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Three-node triangular elements obtained from the intersecting diagonals of quadrilaterals are
thoroughly investigated for the penalty method formulation of incompressible problems such as Stokes
flow, Navier-Stokes flow, and small-deformation rubber elasticity. Equivalence of the present for-
mulation to the one using 4-node quadrilateral isoparametric elements with selective reduced in-
tegration, is presented. Convergence, instability phenomenon, smoothing of the pressure distribution
are studied together with decompositions into triangular elements.

1. Introduction

It is well known that the three-node triangular elements, obtained from the diagonal meet
of quadrilaterals, are applicable to problems in which the incompressibility of materials is
treated as a constraint, by using the exterior penalty method as described in [1]. Because of
the characteristic that a quadrilateral is divided into four constant strain triangular elements by
intersecting diagonals, such triangular elements are called the 4CST elements in this article.
We shall here study details of the 4CST elements in connection with the four-node quadrila-
teral isoparametric element and the selective reduced integration technique to avoid the
phenomenon of locking on to the approximate solution by finite element methods.

Since the work by Zienkiewicz [2], exterior penalty methods have been widely applied to
solve the constrained problems such as Stokes/Navier-Stokes flow problems which are
restricted by the divergence free condition div u = 0, while a similar approach was introduced
to study a plate bending problem by Zienkiewicz, Taylor and Too [3]. The technique of
reduced or selective reduced integration was essential to the success of quadrilateral iso-
parametric elements for the incompressible problem, although such a technique is not
necessary for the family of triangular elements.

Clear understanding of the selective reduced integration penalty method was obtained by
Malkus and Hughes [4] in the course of studying its equivalence to a mixed finite element
method, and by Reddy [5], Bercovier [6], Oden and Kikuchi [7] for the study of convergence
of the penalty method. The method was also advocated by Lee, Gresho, and Sani [8] for its
practicability. An important feature of that work is the introduction of the smoothing scheme
of the pressure identified by the penalty method.

*This was presented at the SECTAM X1 at Huntsville, Alabama, April 89, 1982.
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2. Penalty formulation to the Stokes flow problem

We shall first consider the Stokes flow problem in order to emphasize the penalty resolution
rather than other complications in the formulation, since extension of the results for the
penalty method to other nonlinear problems is straightforward provided they are well posed.

Let u be a velocity field of the Stokes flow, and let f denote the body forces that may be
constructed by the non-homogeneous velocity boundary conditions. If the incompressibility of
the fluid flow is represented by the divergence free condition div u = 0, where div is the
divergence operator, the problem is defined by the virtual work principle: find

uc K: a(u,v)=f(r), YVveEK

1
K={v € Hy2):diveo=0in 02} v

and where H)({2) is the Sobolev space obtained by the completion of the test function space
C5(02) with respect to the Sobolev norm: |jv||, = {(v;, vi,)+ (v v:))}* with v, = dv/dx;. The
bracket (-, -) is the L*-inner product on a Lipschitz domain (2 in R?, while

a(u,v)= fn puv;d2  and  f(v)= f fividQ2.

Here u is the viscosity with bounds
po=px)=p,, Yx€EN.

It is known that the problem has a unique solution u which is moreover, smooth provided
the domain {2 and the body forces f are smooth enough, see for example, [9]. One of the
difficulties arising in the finite element approximation of the Stokes problem (1) is that an
adequate approximation of the velocity field satisfying the constraint div v =0 may only be
possible in certain special cases. As shown in [10, p. 77-79], given a uniform mesh to a
rectangular domain, it is possible to construct an interpolation operator from K into K,
provided that mesh arises from the partition of a rectangle into four triangles. Furthermore,
error bounds the approximation u, can be established to be

e = sl = Ch~*lu] )

where s (1 <s <?2) parametrises the smoothness of the solution to the problem (1).

However, it is not known whether a special interpolation operator from K into K is
constructible for a non-uniform mesh in a non-rectangular domain. Then the error estimate (2)
does not have any meaning. Moreover, an operator, so constructed, is not usable in the
ordinary way.

A method of resolving the constraint div u =0 is the so-called exterior penalty method,
originally introduced by Courant [15] and mathematically studied by Aubin[11] and
Lions [12]. Introducing a penalty parameter, E >0, we modify the problem (1) to one of
finding
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ur € V: a(ug v)+ 1/E(div ug, dive) = f(v), VveV 3)

where V is Hy(£2). It is shown in [9] that if E goes to zero, the approximate solution ug
converges to the solution u of (1). Moreover, the hydrostatic pressure pg, identified by

PE = -—Ilgdiv Ug, 4

converges to the true hydrostatic pressure P as E goes to zero.
As shown in [7], the rate of convergence to u is indicated by

lu — uglli + [p — pello< CVE, &)
since the pressure p is uniquely determined only to within a constant function on (2. Here the
norm [ - [, is any norm equivalent to the quotient norm of L*(£2) with respect to the set of

constant functions forming the kernel of the transpose of the divergent operator. If the kernel is
a singleton, the bound (5) can be improved from CVE to CE.

3. Finite element approximations
Let the domain {2 in the two-dimensional field be polygonal, that is, covered by 4CST

elements obtained by dividing each quadrilateral into four triangles using its diagonals, as
shown in [1]. Let V), be the finite element approximation of the Sobolev space

Vi ={v, € C(2): v € P(2,) in Q,} (6)

where C(£2) is the set of all continuous functions on 2 and P({2,) is the set of all piecewise
linear polynomials such that

d1+d3=d2+d4. (7)
Here d; = div v on the subtriangle K; of a quadrilateral (2, as shown in Fig. 1. A function v, is
a linear polynomial on each subtriangle. The special relation (7) can be proved by defining the
coordinate system (s, ¢), the axes of which pass through the diagonals of a quadrilateral as
shown in Fig. 2. If the angle 6 is not 4, the coordinate transformation becomes
s=x+ytan@ and ¢=y/cosH.
Thus the divergence of the velocity is expressed by

div v = Ju/dx + dv/dy = du/ds + tan 0 dv/ds + (1/cos 6)ov/at .

Since the first derivative du/ds has the same value on the 1st and 4th subtriangles, and since
similar relations hold on two adjacent subtriangles, condition (7) is satisfied.
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Fig. 1. 4CST-finite elements. Fig. 2. Coordinate transformation to (s, 1).

Because of relation (7), the number of constraints imposed in the finite element model from
the incompressibility div v, = 0, is reduced by one per quadrilateral. More precisely, three
constraints are imposed in the finite element approximation if 4CST elements are used,
although four constraints are introduced from the four triangles if the relation (6) does not
hold. This provides the positive semi-definiteness of the stiffness matrix related to the penalty
term in (3). Moreover, if an extra node is arranged within each quadrilateral, more degrees of
freedom in the finite element model are obtained. These yield unlocked solutions as shown in
[1]. Mathematically, the cases of locked and unlocked approximations can be distinguished by
the relation

dive,=01in V,, implies v, =0. (8)

If (B) is true, we will have only locked solutions from the finite element approximation of the
penalty formulation, since the stiffness matrix due to the penalty becomes positive definite.
Indeed, the divergence operator is continuous on V, and

(div v, dive,)=0 implies wv,=0.
Because of the finite dimensionality of the space V,, it follows that
(div vy, div v,) = clionll: ©

where c is a positive constant dependent upon V. Similarly, it is possible to show that if the
number of constraints exceeds the number of degrees of freedom in the model, the estimate
(9) is also obtained by checking the rank condition of the matrix related to the penalty.

It is noted that if boundary conditions other than those of the Dirichlet type are imposed,
locked solutions may not have zero values in the domain. However, these can be easily
recognized since they are physically unreasonable.
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For the unlocked case, since the relation
(div ugs, div ugs) < E{a(ugn, ug,) + f(ugs)}
holds for the finite element solution ug, of (3), then
e = wgally < cllull AVE + B>}, (10)

for the uniform meshes for a rectangular domain (2, as shown by Mercier [13]. In that work it
is also suggested that the estimate (10) might hold for all practical purposes even for
non-uniform meshes. That is, the penalty finite element approximation ug, by 4CST elements
converges to the solution of the Stokes flow problem as the penalty parameter E and the mesh
size h go to zero.

The above discussion, however, does not imply anything about the hydrostatic pressure, a
quantity of major interest in solving the problem.

4. Approximation of the hydrostatic pressure

One natural choice of the definition of hydrostatic pressure in the finite element analysis is
the same form, (4), as in the continuous case, i.e., Pg, = — div ug,/E. However, this choice
might not be adequate, since the special relation (7) yields the condition

p'tp=p+p’ an

where p’ = —div ug/E in the subtriangle K; of an element £2,. It is common to identify the
pressure with its average value on each quadrilateral consisting of four triangular elements. In
this article, we shall take the weighted average value

th = (plAl + p2A2 + p3A3 + p4A4)/A (12)

in order to form the corresponding mixed finite element formulation. Here, A; is the area of
the subtriangle K; and A is the area of a quadrilateral. If the mesh is uniform, this corresponds
to the case of taking the average. For the weighted average pressure Pg,, the penalty
formulation (3) is also expressed in the form

a(ugs, vn) — (Pen, div on) = f(vs), VO, €V,
(qns Epen + div ug,)=0, Vg, €Q, (13)

where Q, is a set of piecewise constant functions. More precisely, g, in Q, is a constant function on
each 4CST element {2..
Let the set K7 be defined by

t=1{qy € Qu: (g dive,)=0,Vo, € V,}. (14)
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Since the homogeneous Dirichlet boundary condition is assumed, the set K7 is not a singleton.
Indeed, the checkerboard pattern of the distribution is in K} as shown in Fig. 3. This is
identical to the case of 4-node quadrilateral isoparametric elements with the one-point
Gaussian quadrature rule for the penalty term. That is, the nature of the kernel of the
approximate gradient operator B}, defined by

(Bhgn, vs) = (gn diven), Vg, EQy v EV, (15)

for the 4CST element is similar to that for the 4-node isoparametric element with selective
reduced integration.
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Fig. 3. Global kernel of the approximate gradient operator for the Dirichlet boundary condition.

PROPOSITION 4.1. If the finite element mesh is uniform in a rectangular domain in R?, the set
% is not a singleton.

The claim stated above can be verified by considering the two cases of the center nodes in
quadrilaterals and of the corner nodes of quadrilaterals. In fact, using the notation described
in Fig. 4, for the nth center node the pressure g, must be restricted by

qg'=q> and ¢’=¢q’ (16)
in order to satisfy the equation

2gh, div v,) = vi(~g*+ g+ v¥Uq' = ¢*)=0, Vv, v,

within a quadrilateral. Since condition (11) is imposed on the approximate pressure, it follows
from (16) that

gd=qg=g=q'=C. a7



N. Kikuchi, Remarks on 4CST-elements for incompressible materials 115
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Fig. 4. Numbering system for the pressure.

Similarly for the nth corner node of a quadrilateral, we have

2

2(gn, div v,) = V(g1 — qu— g+ qrv) + Va1 + gu— Gu— qv) =0, Vo, v;.
This yields the condition
@=qu=A and qu=qwv=BhB (18)

for real numbers A and B, since (11) is imposed.

Four-node elements with the one-point Gaussian integration have the identical value of the
term (g, div v,) as does the 4CST-element. Under the assumption that the pressure field g, is
constant on a quadrilateral,

g div 0,d02 = g, [ divond = g, f o, ndl (19)
2, 0, r,

where I, is the boundary of a 4CST element {2, and » is the unit vector normal outward to I..
This means that the value of the velocity at the center node cannot contribute to the pressure
term if a constant pressure field is assumed on a quadrilateral (2.. Furthermore, the expression
(19) is exactly the same as in the case of a 4-node isoparametric element which uses the
one-point Gaussian integration scheme. This shows the following.

PROPOSITION 4.2. The 4CST element is equivalent to the 4-node quadrilateral isoparametric
element with the one-point integration scheme, as far as the pressure term (q,, div v,) is
concerned.
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In above, we have shown that the 4CST element provides characteristics in the kernel of the
approximate gradient operator and a value of the term (g, div v,,) similar to the most popular
penalty method, using the 4-node isoparametric element with one-point Gaussian selective
reduced integration. However, this does not mean that both methods are same. Within a
quadrilateral, the 4CST element has 10 degrees of freedom and 3 discrete constraints, while
the 4-node element has 8 degrees of freedom and 1 discrete constraint if the selective reduced
integration scheme is applied. Thus the ratio of the degrees of freedom to the number of
constraints for the 4CST element is smaller than that for the 4-node element.

As a further remark on Propositions 4.1 and 4.2, exactly the same conclusions can be drawn
for the pressure term (g, div v") obtained by the penalty method, namely,

4
zdiv Uepn IK‘-Ag)diV Uy dﬂ = f(vh) N A Uy = Vh R (20)

i=1

a(ug, U;:)‘*‘}*%f (-l-
' Ee::l £2. A

where div ug, |k, is the divergence of ug, on the subtriangle K; of (2. The penalty in (20) is
formed for the weighted average value of the divergence. That is, as E— 0 we have

1< .
e A,' div ugh‘xj*—)() R
AS

but not each individual div vg. |k, — 0. In this case, the ratio of the degrees of freedom and the
number of constraints becomes higher than that of the 4-node element.

5. Numerical experiments and remarks

We shall carefully study the 4CST element in comparison with the 4-node isoparametric
element with the one point Gaussian integration rule.

The first numerical experiment is the checking of the convergence result (10) of the penalty
finite element approximation. To do this, let us consider a rigid punch problem shown in Fig.
5. Because of the existence of the free boundary, K7 is a singleton, and then the estimate (10)
is modified to

llee — gl = C(lul, pll - HE + 17} (21)

Although the problem to be solved belongs to a class of contact problems for solids, the
formulation is almost identical to the Stokes flow problem. Suppose that no friction is assumed
beneath the rigid punch, the depth of indentation is d = —0.2 that is 2% of the depth of the
foundation shown in Fig. 5. Young’s modulus is E = 1, and that Poisson’s ratio is v = 0.4999.
These correspond to the case of u =5 and E=6X 107* in the Stokes flow problem. Since the
contact stress under the flat punch in the semi-infinite domain in R* has the form o, =
o./Va®— x?%, the contact stress in the present example is almost a function in L*(I). Thus,
applying the trace theorem, it can be expected that the solution # isin H ¥2-8(£2), 8 > 0. Thus, the
regularity parameter s in the estimate (21) is bigger than 3 — 8. The results shown in Fig. 6 indicate
that the quality of the approximation is better than those expected from the theory of

convergence.
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Fig. 5. Finite element model to the indentation problem Fig. 6. Convergence of the 4CST-clement.

of a rigid flat punch.

However, it does not necessarily follow that the quality of the approximate solution as
perfect. Indeed the pressure computed by (12) has oscillation in its distribution as shown in
Fig. 7. Similar behavior is, however, observed for the hydrostatic pressures computed by the
4-node isoparametric element with the selective reduced integration and by the averaged
penalty scheme (20). The graphs in Fig. 7 are those of pressure distributions along the line
x = 0.625m obtained by the three different methods. The three methods provide almost
identical results, although the 4-node isoparametric element gives the smallest oscillation.

It is next of intérest to check whether or not some unstable mesh patterns are obtained from
the continuation of the process of incremental methods for large deformation analysis using
similar formulations to (3). This is motivated by the observation of the deformation pattern
shown in Fig. 8 for the rigid punch problem. If the deformation (or the velocity field in the
flow problem) near to the corner of the fixed and free boundaries is enlarged, it is possible to
observe a zig-zag pattern of the deformation. Then it is easy to imagine that if the deformation
is continued incrementally, the finite element mesh might have large distortion. We shall check
this by solving a large deformation problem for viscoplastic material, the formulation of which
is similar to the Stokes problem considered here except for the material constant u that
depends upon the stress level. Applying an incremental method together with updating the
finite element mesh representing the material grid (according to the deformation computed by
Au x At for the increment of the velocity and the time increment at each nodal point), an
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extrusion problem is solved as shown in Fig. 9. It is clear that if the ratio of the sizes of
entrance and exit are large, the finite element mesh undergoes a zigzag distortion near the
ramp, as several quadrilaterals degenerate to triangles along its slope. The ripple on the
deformation is reduced by refining finite element meshes, but cannot be completely eli-
minated. It is unclear how the distortion of the material deformation affects the value of the
stress and thence the yielding of the material. Similar unstable deformation occurs even in the
case that the body is in a field of almost uniform tension. If the cold-forming process governed
by the elasto-plasticity is involved instead of the visco-plasticity with the incompressibility
constraint, unstable deformations can be reduced considerably because of compressibility of
elastic strain. Another factor contributing to instability is the boundary condition. If there are
too many fixed boundary conditions and too many intersections of fixed and free boundary,
then the amount of oscillation increases in both the deformation and the pressure.

Let us now look at the pressure field in a 4CST-element. Fig. 10 shows the pressure
distribution in two 4CST-elements which are located under the rigid punch. Element A is at
the edge of the punch, and element B is at the center of the punch. It is clear that the pressure
in each subtriangle is quite different from the average value in element A, while element B has
no variation in its four subtriangles. From this, however, the question arises as to whether the
average value of the pressure should be used to check the yielding of the material when the
elasto- or visco-plasticity are considered. If the yielding is checked on each triangle, and if the
finite element mesh is not updated, there is still the pressure constraint (11) to be satisfied by
the finite element solutions. In general, the yielding is described on each subtriangle without
using the average value of the pressure for the 4CST element. This is the main difference from
the 4-node isoparametric element with the reduced integration scheme in which the stresses
are accurately evaluated only at those integration points which are reduced. Thus, the yielding
is checked only on each quadrilateral. It is noted that if the elasto-plasticity is considered in
the rigid punch problem, the lower triangular part of element A becomes plastic at first. If a
4CST-element scheme is used with individual checking of yielding, it is possible to treat the
development of the plasticity. However, if the 4-node isoparametric element with the reduced
integration is used to solve the same elasto-plastic punch problem, numerical results may be
less good. In order to obtain that the lower triangular part is plastic, an 8-node or 9-node
isoparametric element at least, with the reduced integration scheme must be applied when
quadrilateral elements are chosen.

The next study is related to the process of updating the finite element mesh for large-

0.221 0.159
0.235 0.186 0.158 0.158
0.200 0.158
Element A Element B

Fig. 10. Pressure distribution in quadrilaterals for a rigid punch problem.
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Fig. 11. Finite element model of the inclined pipe flow.

deformation analysis of elasto/visco-plasticity. To do this, we solve the Stokes flow problem
both by the 4CST element and by that slight variant of the 4CST eclement, obtained by
perturbing the location of the center node in a quadrilateral. If the center node is identified
with the centroid of a quadrilateral, the numerical results for the problem shown in Fig. 11
become as in Fig. 12. If the average value of the pressure field is involved, both meshes

average pressure 0,539 0.339 0.557 0.339
{no Filtering) 0.333 0.393 0.325 0.402
-0.065 ~0.0738
average pressure | O.474%  0.hob 0.483  0.413
(filtering on) 0.398  0.328 0.399  0.328

Fig. 12. Pressure distributions for two different 4CST finite elements for incompressible materials.
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provide almost the same results. However, if an individual triangular element is considered,
the two meshes yield entirely different pressure fields. If the yielding of materials is checked in
each triangle, the results may be very different from the ones by the average schemes for both
meshes. This occurs in large deformation analyses by use of the updating process of the finite
element mesh. The stress field is very sensitive to the location of the center node of a
quadrilateral. This property might be important for the study of unstable phenomena like the
necking of a bar in the tension test.

The final remark on the 4CST element relates to smoothing the local oscillation observed in

a7|

X

Fig. 13. Pressure fields with and without the filtering scheme for rigid punch problem.
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the pressure distribution. It is interesting that the local oscillation in the pressure has quite a
similar pattern to the global kernel K7 of the approximate gradient operator B. Noting the
fact that the 4CS1-element 1s equivalent to the 4-node isoparametric element with the reduced
integration for the penalty term (g, div v,) after taking the average of the pressure, the local

oscillation in the pressure can de reduced by the filtering scheme

p=p—C, pu=pn+C,
C=#pi— pu+ pu— pw) (22)

w=pwv+C

3
(
h

b

as shown in [14] and in [8] by a different analysis. In the analysis of convergence of the penalty
finite element approximation with 4-node isoparametric element, it was necessary for the
convergence to impose (i — pu+ pu— prv) = 0 for the pressure " in [14]. This presents the
filtering scheme (22) to the penalty method as a post-processing scheme to obtain a smooth
pressure distribution. In Fig. 13, we show two pressure distributions for the rigid punch
problem. It is clear that the filtering scheme (22) provides a smoother distribution of the
pressure. As discussed above, the deformation (or the velocity field) has similar local
oscillation. Thus, if the 4CST element is to be applied to solve Navier-Stokes flow problems
with an incompressibility assumption by using penalty methods, one suggestion is that the
velocity field to evaluate the convection term u;du/dx; be defined as its average value in each
quadrilateral instead of in each triangle in order to obtain smoother results.
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