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We consider the predictions for the weak mixing angle 8, and the scale M of unification in a
supersymmetric extension of SU(5), with particular emphasis on the sensitivity to the number of
Higgs multiplets. In the one-loop approximation, we also calculate the ratio m, /m .. We discuss
generally the effects of an intermediate threshold between the weak interaction scale and M and
estimate the sensitivity of 8y, and M to the scale of supersymmetry breaking,

The evolution of the coupling constants of the supersymmetric SU(3) ® SU(2) ® U(1) effective
gauge theory is described and the two-loop corrections to #y and M are calculated.

1. Introduction

Supersymmetric unified models (SUMs) offer a potential solution to the unnatu-
ralness or gauge hierarchy puzzle of standard grand unified models (GUMs) of
electroweak and strong interactions [1,2]. Attempts to build realistic SUMs face
theoretical and phenomenological difficulties [2,3], but it has been emphasized [4]
that the most naive extension of SU(5) will not substantially alter the successful
prediction of the weak mixing angle 6,, whereas the unification mass scale M tends
to increase by several orders of magnitude, thereby suppressing the proton decay
rate beyond the range of feasible observation. Were this a universal feature of
SUMs, the observation of proton decay would discourage further attempts to utilize
supersymmetry to render GUMs natural*. In this paper, we reconsider the predic-
tions for 8y, and M in SUMs, emphasizing the sensitivity to the number of light
Higgs doublets. We also extend the previous lowest order results to two loops, our
motivation being twofold: (i) The accuracy of the one-loop approximation depends
upon the size of higher order corrections, and, since SUMs generally will contain
many more particles than GUMs, one might a priori expect higher order corrections
to be relatively more important. (ii) Even a relatively modest change in the
unification mass M produces a large change in the proton lifetime 7 oc M*,

Another topic treated in the course of this investigation is the change in the
prediction of the quark-lepton ratio m, /m_ in going from the minimal SU(5) GUM
to the minimal SU(5) SUM. Remarkably enough, we find only a small change in this
seemingly successful consequence of SU(5) unification.

*See note added in proof.
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Another subject of interest which is easily treated in one-loop approximation is
the effect of an intermediate threshold between m., and M on 6y, M, and the
unified coupling constant ag;. This can be used in many different applications; for
instance, we can deduce the dependence of these parameters on the scale A of
supersymmetric breaking.

The outline of this paper is as follows: In the next section, we review [2-4] the
one-loop results for 6y, and M and discuss the sensitivity to the scale A of
supersymmetry breaking. We also consider the ratio m,/m_. In sect. 3, we proceed
to consider two-loop corrections in @y, and M in SUMs. An interesting new feature
of such considerations is that consistency requires the inclusion of certain Yukawa
couplings. Finally, in sect. 4, we summarize our conclusions.

In the remainder of this section, we review the evolution of the coupling constants
in an SU(3) ® SU(2) ® U(1) (effective) gauge theory [5]*. Between any two thresholds,
the SB-functions are given by

3.2
g n 2 8i&;

) ,.. , (not summed on i). (1.1)
167> =,V (1672)°

B =

Here g,, g,, and g, denote the coupling constants of the U(1), SU(2), and SU(3)
gauge groups, respectively. For the standard model, the coefficients b,, b;; are well
known; for convenience, they are reproduced in the appendix for an arbitrary
number of generations N, and Higgs doublets H. The most naive supersymmetric
extension is simply to add appropriate partners for each elementary field appearing
in the standard model**. Thus we add (Majorana) gauge fermions to the vector
bosons, complex scalars to the chiral fermions of each generation, and chiral
fermions to the complex Higgs fields. Supersymmetry for the gauge mulitiplet then
implies both Yukawa couplings of the gauge fermion to the matter fermions (equal
to the appropriate gauge coupling) and quartic scalar couplings (equal to the square
of the gauge coupling). To two loops, the latter does not contribute, but the Yukawa
interaction will contribute to the coefficients*** b, .. If we continue to neglect other
Yukawa couplings ultimately responsible for the light fermion masses, then the
result for the B, function can be taken from ref. {6], which leads to the formulae in
the appendix. Unlike in the standard model, the SU(2) coupling is already not
asymptotically free with only 3 generations but increases slowly. Consequently, in
SUMs, the coupling constant a; at the unification mass will always be larger than «,
at the supersymmetry breaking scale A.

* The B-function through two-loop order for a general G, ® G, theory is given in ref. [6].

** Several arguments can be advanced against identifying the usual Higgs doublet as the supersymmet-
ric partner of a chiral lepton doublet. For example, there could then be no Yukawa terms responsible
for the mass of the lepton after spontaneous symmetry breaking of weak isospin. Also, when
embedded in a SUM such as SU(5), the scalar partners of the charge — 1 quarks (such as d) would
mediate baryon-violating transitions (Witten, ref. [2]). Finally, the association of Higgs scalars with
particular generations is problematic.

*** The B-function for supersymmetric theories was first given in ref. [7).
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2. One-loop results

In lowest order, the solutions for the running coupling constants are

1
=— b1, 2.1
a(p) g @)

where 1 =(1/27)In(M/p). As usual, we will assume that the electromagnetic
coupling constant a and the strong interaction coupling constant a, are given at the
weak interaction scale u = my,, and we thereby determine the unification mass M
and unified coupling a, and we predict the weak mixing angle 6. The standard
results for these quantities are [5}

. [ a
SaneW:ELb2—b3+(b'_bZ)Cza—J’
11+
_d_a a; |’

(2.2)

'_5+ (b2+C2b,)]

1
ag d a a,

where the denominator d is defined by d = b, — by + C?(b, — b;)*. The constant C is
determined by the normalization of the U(1) hypercharge generator, which depends
on the unified group. (For SU(5), C =3.) If we insert the formulae for b, from the
appendix, we obtain the expressions given in table 1 for the standard model and for
its supersymmetric extension. As emphasized in [4], sin’fy, is a function only of the
ratio of differences of slopes b;, which, with the neglect of Higgs multiplets, is
unchanged by supersymmetrization. In fact, sin’fy, is a monotonically increasing
function of H for which the standard model and supersymmetric model happen to
agree at H =0 and H = oco. Nevertheless, the two models disagree significantly for
finite H, as we have displayed in table 2**.

The unification mass is even more sensitive to the number of Higgs fields. Note
that M monotonically decreases with the number of Higgs multiplets H. The
standard electroweak SU(2)® U(1) model generally assumes only a single Higgs
doublet, although in GUMs, additional doublets frequently occur. For instance, in
SU(5), one might entertain having a 5 and a 45.

* Note that both sin’fy, and r depend only on the differences of the b;.

** Throughout the paper, we have taken as inputs the values of @ and a; at my,, which we chose to be
a” ' =128 and a; = 0.12, corresponding to Aqep = 0.3 GeV. (The unification mass is approximately
proportional to Agep for small changes in a;.) To obtain the absolute normalization of the
unification mass M, we have taken [8] my = 38.5 GeV /sinfy,.
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TABLE 1
Synopsis of one-loop results for the unification mass M [¢ = (1 /2m)In(M/my,)],
unified coupling constant ag, and weak mixing angle 0,

Standard model Supersymmetric model
d 2+ 10 18+ H
. 111 a 1 «
2
sin’fyy 2[3(22+H)+%(110—H)a—3] 2[3+§H+(10—§H)a—3]
, i s i s
dia 3oy dla 3as
ag' l[(11—51\/)l l[(9—2N)l
G d 38 d &/ o
(N 1 L1 C(e-en — )L
(3 s Ny 3H)a3J ,(6 3 Ny H)a3
N, = number of generations; H = number of Higgs doublets.

TABLE 2
Comparison of one-loop results for sin’fy, M and ag'
as a function of the number H of Higgs doublets

Standard model Supersymmetric model
sin?fy, M (10" GeV) ag! sinfy, M (10 GeV) ag!
H=0 0.203 11 420 0.203 9300 26.0
12 0.207 7.1 41.5 0.217 1300 25.0
2 0.211 45 41.0 0.230 220 242
4 0.219 1.9 40.1 0.253 10 22.8
6 0.226 0.86 39.1 0.272 0.78 21.6

See 2nd footnote, sect. 2. For ag ! we have taken Ny= 3.
#In the supersymmetric model, the case H =1 is necessarily anomalous and included only for
comparison.

In table 2, we display the unification mass in one-loop approximation for various
numbers of Higgs doublets for both the standard model and its supersymmetric
extension. It has been noted [2,3] that a minimum of two Higgs multiplets is
necessary in formulating the supersymmetric extension because a single chiral Higgs
supermultiplet cannot give mass to both the charge —3 and charge +3 quarks.
Even more seriously perhaps, a single Higgs supermultiplet would give an anomaly,
thereby destroying renormalizability. In fact, to avoid anomalies due to the addi-
tional fermions, it is rather natural to double the number of Higgs multiplets. In the
non-supersymmetric case, increasing the number of Higgs from 1 to 2 makes only a
35% decrease in the unification mass; however, in the supersymmetric extension,
doubling the number of Higgs from 2 to 4 results in an order of magnitude decrease
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Fig. 1. Graphs contributing to the one-loop anomalous dimension. Legend: —>— = chiral fermion;--»~
= scalar partner of fermion: "\ = gauge boson; v~ = (Majorana) gauge fermion: (a) vector boson
contribution; (b) gauge fermion contribution.

to a value only very slightly greater than the commonly accepted prediction! Thus
the observation of proton decay would not ipso facto exclude supersymmetry above 1
TeV*. However, increasing the number of Higgs multiplets necessarily increases
sin’fy,, so it may be difficult for SU(5) SUMs to account simultaneously for both
the experimental value of sin’fy, and an observable proton decay rate. Indeed, all
the values of sin’fy, in table 2 for the supersymmetric case with H>2 tend to be
rather high compared to the currently favored values. [§]

Another frequently cited successful prediction of SU(5) GUMs is the ratio**
my/m., which follows from assuming these masses are due to a Higgs 5 only.
Although this is more controversial and apparently more model dependent than
sin’fy,, it is interesting to know how the simplest supersymmetric extension alters
the prediction. In addition to the usual self-energy graph (fig. 1a) contributing to the
anomalous dimension of the mass operator Y, there is also the graph (fig. 1b) with
the gauge fermion and complex scalar partner of the fermion. The general formula
for the anomalous dimension y,, is changed from

y, _ & 6C,(R) (2.3)
" 1677
in the standard model to
Y= -5 4C,(R) (2.4)
1672

in the supersymmetric model, where C,(R) is the quadratic Casimir for the represen-
tation R of the matter fields. Then, assuming for simplicity that supersymmetry
breaking occurs at my,, we find for the SU(5) supersymmetric model with 3
generations

% _ [ a3(2mb) ]IZ/B[ a3(mt) ]4/7[ a}(mw) :r/g’ (25)

B "‘3(’"1) az(my,) Agum

T

* Cf. ref. [4]. It is worth recalling [8,9] that there is at least an order of magnitude uncertainty in the
proton lifetime because of uncertainties in the correct value of a;. It has been argued [8] that /7> 3 is
excluded because the proton lifetime becomes too short. However, it is clear that many more than 3
doublets are allowed by the supersymmetric extension.

** This has recently been reviewed in ref. [10].
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while in the standard model

(2.6)

T XGuM

My _ [ as(2m,,) ]]2/23[ az(m,) }4/7‘

m a3(m1)

Here m, represents the mass of the top quark. We have neglected the contribution
from the hypercharge subgroup, which in both cases gives a correction of O(10%).
For agyy = 5, agum = ar and m, =20 GeV we obtain

(fi) =37, (fi) =34
my Jsum M ] Gum

Thus the prediction of the SUM does not differ greatly from that obtained in the
standard GUM™. However, in view of the well-known difficulty associated with the
mass ratios of the lighter generations of quarks and leptons [10], we would in any
case hesitate to describe this as a decisive test of the model.

Another simple exercise is to investigate the effect of an intermediate threshold
between my, and M**. The solution of the one-loop equations now becomes

11
« "ot (b= B)+BT. (2.7)

i

Here, 27T =In(M/my,) and 27t=In(A/my,), where A represents the scale at
which the intermediate threshold occurs. The slope parameter below (above) the
threshold is called b, (B,). Of course, if the threshold is regarded as known, one can
again solve for ag, M, and sin*dy,. We find

atC2|b1_b2 bz_b3
D |B,—B, B,—B,

|
m%w:%(&—&+0%m—3gi)— , (2.8)

where D =B, — B, + C*(B, — B;). Note that sin’f, varies linearly with ¢ between
the value in the case where A = my, (1 =0) to the value when the threshold is at the
unification mass, A =M (¢t =T). Thus, if these two values lie within the range of
experimental uncertainty in sin’fy,, then the presence of an intermediate threshold
at an unknown scale does not really vitiate the prediction of the weak mixing angle.

* It must be noted that this ratio was already considered in ref. [3], who quote a different result from
ours.
** These considerations are similar in spirit to those of ref. [11].
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The unification mass and ag' also depend linearly on ¢, viz.,

T:L(l_w)

D\a as
!
+ 5[ B= By = (by—b;) + C*(B, — By— (b, — by))].

b, +C2, b,

B B,+ C*B
1 l(__3+(_2__ﬁ)+L ) (2_9)
ag D\« a D|g,+C?B, B,

These also vary between the values in the two extremes A =my, and A =M. So it is
trivial to estimate the effect of an intermediate threshold of a known type (new
generation, heavy Higgs, etc.) In SU(5), it is a fact [11] that, if all the particles which
compose a complete representation of SU(S5) enter at the same mass scale, they
contribute equally to all B, and so make no change at all (in the one-loop
approximation*) in either sin?6y, or 7. Thus, the proton lifetime will be affected
only via the change in «;. On the other hand, *incomplete” multiplets (such as a
Higgs doublets without its colored partners) affect the mixing angle and unification
mass already at the one-loop level. The preceding formulas can be applied to
calculate, for example, the dependence on the scale A of supersymmetry breaking.
For the coefficients given in the appendix, eqs. (2.8) and (2.9) become

. . 16 aH
sm20W = (sm20W )0 3 ml,
_ . (a-iH)
° (18+H) "
og' = (ag" o+ g (20N + 8H —3N.H), (2.10)

where the first term on the right-hand side of each equation is given by the value in
the supersymmetric theory assuming A =my, (table 1). For example, for H =2,
Ng =3, we get
sin’fy, = (sin®8}, ), — Har ~0.230 — 0.004z,
T=T,—&t~529—-0.131,

ag'=(ag'), + $r~242+3 61, (2.11)

* This is not true beyond one-loop. The two-loop effects of a new generation are considered in {9].



482 M.B. Einhorn, D.R.T. Jones / Weak mixing angle

b= (1 /DN Fod o ansantooa
I=\1/Tjk \u/ ’"Wl’ W€ Iind a percentage cn

U 1

and ag by —2%, —67%, and —13%, respectively. (For naturalness, we expect A<
TeV or t<50.4.) It is also worth emphasizing how small a change this makes in
sin’6,, which leads us to wonder whether the SU(5) prediction of the mixing angle
is not much more stable against new thresholds in the desert region than is generally
believed.

) Pprs “/\4‘ -- PP
nat, per uiit O

The determination of two-loop corrections to #y, and M is quite important. Since
the one-loop corrections to sin’fy, are on the order of 50%, one worries about the
rate of convergence of the perturbation expansion and the accuracy of the lowest
order result.

The solution of the renormalization group equations through two loops has been
discussed by a number of people [8,9,12], so we can adapt their methods of solution
to the supersymmetric case. The coefficients b,; needed have already been displayed
in the appendix. However, one other piece of information is needed to solve the
equations, viz., the “boundary” or “matching” condition relating the coupling
constants «; of the SU(3)® SU(2)® U(1) effective gauge theory to the coupling
constant ag of the unified theory in the region near the unification mass: In any
gauge theory, the relation is of the form

1 1 1 1 M.
= ——{=Tr|T2A ln——s]
a(p)  aglp) 27’{6 [ A"

M M
+%Tr[Til7;1n——f] —ZTr[TI.%,InTV] + C,}, (3.1)

where T, , represents the generator for scalars (S), fermions (F), and vectors (V). The
traces are summed over the superheavy scalars, fermions, and vectors, where Ag is a
projector removing those scalar, would-be Goldstone bosons which were eaten to
give massive vectors*. As emphasized by Hall [12], the whole question is what are
the integration constants C,, since the dependence on the scale u is dictated by the
lowest order renormalization group equation for «; and «g. In fact, the answer
depends on the renormalization scheme used. For example, for modified minimal
subtraction, Weinberg [12] gives

C=4Tr T3 +4Te(T2))2, (3.2)

* The normalization of each trace has been chosen as would be appropriate for a scalar transforming by
a real representation of the group; a Dirac fermion, by a complex representation; a real vector, by a
real (i.e. the adjoint) representation. For a complex scalar, multiply by 2; for a Majorana fermion,
divide by 2.
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TABLE 3
Two-loop results for the supersymmetric model with 3 generations
as a function of the number of Higgs doublets H

N=3
H Asin®fy, (1073) sin’f Aln(M/m ) M (10" GeV) Aag' ag!
0 2.8 0.206 —0.200 7500 —0.705 25.3
2 3.0 0.233 —0.223 170 —0.667 235
4 32 0.256 —-0.232 8.0 —0.633 222
6 33 0.275 —0.235 0.62 —0.601 21.0

whereas Hall drops the second term. The origin of the constant C; depends on how
one continues the fermion and vector boson degrees of freedom away from four
dimensions. Within standard models, this is somewhat arbitrary (as the difference
between Hall and Weinberg illustrates). However, in supersymmetric theories, one
must regulate without altering the spin degrees of freedom in order to preserve
supersymmetry™. It is a simple exercise then to show that this requires C, = 0. Thus,
except for superheavy mass differences™*, the boundary condition for the second-order
calculation is the same as in lowest order, viz., a,(M) = ag.

Now it is straightforward to modify previous two-loop solutions to the supersym-
metric case. (See in particular Hall, and Unger and Yao [12], who used modified
minimal subtraction, which we follow.) In the appendix, we have summarized the
two-loop formulae for sin’6y,, M, and ag'. Having no information on the masses of
superheavy particles, we have used the matching condition «,( M) = ai;. We display
the results in table 3***. (See 2nd footnote of sect. 2.) We have indicated the results
for various numbers of generations and Higgs doublets. In all cases, the two-loop

* A supersymmetric, gauge-invariant regularization has been suggested in ref. [13a] and elaborated
further in {13b].
** The crossing of a gauge threshold above the supersymmetry threshold corresponds to the boundary
condition

_ _ 1 M M M
() =alp) '_; TrT,%lAslnTHvLTrT,%]n-’L—F—TrT,%,lnTv].

where the first term in the bracket represents the contribution from massive Higgs multiplets; the
second, from massive matter multiplets; the third, for massive vector supermultiplets. (The matter
and Higgs multiplets are assumed to consist of a Dirac spinor plus two complex scalars transforming
by a complex representation of the group. For a real representation, divide by two; for a Majorana
multiplet, divide by two. The massive vector supermultiplet consists of a real vector, a Dirac fermion,
and a real scalar, all transforming in the adjoint representation.)

***Of course, the equations only determine the ratio M/m . Strictly speaking, we ought to compute the
one-loop corrections to my, in order to determine the absolute scale for M. However, since the
uncertaintics in M due to uncertaintics in a; are large [8.9], this small correction to M may be
neglected. For simplicity, then, we have continued to use my, = 38.5 GeV /sinfy [8].
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TABLE 4
Two-loop results for the supersymmetric model with 4 generations
as a function of the number of Higgs doublets H

N=4

Asin®fy,
H (10~ % sinfy, Aln(M/my) M (10" GeV) Aag' ag!
0 3.1 0.206 0.274 12000 —1.844 12.4
2 3.7 0.234 0.161 250 —1.694 1.9
4 4.1 0.257 0.085 11 —1.568 11.6
6 4.4 0.276 0.032 0.81 — 1461 1.3

corrections are small, typically of order +1% in sin’fy, and of order —25% in M,
about half the corresponding changes due to the two-loop 8-function in the standard
model. As indicated at the close of the preceding section, effects due to the position
of the supersymmetry threshold could be comparable. One-loop effects due to other
particle thresholds either above or below the supersymmetry threshold could be even
more significant. In addition, such a threshold leads to additional corrections at the
two-loop level from dispersion in the masses about the threshold because of
matching conditions similar to eq. (3.1). (See 3rd footnote of this section.)

One can also entertain the possibility of more than three matter generations. If a
fourth generation occurs below my,, then the input values of a(my,) and a(my)
will be affected. Thus, even though at one-loop sin’4§ and ¢V do not depend
explicitly on N,, the predictions for #y, and M will be changed because of these
changes in the input coupling constants. Furthermore, the unified coupling constant
a depends explicitly on N, already in the one-loop approximation. The two-loop
corrections will then depend on N, both implicitly through its dependence on
sin®0§), 1", and af and explicitly through the appearance of N,. [See eqs. (A.2) and
(A.4).] Since we do not know whether there are more than three generations much
less its mass scale, we will limit ourselves to calculating the effects of a fourth
generation on a) and on two-loop corrections, assuming the fourth generation has a
mass scale of order my,. Such effects have been previously calculated in the standard
model under similar assumptions [8,9]. In table 4, we display the effects of a fourth
generation in the supersymmetric case. To one part in a thousand, the changes in
sin20W are the same as for Ng = 3. As for the unification mass, it is amusing to note
that, while the two-loop corrections reduced M for N, =3, they increase M for
N,=4.

4. Summary and conclusions

In this paper, we have analyzed several effects contributing to the evolution of the
coupling constants of supersymmetric SU(3) ® SU(2) ® U(1), in both the one-loop
and two-loop approximations. Because of the additional fields required by super-
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symmetry, unification is generally postponed compared to the standard model.
However, this conclusion is sensitive to particle multiplets for which, when em-
bedded in representations of the unified group, there is a large dispersion in the
masses. The familiar example is the Weinberg-Salam Higgs doublet whose colored
triplet partner composing the 5 of SU(5) is presumed to have a mass of the order of
the unification mass. As we have seen, however, a supersymmetric SU(5) model with
four Higgs doublets (coming for example from a chiral and antichiral 5 and 45) has
a unification mass about the same as the minimal (non-supersymmetric) SU(S)
model. However, sin*8y, in such a case seems slightly too large (= 0.25) compared to
the currently favored experimental values. It seems that, if proton decay is observed,
it will be difficult for supersymmetric SU(S) to reconcile so short a lifetime with the
experimental value of sin’fy,.

We also considered the effects of an intermediate threshold between my, and M at
the one-loop level in a general way. We applied this to estimate the uncertainties in
sin’fy,, M, and a due to a threshold for supersymmetry breaking above m,. At the
two-loop level, we have discussed the coupling constant evolution and the supersym-
metric “matching conditions” near the unification mass between the three coupling
constants of the SU(3) ® SU(2) ® U(1) effective gauge theory and the SU(5) unified
coupling constant. Despite the many additional fields of supersymmetric SU(5), we
found that the two loop corrections to the running coupling constants lead to even
smaller corrections to sin’fy, and to M than in the minimal SU(5) model.

We would like to acknowledge many discussions with S. Dimopoulos. One of us
(MBE) would like to thank M. Dine for several helpful conversations. We have
enjoyed the hospitality of the Institute for Theoretical Physics, Santa Barbara, and
of the Summer Institute on Grand Unification and Supersymmetry of the University
of Washington, where this work was performed. This research has been supported in
part by the US Department of Energy.

Note added in proof

Sakai [14] has presented arguments similar to those of ref. [4]. The sensitivity to
the number of Higgs doublets noted herein has also been observed by Ibanez and
Ross [15]. The uncertainty in the experimental determination of sin® y, because of
uncertainties in the value of p = m%, /m%cos? 6y, has been emphasized in ref. [16].

It has recently been pointed out [17] that in SUMS there in general exist
dimension five operators of the form (1/M )\E¢¢¢ which can also contribute to
proton decay. Although further analysis [18] shows that the resulting decay rate
(which depends on several unknown parameters such as the gluino mass) is not
necessarily incompatible with experiments, it is clear that the relation between the
unification mass M and the proton decay rate is not so direct as we have implicitly
assumed, unless the dimension five operators are eliminated by an additional
symmetry.
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Appendix

The coefficients b, b,; for the B function are defined by the perturbative
expansion given in eq. (1.1). For the standard SU(3) ® SU(2) ® U(1) model, they are
given by the following:

0 % &
b=|-%|+N|5|+H| L],
—11; 4 0
0 0 0 £ 2 8 s o gl
b;=|0 -1 0 |+N[4 % 4|+H|3 B of. (A1)
0 0 —102 43 0 0 0

where N, is the number of matter generations and H is the number of Higgs
doublets.

For the supersymmetric extension of the standard model, it is a simple application
of the formulas given in ref. [6] to obtain the coefficients. We find

0 2 75
b=|—-6|+N|2|+H| 1|,
R I B s 5 0
b,=10 —24 0| +N,| 2 14 8 |+H|3 1 of, (A2)
0 0 -4 B3y 0 0 0

where, of course, N, is the number of generations of matter supermultiplets and H is
the number of Higgs doublet supermultiplets.

For convenience, we summarize the formulae for sinzﬂw, M, and ag to two-loop
order, adapting previous results [12] to the normalization conventions used here. Let
us define a quantity A, (u) by

1 — 1 _Af(N)
ap) ag(p) 47 7

(A.3)

for p in the neighborhood of the unification mass. The one-loop approximation
AD(p) is given in eq. (3.1), where, in the standard model with the modified minimal
subtraction renormalization prescription, the constant C, is given in eq. (3.2) [most
commonly without the second term]. In the supersymmetric case, we have argued the
correct prescription for the constant is C;=0. Let us denote the one-loop expres-
sions defined in eq. (2.2) (leading to the values in table 2) as sin’0{, ", and a{}.
Then, in terms of the coefficients b; and b;; defined in eq. (1.11) [leading to egs. (A.1)
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and (A.2)], the two-loop corrections can be written as

sin?{) = sin’4{) + 2 e,x(b;— b, )[A(” bu lnX,] ,
ik

1
(@ =0+ O + 4D — (14 C2)AP

In X,
= 3(Cy; 4 by = (14 Cby ) (A.4)
J J

11 1 ||C?%,+b, CA +A,
o o) 4md by A,

C’hy+b, C*;+by;|InX,
b3 b3‘ bj '

J/

2

where the argument of the logarithm in each case is
= (DD
X, =1+bjag ™.

With C*=4 and b, b,; given by egs. (A.1) or (A.2) above, it is now straightforward
to compute the values given in table 3.
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