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Thevalidity andapplicability to inelasticneutronscatteringof asingularf-sumrulefor superfluidhelium, proposedby
Griffin to explainthep~dependencein S(k, c~,)asobservedby WoodsandSvensson,areexaminedin thelight of similar sum
rulesrigorouslyderivedfor anharmoniccrystalsandBoseliquids. It is concludedthat thesingularf-sumrulesareonly of
microscopicinterest.

Considerableinteresthasbeengeneratedby there- fd~wS(k, w) = (p
5(T)/p)k

2/2m, (3)
centmeasurementsof WoodsandSvensson[1] of the
inelasticneutronscatteringcrosssectionof superfluid in the limit of k—~0. Eq. (3) wasfirst written down
4Hefor temperaturesT from 1.0K to 4.2 K. They intuitively by Pines [3] andshouldbe contrastedwith
foundthat the dynamicstructurefunction Sn(k,w) the well knownf-sumrule
as a functionof T, wavevectork, andfrequencyw/2ir,
is well describedby a two-componentform: wS(k,~)= k2/2m, (4)

S(k,w) = (p~p)S
5(k,c,) + ( PnIP)

5nQ” ~~‘)~ whichis valid for all k. Furthermore,Griffin identified

wherethe superfluidcomponent5
5(k,~),hasa one- the singularS(k,w) in eq.(3)with the experimental

phononpeakcharacteristicof superfluidheliumnear S5(k,co) in eq.(1).
T=0 andthe normalcomponentSn(k, w) hasa shape Becausetheproposedsingular f-sumrule (3)has
characteristicof nonsuperfluidhelium.Here p5(T)and importantconsequencesfor theinterpretationof neu-

Pn(T) p — p5(T) are,respectively,the usualsuper- tron scatteringexperiments,weexam~,nein thisnote
fluid andnormal-fluidmassdensities. the problemof the identificationof S(k,w) with a

In anattemptto placethis surprisingresult (1) onto partof the experimentalS(k,w), i.e.,the applicability
a firm theoreticalframework,Griffin [2] consideredthe to inelasticneutronscatteringof the left-handsideof
singy~ilarf-sumrule,which is amathematicalconstruct eq. (3),as well astheexplicit form of the singularf-
thatgives theexactcontributionto the first c~moment sumrule for superfluidhelium,i.e., thevalidity of the
of right-handsideof eq.(3). This is doneby appealto

— singularf-sumrulesrigorously derivedfor anharmonic
S(k,w)=—(l/ir)ImF(k w) (2) crystalsandfor Boseliquids.
wherethedensity-densityresponse.F(k,w) is the ,~etusbegin with thequestionof the identification
totalcontributionfrom all singulardiagrams,i.e.,those of S(k,w) witha partof theexperimentalS(k,w), as
with an isolatedone-particleline. Specifically,Griffin it appearsfor solid helium. Thesingular f-sumrule for
(seeeq.(12)in ref. [2]) proposedthat the singular anharmoniccrystals [4] was derivedby standardfield-
f-sumrule for superfluidhelium at T> 0 hasthe form theoreticmethodsandfoundto havethe form for all

1 Permanentaddress. fdw wS(k,w) = e
2 W(k) k2/2m, (5)
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whereW(k) is the Debye—Wallerexponent.It is tempt- giesis thatof a one-loopdiagram[9,101.Theresulting
ingto suppose[5] that,by separatingthe experimental functionsareno longernonsingularbuthavebranch
S(k,c.,) into a one-phononpeakanda smoothback- cuts.Consequencesof the one-loopstructureandthe
groundandtakingthe ratio of the respectivefirst mo- concomitantbranchcutsinclude(inextricable)wings
ments,we canfrom eqs.(4) and(5) determinethe in S(k,w)for a Bosegas [11]. Henceseriousdoubts
Debye—Wallerfactor.Suchananalysis,however,when are caston eq.(3).
performedonneutronscatteringdatafor bce4He [6] To replaceeq.(3), weneeda rigorousderivation,
ledto seriousdifficulties. On thebasisof detailedcal- analogousto thatin ref. [4] for anharmoniccrystals,
culations,Homer [7] hasconcludedthat theexperi- of thesingular f-sumrule for Bose liquids. Sucha den-
mentalone-phononcontributioncannotbe identified vationwasaccomplished[10] by standardfield-theo-
with the singularS(k,w) in eq. (5). reticmethods.(Sincethis sumrulewasincidentalto

Thisstartlingconclusioncanbe understoodasfol- ref. [10] ,it was relegatedwith no commentsto appen-
~ws. The generalsingulardiagramthat contributesto dix D andcaneasilyescapenotice.)Althoughthe
F(k, w) hasthestructureof two complicatedvertices derivationwasfor a Boseliquid at T=0, extensionto
withanisolatedone-phononline connectingthem. T> 0 is straightforwardandgivestheform for all k:
Fromeq.(2) the imaginarypartof F(k, w) picks up, —~

in additionto the resonantpeakfrom the one-phonon J dW wS(k,c.,)
line, significant nonresonantwingsfrom thevertices. = ~- ~ FJ~2/~+ MHF ~ — MHFtk’ — 1 6
AlthoughS(k,w) canbe shownto be positivedefmite, ‘~~0’~. L rn ~ ~. 12 ~.

thereareno groundsto supposethat S(k,w) isevery- wheren
0 isthe condensatenumberdensity,n = p/rn,

wherepositive. In fact, duetointerferenceprocesses, p isthe chemicalpotential,andM~F(k)is the Hartree—
S(k,w) becomesnegativewithin the nonresonant Fockmatrix self-energy.
wings.SinceS(k,w) neednotbe positiveanddoesbe- Comparingeqs.(3) with (6), weseethat the signi-
comenegative,thereisno a priori operationalrule for ficant change,besidesthelifting of thek -÷0limit,
separatingthesingularS(k,w) from thewingsof the is thereplacementof p~with n0.Thisreplacement
experimentalS(k,w). impliesthat thesingularf-sumrule is amicroscopic

l’his discussionfor solid heliumcanbe straightfor- sumrule (onethatmeasuresthemicroscopicdensity
wardly transferred(apartfrom polarizationvectors)to n0 ratherthanthe macroscopicdensityp5), and’it
superfluidhelium,sincethe elementaryexcitationin underscoresthe profounddifferencein a Boseliquid
bothcasesisgiven by the one-phononstate [8]. We betweenn0 andp5.Comparingeqs.(5)with (6),
concludethatin generalthe singularS(k,w) cannot we seethat the Debye—Wallerfactore

2 W andthe
beidentifiedwith theone-phononpeakof the experi- condensatedensityn

0 play analogousroles.Both
mentalS(k,c.~)becauseof significantand asyet inex- quantitiesfurnishthemicroscopiclink betweendensi-
tricablecontributionsfrom the wings. ty fluctuationsandthe(displacementor field) ampli-

Theaboveconclusionmayhavegonetoofar, since tude fluctuations.
with S(k,w) notbeingidentifiedwith the expenimen- Until themicroscopiceffectson S(k,w) areunder-
tal S5(k,w), the observedcoefficientp5/p in eq.(1)is stoodto theextentthatthe singularS (k, w) canbe

clearly inconsistentwith theproposedsingular f-sum identified,the singularf-sum rules(5) and(6) are
rule (3). The obviousnextstepis to considertheva- only of microscopicinterestandremain,regrettably,
lidity of the right-handsideof eq.(3). not veryusefulfor the interpretationof the surprising

A basicassumptionmadeby Griffin [21tojustify andstill unexplainedresult(1). A studyof eq.(1) not
theproposedsumrule (3) isthat thevertexandself- basedon the singularf-sumrulewill bepublishedelse-
energyfunctionsarenonsingularfunctionsof k and where[12].
c. This assumptioncanbetestedby calculationsfor
the Bosegas.If the interactionbetweenthe one- References
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