
Volume 73A, number5,6 PHYSICSLETTERS 15 October1979

ON THE STABILITY OF SOLITARY KINETIC ALFVEN WAVES
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Thestability of the solitarykinetic Alfvén waveis investigated.In theone-dimensionalfully nonlinearcasethe waveis
shownto bestableagainstperturbationsin theamplitudes.

Solitary Alfv~nwaveshavebeenemployedin the transverseto B0,
descriptionof largeamplitudemagneticstructuresin = (_eIm.~~)(a2~Iaxat)
space-andastro-physics.In an isotropicplasmait is 1X 1 1

well knownthat suchlocalizedwavesare subjectto a Scaling the transversecoordinateto p5 = (Te/mi)~
2I

tendencyof collapsein two or moredimensions[1]. ~ the longitudinal coordinateto c/c..,~,andthe po-
However,the presenceof a largeambientmagnetic tentialsto Te/e, a “one-dimensional”nonlinearwave
field, andhenceanisotropy,may serveto stabilizethe equationfor thedensityis derived[2],
wave againstcollapsing.Therefore it is of interestto
studysolitarywavesin a stronglymagnetizedplasma. K~2K

5
2n(d/dn)[n’(dn/dn)J

HasegawaandMima haverecentlydiscussedthe + (K~— n)(l — n) = o, (I)
structureof localizedfinite amplitudeAlfv~nwaves
basedon kinetic theory [2]. The ratio of thethermal where,~ + ~ — r, ~= x/p~,~= zw

1,~/c,r =

to magneticpressure,(3, is assumedsmall, i.e. n = n/n0.The nonlinearwave equation(1)may be
written in the form

tne/mi~~l.
d

2n/d
0

2+ V’(ñ) = 0 (2)
This low (3 approximationallows usto usetwo scalar
potentialsto describethe electricfields,asit is equiv- where
alentto a shearwave approximation.The component
in the directionof the ambientmagneticfield is de- V’(ñ) = dV(ñ)/dñ= (—2/K~K~2){~(l— ñ)(K~+ 3fl)
scribedby thepotential i/i, andtheperpendicularcorn- + (1 + K2) ~ ~i-~n}
ponentby thepotential ~‘. The longitudinalcurrentis
primarily dueto electrons.Fortime scalesof theorder Eq. (2) is in the form of the nonlinearKlein—Gordon
of the inverseion Larmorfrequencytheelectronsare equation:
able to thermalizealongtheambient magneticfield (a2/8t2 — V2) n= V’Qi) (3)
B

0 underthemfluenceof t/.’, i.e.
= andit maybeinvestigatedby meansof a methodde-

tie n0 exp(e~Li/Te). scribedby Whitham [3]. First,eq.(2)is integrated
On the otherhandthe ionsprovideapolarizationdrift onceto yield
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+ V(n; K~)= 0, (4) Eq.(11) is of theform 2= F(A) — A,with
F(A)~(2ir)1~2h/2{A — V(ñ)}1/2 dñ. (12)

where
The characteristicequationis

V(ñ,K~)(—ñ2/K~K~){(1—ñ)(K~+n)
dx/dt=(1 ±UV~)/(U±~J~), (13)

+(1+K~)ñ1nñ}. (5)
whereh = —FF”/(F’)2 andU= w/k. If h <0, the

The formal solution to eq.(4) is given by characteristicvelocity is complex.Sincesmallampli-
tudewave perturbationsvary asF exp{ici(x — Ut)},

ii = 2—1/2fdn {A — V(ñ)}’/2, (6) a complexcharacteristicvelocity implies an exponential

wherea constantA isincludedfor completeness.We growthin time. As bothF and(F’)2 are positive,so
have1 ~ ~ ~ andA — V(ñ) ~ 0. Thelagrangian we needF” <0 for stability.Now,
for thesystemis givenby F” = —(8ir)~~ 21/2~4 + (h/K~K~)[(1— ñ)(K~+ 11)
L = ~(dn/do)2— V(ñ), (7)

+(1 +K~)(nlnn)J}3/2dñ (14)
whereV(ñ) is given by eq.(5). We may now perform
thefollowinghamiltoniantransformation For I ~ ~ ~ thelogarithmictermis positiveand

dominant.ThenforA ~ 0 the integralin eq.(14)is
II = aL/ann = n,~ (8) positiveand soF”(A) is negative,satisfyinga necessary

whereñ,
7 = an/an. The hamiltonianis given by conditionfor stability. Thusin the one-dimensional

fully nonlinearcasethe solitarykinetic Alfvén wave is
H = ñ~ll— L = ~H2 + V(ñ). (9) stableagainstperturbationsin theamplitude.

The integralH = A is now solved for II. Fromeq.(9)
we obtain Thiswork wassupportedby GrantAFOSR-76-2904

II = 21/2{A — V(ñ)}
1/2 . (10) andthe MichiganMemorialPhoenixProject.
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