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INTRODUCTION

In this paper we study the nonnegative time-independent (= equilibrium
= steady-state) solutions of the parabolic system

U, =u,, +f(u) — uv,
{U,Zdvxx+v[—v+m(u—7’)], ©-La

for —L <x < L, t > 0, with homogeneous Dirichlet boundary conditions
{u(iL,t):v(iL,t):O,t>0, ford > 0, 02)

u(=L,t)=0,:>0, ford = 0.

We assume that 4 = 0, m > 0 and that 0 <y < 1. We shall take f to be a
quadratic or cubic polynomial and give most attention to the cases, f(u) =
au(l — u) (“logistic”) and f(u) = au(u — b)(1 — u), 0 < b < 1 (“asocial”).
In these cases the system models a two-species predator—prey interaction in
which both species undergo simple diffusion in a one-dimensional medium
(u = density of prey, v = density of predator). We will discuss this aspect
of the equations at the end of this section.

The above system is an example of a reaction-diffusion system. Such
equations have received a great deal of attention in the past few years (see
the recent review by Fife [9]), motivated in part by their widespread
occurrence in models of chemical and biological phenomena and in part by
the richness of the structure of their solution sets. The combination of
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diffusion with nonlinear interaction produces features that are at first glance
completely unexpected from the vantage point of either mechanism alone.
Therefore, before these equations can be fully exploited in scientific models
it seems necessary to establish a new “intuition” based upon a few simple
guiding principles. As a first step in this process we think it necessary that
some well-chosen examples be thoroughly understood, and it is in this spirit
that the present work was undertaken.

Our goal was to find all equilibrium solutions for the system and to
determine their stability. In pursuing this goal we have found solutions with
novel features, and have uncovered nonstandard bifurcation phenomena.
All of this depends in an essential way upon the parameters d, the relative
rate of diffusion of u and v, and L, the length of the spatial region. We are
able to give a complete analysis for most values of 4 =0, L >0 but only a
partial analysis when (L, d) is in a certain subset of the parameter space.
For these exceptional values of (L, d) we have made a large number of
computer simulations, on the basis of which, we conjecture the number of
solutions and their stability.

Outline of Results

Part I of this paper, which consists of Sections 1, 2, and 3, is devoted to
the case of f(u) = au(l — u). Our results are best described while referring
to Fig. 0. This shows the positive quadrant of the L-d parameter space
divided into three regions defined by two critical values, L, (depending only
upon /) and L, (depending only upon f and y), and by a certain monotone
increasing function, d(L). In region A the only equilibrium solution is the
constant (u, v) = (0,0), which is asymptotically stable and, in fact, is the
uniform limit, as ¢ — co, of all nonnegative solutions of (0.1),~(0.2) (i.e., it
is an attractor for all nonnegative solutions). As L increases across L, a
new, nonconstant equilibrium solution, (uy(x),0), bifurcates from (0,0).
For all values of (4, L) in region B the solution (0,0) is unstable while
(u4,0) is stable and attracts all nonnegative solutions. There are no other
steady-state solutions in this region. If we cross into region C at a point
(L,d) with d = d(f) >0, then a third solution (u,, v,) bifurcates from
(24, 0) (i.e., secondary bifurcation occurs). In the intersection of a neighbor-
hood of the graph of d = d(L) with C there are only three equilibria:
(u,, v,) is stable while (u,,0) and (0, 0) are both unstable. If we cross into
region C along the L-axis with 4 =0 then the situation is much more
complex. As L increases across L. an interval of the (continuous) residual
spectrum of the linearization becomes positive. This is reflected in the
appearance of a continuum of new steady states bifurcating from (u,0).
One of these new equilibria, (u,, v,), is continuous but v, has compact
support in the interior of |x|< L. The other equilibria are steady-state
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solutions in a generalized sense and in fact their second derivatives are
discontinuous. We were unable to obtain rigorous results for (L, d) far
away from the boundary of C. It is here that we conjecture that there are no
equilibria other than the three which are present near the curve d = d(L).
This is supported by extensive computer simulation.

In Section 4 we discuss the case where f(u) = au(u — b)(1 —u), 0 < b <
y < 1. This case differs from the previous case in two respects. First, the
solution (0, 0) remains stable for all values of (L, d) but is a global attractor
only in a region analogous to A (Fig. O can still be used in this case but of
course the values of L, and L, are not the same as in the quadratic case).
Second, as L increases across L, there is the sudden appearance of two new
solutions, (u,;,0) and (u,, 0), with opposite stabilities, and in this case the
new solutions do not bifurcate from (0, 0). We are able to give a comparison
argument showing that the larger of the two, (u,,0), is an attractor and that
the smaller (u,,0) is unstable, for values of (L, d) in region B. As we cross
into region C the same situation prevails as in the quadratic case.

In Section 5 we very briefly indicate the situation in the case where
f(uw)=(u— a)(u— b)1 —~u),a<<b<0<1 Our purpose here is only to
indicate the remarkable richness of the set of solutions. For example, if we
hold d = 0 and let L increase from 0 to oo then we obtain a succession of
bifurcations which can yield the following sequences of numbers of solu-
tions: (1,2,4,6,4,2) or (1,3,5,6,4,2) or (1,3,1,2), among others. Which
sequence we obtain depends only upon the position of .

In Section 6 we indicate how some of our results can be extended to more
than one space variable.

A word about methods. Although we use spectral analysis and standard
bifurcation theorems, the bulk of our results are obtained using phase-plane
analysis and comparison theorems. In doing this we rely heavily on the very
complete results concerning a single semilinear parabolic equation found in
[19, 20]. This is especially true in our use of comparison theorems, where we
employ comparison functions that are themselves solutions of scalar equa-
tions. In this way we have succeeded in giving direct comparison proofs of
convergence to nonconstant equilibrivm solutions of the above system.

d

4

d=d(L)

Ly L, L

FIGURE 0
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Predator—Prey Systems

In an earlier publication, [7], which contains direct references to the
literature of mathematical ecology, we introduced the generalized
Rosenzweig—MacArthur equations

u, = dyu + f(u) = ¢(u,0), v, = dyo, + g(o) + mo(u, v).

If ¢, > 0 and ¢, > 0 then this describes a predator—prey interaction, where
both the predator, whose spatial density is v, and the prey, whose density is
u, undergo simple diffusion in a one-dimensional medium. We assume that
f(0) = g(0) = ¢(u,0) = ¢(0, v) = 0 and that, even in the absence of the
predator, there is a limitation to the growth of prey, indicated by the fact
that f is negative for sufficiently large u. We choose units of u to force
f(1) = 0. The most common choice for ¢(u, v) is simply cuv while for g(v)
it is —pv. For reasons outlined in [7] we choose g(v) = —pv — €v?. Thus,
we have the equation

u,=du, + f(u) — cuv,

v, = dy, — po — ev? + muv.

At the expense of changing ¢ we can choose units for v that have the effect
of setting € = 1. If we also change the length scale, x » x/ /&T , and let
Y = u/m we obtain

Uy = Uyy +f(u) - cuvo,

o = (Z,'—?)v”—i-v[—u+m(u—y)].

Now the qualitative picture is found to be largely insensitive to the value of
c so we have set ¢ = 1 and denoted d,/d, by d to obtain our Egs. (0.1),.

The function f determines the population growth of the prey when there is
no predator. Except for Section 5, our discussion is confined to f(u) =
au(l — u) which gives use to “logistic” growth and to f(u) = au(u — b)
(1 —u), 0 <b <1, which describes populations which have been termed
“asocial” in [2].

We imagine our one-dimensional medium to be of finite length and, at
each end, to be in contact, through a permeable membrane, with hostile
reservoirs in which neither prey nor predator can survive, ie., u =v = 0.
We treat the limiting case of infinite permeability by imposing Dirichlet
conditions (0.2). However, our methods yield essentially the same (qualita-
tive) results for the more general assumption that the flux out from the
region is proportional to the amount by which the concentration exceeds
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that of the reservoir, i.e.,

u(*L,t) = Bu(*+L,t)=0.

Related Work

Dirichlet conditions for a class of predator-prey equations were consid-
ered in [12] but there the interest is upon positive concentrations of predator
or prey at the boundary. There is very little overlap with our results and the
methods are quite different. Solutions which have compact support in the
interior of the spatial region were also obtained in [14] but this paper is
devoted to the case of Neuman boundary conditions and to the case where
the d, > d,. Again, our methods are quite different.

I. Quadratic Nonlinearity

1. CONSTRUCTION OF THE STEADY-STATE SOLUTIONS

In this part, we shall consider Egs. (0.1),, (0.2), where f 1s a quadratic
function of the form f(u#) = au(1 — u), and a is a positive constant. Here m
and y denote constants satisfying only the conditions m > 0,1 >y > 0. It is
straightforward to check that with these conditions, there are arbitrarily
large “invariant rectangles” in the region u = 0, v = 0, and thus, from the
results in [3], nonnegative solutions of (0.1);, (0.2) exist for all 1 >0,
provided that the initial data are uniformly bounded; we shall always
assume this to be the case.

From Theorem 3.1 of [7] it follows that the region

Y={(u,0):0=u=<1,0<v=m(l —v)} (1.1)

attracts all nonnegative solutions of (0.1)4, (0.2); hence in particular, it must
contain all of the steady-state solutions, i.e., all solutions of the equations

u” + f(u) —uv =0, dv” +o[—v+m(u—7y)] =0, (12)4
on the interval —L < x < L, satisfying the boundary conditions

u(=L)=0andv(=L)=0. (If d = 0 we omit the condition on v.)

(1.3)

This yields a-priori bounds on all solutions of (1.2)4, (1.3). We shall find this
useful in what follows.
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Now it is obvious that any function of the form (u, v) = (u,, 0), where u,
satisfies

u’' + f(u)=0, —L<x<L; u(xL)=0, (1.4)

is a steady-state solution. The phase plane portrait of (1.4) is depicted in
Fig. 1, where the nonconstant solutions are curves in u = 0 lying in the
“teardrop,” which “begin” and “end” on the line u = 0, and take “time”
2 L to make the journey.

We call attention to two distinguished values of L which we denote by L,
and L . We define L, to be the smallest L > 0 for which a nonconstant
solution of (1.4) exists. More precisely, we have the following simple lemma.

LemMA 11, Let L, = 7/2{f'(0) =7/2/a.
(1) L < L;implies u = 0 is the only nonnegative solution of (1.4).

(i) a <X iff L < L;; here A = 7% /4L?, the first eigenvalue of —d*/dx*
on — L < x < L, with homogeneous Dirichlet boundary conditions.

Proof. The second statement is a trivial consequence of the definitions;
thus; to show (i) we can assume a < A. Now 0 = uu” + uf(u) < uu’’ + au?,
and integrating from x = —L to x = L, we get

0<— f_LL(u’)2 + af_LLu2 < —}\f_LLuz + ffLauz = (a— )\)‘/;LLuz,

where we have used a standard inequality (cf. [13]). This shows that u = 0,
if L<L,.

From the results in [20], it follows that for each L = L, there is precisely
one nonconstant (nonnegative) solution u, of (1.4), and it is “nondegener-
ate.” By this we mean that the operator d2/dx* + f'(uy(x))on —L < x <L,
with homogeneous Dirichlet boundary conditions, is invertible; i.e., 0 is not
in its spectrum.

The second distinguished value of L, L, is defined to be the interval
length L associated with the unique solution of (1.4) satisfying #(0) = v. In

FIGURE 1
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other words, it is the L associated with the unique orbit which passes
through the point (u, u") = (v, 0) (refer to Fig. 1). We recall that 0 <y < ]
so that

L,<L, (1.5)

In the next sections we shall study the stability of, and bifurcation from,
the solution (u,, 0); in preparation for this we define a new function,

h(u) = f(u) ifu<y
=f(u) —mu(u—vy) ifu=y.

It 1s clear that & is Lipschitz-continuous so that the problem
u” + h(u)=0, —L<x<L; u(xL)=0 (1.6)

admits C? solutions. In fact, we see that A(u) <0 for u <0, h(0) =0,
h(b) =0, where y <b=(a+my)/(a+m)<1, l(u)>0for 0 <u<b
and h(u) <0 for » > b. From this we see that the phase plane for (1.6)
(Fig. 2) is qualitatively similar to that for (1.4) (Fig. 1). If we define L, in a
manner analogous to that used to define L, then because = f for u <y we
see that L, = L.

LemMa 1.2, For 0 <L =< L,, the only nonnegative solution of (1.6) is
u = 0. For each L > L, there is a unique nonconstant, nonnegative solution of

(1.6).

Proof. Except for the uniqueness statement, this 1s a consequence of the
fact that 2(u) = f(u) for u <y and that L; < L.. The uniqueness is proved
in the Appendix by extending the results of {20] to nonsmooth functions.

We are now ready to construct a new solution of (1.2),, (1.3) when d = 0
and L > L,. Rewriting these steady-state equations we have

' +f(u) —uw=0, o[-v+mu—vy)]=0 for—L<x<L

(1.7)
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with the boundary conditions
u(=L)=0. (1.8)

For L > L, let u)(x) be the unique nonnegative, nonconstant solution of
(1.6). Define v,(x) by

vy(x)=0 ifu(x) <y
= m(u,(x) — v) ifu(x)=y.

(1.9)

It is then clear that (1.7) is satisfied by (uy(x), v,(x)) at each x in
(—L, +L) and of course (1.8) is also satisfied. Note that (u,, v,) is distinct
from (u,,0) only when L > L . In fact, as L increases through L the
solution (u,, v,) bifurcates out of (uy,0). In this case the structure of
(u,,v,) is quite interesting since v, has support [—a(L),a(L)] CC
(—L,+L), where a(L) is defined by u,(x) = v if and only if | x |< a(L)
(Fig. 3).

Remarks. 1t is interesting that as L — oo, the quantity L — a(L) tends,
in a monotone decreasing fashion, to a nonzero limit. To see this, note that
L — a(L) is the “time” an orbit of (1.6) takes to go from the line ¥ = 0 to
the line u = y (see Fig. 2). Analytically,

L—aL)= f YL,

0 Vp*— 2H(u)
where p = u’(—L) and H’(u) = h(u). The right-hand side is a decreasing
function of p and p is an increasing function of L. This shows that
L — a(L) is a decreasing function of L. The positive lower bound, §, 1s the
value when p = U’(—L), where U is the separatrix, i.c., the solution such

that U(x) - b as x - +oc. Note that uj(—L) < U'(—L) and uj(—L) —
U(—L)as L - oo.

FIGURE 3
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If we interpret the quantities # and v as concentrations of prey and
predator, then the solution (u,, v;) corresponds to a situation in which the
predator survives only in the interior of the spatial domain, and its “dead
zone” is at least of thickness 8.

From an examination of the phase portrait in Fig. 2, it is clear that as
L - oo, (uy(x), vi(x)) = (b, c), c = m(b — v), for every x. The point (b, c)
is the unique critical point of the ofdinary differential equations

u=f(u)— uv,
v=v[—0v+m(u—7)], (1.10)

which describe the “kinetics” of the interaction. It is easy to check that this
critical point is the only attractor for the system (1.10), which fact dovetails
nicely with the observation that for very long intervals the quantities (u, v)
tend to (b, ¢) in the interior.

We summarize the constructions of this section in the following theorem.

THEOREM 1.3. Under the assumption that 0 <y <1 and d =0, the
following statements concerning the solutions of (1.7)—(1.8) are valid:

(i) If L = L, then (0,0) is the only solution.

(i) If L; < L < L, then there are two nonnegative solutions: (0,0) and
(uy, 0).

(iii) If L, < L then there are three nonnegative solutions: (0,0), (u,,0)
and (u,, v,).

Remarks. (1) If d = 0 then there are no other solutions such that u is C?

and v is continuous.
(2) The functions (0,0) and (u,,0) are also solutions of (1.2) for all 4 > 0.

2. STABILITY OF STEADY-STATE SOLUTIONS

In this section we shall be concerned with the stability and instability of
the solutions we constructed in Section 1. We shall be particularly con-
cerned with obtaining information on the domains of attraction of our
steady-state solutions; in other words, we will identify solutions which lie in
the “stable manifold” of our rest points. To this end, we first study the case
of a single equation. Some of the results we obtain could be obtained by
suitably modifying the techniques in [0], but we prefer to give alternate
simple proofs using the gradient-like nature of the equations.

A. Stability via Comparison Theorems

Consider the scalar equation
Uu=1U,+f(U), —L<x<L,t>0, (2.1)
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with boundary conditions
U(=L,t)=0, 1=0. (2.2)

Here, as above, f(U) = alU(1 — U), a> 0. Let L, be as in Section 1, i.e.,
(2.1), (2.2) admit a nonconstant steady-state solution Up(x), if and only if
L=1L, :

f

PROPOSITION 2.1. Let U(x, t) be the solution of (2.1), (2.2) with initial
data U(x,0), where U(x,0) =0, —L < x <L, and U(x,0) Z0.
A.If L < Lsthen U(x, t) - 0, uniformly in x, as t - oo.
B. If L = L, then U(x, t) > Uy(x), uniformly in x as t - oo.
Proof. Using standard comparison theorems [16] we see that U(x, t) =0

for all x, —L <x <L and for all 1= 0. Moreover, an .easy calculation
shows that the equation is gradient-like with respect to the functional

o() = [* [Fu2 - F(U)|ax,

where F’ = f. This means that ®'(¢) <0 when U is a solution and that
®'(¢t) = 0 only when U is a rest point of (2.1), (2.2), i.e.,, a steady-state
solution. Therefore (cf. [15]), all solutions of (2.1) converge (uniformly in x)
to a rest point. Thus, if L < L, the solution must converge to zero since that
is the only available rest point. On the other hand, if L > L, then the strong
maximum principle ([11] or [16]). shows that U(x,t) >0 for (x,¢) €
(—L,+L) X (0,00) and that (= 1)U (=*L, t) <0 for t > 0. Now let w(x)
denote a principal eigenfunction defined by

77.2

—0" =Aw, —L<x<A+LA=—
L2

w(=L)=0.

It is well known ([8] or [13]) that we may choose w(x) > 0 for —L < x < L.
Fix 7, and choose § > 0 so that

¢(x) =dw(x) < U(x,1,), —L<x<L.
According to Lemma 1.1, we can choose lowercase 8 so that

a—A=a¢(x)
and thus
—¢” — f(¢) =A¢ — ap(1 — ¢)
=¢(A—a+ap)=0=0U,— U, — f(U).
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Since ¢(=L) = U(*+L, t) = 0 1t follows from the maximum principle that
o(x) =< U(x,t) for (x,t) in (—L, L) X (t,, 00). (This comparison result
can be found in [0].) Since ¢(x) > 0, this shows that U(x,t) cannot
converge to zero and therefore must converge to U, the only other rest
point. This completes the proof.

We now apply this proposition to obtain stability results for steady-state
solutions of the system (0.1)4, (0.2), i.e., for solutions of (1.2),, (1.3). Our
first result is a simple consequence of Proposition 2.1 and the comparison
technique of [0].

THEOREM 2.2. If L < L, then every nonnegative solution of (0.1)4, (0.2)
converges to (0,0) as t — co. The convergence is uniform in x.

Proof. Let u(x,0) = uy(x) = 0 and let U be the solution of (2.1), (2.2)
with U(x,0) = uy(x). Then

u, = up~ f(u) = —uw0 <0 = U~ U, — f(U).

Since u = U for t = 0 and for x = =L, it follows again from the compari-
son principle that u(x, t) =< U(x, t). From Proposition 2.1 we obtain that
u(t, x) - 0 as ¢t - oo uniformly in x. Therefore, there 1s a 7 > 0 such that
t = T implies u(x, t) <y for | x |< L. Consider first the case when d = 0. If
t = T, we have

v, = —v? + mo(u—y) < —0?,

from which it follows that o(¢, x) » 0 as ¢ — oo uniformly in x. Now
consider the case of d > 0. Let V be the solution of

V,=dv,, — V?, —L<x<L,t>T,

with boundary condition V(=L,¢) =0 and initial condition V(x,T) =
o(x, T). We have
v,—do, +vP=um(u—y)<0=V,—dV,, +V?

so that v(x, t) < V(x, t) for = T and | x |< L. The proof will be complete
if we show that ¥ — 0 as ¢t — oo. To see this, note that since V' = 0 we have,

VV,=dVV,, — V3i<dvv,,
so that

d r+L +L +L
— Vidx < = - 2
al_, dx 2df;L Vv, dx de-L Vidx

< —2d}\f+LV2dx,
—L
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where A is as in Lemma 1.1 and we have used the classical variational
property of the first eigenvalue ([13]). It therefore follows that

[V, ) P = 02
—L

From this we obtain ([6] or [17]) that V' - 0 uniformly in x as ¢ — oo.

Now in the case of L > L, we have seen that (1.2)4, (1.3) admits the
solution (uy(x),0), where u, is the solution of (2.1)-(2.2). We now show
that this solution attracts all solutions of the original system (0.1),, (0.2)
with non-negative initial values (except (0, 0) of course). As a consequence it
follows that (0,0) becomes unstable as L crosses L,; i.e., we have an
“exchange of stability” between (0, 0) and (u,, 0).

THEOREM 2.3. Let (u(x, 1), v(x, t)) be any nonnegative solution of (0.1),—
(0.2) with u(x,0) %0 on (=L, L). If L,<L<L, then (u(-,1),v(:, 1))
converges uniformly to (uy,0) as t — oo.

Proof. Let U(x, t) be the solution of
U=U,+fU), —-L<x<L; U*L,t)=0,
such that U(x,0) = u(x,0). Then, as in the proof of Theorem 2.2,
U=t = f(u) = —uw0<0="U,— U, — f(U)

so that u(x, 1) < U(x,t) for t =0 and |x|<< L. From Proposition 2.1 it
then follows that

imsupu(x, 1) <uy(x) <y (2.3)
t— 00
uniformly in (—L, L), where the second inequality holds since L < L.

From (2.3) we see that there is a 7> 0 such that u(x,t) <y fort =T
and | x |< L. We now show

lim v(x, ¢) = 0, uniformlyin —L < x < L. (2.4)

t— o0
First consider the case where d = 0. For ¢t = T we have

2

o,= —o*+mo(u—vy)< —vo

so that v(x, 1) <v(x,T) [l + to(x, T)] ! for ¢ = T. Thus (2.4) is valid in
this case. Now assume d > 0. Then,

v,—do,+o’=mo(u—y)<0=V,—dV, +V? =T

>
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where we assume V(x, T) = v(x,T) and that V(=L,t)=0,t=0. As in
the proof of Theorem 2.2 we obtain that V(x, t) » 0 uniformly and thus
(2.4) is verified in this case also.

Now for 0 < e < 1, consider the problem

w’ +f(w)—eaw=0, ~L<x<L;w(=L)=0. (2.5)

Since f(w) = f(w) — eaw = aw(l ~— ¢ — w) we see that the phase portrait
of the differential equation in (2.5) is exactly that pictured in Fig. 1 except
that the critical point (1, 0) must be changed to (1 — ¢, 0). We thus see that
analogous to L,, there is a well-defined L, which converges to L, as € —> 0,
so that for sufficiently small € we have L, < L. On our interval, —L < x <
L, we have a unique positive solution of (2.5), w,, and we see that w, — u,
uniformly on (—L, L) as € — 0. Thus for any small § > 0, there is an ¢ > 0
such that

w(x) Zug(x) —8  for|x|<L.

For this value of ¢ we see from (2.4) that there is a T, >0 such that
v(x,1) <eafort =T, and | x|< L. Now define W* to be the solution of
W,=W, +f(W)—eaW, >T,|x|<L,
W(=L,t)=0,
W(x,T.) = u(x,T.), |x|<L.

For t = T, we have

u,—u, —f(u) +eau=u(ae—0)=0= W~ W — f(W)+ eaWr

so that, as before, W*(x, t) =< u(x, ¢t) for t = T_. Since u(x, T,) # 0 we may
apply Proposition 2.1 (or, to be precise, its analog for f replaced by f£) to
conclude that W*(x, ¢) — w,(x) uniformly as ¢ - co and hence that

liminfu(x, t) = w(x) = uy(x) — &8
r— oo

uniformly for | x |< L. Since § was arbitrary, this result, together with (2.3),
shows that u(-, 1) converges uniformly to u, and thus the proof of Theorem

2.3 is complete.
An examination of the proof shows that it yields the following corollary.

COROLLARY 2.4. Let u and v be as in Theorem 2.3. For all L > Lf we
have

(i) limsupu(x,t) <uy(x)  uniformlyon[—L, L].

= o0
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In the case d = 0 we also have

(i) imo(z,x) =0  uniformly on {x: uy(x) <v}.
= oo

B. Stability via Spectral Analysis

Theorem 2.3 shows that all nontrivial, nonnegative solutions of our
system are in the domain of attraction of (u,, 0). Since we considered only
nonnegative solutions, this does not, strictly speaking, prove the asymptotic
stability of (ug,0). The following discussion, which is based upon an
analysis of the spectrum of the linearization of our problem, will provide a
complete proof of stability. The two approaches are complementary, how-
ever, since this second approach yields no information concerning the
domain of attraction.

We linearize our problem by considering the operator

w” + f(ug)w — ugz

A(d, L): (‘;) T\ od m(uy — v)z

(2.6)

from C2T%(—L, +L) X C3**(—L,+L)into C* X C* for some a > 0. The
subscript zero on the domain spaces indicates that the functions z and w
vanish at x = = L. (When d = 0, 4 operates from C}** X C% into C* X
C*.) Our work will be based upon the following theorem:

THEOREM 2.5. Let v be the supremum of the real part of the spectrum of
A(d, L). If v<<O then (uy,0) is asymptotically stable in the topology of
C*(—L,+L). If v > 0 then (u,,0) is unstable.

This theorem, which asserts the validity of the “principle of linearized
stability” in this context, is a special case of a result in [15] to which we refer
for the proof. :

In order to apply this theorem we must have more information concern-
ing the spectrum of A(d, L). It turns out that we are able to calculate it
exactly. In preparation for this we recall the disjoint decomposition of the
spectrum,

2=2,UX UX,

where 2, denotes the point spectrum, 3, denotes the continuous spectrum
and 3, denotes the residual spectrum. (For these notions we refer to [21]).
We also need the following lemma.

LEMMA 2.6. A. Forall L > Lf, the operator

G(L):w—>w" + f'(uy)w
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defined on C§+*(—L, +L) has pure point spectrum p, > p, > ..., i.e., the
continuous and residual spectra are empty. The eigenvalues, u;, are real,
negative, and have no finite point of accumulation.

B. For all L> L;and d > 0, the operator

H(d,L):z - dz" + m(uy,— v)z

defined on CZ**(— L, + L) has pure point spectrum, v, > v, > v, > ... . The
eigenvalues v; are real, have no finite point of accumulation and
v) < m(up(0) = v). (2.7)

If L> L then v, > 0 for all sufficiently small values of d > 0.

Proof. That these operators have pure point spectra is classical, (see [13]
for the L? theory; [11] for the Schauder theory), as is the fact that the
eigenvalues are real and have no finite point of accumulation. From
Proposition 2.1 it follows that u; is an attractor for Eq. (2.1) so that p; < 0.
But from [19] it follows that zero is not in the spectrum of G so that p, <0
and the proof of Part A is complete.

Inequality (2.7) follows from the classical theory ([13]) since m(uy(0) — v)
is the maximum value of m(uy(x) — v). To see that »; > 0 for L > L, andd
small we use the following variational characterization (cf. [13, Chap. IV])

+L +L
—df#L (¢)dx + f-L qotdx

(2.8)

Vl = Sup T L 2 3
GEHN—L,+L) f ¢
—L

where we have denoted m(uy(x) — v) by g(x). For L > L we know that
u,(0), the maximum value of u,, is greater than y so that g(x) > 0 for x in
some interval, —p <x < p. If we choose a fixed function ¢ which is
supported in (—pu, +p), then it is clear that the numerator in (2.8) will be
positive for all sufficiently small d > 0. This completes the proof of the
lemma.

We can now determine the spectrum of A(d, L).

THEOREM 2.7. A. If L> L, and d >0 then I and 2, are empty and

2=3,={#; Boo- -0} U ¥ 7,0 )
B. If L> L;and d = 0 then X is empty, and

21, = {1 By )
3, =[=mv, m(uy(0) = v)\Z,-
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Remark. If we were considering A as an operator in L? rather than C*
then the roles of 3, and X, in Part B would be reversed. That is, ¥, would be
empty while ¥, would be [—my, m(uy(0) — y)]\Ep. This will be shown in
the remark following the proof.

Proof.  First consider the case d > 0. If A is an eigenvalue of 4 = A(d, L)

() =22 () =(0): @9

From the second component of this equation we see that if z # 0 then A is
an eigenvalue of H(d, L), i.e., A = », for some j = 1. On the other hand if
z =0 then w” + f'(ug)w = Aw so that A = p, for some j = 1. Thus, 3, is
contained in {g, pry,...} U {»y,#,...}. Conversely, if A =p, for any j
then (w,0) is an eigenfunction of A associated with A. But if A = », for some

j while A = p, for any i, then, choosing z to be an eigenfunction of H(d, L),
we can clearly solve

w” + f(ug)w —Aw = ugz, w(£L) =0

for w. The element (w, z) is then seen to be an eigenfunction of A. Thus

S, = (s fare--) U 70, 72} _
To show that ¥, and I, are empty we will show that the resolvent set is
C\Z,. Thus, for a complex A & I, we must be able to solve

(4—D)(¥) = (i) (2.10)

for arbitrary g and 4 in C° But since A #* v, ] = 1,2,..., the second
component,

dz’" + m(uy — v)z = h,

can be solved uniquely for z with ||z, , = 0(lAll,). In the same way,
since A # p - 1, we can solve the first component,

w” + f(ug)w — Aw = g + uyz,
for w. Moreover,
1wy = O(ll g + ugzll,) = o(ligll, + llAll,)

since u, is bounded. This shows that A is in the resolvent set of 4.
We now turn to the case d = 0. First, let A be an eigenvalue of 4 =
A(0, L). From the second component of (2.9),

m(uo(x) — v)z(x) = Az(x),
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it follows that z(x) = 0 so that the first component becomes
w” + f(ug)w = Aw.

Thus, A = u; for some j > 1. Conversely, if w is an eigenfunction of G(L)
associated with some pu ; then it is clear that p ; 1s an eigenvalue of 4 with
associated eigenfunction (w,0). Thus, 3, = {p;, p,...}.

Now let I denote the interval [—my, m(uy,(0) — v)]. We first show that
every complex number A not in 3, U I is an element of the resolvent set. To
do this we must again solve the resolvent equation (2.10). Because I is
precisely the range of m(uy(x) — y), |x|< L, we may solve the second
component of (2.10) for z in terms of A:

2(x) = h(x)[m(ug(x) —v) —=A] .

From this we see that ||zIl , = O(ll#ll ). But then the first component of
(2.10) 1s a single elliptic equation,

w” + f(ug)w — Aw = g + u,z.
Since A # p, this is uniquely solvable for w and
Iwll 0 = O(llg + ugzll,) = O(ligll, + IIAIl,)

Thus, the resolvent set contains C \2,Ulie,2C2, UL

We complete the proof by showing that every point of I, unless it
happens to belong to £, is a point in the residual spectrum, 3,. To this end
let A€ L If A € 2, then 4 — AT is one-to-one but it is easy to see that its
range is not dense. Namely, there must be a point X, | Xx|< L, such that
m(uy(X) — v) = A so that if

(A—M)(‘;’)z(i)

then /# must vanish at x. Such functions (g, #) are not dense in C* X C* so
A € Z, and the proof of the theorem is complete.

Remark. Note that if we were considering 4 = A(0, L) as an operator in
L, X L, (domain = Hj X L?) then the set /\Z, would not be residual
spectrum because the range of (4 — AI) is dense in this space. In this case
INZ, =2, and I, is empty. To show this, we must show (A — AD7is
unbounded as an operator in L?> X L2, (It is also unbounded in C* X C*)
To this end let A be in 7\ 2, and let X be such that g(x) = m(uy(x) — v) —
A = 0. Then, for every sufflc1ent1y large M > 0, we can find z,, in L? such
that

”ZM“ = CM“ZMq”s
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where ¢ is some constant and the norms are those of L2. (For example, let
the graph of z,, be a triangle of height M supported on [X — 1 /M, X + 1/M]
and use the fact that | g(x)|< const.|x — x|). Then consider the problem

w” + f(ug)w — Aw = uyz,,, w(£+L) = 0.

Since A # p, there is a unique solution w,, in Hj. Therefore,

Iwall + lzpfll > llzpfll = eMllzpqll = Ml 2y, q)
+Mllwiy + f'(ug)wy — UgZy — Awyl.

This shows that (4 —AI)™! is unbounded, ie., A is in the continuous
spectrum of A4.
We can now prove the stability of (u,,0).

THEOREM 2.8. If L <L <L, then (uy,0) is asymptotically stable.

Proof. Since L <L it follows that uy(0) <y. From Theorem 2.7 and
Lemma 2.6 it then follows that the spectrum of A(d, L) is contained in
(— 00, 0). The result therefore follows from Theorem 2.5.

3. LoSS OF STABILITY AND SECONDARY BIFURCATION

We turn now to the case where L > L. In this regime the solution (u,, 0)
becomes unstable for values of 4 less than a critical value d = d(L). As d
decreases across this value there is a bifurcation to a solution (u,, v,), where
v, > 0. When d = 0 the solution (u,,0) becomes unstable as L increases
across L, and does so in a very interesting manner. Namely, the point
spectrum of the linearized operator 4 (see (2.6)) remains negative while the
residual (continuous) spectrum becomes positive. This should indicate that
the unstable manifold about (u,,0) is infinite dimensional, and indeed, we
are able to construct a continuum of (generalized) steady-state solutions
bifurcating out of (u,,0) as L increases past L. .

We begin by summarizing the instability results which follow directly
from the spectral results of the preceeding section.

TueOREM 3.1. If L > L., then for all sufficiently small d = 0 the function
(ug,0) is unstable as an equilibrium solution of (0.1)4, (0, 2). In fact, there are
two possibilities; namely

(A) If d > 0 is sufficiently small then the largest eigenvalue is positive.

(B) If d = 0 then the residual spectrum contains an interval of positive
numbers. :
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Proof. When L > L, then uy(0) >y so that this theorem is an im-
mediate consequence of Theorem 2.5, Lemma 2.6, and Theorem 2.7.

The following theorem also shows that (u,,0) is unstable but it yields
more precise information, namely, that the unstable manifold contains all
nonnegative solutions (u, v) for which v(0,0) > 0.

THEOREM 3.2. If L > L, then (uy,0) is unstable as a solution of (0.1),
(0.2) for all sufficiently small d = 0. In particular, for no nonnegative solution
(u(x, t), v(x, t)) can the function v stay uniformly close to zero as t — o0.

Proof. We first consider the case d = 0. For all sufficiently small € > 0
let U* be the unique positive solution of

U,+f(U)—eU=0, U(xL)=0.

Since f(U) — eU = alU(1 — ¢/a — U), the existence and uniqueness of U*
follow from an analog of Lemma 1.2 just as in the proof of Theorem 2.3.
From continuity, it is clear that U — u, uniformly as ¢ = 0. Again, as we
argued in the proof of Theorem 2.3, an analog of Proposition 2.1 shows that
U¢ is the uniform limit, as r — oo, of every nonnegative solution of

W,= W, +f(W)—W, W(=L,1)=0 (3.1)

provided W # 0.
Now choose € so small that

U0) — vy > e(1 + 4/m). (3.2)

This is possible since U9(0) — u(0) as € — 0 and u,(0) > y because L. > L..
If (u,, 0) were stable then all solutions which at ¢ = 0 were sufficiently close
to (u,, 0), would stay within an e-neighborhood of (u,,0). On the contrary,
however, we show that the assumptions

0<v(x,t)<e, |x|=L,t>T, (3.3)

and v(0,0) > 0, leads to a contradiction. To see this, let W* be the solution
of (3.1) in ¢t > T such that W(x, T) = u(x, T), | x|<< L. Then for t > T we
have

u,—u, —flu)+eu=eu—uw=0=W:— Wg — f(W)+ eW*

so that u(x, t) = W(x, t) fort =T, | x|< L. Since W* — U* uniformly as
t — oo we see that there is a T, > T such that

u(x,t)=U(x)—¢, t=T,|x|<L. (3.4)
Since d = 0 we have

v, = o[ —v + m(u —v)]
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so that, by the uniqueness theorem for ODE’s if v(0, 1) > 0 for = 0 then
v(0, 1) > 0 for all £ > 0. If we let ¥(¢) = v(0, ) then from (3.4) and (3.2) we
have

V=v[-V+m(u©,t) —v)]
> V[—V+ m(U«0) — e —v)]
> V[~V + de]

for all t = T. But because of (3.3) this would imply that

T V(4e—V) 4e\V de— V)’
from which we get
v(0,1) = 4k t=T,

K+ exp(—4de(t — T.))’

where K = WV(T,)/(4e — V(T,)). Since the right-hand side approaches 4e as
t — oo, this clearly contradicts our assumption (3.3).

Now we consider the case d > 0. From (3.2) we may choose 8 so small
that

U‘(x)—y>e(l+§l-) for | x|=< 9. (3.5)

We shall again show that the assumption (3.3) leads to a contradiction. We
define W* as in the case d = 0, and we again have (3.4).
Define V to be the solution of

V,=dV, + V(=V+2) =0, t>T,,|x|<9, (3.6)
satisfying
V(=8,1) =0, V(x,T.) <v(x,T,)  for|x|<8.
For t > T, and | x |< § we see from (3.4) and (3.5) that
v, —dv,, —o(—v+2¢) =mo(u—1y) - 2ev
Zmo|US—y —€— -2’176

>0=V,—dV, — V(~V+ 2¢).

Because d > 0, the maximum principle assures us that v >0 for all x,
| x |< L, and in particular for x = =8§. Thus by the basic comparison result
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of [0] we have
o(x,2) > V(x,1), |x|<8,t>T,. (3.7)

We now examine the asymptotic behavior of V. The steady-state equation
corresponding to (3.6) is

AV’ +V(@2e—V)=0, V(=8)=0. (3.8)

The phase plane for this equation is as portrayed in Fig. 4 and in fact the
change of scales x — x///d, V - V/2¢ transforms this equation into our
original (1.4) with @ = 2e. Thus we see that for all sufficiently small 4 > 0
there is a unique solution V; of (3.8) such that Vy(x) >0 for |x|<4.
Moreover, ¥}, is the uniform limit, as t — oo, of ¥(x, ¢). If we further choose
d small enough to force ¥,(0) > e (cf. Fig. 4) then (3.7) yields v(0, 7) > ¢ for
all sufficiently large . This is the desired contradiction, which completes the
proof of Theorem 3.2

Corresponding to the loss of stability of (u,, 0) we expect a bifurcation of
new solutions from (u,,0) and it is to this question that we now turn. We
first discuss the case of d = 0.

A. Bifurcation when d =0

We have shown in Section 1 that, if d =0 and L > L, there is a new
equilibrium solution (u,, v,). This new solution is a bifurcation from (u, 0)
since u; - uy and v, - 0 as L - L . However, from Theorem 3.1 we know
that for all L > L_ there is a continuum of spectral points that are positive.
From this we might expect a continuum of new equilibrium solutions
bifurcating from (u,,0). This is indeed the case if we generalize the notion
of solution of (1.2);-(1.3) to allow discontinuous functions v when d = 0.
This is reasonable since, when d = 0, the second equation of (0.1), is simply
a family of ordinary differential equations parametrized by x. Thus, by a
generalized solution of (1.2);—(1.3) we shall mean a pair of functions (u, v)
such that v is bounded and piecewise continuous while u is C' with a

FI1GURE 4
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piecewise continuous second derivative, and (1.2),—(1.3) is satisfied except
at points of discontinuity.

THEOREM 3.3. Let J be a finite union of open subintervals of (—L, +L).
Then there exists a generalized solution (u,, v;) of (1.2)y, (1.3), with the
following properties.

(A) uy(x) = uy(x) < ug(x) for [x|=< L.
B) v, = ml P(u;, — v),
(C)J’ C J implies u, (x) = u,(x) for | x|< L.

Remarks. (1) I, is the indicator function of the set J, i.e., I,(x) =1 if
x € J and I,(x) = 0 otherwise.

(2) P(y) is the positive part of y, i.e., P(y) = max{0, y}.

(3) Since L > L, it follows that u; = u; > y on the interval (—a, +a) cf.
Fig. 3. Thus v;(x) > 0 for x in J N (—a, a).

(4) If J 1s an interval whose closure is contained in ( —a, «) then it will be
clear from (B) and the proof below that v; and uj will suffer jump
discontinuities at the end points of J but will be continuous elsewhere. This
shows that we do indeed have a continuum of distinct steady-state solutions.

(5) The solutions (u,, v,) must be unstable in any reasonable norm, but a
rigourous discussion of stability would be extremely complicated since these
solutions are not isolated. Computer simulation indicates, however, that
each such solution has a robust stable manifold. On the basis of these
calculations we conjecture that (u,, v;) is an attractor for every-solution of
the system (0.1),—(0.2) with initial values (ug, v,) satisfying uy(x) =0,
vo(x) =0 for x & J, vy(x) > 0 for x € J.

(6) It will be clear from the construction that when J.= (—L, +L),
(uy, v7) = (u), vy).

Proof of Theorem 3.3. The idea is to construct  as a solution of
u’ + f(u) —ul,mP(u—vy)=0, |x|<L;u(=L)=0. (3.9)
We do this by solving the “regularized” equation
u’ + f(u) —ulymP(u—y) =0, |x|<L;u(=xL)=0, (3.10)

where I} = w,+ 1, and w, is the Gaussian averaging kernel (mollifier) of
support | x | < e. Equation (3.10) is solved by the method of upper and lower
solutions (cf. [18]), and we then pass to the limit as € | 0.

Let 4,(u) denote the lefi-hand side of (3.10). Observe that

A;(uy) = —ugIimP(uy, —y) <0
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so that u, is an upper solution of (3.10). If we let I denote the indicator
function of (—a, +a) (cf. Fig. 3) then we see that u, satisfies

uy + f(u) — u ImP(u, —y) =0
and that P(u, — v) = IP(u; — v). Therefore,

AJ(ul) = I“lmP(”1 - Y) — LjuymP(u; — v)
= (1 — L) umP(u, —v)=0

so that u, is a lower solution of (3.10). It therefore follows from [18] that
there is a C*** solution, u,, of the regularized problem (3.10), which
satisfies

u(x) <ulx)=<uyx), |x|<L. (3.11)
From (3.10) we see that

w(x) - u(~L) = f_xL[—f(uc) +u LimP(u,— y)] dx (3.12)

so that {u.,¢>0}, as well as {u,e¢>0} are uniformly bounded on
[—L, +L]. Finally, it also follows from (3.10) that the second derivatives,
u, are also uniformly bounded in e. Thus, standard compactness arguments
yield the existence of a sequence of values {¢,, j = 1,2,...} converging to
zero and a C' function, u,, having Lipschitz continuous second derivatives
such that u, — u, and ug = uy uniformly in | x |< L. Passing to the limit in
(3.12) we see that u, satisfies (3.10) at every point except, perhaps, the end
points of the constituent intervals of J, where 47 may suffer jump discon-
tinuities.

If we now define v; by v, = mI,P(u; — v) then the pair (u;, v;) is a
generalized solution of (1.2),-(1.3) and (A) and (B) are clearly satisfied.

To prove (C), let v, denote a solution of (3.10) with J replaced by J'. We
then have

4,(v) = (I, = I;)me P(v.— v) <0

since J' C J. Thus v, is an upper solution of (3.10) for u,. Part (C) follows
immediately from this fact and thus completes the proof of the theorem.

B. Bifurcation Analysis for d >0

In the case of positive d we shall first make our result on the loss of
stability more precise and then show bifurcation using the results of [8].

We begin by improving Lemma 2.6(B) concerning the operator H(d, L):
z = dz"" + m(uy, — ¥)z. Recall that this operator has a real spectrum con-
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sisting only of eigenvalues. We let »(d, L) denote the maximum eigenvalue.

_ LemMA 3.3, There is a smooth function, d, defined on [L,, o) such that
d(L,)=0,d">0andv(d(L), L) = 0 for all L > L,. Furthermore, v(d, L)
<0 ford>d(L)andv(d, LY >0 for d <d(L).

Proof. 1t is well known (cf. [13]) that » is nondegenerate and, if v =
v(x; d, L) is the unique principal eigenfunction which is positive and has
unit L? norm, that v and » are smoothly dependent upon the parameters d
and L. It is also known that

<o (3.13)

and, in fact, we show below that a somewhat stronger result is true. Now, if
we let g(x) denote m(uy(x) — v) then since v satisfies the equation dv” +
qu = vv it follows that

+ L 2 +L
v=—d o) dx — 02dx
f_L( ) fqu
< —dC + max|q|, (3.14)

where we have used the fact that [lvll .2 < C|lv’|| ;2. Since | ¢| is bounded
independently of d it follows that » < 0 for all sufficiently large values of d.
On the other hand, from Lemma 2.6 we know that » > 0 for values of d
sufficiently near zero. Thus there is a value d for which »(d, L) = 0. If we
now let w = do/0d we have

aw” + 0" + qw =rvw + %u.
Since w(=L) = 0,

% = +L(dw”v + gqwo — vwo + v'v)dx
~L

= f+Lw{dD" + gv — vo}dx — /+L(v’)2dx
-L -L
= —f+L(v’)2dx <0,
-L

Thus, there is only one value of 4, d, for which »(d, L) = 0 and from the
implicit function theorem we obtain that d(L) is a smooth function of L.
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However, an argument similar to the one above yields

ov +L8u0
Y7 , (v) dx+2(v(L))

where we have used the fact that #; and thus v, is symmetric about x = 0.
Now, an elementary analysis shows that du,/0L is positive so that d» /0L,
and thus d’, is positive since d’(dv /8d) + (dw/dL) = 0. This completes the
proof of the lemma.

With the aid of this lemma we are able to prove the following theorem.

THEOREM 3.4. If L= L, and d> d(L) then (uy,0) is a global attractor
for all non-negative solutzons of (0.1)y, 02). f L=L, and 0 <d< d(L)
then (u,,0) is unstable as a steady-state solution of (0. l)d, (0.2).

Proof. 1f 0 <d<d(L) it follows from Lemma 3.3 and Theorem 2.7(A)
that the spectrum of the linearization A(d, L) has positive elements. The
instability of (ug, 0) follows from Theorem 2.5.

If d > d(L) then from Corollary 2.4 we see that for € > 0 there is a T > 0
such that u(x, t) < uy(x) + e for | x|=< L and ¢t = T. Now, if in the second
equation of (0.1); we multiply by v, integrate over (—L, + L), and use (2.8),
we get

d r+L 4 +L 2 +L
- dx = —d Y dx + —0* + mo*(u — v)|d
p f_Lv x f_L (v) dx f‘L[ v® + mo*(u — )] dx
L
= ﬂdijL(v’)z + mf_+L v (uy, — y)dx + mef+Lu7'dx

(v, + me)f+L1)2dx
-L

IA

for ¢ = T. Because d > d(L) we see that v, + me <0 for all sufficiently
small . Moreover, from Gronwall’s inequality we obtain

_/+L[U(t, x)]?dx < const. 1™,
-L

from which it follows that v(z,-) » 0 in L? as ¢ - oo. From this, as was
shown in [6] or [17], it follows that v(#, x) converges to zero uniformly in
[—L,+L}ast— oo. Thus, the argument used in the proof of Theorem 2.3
can be applied to show that u(¢, x) converges uniformly to u,in [—L, +L]
as t — 0o. This completes the proof of Theorem 3.4.

The next theorem shows that the stability lost by (uy,0) as d decreases
across d is picked up by a new branch of nonnegative solutions bifurcating
from (u,, 0).
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THEOREM 3.5. There is a 8 > 0 such that for all d € (d(L), d(L) — §),
there is a steady-state solution (u,, v,) of (0.1)4, (0.2) having the following
properties:

(A) 0<u; <uyand 0 <v,on(—L,+L),

(B) (u,, v,) converges to (u,,0) as d 1 d=d(L),

(C) (u,, v,) is asymptotically stable,

(D) (uy, v,) is the only other steady-state solution near (u,,0).

Proof. Our proof is based upon Lemma 1.1 and Theorem 1.7 of [8]. We
fix L and define the operator F: Cj X CZ X (d —¢,d + ¢) > C by

u’ + f(u) — uo
dv’ — vt + mv(u — 'y)

Flu,v;d) =

We then have F(u,,0; d) = 0 for all d > 0. To show bifurcation at d = d
we consider the linearization of F about (u,, 0):

w” + f(ug)w — uoz}

. wi _
FU(uOyO,d)[z] - dz,,_+_m(u0__y)

(3.15)

U denotes the generic point (#, v). As we saw in Theorem 2.7 (where F,, was
referred to as A) the spectrum of F, is purely discrete and is {u;, p,,...} U
{»1, ,,...}. For all positive values of 4 the p;’s are negative and »; < »,. As
shown in the preceding discussion (Lemma 3.3), the principal eigenvalue, »,,
is a strictly monotone decreasing function of 4 and VI(J )=20.

According to Lemma 1.1 of [8], to show bifurcation at d = d we must
demonstrate the following three claims:

(a) the null space of F,(u,,0; d) has dimension one.
(B) the range of F;(u,,0; d)) has codimension one.

_(y) if [w, Z]" is the eigenfunction of F(u,0; d) that corresponds to
v(d) =0 then

FUd(uO,O; E)[?J & Range {FU(uD,O; 3)},

where F;, is the mixed second Fréchet derivative with respect to U and 4.
To prove these claims note first that w and 7 satisfy

W+ f(ug)w = uyz

37+ m(ug — y)i = 0’ w(=L)=z(=L)=0. (3.16)

We thus see that z is a principal eigenfunction of the scalar operator
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dD?* + m(uy, — v). It is a classical result that this eigenspace is one dimen-
sional and that we may choose z > 0 on (— L, +L). Again using the result
of [19] that zero is not in the spectrum of D? + f’(u,) we see that for each 7
there is a uniquely determined w. This proves claim ().

If (g, k) is in the range of Fj(u,,0; d) then there must be a solution
(w, z) of the following system:

w” + fug)w =uyz + g

+ = o+ =
Jz”-l—m(uo—y)z:h ’ w(xl)=z(xL)
From classical results concerning one equation we see that there is a
solution of the second equation if and only if (z, k)= 0, where ( ) denotes
the inner product in L>(—L, +L). For each such solution, z, and for any g
there is a uniquely determined solution w, where again we use the results of
[19]. Thus the range consists of all pairs (g, &) which are orthogonal in L? to
(0, 2), and therefore claim () is true.
Finally, note that

FUd(uo,O; J)[

Ny F|
| ——
I
—_—
o o
U o
(%]
| S |
| p—
N E|
J I
[f
—
N o
L

But,
O [ 1O\ [Tlows . _ (TEon2
<[Z_,,],[Z_]>—f_Lz Zdx = j;L(z)dx#O.

In view of the description of the range given in the preceding paragraph,
this demonstrates the validity of (v).

We now can apply Lemma 1.1 of [8] to obtain functions ¢(s), Y(s) and
d(s), defined for all real s such that |s| is sufficiently small, and these
functions have the following properties:

(i) d0)=d.
(i) ¢(s), ¥(s) are in C¢ and ¢$(0) =¢(0) =0on (—L, +L).
(iii) F(u,(s), v,(s); d(s)) = 0, where

uls) =uy +s(w+o(s)), ov,(s)=sz+sP(s). (3.17)

(iv) (u,, v,) is the only other solution of F(u, v; d(s)) = 0 in a neigh-
borhood of (u,,0).
Since we have chosen z > 0 we see that v,(s) > 0 for s > 0. It is also clear
that u, = 0 for all sufficiently small 5. But from Corollary 2.4 we know that
every nonnegative solution (u, v) of (0.1)4, (0.2) must satisfy

limsup u(x, t) < ug(x).

t— oo
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We thus see that for s > 0 we have u,(x) < uy(x). Using (3.17), this in turn
mmplies that w(x) < 0. In fact, the following stronger statement is true;
namely,

w(x)<0  for|x|<L. (3.18)
This holds because if w(x) = 0, | x |# L, then from (3.16) we have
w’(x) =uy(x)z(x) >0,

which contradicts the fact that zero is the maximum value of w on
[—L, +L]. The fact that w is negative will allow us to show that d(s) <d
for s > 0 and therefore that (u, v,) is stable.

To this end let K denote the injection of C? into C. Then

(L (2=

so that K(w, z)" & Range { Fy,(u,,0; J)}. Thus vl(c?) =0 is a “K-simple”
eigenvalue of Fj(u,,0; d) (cf [8]). Thus, if 7(s) denotes the principal
eigenvalue of the linearization of F about (1,(s), v,(s)) with d = d(s), then
7(0) = »,(d) = 0 and (Theorem 1.7 of [8]) 7(s) has the same sign as

o

—sd(s)54(d).

But as we saw in the proof of Lemma 3.3, 9», /34 is negative so that 7(s)
has the same sign as sd’(s). Thus, if d’(0) < 0 then (u,(s), v,(5)) is asymp-
totically stable for s > 0, and we may choose d as the bifurcation parameter
rather than s. We see then that the proof of Theorem 3.5 will be complete
once we show that d’(0) < 0. We do this by directly computing &’(0).

To this end let us consider the second equation satisfied by (u;, v,):

d(s)v’l’ — v% + mvl(u] —y)=0.

Substitute here the expressions for #, and v, given in (3.17), divide by s,
differentiate with respect to s, and finally set s = 0. The result is

d'(0)z” + dy! — 2* + my(uy — y) + mzw = 0,

where  is the derivative of y with respect to s and all quantities are
evaluated at s = 0. If we now multiply by Z and then integrate we obtain,



316 CONWAY, GARDNER, AND SMOLLER

d=d (L)

(0,0) is unstable
(ug,0) is a global
attractor

(0,0) and (uo,O)

(0,0}is a
are unstable

globa!
atiractor (u1,v ) is stable near the

transition curve

[(u1,v1) is g global attractor ?]

[ TS

FIGURE 5

after several “integration-by-parts” and using (3.16),
d’(O)f_+LL(E’)2dx = [{@yz + mys(ug— 1)) = [2 + [m*m
= [9{d7" + mi(uy— 1)} — [2 + m [7%
= —[7+m[Pw,
where all integrals are over the interval | x |< L. Thus,
— [+ m[7%
fer

Since w < 0, and z > 0, this shows that 4'(0) < 0 and completes the proof
of Theorem 3.5.

We can now summarize our discussion of nonnegative steady-state solu-
tions by the bifurcation diagram in Fig. 5.

d’(0) = (3.19)

ConNJecTURE. On the basic of extensive computer simulation we believe
that (u,, v,) is defined throughout 0 < d < d(L); that it is a global attractor
for nonnegative solutions of (0.1)4, (0.2); that it is the only nonnegative
steady-state solution other than (0,0) and (u,,0); and that as 440, it
converges to the compactly supported steady-state solution constructed in
Section 1 (cf. Theorem 1.3 and Fig. 3).

II. Cubic Nonlinearity

In Sections 4 and 5 we shall consider our Egs. (0.1),, (0.2) under the
assumption that f is a cubic polynomial. In 4 we assume that f(u) =
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au(u — b)(1 — u) so that the prey species is an “asocial” population (cf.
[2]). In Section 5 we briefly discuss other cubic polynomials in order to
indicate the richness of the structure of the bifurcations. The solution set in
the cubic case differs from that in the quadratic case primarily in the
presence of more than one stable equilibrium solution. We shall choose the
parameters to satisfy certain general conditions, so as to contrast the
differences between the cubic and quadratic cases. Moreover, in order that
the paper does not become too lengthy, we shall go into detail only in the
places where we consider the differences between the two types of nonlin-
earities to be sharp. The reader who has come this far along should have no
difficulty, using our outlines, in completing the arguments.

4. EQUILIBRIUM SOLUTIONS IN THE CASE OF ASOCIAL PREY
PoPULATION

We consider Egs. (0.1),, (0.2), where
f(u) = au(u— )1 ~u), 0<bB<1/2, (4.1)

and b <y < 1. It is easy to check that the equations admit arbitrarily large
invariant rectangles and that all steady-state solutions again lie in the region
2 defined by (1.1). If we set v = 0 in (0.1),;, and seek steady-state solutions,
we see that u must be a solution of the problem

u” +f(u) =0, —L<x<L, u(=L)=0. (4.2)

From the results in [20], we know that there is a positive number L, such
that if L < L;, u = 0 1s the only solution of (4.2). If L = L, (4.2) admits a
unique nonconstant solution, and if L > L,, (4.2) has precisely two non-
constant solutions #, and u,. These are depicted in Fig. 6, the phase plane
portrait of (4.2), where we use the notation p, = uj(— L), i = 1,2. Observe
that every solution of (4.2) must lie in the “fish” region of Fig. 6 and each

Yz

Ug

§

FIGURE 6
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FIGURE 7

solution is characterized by its initial velocity p = u’(— L). We further recall
from [20], that the bifurcation diagram for nonconstant solutions of (4.2)
takes the form of Fig. 7; of course u = 0 is a solution of (4.2) for all L > 0.

We can also consider solutions of (4.2) as steady-state solutions of the
time dependent problem

U=U,+f(U), —L<x<Lt>0 UL, 1)=01>0.
(4.3)

Concerning their stability, we have the following theorem, whose proof was
given in [4, 5].

THEOREM 4.1." If L < L,, then u = 0 is a global attractor for solutions of
(4.3). If L > Ly, then u, = 0 and u, are stable solutions of (4.3), and u, has a
one-dimensional unstable manifold. In fact there are (heteroclinic) solutions
vo(x, t) and vy(x, t) of (4.3) which connect u, to the two attractors u, and u,,
in the sense that im,_ _ v,(x, t) = u/(x), and im,_, ,v,(x, t) = u,(x), uni-
formly on |x|= L, for i =0,2. (The fact that the convergence is uniform
follows, for example, from the results in [15].)

We turn now to the steady-state solutions of (1.2),, (1.3); ie, to the
solutions of (1.7), (1.8). From the second equation in (1.7), we sec that we
must always have v = 0 or v = m(u — v), (and of course, v = 0!). In order
to study the structure of these solutions, we define the number 7 by

fo(u)du =0. (4.4)
0
Note that b <7 <1 since 0 <b <1/2.
LEMMA 4.2. Let 7 be defined by (4.4) and assume that
T<y<l. (4.5)
Define h by

h(u) = f(u), ifu<y

= f(u) — mu(u — v), ifu=y. (4.6)
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Then # has exactly two positive roots, r; and 7,, where r, = b <y <r, < 1.
Moreover, A(0) = 0 and [2h(u)du > 0.

Proof. Let
8(u) = f(u) — mu(u — 7). (4.7

Obviously A(0) = 0 and A(b) = f(b) = 0. Since ¢(y) = f(v) > 0 > ¢(1), ¢,
and thus, 4, has a root ,, y < r, < 1. We show that 4 has no other root in
u > v. It obviously suffices to assume ¢'(0) 7 (0). Since ¢(0) = 0, ¢'(0) <0
implies ¢ has a root theorem between 0 and vy, while if ¢/(0) >0, has a
negative root. Finally, since y > 7,

_/(.)rzh(u)du = ./(;Yh(u)du + frlh(u)du Z_/;Yf(u)du + ./:zh(u)du > 0.

The proof of the lemma is complete.
It follows from this lemma that the phase plane for the problem

W +h(u) =0, —L<x<L,u(=L)=0, (4.8)

has the same qualitative features as that of (4.2). The point here is that 4’
being discontinuous at ¥ = y plays no role whatsoever in the orbit structure
of the phase plane, and classical (i.e., C?) solutions of (4.8), as well as of the
problem

U=U,+hU), |x|<L,t>0;U(+L,t)=0fort>0, (4.9)

exist as usual. In particular we will show in the Appendix that the bifur-
cation diagram for the solutions of (4.8) is qualitatively similar to Fig. 7.
Therefore, there is a number L, > 0 such that if L < L, then the only
solution of (4.8) is identically zero, while if L > L, there are precisely two
nonconstant solutions. For L = L, we define p, in the same way that we
carlier defined p,.

In preparation for the construction of solutions of (1.7), (1.8) we define
the number L, > 0 by '

o du
L, —fo 2F(7) - 20 () (4.10)

where F’(u) = f(u) and F(0) = 0. Thus, referring to Fig. 8, if u, is the
unique solution of (4.2) satisfying u (0) =y, then 2L, is length of the
interval on which it resides i.e. L, is the “time” the orbit takes to travel
from the line ¥ = 0 to u = y. Note that it is because we assume 7 > y that
L, and u_ are well defined. Note also that L, < L. Finally, if we denote by
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FIGURE 8

u, the umque nonconstant solution of (4.2) when L = L, and if we set
p=w(-L) wmd  p=u(-L)

then we have L, = L, iff p, = p, while L > L, otherwise.
In order to simplify the analysis, we make the additional assumption that

y>o=(1+b)/2, (4.11)

where o is the solution of the equation f(u) = uf"(u), (cf. [19, 20}). Con-
cerning solutions of (4.8) and (4.9), we have the following proposition.
(Recall u,, i = 1,2, was defined earlier, cf. Fig. 6.)

PROPOSITION 4.4.  (A) If p, = p;then L, = L, < L.. In this case (4.8) has
. precisely two nonconstant solutions, i, and i,, with i%,(—L) > d4i(—1) > 0.
Moreover, i, = u) while i, = u, only if L, <L <L,.
B)Ifp,<p; then L, <L,<L,,andd, =u, if L=L,.
(C) The solutions iy, = 0 and ii, are stable solutions of (4.9), while i, has a
one-dimensional unstable manifold. In fact, there are heteroclinic orbits of (4.9)
which connect 4, to the two attractors i, and il,.

Proof. Part (C) follows exactly as in Theorem 4.1. Also, a moment’s
reflection will show that part (A) is true. We thus confine our attention to
part (B).

First note that the orbit for u” + f(u) = 0, such that (u(0), u'(0)) = (a,0),
where a is any number satisfying 7 < a < 1, yields a solution of (4.2) on an
interval | x | < L(«), where

L(a) I_/:(ZF(a) —2F(u)) " Pdu, F=f.

In the same way we see that there is a solution of (4.8) on the interval
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| x|< L(a), where

L(a)= foa(zH(a) — 2H(u)) P du

and H'(u) = h(u) and H(0) = 0. Since h(u) =< f(u) and h(u) < f(u) for
u >y we see that L(a) = L(a) and L(a) > L(a) for a >y. When P, <ps
then it is clear from Fig. 8 that u,(0) > v so that

L,=min{L(a):7<a <1} =L(a)>L(&)

zmin{L(a):7<a<1} =1L,.

To see that L, = L mnote that u (x) <y for all x, | x|=< L, so that u_ is a
solution of (4.8), as well as (4.2). This shows that L, = L,. We also notice
that ,(x) < vy so that 4, is a solution of (4.2) as well as (4.8), and thus must
be the same as u,. This completes the proof of Proposition 4.4.

Now, just as in Part I, we construct solutions of (1.2)4, (1.3), for d =0,
using the solutions of (4.2) and (4.8). If « is a solution of (4.2) then (u,0)is a
solution of (1.2),, (1.3); if u is a solution of (4.8) then (u, v) is a solution of
(1.2)4, (1.3) if v = O(u) = mP(u — y), where P(z) = max{0, z}. The fol-
lowing theorem summarizes our results for the system.

THEOREM 4.5. Let f be defined by (4.1) and ‘(4.5) and let (4.11) be
satisfied. Then the following statements concerning (1.2), (d = 0), (1.3) are
valid.

(A) If L <L, then U, = (0,0) is the only solution.

(B) Suppose p, = p;. Then if L, < L < L, there are precisely two nonzero
solutions, U, = (4,,0) and U, = (uz, 0), where u, and u, are the solutions of
4.2) dlscussed m Theorem 4.1. If L < L then in addition to U, and U,
there is a third nonzero solution: U, = (i,, ©,), where i, is as in Proposi-
tion 44 and &, = 8(d,). U, b1furcates from U, in the sense that U,
converges uniformly to U, as L VL,

(C) Suppose p, <p,. If L, <L < Lh then U, and U, are the only nonzero
solutions. If L, < L < L, there are two additional nonzero solutions, U, =
(#,, 8(4,)) and U, = (i,, 6(i,)). For L > L, we have U = U, so that there
are three nonzero solutions: U,, U, and U,.

The situation ‘described in this theorem is nicely illustrated in the two
bifurcation diagrams of Fig. 9.

As in the case of quadratic case there is a degeneracy when L crosses L
There is again a continuum of generalized solutions but because the snua-
tion is so similar to that described in Part I, we shall not discuss it further.

We turn now to a discussion of the stability of the equilibrium solutions
which we have constructed. The first step is taken in the following proposi-
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FIGURE 9

tion which yields information concerning the “domains of attraction” of the
stable steady-state solutions of the single equations (4.3) and (4.9). A
novelty of our discussion is the use of heteroclinic orbits as comparison
functions.

PROPOSITION 4.6.  Let U(x, t) be the solution of (4.3) with U(x,0) = 0 for
| x|=L.If L <L then U(x, ) > O uniformly in x as t - 0. If L> L, and
U(x,0) = uy(x) (resp. U(x,0) < u(x)) but U(x,0) ¥ u,(x) then U(x, t) —
u5(x) (resp. U(x, t) — O) uniformly in x as t — oo. An analogous statement is
valid for solutions of (4.9).

Proof. 'The case of L < L,is proved just as in Proposition 2.1. If L > L,
and U(x,0) = u(x), | x|< L, then from U — U, —f(U)=0= —uf —
f(uy) it follows that U(x, ¢) = u,(x) for all 1 = 0 and | x |< L. In fact, since
U(x,0) # u,(x) we can conclude that U(x, t) > u,(x) for t >0, | x |< L,
and that =[U(=L,t) — uy(=L)] > 0. Thus, if ¢, >0 is arbitrary and
v,(x, t) is the (heteroclinic) solution connecting u, to u, (cf. Proposition 4.1)
then we can find £ < 0 such that v,(x, f) < U(x, t,) for | x |< L. If we let
w(x, 1) =v(x, 1 — ty + 1) then w(x,ty) < U(x,t,) so that w(x, 1)<
U(x, t) for all t = ¢, | x|< L. It thus follows that

limsup U(x, 1) = u,(x), | x|=< L.

— 00

Since u, and u, are the only positive equilibria it follows from the gradient-
like nature of the equation, as in the proof of Proposition 2.1, that
U(x, t) = uy(x) uniformly in x as t — oo. The proofs of the other state-
ments of Proposition 4.6 proceed in similar fashion.

The following theorem deals with the stability properties of the solutions
of the system (for d = 0) which were constructed in Theorem 4.5.

THEOREM 4.7. Under the assumptions of Theorem 4.5, the following state-
ments concerning nonnegative solutions of (1.2),, (1.3) are valid.
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(A) For all L >0, U, is asymptotically stable (ie., is an attractor); if
L < L, then U, is a global attractor (i.c., is the uniform limit of all positive
solutions).

(B) If L > L, then U, is unstable while U, is stable when u,(0) <7y (ie.,
when p, < p, and L, <L <L) but unstable when u,(0) >y (i.e., when
p;=p,or L>L).

Proof. Let (u, v) be a nonnegative solution of (1.2),, (1.3). If U 1s the
solution of (4.3) such that U(x,0) = u(x,0) then from (4.12)

u,~u, ~f(u) = —w<0=U~ U, f(U)

it follows from the comparison theorem ([0]) that u(x, t) =< U(x, ). Thus,
from Proposition 4.6 it follows that u(x, t) converges uniformly to zero as
t—> oo if L<L;or if u(x,0) <u(x). From this we conclude, as in the
proof of Theorem 2.2, that v also converges uniformly to zero and thus part
(A) is seen to be true. This also shows that U is unstable for all L > L,.
Now let us consider the case L > L,, where u,(0) < y. This occurs when
pr<p,and L, <L <L . Note that uy(x) <y for all x, [x|=< L. If we
assume that U(x,0) > u,(x) for —L < x < +L then we know from Pro-
position 4.6 that U(x, t) — u,(x). It therefore follows from (4.12) that

limsupu(x, ) < u,(x) (4.13)

=00
uniformly on | x |< L. Since u,(x) < v it follows as in the proof of Theorem
2.3 that v(¢, x) — 0 and that u(x, ) — u,(x) as ¢t > oco. This shows that U,
1s an attractor if u,(0) <y. That U, is unstable when u,(0) >y is proved

Jjust as in the proof of Theorem 3.2. This completes the proof of Theorem
4.7.

Remark. It 1s easy to see that when L > L, and u,(0) > y there is a
continuum of generalized equilibria just as in the quadratic case (Theorem
3.3). For the sake of brevity we shall omit a discussion of this situation.

Let us now turn to the case where d > 0. Note that U, U, and U, are
equilibrium solutions of (0.1)4, (0.2) in this case as well. The following
theorem summarizes their stability properties.

THEOREM 4.8. For all L>0, d =0, Uy = (0,0) is an attractor for non-
negative solutions of (0.1),, (0.2). If L < L, then U, is a global attractor. If
L>L,, U is an unstable equilibrium solution while U, is an attractor for
d > d(L) and is unstable for d <d(L). d(L) =0 for L <L<L, while
d(L)>0,d'(LYy>0for L>L,.

The situation described in this theorem is illustrated in Fig. 10. The proof of
Theorem 4.8 is similar to those of Theorems 2.2, 2.3, and 3.4 and, therefore,
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we omit the details. Just as in the case of quadratic f it would seem to us
that there is precisely one stable nonzero solution when d < d(L) and this
solution converges to U, as d 1 d(L) while it converges to U, as d | 0. This
conjecture is supported by extensive computer simulations. For d near d( L)
it is further supported by a bifurcation analysis similar to that in Section 3.

5. SOME INTERESTING BIFURCATION DIAGRAMS

In this section, we shall discuss, rather briefly, the Egs. (0.1),, (0.2) where
f(u) 1s of the form

fw)=(u—a)(u—b)(1—u), a<b<0<]l, (5.1

where a and b are close to zero, and 0 <y < 1. If we consider the problem
(4.2), for this f, we know, from the results in [20], that the global bifurcation
diagram for the number of nonconstant solutions is given by Fig. 11. That
is, if L,<L< L,, there are three solutions u, u,, u, while if L > L, or
L < L,, there is only one; u, or u,, respectively. We shall see below that this
yields some quite different and interesting bifurcation diagrams for solu-
tions of the steady-state equations (1.2),, (1.3).

Before we consider the steady-state solutions, it is first necessary to show
that the problem (0.1),;, (0.2) admits globally defined solutions whenever the

p=u'(-L)

FIGURE 11
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FIGURE 12

initial data functions u(x, 0), and v(x,0) are bounded smooth, nonnegative
functions. To this end, we consider the isoclines of the vector field ¥V =
(f(#) — uv, v[—v + m(u — y)]), in the quarter plane u =0, v = 0. Along
the curve uv = f(u), if u # 0, we have v = f(u)/u; hence v’ = 0 whenever
uf'(u) = f(u). But since a and b are close to zero, we have, from the results
in [20], that v/ = 0 exactly twice in u > 0. It follows that the flow of the
orbits of ¥ can be described by Fig. 12. We see at once from this picture
that Egs. (0.1), admit arbitrarily large bounded invariant rectangles in
u=0, v=0 so from the results in [3], solutions exist globally in time.
Furthermore, the region ¥ given by (1.1) contains all the steady-state
solutions.

Next, we define the function # by (4.6), where f is given by (5.1). If
o(u) = f(u) — mu(u — v), then since ¢(0) >0, ¢(b)>0 and ¢ >0 if
u < —1, ¢ has two roots in u < 0. Since ¢(y) > 0 and ¢(1) <0, ¢, and
hence A, has precisely one root 7 in the interval y < u# < 1; in fact this is the
only positive root of A. It follows that 4 has the same qualitative form as f.
We can assume that g and b are chosen so close to zero that whenever r = v,
Eq. (4.7), for this A, has the qualitative form of Fig. 13, if m is sufficiently
small (see the Appendix).

|
Po h Ph Py

Fi1GuRre 13
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We shall discuss only the steady-state solutions of (0.1),, (0.2), and leave
the case d > 0 to the reader. Thus, we seek solutions of (1.2),, (1.3), where f
is defined by (5.1). There are several cases to consider, each one being
qualitatively distinct from the others. Recalling the definition of L  in
(4.10), and the definitions of L;and L,in Fig. 11, we see that there are three
different cases to consider; namely

()L, <L; ()L,<L, <L, (ii)L,>L,. (5.2)

Now rather than give a complete and exhaustive study of all these cases, we
shall content ourselves to first describe the solutions, then to give the
bifurcation diagrams, and finally to state the stability results; the reader
should have little difficulty in verifying our statements. In what follows we
shall denote by u, and i, the solutions of (4.2) which correspond to interval
lengths L, and L, respectively, and which satisfy u;(—L,) = p, and
up(—Ly) = py-

Observe first that i has the same basic qualitative properties as f; namely
that A(a) = h(b) = 0, and A(r) = 0 for some r, 0 < r < 1. Thus it is easy to
see, using elementary phase-plane considerations, that problem (4.8), admits
nonconstant solutions for all L > 0. Thus, if p, is defined as in Section 4 (cf.
Fig. 10), we have that whenever p > p_, there are solutions of (1.2), of the
form (u, v), where u satisfies (4.8), w'(—L) = p, and v(x) = m(u(x) — v) if
u(x) =y, while o(x) = 0 if u(x) <y.

We now find all the solutions of (1.2),, (1.3) by considering successively
the cases (5.2) above. In the interest of brevity, we shall not give a complete
classification; rather, we shall merely show some of the interesting new
phenomenon. We begin first with some general remarks. Referring to Fig.
14, the phase plane for (4.2), (with f given by (5.1)!), we have marked off the
points p,, p; and p; on the line u = 0, and the corresponding L intervals
between, them which we obtain from Fig. 13. In addition we have marked
off points P, O, R, S and T on the line u’ = 0; these points will be needed
to distinguish the different cases in (5.2) and will represent the various
possible positions of the line u = y. Finally, we recall once again that p,
denotes the unique point on the line # = 0 with the property that the orbit
of the flow (4.2) which passes through p,, is tangent to the line « = v, (p,
will vary of course, depending on whether the line # = v 1s in one of the
four positions P, Q, R, S or T.) These correspond, respectively, to the cases

P, <Po» Po<pP,<Pp  Pr<Py<Pp» Py<DPy,<Pi, P1=Dy

(5.3)

where we recall p, is defined in Fig. 11. In what follows, u denotes a
solution of (4.2) and & denotes a solution of (4.8).



PREDATOR—PREY EQUATIONS 327

)
u

FIGURE 14

Observe that solutions of (4.8) can differ from solutions of (4.2) only
when u'(—L) < p,; for smaller initial derivatives, the two equations yield
identical solutions (cf. Fig. 14). Moreover, by the argument in the proof of
Proposition 4.4 B, if p, <p, T(p) < T(p), where T and T denote, respec-
tively, the “time maps” corresponding to (4.2) and (4.8), respectively. With
these two observations, we can construct the bifurcation diagram for small
m > 0.

We begin with the case p, < p, (1.e., y = Pin Fig. 14). If L < L_, then the
only solution of (1.2),, (1.3) is Uy = (ug, v). If L, < L < L,, then we have
the two solutions U, and U, = (&,, ©,), U, bifurcating out of Uj,. If
L <L< l_, we first get the two additional solutions U; = (u,,0) and

= (u,, 0) (Ly<L;), and then when L crosses L,, we obtain two
addmonal solutions U, = - (4,, 0,) and U, = (i,, ,). Now since m is small,
we have L, < L, < L < L, so that when L exceeds L,, the solutions U, and
U, cancel each othcr and then when L>L,, the solutlons U, and U,
cancel. Hence, for L > L,, we are left only with the two solutions U, and
U,. We depict this case in Fig. 15, where we have also denoted the number
of solutions in the various regions of the L axis. Moreover, a superscript s or
u on a term U indicates whether the function is a stable or unstable solution
of (1.2),, (1.3), respectively. We shall briefly discuss this at the end of this
section.

Next, consider successively the cases p, < p, <p; (i.e., y = Q in Fig. 14),
Pr<p, <ps(ct. Fig. 14 with y = R), p, <p, <p,, and p, <p, (c.f. Fig. 14
with y = §). The bifurcation pictures are in Figs. 16—19, respectively. (Note



328

that since m is small, we have, by continuity that L, > L, in Fig. 16; similar
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things hold in the other pictures.)

Finally, we say a few words on the stability of the solutions U, = (u,;,0) in
the various cases (5.2); the reader should have no difficulty in verifying our
statements. In fact, the stability statements follow from the corresponding
stability of the u; considered as a solution of the scalar equation (4.2), while
the instability statements could in addition, be due to a bifurcation, with a
resulting loss of stability of U; we have already observed this phenomenon

in Section 4.
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6. MORE THAN ONE SPACE VARIABLE

In this final short section, we remark that certain of our results can be
extended to the case of several space variables. In particular, we shall show
how to obtain the bifurcations of the steady-state solutions in this case.

We consider the steady-state equations

vViu+f(u) —uw =0, dv+o[—v+m(u—vy)], (6.1)
on a domain @ C R", together with homogeneous Dirichlet boundary
conditions

(u,v) =(0,0) on 0Q. (6.2)
We shall discuss only the quadratic case, f(#) = au(l — u). From the results
of [1], for example, we know that the problem

viu+f(u)=0, u=00ndQ (6.3)

has a nonzero solution #(x), provided that £ is sufficiently large. (We shall
give an alternate simple proof of this fact.) From this, it follows that (6.1),
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(6.2) admits (i, 0) as a solution. We are interested in the bifurcations of this
solution, as € increases. To this end, we shall only consider the case d = 0,
since the discussion when d > 0 follows exactly as before.

We let #(u) be defined as above in Eq. (4.6) and we consider the problem

viu+h(u) =0, u=00ndQ. (6.4)

Our goal 1s to show that (6.3) has a solution different from uy(x) provided
that Q is sufficiently large. This will follow from a lemma.

LemMa. If Q is sufficiently large, there is a sotution us(x) of (6.3) with
uy(x) > v for some x € Q.

Proof. Let w =0 be a principal eigenfunction of —Vv? on £, together
with homogeneous Dirichlet boundary conditions, and let A > 0 be the
corresponding eigenvalue. We may assume w(x) < 1, x € , and for some
x€eQwx)=1.IfQislargeand e > OissmalLA + a(y + e — 1) <0.If u
1s the solution of the parabolic equation

u,= viu+f(u), u=00ndQ, (6.5)
and u(x,0) > yw(x), x € Q, then
u,— Vu—fu) =0=(y +e)w[A +a(y +e—1)]

= =vH(y +w) = f((v + )w).
Hence by the usual comparison theorem, u(x,?) = (v + e)w(x), x € §,
t > 0. Since (6.5) is gradient-like with respect to the functional

o(u) =f9[%y Vul - F(u)] dx, F =f,

and (6.5) admits arbitrarily large invariant regions in u = 0, we obtain that
lim,_, ,u(x, t) = uy(x) exists, and u, is a solution of (6.3). Since uy(x) = (y
+ e)w(x), we see that uy(x) > v.

We turn our attention now to (6.3). To obtain a solution, we shall
construct upper and lower solutions. Thus, with w as in the lemma, and
8 > 0 sufficiently small, w is an upper solution, and, the function u,,
obtained in the lemma is a lower solution. Hence (6.3) has a solution ,(x)
different from uy(x). As in the one-dimensional case, we can easily show
that the solution (ug,0) bifurcates into (uy,0) and (u,, v;), where again
v(x) = 0if u(x) <y and v,(x) = m(u,(x) — y) otherwise, so that again
v = 0 in a neighborhood of the boundary. Although we will not give the
details, it is easily seen that we again have a continuum of (generalized)
steady-state solutions which reflects the fact that part of the residual
spectrum is positive.
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APPENDIX

We shall show that for the functions h(u), defined by h(u) = f(u) —
ml(u)u(u — v), (where I 1s the characteristic function of the interval ¥ = ),
their “time” maps (i.e., bifurcation diagrams for solutions of u” + A(u) = 0,
—L <x <L, u(+L) = 0), have the same qualitative features as the corre-
sponding “time” maps for solutions of u” + f(u) =0, —L<x<L,
u(=L) = 0. Here f can be any of the three functions we have previously
considered in Sections 2, 4, and 5, viz., f(u) = au(l — u), f(u) = au(u —
bY1 — u), f(u) = (u — a)(u — b)(1 — u), respectively.

In all three cases, if H' = h, H(0) = 0, then (see [20]), the bifurcation
diagrams are given by counting the number of critical points of the “time

?”

map

S(a) = [——2— = T(a(p)),

o JH(a) — H(u)

where p2 = 2H(a( p)). We also have ([20]) the following formula:

o [ )0 a
$ =L e~ ) )

where

0(u) = 2H(u) — uh(u). (A,)

Furthermore, an easy calculation shows

0'(u) = f(u) — uf'(u), u<y

— () — () + s w>y (As)

Now if f(u) = au(l — u), then

0'(u) = au?, u<y

= (u+ m)u?, u>y'

and we see from writing the integral in (A,) as the sum of two integrals,
S(a) = [¢ + [, that (A;) implies that S'(a) > 0. Hence in this case, there
is a unique nonconstant solution of ¥’ + h(u) =0, —L<x <L, u(£L)
=0, for each L > L,, (see [19]). This proves the last statement in Theorem
1.2.
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Suppose next that f(u) = au(u — b)(1 — u), 0 <b < 1/2. Then if T'( p)
= 0, we have S’(a) = 0 and conversely so if S’(a) = 0 we have (see [20])

pens v ab’(a) — ub’(u) o« ab'(a) — ub'(u)
28" (a) = du + u,
(=) fo (H(a) — H(u))? fv (H(a) — H(u))?
(A,)

where 0 is again defined by (A,). Now if a <o, then S’ < 0 while (A,)
shows that if ¢ < a, then S”’(a) > 0 when §’(a) = 0. Hence it follows that
T( p) has precisely one critical point, and thus the statement in Proposition
4.4, concerning the number of solutions of (4.7) is valid.

Finally, we consider the case where f(u) = (u — a)(u — b)(1 — u), where
a, b <0, and a and b are near zero. If m is sufficiently small, one can check
that the results of [20] apply. This follows since the bifurcation diagrams
depend smoothly on the parameters, see (A;). Thus Fig. 13 gives the
qualitative picture of the solutions of (4.8).
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