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Summary 

Reversible photochromic reactions can be combined with carrier-mediated transport 
in partially illuminated membranes to achieve very high degrees of flux enhancement. 
Transport across these membranes can be achieved even against a concentration gradient. 
Coupled systems of non-linear diffusion-reaction equations for these membranes were 
solved using the technique of orthogonal collocation on finite elements to study and 
optimize the transport across them. The results indicate that the efficiency of light utiliza- 
tion is maximum for thin membranes at low degrees of illumination. Carrier-mediated 
photodiffusion membranes in combination with a fuel cell can be used for the storage of 
solar energy. 

Introduction 

Carrier-mediated photodiffusion membranes combine reversible photo- 
chromic reactions with carrier-mediated transport in the membrane. The 
idea of carrier-mediated photodiffusion membranes was proposed by Schultz 
[l] . In these membranes, a reversible photochromic reaction between a per- 
meant and a carrier takes place in a membrane with different levels of il- 
lumination in regions parallel to the surface of the membrane. This arrange- 
ment can lead to increased transport of the permeant over that obtained if 
the membrane is uniformly illuminated or totally dark. In this paper, a 
numerical analysis of the transport in carrier-mediated photodiffusion mem- 
branes is presented. The model system selected for the purposes of illustrat- 
ing the effects of various parameters is the transport of carbon monoxide 
across membranes containing hemoprotein solution. 

Various parameters studied were the upstream and downstream permeant 
concentrations, membrane thickness, fraction of membrane illuminated and 
the ratio of the apparent equilibrium constant for the reaction in light to 
equilibrium constant in dark. The method of orthogonal collocation on finite 
elements, reported previously by Jain and Schultz [2] , was used to solve the 
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diffusion-reaction equations for this system. The results of these calculations 
are used to indicate how the transport process in photodiffusion membranes 
can be optimized. The techniques developed should be applicable to trans- 
port in other composite membranes such as those discussed by Donaldson 
and Quinn [ 31 and Schultz [ 41. Carrier-mediated photodiffusion membranes 
can also be used for storage of solar energy because in these membranes the 
transport can be achieved even against a concentration gradient, and in the 
limiting case of zero flux, a concentration gradient of the permeant can be 
supported by the action of light energy alone. This concentration gradient 
can be used to run a fuel cell, thereby storing the solar energy. 

A schematic diagram of the carrier-mediated photodiffusion membrane is 
shown in Fig. 1. The region Li < x < L is illuminated, the other portion of 
the membrane is in the dark. This arrangement can be experimentally achiev- 
ed by constructing a membrane sandwich consisting of two transparent mem- 
branes separated by an opaque barrier to block the light from entering the 
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Fig. 1. Schematic diagram of a photodiffusion membrane showing dark (0 to Li) and 
illuminated (Li to L) regions. 
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dark side of the membrane. A reversible chemical reaction of the form shown 
below takes place in both regions of the membrane 

A+B + AB 

where A is the permeant and B is a carrier which is constrained to remain 
within the membrane. The reverse rate constant of the reaction, k,(l), is 
dependent on the light intensity, I. For the myoglobin-carbon monoxide 
system, 

k,(l) = h,(O) + XI 

where k,(O) is the reverse rate constant in dark, I is the light intensity and X 
is a proportionality constant [ 51. The effect of light, then, is to increase the 
rate constant for the reverse reaction, and hence to decrease the apparent 
equilibrium constant, K, = k ,/k,(1), for the system. The apparent equilib- 
rium constant for CO-Mb system is given by KL.= k,/(k,(O) + XI). The ap- 
parent equilibrium constant refers to the ratio (CAB /CACB ) in the “photo- 
stationary” state. This ratio decreases because of the formation of an active 
intermediate, which subsequently reacts in the presence of light. The con- 
centrations of the various species in the photostationary state are dependent 
on light intensity. This effect disappears when the system is brought to the 
dark state and the concentrations relax to the true thermodynamic equilib- 
rium relationship, KD = k,lk,(O) = (CAB /CA’% ). 

The diffusion-reaction equations describing the system are written below. 
In the dark region from 3t = 0 to Li, indicated by overbars, 

where 
- - - - - 

rA = T-B = YAB = k pZACB - kZCAB (21 

and in the illuminated region from x = Li to L, 

d2Ci 
Di - 

dx2 
= ri, i = A, B, AB (31 

with 

rA = rB = -rAB = klCACB - k2(I)CAB. (4: 

The symbols Di, ri and C; in the equations above refer to diffusivities, reac- 
tion rates, and concentrations, respectively. Equation (4) assumes that the 
illumination is uniform on the illuminated side of the membrane, and hence 
k2 is constant in this region. This would be the case if the amount of light 
absorbed by the solution is small compared to the total amount of incident 
illumination. 
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The boundary concentrations of the permeant, A, are presumed to be 
known and components B and AB are constrained to stay within the mem- 
brane, so we have: 

CA = Cl atx = 0 

CA = c"A atx=L 

dG o - = atx=O 
dx 

de, -= 0 atx=L 
dx 

(5) 

where PA and Ci are the concentrations of A at x = 0 and x = L, respective- 
ly. The concentrations and the fluxes have to be continuous across the inter- 
face, giving additional boundary conditions, 

dC, dC, 
CA =&$a =cs, -= 

dCA d& 
- ) and - = - 

dx dx dx dx 
atx = Li . 16) 

Equations (l)-(4), with the boundary conditions given by eqns. (5) and 
(6), need be solved only for the components A and B if the diffusivities of 
the Carrier,Dg, and its COIIIpleX,DAB, are equal. Although for the numerical 
solution of these equations this assumption is really not needed, as shown by 
Jain and Schultz [2], for the myoglobin--carbon monoxide system this 
assumption incurs very little error and we will assume it to hold here for 
convenience. With this assumption, an algebraic relation is obtained between 
Cs, CAa and CT, the total carrier concentration in all its forms. This relation 
is given by eqn. (7) below [ 61: 

CB + CM3 = CT, for all x . u3 

The equations discussed above were converted to dimensionless form 
before solving. The concentrations were made dimensionless with respect 
to the permeant concentration at x = 0, PA , and the distances with respect 
to L. The technique was discussed in detail in a previous paper [2] . 

Method of solution 

In general, eqns. (l)-(4) and (7) with the boundary conditions given by 
eqns. (5) and (6) represent a system of second order non-linear differential 
equations of boundary value type for which no analytical solutions exist. 
Some physical insight about transport in carrier-mediated membranes can 
be gained by a dimensionless parameter called the Damkijhler number, which 
is defined by the relation, No = k,L'/DA . This parameter is obtained when 
the transport equations are made dimensionless. If h2 and DA are fixed, the 
Damkohler number can be changed by changing the membrane thickness, L. 
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For low values of Damkijhler number (thin membranes), the transport is 
“diffusion” controlled. For large values of Damkiihler number (thick mem- 
branes), the transport is “reaction” controlled. In the limiting case of a very 
large Damkijhler number, the system is in chemical equilibrium and the net 
chemical reaction is zero everywhere in the membrane. This regime of trans- 
port is referred to as the “equilibrium” regime. For the photodiffusion mem- 
branes this corresponds to the case in which the illuminated part of the mem- 
brane is in photostationary state and the dark part is in chemical equilibrium. 
The facilitation is very small for the “diffusion” regime while it is maximum 
for the “equilibrium” regime [ 71. A closed form solution can be obtained 
for the “equilibrium” regime and is given by eqn. (8) below [l] . 

NA = DA@“, -“:), DAB& ci ci 7 
L L K,’ + PA - KC1 + c;J (8) 

where KL and 

. The results of Bonaventura et al. [5] were used for the values of ap- 
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parent equilibrium constant. Bonaventura et al. [5] showed that the binding 
affinity of CO to myoglobin can be reduced by a factor of over 1000 in Strom 
light. They also suggested that similar results were expected for hemoglobin- 
carbon monoxide system. For the present calculations, values for the ratio 
of the equilibrium constants in the dark and light regions, K,, /KL , were 
varied from 1 to 500 for the hemoglobin-carbon monoxide system. 

Figure 2 shows the flux of CO across a membrane of total thickness 10 I.tm 
and a ratio of equilibrium constants, KD /KL , of 10. Two independent param- 
eters were varied in these calculations: (a) the percentage of membrane il- 
luminated, (1 - Li/L) X 100, and (b) the concentration of permeant on the 
downstream side of the membrane. As might be expected, for a given frac- 
tional illumination of the membrane, the flux decreases as the downstream 
concentration, CA”, is increased. This can readily be seen in Fig. 2. Of more 
interest are the maximum concentration ratios of CO that can be achieved 
across the membrane by light energy, and these values can be found where 
the lines intersect the x-axis, i.e. when the flux is zero. The maximum con- 
centration ratio is found when the fraction illuminated is about 50%. 

We also see from Fig. 2 that the flux reaches maximum (for a given con- 
centration ratio) at a value of percentage illumination between 0 and 100. 

I 

TRANSPORT 

AGAINST A 

CONCENTRATION 

GRADIENT 

Fig. 2. Flux vs. $/Cl as function of percentage illumination (L =i 10 Mm, KR = 10, CL = 
5.36 x 10e9 mol/ml). 
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The fluxes reach a maximum at 50% illumination in Fig. 2. As will be seen 
later, in Fig. 6, this maximum value is obtained at different percentage il- 
luminations for different membranes, because it depends on the membrane 
thickness and the ratio of the equilibrium constants. The direction of the 
flux in all cases is from left to right in Fig. 1, i.e. from the dark to the lighted 
side of the membrane. The flux results indicate that partial illumination of 
the membrane is more effective than either complete illumination or absence 
of illumination. Figure 2 also indicates that for the partially illuminated mem- 
branes, the flux values are non-zero, even when Ci > iI$, i.e. transport can 
be achieved even against a concentration gradient for these membranes. 

As mentioned earlier, the maximum transport that can be obtained across 
the membrane is under the conditions of a high Damkijhler number, i.e. 
chemical equilibrium throughout the membrane. In Fig. 3, the equilibrium 
and non-equilibrium flux profiles for partially illuminated (50% illumination) 
and fully illuminated membranes are plotted as a function of Ci/PA for the 
conditions corresponding to Fig. 2. We see that the flux values for 50% 

Partial Illumination (Equil.) 

Full Illumination (Equil.) 

artial Illumination (None-q.) 

0.0 0.5 1.0 

cA L / CA” 

Fig. 3. Comparison flux for various and non-equilibrium conditions 
equilibrium curve for a partially illuminated membrane; 2, curve a 

completely illuminated membrane; 3, non-equilibrium curve for a with 50% 
illumination; 4, for completely illuminated with L = 

pm, = 10 and = 5.36 x 10mg mol/ml. 
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illumination are lower than the equilibrium flux values for a partially illumi- 
nated membrane, indicating thereby that we are in the non-equilibrium 
facilitation regime. We also see that the equilibrium flux values for partially 
illuminated membrane are higher than the corresponding values for an uniforn 
ly illuminated membrane. The difference is substantial for non-zero down- 
stream concentrations. Similar differences can be seen for the non-equilibrium 
case. Comparison of the equilibrium facilitation curve for a partially illumi- 
nated membrane with the non-equilibrium facilitation curve at 50% illumina- 
tion indicates that as the downstream concentration, Ci, is increased, the 
two curves become closer. This is coincident with the increased contribution 
of the light-induced flux to the total flux as the downstream concentration 
increases. Indeed, the equilibrium concentration ratio across the partially il- 
luminated membrane at zero flux is very close to the value for the 50% 
illuminated membrane. The effect of light thus seems to be to bring the sys- 
tem closer to equilibrium as the downstream permeant concentration increases 
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Partial Illumination (Noneq.) 
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2.5 

Fig. 4. Flux curves for various equilibrium and non-equilibrium conditions with L = 100 

grn,KR =lOandC 1 = 5 36 x 1O-9 mol/ml. Curves 1 and 2 are same as in Fig. 3, but the . 
fluxes here are one-tenth as great. 



In Fig. 4, curves similar to Fig. 3 are plotted for a membrane thickness of 
100 pm with other conditions the same. We see that for a ratio of downstream 
to upstream concentration of greater than 0.5, the equilibrium and non-equi- 
librium curves for a partially illuminated membrane are fairly close (curves 
1 and 2). This, however, is not the case for the non-equilibrium and equilib- 
rium curves for a completely illuminated membrane (curves 3 and 4). These 
results, along with those of Fig. 3, indicate that in carrier-mediated photo- 
diffusion membranes (partial illumination), we not only obtain very high 
fluxes (compared to totally dark or illuminated membranes) but also facili- 
tations close to the equilibrium facilitations for relatively thin membranes. 
The latter result applies to the case when the downstream and upstream con- 
centrations are comparable. This result is important because the absolute 
flux across a membrane generally decreases with increasing the membrane 
thickness for both equilibrium and non-equilibrium facilitations. 

The concentration profiles for the membranes corresponding to Fig. 2 are 
shown in Fig. 5 for various values of downstream concentrations with one- 
half of the membrane illuminated. The concentration profiles seem to be well- 
behaved and no sharp changes in the slope are seen, indicating that very thin 
boundary layers do not exist under these conditions. As discussed earlier, 

+ t 
CAL / CA0 

50% ILLUMlNATlON 
- 2.5 

0.0 0.2 0.4 0.6 0.8 1.0 

Xl L 

Fig. 5. Concentration profiles for the permeant as function of Cfi/Ci (L = 10 urn, K, = 
10 and Cl = 5.36 x 10m9 mol/ml). 



the system approaches equilibrium as the downstream concentration is in- 
creased. However we do not see any abrupt changes in the concentration 
profiles with the increase in the downstream permeant concentration. About 
8 finite elements were needed to solve for fluxes for the various cases depictec 
in Fig. 5. 

In Fig. 6, each flux curve is plotted as a function of fractional illumination 
for the case where the upstream and downstream concentrations are equal, 
i e Ci = PA . Since in the absence of light the flux across the membrane will . . 
be zero in this case, this situation corresponds to one in which the transport 
of the permeant is solely due to the effect of light. In order to compare dif- 
ferent modalities of illuminating the membranes, combinations of membrane 
thicknesses and equilibrium constant ratios were chosen for different mem- 
branes such that the total amount of light energy impinging on different 
membranes was the same. From various curves it is clear that the flux goes 
through a maximum as the percentage of membrane illuminated is changed 
from 0 to 100. On the basis of flux comparisons in this figure, thin mem- 
branes with high degrees of illumination (high KR ) seem to be more efficient 
at small percentage illuminations (curve 2), while membranes with inter- 

7------ 

0.0 20.0 40.0 60.0 80.0 100.0 
PERCENT MEMBRANE ILLUMINATED 

Fig. 6. Flux vs. percentage illumination as function of membrane thickness and equilib- 
rium constant ratio (1, L = 10 Mm, KR = 50; 2, L = 1 Mm, KR = 500; 3, L = 50 pm, KR = 
lo), for CL, = CL = 5.36 x 10e9 mol/ml. 
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mediate thickness and illumination are most efficient at larger percentage 
illuminations (curve 1). Thick membranes at low degrees of illumination 
(curve 3) are very inefficient for all values of percentage illumination. 

Concentration profiles for the case where Cf; = Cl are shown in Fig. 7 
for a membrane of thickness 10 pm and Kn /KL = 10. The concentration 
profiles show an inversion as percentage illumination across the membrane is 
increased. For the most part, the concentrations in the illuminated part of 
the membrane are higher than the boundary concentrations. The concentra- 
tion profiles are flat for 0 and 100% illumination because no transport takes 
place under these conditions. The computational effort for calculating these 
concentration profiles was about the same as for the profiles in Fig. 5. 
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x I L 

Fig. 7. Concentration profiles for the permeant as function of percentage of membrane 
thickness illuminated (L = 10 pm, KR = 10, C, ’ = CL = 5.36 x 10m9 mol/mI); vertical 

lines in the curves represent the boundary between dark and illuminated region. 

One problem with the flux curves in Fig. 6 is that the membranes with 
different amounts of light impinging on them cannot be compared. To show 
more explicitly how an optimum utilization of light energy can be achieved, 
the normalized flux values for different membranes should be compared. The 
normalized flux is defined as the flux per unit light energy impinging on the 
membrane and is a measure of the efficiency of light utilization. The ratio 
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of the total amount of light, T, , on two membranes with different thickness’ 
and equilibrium constant ratios, KR , is given by eqn. (10) below. 

(TL )I (IL), _ 

(TL)~ (IL)* 
(10) 

Now 

Ka A5 = 12,(O) + XI 

KL WO) 

and since for the CO-hemoglobin system h1 S /Q(O), we have 

hI 
KR =-,OrKR a I 

WO) 
so eqn. (10) reduces to 

(TL= (KR L)I 

VL )z (KR LIZ 

0 

-0 

1. L=l AI, KR=lO 

2. L= 10~1, KR=lO 

3. L=lO*l,KR=50 

4. L=l N, KR=500 

5. L= 5Ou, KR= 10 

7 

0 

d J 
0.0 20.0 40.0 60.0 80.0 100.0 

PERCENT MEMBRANE ILLUMINATED 

Fig. 8. Normalized flux vs. percentage of membrane illuminated for Ci = Cl = 5.36 X 10 
mol/ml (1, L = 1 Frn, KR = 10; 2, L = 10 pm, KR = 10; 3, L = 10 &Cm, KR = 50; 4, L = 1 
pm, KR = 500; 5, L = 50 Mm, KR = 10). 
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Equation (12) can be used to compare the total amount of light falling on 
various membranes by taking one of the membranes as a reference. 

Normalized flux is plotted against percentage illumination in Fig. 8. The 
results indicate that thin membranes at low degrees of illumination (low 
values of Ka ) are most efficient (curve 1) and again thick membranes at low 
degrees of illumination are most inefficient (curve 5). Also, more efficient 
use of light energy results at low values of percentage of membrane illumina- 
ted. We also see that the optimum range of percentage illumination values 
is very narrow, because as percentage illumination increases the flux decreases 
very rapidly. These comparisons assume that the unabsorbed light can be use- 
fully utilized, which of course may not be the case in practice. Since thin 
membranes would normally absorb smaller amounts of light than thick mem- 
branes, more light may be wasted in thin membranes. It may also not be pos- 
sible to produce very thin membranes which are defect free; so practical con- 

MEMBRFlNE THICKNESS UM) 

Fig. 9. Effect of upstream concentration on CO enrichment as function of membrane 
thickness (KR = 50, percentage illumination = 50). 
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siderations may change the optimum conditions for the operation of these 
membranes. 

Transport against a concentration gradient and applications in the storage of 
solar energy 

As discussed ear-her, transport in carrier-mediated photodiffusion mem- 
branes can be achieved even against a concentration gradient (Fig. 2). The 
limiting situation corresponds to the case in which the flux of the permeant 
across the membrane is zero and a concentration gradient of the per-meant 
is established across the membrane. In Fig. 9, the concentration ratios under 
a condition of no flux are plotted as a function of membrane thickness with 
upstream concentration as a parameter. From Fig. 9, we see that concentra- 
tion ratios increase very rapidly with the increases in membrane thickness 
and then reach a constant value. This constant value corresponds to the 

IX10 

MEMBRRNE THICKNESS (MM1 

Fig. 10. Effect of light intensity on CO enrichment as function of membrane thickness 
(upstream concentration = 10-l’ mol/ml, percentage illumination = 50). 



77 

“equilibrium regime” concentration ratio. We see here again, as in Figs. 3 
and 4, that the equilibrium facilitations for these membranes can be obtained 
at very low membrane thicknesses. We also see from Fig. 9 that as the up- 
stream concentration decreases, the concentration ratio achievable increases. 
In Fig. 10, concentration ratios under no-flux condition are plotted as a func- 
tion of equilibrium constant ratio for a very low upstream concentration. 
We see that as the equilibrium constant ratio increases, the concentration ratio 
that can be supported across the membrane also increases. So in order to 
obtain high concentration ratios across the membrane under the conditions 
of no flux, the membrane should have high light intensity and low upstream 
permeant concentration. 

In a preliminary fashion we also explored how the spatial distribution of 
light across the membrane affects the efficiency of light utilization. As shown 
in Fig. 11, a step profile in light intensity within the membrane is more effec- 
tive in the intermediate Damkijhler regime in producing increase in permeant 

I I 

2 3 4 56789 2 3 4 56769 
1 1xta' 1x102 

MEMBRRNE THICKNESS UMI 

Fig. 11. Effect of light profile on enrichment ratio as function of membrane thickness 
(upstream concentration = lo-” mol/ml, percentage illumination = 50). 
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concentration across the membrane. The concentration ratio is independent 
of membrane thickness and illumination profile beyond a certain thickness 
(Damkohler number). 

This high concentration gradient of the permeant can be coupled to an 
electrochemical reaction to produce energy using a fuel ceil. This is shown 
schematically in Fig. 12. A prototype reaction under study for this purpose 
is the decomposition of nitrosyl chloride in an organic solvent. The concen- 
tration gradient of nitric oxide across the membrane can be used to run a fuel 
cell as discussed by McKee et al. [9] . 

Membrane Containing the Carrier 

2 Light 

1 Cell 

Fig. 12. Typical solar energy conversion system utilizing photodiffusion membranes. 

Conclusions 

The results in this paper indicate that the method of orthogonal colloca- 
tion on finite elements can be successfully applied for the analysis of carrier- 
mediated photodiffusion membranes. Transport across these membranes can 
be achieved even in the absence of a concentration gradient. Partial illumina- 
tion of the membrane increases the maximum flux values (equilibrium fluxes) 
that can be obtained for either totally illuminated or non-illuminated mem- 
branes. For the case of partial illumination, the effect of light is to bring the 
system closer to the equilibrium as the downstream permeate concentration 
is increased, even for very thin membranes. Based on normalized flux com- 



79 

parisons, the indications are that the optimum utilization of light energy is 
obtained for thin membranes at low degrees of illumination. Carrier-mediated 
photodiffusion membranes can also be coupled to a fuel cell for the storage 
of solar energy. 
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List of symbols 

Ci 

CT 
Di 
I 
K 

kl 
kz 
k,(I) 
k,(O) 
KD 

KL 

KR 

L 

Li 
NA 

ND 

ri 

r i 

TL 

X 

x 

Permeant. 
Carrier-per-meant complex. 
Carrier. 
Permeant concentration at x = 0 (mol/ml). 
Per-meant concentration at x = L (mol/ml). 
Concentration of species i (i = A, B, AB) in the illuminated side of 
the membrane (mol/ml). 
Concentration of species i (i = A, B, AB) in the dark side of the 
membrane (mol/ml). 
Total carrier concentration in all its forms (mol/ml). 
Diffusivity of species i (i = A, B, AB) (cm2/sec). 
Light intensity. 
Equilibrium constant of the reaction (ml/mol). 
Forward rate constant of the reaction (ml/mol-set). 
Reverse rate constant of the reaction (set-l). 
Reverse rate constant of the reaction in light of intensity I (set-I). 
Reverse rate constant of the reaction in the dark (set-‘) . 
Equilibrium constant of the reaction in the dark (ml/mol). 
Apparent equilibrium constant of the reaction in light (the photo- 
stationary state) (ml/mol). 
Equilibrium constant ratio (= KD /KL ). 
Membrane thickness (pm). 
Thickness of the dark part of the membrane (pm). 
Flux of the permeant across the membrane (moljcm2-set). 
Damkijhler number (= k2L2/DA ). 
Reaction rate for component i in the dark part of the membrane (i = 
A, B, AB) (mol/ml-secj. 
Reaction rate for component i in the illuminated part of the mem- 
brane (i = A, B, AB) (mol/ml-set). 
Total amount of light energy falling on the membrane. 
Distance coordinate along the membrane thickness. 
Proportionality constant in the expression for k*(I) (= k2(0) + Al). 
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