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Abstract: The low-J resonances in the Coulomb barrier region of the !2C + '2C system are investigated
in the framework of a microscopic cluster model basis including '*C+'2C, x+2°Ne, and
8Be+ %0 fragment decompositions. Calculations are carried out in an orthogonality condition
model approximation in which Pauli-forbidden components are properly excluded from the basis
but in which the interaction among cluster fragments is approximated by a local potential, ob-
tained from a gaussian NN interaction by a folding procedure leading to both spherical and
Q - Q terms. Only minor adjustments of overall strength and fall-off parameters are introduced to
gain a consistent picture of the low-energy spectrum in the separate rearrangement channels. The
basis includes cluster relative motion excitations with oscillator quanta from 12 to 20 and is not
quite rich enough to give a detailed quantitative comparison between theory and experiment.
Predicted excitation energies are too high by ~3 MeV and predicted '2C partial widths are too
small to indicate a well-developed surface-peaked molecular character; but it does appear
possible to identify a 5 MeV region as the potential seat of the 0%, 2*, 4* resonances. The number
and approximate spacing of the resonance fine structure components are in agreement with
experiment.

1. Introduction

Since the first discovery ') of the narrow resonances near the Coulomb barrier in the
12C +12C system a large number of investigations, both experimental and theoretical,
have been undertaken in an attempt to elucidate the nature of these resonances. The
slope of the J-dependence of the gross structure of these resonances is consistent withan
inertia parameter for two nearly touching !?C nuclei, and many of the theoretical
studies of these resonances seem to confirm the usefulness of the quasimolecular
picture. One of the distinctive features of the resonances in the '2C + '2C excitation
functions 2-3) is the rich fine structure of these resonances. As many as 6-10 closely
spaced resonances of the same J* are observed in many different exit channels in a 2-3
MeV interval, individual fine structure peaks having widths of 100-200 keV. A com-

* Nishina Memorial Foundation Fellow, on leave of absence from Physics Department, Niigata
University, Niigata 950-21, Japan.
* Work supported by the US National Science Foundation.

102



Y. Suzuki, K. T. Hecht | Sub-Coulomb **C+'2C resonances 103

plete understanding of this fine structure, seemingly related to the nonspherical shape of
the two '2C nuclei, may serve as one of the most severe tests of the quasimolecular
interpretation of these resonances.

Most recent theoretical interpretations are based on some variant of the Imanishi
model *), yet despite extensive theoretical effort by the Greiner school *), Abe, Matsuse
and Kondo ¢), and many others 7), a detailed explanation of these resonances has not
yet been given in the framework of a fully microscopic theory. A *2C+ 12C cluster
model description of the A = 24 system, possibly coupled to cluster states with frag-
ment decompositions corresponding to the most important exit channels ), is the only
model sufficiently microscopic for a detailed examination of this problem. In many
simple cluster systems, e.g. the o + & or & + 1 2C systems, the exclusion of Pauli-forbidden
components in the wave functions is often more essential than the inclusion of the
exchange terms in the interaction kernel, and the latter can be approximated by an
effective local potential. Such systems have therefore been studied successfully in the
framework of the orthogonality condition model (OCM)?). In heavier systems the
usefulness of the OCM is not established. However, in a system such as the 12C+12C
“molecules”, a cluster system made up of two nearly touching fragments, with fragment
internal excitations limited mainly to rotational excitations such as the 0%, 27, 4*
excitations of the !2C fragments, the exclusion of Pauli-forbidden components may
again be more important than an inclusion of the exchange terms in the interaction. In
view of the great difficulty of a fully microscopic coupled-channel treatment of such a
system, it may be worthwhile first to attempt a detailed OCM investigation. Recently,
norm and overlap matrix elements for the binary fragment decompositions *2C + !2C,
8Be+ 10, a +2°Ne, p+ 2*Na, n + 23Mg of the A = 24 system have been made avail-
able !°), making it.possible to undertake such an investigation.

In a very preliminary study !!) a phenomenological interaction with Q - Q terms was
used to examine the question: is a simple !2C+!2C molecular basis sufficient to
account for the density of low-J resonances in the Coulomb barrier region? For
extreme simplicity only those components of the *2C + !2C cluster model basis cor-
responding to 2hw shell-model excitations were retained in the basis, and for this reason
this initial calculation was unable to predict (even approximately) the absolute po-
sitions of the resonances or make estimates of their widths. Instead, spectroscopic
factors were used as a rough indicator of their strengths. In earlier OCM studies of the
A = 24 system, an %0 + 2a model !2) was used to focus on the low-lying excitations in
24Mg. OCM calculations for uncoupled a + 2°Ne, ®*Be + ' °0, and '2C + !2C models 3)
gave an indication of the appearance of low-J molecular states in the 22 MeV excitation
region, with large '2C + *2C reduced width amplitudes. A first attempt to focus on the
details of the fine structure of individual J* resonances has very recently been made in a
pure *2C + 12C basis '4).

It is the purpose of the present investigation to generalize the earlier attempts with a
cluster model basis sufficiently rich to reproduce the degree of complexity of the
resonance fine structure and including a sufficient number of relative motion oscillator
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excitations to approach a semi-realistic description of the cluster radial wave functions.
As in ref. '') the present study focuses on the low-J Coulomb barrier region of the
12C 4+ 12C system since an interpretation in terms of quasibound states may be most
appropriate for this region. The basis of our model is defined in sect. 2. Since a simple
12C + 12C quasimolecular basis seems to be insufficient to account for all of the rich fine
structure of the observed resonances % '!) the present model couples the !2C +!2C,
a+2°Ne, and ®Be+ '°0O channels. Relative motion oscillator excitations have been
limited to values corresponding to shell model excitations with oscillator excitation
energies < 8Aw to keep the dimension of the basis manageable. The details of the OCM
equations of motion applied to this cluster model basis are presented in sect. 3. The
cluster-cluster potential function is obtained from an effective NN interaction via a
folding procedure in sect. 4. This leads to a specific form for the radial dependence of the
cluster relative motion potential function, including a spherically symmetric term and
Q- Q couplings due to the nonspherical intrinsic shapes of 12C, ®Be, and 2°Ne frag-
ments. Although a small (10-20 9;)adjustment of both the overall strength and diffuse-
ness parameters of the folded potentials are introduced in the separate '2C+ 2C,
8Be + 1°0, and a + 2°Ne channels to gain a consistent picture of the low-energy spec-
trum of the A = 24 system, no further parameter adjustments are made in the Q- Q
terms of the interaction which are responsible for the details of the fine structure of the
resonances. The results of the present investigation are discussed in sect. 5. No attempt
has been made to optimize the agreement between the model and experiment since the
aim of this work is limited to showing the feasibility of a microscopic cluster model
description of the resonances, including a coupling of the !2C + 12C basis to the most
important rearrangement channels. Although our basis is not expected to be rich
enough to give a quantitative comparison between the theoretical model and experi-
ment, it appears to be possible to identify a 5 MeV region in the predicted spectrum as
the seat of the candidates for the J* = 0%, 2%, 4* molecular resonances. However, the
fact that the predicted excitation energies are too high (by about 3 MeV) and the fact
that the predicted 2C+ '2C reduced width amplitude in the surface region (with
R = 5.5 fm) are too small and not sufficiently developed to be of true molecular
character, shows that the basis of the present investigation must be expanded to
include higher oscillator excitations in the relative motion degrees of freedom. It is
nevertheless possible to conclude from this study that a microscopic cluster model
picture can account for the major features of the observed resonances in the Coulomb
barrier region of the !2C + !2C system. It may, however, be more accurate to charac-
terize the quasibound states responsible for the resonances as quasi-molecular rather
than true molecular states, if a true molecular state is to be characterized by an
extreme peaking of the !2C+!2C relative motion function at an internuclear
distance of ~ 5.5 fm.



Y. Suzuki, K. T. Hecht | Sub-Coulomb '2C+'*C resonances 105

2. The cluster model basis

Since a pure ! 2C + 12C cluster model basis may not be enough to account for the full
fine structure of the resonances, the o + 2°Ne and ®Be + 'O channels are to be coupled
to the '2C + 12C channel and are thus included explicitly in our microscopic cluster
model basis. The cluster model functions are to be expanded in an SU(3)-coupled
harmonic oscillator basis, with cluster-internal and cluster-relative-motion functions
with equal oscillator width parameters. The norm and overlap diagonalizations are
greatly simplified in such an SU(3)-coupled cluster basis. It therefore forms a natural
basis for the OCM approximation. The properly antisymmetrized SU(3)-coupled
cluster model functions are to be denoted by ,,

¥, = [P0 (f) x plha-ria-N(A— )] x y @O (R ), 1)

where o antisymmetrizes , under exchange of nucleons between cluster fragments of
mass f and A —f. The square brackets denote SU(3)-coupling. [The notation of the
paper follows that of ref. 1°), particularly insofar as the SU(3) quantum numbers and
coupling coefficients are concerned.] In the above, « stands for theé quantum numbers
(Acts), (Aw), x and specifies the nature of the fragments f, A—f. Specifically, the ¥,
include:

(i) the *2C +2C basis

A|[[$°9(**C) x (1 2C) ] x g @Ry 5 12)]>» (2a)

(ii) the « + 2°Ne basis

A [[$° () x $BO(2Ne)]®* x ¥ 24 MR, _ 20)Jefin), (2b)
(iii) the ®Be + *°O basis
A|[[$“V(®Be) x $©V(*60)]4% x ¥ CO(Rq _ 1 6)1EH0- (2¢)

The fragment internal wave functions, ¢, are the simplest possible shell-model wave
functions of pure SU(3) symmetry; e.g., (i,u,) = (04) for f = 12C, The basis thus
includes the excitation of each !2C fragment to 2* and 4* states, and similarly the
excitation of 2°Neto2*,4*, 6%, 8" states and ®Beto 2,4 states, that is all members
of the ground-state rotational band of each cluster fragment. The relative motion
harmonic oscillator wave function x‘Q°)(Rf) carries Q oscillator quanta; R, is the
appropriate dimensionless relative coordinate for fragments f and 4 —f:

1 ([d-
R,=E{[—#]’(rl+...+rf)— [rj_ﬂ]’(rﬁﬁ...wd)}, 3)
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where b = [hi/mw]?, m = nucleon mass. Since we are interested in positive-parity
states, Q must be even, and in the *2C + !2C channel (4,4,) is restricted to (08), (24) and
(40).

The smallest Pauli-allowed value of Q is 12. For Q = 12 the Pauli-allowed states are
restricted to those with (Au) = (84), (73), (62), (51), (40) in the '2C+ '2C channel,
(An) = (84), (46), (08) in the a + 2°Ne channel, and (Ax) = (84) in the ®Be + '°O chan-
nel. Note, however, that the three (84) states are identically equal, since there is but a
single shell-model state with (du) = (84). It is the dominant component of the ground
rotational band of 24Mg. To eliminate redundant states and form an orthogonal basis
of independent Pauli-allowed states, the norm and overlap matrix diagonalization is
carried out:

z; <¢a|¢’a’>cu’ = ﬂca' (4)

In the SU(3)-coupled basis, ¥,, the overlap matrix elements {(,/y,.> are diagonal in
(Ax) and x, and independent of xJ M. The diagonalization is therefore factored and can
be carried out separately in each (4u) subspace. For each such (4u) subspace the
summation in eq. (4) thus runs only over the fragment designations and the quantum
numbers (4,4.) (when needed). The sums over o’ thus contain at most five terms in our
chosen basis. With Z‘,,lca,,l2 = 1, eq. (4) leads to the orthonormal basis

{\/%Zf'ﬁ} ()

where the states, (5), are eigenstates of the antisymmetrizer in the chosen Hilbert space.
Table 1 lists the SU(3) quantum numbers, (A1), of the Pauli-allowed states (§ # 0)
both for the restricted basis of a pure !2C + !2C channel (table 1a) and for the full basis

TABILE la

Pauli-allowed states in the '2C+ !2C basis

Qo (Apy

12 (84), (73), (62), (51), (40)

14 (14,2), (11, 5), (12, 3), (13, 1), (10, 4)2, (11, 2), (12,0), (93)%, (10, 1), (82)%, (71), (60)

16 (20,0), (17, 3), (18,1), (14,6), (15,4), (16,2)%, (13,52 (14,3)%, (15, 1), (12,4), (13.2),

(14,0, (11, 3)2, (12, 1), (10, 2)%, (91), (80)

18 (20, 4), (22,0), (17,7). (18, 5), (19, 3), (20, 1), (16, 6)%. (17,4), (18,2)%, (15, 5)%. (16, 3)%
17, 1), (14, 4)%, (15,2), (16, 0), (13,3)2, (14, 1), (12, 2)%, (11, 1), (10, 0)

20 (20, 8), (22,4). (24,0), (19,7), (20,5), (21,3), (22, 1), (18,6)% (19.4), (20,2)%, (17, 5)%,
(18, 3)2, (19, 1), (16, 4)%, (17, 2), (18,0), (15, 3)%, (16, 1). (14,2)%, (13, 1). (12, 0)
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TABLE 1b
Pauli-allowed states in the '2C+!2C, a2+ 2°Ne, *Be+ %0 coupled basis

4] (Auy

12 (84), (73), (46), (08), (62), (51), (40)

14 (14, 2), (11, 5), (12, 3)%, (13, 1), (10, 9%, (11, 2), (12, 0), (85), (93)%, (10, 1), (66), (47), (82)%,
(28), (71), (60)

16 (20, 0), (17, 3), (18, 1)%, (14, 6), (15, 4), (16,2)*, (13,5)%, (14,3)*, (15, 1), (12,4)%, (13,2),
(14,0), (10, 5), (11, 3)2, (12, 1), (86), (67), (10, 2)%, (48), (91), (80)

18 (20, 4), (22,0)%, (17,7, (18, 5), (19, 3), (20, 1), (16, 6), (17, 4), (18,2)%, (15, 5)%, (16, 3)*,
(17, 1), (14, 4, (15,2), (16,0), (12, 5), (13, 3)3, (14, 1), (10, 6), (12, 2)%, (87), (68), (11,1),
(10, 0)

20 (20, 8), (22, 4), (24, 0)%, (19,7), (20, 5), (21,3), (22, 1)%, (18, 6)%, (19, 4), (20,2)%, (17,5)%,
(18, 3)*, (19, 1), (16, 4)%, (17, 2), (18,0), (14, 5), (15, 3)%, (16, 1), (12, 6), (14, 2)%, (10, 7), (88),
(13, ), (12,0)

of all three channels (table 1b). For Q = 20 the possible (Au) states are all linearly
independent and become allowed. The rich structure of many possible states in the
12C 4+ 12C basis may explain why many fine structure components are observed in the
resonances of the 12C + !2C excitation functions. Some representations, (4u), appear in
all three channels, in particular (Ax) = (Q+4,0) (@+2,1)(Q, 2) (Q—2, 3) (Q—4, 4).
Overlap matrix elements in these states are significantly large. As an example, the
overlap matrix elements for states with Q = 16, (Au) = (12, 4) are shown in table 2.
Such large overlaps are consistent with the fact that many Coulomb barrier resonances
observed in the !2C+'2C induced reaction are strongly correlated in various exit
channels of « + 2°Ne and ®Be + !°O.

The coupling of 12C+ !2C, a+2°Ne, and ®Be + !°O channels appears to be impor-
tant for a proper treatment of the Coulomb-barrier resonance region. The nucleon

TABLE 2
Overlaps for states with Q = 16, (Au) = (12, 4)

f+A- cy 12 ey 12C Rey12c a+2°Ne 8Be+ 150
(Atte) (08) (24) (40) (80) (40)
1.0% 0.303870 0.129501 0.185016 0.492974
1.0 0.661192 0.177461 0.564195
1.0 0.125391 0.413667
1.0 0.256305
1.0

*) To focus on the magnitude of the overlaps the states i, have been renormalized to give diagonal
entries of 1.0. The actual values of the norms are 0.403145, 0.222080, 0.0850768, 0.674438 and 0.386503.
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channels have been neglected largely for simplicity even though some *2C + !2C basis
states have significant overlaps with the p+2*Na and n +2*Mg channels '°). It may
perhaps be expected that the nucleon channels do not play a major role in the dynamics
of the resonances, that is in the determination of the nature of the quasibound states,
although they must be taken into account in a quantitative determination of the widths.
Even without the nucleon channels the microscopic cluster model basis of the present
investigation is a rich one. With Q restricted to 12 < Q < 20 the dimensions of the
basesfor J = 0,2,and 4 are 48, 137, and 190 in the restricted space of the pure '2C + !2C
channel. These are increased to 76, 208, and 292 for the full basis of mixed 2C + '2C,
@+ 2%Ne, and 8Be + 'O channels.

3. The OCM equation of motion

The orthogonality condition model (OCM) approximation was first introduced in
the a-u scattering problem °) since it accounts well for the almost energy-independent
inner oscillatory behavior of the a-a scattering wave function of RGM type. The OCM
has been applied successfully to describe the spectrum of 10 below ~ 15 MeV through
an a+ '2C cluster model !3) and gives a good account of the scattering ') of a-particles
on 12C. Recently, the structure of 2°Ne has been investigated with the use of a coupled
(x+1%0), (®Be+ 12C) treatment !7). Although progress has been made in the eval-
uation of the full interaction kernel for the '2C +!2C, a+ 2°Ne, ®Be+ %0 cluster
decomposition of the A = 24 system '®), a fully microscopic multichannel RGM or
GCM treatment of the !2C 4 !2C excitation functions would constitute a major com-
putational effort. If exchange terms in the interaction kernel do not play a prominent
role in the resonant structure of the 2C + !2C system, an OCM treatment in which
Pauli-forbidden components are properly excluded from the basis, even though ex-
change terms in the interaction are not treated correctly, may form a more reasonable
starting point for a microscopic study of this problem. The availability of the needed
norm and overlap kernels makes such a calculation tractable.

In the OCM approximation, the hamiltonian, H, is approximated by # where

H = \/-E[T +V+ Hinternnl]\/E' (6)

In this effective #, K is the overlap kernel which insures the exclusion of Pauli-
forbidden components, T is the kinetic energy operator for the relative motion of
fragments f and A—f, V is an effective local potential between clusters, and H internal
gives the internal excitation energy of the fragments.

To make the meaning of the operator K more precise, it is useful to discuss first the
transformation from the SU(3)-coupled cluster model basis, ¥, [see eq. (2)], to the more
conventional channel spin basis,

¥ = L|(SFI(f) X 4= (A =)y, x PO R, pe)s M
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where i denotes the angular momentum quantum numbsers, (I I ,_ (I L) of the channel
spin scheme. Note that the label i also includes the fragment designation f (and hence
A—f).Ineq. (7) the round brackets denote ordinary angular momentum coupling. The
¥, and y, are related by the orthogonal transformation

!l,i = Z Uia‘ﬁa’ 'l’a = gUialpi’ (8)
where
Uy = Z <(}~_r#f)lf; (A4 —fI‘A—f)IA—f||(}~cl»‘c)"cIc>

X Akl 5 (QOILII(Ap)xT ). ©)

Since these U, are real,

Z U‘EUJG = 6‘}’ ; UiﬂU’ﬂ = 6.',. (10)

Note that both labels « and i include the cluster designation f; but the transformation
coefficients are diagonal in the fragment decomposition and do not connect states with
f’+# f. Thusthe sum over a (or i) includes only sums over the labels (Au), x,and (4,u,) (or
I1,_,I.L) appropriate for the fixed fragment decomposition implied by i (or ). If
the relative motion functions are factored into radial and angular parts

X(L%))(Rf) =Q(LQO)(RJ')YLM(RJ‘)a (11)

where R  denotes a unit vector, the overlap kernel can be defined through

_ R
Ku(RR) = < ot MR B (@i 1) x @fiat AL ), % VR

5(Rf R)

x .o () f") % Bfiarta-rH A~ f')); x Vi (R, ))m>- (12)

The norm and overlap matrix elements are related to the matrix elements of K by

<¢a|¢’a’> = iZ Ulan’u’<Q(I?O)|Kii’|g(L¢0)>
= ; UiUpe fdﬁﬁz J‘dRRzgli""’(R)‘Kw(R, R)ZF O(R). (13)

Also,

2 K (S eatnaty®) = p(Te, ), (142)
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namely,

=8 (Z c,U,,a‘LQm(R)) , (14b)

where eq. (14)is the channel spin analog of eq. (4). In eq. (14) the sum over i’ {and hence
') includes a summation over all fragment decompositions f°, whereas the index i
stands for channel spin quantum numbers for a fixed f.

In the OCM approximation the hamiltonian matrix elements between the orthonor-

malized cluster model basis states
1
H‘\/;Zc,,wa,> (15a)

< \/%gc,wa

1 .
W Z' Z Caca’UlaUl’a’<‘x(LQO)l‘#ii’lg(LQ’ 0)>

= Z Z Cana Z, Cy Ui’1’<"?(LQO)I[T + |4 + Hinlernal]ii"g(l.q"m)

are replaced by

= Z caca’<'pa|T+ V+ Hintemall‘ﬁa’)' (15b)

In the last form of eq. (15b) the functions ¥, do not include the antisymmetrizer o/
(which has been eliminated by the operation of \/ K );thatis ,isdefined by y, = .oV,

In terms of such SU(3)-coupled cluster functions, §,, the matrix elements of the
operators @, where @is T,or V,or H;,. ... are first related to matrix elements M,. The
latter are defined by

CLLHAf) x Blin-ha- DA~ )]0k x @R, )]0
L[ rbrI(f7) x ha-rie-r( A —f )]0k xx @R .Y
= 3 % (Gl QOIS

xeloL xc Ie/L’

X (Ao per YL (QO)N(A W T ) Mg, (16)

where
Mg = {([@V#I(f) x pla-sta-(A — f)JE x ¥ 2OR D) pl
x O|([ @A) () x $Wha-rita-r)(A— f)]¢f<) x 3 OUR 1)) ag)- (17)
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For ©® = T or 0 = H,,n. the M are very simple:
(i) The kinetic energy. With 0 = T,

My =0y, 104 yywa enermerOL 1
x $00{85, /20 +3)— 8, g+ [(@ +L+3NQ ~L+ 2]
=8¢, 0+2[(Q+L+3XQ—-L+2)]*} (18)

(ii) The cluster-internal energy. With @ = H,,rna1s

MHI-mml = 6f- f’alm Ic'aq- Q'6L, L Z
lfIA—f

X Aep) g5 Aac gpra— )M ac N (Aep e d )
X <(A.'f#f)lfs (lA—f”A—f)IA—f”(lc'#c’)xc‘lc>
X {E(I)+E _;(I,_f)+ O, o Ew(fs A—1 )} (19)

where the energy is given relative to the ground state of 2*Mg. The E,(I ) are the
excitation energies of the state with spin 7, in nucleus f, and Ey(f, 4—f) is the
threshold energy for the decay to the f+ (4 —f) channel.

Before proceeding to M,, the choice of V'has to be discussed.

4. The cluster-cluster potential fanction

As in many other applications of the OCM, the effective local potential between
clusters, ¥, is chosen to be a folded potential of a simple effective NN interaction. As in
the coupled channel OCM study of *°Ne [ref. }7)], we also assume that the folded
potential itself does not connect the different channels, and that the coupling arises only
through the operator K.

The folded potential has been evaluated by the method of Goto and Horiuchi !9)
which is very well suited to the present case, where the cluster fragments are described
by non-spherical internal states of good SU(3) symmetry. The NN interaction is
assumed to be made up of a linear combination of terms of gaussian form:

v(r;;) = exp [—pr}J(W+BP,—HP,— MP,P,), (20)

where r;; is the distance between nucleon i in fragment fand nucleon j in fragment 4 —f.
For such a gaussian term in the interaction the general form of the folded potential for
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fragments f+ A —f such as *2C +'2C, a +2°Ne, and ®Be + !°0, is given by

1 n B 5
V= Ttg(16W+8B—8H—4M)[szp] exp[—zR?]
X {al+asz2+a3x2R

+ :—g""’l +b,aRY)([(A—1)BS) +fQ(A—£)]- Q(R))

15

ZfZA J'e rf<3\/— ) 1)

" Ta7fa-17eR ™ \ 4R,

1
+ 18 G- R? + 57RO 04 —f))}

where

A 1 , A
nm=1- f(A—f) sz X =2a" (22)
and Ry = ro[f* +(4—-1)]/b[A[f(A—f)]}; with ry = 1.3 fm. The coefficients a,, b, are
listed in table 3. The distance between fragments f and A —f is given in terms of the
dimensionless relative coordinate, R, between fragments fand A —f, defined in eq. (3);
b = [h/mw]*. The first term in the potential is a spherically symmetric potential. Due to
the intrinsic non-spherical nature of the 12C, 8Be, and 2°Ne wave functions of our basis,
the folding procedure leads to quadrupole-quadrupole interaction terms as well. These
Q- O couplings are of two types, the first an interaction between internal and relative
motion quadrupole terms, the second a Q - Q interaction of the internal-internal type
which occurs only in the 2C + !2C decomposition of our basis. The relative motion
quadrupole operator is defined by Q(R) = R?Y,(R). The quadrupole operators Q(f),
Q(A4 —f)involving the cluster internal degrees of freedom are effectively Elliott-type Q-
operators. (The normalization is such that $$2Q(f)- Q(f) = C(4 sis)—1(I;+1), with
C(An) = $(A% + p? + Au+ 34+ 3p).) Note that both the spherical and the Q - Q terms of
the potential have, besides a polynomial dependence, a gaussian fall-off with increase in
the relative motion variable R. A uniform-sphere Coulomb term is included via the

TABLE 3
Coefficients of the folded potentials

f+(A-N a, a, a bl bz
1C412C 144—96n+8n?  64n—33o’ S’ G- fmm 1'%
a+2°Ne 80 — 40y +4fn* n’ 158n G +1g8mm — 53

*Be+150 e gk O S AR Iy
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error function approximation. It has been shown !?) that the folded potentials for the
1204 12C and o + 2°Ne channels include additional terms (of higher multipole charac-

ter). These have been neglected since they are expected to make only minor
contributions.

The spherical terms (that is the first and fourth terms) of ¥ make the following
contributions to M, :

My =67 106wl dom i1 OL, L

{— (16W+8B—8H — 4M)[

252 T(Q‘L‘”’I(al +a,xR? +a31°R*)

x exp [ —xR*]|#E& ")
Z,Z,_ & 1 . (3/= ,
. <g:w°> ( e R) a‘3°’>}. 23)

The contribution of the second (internal-relative motion Q - Q) term of Vto M, is

ty
M, = 6,J,1—16(16W+SB—8H—4M) [2%,;]

x [;T( — 1) +1{20LO|LOYU (I 2JL; L)

X Gf((j'c#c)xclm ('q'c’#c’ )Kc'Ic’)(‘q(LQO)‘(b 1 + bszZ)RZ exp[ - sz] Ia;?’0)>’ (24)
where
Gj‘((lc#c)xclc’ (Ac’#c’ )KC'IC') = Z <(1 1)2 5 (j'c‘#c' )Kc'lc’ll(j'c#c)xclt:)p
P

X {(A -ud 1)()'f”f)('lc#c)(j'.{—f#,{—f); (Afﬂf)— — 5 (Aepe)-p)
x (=1 +6M!'0[C(lfﬂf)]* +fU((11)“4—[#4—])“&‘:)(1{#;’);
(Aa-gba—g)- - (Aett)-p) — 1)1+6M‘_I'0[C('1A—f#,4—f)]*}‘ 25)

Finally, the third (internal-internal Q - Q) term contributes

4
My = b7, 18 1,80, 7¢ (16W+SB 8H — 4M)[2b2 ]nz

x (RO (} —1xR? +15x*R*) exp[ — (R*]|R2 >
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X {5(1,/4,)x,, (A.p‘,)x‘.%[c(lc”c) —ClAzu f) —C(A,- rha- f)]

- Z <('1f#f)1f; (AA—I”A—f)IA—f”(j'c”c)KE,iL)

L, ,

XL Ague g5 (Ao ppa- oM a-fll(Aepe )i 1)

x§[10(1c+1)—1,(1,+1)—1A_,(1A_,+1)]}. (26)

5. Results
5.1. THE MODEL PARAMETERS

It is the aim of the present work to study the feasibility of a microscopic cluster model
description of the 2C+'%C resonances and to investigate the importance of the
coupling of rearrangement channels to the !2C + 12C channel for the rich complexity of
the resonance fine structure. The emphasis is not on a detailed comparison of numerical
calculations with experiment. Thus no search was made for optimum values of param-
eters to reproduce experimental data. Instead, only a minimum of adjustments have
been made, and parameters have been chosen to be within a reasonable range of the
values predicted from the underlying microscopic NN interaction model.

The threshold energies and excitation energies of the fragments are all taken from
experiment. The harmonic oscillator size parameter b is set to 1.7 fm. The NN in-
teraction from which the folded potential has been constructed has been chosen to be
the no. 2 potential of Hasegawa and Nagata 2°). (In this potential the radial forms of the
even-state potentials have been fitted to the coordinate representation of the reaction
matrices and the depth parameters have been determined so as to reproduce the
binding energy of “He. For the odd-state interaction they have used Tamagaki’s
potential which reproduces the a-« scattering phase shifts reasonably well.) It is to be
noted that our numerical results are sensitive only to the depth of the potential but are
otherwise rather insensitive to the details of the effective interaction since only the
coefficient (16W+ 8B — 8 H —4M) appears in the matrix elements of our model.

Only two adjustments have been made in the final parameters of the folded poten-
tials. Since the folded potentials often lead to a rotational spectrum which is too
compressed, a multiplicative factor ¢ was introduced in the exponents of the gaussians
exp (—cyR?), in order to strengthen slightly the fall off of the folded potentials. The
values of ¢ chosen are 1.15, 1.20, and 1.15 for '2C+'2C, a+2°Ne, and ®Be + %0,
respectively. This modification was introduced mainly to insure the proper characteris-
tics for the ground-state rotational band, in particular the dominance of the (iu) = (84)
representation ; cf. table 4. In addition, in order to gain a consistent picture of the low-
energy spectrum of the A = 24 system from the three different channels a small adjust-
ment was made in the overall strength of the folded potential for each channel. The
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TABLE 4

Wave functions of the low-lying states

115

Guye OF 0 0F 25 2F 2 2 4 4r  aF 4 4 4
(840 075 —0.27 —041 0.80 0.22 0.68 0.49 0.28

(84)2 0.77 038 —0.38 0.64 —0.46

(84)4 065 0.52
(MM 0.66 -023 —0.50 0.34

(46Y0 —0.38 —0.51 0.38 —0.49 ~0.21 ~047 0.40
(462 0.24 023 039
(464 —0.36 0.61 0.6l

(080 024 062 027 -0.26 0.63 0.42 —0.47
(620 —0.28 032 —0.53 —0.29

(62)2 -0.23

(SH1 —0.48 041 —0.28

(40)0 —025 0.6l —0.26

(48)0 0.24 0.23

Only states with amplitudes greater than 0.2 are shown.

main component of the ground state of 2*Mg is the single (84) state of our basis. As
pointed out earlier, the three (84) states represented in terms of a 12C +'2C, «+*°Ne,
and ®Be+'%0 cluster basis are thus identical states. A multiplicative factor ¢’ was
therefore introduced for the overall strength of the folded potential in each channel so
that the position of a pure (84) J* = 0* state was identical when calculated with the
three different cluster representations. With values of ¢’ of 0.86735, 1.0090 and 0.89790
for 12C+'2C, a +2°Ne, and ®Be + 10, the initial expectation value of the pure (84) 0*
state was fixed at 6.0 MeV. This choice of the (84) 0* matrix element is justified by the
fact that the subsequent matrix diagonalization in the full basis of our mode] leads to a
predicted ground-state energy very close to the experimental value.

5.2. THE LOW-ENERGY SPECTRUM

It is well known that the low-lying levels of Mg can be classified into several
rotational bands. The 07, 2], and 4] states belong to the ground rotational band with
K* = 0%, the2;, 3] and 45 states to the K* = 2* band, and the 07 and 2 statestoa
K* = 0% excited band.

The full three rearrangement channel calculation reproduces the observed spectrum
reasonably well (fig. 1). However, the predicted spectrum is still too compressed, a
property which is to be expected since our cluster model basis includes only states of
[4°] space-symmetry of high (4x) with large intrinsic deformation and excludes mainly
states with small (4u). If included, the latter, especially states of lower space symmetry,
would tend to increase the rotational spacings. The leading components (with ampli-
tudes > 0.2) of the wave functions of the low-lying 0*, 2%, 4* states are shown in table
4. It is to be noted that, except for the (48) states, all the components shown in table 4
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Fig. 1. Low-lying energy spectrum for 2*Mg. (a) Calculations for the full 2C+!2C, a+ 2°Ne,
8Be + !0 cluster model basis with relative motion oscillator excitations, 12 < Q < 20. (b) Calculations
for a pure '2C + !2C basis.

belong to the lowest shell-model configuration (cf. table 1). Our model space misses the
additional (81) (54) (62) (35) (43) (51) (24) 2 (32) (40) (13) and (02) states of the lowest
shell-model configuration, but is wide enough that it encompasses the essential ingre-
dients of the experimental data. Calculations with the use of a pure *2C+ 12C cluster
basis only are also shown in fig. 1 (for states 0*, 2% ). It is to be noted that the agreement
with experiment deteriorates with the use of the !2C + *2C basis only. In particular, the
pure '2C+ '2C basis does not reproduce the observed density of 2+ states below 10
MeV. The fact that the ground state is predicted to lie lower in the truncated pure
12C +12C basis is an artifice of the OCM approximation. States with Q > 14, which
lead to the depression of the Q = 12 (Au) = (84) ground state, belong predominantly to
the '2C+ '2C cluster decomposition and are thus most effective in a pure '2C + 12C
basis. Their effectiveness is somewhat reduced in the full basis because their matrix
connections to the a+2°Ne and 8Be + 'O components of the (84) state are missing
because of the assumed form of our effective interaction.

An extensive study of 2*Mg was carried out with an 60 + 2o« OCM cluster model by
Kato and Bando !?). In the lowest oscillator quanta this model space is identical with
that of the a + 2°Ne cluster basis and is generally more restricted than our mixed cluster
model basis. The 0 +2a model is thus incapable of predicting the 2] state at 7.35
MeV, for example. We have also calculated the spectrum by restricting the basis to
include the ®Be + !0 channel only, in order to see whether the so-called “helicopter
model” ?!) of 2*Mg may have some of the flavor of a microscopic basis. The results are
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far from encouraging. The helicopter model does not pay due attention to the Pauli
principle. It includes many Pauli-forbidden components ; and the potential parameters
used differ widely from values which can be considered reasonable when inferred from a
microscopic starting point.

5.3. THE COULOMB BARRIER RESONANCE REGION

To limit the dimensions of our basis, the harmonic oscillator excitations in the
relative motion degrees of freedom have been restricted to 12 < Q < 20. An expansion
of the 2C — !2C relative motion function in terms of oscillator functions with Q = 12—
20 may be too restricted for good convergence. The possible molecular states, in
particular, may require significant components with higher values of Q in order to build
up sufficient amplitudes in and beyond the Coulomb barrier-surface region of the
12C+12C system. The identification of possible candidates for the molecular reso-
nances is therefore not immediately evident since our basis is not rich enough to givea
detailed quantitative comparison between the theoretical model and experiment. The
predicted excitation energies may be expected to be somewhat too high, and the
predicted '2C + !2C reduced width amplitudes must be expected to be too small in the
surface region so that it is difficult to pinpoint their possible quasimolecular character.
Nevertheless, it appears to be possible to identify a region in the predicted spectrum as
the seat of the candidates for the molecular resonances with J* = 0*, 2* and 4*.

Spectroscopic factors are used as a first rough indicator of the molecular character of
our predicted states and will be used to single out the states of potential interest from the
rich spectrum of predicted states. Our model predicts eight 0*, twenty-one 2*, and
twenty-nine 4* states in the energy range from 16 to 27 MeV of excitation energy in the
A = 24 system. To get a first qualitative idea as to which states may be candidates for
the molecular resonances, we calculate the following quantity :

§=35, (Z s,). @n

Here, S, is the spectroscopic factor for the 2C(0*)+!2C(0*) channel and the S, are
spectroscopic factors for some of the most important exit channels. For specific J*, the
sum over i includes the specific channels defined below: For 0" states the sum over i
includes the « + 2°Ne channels with (i) I = 0,L = 0;(ii)] = 2,L = 2;(iii))] = 4,L = 4;
and the ®Be + !0 channel with (iv) I = 0,L = 0.

For 2* states the sum over i includes the !2C + '2C channel with (i) I, = 0,1, = 2, L
= 0;the a + 2°Ne channels with (i) I = 0,L = 2; (i) = 2,L =0;(iv)] = 2,L = 2;(v)
I1=2L=4;(vi)] =4,L =2;(vii)] = 4,L = 4;(viii) = 4,L = 6;and the ®Be + 150
channels with (ix) I=0,L =2;(x)I = 2,L = 0.
- For 4" states, the sum over i includes the !2C 4 2C channel with (i) I, = 0,1, = 2, L
= 2;thea + 2°Nechannels with (ii) ] = 0,L = 4; (iii)] = 2,L = 2;(iv)] = 2,L = 4;(v)
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I=2L=6;(vi)I =4,L=0;(vii)] =4,L=2;(viii)] =4,L =4;(ix)I =4,L=6;
(x)I = 4,L = 8;and the ®Be + %0 channels with (xi)I = 0, L = 4; (xii)] = 2,L = 2.
The spectroscopic factors are calculated as follows. The reduced width amplitude for
the channel i is defined by

»(R) = < 6(Rf R) ((d’s}' () X d’S“ #a-NA—=f)) % YL(ﬁf))JM|q'JM>

5(R, R)

=Gy < (S () X pfasta-HA = [y X YRl
2.

X \/%gc,,¢,,> . (28)

Here the coefficients C; are the result of the full OCM matrix diagonalization and give

the amplitudes of the basis states (/1/8)) .c,¥,, with norm eigenvalue B, in the
expansion of ¥, [cf. eqs. (4) and (5)]. The spectroscopic amplitude, 4,. ,, for a
particular eigenstate f to channeli (i = f; I, ,_ I L), is then defined by

[z

= A, , REOR). (29)

0
< of (Rf )((‘W #e)( f)x¢yh -ta- A=) x Y(R))sn

The amplitude A4;_; is given by
Aoy =VBY Uite (30)

Note that in a the fragment designation f'is fixed by the label i ; the quantum numbers
(Au) and « are fixed by their values in the parent state §. The sum over « in eq. (30) is
therefore restricted to a sum over (4,u,) only. In eq. (29) the oscillator quantum number
Qis determined uniquely by the nature of the state # and the fragment decomposition in
the channel i. With these definitions the reduced width amplitude for the channel i, eq.
(28), is given by

Vi(R) = Y, Cpd; s RLO(R). (31)

b
Note that the sum over f§ drags along a sum over Q since Q and § are in 1 :1
correspondence. Note, also, that an extra factor of \/ 2 is needed in y,(R) when f and

A —fare identical '2C fragments,and I, # I ,_ .
The spectroscopic factors, S;, are then given by

S; = deRzly.-(R)lz, (32)

and with these spectroscopic factors S of eq. (27) can be calculated.
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Fig. 2. Possible molecular states. The S-factors are defined in terms of spectroscopic factors by eq. (27)

and are used as a qualitative indicator of possible molecular character. The region from 21-26 MeV

has been singled out as the potential seat of the sub-Coulomb resonances. Only states with significant

S-factors are shown. (In the 21-26 MeV interval, e.g., the total number of 2* states is 10.) For com-
parison with experiment, see fig. 2 of ref. 29).

Fig. 2shows the predicted J* = 0*,2*,4"* statesin the 16-27 MeV excitation region,
along with their predicted S-values. Only states with significant values of § are in-
dicated in the figure. Of the twenty-one J* = 2* states predicted for this full energy
range, e.g, only eight 2* states have predicted S-factors large enough to show up in fig.
2. The experimentally observed J* = 0%, 2*, 4* resonances lie in the 18-23 MeV
excitation (E, ,, = 4-9 MeV) region. Although it is not straightforward to identify
possible candidates for the molecular resonances from among the states of fig. 2, we
focus on the states in the 21-26 MeV region as the most likely candidates for the
molecular resonances, for the following reasons:

(i) Most of these states have appreciable components with the larger oscillator
excitations of our basis, specifically with Q = 14-18. This is an appropriate characteris-
tic of molecular states. (In an expanded basis including states with Q > 20 these
amplitudes would presumably shift to even higher Q-values and lead to relative-motion
cluster functions with more peaking in the surface region.) As an illustration, some of
the details of the structure of the two 0* states in the 21-26 MeV region are shown in
table 5. It is interesting to note that the representations (14, 6) and (16, 6) which have the
largest amplitude in the 22.43 MeV state occur only in the *2C + 12C cluster basis. In
addition, representations such as (14, 6), (16, 6), (16, 2), and (18, 2) can not be generated
by quadrupole excitations acting on the ground state of 24Mg.

(ii) The predicted states below 21 MeV consist predominantly of states of relatively
pure Q = 14. These are simple shell-model excitations and therefore not good molec-
ular candidates.
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TABLE 5

Wave functions of 0" molecular candidates

(An) 0+(22.43)  0%(22.93) (Ap) 0*(2243)  0%(22.93)
0=14 0=18

(10, 4), 0.14 0.25 (16, 6), 0.31

(10, 4), 0.13 ~0.18 (18,2), 0.13 -0.20

(10, 4), -0.26 (18,2), —0.18 0.12

(10, 4), ~027 (18, 2), 0.17 -0.11

(12, 0) ~0.22 (14, 4), 0.15
(82), -021 0.13 (14, 4), 0.17
(82), 0.30 0.28 (16, 0) —0.15
(60) 0.25 (12,2), 0.12 0.17

(10, 0) 0.10
Q=16 0=20

(14, 6) 0.46 (18, 6), 0.21

(16, 2), -0.17 0.27 (20,2), 0.12

(16,2), —0.33 0.22 (20,2), 0.15 —0.11

(12, 4), 0.21 (16, 4), 0.10

(12, 4), 0.21

(12, 4), —0.10

(14,0) ~0.20

(10, 2), 0.13 021

Only states with amplitudes greater than 0.1 are shown. For the 22.43 MeV state the percentages of
Q = 12, 14, 16, 18 and 20 components are 0.59, 26, 41, 23 and 9.3. For the 22.93 MeV state these
percentages are 2.1, 39, 32, 20 and 7.0. Basis states (Au), with multiple occurences are ordered such that
state (du), has the largest overlap with the 12C+!2C components, (4x), the next largest, etc. States
(4n), which occur only in the *2C + !2C channel are enumerated in decreasing order of .

(iii) The excitation energies predicted in our truncated model basis must be expected
to be somewhat too high since the inclusion in the basis of states with higher relative
motion excitations (Q > 20) would lower the predicted energies, particularly of those
states with significant components with Q = 18 and 20. The needed shift of about 3
MeV to lower energy seems reasonable.

(iv) The number of states predicted in the 5 MeV interval from 21-26 MeV is in good
agreement with the experimental resonances observed 22~ 2) in the 5 MeV interval
from 18-23 MeV. Fig. 2 shows that there are two 0%, six 2*, and seven 47 states with
significant S-factors predicted for this 5 MeV interval, in good agreement with the
number of observed 0%, 2*, and 4* peaks; [see fig. 2 of ref. 26) and table 1 of ref. 27)].

We therefore identify these states as the candidates of the low-J molecular res-
onance states. A definitive identification, however, should include a prediction of the
widths of the resonances.
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5.4. WIDTH ESTIMATES

Because of our basis truncation the predicted relative-motion wave functions are
least accurate in the asymptotic surface region, so that it is difficult to make reliable
estimates of the widths. This difficulty is compounded by the differences between
calculated and experimental energies.

An estimate of widths may be gained from the simple formula

I'; = 2Py0%(R), (33)

where P, is the Coulomb penetrability, kR/[FZ(kR)+ GZ(kR)], y% = 3h%/2uR? is the
Wigner-limit value, and 67(R) is the dimensionless reduced width which is given in
terms of the reduced width amplitude, y,(R), by

0/R) = [3R°J*y(R). (34)

If our predictions were to give a reasonably accurate functional form for y,(R)for a wide
enough interval of the interior region, the value of 6,(R) at the channel radius could be
obtained by a suitable correction of the tail behavior of y,(R) [ref. 2)]. Since our model
space is too restricted to give a reliable value of y,(R) near the surface region, it is not
possible to apply the above prescription. Instead, we make the simple assumption that
'07(R) is given through the spectroscopic factor by 62(R) = 28, [ref. 28)]. This is apt to
overestimate the reduced width. The penetrabilities have been calculated for the var-
ious decay channels. In the 2C+ '2C Coulomb-barrier region the penetrabilities for
the various '2C + !2C and ®Be + %O channels are extremely sensitive functions of the
excifation energy. The penetrabilities which have been used are therefore those for the
experimentally observed excitation energies. (This implies that our association of
predicted resonance fine structure components with the observed ones matches the
appropriate partners.) For the « + 2°Ne channels the energy dependence of the penetra-
bilities is less pronounced. The partial width estimates of the « + 2°Ne channels are thus
less sensitive to the correct assignments of fine structure components.
Table 6 lists the estimated partial widths for a few of the predicted resonances (cf. fig.
2) by matching them with observed resonances through rather arbitrary assignments.
(Note, e.g., that we have matched three of the prominent higher predicted 4* res-
onances with three of the observed resonances in the corresponding upper part of the
observed low-J resonance region). Table 6 shows that the !2C and ®Be partial widths
are seemingly too small. The smallness of the 12C(0*)+!2C(0*) partial widths, in
particular, casts some question as to a '2C+'2C molecular interpretation of these
resonances. The fact that our predicted wave functions do not have sufficient 12C + 12C
amplitude may, however, be related to the fact that the model space which was used is
too restricted to give a full description of the *2C + !2C resonances. The partial widths
for the « + 2°Ne channels are of the right order of magnitude to yield the observed total
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TABLE 6
Estimated widths (in keV)

Ef@l)  Enlxp) 5o TEP) ey ra) M) Tey)  T(Beg)
MeV)  (MeV)™b) (keV)®)
22.43 425 0* 0.02 2 15 1 0.006
2293 5.80 0* 0.7 7 8 8 1
275 5.64 2+ 0.4 18 88 %8 0.l
23.73 6.64 2" 100 1 1 2 % 1
24.13 6.85 4* 125 1 58 86 o 02
24.45 771 4* 125 0.3 78 430 440 005
25.15 785 4+ 0.5 66 80 200 01

*) Ref. 27). b) Ref. 23),
I(x,) and I'(a,) stand for the estimated widths of the decays to the 2* and 4" (Ist and 2nd excited)
states of 2°Ne.

widths. Some of the overestimates may be related to our prescription for the reduced
width amplitude which is apt to lead to such overestimates. Although the nucleon
channels have not been explicitly included in our coupled channel basis, the overlaps
between the 12C + 12C components of our basis and the p + 2*Na cluster functions 1°)
permit us to make a rough order of magnitude estimate and indicate that the partial
widths to the proton channel and some of the low-lying states in 2*Na can be of the
same order of magnitude as the partial widths for the a+ 2°Ne channels.

6. Conclusions

Although a rich basis, including rearrangement channels based on a+2°Ne and
8Be + 190 fragment decompositions, has been used to study the low-J Coulomb-
barrier resonance region in the 2C+ !2C excitation functions, the basis used in the
present investigation may not be rich enough in the oscillator excitations of the relative
motion degrees of freedom to give a detailed quantitative description of these res-
onances. Nevertheless, it appears to be possible to identify a 5 MeV region in the
predicted spectrum as the potential seat of the J* = 0%, 2%, 4" resonances observed in
the excitation functions of the 12C + '2C resonances. The number of 0%, 2%, and 4%
states and the approximate spacing of these resonances are in qualitative agreement
with the experimental findings. For this purpose it appears to be important to couple
12C 4 12C, o + 2°Ne, and 8Be + 160 channels. A model built on a pure !2C + !2C cluster
basis does not appear to be rich enough to yield the full complexity of the observed
resonance fine structure. The estimates of the total widths are of the right order of
magnitude. Estimates of the '2C(0* )+ !2C(0*) partial widths, however, indicate that
our calculated model wave functions do not predict enough *?>C+ '2C reduced width
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amplitude in the surface region, where these amplitudes are not sufficiently well de-
veloped to be classified as molecular in character. The basis of the present investigation
must be expanded to include higher oscillator excitations in the relative motion degrees
of freedom. However, these initial results make it doubtful whether such an expansion
of the basis will lead to quasibound states of true molecular character. Although the
present study leads us to conclude that a microscopic cluster model can account for the
major features of the observed resonances in the Coulomb barrier region of the
12C 412C system, it may be more accurate to characterize the quasibound states
responsible for these resonances as quasimolecular rather than true molecular states.
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