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On the Existence of Global Smooth Solutions
for a Model Equation for Fluid Flow in a Pipe
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We model the flow of a fluid in a pipe by a first-order nonlinear hyperbolic
system with zero-order nonlinear dissipation. We prove that a unique, global
smooth solution exists if the initial data are in an appropriate invariant region and
if the first derivatives of the initial data are sufficiently small.

1. INTRODUCTION

We consider here the existence of a global smooth {continuous) solution to
the initial value problem for the quasilinear hyperbolic system modeling fluid
flow in a pipe

p,+G,.=0, (x, 1) € R x [0, c0).

_/IGIG
2Dp

pix,0)=py(x),  Glx,0)=GCGolx). x€ER,

Gt+ (GU)X +p.= s (1.1)

where p is mass density, G is momentum density, v = G/p is velocity,
p=plp) is pressure, D is pipe diameter, and f'is the “Moody” friction factor
(10, pp. 288-289]. The friction factor is a function of the Reynolds number,
Re =|G| D/u, where u is the viscosity. Since D and u are to be treated as
constants, we will consider f to be a function of |G|. We shall show that
under realistic hypotheses on the equation of state, p = p(p), and the friction
factor, f=f(|G|), the system (1.1) has global smooth solutions if the initial
data lie in appropriate invariant regions and if the first derivatives of the
initial data are sufficiently small. This result is in contrast to the situation
when there is no friction term present in (1.1). In that case, it is now well-

* Supported by AFOSR under Contract F49620-79-C-0149 and by a visiting professorship
at the Ecole Polytechnique Fédérale, Lausanne, Switzerland.

614
0022-247X/81/120614-17$02.00/0

Copyright T 1981 by Academic Press, Inc.
All rights of reproduction in any form reserved.



GLOBAL SMOOTH SOLUTIONS 615

known that discontinuities inevitably occur unless the initial data satisfy very
restrictive conditions [6].

There is considerable practical interest in obtaining numerical approx-
imations to the solution of (1.1). Knowing that the solution is smooth allows
one to take advantage of efficient, high-order schemes which may be inap-
propriate for solutions with discontinuities. Previous analyses of numerical
methods for (1.1) have assumed the existence of smooth solutions [3, 7]. In
fact, the global existence of the approximate finite element solutions
proposed in [3,7] has been obtained by showing that the approximate
solution is always in a neighborhood of a smooth solution to the differential
problem.

Earlier work on the existence of global smooth solutions for quasilinear
hyperbolic equations with lower-order dissipation has been done by Nishida
[8]. Our work generalizes the form of the dissipation considered by Nishida.
Nishida’s theory allowed only linear dissipation, i.e., —f|G| G/2Dp in (1.1)
is replaced by —fG where fis a positive constant. Since the “Moody” friction
factor is discontinuous (multiple valued) when the flow changes from
laminar to turbulent, we treat the case of discontinuous (multiple valued)
SUGD.

Also. we are able to replace Nishida’s requirement that the initial data lie
in appropriate “sufficiently small” neighborhoods by the requirement that the
initial data need only lie in an appropriate invariant region. This
improvement in the analysis allows the application of our results to problems
where the initial data can vary over ranges which are realistic for fluid flow
problems of practical interest in engineering, such as the modeling of gas and
oil pipelines.

2. DEFINITIONS AND STATEMENT OF THEOREM

The definitions and hypotheses for our theorem given in this section are
illustrated by the example in Section 5. We assume that p(p) € C*(F*).
Furthermore, we guarantee the hyperbolicity of (1.1) by assuming that
p'(p) > 0for p e R* and we set y(p) = v/p'(p).

We turn to the friction factor and set F(G) =f|G| G/2D. For fixed G, > 0
(the critical flow rate at which the transition from laminar to turbulent takes
place), we assume that F is a maximal monotone function such that
FE C'((—w, -G, )N C'([-G,,G. )N C'(|G., )). More simply, F is a
single valued, monotonic C' function on R — {—G., G,}. At G = +G,. F is
multiple valued and takes the values

F(+G.) = |F(£G.~), F(+G.+)|. (2.1)
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We also assume that there exist positive constants é and C,, independent of

G, such that

F(0) =0,
F' >246>0,
F | 2F
= 1] .
GF” | GF %\Q<w

We next introduce the Riemann invariants
-0

w(p, G)=G/p + | y(s)/s ds,
" P

2(p, G)= G/p — _|"’ y(s)/s ds

(2.2)
2.3)

(2.4)

for a fixed p, € R*. We note that the map (p,G)— (w,z) is a C?
diffeomorphism of R* x P onto a domain in R For a fixed positive

constant M, we define the set

Q={(p, G)||wlp, G)l. |z(p, G)l < M}.

(2.5)

(See Fig. 1 in Section 5). We assume for the initial data that p,, G, € C'(R)

and that
{(0o(x), Go(x)) [ x € R} <= Q.
Define the constants

v
C5=maxu,
a v
Cy:max M‘,
Q Y

D, = igg {Iw(pg, Go)ils 12(p05 Go)l}s

FI -1
o= [mna)

b=C,C,C,+C,C,— 1,

F v
=D 3 o — .
c ot mgx[sz y]

(2.6)

We assume for simplicity that C,< 1. This hypothesis is valid for most real

problems.
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THEOREM. Suppose that b <0 and b* —4dac > 0. Then there exists a
unique solution p, G € W' (R x R*) such that

p+ G, =0, (x, )ER X R*,
G, + (Gv), + plp), € F(G)/p, (2.7)
p(x, 0) = py(x), G(x, 0) = Gy(x), x€R.

We note that since F(G) is a discontinuous function, we cannot expect the
solution p, G of (2.7) to be in C'(R X R*).

3. BOUNDS FOR SMOOTH SOLUTIONS

In this section we assume that F € C'(R). We first generalize a result of
Dupont [4] for semilinear equations to show that the sets £ are “invariant
regions” for smooth solutions. We note that Chueh, Conley, and Smoller [1 |
have shown that discontinuous solutions must lie in certain unbounded
invariant regions which also have a boundary defined by constant values of
Riemann invariants. A simple calculation shows that (p,G) is a
C'(R x [0, T]) solution of (1.1) if and only if (w,z) is a C'(R x [0, T))
solution of

w, + Aw, = —F/p?, (x,t)e R x [0, T],

3.1
z,+ vz, =—F/p’,
where A=v +y,v=0v—1y
LEMMA 1. If (w,z) is a C'(R X |0, T]) solution of (3.1), then
sup IW(x, Dl [z(x, O} < sup {Iw(x, 0), [2(x, 01} (3.2)
(x,neRX[0.T
Progf. We define the differential operators
d @ 0
P TR (3.3)
and
4 = 2 + v i (3.4)
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We note that since v = G/p = (w + z)/2, we have that

av__
i o(w + z),
3.5
- | (3.5)
o —o(w + z),

where o = F/(2Gp) € C'(I X |0, T']) is positive.
For x, € and ¢, > 0 define the characteristic curves x*(t, x,, f,) and
X“(t, x4, ty) by

¢
—xt=A4 xY s Xgs ) = Xo (3.6)
ot
and
a . -
Ex =, Xty Xps tp) = Xg- (3.7

Also, define the sets (for fixed x, and ¢,)
F={(x,£)]| x(t, x4, £y) < X K X(, Xg0 1)}
and for 0 <t < ¢
Fi={x,s)erjogs<t}.
Let

M(t) = max {w(x. s), z(x, 5)}.

We note that M(¢) is a nondecreasing function since the sets I, are growing.
We shall show that M(r) < M(0); hence, M(¢) is constant.

If we integrate (3.5) along the characteristic curve x' we obtain for
x.s)er

w(x, §) = exp(—A(s, x, 5)) w(x*(0, x, 5), 0)
+ ‘J exp(—A(s, x, 8) + A(7, x, 5)) (3.8)

X a(x'(z, x, s). 1) z(x*(z, x, 5), 7) dt,

where

AT, x.8) = "T o(x*(¢, x, 5), §) dC.
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Hence

w(x, 5) < exp(—A(s, x, §)) M(0) + [1 — exp(—A(s, x, 5))| M(s).
(3.9)

Now suppose that (x, s) € I, and
w(x. s) = M(t). (3.10)
Then from (3.9) we obtain
M(t) < exp(—A(s, x, 5)) M(0) + [1 —exp(—A(s, x, 5))] M(1).  (3.11)

Hence, since exp(—A(s, x,s)) >0, we can conclude that M(r) < M(0). A
similar argument applies when max; z > max; w. The proof is completed by
applying the above arguments to (—w, —z). Q.E.D.

Now define
D(t) = ' (8], , S}
(0= _sup {lwxs)l |z x5
We can derive the following bound for D().

LemMA 2. If (w,z) is a C'(R X [0, t]) solution of (3.1), then
D)< e+ (b + 1) D() + aD(t)™ (3.12)

Progf. We note that as a result of Lemma | we can assume that
{(w(x, 5), z(x, $))| (x,5) ER X [0, t]} = 2. Let k = F'/2p. Since w € C'(R X
[0,¢]), it follows from (3.1) that dw,/di€C(R X [0.¢]) and
dwx/d)' = —)’x Wy — (F/pz)r

We show in the Appendix that

d F v kF v
FJpY), = kw, + = (. 2y 4 228
Flp)e=tow,+ 5 (3655 )+ &
kF / 2F )
_W'g'%' r-—k[GF,—l]—wx (3.13)

dw = — F v kF v kF vyp z
L~ - dA(2Gp y) Gp y GF yy

2F v A,
+k [W—l];wx—k[—k—ux]
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We then integrate along the A-characteristic curve to obtain the integral
equation for w_,

w(x, 1) = e T*w (x*(0, x, ), 0)

F v ar _F_ 0
B [ .%(x’ 1) —eTokdr . %(x'l(o, x, 1), 0)]

2Gp 2Gp
_ ~Iikds | F Ed
-‘0 ¢ 2Gp vy !
, (3.14)
R F v/yp
+| e Skt k —(——) z dt
.‘0 GF y\y /)~
- t 2F v
[ kds _ e
+_‘0e k[GF’ l]ywxdr
_ ! —f' kds A_X
JO e k Al dr.
Now A, =A,w, + A_z,. Since (see Appendix)
1 1yp 1 1 yp
Ap=—+4+——, =—m———"—, 1
L A N S N M (315)
it follows from the hypothesis C, < | that
|4l < D). (3.16)
Also, note that
(e Tk dr =1 —e L, (3.17)

-0

The estimate (3.12) now follows easily from repeated use of the triangle
inequality. Q.E.D.

LemMMA 3. Suppose that b <0 and b*—4ac >0. Then a C'(R X R™)
solution to (1.1) exists which satisfies the estimate

2
/4
b-vb —dac  epe (3.18)

D(t) < — o ,

Proof. The local existence theorem of Douglis [2] and Hartman and
Winter [5] guarantees that a C'(R X [0, ¢,]) solution to (3.1) exists for some
t, > 0 and allows us to continue the C' solution as long as uniform bounds
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on the solution and its first derivatives hold. Uniform bounds on the solution
follow from Lemma 1.
Let L(p)=ay® + by + c. Since b <0 and b* — 4ac > 0, it follows that if

L(y)>0 and y < —b/2a, then y < —b/2a — \/b* — 4ac/2a. Now

b b b b
O =Dy<e<o 2a< 2)< 2a
and L(D(0))>0. Also, by Lemma 2, L(D(t))>0 for r such that a
C'(R X [0, t]) solution exists. Hence, it follows by the continuity of D(¢) that
the uniform bound

2_
D(t)g—i—\/b 4ac

2a 2a

is valid as long as the C! solution exists. Thus, we can conclude from the
local existence theorem that a C'(R X R *) solution exists. Q.E.D.

4. PROOF OF THEOREM

We assume again that F is a maximal monotone function such that
Fe C'((-o, -G )N C'([-G,, G )N C'([G,, ®)). Let JE CI((—1, 1))
be such that />0 and (', J(Y)dY =1, and set J,(¥) = nJ(nY) for n € N.
We can then define the functions F,(G) € C'(R) by

F,(0)=0,
F(G)=FG)+a (G-G)+/,(G+G.), G#+G,,
where
a=F(G.+) - F(G,-),
B=F(-G.+) — F(—G—).

It is easily checked that F/, > § and that constants C¢, (corresponding to C,.)
can be found so that C, — C,. It also follows that the constants a,, b,, c,
(corresponding to a, b, c) satisfy a,—a, b,— b, ¢,— c. Let (p,, G,) be the
solution of (1.1) corresponding to F,. Then Lemma 3 guarantees that for n
sufficiently large there exist C'(R X R*) solutions (p,,G,) to (I.1)
corresponding to F,. Furthermore, Lemmas 1 and 3 give uniform bounds for
the values and first derivatives of (p,, G,) which are independent of n.
Hence, we can conclude from the Ascoli-Arzela theorem that there exist
functions p, G € C(R X R*) such that Pn,~ P G,,— G uniformly on compact
subsets of R X R* for a subsequence {n;}. Also, the Banach-Alaoglu
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theorem implies that we may also assume that Pu, > Ps G,,j——* G weakly in
W' (F x & *). It is straightforward to show that

p,+G,=0 ae (x,)ekRxE",

In order to demonstrate that

G, + (Gv), +p(p>xe—‘TG’ ae. (LOERXRT,

it is sufficient to show that F,(G,)— o weakly in L%(F X R*) where

cEF(G)ae. {(x, )ERXE™.
We follow an argument due to Rauch [9]. Define the functions

F(G)= esssup F(Y).

IG-Y|<e

E(0)= |gs-syi|r3<fe F(¥).

Let K be a compact subset of R x R*. Then for any ¢ >0 there is an
n, > 4/ such that n > n, implies that |G(x,1) — G (x, t)] < &/2 for (x, 1) EK.
Therefore,

F(G(x, 1)) < Eqr(Go(x: 1) S F ol Gyl 1)
<F G5 0)<F(G(x 1) (m0EK.

Hence, if # € L'(K), h > 0, we have
‘k F(G)hdxdt < ’:\ (G hdxdt < l F.(G) h dx dr.
Let n— oo and use the weak convergence of F,(G,) to obtain
|k E(G)hdxdt < k oh dx dt < ’K F.(G) hdx dt.
Next, use Lebesgue’s theorem above to let ¢ » 0 and conclude that
J'K E(G)hdxdr < J’K ohdx dt < J‘K F(G) hdx dt,

where

E(G)=lim E(G) = F(G—), F(G)= lim F.(G) = F(G+).
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Since # > 0 was arbitrary, we can conclude that
F(G)< 0 < F(G) ae. (x,1)€EK.

This concludes the proof of existence.
We now turn to the proof of uniqueness. So, let (p,, G;) and (p,, G,) be
two solutions of (2.7) in W"*(R x R*), ie.,

pi.t+Gi.x:0 (,‘C,I)EPXP*,
G+ (W) —v]) i + 20,G, = a,/p;. 4.1)
pi(x, 0) = py(x), Gi(x,0)=Gy(x). x€

where ¢, € F(G)) ae. (x,t) ER X R*. Letting f=p, —p,, G=G, —G,. we
obtain from (4.1)

f,+G. =0 (x,HERXR*,
G+ (p) —v) h + 20,6,
= [((p,))* — v3) — ()’ — oD P+ 2(0, — 1) G, . (4.2)
—pi'loy =0 = [pi ' —p; '] 0.
p(x,0)=0, G(x,.0)=0.

Multiply the first equation in (4.2) by (y(p,)’ —v?)p and integrate over
[~y,y] for y € R* to obtain

[ lrp)? = vl dx+ [ Guplytor) — il dx=0.

Hence. we obtain from integration by parts that

1 d v~

. Yoo ,
Tl Pl =il | Galne)’ il ax

,  (4.3)

—v

<x [| Fax+[ @ dx] — Gily(p.) — v

where « is a constant independent of ¢ (since (p;, G;) € W"*(R X R*)).
Next, we obtain from multiplying the second equation in (4.2) by G and
integrating over [—y, y] that
1 d v
2.del

<k [‘} prdx + |-y G’ dx] - ‘.y pil o, —0,]Gdx. (4.4)
L L L

-

Gdx+ [ [yp,) -0}, Gdx + ""' 2,6, G dx
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It follows from integration by parts that

" ¥ y
- 2ledex=|} v, G dx —v,G?

-y

Also, it follows from the monotonicity of F that
[6, —0a,] G>0.
Hence, we obtain from adding (4.3) and (4.4)

ey —ottax+ | 6ax

<K[Jivﬁz dH.‘i,szx]—[Gﬁ[V(ﬂ.)z—foG’v.] T @)

y

Now recall that the hypothesis b < O implies that y(p,)* — v3 is positive and
bounded away from zero. Also, note that the hypothesis
(p;» G;) E W"*(R X R*) guarantees that the boundary term in (4.5) is
bounded independent of y, t € R*. Hence, we can conclude from (4.5) and
Gronwall’s lemma that for T > 0 we have (p, G) € L®(0, T; L*(R)).

Next, since (4, G) € W"<(R x R*)YN L*(0, T; L*(R)), we can conclude
that

Goly(p) —vil + G, 2, -0 (4.6)

as y— +oo uniformly for € [0, T]. Thus, since g(x,0)=G(x,0)=0, it
follows from (4.5), (4.6), and Gronwall’s lemma that j=G=0 for
(x,t) ER x [0, T]. Finally, 5=G =0in R X R* since T > 0 was arbitrary.

' Q.E.D.

5. AN EXAMPLE

In this section, we present an example with a hypothetical friction factor
which has been constructed to resemble the Moody friction factor [10].
First, we assume that p(p) is a constant and consider the structure of the
invariant regions, {2 (see Fig. 1). It is easy to check that the curve z = M can
be represented by the function G(p) where G’ = y + v. Similarly, the curve
w=M is represented by the function G(p) where G’ = -y +v. For this
example, C, =0 and C; = maxq(|v|/y) = M/y = Gy /(psY)

Next, we consider the friction factor

F(G)=/,G, |G| <G,
:fOFGIG/Gc’ |G|>Gc’
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= oMy
G« A = (c,e
B = (P
C = (rqe
G e

'M/‘{,O) .

G*)v
M/"r"{)-)

FIGURE |

where f; is a positive constant. A calculation establishes that
F =/, |G| <G,
=2,1Gl/G..|G| > G..

Thus,  =f,. Also,

F
— =1, G|<G
G 61< G,
1
275 §G| > Gc’
so Cr=1.
We now wish to determine regions £ so that b < 0 and

F v , . F
6m3x6p—-7<b min >~

625

(5.1)

It follows from our theorem that if the initial data lie in such a region and if
the first derivatives of the initial data are sufficiently small, then a unique

‘global smooth solution exists.

A calculation establishes that the maximum of (F/Gp)- (v/y) in Q is

attained at (py, Gy) and
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F v C
max, 4. 5= if G,<G,
Gp v px
C
_JoC Gy if G,>G..
Px GL'
To see this, note that
Al 1 G
i.f:f_"i:["_z_ if G<G,
Gp vy vp
GZ
:-f"—ulzf" ; if G>G,.
yG. yG. p

Thus, it is easy to see that the maximum of (F/Gp) - (v/y) on 2 lies on the
curve z =M. Now if z=M is represented by the function G(p) such that

G’ =y + v, we see that

AT AT A AR

¥ ¥ p’ y Le
(£ % ) -2 [ZPGG’—GZ]z_fo_[2PGV]>O
G, p* ¥G, p’ yG. | P’

Hence, the maximum is taken at the point B = (p,, G4). Also, it is easy to
check that the minimum of F'/2p in 2 is attained at (p4e*’, 0) and

min—:—fi ¢,
Q 2p 2p,
Thus, (5.1) is equivalent to
1-C) . .
P UG e o6, <,

12C,
and

1-C,) .
yg* <(—TFZS)—€_C‘ if G*>Gc

So, consider the curve defined by the relation

(1 _Cs)l -C :
=3 7 f G
1 12C, e i <G,

and
_ 2
w _U-C) e ¢ g>a,.

G, 12C?
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FIGURE 2

Our theorem asserts that if the initial data lie in an invariant region {2 such
that the point B = (p, p,x M) lies below this curve and if the first derivatives
of the initial data are sufficiently small, then a unique global smooth solution
exists.

APPENDIX

ProposiTioN 1. If FE C'(R) and p, GE C'(~ X [0, t]), then

(F)—k»v+d(F E)+kFU
P/, YU dA\2Gp y)  Gp ¥
kF v vp 2F
ALY LAy ¥ iR (AR 6.1
e [GF, ]y W, 6.1)
Progf. We have
F F'G, 2F , [pve+ o0 2F
(_2> =—g 5 =F [—:;]_‘Tpx- (6.2)
ple P p p p
Now
w—z =|~" (s) ds. Wtz -0
2 LIV 2
$0
W=z _v, W+ (6.2)

2 p x? 2 X
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Hence, we can use (6.2) in (6.1) to obtain (recall that k = F'/(2p)),

F 2F) v (z—w)
— :kwx+kzx—[F’——]—— X, 6.3
(pz)_\- Glpr 2 (63)
Next, note that
dz dz F
d—lzz,+,lzx=;1;+(}.~v)zx=—?+2yzx, (6.4)
SO
,oMd F _1d o Ldv F
T dl T 2 Al e 2 dl 2
1 dv F 1 dv F v
e P ld Py (6.5
ydi o yw' ydl Gpy )
Thus,
F kdv kF v 2F] v z
_— :kv —_ — e - — F’__ X
(pz)x et ¥ dl+Gp Y [ G}pﬂ
2F v
*kl:ﬁ,——l];wx. (66)
Now
dv d 1 dG G dp
G- a = m T a
However, by (6.2),
d
B i+ A =G, +Ap, = =PV — PV + AP,
di
=pA—=v)—pv.=p,y—pry
=L w2 =L w2 =z, 6.7

Thus,

a_14d6 G
A par Ty
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and by (6.7)

k dv F’ dG+kU

f&_ L4y,

ydi 20y dh oy
1 d kv

= — F4+—
Ay

_d(F\ F ( )_
_dl(Zp’y) (%) dA &

d / F v F v 1+1 y’p)] N
a (s v _rv —(XPY ], X
dl(ZGp r) Gp y[ 2 ( y x
_d F v ,_2F vz, v
_d,l( 2Gp }') [ G]pVZ GF' y vy

The estimate (6.1) now follows from substituting (6.8) in (6.6).

ProrosiTiON 2. Ifp,GE C'(R X [0, ¢]), then

L lye b by
S T T T2 2y

Proof. We have

A=v+7y,
w+z
D=
2
’ ‘ ) — z
’ }—ds -2
U 2
From (6.11). it follows that
I
v, =—.
W 2
Also,
yh' = ‘y’ph'

409°84/2-22

.”)+— y 24 2y
2Gp (2p%y)? Va di

kF v yp

629

Q.E.D.

(6.9)

(6.10)

(6.11)

(6.12)

(6.13)

(6.14)
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and from differentiating (6.12) with respect to w,

Py 1
— = 6.15
) "2 (6.15)
Thus, we obtain from (6.14) and (6.15)
Y'p
V= 6.16
=7, (6.16)
The first relation in (6.9) now follows from (6.13) and (6.16). The second
relation in (6.9) is proved similarly. Q.E.D.
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