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Abstract—Noise analysis of a critical, infinite-length, zero-power line reactor is given using the Langevin
technique. A one-speed model is used and delayed neutrons are ignored. Stochastic analysis is carried
out starting from the Bolizman equation with the assumption that neutrons move only in both
directions in the line reactor. The power spectrum of neutron fluctuations is obtained and compared
with that computed from diffusion approximation. Exact expressions for auto and cross-power spectrums
of non-fission neutron detectors’ outputs are also obtained.

1. INTRODUCTION

In the present study, neutron and detectron fluctuation
in an infinite, one-dimensional, one-speed prompt
critical line reactor is analysed using Langevin’s
technique. This model was chosen because stochastic
analysis can be carried out rigorously starting from
the transport equation.

It is assumed that the neutrons move only in two
different directions on the line. As a result of this
assumption, fission neutrons are born in one of these
two directions with a probability of 1/2. Scattering
events are limited to that of backscatter. Delayed
neutrons are ignored in this study.

This work is an application of the space-dependent
reactor noise analysis using Langevin's technique
(Akcasu and Osborn, 1966) to the above mentioned
model (Gengay, 1977). One may find Langevin’s tech-
nique in general in (Lax, 1966) and fluctuation analysis
in (Lax, 1960). The noise equivalent source concept
which is used in this work is an elaboration of the
method used by Cohn (1960). Extensive literature on
the other applications of the same technique are cited
in (Satio, 1974). The fundamental aspects of the
technique are also given in (Williams, 1974) besides
the related references.

2. POWER SPECTRAL DENSITY

N(x, €2, t) represents the instantaneous neutron
density at phase point (x, £2) at instant ¢. The average
of rapidly fluctuating neutron density N(x, t) which is
given by [N(x,Q,1)dQ is constant for the critical
reactor under consideration and will be represented by
(N>. {N) satisfies the following equation:

BN>=0 21
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where 4 is the Boltzman operator. N(x, £, t) satisfies
the stochastic equation (Akcasu and Osborn, 1966});

[6/0t + BIN(x,Q,1) = s5(x,Q,1) 22)

s(x, Q, 1) is called ‘noise equivalent source’ (NES).
Defining

nix,Q, 1) = Nx,Q,1) — (N>
and subtracting (2.1) from (2.2)
[0/ot + #])n(x, R, 1) = s(x,Q, 1)
Operator £ for one speed reactor model is given by

B =0 V) +r,— OrF(Q)

2.3)

—rg fF - Qd’ (24)

where v is neutron speed and <v) represents the
average number of neutrons liberated for each neutron
absorbed in a fission reaction, r; = vZ;, Z; is macro-
scopic cross section for reaction i and i refers to r, f,
s, a, t which represents fission, scattering, absorption
and absorption plus scattering events respectively.
F(Q" — Q) is scattering frequency and F(£2) d€Q is the
probability that a neutron born of fission will emerge
in dQ about Q.

Neutron population for the model under considera-
tion may be given with the aid of Dirac delta function
as

N(x,Q,t) = Ny(x,)6( — Q)
+ Ny{x, )o(R2 + ) (2.5)
where the indices 1 and 2 represents the peutrons’

move in the direction of ,, — £, respectively. £, is
a unit vector which lies on the line indicating positive
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direction. Thus, for the fluctuations in neutron popula-
tion and NES, the following expressions may be
written:

nyfx, 1) = n(x, Qy, 1) = Ni(x, 1) — {Ny) } 2.6)
nZ(xs t) = n(x’ —‘10’!) = Nl(x’ t) - <N2> '

sl(x’ t) = S(X, 12Oa t)
SZ(X’ t) = S(X, —!-20’ t)

Since the reactor is assumed to be in a steady state
condition, the average density of neutrons moving in
directions 1 and 2 is equal to ((N,> = (N,)) and
(N{> + (N> = (N). As mentioned above, neutrons
born of fission have equal chances of having the
direction £, or — €2, in the reactor, therefore

F(Q =3[0 — Q) + 5(Q + Q)]  (28)

Since scattering events are limited to that of back-
scatter,

2.7

F(Q'— Q) = 5(Q + Q) 29)
In a critical reactor r, = {v)r,, then defining
24 = 2r, — (vorp = (vdrp + 2rg (2.10)

and integrating both sides of (2.3) over d€}, using
equations (2.4)—(2.10), the following sets of equations
are obtained:

ony(x, 1) ony(x, t)
ot to ox
+ A[nl(x’ t) - ”2()" t)] = Sl(x7 t) \ (211)
ony(x, 1) — ony(x, 1)
ot 0x
— A[n;(x, 1) — nalx, )] = s55(x, 1)
Operators 9, %,, and & are defined as
0 0
9 = a_t +v a—x + A
0 2.12)

0
@2 = 5 - v 0_X + A
F =99 — A*
A prime will be used to indicate the same operators

of independent variables of ' and x’. Then (2.11) gives

Lnyi(x,t) = Dys,(x, 1) + As,(x, t)} 213
Fny(x, 1) = Bys,(x,t) + As;(x, 1) @13)

For auto- and cross-correlation functions of n,(x, t)
and n,(x, t), which are given by

i, M0, 1)) = @uplx, 83X, 1)

and
{nlx, Dni(x' 1)) = Py (x, £ X, 1)

for i,j=1,2, i #j, the following relations can be
obtained:

LL Pynx, t;x, 1)
= [Zsilx, ) + Asjx, 01[Dsi(x', 1)
+ As;i(x’, £)]>
= DZ<si(x, )50, 1)) + ADsi(x, 1)5;(x, 1)
+ AZ(silx, Osi(x, 1))
+ A2(si(x, O)s5i(x, 1))
LL D X, 15X, 1)
= [ Fsilx, 1) + Asjlx, )] [ Dis;(x, 1)
+ Asi(x', )]
= GDisix s5i(x, 1)) + ADKsi(x, 1), 1))
+ AD(s;(x', £)s(x, 1))
+ A%k, Dsi(x, 1)) (2.15)

where i,j = 1,2, i #+j in both equations. The cor-
relation functions of NES on the right hand side of
(2.14) and (2.15) will be evaluated in Section 3. Let
operator .# be defined

M=LL

(2.14)

(2.16)

Since the reactor is assumed to be in a stationary
state and have infinite length,

M, (X, X 1) = AP, (v,T) (,j=12)

where y=x—x', t=1t~t. As a result of this
transformation

G ]
=—+v—+4

@1 a‘[+vay+

0 d
9’1———6——170 + A

t y 2.17)

e
=——-v—+4A

tT 5 v@y+

0 0
glz——a_‘['f‘l]@'f-/i

Equation (2.15) gives

a? 0 o’
-lld’nw,(y, T) = (a'?z‘ + 24 6—1 - 1)2 a—y7>

X i 24 0 2 o D, 2.1
972 ot - 5? ﬂﬂj(y’ T) (2.18)
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and Fourier transform with respect to 7

d2
F{MP,, (y,1)} = (Uz a7 + '12)

2
8 (Uz %5 + ’7*2>9“ {@up (3D} (219)

where
7 = w(w — 24i) (2.20)

On the other hand, equations (2.14) and (2.15) can be
written as follows:

””¢nnl(yar) = Hij(y,r) (l’] = 172)

The Fourier transform of the functions on the right
hand side of (2.21), which are given in Appendix
A(A-2), are obtained using the relations found in
Section 3. The Dirac delta functions in the expressions
of A;; suggest the application of Green’s function. We
then seek to obtain Green’s function which satisfies
the equation

(2.21)

MG(y,7) = d(y)d(r)
Taking Fourier transform with respect to t
F{MG(y,7)} = 8() 222)

First, we should find that the Green’s function
satisfies & {.#G(y, 1)} = 0 which can be written as
M G(y, w) = 0 where (see 2.19)

42 42
M= (vz a7 + n2)<vza‘7 + n*z) (2.23)
Since G(y, w) tends to zero, as y tends to + o and
symmetric about y = 0 axis,
G(y,w) = cyexp{— (B — in)|yl/v}
+ caexp{— (B + ia)|yl/v} (2.24)

where
7 = (ax — if)? 225
o= 201+ S + 4(4/w)]*?
V2
Aw
b= (2.26)

a? + B2 = 0?1 + 4(4/w)
az — ﬁz = wZ

Continuity of the first derivative at y =0 gives
cs = —cy(f — i)/(B + ia).

In Green’s function, the first and second derivatives
are continuous at every y; the third derivative is also

continuous at every y, except y = 0. Thus, discontinu-
ity at y=0 in (222) can be investigated easily,
integrating both sides on the interval (+¢€, —e). Then,
¢, = 1/@8ifav(B — ix) is obtained and the solution for
G(y, ) is written as,

exp {—Blyl/v}
4B (f? + a?)

x [E sin(E Ij)l) + cos<9‘-| y|>] .27)
o v v

Fourier transform of (2.21) with respect to 7 is
MB,, (y,0) = Hj(y,w). Then &(y, ) can be evalu-
ated by the following integral (see Appendix A(A-2)
for H,):

G(y’ (1)) =

Gnfno) = [ 60—yl @8)

It is obvious from (2.5) and (2.6) that

n(x,t) = ny(x, t) + ny(x, t),
then
D,(y, 1) = {nlx, Hn(x', 1))

can be written as
{nlx, On(x', 1))
= {[ni(x, 1) + na(x, O] [ny(x', £) + ny(x', 0]
= {ny(x, Ony (X, 1)) + nylx, Hny(x', 1)

o + (nax, Ony(x, 1)) + (nalx, Hnap (X', 1))
r

)
= 3,,.0,0) + &,,.,00,0) + &,,.(,0)
+ B,y @) (2.29)

Substituting (2.27) and the expressions for H; (v, @)
[Appendix A(A-2)] in (2.28), and integrating the right
hand side with the aid of formulas given in Appendix B,
then using (2.29), the power spectral density function
of neutron fluctuations for the model under consider-
ation is obtained as

5 N -
‘Pnn(y, w) = i___)e—xz’%ﬁM

< {g[(,._ 24) /T ¥ d(AjaF
-+ 2A)]sin(% |y|)
+ [ - 24) /1 + 4(4j0)

+ (1 + 24)] cos(% | yI)} (2.30)
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3. NOISE EQUIVALENT SOURCE EVALUATION

Fluctuations in s,(x,t) and s,(x, t), which are the
NES for the neutrons move in directions €, and — £,
respectively (see 2.7), are due to the random fluctu-
ations in the capture, scattering events and fluctuations
in the number of neutrons produced per fission. We
can thus write

5,06, 8) = —s50x, 1) + sx, 1) — $(x, z)} o)
5206, 8) = —s5(x, £) + s5(x, 1) — s3(x, 1) '

where ¢, f, s represent capture, fission and scattering
events, respectively. Scattering and capture cause loss
of neutrons for their NES. This is represented by minus
signs. Since there is no correlation between capture
fission and scattering events, the correlation function,
which is given generally by

Dlx, t; %, ) = {s(x, Os(x', 1)),
can be written as

Dy, = B, + B, + B,
b5, = iy, + BL, + B, 62)
Dy, = By, + B, + DL,
Dy, = Dy, + Bl + Py,

For the sake of simplicity, ¢,(x, t;x’,t') is denoted
by &, in (3.2). The reactor is assumed in a stationary
state and having infinite length; therefore,

Dyo(x, t; X, )= 45”(}', 7)

where y = x — x’, 1 = t — t'. In the following calcula-
tions, @,(y, ) will be denoted by &,

The terms on the right hand side of equations (2.14)
and (2.15) will be evaluated according to the expressions
developed by Akcasu and Osborn (1966). The expres-
sion of the correlation function of NES for capture is
given as

Flx, 21X, Q, 1)
=8t — t)0(x — x)5(Q, —Q)r{N(x,Q)> (33)

where (N(x, Q))> is the average neutron density at
phase point (x,£2). Hence, for the model under
consideration

&, = <silx, )si(x, 1)) = 8(0)o(Ire{N 1D

&, = (s50x 0550, 1)) = 3N 64
&, = o, = 5 D300, 0)) '

{50, Bs50¢,8)> = 0

The last equation shows that there is no correlation
between the capture of the neutrons’ movement in the
Q, and — £, directions.

The fission event causes both gain and loss of
neutrons; it is therefore found more convenient to
consider that fission comprises these two events. The
gain and loss events in fission are two correlated
different random processes and their NES will be de-
noted by s?(x, £2, 1), s'(x, 2, t) respectively. Thus, using
@.7)

@l = <[s0(x, 1) = silx, OI[S50x, ¢) = s, 001

@, = (sHx DS, 1)> = CSlx DS, 1)

= <silx, 5, 1)) + <silx, Bsix’ 1)) (3.5)

where i,j = 1,2. As given in Akcasu and Osborn
(1966):
Gx, s, QL))
= d(x — x)o(t — t)r{N(x, Q)

x > aBj(€), ) (3.6)
{Px, 1) (x, X, 1))
=8(x — x)o(t — ), f{(N(x, (9 4)3
x 3 afBLQ|9, n’)} aqr 37

B

where B,,(S2"|Q2, 2')dQdQ’ is the probability that
when a neutron in the direction ©” induces a fission
event, v prompt neutrons are emitted of which «
neutrons have the direction edQ and § neutrons
have the direction £2' € dQ'. Then, B}(R2", £2) dQ will be
defined as the probability that, when a neutron in
direction Q" induces a fission event, v prompt neutrons
are emitted of which a neutrons have the direction
N edQ, and B (") will be defined as the probability
that, when a neutron in direction £ induces a fission
event, v neutrons are emitted. And the following
relations are self-evident if Byy(2"/€Y €¥) is defined
only for the 2 # €.

B2 Q) = B(Q'|Q, Q) )
+ 8(Q ~ Q)5,,BAY", V)
f B2 |1Q Q) dQ = by, ,BAQ", D) L (38
[ Buar 00 = 5510 |

where B(SY', ) = BJ(SY', —£,) because of the
assumption made about the direction of the neutrons
born in fission. Then, for the model under consider-
ation (3.8) yields
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Bzs(SY' €2, ) = 555B (LY, )
Bas(' 1€, — Q) = dpr-BalY', Qo) 39)
B, Q) + B(SY', — Q) = 6,,B ()
B, Q) = BJ(&Y', — Q) = $6,,B*()
Multiplying both sides of (3.7) by (2 — &) and
integrating over the Q'{s%(x, )s*(x’, Q> is ob-

tained. Substituting €, for , then —Q, for €, and
using (2.7), (3.9) one may write

(silx, i (X, £

= $5(x — x)o(t — )y (NP
(x5 (X, 1))

= $0(x — x)o(t — ) KNHV?)

(3.10)

Following the same steps, but using §(2 + Q)
instead of 6 (2 — )

(i, 85 (x, 1)) = (s5(x, )si(x, 1)) =0 (3.11)

is obtained.
Since the fission event considered consists of two
different events, called gain and loss events, the loss

of neutrons in fission is no different than in capture.-

Thus, substituting r, for r, in (3.4)
(shix, 51X, 1)) = ()0 <Ny
<shx, 0)sh(x', 1)) = 3(»)d@)r (N2>
51, 0sh(, 1)) = (shlx, )silx', 1)) = 0

are obtained. Starting from (3.6) and following the
similar steps used in obtaining (3.10) and (3.11}

(3.12)

(90, DS (XL ) = i DY, 1)y )

Ny
2

= 0(»é(r, v

(s30x, )5 (¢, 1)> = <sh(x, )5(x', 1))

N,

= s, N2

L (3.13)

(i, D53, 1)) = (h(x, DS, b))

(N>
2

= 8(y)d(t)r, v

(sax, DX, 1)) = (sh(x, D)sh(x, 1))
N2
2

= 6(»é@)r,

vy
Substituting (3.10), (3.11), (3.12), (3.13) in (3.5) for
i,j = 1,2, the following expressions are obtained for
the correlation function of the NES for fission:

d)s,m = (psfm

_ N>
= 8080, 3O =+ L

@, = ¥, = ~30)3(0, 2

Scattering events will be considered as fission events
with (v} = 1. But the assumption which was made
about scattering events in the introduction leads us to
the following model. The neutron born as a result of
fission will be in the opposite direction of the neutron
which induces a fission event. Therefore,

B:(€2, Q) = B(— S, =€) = 0
for « = 1 and equal to one for « = 0. Replacing r, by
r.and following similar steps as for fission events, (3.6),
(3.7) and (3.5) yield
<D;I.h = @252 = 6(y)6(r)rs<N> } (3 15)
Bs, = iy, = —0(NDIrN) '

§1852 T
Substituting (3.4), (3.14), (3.15) in (3.2), the following
results are obtained:
(N>

4)5181 = ¢stz = 6()})5(7) T

x [re 4+ re(<v?y — ) + 1] (316)

5152 — ¢szs.

N
=515 T2 2r, 4 r,00)

The correlation function of NES may be written as
D= D, + Dy, + Py, + Py, Thus (3.16) yields
By = (= 2A)XNDS(y)d () (3.17)
where
po=ro+ v =)+
24 1s given in (2.10).
In the case of having a detector in the reactor
si(x, t) (i = 1,2)in (3.1) should be written as

(3.18)

s, 1) = sf(x, 1) + s{(x, 1)

where s¢(x, £)sf (x, t) are NES for detection and capture
events respectively. There is no correlation between
these two events and those of fission and scattering,
Therefore,

Gsilx, 10, 1)) = <sflx, Osi(x, £)) = Byy, (3.19)

where i,j = 1,2. Since a detection event is the same
as that of capture, (3.4) yields

Pya, = 1N >6(y)o(z), i
i

=j
3.20
Bug, = 0, #;} 620
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The correlation function of NES for detector counts
may be written @, = ¢,,4, + @44, then

Gaz = 1a(N>8(y)(x) (3.21)

In Section 5, we will need (5(x, w)§(x’, w))> which
is average of the products of the Fourier transform
with respect to ¢ of the NES for the fluctuation of
the neutrons’ move in direction i and NES for the
detection of the neutrons’ move in direction j. Then,
one can write

Gilx, 0)F(x', o))
= ff+ ’ {silx, s, )Y exp{ —i(wt + &'t)} dedr

where i,j = 1, 2. Using (3.19) and (3.20) for i = j
$Gilx, )3, @)

rgdN;D6(x — x) f—m exp{—i(w + w)t}dt

2ar N D6(x — x')é(w + w')
and fori # j

(3.22)

Gilx, 0)Fx, o)y =0 (3.23)

are obtained.

4. DIFFUSION APPROXIMATION

In the case of diffusion approximation, direction of
the neutrons will not be considered. Then,

ni(x, 1) + ny(x, t) = nix, 1)
and
S1(x, 8} + s3(x, 1) = 5(x, 1)
is written. Adding both sides of equation (2.11)

on(x, t)
ot *

v —éa-[nl(x, t) — ny(x, )] = s(x,t) (41)
ox

Defining J(x, t) as the net current on direction £, for
neutron fluctuations

J(x, )8 = vlny(x, 1) — nalx, )]

and using the expression of Fick’s Law,} which is
given as

t Stochastic equation J(x,t) = —DVé(x,t) + s;(x, t)
might be written. But, Fick’s approximation was used.
According to this approximation 8J/0t and s;(x,f) were
neglected. s;(x, ¢) is NES for current and gives rise to the
term Vs;(x,t) which may be considered as a random
process uncorrelated in space and time.

0
J(x,t) = —Dv g;n(x, f)

one can write,
2

e n(x,t)

0

v [n(x, £) = na(x,1)] = ~Dv
ox

where D is the diffusion coefficient. Substituting the

last equation in (4.1)
on(x, t) dn(x,t)
— Dv
ot ox?

the diffusion equation is obtained. Let %, be defined
as

= s(x, 1) @2)

.?—a D o
° 7 &t Y oxt

Then, with the aid of (4.2)
L Lo lnlx, n(x', 1)) = <{slx, )s(x’, 1))

is obtained. Using (4.3), (3.17) and representing the
correlation function of the neutron fluctuation in the
case of diffusion approximation by ®2,(x, t; x', '),

7] &2 b 2
(5_ ",3,7)(5" ”F)ﬁ(x,t,X,t)

= (NY(u — 24)6(x — x)o(t — 1)

is obtained. Since the reactor is assumed to be in a
stationary state and have infinite length, one may
write,

0 2 0
_(6_1 — Dy P )( + Dv )d’,’,’,,(y,t)

= (NX(u = 24)o(r)é(y) (44)

where y=x — x" and 1 =1t — ¢ as defined before.
Fourier transform of the last equation with respect
to T gives

o w?
@b
[+ o eton -
Following similar steps as those followed in obtaining
(2.27), one can obtain the Green’s function,

exp{— (lwl/2Dv)'2|y|}
8(|w|/2Dv)*?

x {cos[(lw]/2Dv)'?|y|] + sin[(lw]/2Dv)*?|y|]}

4.3)

(N (e — 24)

Do oy

Go(y, @) =

which satisfies the equation

a4 2
[ + Bop ]Go(y, 0) = 6()
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Then
(o) =N [ 8oy = o)

w=24,
X—(W—(S(y)dy

gives the power spectral density in the case of diffusion
approximation of the reactor model under consider-
ation, as follows:

(N> —24)
2|w|2|w|Dv)'/?

x {cos((jw|/2Dv)'?|y]
+ sin[(jw|/2Dv)"/?|y(1}

(o) = exp{~(lo|/2Dv)"?| y}}

4.5)

Comparison of the exact and diffusion approximation
solutions at the low frequency range

The frequency range where |w|/A « 1 will be con-
sidered. Here, A = ${v>r, + r,. Under this restriction
(2.26) gives that o~ f ~ (Aw)'’? for @ >0 and
x> —(Alwh)?, B =(Alw])'* for w<0. Using
Fick’s law, one can easily show that D = v/2A. Thus

Bfv ~ (lw|/2Dv)'"?

s {(Iw|/2Dv)”2
" E 1= (oo

if w>0
if w<O

Substituting the last relations in (2.30) and assuming

|£)_|u+2A
2A p-24

(2.30) is reduced to (4.5). From (2.10) and (3.18)
B+ 24 =1+ 3r, + 1,07
u—24=rv(v - 1))

Since r, = {v)r, for critical reactor and r, =r, + r,,
(4.6) can be written as

ol _ Ge=-1)
A Q@ryfrp) + Fom + 1)

It is understood that at a low frequency range, the
difference between exact solution and diffusion
approximation for power spectral density function of
neutron fluctuations is negligible if |w{/24 « 1 and
(4.6) (or 4.7) are satisfied.

For comparison of both solutions, the following
model is chosen:

v = 2.2 10° cm/s,

r,= 1.158210%s7!,
re = 9.0374 105571,

« 1

4.6)

@7)

vy = 242,
ry = 21593 10*s7!,

ANE. 8/2~C

Then,

A= 165010°s71,
p— 24 = 1005310°s7!

are obtained. It is assumed that (N} = 1000 and
vty — (v) is evaluated using Diven parameter as
4.6558. The right-hand side of (4.7) is found to be
0.052. Results are given in Figs 1-6.

In Figs la, 2a and 3 both solutions for power
spectral density versus y are given in three different
frequencies, which shows that the difference between
two solutions increases as frequency increases. y is
defined as (¢, — PL)/P.. to give a better idea of the
difference between two solutions. It is seen in Figs 1b
and 2b that || is greater near y = 0 and decreases
as y increases. After a certain value of y depending
on f, [{| starts to increase.

Power spectral densities at four different y (y = 0,
3, S and 10 cm) are given in Figs 4 and 5, and Fig. 6
gives the variation on || versus frequency at six
different y. On this last figure, it is seen that || in-
creases as the frequency itself increases, and this
increase is sharp after certain frequencies depending on
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y. At a fixed frequency, starting from y = 0 there is a
decrease, and then an increase on || as y increases,
as shown in Figs 1, 2 and 3. We can also see from
those figures that the correlation function, which is
obtained by diffusion approximation, reached the zero
later than the exact correlation function thus showing
artificial correlation.

5. POWER SPECTRAL DENSITY FUNCTION
OF DETECTOR OUTPUT

Fluctuations of the output of a neutron detector of
length L placed on the line reactor may be given as

+Lj2
c(t) = f—uz z(x, 1) dx
Here
c(t) = C@) — <C>
z(x,t) = Z(x,t) — (2>

and C(¢) is the instantaneous value, (C is the average
value of the detector output, Z(x, t) is the instantan-
eous detection rate per unit length about x at time ¢,
{Z(x)) is the average detection rate per unit length,
z(x, t) is the fluctuation about (Z(x)>. It is assumed
that the mid-point of the detector is placed at the
origin. The auto-correlation function of the detector,
and cross-correlation of two detectors are given as
follows:

+L/2
et = ff z(x, t)z(x, t')> dxdx" (5.1)
L2
xo+Lj2 p+L2
@oaoy= " |
x {z(x, )z (x’, t)) dx dx’ (5.2)

In the second case, the distance between mid-points
of the detectors is x4, and xo > L is assumed.

The Fourier transform of (5.1) and (5.2) with respect
to t gives the power and cross-power spectral density
functions of one and two detectors respectively.

NES in the detection process will be denoted by
s%(x, t). Then

z(x,t) = rgn(x, 1) + s%(x, £

stochastic relation may be given. Here r, = Z,v and
Z, is the cross section for neutron detection. For the
model under consideration

z(x, 1) = rlng(x, 8) + ny(6, 0] + six, ) + s3(x, )
is written. Thus, the correlation function
D,(x, t;x, 1) = {z{x, )z(x", £'))
is given as

D,(x, ;X 1) = r2@,,(x, t;x, 1) + Byalx, t; X', 1)

el

+ Z six, Diny(x’, t’)>

i,j=1

L0, 1)s4(x’, 1)

(5.3)

The first and second terms in this relation are given in
(2.30), (3.21). The last term can be obtained as follows:
the Fourier transform of (2.13) with respect to ¢, using
(2.12) and (2.20) gives

2
(Uz (%2’ + ’12)'71(36, w) = —Fy(x, )
(5.4)

62
(vz =+ nz)ﬁz(x, w) = —F,(x, w)
Ox

where
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3

ox
+ A[5(x, w) + §,(x, w)]

Fi(x, w) = iws(x, w) — v — §;(x, w)

r (5.5

0
Fy(x, w) = iws,(x,w) + v (—?;s}(x, )

+ A[8,(x, w) + §3(x, w)] J

One obtains the solution of equation (5.4) by the
method of the Green’s function. Green’s function,
which satisfies the equation

a2 .
¥ — G(x

e —x",0) + n?G(x — x",w) = 8(x — x")

is obtained by following similar steps as those
mentioned in Section 2. Thus
1

- 2v(B + i)

o

Glix — x" ) =

X exp{— lv(ﬂ + io)|x — x"” } (5.6)

is found where «, § are given by (2.25). Then, #,(x, ®)
and 7i,(x, w) is obtained as

+o
Ax,w) = — f Gix — x", w)F{(x", w) dx”

o 5.7
Ay(x, ) = — Gx — x", w)F,(x", w) dx”

-®

W
i :04
f
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An inverse Fourier transform gives

1 + ®
mmmwwnwpf i (x, w)exp {ioot} doo

x f+ ’ S, w)expliw't}do  (5.8)

Substituting the first relation of (5.7) into (5.8), and
using (5.5), (5.6) and (3.22), and the formulae in
Appendix B, the correlation function

(pn,dl(x’ t; X,, t') = <nl(xa t)S‘{(X’, t’)>
is obtained (Gengay, 1977). Thus

reN (A4 +iw )
G = — f@[ﬁ+u+1]

1
X exp{— ;w + ia)lyl}
x expiiwt} do r

_ r,,<N1>[A + iw + 1]
2v B+ ia

59

8,4y, 0) =

J

X exp{— lv(ﬂ + ia)lyl}

where y = x — x', 7 =t — t'. Following similar steps

By 0y, 0) = — r”<2sz> [/;:':: ~ 1]
x exp{ - %(ﬁ + ia)] yl} (5.10)
6Mmm=—@%ﬁﬁgg+q
xap{~%w—www@ (s.11)
duntro = =GR G701
xem{—%w—www@ (5.12)

6:2»1‘(.% (.0) = 6“42(}’, (D)
_ kN4
2v(B + i)
B0 (1, 0) = By (3, @)
riN>A
- 20(B + ia) xp

are obtained. Substituting (2.30) and (3.21), also
relations (5.9) through (5.14) into the Fourier trans-

exp{— %(ﬂ + ia)iy(} (5.13)

{— %(ﬂ + ia)]yl} (5.14)

form with respect to 7 of (5.3),
8.(y, ) = (Nr exp{ - Bly|/v} [KS(w)sin (| y|/v)
+ K3(w)cos(alyl/v)] + r3<N>3(y) (5.15)
where (N)/2 = (N,> = (N,>and

1 A
Ki(w) = o [(x — 24)\/1 + 4(A4/w)?
- (1 +24)]
248 + 1
Ki(w) = ~ ﬁ P T (5.16)
x [(u —24) A + 4(Ajw)
+ (u + 24)) J

(5.1) and (5.2) may be written in the following form:

?.(1) = Lc(®)e(t)>

+Li2

- f ®,(x, x', 7) dx dx’
-L/2

(Dc,cz(r) = <C1(t)cz(t,)>

+L/2 pxo+L/2

D (x, x'", 7)dx" dx

—=Lj2 ¥xo—-Lj2
Taking the Fourier transform with respect to t and
substituting (5.15) into the last equations with

|yl = Ix — x|, one obtains the following results after
the integration (Gengay, 1977):

2{N>Yriv?

P (w) = meXP{—ﬂL/U}
x [K(w)cos(aL/v) — K, (w)sin (xL/v)]
— K;i(w) + rJ(N>L (5.17)
iclcz(w) = 07[—;% exp{ — fxo/v}
x [Ky(w){exp{BL/v}cos[(xo — L)a/r]
+ exp{—pBL/v}cos[(xo + L)a/v]
— 2 cos(xe0/v)}
~ K;(w){exp{BL/v}sin[(xo — L)a/v]
+ exp{—BL/v}sin[(xo + L)a/v]
— 2sin(xo0/v)}] (5.18)
Here

Ki(w) = 240K (w) — w*K3(w)
K; (@) = 240K (w) + 0*K(w)

(5.17) and (5.18) give the auto- and cross-power
spectral density functions of one and two non-
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overlapping neutron detectors respectively, on the
reactor model under consideration,

6. CONCLUSIONS

Starting from the Boltzman equation and using
Langevin’s technique, exact expressions for the power
spectral density of neutron fluctuations and fluctu-
ations of detector counts are given for one and two
detector cases. In the latter case, detectors are assumed
non-overlapping. An expression for the neutron fluctu-
ation, in the case of diffusion approximation, is also
obtained and compared with the exact solution. It is
understood that at the low frequency region, difference
between both solutions is negligible. The term which
resulted from detector noise on the auto-power
spectral density function disappeared on the cross-
power spectral density function of the two detectors,
as expected.
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APPENDIX A

One may obtain the Fourier transform of H;;(y, 1) (see
2.21) with respect to t as follows: substituting (3.16) in
(2.14) and (2.15) then using (2.21),

H,\(y, ) =5’{[u9292' — 249, - 249,
+ 118250 )}

Ay ) =9—{[P@191' - 2429, — 24%°9,
+ pd?] ——5(y 5(1)}

L (A1)

A3y, w) =3"{[_2A-@291' + uAD, + uAP)

2A3] 5(}’)5( )}
A1y, @) =f{[—2A9192’ + uAZ, + pAD,;

- 2431322 w

5()/)5(1)}

is obtained. Here, 4 and A4 are given by (2.10) and (3.18)
respectively. On the other hand, with the aid of (2.17) we
may write

2
F {2 D/[6()6(1)]} = (wz - 2ivw£— -1 dii + A2>6(y)

F{ D, 2,[6(»)6(1)]} = (wz + 2ivw—d—— v —+ A2>6(y)

dy

F (D)) =(w +zuAi+u ~+ 42)0y)

FLB D))} = (w - 2vAdi ot + A1>5(y)

and

F (D [5()N) = (,w o A)é(y)
F (D55 = ( i — v— 4 A)é(y)
F(BL6()6()]} = (,w —ofs A)&(y

d
F( D]} = ( ot og A)é(y)

Substituting the last equations in (A.1) I~1,~,-(y, ) is obtained

as
Ay, 0) = <~—{[uw + 24(u - 24)18(y)
+ uwid(y) — u*d"(y)

N N
Hy:(p0) = <—22 {[po? + 24 — 24)16()

<- 2>uvwi5’(y) — w*"(y)} L A2)
H,(y,0) = ——{[ 240 4+ 24(p ~ 24)18()
= 24v(p — 24)8°(y) — 2A078"(y)}
o) = T2 0-240% + 2401 - 241080
+ 2Av(p — 24)8'(y) — 240%5" ()}
APPENDIX B
f_m ay exr’{— gly - y’l}sin (% ly — y’l)é(y’)
= expd = By bein®
= exp{ ” lyl}mn(; Iyl) (B.1)
a i ﬂ , a
. dy exp{— ;Iy -y I}COS(E ly — y’l>6(y’)
= CXP{— glyl}ccm(% lyl) (B.2)

[ avee{-L - yilam (2= y1)on
= exp{— glyl}[(g)sin (% Iyl) - %COS(% Iyl)] (B.3)
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[ oy exp{— Py~ y'|}cos(% = y'|)6'(y’) - %”ces(% |y|) - (%) sin (% tyl)] ®:5)
= oo Lt (BJeos(0) + Zsn(3m)]| @a [ avesn{=Tir—sifeos 1y - 1))

[ avew{-Liy - yifsin(1y - 7)o = exp{= L[ (5 cos (1)
= exv{— glﬂ}[(g) sin(% Iyl) + ‘?—fsin(% Iyl) - (%)20086 Iyl)] (B.6)



