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INTRODUCTION

The existence of solutions of the inhomogeneous Cauchy—Riemann equations
as a powerful tool in the study of analytic functions of several complex variables
is well demonstrated in the monograph [22] of L. Hérmander. The main
objective of this expository paper is to show how this technique can be used to
unify and simplify the study of interpolation problems for entire functions of one
complex variable.

The problems we consider are typified by the following model. Let {2;} be a
sequénce of complex numbers diverging to oo, {m,} a sequence of positive
integers, and {; ;} a doubly-indexed sequence of complex numbers satisfying
the growth condition

| alc,]' ] < A CXP(B ] zk |)! O <] < mlc b k - 1) 21 (1)

for some constants 4, B > 0. Under what conditions does there exist an entire
function A such that

(1) AD(z)fj! = a;; and

(ii) A is of exponential type, i.e., for some constants 4’, B’ > 0, we have
[A(z)] < A" exp(B' | z])?

Various intersting problems are obtained by imposing conditions on the
&y, My, 4,;, or by changing the growth condition (1). We give here both new
proofs of some old results, (due primarily to A. F. Leont’ev and others [27,9,
10, 11] and some sharper, more general results on various interpolation probléms.
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For example, concerning the model problem just stated Theorem 4 implies the
following result.

THEOREM. Let f be an entire function of exponential type whose zero set is
precisely the sequence z, with multiplicities m;, . The necessary and sufficient
condition that the problem has a solution for every sequence ay, ; satisfying (1) is that

Lf™(z) »
T>€cxP(_Clzk |), k= 1,_2,---

for some constants ¢, C > 0.

Theorem 4 also applies to growth conditions which are not functions of | 2 |.

The application of the existence of solutions of the Cauchy-Riemann equa-
tions to interpolation problems is to prove a “‘semi-local” interpolation theorem.
For p(z) 2 nonnegative, continuous subharmonic function on the complex plane,
let A, denote the algebra of all entire functions f on C such that | f(2)| <
A exp(Bp(z)), z€ C, for some constants 4, B > 0 (which depend on f). If
firvenfmneAyande, C>0let |f; 2 4 | f, |> and

S(f; & C) = {z€ C: | f(2)] < e exp(—Cp(2))}- @)

Intuitively, S(f;e, C) is a “small neighborhood” of the zeros |z,| of f=
(f1 s> fm)- A standard argument (see Section 1) then will show the following
result is true.

SEMI-LOCAL INTERPOLATION THEOREM. Let A(2) be analytic on S(f; €, C) and
satisfy | A(2)] < A exp(Bp(2)) for z € S(f; ¢, C). Then (provided p satisfies the
conditions 41 and 4it of Section 1), there exists an entire function A€ A, , constants
&, Ci, A, B >0 and functions o ,..., a,, analytic on S(f; ¢ , Cy) such that
Jor all ze S(f; ¢, Cy),

Me) = X@) + Y @) fi2) ()

i=1
and

| i(®)] < Ay exp(Byp(3)).
Thus, if the f; have common zeros {z;} with multiplicites ,, , then from (3)
AO(z,) = A(z;,)  forall 0 <j<my, hk=12,..

Consequently, the study of interpolation problems is reduced to finding a solu-
tion A “semi-locally”’; i.e., on the set S(f; ¢, C). This approach is the one variable
version of the method used by Ehrenpreis [15] and Palamadov [32] in 'their
studies of interpolation on algebraic varieties in C",
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The study of the semi-local interpolation problem leads immediately to
several interesting questions. For example:

(1) Given {2z, m,}, can a “‘good” choice be found for f,,..., fne 4,
with common zeros at the 2, of multiplicity ny, ?

(2) How big are the sets S(f; ¢, C)?

(3) How does the structure of S(f; ¢, C) affect the 4, ; for which the inter-
polation problem has a solution ?

Our treatment is far from complete, mostly because with general growth
conditions complete solutions to these problems are not known.

We have tried to make the paper as self-contained as possible. Hence, we have
included a proof of the basic existence theorem for the 8-operator in one variable,
and “new”’ proofs of Welerstrass’ theorem on the existence of analytic functions
with prescribed zeros and the related theorem on interpolation by entire func-
tions (“‘new” in that we have not seen them in the literature, though they are
no doubt well-known to workers in the area).

Interpolation problems have been studied for a long time due to their applica-
tions to number theory, harmonic analysis, approximation theory, etc. We give
here (Section 4 below) a representative application, a derivation of a major result
in abelian harmonic analysis, the Fourier representation of mean-periodic
functions of one variable obtained by L. Schwartz in [35]. In this sense we fulfill
a second aim of this paper, which is to present a background to our recent work
on interpolation in several variables [6], where we obtain a generalization of
Schwartz’ theorem to mean-periodic functions of z variables.

1. PRELIMINARIES

We start by recalling some standard notation. If £2 denotes an open subset of
the complex plane C, C*(£2) (respectively Cy*(£2)) denotes the space of complex-
valued functions in £2 with continuous partial derivatives of order <C % (respec-
tively, those functions in C*({) with compact support in 2), 1 <k < @
(We will often omit £2 if 2 = C.) The coordinates in £2 are denoted 2 = x + 7y
and ¥ = x — #y, If u € CY§2), we can define two differential operators

2-lED) 2-iE-1E

2z 2 i) = 2
so that its differential can be written du = (0u/0z) dz + (0u/0%) d5. The
holomorphic functions in £, are precisely those u € C1(£2) satisfying the homo-
geneous Cauchy-Riemann equation: 2x/0% = 0. It is in fact enough for « to be a
distribution in £2 and satisfy that equation in the sense of the space of distribu-
tions Z'({2) (see [36] for notation and definitions). The space of holomorphic



112 BERENSTEIN AND TAYLOR

functions in £2 is denoted A(£2). Our main interest resides on the spaces of
holomorphic functions with growth conditions, 4,(£2) defined below. We will
mainly restrict ourselves to the case 2 = C.

DermnitION. For p(z) a subharmonic function on £, p == —o0, in every
component of 2, let A,(£2) be the space of all functions f € A(£2) such that for
some constants 4, B, which depend on f, satisfy

f&) < A exp(Bp(z))  =zel

Similarly, let W, (£2) be the space of all measurable functions g in £ such that
fo- some constant ¢ = ¢(g) we have

18 exp(—ep(z) dA(z) < o0,

where d\ denotes the Lebesgue measure. Note that given g €Liy,(£2), there
exists p such that g e W,(2). To see this take p(z) = )(—log d(z)), where d(z)
is the distance from z to the complement of 2 (or |z | if 2 =C) and ¢ is a
convex function that increases very rapidly (see [22, p. 94]).

We are actually interested in the space 4, = 4,(C) where p satisfies the

following two extra conditions:
(4i) p(2) >0 and log(1 + | 2 |*) = O(p(2));
(4ii) there exist constants C, D >0 such that |{ — 2| <1 implies
P < Cp(z) + D.
It is not the conditions on p which are important, but rather the following
consequences.
(a) All polynomials belong to 4, .
(b) A, is closed under differentiation; i.e. f€ A, implies f € 4, .
() Wy(C)n A(C) = 4,(C).
The conditions also imply that p(z) = O(exp(4 | z |)) for some 4 > 0, and
the stronger condition

(b") If fe A,, then there are constants 4, B > 0 such that

> [£26) ] < 4 exp(Bp(a).

k=0

The conditions (4i) and (4ii) can be weakened considerably and most of the
theorems presented here will still work. Furthermore, we can essentially remove
them by replacing the space 4, by a space Ay = direct limit of spaces 4,,
p € 2, under some suitable conditions on # (see [21, 24]).
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ExampLE 1. p(2) = | z|. Then 4, is the space of all entire functions of
exponential type,

If(z) <Aexp(B|z]|),  VzeC

for some A, B > 0. This example is the space in which interpolation problems
were originally studied by A. F. Leont’ev [27, 28], and where the most complete
results are known.

Exampie 2. p(2) =|Im =z | -+ log(1 4+ | 2 |?), (Im 2 = imaginary part of 2).
In this case 4, is the space &’ of Fourier transforms of distributions with compact
support in the real line (see [15, 36]), i.e. all entire functions such that for some
constants 4, B, C >0

|f(2)] < A(1 4| 2 ])? exp(C | Im 2 ).

Even for this example a complete solution to the interpolation problems is not
known.

ExaMpLE 3. p(z) =log(l + | 2 |2). Then A, is the space of all polynomials.
Examrie 4. p(z) =plx+ ) =|x*+ |y o0, B = 1.
ExampLE 5. p(z) = |[Imz| 412190 <g < 1.

ExampLE 6. p(z) =|2|°, 0 << p << 00. Then 4, is the space of all entire
functions of order < p and finite type, i.e. for some 4, B > 0,

| f(z) < A exp(B | z ).

The space of all functions of order << p is not an A4, space, but rather one of the
more general 4, mentioned above. In the same way, there are many spaces
considered in analysis where the growth conditions in (2) are not given by sub-
harmonic functions, but rather by an “arbitrary” function (2). By introducing
the function p(z) = largest subharmonic minorant of , which will be 2= — ©
if the space is non-trivial, one can reduce problems to the spaces A .

The space 4, carries a natural topology as an inductive limit of Banach spaces,
and will be considered endowed with it without further explanation (see [39]).

In what follows the inhomogeneous Cauchy—Riemann equation

ou
6—2 = 7 (5)

will play a central role. The main point is that this equation is always solvable
and a priori estimates are available for the solution. We follow the treatment in
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[22]. The proof is simpler due to the fact that we are only considering functions
of one complex variable so the boundary of £2 introduces no difficulty. First, let
us observe that if v e C¥{2), k£ > 1, then a distribution solution x to (5) is at
least of class C**1, In fact, we have

1 o%u ov

1% = e
and Weyl’s lemma does the rest [36]. Furthermore, it is very easy to solve (5)
explicitly if v € Cy'. Namely, a solution # is given by

we) =+ [ 2o =5 [[ A araa (6)

where the domain of integration is the whole plane. The proof of this fact is an
immediate consequence of the following variant of Cauchy’s integral formula.
(Just take  a sufficiently big disk in the next lemma.)

Lemma 1 (Pompeiu’s formula, see [22, p. 3]). Let w be a bounded open set in C,
with boundary Ow the union of a finite number of C* Jordan Curves. If u e CY{o)
then for all (€ w

ul) = 2771

u(2) dz A dZ
[ = d+ff O (7
Proof. 1t is enough to apply Green’s theorem on the set w\4(Z; ¢€), € >0
and lete — 0. Here 4({; €) = {2 e C: | 2 — {| < €}. We will keep this notation

throughout the paper. |

The reason we have introduced the spaces W,(£2) is to be able to solve equation
(5) with an arbitrary smooth or even Lj,, function on the right hand side. As
pointed out above, if v € L%,,(£2) then we can always find p such that v € W,(2).
We first prove the following fundamental a priori estimate (see [22, Chap. 4] for
the case of several variables).

LemmMa 2. Let Q be an open subset of C, p subharmonic in 2, and f e C}(£2).
Then

f[f[zepd)\ 2“ | (14| =22 e? an. 8)

Proof. Let us first assume p € C¥€2). Then the following identity can be
verified by direct computation.

+faz’+ PIf Pt
N P Y] [ e AL A O
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Since f has compact support, by integrating (9) we obtain

)

oy
oz

2 B 2 of ?_22 .
eiﬂd)t__fglfﬁb __epd)\—{—fg‘a—[—faz e? d)

2 0F

(10)

o*p
2 ¥4
>Lm moz s W

As p is subharmonic and C?, we have that p,(2) = p(z) + 2 log(1 + | z |?) is also
subharmonic and C? and, moreover &%*,/0z 8% = 2/(1 4 | z |?)% Replacing p by
pqin (10) and using the last inequality on the Laplacian of p; we get, for f e Co3(£2)
and p at least C?

fg,gf;r(]—}—|z|2)2epd)\>2fg]f]2epd)\. (11)

It is easy to remove the assumption that p € C*2) (see [22], p. 94). Let £2, denote
the set of points in £ whose distance to C\Q is at least ¢ (if 2 = C, then 2, = C
also). For a given f e C2(£2), supp f C £, for all € sufficiently small. Let y bea C®
function with support in {| 2| <1}, x >0, x(2) = x(| 2 |) and [xdA =1. As
usual define y(£) = e*(Ze™)) and £.(3) = (p *x)(=) = (s — D) x(0) D).
Then p.e C=(8,), p. is subharmonic and p.(z) | p(2) as e > 04-. (See e.g.
[22, p. 19].) Hence (11) holds for p, for all e small. By the monotone convergence
theorem, it also holds for p.

We are ready now to state and prove Hormander’s theorem [22, Th. 4.4.2].

TueoreM 1. Let 2 be an open subset of C, p subharmonic in 2 and v a function
in W,(£2), such that

f | v |2exp(—p) d\ = M < +oo.
e
Then there exists a function u satisfying

| 2 | exp(—p)
ST iepy ASMP

and,

ou

PEa

in the sense of distributions. (Botk functions are necessarily in L7,,(2).) If v € C=(R)
so does u.

Proof. The proof is a simple application of functional analysis and the basic a
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priori estimate (8). For j = 0, 1, let H; be the Hilbert space of all functions f on 2
such that

1F1 o= [ 17 P exp(p) b < oo}

where p;(2) 1= p(2) 4 2jlog(l + | = |2). The dual space H; to H; can be identi-
fied to the space of all locally square integrable functions g such that

g I = | 12 % exp(—p) dh < oo
2
with the pairing
= [ fed\,  feH;, geH;.

Since p is locally bounded above, it follows easily that Cy™(£2) is dense in H; .
Consider now the operator D : Hy— H, with domain Cy=(£2), defined by

of
Df = — 5
Since the domain of Dis dense in Hy, its adjoint D* is well defined with domain in
Hj and range in Hy . Let us compute D* explicitly. [f u € H; and D*u = v € H ,
then
(s o = {f, DYupy = (Df, upy Vf € Cp=(8).
This just means

L fo = — LS—JZ: u,  VfeCe(Q)

that is, 2u/0% = v in the sense of distributions. What we have to prove, therefore,

is that D* is onto.
To see this, let v € Hy and consider the linear functional L defined on the

range of D in H; by
LDf) = <{f; 90,  fECe™(2).

L(Df) is well defined since D is injective on Cy=(£2). By applying the Schwartz
inequality and the g-priori estimate (8) we obtain

opE < ([ 1ree) (] 1ope)

1 o |* 2
<=z = z |22 el’) 7
<5([|Z] a+tapre)uon
1
=5 lliv W31 DF Iz -
1 Here we are following the notation, A := B, means that A4 is being defined by the
right hand side of this expression.
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Hence, by the Hahn-Banach theorem, L may be extended to a continuous linear
functional on all of H, with norm < || v |||p/2'/2. Thus, there exists # € H; such
that

el <&Mo,
and

o =LDf) = Dfswy,  Vfe G*(9),

which provides the desired solution #. |

CoroLLaRY 1. If weL} (), then there is another function u € L3,(Q) such
that 0u|0z = v. Furthermore, if v e C*(8) then u € C=(£2).

Proof. It was pointed out after the definition of W, (£2) that p can always be
chosen so that o ¢ W,(R). Thus, the corollary follows from the theorem. [

We can now give very short proofs of Weierstrass’ theorem on the existence of
analytic functions with given zeroes and a corresponding interpolation result
(see [33, p. 298]). If f € A(Q), f == 0, then its multiplicity variety V() is the set of
pairs (=, , my), 2, € 2, my, integer > 1 where 2, runs over all the zeroes of f in
and m; denotes the multiplicity of that zero. (By abuse of language, we will
also write z;, € V(f).) Clearly, the 2, have no accamulation point in £2, the theorem
of Weierstrass is the converse to this statement.

THEOREM 2. Given a set V ={(z, my): 2, € 2, my, >= 1}, where the z; are
distinct and have no accumulation point in £2, then there is a function fe A(8)
with V(f) = V.

Proof. The proof follows what in several variables is called Oka’s principle
[22, p. 138]). Namely, first construct such a function within the class C2(£2) and
then modify it to get a function in A(f2). Assume that we have a function
g € C2(82) and pairwise disjoint open neighborhoods 4;, C £ such that 2, € 4, ,
@(2) =0 only if 2 = z; for some %, and for some nonvanishing %, € C=(4,),

P(z) = (z — %)™ by()  in 4. (12)

The desired function f will be of the form f := ge*, € C=(2). We only have
to look for s such that fe A(£2), because then it is clear from (12) and the fact
that ¢ vanishes only at the z;, that V(f). Now,

of  -op " O v _
FER S
is the condition of analyticity. Hence, y must satisfy,

W __ 1

oz p 0% (13)
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"The right hand side is in C~(£2) since (12) implies that dp/0F = (z — zg)™&(8hg/8;)
in 4,. By Corollary 1, a C* solution to (13) does. in fact exist, and this
concludes the proof of Theorem 2 modulo the construction of the function ¢,
which we carry out below by a procedure that can be simplified somewhat if
2 =C or if 2 is bounded. We can clearly assume that 0 € 2 and 2, # 0 for
every k. Let us call £* the open set in the Riemann sphere obtained from Q by
the inversion 2z — w: = 1/z. If b@2* denotes the boundary of Q% then it is
located in a bounded region of the finite plane C, since now o0 € 2*. We can
order the points w;, , @, = 1/z;, so that dist(w, , b2%) > dist(zy,, , bR*), and
choose wj € b2* such that | w, — wy, | = dist(w, , b2*). Let U, be the open
disk with center »}, and radius 7, = 2 | w;, — @}, |. Then U, contains the line
segment [w;, , w;] joining @, to @y . Further, the open sets U, N Q* form a
locally finite family in Q% since 7, — 0 and wy, ¢ 2*. Choose C* functions py
with compact supportin Uy, 0 < py << #,, and py(w) = my, on some neigh-
borhood of [ay, w;]. Let log[(w — w)/(z — w;)] be any branch of the
logarithm analytic outside [w, , ;]. Then the functions

uk(w)

b0 = o o o 222~ (222

7
—wk w——wk

are single valued, C® functions on the Riemann sphere except at w;, , analytic
on a neighborhood of w;, , g, = 1 outside of U, , and g, = 0 only at w = w;, .
The multiplicity of vanishing is m,, since u, = m, on a neighborhood of w, .
The function

gw) = I;ng(W)

is in C=(2*), being a locally finite product of functions in C=(£2%). It 1s clear
that ¢(2) := g(1/2) is in C=(Q) and satisfies the required conditions. [

TueoreM 3. Let V ={(zy, my)} be a multiplicity variety in Q. Let ay; be
any sequence of complex numbers, where 0 < I < my, , and k runs over the same set
of indices as the pairs in V. Then there is a function g € A(Q2) whose Ith Taylor
coefficient at z;, 1s precisely a, ;.

Proof. Let fe A(2) be such that V(f) = V. Let ¢, > 0 be chosen so that
the disks 4, = A(zy; ;) are disjoint and let P,(z) be the polynomials

mp—1

Pyz) 1= ), @z — 2)"- (14)

=0 -

Further, choose x; € Cy™(4dy), 0 < xx << 1, xz =1 on the disk 4(z; %e;), and
define, for ¢ € C=(£).

8(z) 1= ) Puf3) xal2) + $(2) f (), (15)
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which clearly is in C= and has the correct Taylor coefficients. This time we just
have to choose ¢ satisfying

7 =
Y — -3 Po) @I @) (16)
Since the right hand side of (16) is C=, we have found the desired function
again by Corollary 1. [

Let us just point out the obvious fact that to be able to interpolate any set of
values {a,,;} it is necessary that V" be a multiplicity variety, i.e. if V(f) =V
implies f = 0, then it is easy to construct a set {ay, ;} for which no interpolation is
possible.

Associated to a multiplicity variety V in 2 there is a unique closed ideal in
A©),

I = I(V) = {F e A(£2): F vanishes at z; with multiplicity > m,} (17)
Two functions %, g € A(f2) can be identified modulo [ if and only if

RO gt
T @) =5 () = @r,  0<I<my, k=12.. (18

Hence, Theorem 3 above states that the quotient space A(£2)/I can be identified
to the space of all sequences {a; ;}. We will describe them as ‘“‘analytic functions
on V', and denote that space by A(V). The map pp = p,

p: A(Q) — A(V), (19)

p(g) = {a,} as defined by (18), is called the restriction map. Let us also point out
that there is an obvious inclusion relation between multiplicity varieties in Q.
If V ={(z,, m)} and V' ={(z}, m})}, we say that V' C V" if for every index %
in V there is an index j in V"’ with

By = 25 and m < my .

Clearly, V' C V" if and only if I(V") CI(V).

In the remainder of the paper it will be assumed that £2 = C and the question
to study is to find the image of 4, under the restriction map p. Theorems 2 and 3
provide the models for this work. Along the lines of Theorem 2, the only interest-
ing case occurs when the multiplicity variety I satisfies V' C V{f) for some
fed, . Otherwise, V' is a set of uniqueness for 4, and it is not even possible to
interpolate the sequence which is 1 at one point and O at the other points of V. If
VCV(f) for some fe A,, then it is not possible, in general, to find f, € 4,
with V' = V{(f;). For example, if V' ={l, 2, 3,...} and p(2) = | 2|, then V is a

subset of the zeros of sin wz € 4, but, it is a consequence of Lindel6f’s theorem



120 BERENSTEIN AND TAYLOR

([29], p. 45) that V is not the zero set of an entire function of exponential type.
On the other hand, if VC V(f),fe A, , then it is easy to find f; € 4, with V the
common zeros of f and f; by the simple device of “jiggling” the zeros of f.
Namely, if W = {(w;,, n;)} C V(f) thenit is possible to choose numbers ¢, == 0
so small that ' ‘ '

ny

1) = f@ T (E2 )
belongs to A4, . Clearly, the common zeros of f and f; are those of f with W
removed.

Thus, it is no loss of generality to take I as the common zeros of f; ,..., f,in 4.
However, the trivial choice f, f; just outlined provides no more information than
V C V(). Consequently, the interesting problem in the direction of Theorem 2
is:

What conditions on V' insure that ¥ is the common zeros of a
“good” set of functions f, ,..., f,e 4,7

This question will not be discussed here; we will always assume that V" = V(f),
or V= "V(f,,.., fu) is the common zeros of f, ,..., f,, € 4, (with multiplicities).
However, we remark that in case p(z) = p(| z |) classical results (going back to
E. Borel and J. Hadamard) on the distribution of zeros of entire functions allow
one to give a “good” solution to the problem. A thorough discussion of these
ideas may be found in the book of B. Ja. Levin [29].

Along the lines of Theorem 3, a natural extension is given by the semt-local
interpolation theorem stated in the introduction. We only outline the proof,
since it is essentially the same as that of Theorem 3. Of course, Theorem 3 may be
deduced from the semi-local interpolation theorem in much the same way that
Corollary 1 follows from Theorem 1.

Outline of proof of the semi-local interpolation theorem. Since 0f;/0z € A, we
have that for suitable ¢; < ¢, C; > C, the distance from z € S(f; ¢, C}) to the
complement of S(f; ¢, C) is at least exp(—Ap(z) — B), where A, B are (large)
positive constants. We can therefore choose y € C= such that 0 < x < I, x =1
on S(f; ¢, Cy), x has support in S(f; ¢, C) D S(f; &, Cy) and | 9y/07 | <
A exp(Bp(2)). (4 and B denote constants which may be different at different
occurrences.) Then yA and w; = —(fi/| f 12)[0(A)/0%], where | f2 ={f; 2+
“+ 4 | fun [2, are C= functions since &(yA)/0F vanishes on S(f; ¢, , C;). Further,
| o42)} < A exp(Bp(z)). Therefore, by Theorem 1 there exists ;€ W, N C®
such that &u;/0% = v;. The function A = yA +u, f, -+ -+ + #pfr € W, and
oAjez = 0. Hence, Ae 4, . Because v; =0 on S(f; ¢, C}), the functions «;
obtained by restricting u; to S(f; ¢ , C;) are analytic. The estimate for «; given
in the Theorem may be obtainéd in a standard way (see e.g., [22, Theorem 1.2.4]),
by further decreasing ¢, and increasing C; . [
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2. INTERPOLATION WITH BoUNDS, I

We first define the space of analytic functions with growth conditions on a
multiplicity variety V. This will be the candidate for the range of the restriction
map, p(4,), p = pyasin(19). It turns out there are at least two natural candidates
for such a role. The first one is given by the natural condition corresponding to
one of the consequences of (4i), (4ii) in Section 1, namely (b’) there.

DeriniTiON. Let ¥V ={(2;,, m)} be a multiplicity variety. Then A, (V) is
the space of all functions {a; ;} € A(V') such that for some constants 4, B >0

Ma—1

Y la | < dexp(Bp(z)), k=12,. (20)
)

Note that when m;, = O(exp(Bp(z;))), then (20) is equivalent to
| ay., | < Ay exp(Bip(21)), k=12, (21

It is clear from (b’) that p(4,) € A,(V), but in general, the space 4,(V) is too
large. One reason for this is that the conditions (20) on the a; ; were deduced
from purely local growth conditions; i.e., the growth in | { — 2, | <{ 1. Allowing
more global conditions will give a sharper bound which is more appropriate in
some cases. For 7 > 0, let p(z; r) = max{p(z + {): | { | <r}. Then, exactly
the same argument that proves (b’) (Cauchy’s formula), yields for every
ge 4, and every r > 0 the inequality

i g(“(z) v < Aexp(Bp(z;7) V=eC, 22)

where 4, B > 0 are constants depending only on g.
Therefore it is natural to make the following definition.

DrrintTioN. The space 4, (V) consists of those {a; ;} € A(V) such that
for some A, B> 0andall >0

mlf:m,c,m < Aexp(Bpz 7)), k=12, (23)
The following propositions then hold.
PropositioN 1. A, (V)C A, (V).
Proof. It is an obvious consequence of p(z; 1) << Cp(2) -+ D (see (4ii)). |

ProPOSITION 2. The restriction map p: A(C) — A(V) maps A4, into A, (V)
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Proof. A consequence of (22). ||
ExampLE 7. If the my’s are bounded 4, (V) = A4, V).

Exampie 8. Consider p(z) = | 2]. There are functions fe 4, with zero
sets V' = {(2; , my)} where m;, is of the same order of magnitude as | 2, | (cf. [29],
chapter 1). Then (23) gives an estimate

by taking r = | z; |. If [ is large, say [~ | 2, ], then | @, , | >0 as k— 0,
while (20) allows | g, ; | to be unbounded.

ExampLE 9. Let p(2) = | z |°, where p > 0. Then {a; ;} € 4, (V) if and
only if for some 4, B >0

exp(B | 21 |°)
I+ =) ’

Further, 4, (V) = A,(V) if and only if m;, = O(| 2, |°/log(l + | 24 |)). The
inequality (24) holds for some A4, B > 0 if and only if for some 4, , B, >0

lap, | < 4 0<l<m, (2,,mel. (24)

A, exp(B, | 2 )

I alﬂ,l I < (l!)]_/,J

We omit the standard calculations verifying these facts.

ExampLE 10. Let p(2) = |Imz| + log(l + | 2 |2). Then {a;,;} €4, (V)
if and only if for some 4, B >0,

lak.z|<AL+1—e£ILBlz'D(z—k)), 0<<l<my, (z,m)el.

Thus, A, (V)= A,(V) if and only if m; = O(p(z;)/log p(z:)). In this case,
we see that A, (V)= A,(V) requires my, = O(log | z; |/log log | 2;|) when
2y, 18, say, on the real axis,

DeriNition.  If p maps A4, onto A,(V), we will say that V is an interpolating
variety (for A,). If p maps 4, onto 4, (V) then we will say that V is a weak-
interpolating variety (for A,).

Much of the work in the literature refers to varieties of the form V = V(f),
feA,, p(z) = | z| or, more generally | z|°. Leont’ev .[27, 28] has studied
extensively the case p(g) = | |, m;, = 1. Others, e.g. [11] impose severe restric-
tions on the multiplicities m; . There is also a characterization of interpolating
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varieties for p(z) =2 |° in [9, 10] but involving extraneous conditions on
derivatives of f of order higher than m;, (cf. Sect. 3 of [9] and Theorem 4 below).

In case p(z) is not a function of | z|, the only work we know of is that of
Ehrenpreis and Malliavin [16] where p(z) = |Im 2| 4- log(l + [ 2 |?) as in
Example 2 is considered, under the assumptions that m;, = 1 and f is invertible
(see Definition below). This last condition on f, which we also have to impose in
general, is what precludes us from solving completely the problem of characteriz-
ing interpolating or weak-interpolating varieties of the form V{(f), fe 4,.In
case p(z) = | z |, any f == 0 is automatically invertible (see next section).

DerINtTION. If f) ..., frn € 4, , then Dioe(fy -0y fin), the local ideal generated
by f; ;.- fm 1s the set of all functions g € 4, such that, for any z € C there is an
open neighborhood U of z and functions gy ,..., g, € A(U) with the property

g=) fig;, inU
i=1
It is easy to see that if V' = V(f;,..., fin) is the multiplicity variety of common
zeroes of f, ,...,f, (ie. common zeroes, counted with multiplicities), then
oo fy s fn) =I(VYN A, . Since I(V) is closed in A(C) and 4, — A(C) is
continuous, it follows that Jio¢(f; ,..., fm) is closed in A, . By ((f1 ,--., fr)) We will
denote the ideal generated in 4, by those same functions.

DeriNiTION. We say that f;,.., f,, as above are joinily invertible if
Tioe(fy s fru) = ((f1»-s fw))- For a single function fe 4,, we say f is
invertible if f1oc(f) = ((f)); 1.e. the principal ideal generated by f is closed.

Hence, f invertible in 4, means that if g € 4, and g/f € A(C) theng/fe 4, . It
also means that ((f)) is closed and, consequently, the map g — fg is an open
map from A, into itself.

Remark 1. No confusion should arise between f being invertible and f being
a unit in the ring A, . The last concept means that 1/fe 4, and, in particular, f
has no zeroes, while invertible functions might have lots of zeroes.

Exampre 11 (Ehrenpreis [13, p. 523]). If p(z) = |Im z | + log(1 4 | 2 |2),
then f € A, is invertible if and only if there are positive constants A, ¢ with the
property

Vx e R, max{| f(x')]: »" real, | x — &' | < Alog(l + | % |2)} = (1 + | x|)~VVe

Examples of invertible functions in the space of Example 11 are the poly-

nomials and, more generally, the exponential polynomials with pure imaginary
frequencies, i.e.

F@) =3 gu(e) exp(—ings),

k=1

607/33/2-3
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where the g, are polynomials and the a; real numbers. On the other hand, if
¢ € Cy°(R), then its Fourier transform ¢ is not invertible.

Exampre 12. If p(z) = p(] = |), p(22) = O(p(2)) then every fe 4,, f=£0
is invertible (see next section, Propositions 3 and 4).

There is a relationship between f; ,..., f,, being jointly invertible and inter-
polation as shown by the following result. '

THEOREM 4. Let f,...,fn€ A, and V = V(f, ..., fn). If for some ¢ >0,
C > 0 we have for all (2, m)e V

" ) (o
3 ) exp( oty @3

j=1

then V is an interpolating variety. In the converse direction, if V is an interpolating
variety and the functions f, ..., f, are jointly invertible, then the inequality (25)
holds for some e, C > 0 at every point (2, mp) e V.

Proof. 'To prove the necessity of (25) assume that f;,...,f, are jointly
invertible and the map p: 4, — A,(V) is onto. We claim there exist constants
C,, C, > 0 and functions A, € 4, such that '

| By(2)] < Cy exp(Cyp(2)), (26)
and, for all (z;, m;))e V
() =0 0<Il<m,, 27)

unless, j = k and [ = m;, — 1 when

B (2) = (my, — 1)) (28)

holds. The existence of the /; may be proved either by appealing to a version of
the open mapping theorem (cf. [23, p. 294]) or, by what is essentially the same
thing, the following direct argument. Let S denote the space of all sequences
{a1.,} € 4,(V) such that 7% | a; ;| < 1. The space S is complete under the
metric induced by the norm

myp—1
sup { Y | ap, ik =1,2,..0.

=0

If S,:={p(f):fed,, |f(3)] <n exp(np(z)), p(f)€ S} then it is readily
verified that S, is a closed subset of S, and, since p is onto, U, S, = S. It
follows from the Baire Category Theorem that some S, has non empty interior,
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from which the conclusion follows easily. Note that this part of the argument
uses only that p is onto.

Next, we claim that there exist functions gy q,..., gx.n € A, and positive
constants Cy, C, such that

= =) h(s) = 3. 2 A) 29)
and

| 82,i(2)] < Gyl 4 | 23, 1) exp(Cyp(2))- (30)

To see this, we use the invertibility of f; ..., f,, . By (27) the functions (& — 2;,)7,(2)
belong to lipe(f; 5---» fn), 2nd hence, to the ideal generated by f; ,...,f, in 4,.
The uniform bound (30) follows from (26) either by the version of the open
mapping theorem just mentioned, or by a direct argument like the one given in
the first part of the proof.

The lower bound (25) of the theorem now follows. Equate the leading terms
of the power series expansions about 2, of both sides of (29) to obtain

1= ) 0T,
so that (25) follows from the upper bound (30) on the g, ; and property (4i) of
the weight function p.

To prove the converse, we need to bypass the fact that the multiplicities m;,
could be quite large. The key is provided by the following lemma.

Lemma 3. Let G(0) be analyticin | { | < 1 and satisfy | G()| < M. Suppose
Surther that G has a zero of order gat { = a,0 << | a | << 1, and a zero of order m
at { =0 with

| S |>5>0. 31)
Then,
lalt > 8/M. (32)

Proof. We define the analytic function J in | { | << 1 by

60 =t (=) o). (33)

Clearly, | ()] < M for | {| <1, $(0) 5~ 0 and y(a) # 0. Differentiating m
times and evaluating at { = 0, the identity (33) yields

< 1G"™()]

o= alt O < Mlal W

\
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Now we are ready to continue the proof of Theorem 4. Let z, € V have
multiplicity m;,, and let 4, be the minimum of 1 and the distance from 2, to
V\{z}. If dp <1, choose z; € V' such that dj, = | 5, — 2, |. Because of (25),
there exists ¢, C > 0 and j, | <{j <z such that

()

om)
By Lemma 3, applied to G({) = fi(=; + ), we have (recall (4ii))
di* = € exp(—Cyp(21)) (34)

for some ¢ , Cy > 0 (independent of k). This equality clearly still holds for
d, = 1 if ¢ < 1. It follows that d,, also satisfies (since m;, > 1)

dy, 2> & exp(—Cip(2))- (35)

We claim that for suitable ¢, C; >0, the component U, of S(f; ¢, C)
(see (2)) containing 2, is contained in A(z; dy/2). To see this, choose j with
[ £ (2)] = (myle/n) exp(—Cp(zy)). Such a j exists by hypothesis (25). For
1<, let fizm 4 dd) = (D). Then | §(0)] = | Fm(s)] dinfm! >
&5 Xp(~Cyp(=) and for | £ | < 1, | (DI < M — max{] filzs + 7): | 7| < 1} <
A exp(Bp(z;)). Then from Caratheodory’s inequality (cf. [29, p. 19]) we obtaln
10 = e exp(—Cyp(zy) for all | £ | < 1/2. Consequently,

L7 ™

et Dl 2 @ g —exp(—=Cop(a), |7l <A (6)

Also, log | $(£)] is harmonic in | { | << 1 so
log [ $(O)] = 5 | log | ()| df =lj” log | f(es + dye )| 46— m
g —‘Zﬂ,#ﬂg ZW_ﬂng k' i

Thus my <log M — log | $(0)] << 4, + 4yp(=). Let | 7] =d,/2 in (36) to
obtain

@0 )] = @2 exp(—Cyp(z)) > e exp(—Cyp(3))-

Taking account of (4ii), we therefore have proved that U, C A(z;; d,/2), provided
€; , Cy are suitably chosen.

. 'The proof is easily completed by applying the semi-local interpolation theorem.
Define A on S(f; & , Cy) as follows. On U, , the component of .S(f; ¢, , Cy)
containing 2, , set 7\(2) =3 a5 (2 — z,)’. (Note that no other z;€V is in
U,.) If Uis a component of S(f; e , C;) which contains no z,, then set
X(z) =0. Then | X(2)| < 4 exp(Bp(z)), 2€ S(f; &, Cy), and X solves the
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interpolation problem on S(f; ¢ , C;). The theorem then follows from the

semi-local interpolation theorem. This concludes the proof. 3
Observe that in the proof of Theorem 4, the zeros z; were actually trapped

inside the small disks 4, , with | f| fairly large near the boundary of 4, .

CoroLLARY 2. With the same hypotheses of joint invertibility as in Theorem 4,
the multiplicity variety V. = V(f; ,..., fn) is an interpolating variety if and only if
there exist ¢ >0, C > 0 such that

(1) each z,€V is contained in a bounded component of S(f; e, C) whose
diameter is at most one; and

(i) no two distinct points of V lie in the same component of S(f; €, C).

Remark 2. Even when we are dealing with a single function f, the condition
(25) is not enough to ensure that f is invertible for general growth functions p.
In fact, there are p such that e?e 4, and e=* ¢ A, (see [24]). It might seem
that if fe 4, and V(f) is an interpolating variety, then there is an F e 4, with
V(F) = V(f) and F invertible or, at least, satisfying (25). Nevertheless there is
a e Co®(R), p(z) =|Imz| 4 log(l + |22, where V(¢) is an A -inter-
polating variety. (W. E. Squires, personal communication).

If we have more than one function then the situation is quite complicated, as
the following two examples show.

ExampLE 13 [15, p. 319]. Let A be a Liouville number, p(2)=]z|,
fi(z) = (sin 72)[ and fy(2) = (sin m/A)z, Then 1 € Iioo(f; , f) but 1 ¢ (£, , fo),
though we know, by the Spectral Synthesis Theorem from [35], that fipe( 3, f2) =
((f1, f2)) = closure of ((f; , f,)) in 4, . Of course, (25) holds for this example.

ExampLE 14. It is also easy to show an example where (25) fails to hold but
V(f,, f.) is interpolating. Again we set p(z) = | z | and choose two sequences
of numbers —1 < €(n) < y(n) < § such that (n) =0, €(n) — 0 very fast
when n — c0. Now, we let f; be a function in .4, with simple zeroes exactly at the
integers and at the points 4-(n 4 ¢;(n)), n = 1, 2,... We have then V(f,, f,) =
V(sin 7z) which is interpolating by Theorem 4. On the other hand (25) fails. Of
course, the reason is that Iiee(f; , f2) %= ((f1, f3))-

A slight modification of Example 13 provides some insight into the geometric
nature of an interpolating variety of the form V' = V(f).

ExampLE 15. One obvious obstruction to (25) occurs when the zeroes of f
are very close together. The function f(z) = sin =z - (sin #/A)z, 0 £ A e R, is
invertible for p(z) = | Im 2 | 4- log(1 + | 2 |2) and p(z) = | 2|, as pointed out
in Example 11. If A is a Liouville number then the zeroes of the form Am, meZ
and those of the form z e Z, get too close together, violating (34) for either p.
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On the other hand, (25) is more subtle. Namely, one can find an even function
JeA,, p(z) =| z|, for which (25) does not hold, but which has simple zeroes
at all Gaussian integers in squares of the form | x — m2 | <y, |y | < nyfora
sequence of integers #; T 0. ‘

We now consider weak-interpolating varieties. It does not seem possible to
give a result as strong as Theorem 4 in this case. However, we can give some
sufficient conditions and some necessary conditions. For some weight functions,
it turns out these will coincide, as we point out in the examples following
Theorem 6.

" Recall that
P(z;7) = max{p(z + {): | {| <7} (37)
For B = 0,120 and {(2,, my)} =V, let
Vi1 = vu(B) = inf{r exp(Bp(zy; 7)): v > 0} (38)
and
Ye = Vic(B) = Vk,mk-l(B)- (39)

Notice that the numbers y; come basically from (23); i.e., (a;;) € Ay (V)
implies | a ;| < Ay, (B) for some B > 0. The results which follow are also
valid with 4, (V) replaced by spaces defined by | a; ; | << 48, ; exp(Bp(zy)),
subject only to some mild regularity conditions on the & ; .

The following theorem gives a necessary condition for V = V(f; ..., f,)
to be a weak interpolating variety when f, ,..., f,, are jointly invertible. Other
more general, more technical conditions can be given without the hypothesis of
joint invertibility.

TueoreM 5. Let V =V(f; ... fn), fi€ A, . Suppose that V is a weak-
interpolating variety and that fy ,..., f, are jointly invertible. Then for each B > 0,
there exist constant e, C > 0 such that

n (my) =
> LI > on(B) exp(—Cpten) (40)

Proof. 'The proof is the same as the necessity part of the proof of Theorem 4.
The only difference is that the functions %, are now chosen with (28) replaced by
B (z,) = (my, — 1)! y(B). We omit the argument. |

Next we give sufficient conditions. For each B >"0, let R, = Ry(B) =1
denote a point at which R;™" exp(Bp(zy; Ry))is close to vy , say < 2y (recall
the definition of v, , in (39)).

TuroreM 6. Let fy ..., fne 4, and V = V(f ..., f,). Suppose that for each
B > 0, there exist constants ¢, Cy , Cy, C3 > 0 such that for all (z,,, m) eV
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(1) m < Cyp(zi) + Co
(i) plers 2Ry) < Cip(z) + Gy, Var lz — 2| < 2Ry,

Z |f§’”'=’(zk>|

(1) = eyi(B) exp(—Cyp(2r))-

Then V is a weak-interpolating variety.

Proof. The proof follows the argument of the proof of the sufficiency part
of Theorem 4, so we only sketch it. Note that in the proof of Theorem 4, hypo-
thesis (i) was derived from the condition analogous to (iii), while the numbers
R, were taken = 1 so that (ii) was vacuous.

By applying Lemma 3 to one of the functions G({) = fi(z, + {Ry) we can
deduce from (iii) and (ii) that

| 2 — 2 ™

I l=0AF+ =+ 1?2 =y (N T exp(—Cp()

for |z — 2, | <8 R,, where y, = y4(B) and %, 8, C are suitable positive
constants (say § = 1/4). Then the proof proceeds exactly as in Theorem 4.
There is also an analogue of Corollary 2 (with the same notation).

CoRrOLLARY 3. If the hypotheses of Theorem 6 hold, then for some €, C,Cy,Cy >0

we have:

(i) Zach z eV belongs to a bounded component of S(f; e, C), and the

)
weight function satisfies

() < Cyp(0) + Gy

for any two points 2, { of that component;
(i) Notwo distinct points of V lie in the same bounded component of S(f; €, C).

While the necessary conditions of Theorem 5 do not coincide with the sufficient
conditions of Theorem 6, there are many weight functions p(z) for which they do.
Here are some examples.

ExampLE 16. Let p(z) = | 2 |°,0 < p < +o0. Then my, = O(p(z;,)) follows
from Jensen’s formula. It is readily checked that R;, = O(! 2, |) so that hypothesis

(ii) of Theorem 6 always holds. According to Example 9, condition (iii) is
equivalent to

$ L)l cexp(—Clal)
= ! )

R

(41)

Thus, for f, ,..., f, jointly invertible, the condition (41) is equivalent to ¥ being
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a weak-interpolating variety. We remark that if V' C V(f), fe 4, , then V =
V(f1, f2) where f, , f, are jointly invertible.

ExampLe 17. Let p(z) = |Imz |+ log(1 + |2z |?), and suppose ¥V =
V(f1,--s fo) where f; ..., f,, are jointly invertible. It can be shown that m, —
O(p(21)) (see next section). Then a further direct calculation shows R, —
O(my,) = O(p(=y)), so that (ii) of Theorem 6 also holds. Consequently, from
Theorems 5 and 6, and Example 10, we see that ¥ is a weak-interpolating
variety if and only if for some ¢, C' >0

cexp(—C | Im 2 |)
(I+1=0H -

This example answers the question posed by Ehrenpreis and Malliavin in
[16, p. 180].

PN

3, INTERPOLATION WITH BounDs. II. GROUPINGS

As we have seen interpolation does not hold in general even for V = V()
where fe 4, . Hence, it is natural to try to find a description of the subspace of
A(V) which is the range of the restriction map p: 4, — A(V). Because of the
semi-local interpolation theorem, it is only necessary to construct an extension
on each component of S(f; ¢, C). It is natural to expect that the classical poly-
nomial interpolation formulas, such as the Newton interpolation formula, will
provide the appropriate extension. In fact, they do for radial growth rates, as
has been shown by Borisevich and Lapin [9] (see also [10]). For nonradial
growth rates, we prove a similar result in case V' = V{(f) where fe 4, is slowly
decreasing, a concept inspired by Example 11, which is often an equivalent but
more precise formulation of invertibility.

DeriNiTION. A function f€ 4, is called slowly decreasing if the following
two conditions hold.

(421) There exist € > 0, A > 0 such that each connected component S,
of the set

S(fi e, A) = {=: | f(2)] < e exp(—Ap(2))}

is relatively compact. And
(42ii) There exists a constant B > 0 (independent of «) such that

) < Bp(z) + B forany =z, (eS,, any o.

ProposiTION 3. If f is slowly decreasing, then f is invertible.
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Proof. Suppose g€ A(C) and gf € 4,. To show g A, : for some constants
C, D > 0 we have
1 8(2)f(2)| < C exp(Dp(2)), forall zeC.

On the boundary of the set S, we have, by (42i)
|81 < Crexp(D1p()) < Cyexp(Dymax (p(w)),  £edS,, (43)

where C; = Cle, D, = D + A. Since S, is bounded we can apply the maximum
principle. Hence (42ii) and (43) yield the estimate

18(2)] < Gy exp(Dyp(2)), 2€ Sy, any a
for some C, , D, > 0. Outside S(f; ¢, 4), the estimate is immediate. ||
ProrositioN 4. If p(z) = p(| z|) and p(22) = O(p()), then any fe A,

f £ 0, is slowly decreasing.

Proof. It is enough to show that for some ¢ >0, 4 >0 and any r >0
sufficiently large there are 7, , 7, such that /2 < r; <7 <7, < 27 and

min{|f(z): 2| =n  or  [z] =ry} > < exp(—Ap(r)).

This last inequality is an immediate consequence of our hypotheses and a
standard minimum modulus theorem (see [29, p. 21] or [7]). |

Remark 3. As an application of the same minimum modulus theorem it can
be shown that for p(z) = | Im 2 | + log(1 + | 2 |2), the converse of Proposition 3
also holds.

We will need below the following lemmas whose proofs are immediate.

Lemva 4. If fe A, is slowly decreasing, then there are rectifiable Jordan
curves I, with the following properties

(a) The curves ', are disjoint and V = V(f)C U, U, , where U, = int T, .
(b) For some constant A > O we have for all a,
1
@) = o exp(—4p(a)),  for zell.
(c) For some constant B > 0 we have, for any o and any pair z, { € U,

#(z) < Bp()) + B.
(d) Ifd, = diameter of I, , then for some constant C > 0 we have

d, < C exp(Cp(2)), forany =zeU,.
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(e) For some constant D > 0,
length(l,) < D exp(Dp(2)),  foramy zeU,.
And finally,
(£) If n, denotes the number of pomnts in V,:= VN U,, counted with
multiplicities, then

< N exp(Np(2)),

for some constant N > 0 and any z€ U, .

The only thing needed for the proof is to notice that (42ii) and (4i) imply (c)
for the diameters of the sets .S, obtained in (42i).

LemMa 5. Ifp(z) = | Im 2 | 4- log(1l 4 | 2 |?) or p(2) = p(| 2 [} and p(2z) =
O(p(2)), then (c) in Lemma 5 can be replaced by:

() Let W, ={zeC: dist(z, U,) < 2d,} then for some constant B >0
we have
(=) < Bp(l) + B
for any o, any z, [e W,

Lemma 4 allows us to introduce a certain subspace 4, ,(V) of A(V)in which
groupings are taken into account. Let {a;;} € A(V)= A(C)[I(V) (see (17)),
and take any representative ¢ € A(C). Then we can construct a sequence of
functions g, € A(U,) by the formula

ri) =g | HFTGE . sev @

Clearly, for z € U, we have

Pu(2) = 9(z) — zﬁlf A z)c — = §lz) + (@) tul2),

5&“ e A(U,). Hence, py (9.) = pv (¢) = {a} = {an.;; 7, € V,}. Moreover, the

s do not depend on the representative ¢. In fact, if one replaces @ in (44) by
P + fib, # € A(C), then the g, do not change. This shows that we have a linear
map 7: A(V)— [1. A(U,), such that py, o 9 = id. It is also true that (44) defines
a map n, : A(V,) — A(U,) such that py o, =id. If {2y} = pr(9), p€ 4,
then, for some constants K; , K, > 0 we have

| pa(2)] < Ky exp(Kpp(2)),  z€ U, (45)
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As matter of fact, we can define a norm in the finite dimensional vector space

A(V,) by
|2l = inf{]| ¢ |t @ € A(U,), pr (@) = {ai}}, (46)

where || ¢ ||, = sup{| ¢(2)|: 2 € U,}. Then, one can see without difficulty, using
the properties (a)-(f) in Lemma 4, that given C; , Cy >0 we can find K; , K, >0
such that

la |, < Cy exp(Cyp(z))  forany szeU,, (47)

implies (45) holds. Conversely, if (45) holds, then for some C;, C, > 0 (47)
also holds. The relation between these sets of constants is independent of a.
It is also clear that if (47) holds we can replace, || ¢ ||, by || ¢(2) exp(—Csp(2))l.o
in (42) for some C; > 0, and get an equivalent norm.

DeriNtTION. A, (V) consists of those functions {a;, ;} € A(V) such that (47)
holds for some constants C; , C, > 0 and for every o.

Application of the semi-local interpolation theorem, as in Section 2, yields
the following theorem.

‘Turorem 7. If the junction f € A, is slowly decreasing, the map p, induces a
linear topological isomorphism between the spaces A,|((f)) and A, (V), V = V().

‘Theorem 7 shows also that, although A4, (V) was defined in terms of a specific
family of curves I', , it is actually a subspace of A(V') independent of the family
(.

Using the calculus of residues the formula (44) can be written explicitly in
terms of the {a?}}, for instance, if all the multiplicities m; = 1 for 2, € ¥ we have,
(a, = a;,), the Lagrange interpolation formula,

Z a  f(z) —f(2) )

L P m—=

Pa(?) = (48)
Hence, Theorem 7, in conjunction with Proposition 4, yields the result obtained
in [9] for the weight p(2) = | # [°. The disadvantage of (48), and the more
complicated ones obtained for arbitrary multiplicities m, , is that they involve not
only {a{}} but also the function f. One would expect a characterization of
Ay o(V) in terms of polynomial interpolation, and this is the case if the conclusion
of Lemma 5 holds for f. In order to show this, we have to recall some well-known
facts about the Newton interpolation formula and divided differences (see [18,
31, 41]).

Let & ,..., L, , n =mn,, stand for the points in V, repeated according to
mult1phc1ty Then the polynomials Py=1, Pi(2) = (2 — {3),.., Ppy(2) =
Hj_l (% — ;) form a basis of the space of polynomials of degree z — 1. There is a
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unique polynomial Q = Q, of degree at most n — 1 such that p), (Q) = {ay)},
and it can be written as

n—1

0) = ¥, 49P(z).

The coefficients 4% = A9({a}*}}) are the jth divided differences of the a{*)’s.
They can be computed recursively. For instance, if {; = 2, then 40 =g, 4.
Similarly, if {; = - = {;)>; = z; then 4% = g, ;. If this polynomial O, the
Newton interpolation polynomial, satisfies the estimate (45), the above discussion
shows that (47) holds and hence there is a function ¢ € 4, such that p;, (p) =
{ay)}. (This can be done even if we know the estimate for a single o since
{01} € A(V), defined by &, = a;; if z2,€V, and b, =0 if z,¢V,, is in
A, V).) We can now estimate the 4% using the following lemma, whose proof
we omit.

Lemma 6 [31, 41]. Let @ be holomorphic in the open set WC C, | ¢(z)] < M
in W, and {y ..., {, be given such that for some & > 0, ULA(Q; 8)C W, then

[AD | < 2767 M, e<<yj<<n—1. (49)

(Here 49 is computed with respect to p(p), ¥ the multiplicity variety associated
to 4y ,..., {, in the obvious way.)

Hence, assuming (c’) holds, if either Q = O, satisfies the estimate (45) or (47)
holds, we have, for some constants C;, C, > 0,

a3, =  max | A9({al)) d.) | < Cy exp(Cyp(2)),

O<{7<in— 1

Vzel,, n=mn,, (50)

as follows from Lemma 6 applied to W =W,, 6§ =2d, . In particular, if
{ag1} € Ay ,(V), then (50) holds for every « with C;, C, independent of a.
Conversely, if (50) holds for a given « then it is obvious from the definition of the
polynomials P; and Q, that, for every 2 € U, and some new constants C;, C¢g > 0,

| Qu(x)] < Cy exp(Cyp(2)) Z a7 |z — &) -+ (2 — &)

=0

< 1,Cy exp(Cyp(2)) < Cs exp(Cep(2))-

The last inequality follows from Lemma 4, (f). Hence, if (50) holds with con-
stants independent of «, {a;,;} € 4, (V). These remarks are collected in Theo-
rem 8 for future reference.

TurorReM 8. Let fe A, be slowly decreasing and the norms a2 |l of
{a..} € A(V) be defined with respect to some grouping {I,} satisfying (a)~(c'}(f) of
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Lemmas 4 and 5. Then A,)((f)) is isomorphic under the restriction map p to the
subspace of A(V) of those{a,, ;} such that (50) holds for some C; , Cyindependent of .

Remark 4. Tt is an immediate consequence of Proposition 2 and Theorem 7
that, if f is slowly decreasing, then A, (V) C 4, (V). Itis also true for weights
like p(z) = | =z |° or p(z) = | Im z | + log(1 + | = |?) that, if there is a grouping
{I'} for V = V(f) such that every ¥V, contains a single point of V, then 4, (V') C
A, ,(V)and hence V is weak-interpolating (see Corollaries 2 and 3 of the previous
section).

We conclude this section with an example for which the groupings can be
made more explicit.

ExampLE 18. As already pointed out, for the weight p(z) = |Imz |+
log(1 - | % |?), the concept of invertible function and slowly decreasing function
are synonymous, and the exponential polynomials with pure imaginary frequen-
cies arc invertible in A, . A more precise statement about the groupings can be
made by using the sharper lower bounds known for such functions (35, 19]
ans also sharper bounds on the number of zeroes they can have in disks of fixed

radii [40, ch. 6]. Namely, let
F@) =Y gi(2) exp(—imz), (51)
k=1

where the g, are non-zero polynomials of degree v, and the o, € R. Let K =
smallest closed interval containing all the frequencies o, . Then if y = Im 2, we
have :

h(z) = max{Re(—iye): 1 <k < m} = hg(z) = max{éy: £ K} (52)
From [19] there is a constant C >0 and 7 =#(z), 0 <{r <1 such that

min | f(z + reé?®)| = Cexp A(2), VzeC. (53)

0<C0<2m

Hence, the d,’s can be taken <C 1. Therefore, (50) can be replaced by
IRl = ( max [ A9W@)] < Cyexp(Culp(@) Vze U, n=mn,. (50)

Furthermore, from [40] we can get an upper bound for #, ,

Astara, (54)

Ny KL v+ —/——m=

where v = > (v, + 1), 2 = max | oy, |.
In fact, the same situation still is valid if we replace f by F(z) = f(2) + g(),
where g(z) = fi(2) and p is either an integrable function with sup o C K or p is
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an arbitrary distribution in &’(R) with supp p CC K. If we use the weight
p(2) = | = |, then we can allow complex frequencies oy, in (51). In this case (53)
and (54) still hold when (52) is replaced by

h(z) = max{Re(—in,2): 1 <<k <m} = hy(2) = max{<{{, 2): {e K} (52)

where ({, 2) = & + ny, ({ = ¢+ ), 2 =x 4 7y) and K = convex hull of
the set {id,: 1 <<k < m}. We can replace f by F = f + g, g = fi = Fourier—
Borel transform of a Radon measure p with sup 4 C C K

§2) = [ it du(D).

4. MEeaN-Periopic FUNCTIONS

Let f € & = &(R), the space of all C* functions on the real line. We say that f
is mean-periodic if there is a nonzero distribution of compact support, p € &7,
such that the function p * f(x) (= | f(f — ) du(z)) vanishes identically. Here
we are following the standard mnotation for f(x) = f(—x) and convolution as
presented in [35] or [36]. Similarly, if fe A(C), we say that f is aralytic mean-
periodic if there is a nontrivial analytic functional g, which can be represented
by a Radon measure of compact support, such that p * f = 0.

Probably the oldest problem in harmonic analysis has been the representation
of mean-periodic functions in terms of the simplest mean-periodic functions, i.c.
exponential-monomials x% %2, Since p * €2® = [i(z) ¢**®, where {i is the Fourier
transform of g, it follows that the pairs (2, [) have to be taken from V" = V().
When p represents an ordinary differential operator with constant coefficients,
L. Euler [17] showed that the finite sums

f@= Y cule  V=V(§@), (35)
(z,L)eV

represent all the solutions to the equation p*f = 0. Similarly, a periodic
function in & (or 4A(C)) has a Fourier series that converges in the topology of &
(or A(C)) resrpectively). For solutions of difference-differential equations,
partial solutions to the representation problem go at least as far back as [20, 34].
In [26] Leont’ev pointed out the need to group terms in order that a series of the
type (55) converge at all—this corresponds to Example 15 above (see also [37]).
Finally, following earlier work of Delsarte [12], L. Schwartz solved completely
this problem in [35], proving that the representation (55) holds for any mean-
periodic function with respect to an arbitrary p. What happens is that one needs
both grouping of terms and an Abel-summation procedure to make (55) conver-
gent, even in the pointwise sense. After that, it will converge in €. In [13] it was
observed that if one assumes that pe &’ is slowly decreasing then the Abel-
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summation procedure can be dispensed with. In the case of several variables, i.e.
ped(R") or ¢ecA(C"), Ehrenpreis’ Fundamental Principle [14, 15, 32]
consisted in extending the Fourier-type representation (55) to solutions of
partial differential equations with constant coefficients. There was a further
extension of this Fundamental Principle to certain difference-differential
operators in R in [2, 4]. The representation question is settled in [3, 6] for the
case in which either ¢ € £(R") is mean-periodic with respect to p, g slowly
decreasing, or ¢ € A(C") is analytic mean-periodic (no restriction on p). The
method of [6] is based on the relationship existing between the Fourier-represen-
tation (55) and the interpolation theorems presented above. In the case of one
variable, this idea appears in [16] in the case the series (55) converges absolutely
without any grouping and it is completely settled there under the assumption
that all the multiplicities m;, = 1.

To start with, we recall that & (resp. A(C)) is a reflexive Frechet space whose
dual &’ (resp. A’(C)) is linearly isomorphic, via the Fourier transform, to the
space A,(C), pz) = [Im 2|+ log(1 + | 2|?) (resp. p(z) =]|=]), and this
isomorphism is also topological ([15], Ch. 5). Given i e &’ we will say it is
slowly decreasing if that is true for ue A, . From here on we will assume
p € &' is slowly decreasing. (No restriction is needed if we consider p € 4'(C),
beyond u = 0). We will only refer to mean-periodic functions in &, since
everything carries over verbatim to analytic mean-periodic functions. Let .# be
the closed subspace of & defined by

M= {fe& pxf—=0)

and ¢ the ideal in &’ given by

fZ{‘u,*V:vEtam}.

Since p is slowly decreasing, i.e. . = ((%)) is closed in &’ = A4, (see Proposi-
tion }), it follows that ¢ is also closed. Hence .# is the dual space to &/ ¢ ~
&1 F = 4,/((f)) By Theorem 7, A,J(@) == 4,(V), V — V(3). We use
Theorem 8 to characterize (4, (V). An element g 4, (V) is a sequence

{®.} of vectors in the finite dimensional vector spaces A(V,), which for some
C > 0 satisfy

sup || @y fll €% < o0

where P, = min{p(z): z€ U,}. Hence, Fe (4, ,V)) is given by a sequence
of vectors {F,}, F, € A(V,)*, such that for every C > 0 we have

Y I Fy 1 €7 < oo,
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and

F(p) = Y. Folpa)- (56)

(Here, A(V,)* denotes the dual of the finite dimensional space 4(V,) and
(Il - [[1* the dual norm.) Hence, the series (56) converges absolutely and uniformly
over any bounded set of ¢’s for a fixed F. Given f € .#, we have then a corre-
sponding element F e (4, (V))’ given by

T(f) =F(euT)), VTeé&, (57)

since py establishes the isomorphism in Theorem 8. By specializing (57) to
T = 6, = Dirac mass at x, we get

16) = Fre ™) =X ( 3 aue). (55)
« MagDeV,
The outside series now converges absolutely and uniformly over compact
subsets of R. By taking T = 8" we obtain the same statement for all formal
derivatives.

Turorem 9 [35, 13, 48]. If fe&(R) is mean-periodic with vespect to a
slowly decreasing distribution p, then f has a Fourier representation (55') convergent
in & If f € A(C) is mean-periodic with respect to p € A'(C), p # 0, the same state-
ment holds (x € C).

The weak-interpolating case is the case where the series (55') becomes

F) =Y eufx) €7,
3

¢, a polynomial of degree < my, , the summation extended over the distinct
roots of the equation fi(z) = 0. This series converges in the topology of &
without any groupings, see Remark 4 (compare also with [16]).

The case of other distribution spaces, e.g. f € Z'(R), can be handled similarly.

In the above proof of the Fourier expansion for mean-periodic functions, the
dual norms ||| - |||* are used but there is no need to compute them explicitly.
We proceed to do that computation here, since the explicit expression we obtain
allows us to solve a problem posed by Ehrenpreis [13, problem 9]. For the sake of
simplicity we will assume throughout that the multiplicities are always one, but
the result extend to the general case without difficulty.

LevMa 7. Let 2y ,..., 2, be n -+ 1 distinct points in C, | the linear isomorphism
of C* into itself given by mapping an n -+ l-tuple (ay,..., a,) to the n -+ 1
divided differences A\ of the a; with respect to (2g ..., Zn):

J:a = (ag 0y a) — 4 = (4O, A®),
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where 40 = ay, AV = (a, — a,)/(2, — 2,), etc. Then the matrix representing
J7 s the following:
1 0 0 = 0
1 (2, — 2p) 0 - 0
JP=11 (22— 2) (32— 2)2—2)00

For d >= 1 fixed, let
n 1/2
lall = (3 1 4%ap)
k=0

Then, its dual norm, with respect to the bilinear form (a, by 1= aghy + -~ +
ab, ,is

16 I = (z |y 12)”2,

where ¢ 1= (J~1)'b. Furthermore, if || b|||* < 1 and diameter {z,,..., z,} < d,
then
b | [] [ 25— 25 | < mdndn, k=0,.,n

ik

Proof. 'The computation of the matrix ! is an immediate consequence of
the fact that, for P(z) = Y_, 4® I locick(z — =;) we have P(z;) = a; when
4 = Ja. The determination of ||| - |||* is standard. It only remains to prove the
last estimate, which is obvious for £ = n since | ¢, | <||| b]||* d* and

lcnlzlbn| 1—[ Izj_znl
0i<n

as follows from our explicit computation of 1. To obtain the general case
we only have to observe that from Lemma 6 it follows that the maps

@y g @) = (g Gy )
have norm < 74", when C"*! is endowed with the norm || - [|l. [

The problem we want to discuss is the following. Assume u, ve &, p is

slowly decreasing and (i, # have no common zeroes. When is it possible to solve
the system

prf=¢g

vxf =h, ©8)

subject to the compatibility condition i % & = ¥ x g. We look for fe &(R) and
assume that g, & € &(R), but the same reasoning works in 2'(R).

607/33/2-4
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A small amount of functional analysis shows that the necessary and sufficient
condition for the existence of a solution f for every pair g, & which satisfies the
compatibility condition, is that the algebraic ideal generated by u and » be closed
in &, which, by the spectral synthesis theorem [35], and the assumption that
fi and ¥ have no common zeroes, is itself equivalent to the existence of two
distributions g, , », € ' such that

Pt pg kv =5 (59)

(See [21] for an analytic condition equivalent to (59).)

The question then arises of characterizing all g, % for which (58) is solvable
when (59) fails. Since p is slowly decreasing, the convolution operator gix: & — &
is onto ([13]), and hence (58) can be reduced to the equivalent system

gxF =0
(58')
v¥F =H
with compatibility condition fixH = 0.

Hence, both I7 and the function I we are looking for are mean-periodic with
respect to the slowly decreasing distribution p.. We can apply Theorem 9 so they
have expansions

Fla) =} gpx'e™™
and

H(w) = ¥ ypo'e ™™

convergent in the topology of & (after groupings), and the coefficients are unique-
ly determined by F, H (see (55") or use the Spectral Synthesis Theorem.) Let
us assume the multiplicities of the zeroes of i are always one. Writing ¢,: =
Pr.0s Ve 1= Yi.o » the system (58") is equivalent to the equations

W)pe =y 2V = V() (60)

which can be solved uniquely, since $#(z;) 4 0. The only problem is to decide
whether the ¢, can be the Fourier coefficients of a C= function. The answer
lies in Theorem 8 (see also proof of Theorem 9), i.e. for any C >0

Il 7/2(z)lla" = O(exp(—Cp)). (61)

These inequalities are fairly explicit, due to Lemma 7 above. In particular, a
necessary condition on H is the existence of constants K = K(C) > 0 such that

lye | TT 125 — 25 | << Kdy* | 9(2y)| exp(—Cp(2))

j#k
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where the product is taken over those 2; lying in the same group « as 2, . The
other constants involved have been absorbed by the exponential term, using
1y = O(p)-

The case in which the multiplicities are allowed to be arbitrary may be treated
similarly. The condition (60) is replaced by triangular systems of linear equations
with $(z;) as the diagonal elements, and the modifications needed in the Lemma 7
are direct.

Let us illustrate this result with the same very simple example from the classi-
cal theory of Fourier series which we have used repeatedly (which, of course,
could be studied without using Theorem 9). If i(2) = sin =z, then F, H must be
periodic functions of period 27, there are no groupings, d << 1, 2, = ke Z.
Theorem 8 reduces to the well-known fact that, for all C > 0,

P> v = O((1 + [ k)7€).

If #(z) = 1/z sin(w/A)z, A ¢ Q, then (61) imposes condittons on y,, depending on
how fast can A be approximated by rational numbers, namely

ve = O((1 + | R 1)° dist (k, V).

We have included at the end of our bibliography a few references not men-
tioned in the text which touch upon deeper properties of mean-periodic func-
tions, Dirichlet series and other related subjects. These references are not
complete, since there is a vast amount of literature in these areas.
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