 — 6,) D, =iA®, +ilyy — (8O ) u |: V20, P;7\2):| | ,
Pi=0,A"=0

(117)

a(>\2 )2

From order-k? terms, we obtain
—u?(1 —©,)D, =i0; . (118)

Similarly, from the terms of orders (A2)2, A2x2, and (x2)? respectively, we obtain
the equations

O((A\?)?):
6
0 ~ 9 ki) ~ ~
S +Ba—+F ——+2®) + ~2TD,
(“ o P f11787 2 ) Dy + YD, = 1P;
— (1 — 1)[37\2 V,(01, p, —p;7\2)} | D,
p2=a=0

—3u?(1 ~ 1)E |:

a()\z)z Vz(op p, —P; )\2)i| ) I Di

p=a%=0
) [ @°
(ABy) o +20 +A7} V2(p, —p; kz)] |
[ P [a(w ? RECI
i a8 .,
— (40 u? [a(x2)3 Va(p, —p,k)}pzzlﬂzo (119)
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O(A%k?):
(uzi +B a—+7f11—+®)D + 29Dy — 241 };D
aﬂ 2 2 1 1 =1 1j~7
—u2(1 — [ 7,0, p, x2] D
( 1)a>\22(1pp ) _|2— 1
P =A"=0
oy Tt oo
AEBOIN (120)
232 "2
a(\*%) 220220
O(k*):
0 0 0
/J —‘+B(X +7[11 Dl '“tllDl—O (121)
ou? o oy

where we have denoted 7;; = 7j;-

In eq. (115), we may also look at the order-p? and order-(p?)? terms for the
n =2 case as well as the four- and six-point functions around the zero external mo-
menta. From these considerations, one can easily obtain the following set of differen-
tial equations:
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Let us now denote the Taylor series of ¥,, (P1, ---, Pn; A*) (n =2, 4, 6) around

p; =0, A% = 0 such that
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where we have defined the new constants T1s M2» N3 N4 £1, £2, £3, 01, 05. For va-
rious derivatives of V (0,, D1, ..., Pn; \?) appearing in egs. (119)—(130), we have
already introduced the constants Ei]. through the Taylor series (101). We now note
that egs. (116)—(118), (122), (125) relate the changes in the Callan-Symanzik coef-
ficients to the functions Dy, Dy, D,, D3 according to

Ay = —00; = —iu*(1 +7,4)°D, , (134)
2B, =i (1 +7,) (2D, +(1 —©,) D, }, (135)
a(ABy) = iu*(1 +74){D3 + a2 —B,) D, }, (136)
03 =iu*(1 +3,) D, . (137)

(Acute readers might have noticed that eqs. (134)—(137) could have been directly
obtained from egs. (66¢c—¢), (661) and the factorization (79).) Inserting the expres-
sions (134)—(137) for Ay,, A®,, A®,, AB,, ©; in the differential equations
(119)—(121), (123), (124), (126)—(130), we finally obtain the Callan-Symanzik
equations of the following forms
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where non-vanishing S,J are given by (a; = a ; are defined in eq. (101))
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and the constants v; ( = 1, 2, 3), defined in eq. (143), are given by
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Since the effective couplings Di(i = 1, ..., 6), D; (i = 1, 2, 3), [=)1 are dimension-
less, the Callan-Symanzik equations (138), (139), (140) may be written as (D, = D5 =
D¢ =Dy =D3=D4=Ds=D¢=0)
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Evidently, eqs. (146)—(148) have the desired forms which can identify arbitrary
powers of log(M?/u?) in a systematic fashion. These partial differential equations
can be easily integrated by introducing effective coupling constants and appropriate
anomalous dimensions in the usual way. As an illustration, in sect. 4, we will sum

all the leading logarithms appearing in perturbative calculations of the effective coup-
lings, by using eqs. (146)—(148).

Finally, we should mention that, among the effective couplings above, we are
only interested in D4 (=C;), D5(=C,), D¢ (=C3). The additional couplings D, D,, D,
D,, D,, D3, Dj here have a role of linearizing the Callan-Symanzik equations for
Dy, Dg, Dg, as well as acounting for the changes in Callan-Symanzik coefficients due
to the influence of virtual heavy particles.

4. Explicit calculations

In the foregoing two sections, we have established the factorization and derived the
Callan-Symanzik equations satisfied by new effective couplings. In this section, we
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will perform lowest non-trivial-order calculations explicitly and then use the Callan-
Symanzik equations to sum all the leading logarithms. In this consideration, there
appear two interesting physical limits

Case I: o0, B 7<<1, y~a, algM?*~0Q1), vylogM?*~0(),
Case I o, B,7<<1, 7y<<a, alogM?~0(), ~vlogM*<<1.

(For simplicity, we will assume § <<y for both cases). We will consider these two
cases below.

_ Let us first calculate the effective couplings D; (i = 1, 2, ..., 6), Di(i=1,2,3),

D, in the lowest non-trivial order. The factorization (79) and the normalization con-
ditions (75a—p) for various local vertices imply that, for M2 >> u?, A2, k2,
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In fig. 8, we show the Feynman diagrams which contribute to the left-hand sides of
eqs. (149)—(151) and are necessary for the lowest non-trivial-order evaluations of
the effective couplings D;, D;, D, . The lowest non-trivial order contributions to
D,, Dy, D,, D,, D, come from the Feynman diagrams (b), (c) in fig. 8, D; from the
Feynman diagram (a), D3 and D from the Feynman diagram (d), D3 from the
Feynman diagrams (e), (f), (g), (h), and D¢ from the Feynman diagrams (i), (g), (h),
Once corresponding Feynman integrals for these diagrams are evaluated, it is a simple
matter to read off Dy, D,, Dy, D,,D,, D3, D3, D4, Ds, D¢ from the results via egs.
(149)—(151). Here, we give the results:
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Case II (y << a):

Dy, Dy, Dy, Dy, Dy, Dy, D,, Dy are same with the case I if one replaces
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The next quantltles thch we calculate are the constants Ba, 74,, @1, @)2, N1, M2,
N3,Ta,E 1y 62, 63, 51,62 As defined in eqgs. (131)—(133), these constants can be
read off from appropriate coefficients of the Taylor series for V,,(py, ..., Pn; A%)
(n=2,4,6)around p;=0and A = 0. We show the Feynman diagrams necessary for
the calculation of the lowest non-trivial-order contributions to V,(py, ..., Pn; A?)
(n =2, 4, 6)in fig. 9. After some calculations, we obtain the following values in the
lowest non-trivial-order
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Fig. 8. Feynman diagrams necessary to evaluate the effective coupling in the lowest non-trivial

order.
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Fig. 9. Feynman diagrams necessary to evaluate the Callan-Symanzik coefficients in the lowest

non-trivial order.
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Fig. 11. Feynman diagrams necessary to evaluate t~ij in the lowest non-trivial order. Here, we

have set Py =py = 1.
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where the pure number A appearing in 77, , 773 is given by the integral
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Calculations of the constants a@y,, @13, @34, 425, @26, 4 34, 435, @3¢ defined in
eq. (101) are quite analogous to the calculations of the constants given in eq. (154).
Feynman diagrams necessary for these calculations are depicted in fig. 10. In the
lowest non-trivial order, we do not need to do any additional calculation, since the

constants a;; can be related to the constants just given in eq. (154) as follows:
o2

T2 = T3 510,40

2
a3 =B, +27) =

3272’
- - . - 2a?
aya = —(30 +03) (1 +74)=— 3257
s = —(af, +afy)= - %
dys = —(208, tafy)= ———r—s
25 1 2 3. 26”2 s
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~ _ ™ ~ P
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~ - 2a
35=_2EI(1+7¢)=A“3'267T2 ,
8y . 22502
a36——15:(1+7¢)—'3—2n—2 (156)

Elements of the anomalous dimension matrix 7;; can be obtained from the Taylor
series of V, (O}, p1, oo Pn; N2) (1 =2, 4, 6) around p;=0,2% =0, as indicated in
eq. (101) Feynman diagrams necessary for the lowest non-trivial-order calculations
of ¥, (O,, D1y Dns A2) (n =2, 4, 6) are shown in fig. 11. Again, we just summa-
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rize the result of calculations here:

R
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0 0 ! 0 0(e) 15a
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The Callan-Symanzik coefficient matrix {J;} in eq. (146) can be found by adding
the matrix {S,]} to the transpose of the above anomalous dimension matrix. The con-
stants S,, are obtained by inserting the expressions (154), (156), (157) into eq. (144).
After some straightforward algebra, one obtains

r o o 1 1 h
- o o
o2 e 2 0@ ga 0@
a o 1
0(®) —=—— 2y — O
@) -337 397 0@) gz 0@
302 3 1
0e) 75 —pa 0@ T3 54
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3. 284 3.28.8 Cy) 9. 288 (@) | . (158)
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1503 4502 45062 15
0 - _012 Ot2 0(e®) 2 a2
L 1677 8r s 32

The constants v; (i = 1, 2, 3) (see eq. (145)) in the lowest non-trivial order is given
by

o? 302

320A 0 BT TR (139)

= O(a2) s Uy = — 327T2
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Finally, we give the lowest non-trivial-order value for the constant Q defined in
eq. (114),

1
3272 (160)
With these lowest non-trivial-order calculations at hand, let us see what the Cal-
lan-Symanzik equations (146)—(148) do for us. Let us first consider the case II
(i.e., v << ). In the case II, suppose we want to sum the series

2 2
py=Xw,, Dy=Lw,, Dy=vw,
44 a
D4 E"YZI"/‘; N DS E72"‘}5 y D6 E7zaw6 , (161)
W= 27 d® (a 1og—2) , (=1,2,..,6),
k=0 M .

with the boundary values (see eq. (153))
1) = =40) = 7(6) =
dP=aP=dP=a =0,

i i
AR I S e
The first observation one may make in the Callan-Symanzik equations (146)—(148)
is that one does not need to consider the functions Dy, Dy, D,, D; for the series (161)
since they contribute O(y?) terms at most. Secondly, from the known behavior of
the Callan-Symanzik coefficients, one may observe that there will be no higher loga-
rithms than the ones kept in the series (161); i.e., the series (161) correspond to the
leading log sum. Moreover, in terms of the functions Wy(i = 1, 2, ..., 6), the Callan-
Symanzik equation (146), with the functions D; ignored, becomes

i=1,2:

(162)

2 5
] ~ 0 . - -
(M2 3 ~Baaa—a+Ba —2?11)wi+]§yijo+]§ cxy,-jwj+a2y,-6w6 =0,

oM?
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ar ~ Pe® 1} W AT AL jzsyij it YVieaWe =0,

(163b)
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i=6:

221

3~ 2
(M2 ~ Bya—- B, —2t“)W6+E(y6J)W+E( )W+y66W6-0

am? da a?

(163c¢)

Inserting the lowest non-trivial-order results for y; (see eq. (158), one can easily con-
vince oneself that the leading log sum (161) can be completely detgrmined from the

partial differential equations
(M2 3 3?0

M 321% Ba )W+°‘XW 0, Gj=1,..,6),

with the boundary values

Wo)i=Wilpyz-p2 . (=1,..,6),

i

(Wod1 = (Wo)2 = (Wo)3 =(Wo)e =0,  (Wo)a = 9 ol 4>
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0 1 1 0 1
1672 322 16m?
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3 3 3
0 — 0 —
| 1673 32n? an?
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0 A A -1 Q
3.287% 32874 1672 9.28q%
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32n?
s 4 0 45
1672 8n? g

Wo)s =

(164)

3.264%°
(165)

(166)

An important check of eq. (164) is provided by evaluating the coefficients d} O
d; @ d; @ d; @3 d; (6) in the series (161), through eq. (164) with the boundary condl-

tlons (165) In fact one obtains

_ i

1) - { 2) i
e
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which is in complete agreement with the result of the explicit calculations (153).
The solution of eq. (164) can be most easily obtained in terms of the effective
coupling constant oo, ) defined by

2
t=log— ,
2
d 3a?
—ait,e)=——>, o0,0)=a. 168
S 30 =15, @0,=a (168)

The solution of eq. (168) is given by

«

3 2 -
- gat/n

Now, the solution of the partial differential equation (164) can be given in the form
Gj=1,..,6)

at, ) = —

1 (169)

1
W, = {exp ~X f dr' a(r', @) };;(We);
0
_ 32 2 3a M
={exp|Fw XlOg 1~‘327 IOgu_z_ ”(WO)J (170)

with the matrix X given in eq. (166).
Let us now consider case I where v is of the same order with «. In this case,
one may wish to sum the series
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67 T ‘K 7 {log 2 Y Ko el 2
with the boundary values (see eq. (152))
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] j 15i
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3i i
8) = ! 9 - L (10) =
d(() 3 - 210774 ’ d((),()) 327T2 ’ 0,0 64772
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Again from the known behavior of the Callan-Symanzik coefficients, it is easy to
see that the series (171) correspond to the leading log sum for case 1. In terms of
the functions U; (i = 1, ..., 10) introduced in eq. (171), the Callan-Symanzik equa-
tions (146)—(148) may be written in the form

d ~ d 0
(M2aM N s )U+P,,(a NU;=0, (173)

with the matrix P(a, v) given by formula (174) see page 224. Inserting the lowest
non-trivial-order results for the  Callan-Symanzik coefficients and denoting the
resulting matrix for P(c, 7y) byP (o, v), the complete leading log sum (171) can be
obtained by solving the partial differential equations

) 302\ d ay\ o —
M2___._( )“ ( ) :l U. +P.. , U,=0, 175
[ a2~ \3202) da \32m2)5y |V R MG a7s)
with the boundary conditions
(Uo)i=Uilya_,2 | (i=1,2,..,10),

(Uo)1 = (Up)2 = (Ug)s =(Up)7 =0

o o 15
Uo)s = o il 4 (Uo)s = 3562 Up)s = — 3o
_ i _ 3 _ i
(Up)s = — 7104 > Up)e = - 3 Wodio = — A’ (176)

The explicit expression of the matrix P (a, y) is given by formula (177) see page
225. To solve eq. (175), we may define the effective coupling constants @ (¢, a),
¥ (t, a,7) by

~2

d 3a _

aa(t Q)= 3272 a0, a0)=a,

d _ _ oy _

G TeeN=0 , 7(0,0,7)=7, (178)

where ¢ = log(M?/u®). The solutions to eq. (178) are

1

Mz)—1/3
1 — Sat/n®

a(t, a)= log—

3a
Y@ o, 7)= 7(1 Toa? 179)

Now, the solution to eq. (175) can be given in the form
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M- 0 0 0 0 0 0 0 0 0)
0 EEm+Tlig- tEm ATEm 0 0 0 0 0 0
0 Elo Ty Thyg— AfTm 0 0 0 0 0 0
BAT- ETmt M:u» Tlon 4 1Ty 0 0 0 0 0 0
0 0 0 0 oom+ :\WmI r\moza r\vom b\mom mb\uom Nb\GM
0 0 0 0 9SqL  SSA4 Mgz vS( €54 A[TS & A[1S4
0 0 0 0 9L Shd vYL. Vi evg il L7
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U= {exp — [ d' P@(, &), 7(t', 0, ) Yy (U)y, (G j= 1, ..., 10).
0 (180)

This completes the discussion of the leading log sum for case I.

Finally, it is amusing to note that, for both cases we have considered, we do not
need to know the lowest-order expressions for the effective couplings D, D5, D3, D,
as the boundary values. This is quite natural when one notes that D,, D,, D3, D,
appear with the multiplicative factor A? or (A?)? in eqgs. (77a—c). However, these
effective couplings must be considered together with Dy, D, D3, D4, Ds, Dg to
obtain a closed set of linear partial differential equations. Of course, once the Callan-
Symanzik equations (146)—(148) are solved, we may throw away all the auxiliary
effective couplings we introduced, namely the functions D;, D, D3,D,, Dy, D3
and D, by setting A2 = k2 = 0 in eq. (79).

5. Discussion

With a ¢*-type field-theory model, we have demonstrated that O(1/M?) effects
of virtual heavy particles on light-particle Green functions (with all the external
momenta much smaller than M) can be completely factorized via effective local ver-
tices which involve operators of canonical dimension at most six. We have also derived
the Callan-Symanzik equations satisfied by the coupling strengths of such effective
local interactions, and performed the leading log sum explicitly to illustrate the
power of these equations. We believe that the formalism developed in this paper will
provide a systematic theoretical language in describing virtual heavy-particle effects
in any renormalizable field theory.

It is also a simple matter to generalize the formalism developed in this paper to
incorporate the effects of virtual heavy particles accurately up to any given power of
1/M?. Suppose we want to identify all the virtual heavy-particle effects up to order
(1/M?)*. For that purpose, one may consider a new oversubtracted function
H,(p1, ..., Pn) (cf., €q. (20)) by using an oversubtraction operator tffk) for a proper
subgraph corresponding to a H-blob. By the power-counting theorem [9], this over-
subtracted function will be at most of order (1/M?)**1, Then, following the similar
line of arguments as given in sect. 2, one can express the difference between the
minimally subtracted function and the oversubtracted function via a set of simple
effective local vertices. The results may be summarized by

Tn,O(pl, orey pn)= 7N-'n(pl’ () pn) + T’n(N[exp'ifd4x Beff] yP1s ey pn)
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with the heavy-particle-induced effective lagrangian

2k+4

Lost = E 2( )— COOD(x). (182)

Here, O(d)(x) are local, light-particle, operators of canonical dimension d and the
calculable constants C(d) may involve powers of log (M2 /m?) at most. Also, we
used the notation exp'ifd*x L in eq. (181) to indicate that the exponential is to
be expanded as a Taylor series of O(d)’s and then one should keep only a finite
number of lower-order terms in the series, satisfying

20 ngld — 4) <2k, (183)
d

where ngy denotes the total number of local operators with canonical dimension d
in a given term of the Taylor series. The physical meaning of eq. (181) is clear; to
any desired accuracy, the low-energy light-particle physics can be described by a
local lagrangian of the form, 2+ £ g, when combined with appropriate subtrac-
tion rules to deal with a single or multiple insertion (s) of fd*x L.

Generalization of the present formalism to abelian gauge theory, say QED with
heavy muons included, looks straightforward. A new theoretical ingredient here is
local gauge invariance, which can be taken into account via the Ward-Takahashi
identities. The Ward-Takahashi identities in abelian gauge theories are linear, and
thus can be easily incorporated into the derivations of the factorization and Cal-
lan-Symanzik equations. As a result, only gauge-invariant effective local vertices’
will be induced by virtual heavy particles. Also, one may note that there will
appear not only dimension-six operators but also dimension-five operators of odd
chirality. However, those dimension-five operators must come together with a mul-
tiplicative factor m, (mass of electron), and thus the corresponding coupling strengths
will be also of order 1/M? (rather than being of order 1/M).

Generalization to QCD is less trivial due to complicated nature of non-abelian
gauge invariance. The Ward-Takahashi identity is not linear in non-abelian gauge
theories, and thus, at least in covariant gauges, effective local vertices involving va-
rious null operators may appear [10] Aside from this technical complication, ana-
lysis of virtual heavy-quark effects in QCD is very similar to the case of muon in
QED. In QCD, it is convenient to use the so-called zero-mass renormalization
scheme [11] with respect to light-quark masses and normalize light-particle Green
functions at a certain non-zero euclidean momentum u(u <<M). Then, the genera-
lized subtraction operators t'y(o), t;(” may be expressed as a Taylor series of light-
quark masses and external momenta of a proper subgraph in consideration. This
renormalization scheme is especially convenient to deal with the renormalization
mixing problem between effective local vertices of opposite chirality. (Here, we empha-
size that one should not use the zero-mass renormalization with respect to heavy-
particle masses to define light-particle vertex functions. This is necessary for the de-
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coupling theorem to be valid at the zeroth order in 1/M?))
As a sample of imminent physical applications, we may list the effects of heavy
quarks (mass M) in
(i) the total e*e ™ annihilations; e*e™ - y(¢) - (hadrons), and
(ii) the inclusive electron scattering off a light hadron;
—q?
v(g) + |p>— (hadrons) , for fixed
p-q
(See figs. 12a, b, and also fig. 13a, b for charged heavy quarks) Conventionally, one
analyzes these processes first by looking at the time-ordered products of electromag-
netic currents, i.e.,

=X .

fd“x e M X(O|T(J, (x) ,(0))|0), for process (i) , (184a)

f d%x e~ * (pI T, (x) 1, O)Ip) , for process (ii) , (184b)

and then uses the unitarity relation. Of course, the method of analysis crucially
depends on the relative magnitudes of q2, M?, and all the other hadronic scales
which we may simply represent by 2. The cases of g >>M? >> u? and

q* ~ M? >> u? have been discussed in a recent paper by Witten [12]. Here, we
concentrate on the case of M? >> g% >> u?, where the formalism developed in the
present paper should be used for the analysis. As mentioned earlier, the zero-mass
renormalizations may be used with respect to light-quark masses only. Now, using
the formalism developed in the present paper, one may first isolate all the O(1/M?)
effects in terms of effective local vertices (which may include photon fields for
charged heavy quarks), and then sum the powers of log M? by the method given in
sect. 3 (the first factorization). For g2 >> u?, effective vertices involving dimen-
sion-six (rather than dimension-five) operators will dominate, yielding contributions

Fig. 12(a) Heavy quarks in total ete— annihilation. The double solid line indicates the heavy-
quark line. (b) Heavy quarks in deep inelastic electron scattering.
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(a)

Fig. 13(a) Charged heavy quarks in total e"e ™ annihilation. (b) Charged heavy quarks in deep
inelastic electron scattering.

of order ¢?/M?, compared to the contributions obtained with heavy quarks com-
pletely ignored. To sum the powers of log ¢~ in the case of the function (184a), one
may directly apply the renormalization group corresponding to the variation
uzb/Dpz, for the vertex functions with such effective local vertices. As for the func-
tion (184b), one should first write down the light-cone expansion for the vertex func-
tions with such effective local vertices, in terms of twist-two local operators. (The
second factorization). Then, one may use the renormalization group corresponding
to the variation 4?D/Du?, to sum the powers of log g2, Detailed analyses may be
given elsewhere,

Yet, the most interesting applications of our formalism presumably lie in the
study of unified or grand unified gauge theories. To investigate such theories, we
have to generalize the present formalism to spontaneously broken theories in which
even the virtual heavy particles in consideration acquire mass via spontaneous sym-
metry breaking. We have studied the two simple field theories: the linear g-model in
the Goldstone mode and the abelian Higgs model with light fermions, and found that
simple local structures do exist for both cases [14]. For the former in the limit of
large mass for § = ¢ — (o) and with fixed quartic coupling (this implies also a large
number for {a)), the low-energy pion theory can be described by the effective lagran-
gian of the form (182), with the restriction (183). But, there appear some special
features like: (i) the zeroth-order lagrangian, i.e., B is given by the free massless
pion theory; (ii) among the operators 5,(") with an equal number of pion fields, the
effective vertices involving the least number (here, it is two) of derivatives are uni-
quely determined by the non-linear o-model [15]. In the abelian Higgs model, the
low-energy effective fermion theory does not show any sign of underlying local gauge
symmetry. These results seem to suggest that our formalism will also be useful in
unified gauge theories, but, clearly, more investigations are necessary.

We would like to thank Prof. Y.P. Yao who first told us about the possibility of
factorization in studying virtual heavy-particle effects. Without his comment, this
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research would not have started, and we are grateful to him for suggesting this prob-
lem and helpful discussions.
Appendix A
Here we derive the factorizations (109) and (110), respectively for the vertex

functions l"é,2(p1, P2, P, Py 2%, k) and (32/0(\%)?) I‘(’,,z (P, —P; A%, k?). In the
(¢-y)’ theory, these vertex functions are given by the forest formulae {[7]

Fé,z(Pl,Pz, Py, Py; 7\2,'<2)= %) Qﬂ ("t;(o)) F;,lz(l’l,l’z, P1,P2;)\2, k),
¥

(A.])

32 , az normal I ’ )
sy Toa® 2= s 1 T T @)t -2t

! (A2)

To derive the desired factorizations, it is convenient to introduce a §' forest which is
defined by adding the (2 + 2)-point tree vertex v, (see figs. 14a, b for examples) as

a possible element of a forest besides usual non-overlapping proper subgraphs. (Note
that, according to our definition, a point vertex is not considered as a proper sub-
graph.) Then the forest formulae (A.1) and (A.2) may be written as

Fé,z(PL P2 Py, Pz;)\z, K2)= %) g,(“t:’(o)) F;‘,Jz(l’ly P2, Py, Py 7\2, KZ) ’
7

(A3)

2 normal
aZ

! - ' ' . 2
sy Toath P =5 U 4 I s ol o,
(A4)

assuming t;(o) =0 for v = v,.
We now introduce the oversubtracted functions

D21, pa, Pr, PN k2) = 20 20 (I Ty, (01, pa Pr P N2, k%),
o yeEQ (A 5)

R % . h Poob
4O &
-P

Fig. 14. Illustrations of the tree vertex vg.
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( Gl Lo o (P, =Py \? x2)) 4 [ 2 (=T )T (P, —P; N, kD))
a()\2)2 0,2 6(7\2)2 Q ’)’Eﬂ.' Y 0,2\ 4 ] 3
(A.6)
where the Taylor operator TR,' is specified by
7Ty, =—iv, i the element v corresponds
to v, and there are no internal y-lines left
in any part of the graph,
—t _ (0 .
fy= ty( ) otherwise . (A7)

Now, going through the same argument as given in sect. 2, it is a simple matter to ob-
tain the following forms of the algebraic identity

[52(Py, P23 A2, k) = —iyT5(AN[9? 0 = 0)], Py, Do A2)

+ 0551, P2, Py, Py N2, K3), (A.8)
32 2
8(7\2)2 Lo (P —P; N2, k%)= a(}\z)z TGN [0 (x = 0)],A?)
9?2 5
(a(x2)2 FO 2(P P )\ , K ) (A9)

where we introduced the local operator 3 IN[9%(x = 0)] (see fig. 15 for the tree
graph) in the ¢’ theory and I‘O denotes 1ts vacuum matrix element. In egs. (A.8)
and (A.9), we have defined

LGN [62(x = 0)] , by, P23 A) = %3 Qﬂ () B G2 (x = 0),p5, P23 02,
Y

(A.10)
2 2 normal
S PN 42 = )] 2) = - I O T deree =000
a()\2)2 o\2 > a()\2)2 o yeQ 107 0 \2 >
(A.11)
with the Taylor operator t';o) specified by eqs. (40a—c) and
'(O)F’U( ¢2(x 0) ql) q2r>\2) F'u(2¢ (x 0) QI’ q29)\ ) l 2
qi=0,A ‘O
(A.12)
FOTE L2 x=0),qy, .., qx;A2)=0, (k>72). (A.13)

The forest formula (A.10) implies the normalization

FYAN[e* = 0)],p1, 25N |, =1,
pi=0,A"=0
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34(x=0)

Fig. 15. Tree graph for %¢2(x =0).

If Py, P,, P are large space-like momenta, it is a matter of simple power counting
[9] to show that when —P%, —P% —P? M? are much larger than the masses u?, A2, k2
and the momenta of the external ¢-legs, the oversubtracted functions in the right-
hand sides of eqs. (A.8) and (A.9) are at most of O(1/M?). This proves the factoriza-
tions (109) and (110), for the space-like momenta P,, P,, P. For large time-like mo-
menta close to the heavy-particle mass-shell, one may worry about the integration
region where the momentum of a certain internal Y-line stays close to its mass-shell.
(Note that, by construction, Feynman graphs for the above oversubtracted functions
always possess a non-vanishing number of internal y-lines.) However, in the scalar
field theory being considered in this paper, it is easy to convince oneself that such
‘infrared’ contributions to the above oversubtracted functions are at most of order
1/M. Thus, the factorizations (109) and (110) are also valid for the large time-like
momenta.

Appendix B

In the main text, we have normalized the primitively divergent vertex functions
involving light particles at zero external momenta for those light particles, for the
sake of simplicity. Here we briefly indicate necessary modifications when different
normalization conditions are employed. Suppose we have normalized the ¢-y theory
by imposing

Fa0(2 -P)I2.,2=0, (a)
0 .
07 Ty o(p, —p )|p2=yz =ipg (b)
L4,0(P1, P2, P3, P4) p2| 2 = —ioépé > (c) (B.1)
i#

2 2 2_4
(P1+P2) =(P2+P3)"=(P1+P3) =3u2

F2,2(pl:p2)P1’P2) 2 2 lZ 5 P2 2 =—‘1'YP¢P¢,
p1=p2=u ’P1= 2=M d
@112 =4t 01+ =(py 4Pyt (D)
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instead of the conditions (4a, b, e, g), and the ¢-theory by imposing

f2(p: _p)l = 0 ’ (a)
2_ 2
p =u
0 ~
- F , — | =7 s B
Py 2(p. p)pzw2 ipg (®) (B.2)
L4(p1, P2, P3, Pa) 2' 2 =—iap? , ()
Pi =

P1+p2)* =(p2+p3)*=(p 1 +p 3)2=%#2
instead of the conditions (7a—c). In terms of Zimmermann’s subtraction language,
these on-shell normalization conditions can be achieved by using the Taylor expan-

sion operator around the mass-shell. For instance, in the ¢-theory the Taylor opera-
tor tflo) in the Forest formula (14) is now given by

~ ~ 0 ~
OTS@ -9)=T54 -0) | +@ —#2)[5‘3 r2@ —q)] @
2_2 q 2.2
g =p e
tOTY (41, 42, 43, 94) = T3(@1, - 44) qzl 2 > ()
i
(q1+q 3)2=(¢12+q 3)2=(‘11 +q 3)2=%#2
tOr%qy, ..., qx)=0, (k>4). (c)
(B.3)

To prove the factorization, we may again introduce the oversubtracted function
Hu(py, -, Py) by the forest formula (20). With the imposition of the normalization
conditions (B.1) and (B.2), we may specify the oversubtraction operator 7, (see eq.
(21)) by using the Taylor operator tg?) defined by

' d
(DHYNg, —q) =H34, —q) ) +(¢? ~u2)[5q—2 H} (@, —q)} |

q°=u q*=u?
2 a2
+1g? — [ H3(q, - j| ) a
2(‘1 ) a(qz)z 2((1 q) 2_] ) (@)
q°=u
t(2)H:(qlr q2: Q3’ q4)=HX(qi23s» t) 2' ) (B4)
q;=n
S:t=%}12
: 3
+27 (¢? —uz)[*—H“ @ s, t)} |
=1 dq 4 .
2
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d
+(s—‘—§u2)[£HX(q?,s, l)] A + (1~ 3u%)
q;=u R (b)
s=t=%u
X [iHu(q? s t)} [
ar 4T 2 ’ (B-4)
q;= K
s=t=%u2
1BDHGy, -0 46) = HE @1, - d6)lg=0 » (©)
DHqy, . ) =0, (k>6). (d)

(Here, we have assumed that the four-point functions H} are written in terms of
Lorentz scalars, i.e.,

HMay, 42, 43, 94) =HY @3, 43, 4%, 45, s, 1) (B.5)
with

4
s=(q,v92)7 . t=(q2+q3)?, u=(q, +qa)2=Z%q? 5~ t)
P

With these definitions, the proof of the factorization in sect. 2 goes through entirely
with the following effective local vertices

81 = Loy [d%x N[9(d? +u2)0(x)] ,
Oy = —4p2 [a*x N|* (@2 +42) ()] , (B.6)

- 3
By =22 [d*x No® ()] ,

Tree vertices for 61, 52, 53 are shown in fig. 16. Vertex functions with these effec-

~ ~
3 5, 8,
A A
N v i “\Y /—‘:/ AN ‘\é\‘\
P 1/ ‘[r-P L + \k \\‘ b 14 . ?’ X “ ~P‘
’ ‘\ Pl 4 ‘\ 4 P, g ; \\ N PI
,I AN F \ 2 + g
R B B
2_ 2+ 2,2, 2, 2 2 %) 3
fi (P4 L7 (PEeR R+ b~ 4 /s

Fig. 16. Tree vertices for Oy, 0,,03.
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tive vertices once inserted should be minimally renormalized and satisfy the normali-
zation conditions analogous to egs. (11a-R), this time specified on the mass-shell.

To derive the Callan-Symanzik equations, we may introduce A? and k2 as discussed
in sect. 3 and choose all the renormalization counterterms such that they are indepen-
dent of \? and k2. Here, the normalization conditions (41a-d) for the ¢’ theory should
be replaced by

Tyw -p;A%) | =0, @)
p2=u2,7\2=0
9 ~, 2 )
2 D2@ -pN) ] =ipy, (b)
D 2_2.2_
p =m0
(B.7)
—ﬁ, y T )\2 = s C
a)\2 2(p 14 )2 2[2 lpd) ()
P =p A=0
I::l(pl) p2r p3, p4s>\2)| l = ”dlapzb s (d)
}\2=0,pi=y2
S=t=u=%u2

and the normalization conditions (57a-k) by similar replacements evaluated on the

mass-shell. Then, the Callan-Symanzik equation of the form (51) or (65) follows

in a straightforward manner if one varies u? for fixed 775, f g, &, A? (in the ¢’

theory) or for fixed m%, M2, Mg, ppe, OBy @B, B, 7B, A® (in the (¢-y)' theory).
For the limiting case of u, A, K, py, ..., P, << M in the (¢-y)' theory, factoriza-

tion of the form (79) will be still valid if we replace the effective vertices Oj(i =

1, ... 6) with

81 =140y [d*x N[8*()] ,

By = —4py [d*x N [9(3% +12) ()] ,

0, =§% T CHE (B.8)
i =4pp [ d*x N[p(* +126(x)] ,

By= —Lo2 [d*x N[¢*(@* + i) ,

3
o= g% [d#xN[8* )] .
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Again, vertex functions with these vertices once inserted are assumed to be minimally
subtracted (i.e., use the operator t;(o), defined by the Taylor series expansion in A%, k2
and momentum variables around the mass-shell).

Now, we comment on the derivation of the Callan-Symanzik equations satisfied by
n(O,, D1y oo Prs N2 ) For Ol , the situation is identical to that in the main text, with
'“(OI, P1s - P W15, P B, G, A?) being invariant under the variation uzD/Du

However, starting from 52 , the situation is a bit different due to explicit 4 depen-
dence of the &, vertex. This can be resolved as follows. Let us denote the function
obtamed from the unsubtracted function I' “(O 2 ;P15 s P 7\ ) by replacing

u + ?\2(appearmg in propagators), pg, & w1th mB, PBg, Op, a8 I %04, Py, .. ,p,,,
u? mB, pB¢, aB, A?). (Here, the explicit u? dependence in l" (O2 D1y ooy P 2,
sz, PBos OB, A 2) comes from the 02 vertex.) Then,

F;;u (6’2: Dy s Pn?ﬁ”lé, ’71%, ,5]3(15, &B,/\z)
=T (O Pives Dy 12, G, Py, G, A?)
+ (ﬁ% _#2 + )\22}\) F;zu(arlr pl» ey pn;’%%’)hﬁB(b) aBy A2) (B.9)

is invariant under the variation uzb/Dpz. Now, the desired equation can be obtained
if one re-expresses the right-hand side of eq. (B.9) in terms of renormalized vertex
functions and then takes the derivative /.125/D}12 on the both sides. After similar con-
siderations for 0, G, one can show that the Callan-Symanzik equation (99) is still
correct if one writes

7Y 0 0 0 0 0
BT o + %0y f22 23 0 0 0
T= W5 + N2y, 32 33 0O 0 O
MAE H PN T o + Ny 1wPT gy + 02Ty 12T43 +0N?Tas Taa Tas  Tas
MAES HIENPE N 0BT 5y + NPTy W53 v 0% Tsy Tes  Tss Tse
(W Tey + PN Ty + 00Ty wPTgy + Mgy wPTgy +NTes  Tes Tes  les

(B.10)

where 7, T, 7, ,-}' are finite functions of « only. The rest of the arguments in the
main text require no major modifications.

References

[1] K. Wilson, Phys. Rev. 179 (1969) 1499,
[2] T. Kinoshita, J. Math. Phys. 3 (1962) 650;
T.D. Lee and M. Nauenberg, Phys. Rev. 133 (1964) B1549.



C. Lee | Theory of virtual heavy particle effects 237

[3] D.J. Gross and F. Wilczek, Phys. Rev. Lett. 30 (1973) 1323; Phys. Rev. D8 (1973) 3633;
D9 (1974) 980;
H.D. Politzer, Phys. Rev. Lett. 30 (1973) 1346.
[4] T. Appelquist and J. Carazzone, Phys. Rev. D11 (1975) 2856.
[5] C. Callan, Phys. Rev. D2 (1972) 154;
K. Symanzik, Comm. Math, Phys. 18 (1970) 227.
[6] C. Lee, Ph. D. thesis, chap. I, Stanford University (1975);
M. Gomes and B. Schroer, Phys. Rev. D10 (1974) 3525.
[7] W. Zimmerman, Lectures on elementary particles and quantum field theory, ed., S. Deser,
M. Grisaru and H. Pendelton, (M.1.T. Press, Cambridge, Mass., 1971).
[8] 1.D. Bjorken and S.D. Drell, Relativistic quantum fields (McGraw-Hill, New York, 1965).
[9] S. Weinberg, Phys. Rev. 118 (1960) 838.
[10} J.A. Dixon and J.C. Taylor, Nucl. Phys. B78 (1974) 552;
H. Kluberg-Stern and J.B. Zuber, Phys. Rev. D12 (1975) 3159;
S.D. Joglekar and B.W. Lee, Ann. of Phys. 97 (1976) 160;
C. Lee, Phys. Rev. D14 (1976) 1078.
[11] S. Weinberg, Phys. Rev. D8 (1973) 3497.
[12] E. Witten, Nucl. Phys. B104 (1976) 445; B122 (1977) 109.
[13] M.A. Shifman, A.l. Vainshtein and V.I. Zakharov, Phys. Rev. D18 (1978) 2583.
[14] C. Lee, unpublished.
[15] B.W. Lee, Chiral dynamics (Gordon and Breach, New York, 1972).



