Int. J. Engng Sci. Vol. 19, pp. 871-885, 1981 0020-7225/81/060871-19$02.00/0
Printed in Great Britain. Al rights reserved Copyright © 1981 Pergamon Press Ltd.

APPLICATIONS OF THE THEORY OF INTERACTING
CONTINUA TO THE DIFFUSION OF A FLUID THROUGH
A NON-LINEAR ELASTIC MEDIA

JOHN JIN-JAU SHI
Rocketdyne, Division of Rockwell International, Canoga Park, CA 91304, U.S.A.

and

K. R. RAJAGOPAL and A. S. WINEMAN
Department of Mechanical Engineering and Applied Mechanics, The University of Michigan, Ann Arbor,
MI 48109, U.S.A.

Abstract—The theory of interacting continua is applied to the problem of diffusiion of a fluid through a
non-linear elastic layer and a hollow sphere. Using methods which are by now standard in continuum
mechanics expressions and restrictions are derived from a thermodynamic standpoint for the partial
stresses for the fluid and solid and the diffusive body force. In order to obtain detailed solutions to specific
boundary value problems a choice of a particular form for the free energy function for the mixture is made
based on statistical theory. To simplify the problem, we assume that the fluid in question is ideal. The
difficulties inherent to a clear definition of the boundary conditions for the partial stresses are overcome by
the use of the Flory-Huggins equation. Two specific examples are considered. The first is the problem of
diffusion through a stretched layer and second is diffusion through a spherical shell. Results of the
numerical solution enable the construction of the pressure difference—flux relations, which have been shown
to be in good agreement with experimental data.

1. INTRODUCTION

IN THE classical approaches to the study of diffusion of a fluid through a solid, such as Fick’s
law([1] and Darcy’s law[2], the solid is often assumed to be rigid, thereby obscuring the
interaction between the solid and the fluid. Since polymeric solids in diffusion situations
undergo large deformations[3, 4], an improved theory is needed. A general theory of interacting
continua, i.e. mixtures, based on modern continuum mechanics which would be applicable to
such diffusion problems, has been proposed. A presentation of the theory as it stands today can
be found in the review articles by Bowen[5] and Atkin and Craine[6].

In the applications of the theory to date, (Crochet and Naghdi[7], Mills and Steel[8],
Atkin[9]) constitutive equations having a general form of free energy function and unspecified
material dynamical parameters are employed. Results are presented in analytic form so that
solution details which can be related qualitatively or quantitatively to experimental results are
lacking. Consequently, there is only a general picture of the behavior predicted by the theory of
interacting continua.

The purpose of this investigation is to provide detailed solutions of problems involving the
diffusion of a fluid through a non-linear eiastic solid using a constitutive equation based on
realistic material properties. In Section 2, the notation and kinematic quantities are defined and
the relevant field equations are presented. Restrictions based on the Clausius-Duhem inequality
for the constitutive equations of a mixture of an isotropic non-linear elastic solid and a
Newtonian fluid are presented in Section 3. A specific form of the Helmholtz free energy
function, developed from kinetic theory (Treloar[10]), is introduced and the corresponding
reductions in the general constitutive equation are obtained in Section 4.

In considering the swelling of an homogeneous body, it is not possible to determine a unique
swollen state if only the total stress is specified. However, if the body is assumed to be in a
saturated equilibrium state, one can gainfully employ the Flory-Huggins equation (Treloar(10])
to determine this unique swollen condition. This equation is introduced in Section 5.

The analysis in Sections 3 and 4 are for a mixture of an isotropic non-linearly elastic solid and
a Newtonian fluid. In order to reduce the number of unknown material moduli and hence
simplify the computational aspects of our investigations in the remainder of the analysis, we
restrict out attention to a mixture of a non-linear elastic solid and an ideal fluid. The
corresponding solutions for the more general case of a Newtonian fluid will be done in a
separate work.
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Sections 6 and 7 treat the pressure-induced steady state diffusion of an ideal fluid through a
uniformly stretched isotropic non-linear elastic layer. Section 8 treats the diffusion of an ideal
fluid through a non-linear elastic hollow sphere. Each problem is governed by a non-linear
differential equation having non-linear algebraic boundary conditions for which numerical
solutions are obtained. In the first example comparison of numerical and experimental results
leads to the determination of a material dynamic parameter and the verification of a computed
ceiling flux. The layer problem is also solved using a modified Fick’s law, which contains one
constant to be determined by comparison with experimental results.

2. NOTATION. BASIC EQUATIONS
A mixture of two continua, which are in motion relative to each other, is considered. The
relative motion is caused by fluid S, diffusing through a solid S,. At an arbitrary time ¢, it is
assumed that at each place in the region of space occupied by the mixture two particles are
situated, one belonging to each constituent. Kinematics and balance equations must be stated
for each constituent.

Kinematics and notation

Let the motion of the mixture be referred to a fixed system of rectangular Cartesian
coordinates. Let X and Y denote reference positions for typical particles of S; and S,,
respectively. Positions of these particles at time ¢ are denoted, respectively, by

x:Xl(x’ t)’ szz(Y’ t)

We assume that these motions are one-to-one, continuous, and invertible and that the bodies
under consideration occupy the same position at time ¢.

Components of various kinematic quantities associated with S, and S, at point x =y are
denoted as follows

S] Sz
Velocity vector = %—' v= d(?;z
Acceleration vector f g
Velocity gradient tensor L M.
Rate of deformation D G.
tensor
Voritcity tensor r A

The deformation gradient tensor for the solid S, is F = 4,,/dX. The densities of S, and S, at
time ¢, measured per unit volume of the mixture, are p, and p,, respectively. The mean velocity
of the mixture and the total density of the mixture are defined respectively by

pW = pilu+ gy, (h
p=pi+p @
Basic equations

In this section we review briefly the balance laws for mixtures which will be employed time
and again during the course of this analysis.

(1) Balance of mass (continuity equation)
We assume throughout that there is no process of interconversion of masses of S, and S,.

The appropriate form of the mass balance equation for the solid is

prdet F=pq, (3)
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where p)o is the mass density of the solid before forming the mixture. The appropriate equation
for the fluid ist

9, .
% +div (psv) = 0. )

(i) Balance of linear momentum
It is assumed that constituents S, and S, each has a partial stress tensors for S, and S,,
respectively, @ + s be the total stress tensor, and b be the diffusive body forces vector. If there
are no external body forces, then the equations of motion for S, and S, respectively reduce to
dive—-b=pf, (5)
divw +b = pg. (6)

(ili) Balance of moment of momentum
This condition states that the total stress tensor is symmetric, i.e.

o+n=0"+n7, %)
but that the partial stresses are not necessarily symmetric.

(iv) Entropy production irequality
Let U, n; and A; denote, respectively, the internal energy, entropy and Helmholtz free
energy function, all per unit mass of S, i =1,2. If S, and S, are assumed to have the same
temperature T >0, then let
M= pmt pana,
A, =U, - Tn(a=12),

pA =pi A+ prAr=p(U - Ty).

The assumed form of the Clausius-Duhem inequality for the mixture is

pT%’7+ Ty —pr+ T div (%) >0 @®)
where
¥ =div (' + pympv')
where u'=u-w

vi=v—w.
The radiant heat supply r is defined through
pr=pir+ pan,

where r, and r, are the radiant heating associated with S, and S, respectively. At this point we
note[12] that by setting

b=grad ¢, +b=—grad ¢, +b

o= ¢|l +0

m=¢l+7

TI:,el ) and (), denote the reference configuration and the configuration of the body at time ¢, respectively. For a
function defined on (xR and Q, xR, we use V and grad to represent the partial derivative with respect to {1 and (),

respe'ctively. Also we denote by (*) and ( ), the partial derivative with respect to R. The divergence operator related to
grad is denoted by div.
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where

dr=p(A - A), dr=pA—A), i+ =0, 9

eqns (5)-(7) become div & ~b = pf
div @ +b=p,g (10)
gta =0+

(v) Surface conditions
Let t and p be surface traction vectors taken by S, and S, respectively, at a surface element
whose unit outer normal is n. The surface conditions are

t=¢"n, p=7nTn

3. CONSTITUTIVE EQUATION

Incompressibility condition

The concept of incompressibility as introduced by Mills[13] for a binary mixture of
Newtonian fluids can be used for any type of non-interconverting constituents.

We assume that S is an incompressible elastic solid and S, is an incompressible Newtonian
fluid. When separate, let S| and S, have constant densities p,q and p,p, respectively. We shall
assume that the motion of the mixture is such that it meets the following combinational
volumetric law, namely the volumes of the constituents are additive. Their current densities p,
and p,, per unit volume of the mixture, then define the total density of the mixture by eqn (2).

Under this assumption Mills[14] has shown that the current densities satisfy the following
equations, where the latter two were obtained by combining eqns (2) and (11)

ﬂ.+&:]

) (11)
Pio P

- Prolp2o — p)

P pPo= P

p2lp = pio)
y = e 12
P P20~ Pro (1)

Equation (11) imposes a constraint on the motions of the continua which leads to the
introduction of an indeterminate scalar into the constitutive equations.

Constitutive assumptions ~

We need constitutive assumptions for A, n, b, @, 7, ¢;, ¢, and q to characterize the type of
fluid and solid which interact. Since we consider a mixture of an elastic solid and a Newtonian
fluid, we shall assume that all the constitutive functions depend on the following variables.

F, p,, VF, grad p,, T, grad T, u, v, L and M.

Following Crochet and Naghdi[7]. we write the partial stresses and diffusive force as sums
of a statical and a dynamical part, i.e.

=0+’
=7+ 7 (13)
b=+,

where &°, #° and b* depend on the statical variables and ¢, #, b? together with A4, 7, ¢, and

the heat flux vector depend on all the variables. At this juncture it would be more convenient
for the purposes of presentation to resort to the usual Cartesian index notation. Based on the
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energy balance law and the application of the Clausius~Duhem inequality, a procedure which is
by now standard leads to the following relations

__0A
M==9T

- JA [
SA = — o —_ —_— n
T ki p aE, Fk] p Pro aku

. oA
Ty = =pp2%5k;—pﬁ)6ki’ (14)

[y Wil Bt bl Ny telulied =l SR il vl
kTP oF; P o ox. poox

where A reduces to
A= A(Fijv p 1),

and p is an indeterminate scalar arising from the use of the constraint eqn (11). The dynamic
parts of the partial stress, and diffusive body force satisfy the reduced entropy inequality,

- _ - - 1
o + 7 frfue + 30T — Aa) + biu — v) T
oT
X [qi + T(pym(ue — wie) + pama(ve — Wk))]g; =0, (15)

where ( ) or [ ] around subscripts denote the symmetric and skew symmetric parts of the
tensors, respectively.

Following arguments based on the restrictions due to the principle of material objectivity, as
presented in[7], we conclude that the constitutive functions can depend upon the velocities of
the constituents only through the relative velocity u; —v;, upon the velocity gradient only
through rate of deformation tensors f; and d; and the relative vorticity tensor I'; — Ay, and
upon the deformation gradient only through B; = F,; - F,;. If we assume both solid and fluid are
initially isotropic with a center of symmetry, then the constitutive functions depend on F;
through C; - Fy.

We assume that the dynamical parts of the partial stresses and diffusive force depend
linearly on the dynamical variables

Gy = Y dudi + 2pid; + yafudy + 2usfi,
= Vadadiy + 2usdyi + Vafudy + 2pafy (16)
oly=— 7l =—al - Ay),

52 = Cy(uy — 1)

All the coefficients are functions of p,, p, and T.
It then follows from (15) that

2
wr =0, v +§Ml =0,

2
ns=0, Y4+§M420,

(13 + pa) = 4prpaa, an

[(72+ 3) +§(#2 + #3)]2 =4 (7: +§m) <73 +%#3),

C|ZO, CZZO.
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Under the assumption of isotropy, the free energy function A can be written in terms of an
integrity basis for C; as

A = A(Ih 127 13’ P2, T)’

where
L=G 12:%(1%_Cikcik)s I, = det |Cyl. (18)

Note that eqns (3), (11) and (18)

=22 (19)
P’
so that A reduces to
A= A(I], Iz, P2, T) (20)

Combining (8), (13), (14), (16), (18) and (20), we obtain expressions for the partial stresses

Oxi = S + G + 7

b —pPL 9A %> _9A ]
O Ppw 8i+2p [(511 +1, L, Cii oL CimCi
+ ¥1dppdii + 21 ki + VafopSii + 2tafii — €1(Di — Ak, (21

mi= — S+ Lt Pl

A
= — Oty — P %)51«' - PPzg;)‘z ki + Y3dppii + 2ptadi;

+ YafppOui + 21tafii + Bﬂ&(rki = Aw) (22)
PloPa
bk = %(—f;l“‘ 5}‘( + Eﬂ
_0b_pop  dAdp [("_4 ﬂé) )
(;xk Pio axk + ! (?pz 8xk 2 (91| + II 612 5" (23)
_9AL NG, Py,
ol C”] 0% * aPszo(uk %),

where ¢, and ¢, have been redefined so that they vanish with p, or p..

4. FREE ENERGY EQUATION

In order to evaluate the partial stresses and diffusive forces, an expression for the free
energy function A(ly, I, L1, p,, T) is needed.

For application to problems where various swollen states may be encountered, it would
seem preferable to choose the reference state as the unstrained unswollen state. We use the
following free energy function for use in swelling[10],

- 3l _1RT
A—K(I, 3-2in k), K=33
where R is the gas constant, T is absolute temperature and M, is the molecular weight between
cross-links.
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As presented, the free energy expression A does not depend explicitly on p, as in eqn (20).
This is introduced by substituting from eqn (19) to give

A=K[I7—3+ln (1—ﬁ)]. (24)

P20

By eqns (21)-(24)

04 = B — p ﬁ 8 +2pKCyi + v1dppbii + 21 dy

+ Yafopbii + 2pafii = €T — Awa), (25)

i = Oty — P ﬁ O + ppﬂzz(_)%‘g Kb + v3dpp6ii

+2u3dii + Yafppbii + 2tafii + (T — A, (26)

¢, p dp P10 9p2 ol
b=281_ P00y ity gl . 7
= i K omin PR 2y — v) (27)

5. SWELLING

In any diffusion problem the rubber will significantly increase its dimensions as fluid is
absorbed. Adkins was the first to consider swelling using constitutive equations of the theory of
mixtures[14]. He considered an isotropic elastic cube surrounded by an ideal fluid undergoing
uniform swelling with no surface traction and no constraint of incompressibility. Two equations
for the stretch ratio A of the block of rubber, density p, of the solid and density p, of the fluid
were obtained from the expressions for total stress and conservation of mass for the solid, eqn
(3). Under these conditions, it is not possible to uniquely determine the swollen condition,
namely the new dimensions of the block A and densities p, and p,. However, if the swollen
state is a saturated state, then the Flory-Higgins equation {[10]}

bttt \V v
(MEethyp ) 2 —in- )+ V+Xy2+%[§u%u§“§)+g], 28)

where v = I3"2 = (A\;AA;)7", provides the additional condition for determinacy.

In this equation, R, T and M,, were defined in Section 4, V, is the molar volume of the fluid;
p; is the hydrostatic pressure of the surrounding fluid, and y is a constant depending on the
particular rubber and fluid.

As a short example of its use consider the uniform swelling of a cube. Given ¢, =t,=t, and
the hydrostatic pressure p,, we need to find p;, p, and A = A, = A, = A;. From eqn (28) we find A
or » = 1/A%. From eqn (3), p;A> = py,, we obtain p, and from eqn (11) we obtain p,.

If swelling occurs with the constraint that A, = A, are held fixed while A; varies, the
corresponding equation is

(t3+ps)RXT':=ln(l—v)+u+xv2+p#v'(vﬁ——21{>. (29)

6. DIFFUSION OF AN IDEAL FLUID THROUGH A NONLINEAR ELASTIC LAYER

We examine the steady-state diffusion of an ideal fluid in the direction normal to the surface of
anisotropic non-linear elastic layer. The layer is under uniform all-round extension or compression
and has a pressure difference on its surfaces. Figure 1 shows the current state of the layer. We refer
to the plane z = h as the upstream surface and z = 0 which is fixed to a rigid porous plate as the
downstream surface. Experimental results[15] show that in these problems the relation between
the flux and the pressure difference is non-linear. For the problem considered here for materials
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Fig. 1. Configuration for the current state of the fluid-layer mixture.

which obey the constitutive assumptions of the preceding sections, a relationship between the flux
and pressure difference is found which compares favorably with available experimental results.
Since we restrict our attention to the diffusion of an ideal fluid we set the following material
parameters to be zero in eqns (25) and (26): v, =, =0,i=1,2,3, 4.

The motion of the fluid and deformation of the solid are referred to a common Cartesian
cordinate system. The initial position of a particle of the solid is at (X, Y, Z) and its current
position is (x, y, z), where the two systems coincide. The plate is bounded in the undeformed
state by the plane surfaces Z =0 and Z = hy. Its deformation is defined by

x=AX, y=AY, z=2(2),

where A is a constant. Letting a prime denote differentiation with respect to the vertical
coordinate Z, the components of the left Cauchy-Green strain tensor and its invariants are

C” = C22= Az, C33 = (Z')z, aj =0(’+])v

L=24+ (2P, L=2A*+(2)', L=A) G0
The velocity field of the fluid is given by
v =0,=0, vy3=0(2). 31
The continuity equation for the solid, eqn (3), becomes
AZ'py = pyo. (32)
In terms of the volume fraction of the solid » and observing that Ay = z’, eqn (32) gives
v=0A) " =A%) (33)
The continuity eqn (4) for the fluid implies immediately that the flux is independent of 2z
pv = F(constant). (34)

By eqns (25)-(27), (30)-(32), we obtain the following expressions for the partial stresses and
diffusive force

011’—'0'22=¢1_P£“+2PK/\2, (35
P10

a3 =20K(2V - pLL+ ¢, (36)
Pio

7Tn=7Tzz=KPm&_ﬂP"¢h (37D

PPl P
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=K Pmpz D2 , 38

™ Pp o1 me & (38)
oi=m; =0, ifi#j

b, = ¢ b, = i 39
Uaxt TP gy

d p dp p1 P2 dét
po=—PRplP 5 g PP P1 ] 40
’ pn  dz pR2 prodz aPszob dz “0)

The equations of motion in this problem reduce to the following forms

dTT33

dz

d0'33

dz —bi=0,

+b,=0, “én

where we have neglected inertial effects because the flow is assumed to be slow. Adding egns
(41), and (41), one obtains that

on+ w3 =N (constant), (42)

i.e. the total stress vector on planes perpendicular to the z direction is independent of z
Substituting eqns (36) and (40) into the first of eqns (41), we get

ZK’ 12+2K2 + lu rp]+g_j_(_)Kr+ pl ':0. 43
Ptz @+ P2z Lo Pu p2 pwﬂzo vz “3)

Substituting eqns (36) and (38) into eqn (42), we get
20K(2'7+ Kpl22_ p = N, 44
pK(z'y+ Kp o P (44)

Note that eqn (44) contains the unknown scalar p explicitly. Equations (32), (34), (43) and (44)
are four equations for unknowns p, p;, p, p, z, v and F.

Since we are interested in the distribution of the fluid along the thickness of the plate, we
write p and p; in terms of p, using eqn (12) as follows

pi=plpw—p), P=pio p¥p2 45
where

= - P * . 2107 P20
P P2’ p po (46)

Next, by eqns (32) and (11), we get p,, p}, and o' in terms of z(2), i.e.

4‘!

p
0= o~ (X z'— l)a pZ p?OAZ(Z )2‘ (47)
_ _Fpy __ Fz'A?
v p} pulAiz’ = 1) “8)

Substituting eqns (45)~(47) into eqn (43), we get

ZKp*on "+2K[2{);0+(]“‘29*)( 1 );020] "

49
z' oF “

|
-p 1z ,+PKP20A2 :2+ Wik =0.
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Combining egns (44)-(48), we obtain an expression for p
p= K(.Gm p* on Az ; )(2{2’)2+A ~1)=N. (50)

Substituting p from eqn (50) into eqgn (49) and introducing the non-dimensionalization

we obtain a non-linear second order ordinary differential equation for z(Z).

- CYF hﬂ{2p w[ _ * 1]
onKA +27 126+ (1 Zp) /\2"
L [(42 +/\2)( WA= > TV + A2 - 1) 1)
A7 PP 7

o* -_1_}“
/\2(2-5)2}4}_19’122! -

We solve the above equation numerically,

In eqn (51) the stretch ratio in the plane of the layer A can be prescribed. If the fluid and the
solid are chosen, then pyq, py, and hence j and p* are known, but the constant o, which appears
in the dynamic part of b; in egn (27) and depends on the constituents of the mixture, is not. In
evaluating K, which appears in the free energy function A in eqn (24), the gas constant R and
absolute temperature T are well known physical quantities. According to[10], M, the molecular
weight of rubber between cross-links, can be found by many experimental methods. Paul[15]
indicated one method to determine the mole of cross-links per unit volume, which can be used
to calculate M,, because M. equals the density of rubber/moles per unit volume. As for «, there
are no existing data which we can use. For this reason, we will compute solutions for different
values of a and then compare with experimental results. The details of how « is determined
will be discussed later.

If upstream pressure is g, and downstream the layer is fixed to a rigid porous plate, then the
boundary conditions are

3(0)=0, (52)
and by eqn (42)
N =~ [/ (53)

We assume that the membrane has swollen with a fixed in-plane stretch ratio. The upper
surface has reached an equilibrium state satisfying the Flory-Huggins eqn (20). Under the
steady diffusion process, new fluid particles enter as present fluid particles leave. It is assumed
that this flow does not change the equilibrium state. Substituting t; = N = - g, and p, = g, into
eqn (29) and using eqn (33), the following equation is obtained for »(h), the degree of swelling
atz=nh

In(l -v(k))+v(k)+,yy2(h)+%‘j[%(ﬁj(h)—f-g—g)=0. (54)

Denoting the solution of eqn (54) by v*, eqn (33) then gives a direct boundary conditons for
the integration of eqn (51).

ih)y =1 (55)
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Numerical integration of eqn (51) gives £'(Z). This can then be directly integrated, using
boundary condition eqn (52) to give the deformation function Z(Z) for the layer. By eqn (47),
the variation of fluid density pz(Z) can be calculated. In order to get the difference between
upstream and downstream pressures, we use the Flory-Huggins eqn (29) for the downstream
surface Z =0

(= 4a + @0k = (1= w0 + w(0) + 193(0) + 2871 (1l 20), (56)

The volume fraction of the solid in the mixture on the downstream surface »(0) is obtained
from the numerical solution for 7'(Z) and eqn (33). Equation (56) is solved for g, the
downstream pressure.

For computational purposes, the membrane is taken as rubber and the fluid as toluene. The
material constants are obtained from Paul and Ebra-Lima[l5]: p,o=0.862gm/c.c, py=
0.869 gm/c.c, V,=106c.c/mole, M, =9151gm/mole and y=0.425. The gas constant R =
8.317 x 10’ dyne-cm/mole-°K. Taking room temperature to be 30°C, then T =303.16°K. The
initial membrane thickness was fo =1 mm.

Equation (51) was numerically integrated using a fourth order Runge-Kutta method. Equa-
tions (54) and (56) were solved by Newton’s method. Denote (aFho/p3K) by a*. Because the
constant « is unknown, eqn (51) was solved using a number of different values for a*. As the
flow is defined to be in the negative z-direction, eqn (34) implies F <0, Hence, in eqn (51), we
let a*=-0.5, ~1.0,... Matching, at a pressure difference g, —qo of 100 psi and A = 1.0, the
computed flux-pressure difference curve with the experimental results obtained in[15], the
value a =21.64 gm/day-cm was selected. The flux-pressure difference graph shown in Fig. 2
was constructed using this value of a.

Case 1. A = 1.0. The experimental data obtained by Paul and Ebra-Lima{15] is for this case
of an unstretched layer. Solution of eqns (51) and (54) give v(h)=v*=0.3516 and Z'(h) =
(v*)~' =2.8236.

Case 2. A =1.1. The corresponding boundary conditions from eqns (51) and (54) are
v(h) =0.32015 and Z'(h) =2.5814.

4 T T T T T T | ! !
12, - .
FICK'S LAW
0. EXP., PAUL [29] =
>
<
[-]
~' -
¥ 8 -
o
< MIXTURE TH.
et
L~
x & — -4
2
-l
e
4 -
2. |- -
0 1 1 1 1 | 1L 1 L 1
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PRESSURE DIFFERENCE, PSI

Fig. 2. Comparison of flux-pressure difference relations predicted by (a) mixture theory (b) Fick’s law and
(c) experimental results.
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Figure 2 shows that the results derived with A = 1.0 and the experimental results of Paul and
Ebra-Lima[15) match closely. Furthermore, Paul’s results indicate the existence of a ceiling
flux, that is a maximum flux independent of the pressure difference. An important result of the
theory is that it also predicts a ceiling flux which here is given by a* = 11.2. The existence of
the ceiling flux arises as follows. The value v(h) is fixed for all values of a*. As a* increases,
v(0) approaches the value one (Fig. 4) o™ has a finite value at the physical limit value »(0) =1,
which corresponds to the absence of fluid at Z =9, In the swelling equation, as »(0) approaches
one, the pressure difference g, — g approaches infinity. Thus, flux approaches a finite value as
gn - qp becomes large.

We note from Fig. 3 that stretching increases flux through the membrane. The expression
for a* shows that for a given pressure difference the flux is inversely proportional to the layer
thickness. Figure 4 shows that when the flux is small, the fluid density variation along the
thickness is almost linear, as would be expected. For large flux, there is a sharp density
variation near Z = { with p,(0) approaching zero, as discussed above. Figure 5 shows that the

10.

-

-

o

DIMENSIONLESS FLUX, th,/,'%x

R 1 i i F 1 i 1 L Il 1
] 100 200 300 400 500 600 700 800 2S00 1,000 1,100

PRESSURE DIFFERENCE, PSI|
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thickness decreases as the pressure difference increases. Since Fig. 3 shows existence of a
ceiling flux, these results can be interpreted as representing membranc compaction[16] asso-
ciated with the limit state.

7. ANALYSIS USING FICK'S LAW

It would be tempting to approach diffusion problems such as the one considered here, by
using the apparently analytically simpler Fick’s law[1] approach which is commonly treated as
the basic law or constitutive equation for the diffusion process. In such an approach the
constitutive equation for the partial stresses, diffusive body force and the equations of motion
are replaced by Fick's first law]1)

d
ooy~ w) = - pD-a%, 57)

where p, and p are the current mass densities of the fluid and the mixture, C; = (p,/p) is the
mass fraction of fluid in the mixture, D >0 is the diffusivity, v; is the fluid velocity vector, and
w; is the mean velocity vector of the mixture defined in eqn (1). In fact there is a substantial
body of literature in chemical engineering where such an approach is used. Of course, the use
of eqn (57) as the governing equation would not be totally appropriate for the problem in
question. The diffusivity D in eqn (57) should be taken as some non-linear function of the
deformation of the layer. However, in the absence of any rational mechanism for choosing a
specific function for D, as a first attempt we select D to be a constant. We find in this section,
by carrying out an analysis based on eqn (57) that such an approach with D being a constant
leads to results which are at odds with those obtained from mixture theory. Of course, a
diffusion theory based on a Fick’s law approach can be derived as a special case of mixture
theory, wherein the results obtained by using it would be compatible with those obtained from
mixture theory. But in this case one would not obtain eqn (57) as the form of Fick’s law with
the diffusivity D being a constant. In this analysis we shall not concern ourselves with obtaining
a proper form of Fick’s law from the more general continuum theory for interacting media.
Instead, in this section we shall make a comparison between the results obtained in Section 6
and the results based on a eqn (57) with the diffusivity D being a constant. In fact it is our
purpose to emphasize that random generalizations of eqn (57) would not be valid. It should be
possible to obtain a specific function D of the deformation gradient which indeed would lead to
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a valid constitutive model. But as we mentioned earlier we have no rational means of arriving at
the specific function. The best one could do is to use experimental results and curve matching
procedures to determine the form of D.

In the present problem, using eqn (1)

ny=0,=0, v3=0(2),

w = W2=O, W3=;21)(Z)=C20(Z).

Equation (57) then becomes

- __pD _dG,
PU=T126 4z

(58)

The conservation of mass equations for the solid and fluid must still be satisfied. By the
conservation of mass equation for the fluid, eqn (34), eqn (58) becomes

__pD dG
1—-C2dz

= F, (constant). (59)

Substituting eqn (45) in eqn (59), defining 6= 1/p and integrating gives the following
equation

) Flp*+1)
| L + 60
n(P*+ D)= piop Dpyo 2ty €0

where ¢ is the constant of integration.

The swelling eqns (54) and (56) provide boundary conditions for p at z =0, A There is no
difficulty regarding the use of these equations in a Fick’s law approach because the surface
tractions required on the upstream and downstream surface can be found by simple force
balance arguments. Thus, eqns (54) and (56) can be solved for »(0) and v(h). Also by eqns (45)
and (46)

p =(p1o— PV + p, (61)
so that

Blz=0.n = [p2+ (pro— p20)¥|:=0.8] " (62)

Equations (60) and (62) give an expression for ¢

) 50)
V=1 1) - B0 (®9)

which together with eqns (60) and (62) yield

Do, pON*+ 1) pp(h)]
F = o Oh ™ 5B)(o* + D= piop(O)] (64)

The swollen thickness A is still unkown. Solving eqn (33) for Z’ and using eqn (61), one obtains

o h ~p
h0=f ,\Zv(z)dz=/\2f L Pn 4, (65)
0 o P10~ P
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Solving for p = "' from eqn (60), substituting into eqn (65) and integrating, gives

ho(pio— pa)1 +p%) _ Dpyo Fp*+1) - _
oy - H){exp[ Do o] -exp-w} (66)

Eliminating F from eqn (66) by using eqn (64), gives

-1
po= =020 (e e -exp (- wil} )
where

P(h)[(ﬁ* + I) PO}
Finally, substituting eqn (67) into (64), we get

F me\
D T (p* +1)ho{Pm Pl

[exp (e — ) —exp (~¢)). (69)

Once »(0) and »()} have been computed, constants ¢ and ¢ can be found from eqns (62),
(63) and (68). Equations (67) and (69) give (h/hy) and F/D.

If the result calculated by eqn (69) at a pressure difference ¢, = g, of 100 psi is matched with
the experimental result by Paul and Ebra-Lima[15], then we find that D = 53.25 cm?/day. Using
this D, the variation of flux with the pressure according to Fick’s law is shown in Fig. 2. This
figure shows that the results obtained by using a model based on mixture theory is in much
better agreement with the experimental results of Paul and Ebra-Lima[15] than the results
obtained using eqn (57) in conjunction with the assumption that D is a constant. We would like
to emphasize that this result does not mean that a Fick's law approach cannot be used but it
does imply that a Fick’s law approach based on eqn (57) with D being a constant would be
inappropriate.

8. PRESSURE-INDUCED STEADY-STATE DIFFUSION OF AN IDEAL
FLUID THROUGH A THICK SPHERICAL SHELL

Consider the pressure induced diffusion of a fluid through a spherical shell. The inner and
outer radii before deformation are taken to be 1 and a4, respectively, assuming non-dimen-
sionalization with respect to the inner radius has taken place. Let the inner radius of the shell
after deformation be r; and the pressure on it be g; and let the outer radius be 7, with pressure
qo-

We refer the motion of the body to a system of spherical polar coordinates. A point
originally at (R, 8, ¢) is now at (+(R), 6, ¢). It is a consequence of the symmetry of the problem
that the (r, 8, ¢) directions are all principal directions of stress and stretch. This implies that the
only non-zero components of the strain tensor C; with respect to these coordinates are
Ci =A% Cyn=Cy= A} where A, =dr/dR, A, = r/R. Then the invariants, from eqn (18), are

%) +2(5)
n= (32 +2
dr
L= (R) ”( )(dR)
_fdr\r
h=(55) &)
The velocity vector of the fluid has components

U= U(J’), Uy = U;‘—‘O.
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Let o and 77 now denote the physical components with respect to spherical coordinates of
the partial stress tensors of the solid and fluid, respectively. Equation (25) gives for the solid

o' = (- p L)+ 20K
o
02 == (6, p L)+ 2pKN; (70)
P10/
ai=0, if it]

Equation (26) yields

= (pK&ﬂ—o-'p—zp—cbl)

PiP2 P

al= = g2l P (1)
P P1 P2 onp ¢

7i=0, if iF]j

Let b; denote the physical components of the diffusive force in spherical coordinates. Then eqn
(27) gives

- _ b _pogpde  LdAI+20)  p dp
bl B or pzoKdr 2K dr Pio dr

_aﬂf’_lu 522%’ b~3=ﬁ—¢—' (72)
P10P20 a9

The equations of motion in spherical coordinates, in the absence of the external body force,
are satisfied identically in the ¢ and @ directions, respectively. In the r-direction, the equations
of motion for the solid and fluid are, respectively

do' A" -0?)

< 5,=0, 73)
" W_ oy
G AT =, (74)

where the inertia term has been neglected. Adding eqns (73) and (74) we obtain

d(a_ll+,n,ll+2[(,rrll+0,Il)_(7r22+0,22)]:0

dr r 3
The conservation of mass equation for the solid is, by eqn (3)
PIAAS= pyg. (76)
Also, the specific volume » of the solid is given by
ey (n
The continuity equation for the fluid gives
r’p,v = F, (78)

where F is a constant representing mass flux through the shell.
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From eqns (2) and (11), we obtain
b= o{1- 1) )
2 20 /\r/\%) [
1
p=pypt m(ﬂlo = p20). (80)

Substituting eqns (70) and (72) into eqn (73), we get

pw dr Tdr dr
dAT+20) oy £,
+ B D " =9, 81
pK dr Pmpm @
Substituting egns (70) and (71) into eqn (75), we get
o d(20Ka1+pK2ER)
P PrpPwl | = (zpm2 20KAY). (82)

dar dr

Equations (77)-(82) are 6 equations for p, p;, 2, 1, P and v. Substituting eqn (82) into eqn (81) in
order to eliminate p, using eqns (77)-(82), we can eliminate p, py, g3, p and v o obtain

dA, L) ()~ (1o )
dR{z(l A,A,,)(2+ gA) Aw(““’ AIAL

by s o) -
A (""‘9 A,/\) 20 413,9(1_/\,11\9)}

o (o) (et i e

+ = + - .

R\ axd [+*3 Py AL R KpoR RIANS ™ =0

R; is the actual inner radius used in non-dimensionalization. A second relation between A, and
Ag is given by a compatibility condition

R™R &4
The boundary conditions at R =1 are
=t O'n+’fr”=“q,'.
By eqns (70) and (71), this gives
- .__..Qf___ 201} — 2 ——
P+ Ko (14t LA (DA = 1)+ 20300 = =g, )

The degree of swelling at R=1 is controlled by the Flory-Huggins equation, without con-
straint, eqn (28). Setting p, =g, t,=—g;, 1, = t;= ¢+ 72, substituting from eqns (11), (46),
(701, (71}, (80) and (85), gives at R =1

Kb (14t ) A= M) = n (1= (D) + 1)

+ 02+ 280 [ Xz + gy - 240, (86)
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where v is defined in eqn (77). The boundary conditions at r = a are
r=r, o'+ 77'“ = ={o.

An equation analogous to eqn (85) is obtained at R = a. To save writing, denote it by (85a). The
Flory-Huggins swelling equation at R = a is obtained by evaluating all quantities in (86) at
R = a. Denote this eqn by (86a).

The problem is now formulated at a set of two non-linear coupled ordinary first order
differential eqns (83) and (84), with boundary conditions (86) and (86a).

Numerical results have been obtained for a (undeformed outside radius/undeformed inside
radius) = 1.01, 1.05 and 1.5.Figure 6 shows that the pressure difference becomes almost constant
at flux increases. This is in contrast to the plate response shown in Fig. 2, and apparently arises
from the variation of in-plane stretch with flux. Results show that the inside and outside radii
and shell thickness increase with flux. Furthermore, A,, A; and p,/py vary only slightly through
the shell thickness. This suggests that a membrane approximation be developed which is done
in a separate work.
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