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.4bstract-Investigators of accidents use accident rates and ratms to measure nsk of being involved in 

a traffic accident. This paper uses two examples to present a graphical technique. that summmanzes 

scatters of points by ellipses, to help describe the accident involvement of drivers. The tirst appendix 
tells how the technique works and the second appendix summarizes other types of ratios used in the 

literature. The paper discusses how the technique may tie together ratio> in the literature on accidents 

and ageing of drivers. 

INTRODUCTION 

Analysts use different criteria to measure risk of bein, 0 involved in a traffic accident. Each 

investigation derives an accident rate or ratio and compares the rate among drivers of several 
subgroups. The analysts may arrive at different answers to the same research question, depending 
on which criterion is used. We present a graphical technique, summarizing scatters of points 

by ellipses, to help to unify results of various ratios and to show clearly outlying points and 
discrepancies in the data. See Stoto [ 19801 and Tukey and Parunak [ 19831. 

Two examples are used to present the graphical technique for displaying ratios. The first 
example shows fatal accidents by state and age, with emphasis on the ageing driver. The second 
example is of fatal accidents to drivers of combination vehicles by year and state. Appendix A 
gives a step-by-step explanation of how to construct the ellipses. Appendix B is a review of 
the literature on ageing and accidents and summarizes the ratios used. Computer programs are 
also available in Fortran (Stoto [ 19801 and Baughman and Parunak [ 19831) and, for a micro- 
computer implementation, in Pascal [O’Day, 19831 and in Basic [Baughman, 19841. 

EXAMPLES TO PRESENT GRAPHICAL TECHNIQUE 

E.rample 1. Fatal accidents by age and state. 

Our first example illustrates the technique with data from Finesilver [ 19691. Panels A 
through C of Table 1 give the total number of accidents and number of accidents fatal only to 
drivers for 26 states in 1967, for age groups 25-34, 35-44, and 65 and over. We limit ourselves 
to these three age groups because they highlight a progression that continues through other age 
groups, without unnecessarily lengthening the example. The third column in each panel gives 
the population in the states based on the 1970 Census. The ratios in the last two columns are 
_v = (number of fatal accidents)/(total number of accidents) and s = (total number of accidents); 
(population in age group). 

These long columns of ratios are relatively silent about differences in accidents among age 

groups. The columns are even more silent about differences in the results among several ratios 
and, at the same time, among age groups. To help detect and explain these differences, we 
refer to a method of constructing isoquants and ellipses (see Stoto [ 19801; or Tukey and Parunak 
[1986]). The isoquants and ellipses provide at a glance comparisons among age groups and 
among ratios. 

Figure 1, Panels A through C, plots y against x for the three age groups. At the same time, 
they display a third ratio, z = (number of fatal accidents)/(population in age group), the product 
of .r and y. A set of hyperbolic contour lines, or isoquants. references the ratio Z. Each contour 
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Institute. The University of Michigan, and in part by private funds from H. Van Dyke Parunak. 
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Table 1. Data for drivers in traffic accidents by s~tr III 76 states. IO67 
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line is the locus of points with the same value of z. The labels for the isoquants are on the right 
side of the graph. 

We construct an ellipse around the scatter of points, to cover about three-fourths of the 
points in each panel. Appendix A presents the mechanics of the construction. The ellipse focuses 
attention on the central cluster of points. 

So two steps are involved in the graphical displays. One step is the construction of isoquants. 
They enable the display of a third ratio, along with the first two ratios. The other step is the 
construction of ellipses, to outline the central cluster of points. 
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Fig. I. Scatter plot by ?: = (number of fatal accidents)/(rotal number of accidents) against x = (total 
number of accidents)/(population in age group) in 26 states in 1967. The contour lines are z = v x 
x = (number of fatal accidents)/(population in age group). (A) For ages 25-34. (B) For ages 35144. 

(C) For ages 65 and over. 

In addition to rendering broad patterns in the data, the plots readily identify outliers. For 

example, we can identify three points as outliers in the _Y dimension in Panel A. Their labels 
are Arizona. Missouri and North Dakota. When the same three states are distinct outiiers in 
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Fig. I. Continued. 

the other two panels, we wonder if the methods of collecting or reporting data are different 
there than in the other states. If we were viewing only one dimension, for example the x 
dimension in Panel C, we would not be able to label Arizona, Missouri and North Dakota as 
outliers. The added dimension shows their deviation clearly. 

Now that the ellipses have delineated the central points and outliers, we let the ellipses 
alone show the progression of the age groups. Figure 2 displays the three ellipses together. AI1 
the points are omitted, so the progression of the ellipses without the distraction of many dots 

is visible. 
The slopes of the ellipses for ages 25-34 and 35-44 are almost identical. The spread and 

level in all three dimensions is about the same for both age groups. The ellipse for the drivers 
65 and over is distinct from the other two ellipses. The oldest drivers fare worst in terms of 
the y ratio, (number of fatal accidents)/(total number of accidents). They are decidedly better 
than those in the other two age groups for the x ratio. They are a little better in terms of the z 
ratio. Perhaps their outcomes result from their being more careful drivers but more fragile when 
they have an accident. 

These conclusions are based on the progression of the ellipses. They may point toward a 
slight increase in safety on the highways, because the number of older drivers is increasing 
somewhat. The number of drivers over 65 years old increased from 5.4 million in 1958 to’13.7 
million in 1980. Also the proportion of drivers in this age group to all drivers increased from 

6.7% to 9.4% between these years. 
Next, we briefly compare our ratios and results with the ratios and results from other 

studies in the literature. We then point out how the use of an isoquant plot with ellipses can 
sharpen the conclusion of previous, and future, studies. 

Comparison with other studies. 

We reviewed the literature on accidents and the age of the drivers to find out what ratios 
other studies used and how they answered the question to whether drivers over 65 are more 
likely than drivers in other age groups to be involved in a traffic accident. 

Appendix B provides a comprehensive bibliography to this literature. It classifies the ratios 
and presents them in the classified format. We used both a computerized search, MEDLARS~ 
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Fig. 2. Ellipses for three age groups from Fig. 1 for 26 states in 1967. y = (number of fatal accidents)/ 
(number of accidents), x = (number of accidents)/(population in age group). : = (number of fatal 

accidents)/(population in age group). 

data base of the National Interactive Retrieval Service, through the library of The University 
of Michigan Medical School, as well as more conventional library resources. We concentrated 
on articles about ageing and accidents that included statistics or data analysis. 

Analysts use different criteria to measure risk of being involved in a traffic accident. Each 
investigation derives an accident rate or ratio and compares this rate among drivers of several 
age groups. The analysts arrive at different answers, depending upon which criterion is used. 
Some analysts believe drivers over 65 have fewer accidents than drivers of other age groups. 

Other analysts prove exactly the converse, and still others land somewhere in between. 
Application of ellipses to other studies. 
The diversity of the conclusions points to the need for further data analysis. Rather than 

itemize the conclusions, article by article, we have chosen to illustrate how the isoquant plot 
with ellipses can resolve ambiguities within studies and aid comparisons among studies. We 
mention two applications of the ellipses to previous studies that would have sharpened their 
results considerably. The data from the other articles are not sufficient to enable us to construct 
ellipses and thereby compare their results with ours. However, we feel that the graphical 
techniques we present are extremely important to be incorporated into future planning and 

studies. 
McFarland and O’Doherty [ 19521 present the relation between driver age and automobile 

accidents using two different graphs. One is a plot of the ratio of number of drivers in accidents 
to the number of licensed drivers versus driver age. The second graph plots the percent of 
drivers involved in accidents judged “at fault” versus driver age. 

The McFarland and O’Doherty graphs bring to our attention an application of the isoquant 
plots. We could look at the two ratios from their plots plus a third ratio, all on one graph. We 
would use the relation: 

# Drivers in Act. x # Drivers at Fault # Drivers at Fault 

# Licensed Drivers # drivers in Act. = # Licensed Drivers 

(y x .~ = z) 

Points could represent age groups and successive plots various states, or vice versa 
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Fig. 3. Scatter plot of y = (ali fatat accidents)l@llons of diesel fuef consumed) against x = (fatal 
accidents invoking drivers of combination vehicles)/(alI fatal accidents) in 48 states for all age groups 
combined. The contour lines are I = y x x = (fatal accidents involving drivers of combination vehicles)! 

(gailons of diesel fueI consumed). (A) For 1975. (3) For 1976. (C) For 1979. 
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Fig. 3. Continued 

For an article by Siebrecht er al. [ 19591 we note another potential use of the isoquant plots. 

Their index is: 

Accident-~~ioiation Index = (Accident Ratio - 112 Violation Ratio) X 10 

where 

Accident Ratio = 
Number of Recorded Accidents 

Annual Mileage x Years of Driving 
x 10-j 

Violation Ratio = 
Number of Recorded Violations 

- x 10-j 
Annual Mileage X Years of Driving 

The isoquant plots can present both the accident and violation ratios, as well as a third 
ratio (number of recorded a~~idents)/(number of recorded violations). The necessary equation 

is 

Number of Violations x Number of Accidents 

Annual Mileage x Years of Driving Number of Violations 

Number of Accidents 
z 

Annual Mileage X Years of Driving 
(.v x X = I) 

From the graph we can then ascertain the mathematical relation among the ratios. We can at 
least confirm to ourselves that the data support the linear combination: z - (l/2)? that the 
authors employ. 

Example 2. Fatal accidents tb drivers of ~~rn~~~at~on vehicles. 
The comments on the McFarland and O’Doherty and the Seibrecht et al. articles show that 
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Fig. 4. Ellipses for three years from Fig. 3 for all age groups combined in 48 states. y = (all fatal 
accidents)/(gallons of diesel fuel consumed), x = (fatal accidents involving drivers of combination 
vehicles)/(all fatal accidents). .‘ = (fatal accidents involving drivers of combination vehicles)/(gallons 
of diesel fuel consumed). 

only may formulate numerous combinations of ratios for accidents. The model is 

Y = bit, x = alb, z = aJc yXX=Z. 

where b and c are variables representing measures of driving exposure such as driving distance 
or number of licensed drivers. 

By exploring different formulations, analysts do not have to rely on only one accident ratio 
to make conclusions. Our second example emphasizes this idea. O’Day, et al. [1980] present 
data for one accident ratio, Iabelled x = (fatal accidents involving drivers of combination 
vehicles)/(all fatal accidents). This index gives two of the three parameters in the above model, 
11 and b, needed to apply the technique. They suggest another measure of driving exposure, 
gallons of diesel fuel consumed, for each state and year from another data source. With the 
third parameter, c, we formulate two new accident ratios, y = (all fatal accidents)/(gallons of 
diesel fuel consumed) and z = (fatal accidents involving drivers of combination vehicles)/ 
(gallons of diesel fuel consumed). We plot the .r and y ratios and view the z ratio in Panel A 

of Fig. 3. We have three ratios to look at simultaneously, and thus more info~ation to 

characterize the accident history of combination vehicles. 
Panels A through C of Fig. 3 show three of five ellipses for the accident experience of 

combination vehicles (tractor-trailers) from 1975-79 in 48 states. In the first example an ellipse 
was for an age group. Here, each ellipse represents a year. Again, we picture only three years 
(1975, 1976, and 1979), because they show a trend that continues through other years, without 
lengthening the example. 

As in our first example, the ellipses tell about the behavior of the three accident ratios, X, 
y, and I, and they point out differences among states and peculiar trends that may otherwise 
go unnoticed. In Panels A through C of Fig. 3;states falling outside the ellipses are identified. 
New York and New Hampshire are the only states that fall outside the ellipse for all five years. 
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These states consistently exhibit high values for v. Indiana and Wyoming fall outside four of 
the five ellipses (data not shown). They consistently exhibit large values for x. A few more 

states fall outside the ellipses for more than one year. These outliers are in roughly the same 
position relative to the other points in each panel. 

We summarize changes in these accident ratios over the five-year period with the following 
observations based on Fig. 4: 

(1) The ratio of number of fatal accidents involving drivers of combination vehicles to 

total number of fatal accidents (X ratio) increases; 
(2) The JG ratio, total number of fatal accidents to galfons of diesel fuel consumed, decreases; 

and 
(3) The z ratio, number of fatal accidents involving drivers of combination vehicles to 

gallons of diesel fuel consumed, remains about the same. 
Summar)l 0s gmphicni tool. 

There are two parts to the graphical tool. One part is an isoquant plot, based on ratios, 
and the other part is an ellipse. Appendix A gives a step-by-step explanation of how the ellipses 
are constructed. 

Isoquants allow the display of, not just one ratio, but three ratios on a single graph. This 
helps the eye to make comparisons. The isoquants lay the foundation for drawing ellipses to 

summarize the data. 
One ellipse allows a summary of three ratios for a single year or a single age group. The 

tilt and spread of the ellipse describe the ratios for the central group of points. The eI1ipses 
label points outside as outliers. Several ellipses on the same graph show how the ratios change 

over time or across age groups. 

Accident Facts. National Safety Council. 
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We present a general outline for drawing an eflipse. We show how to determine the shape, the tocation, and the 
size of an ellipse. Guthers do not disturb the method. In the first step we describe how to construct a prefiminary fine. 
We need the preliminary line to serve as a guide for determining shape and location in the second step. In the last step 
we fix the overall size of the ellipse. This outline shows the construction of the ellipse for the 26 states in Panel A of 
Figure 1. (See also Stoto [1980].) 

Step I, Construer the preliminary line (Fig. 5) 
(a) Find the fourths for points ordered along the x-axis and draw a line at each fourth. Given 26 points in all, the 

fourths are the 61th from either end. 
(b) Find the fourths for points ordered along the y-axis and draw a line at each fourth. 
(c) Note which interquartile distance on the graph is greater. In Fig. 5, the x distance is greater. Then for points 

ordered along the .x axis find the median values far x and y within the upper and lower sets of points. (The fourths for 
the axis whose interquartile distance is greater define upper (U) and iower (L).) Draw a line through these two points: 

(xL.yL) and (.u4. 

Step 2. Determine rke &ape nnd iacafion of the ellipse (Fig. 6) 

(a) Find the fourths for points ordered along the preliminary line and draw a line at each fourth. 
fb) Find the fourths for points ordered aiong the perpendicular to the preiiminary line and draw a line at each 

fourth to complete the rectangle. 
(c) Draw a point halfway between the lines at each fourth from Step 2(a) and halfway between the lines at eaeh 

fourth from Step 2(b). This point will be the center of the ellipse. 

0.32 

0.08 - 

Fig. 5. Itlustmion of Step I. (The smaII 2 near the tower end of the preliminary line indicates the 
position of two points.) 
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Fig. 6. Illustration of Step 2 

Step 3. Fir the sire of Ihe ellipse (Fig. 7) 
(a) Measure the width and length of the rectangle in Step 2 and multiply each distance by two. 
(b) Draw the new enlarged rectangle. The center of the enlarged rectangle will be the same as the center of the 

rectangle in Step 2. 
(cf Draw the ellipse inside this rectangle. 

(B) Interpreting nn ellipse 
The horizontal extent and the vertical extent of an ellipse show the variability ofx and .v, respectively. The direction 

of the major axis reveals any tendency for x and v to be related. The two variables are staristicaliy independent if the 
major axis is horizontal or vertical. They are posttively related if the slope is positive, and negatively related if the 
slope is negative. A close relation is implied if an ellipse that is tilted is also narrow. 

(C) Comments on constructing un ellipse 
I. Finding the Fourrhs. The outline for constructing an ellipse requires finding the fourths for sets of ordered 

points, We refer the reader to Tukey [ 1977, pp. 29-391 or Mosteller and Tukey [ 1977, pp. 43-491 for illustrations of 
tinding the fourths and other summary values in a batch of data. 

2. Scale Factor. The outline is useful for most sets of (.r.y) points. For some applications, one can improve the 
ellipse by modifying the outline slightly. One modification concerns the size of the ellipse. In Step 3 we multiply by 
two both the width and the length of the rectangle in Step 2. We choose a scale factor of two because the resultant 
ellipse summarizes the batch of points, as well as being sensitive to outliers. 

An extremely large value for the scale factor ihustrates how scaling is important. If we choose a scale factor much 
greater than two (e.g. four or five), the ellipse wit1 surround every point. In this situation we presene the orientation 
of the ellipse, but we lose crucial information about outliers and the degree of relation between x and y. If we choose 
a scale factor much less than two (e.g. I.5 or 1.3). again we know about the direction of thr ellipse and possibly the 
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Fig. 7. IIIustration of Step 3 
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relation between x and J. but we must label too many points as outliers. At either extreme, we lose accuracy of 
interpretation about the behavior of the I ratio. for example. 

Even a small change in the scale factor can significantly alter how well the ellipse surrounds the points. For 
instance, in our second example (Panels A-C of Fig. 3) we choose a scale factor of 1.5 for all sets of points. Employing 
2.0 gives too small an ellipse, but 3.0 gives too large an ellipse. Because testing more than one scale factor is easily 
accomplished. even by hand. we recommend starting with a scale factor of two and finding a factor that surrounds 
about 75% of the points. An iterative program would be useful. 

3. Locorion. A second modification of the general outline for constructing an ellipse concerns the location of the 
ellipse. From Step Z(c) we observe that the center of the rectangle is the center of the ellipse. In very asymmetrical 
sets of data, centering the ellipse in this way will not capture well the central points. For these situations. we recommend 
another method to locate the center of the ellipse. First, we hnd the intersection of the median position of the points 
ordered along the p~ii~n~ line with the median position of the points ordered along the ~~nd~cul~ to this line. 
This point becomes the center of the ellipse. The major axis wiil have the same slope. 

Table 2. Summary of ratios* by year for measures of individual and group exposure 

Burg (19671 

L.“eDker an* 
smttn [I9781 

La"er ll9-321 

Bureau Of P”bl ic 
Roads Study I!9591 

McFarland and 
O’Ooherty (19593 

Slebrecht et al. 
(1SSSl 



The major and minor axes will still have the same initial length. as in Step Z(b). and the axes will still be subject to 
a multiplicative factor in Step 3(a). 

In this alternative method for centering the ellipse, the median along the preliminary line may not be halfway 
between the fourths along the line. The distance between the fourths, the inter-quartile dtstance, is the length of an 
axis. We can choose co center the axis on the median along the preliminary line and not to let the center remain at the 
paint halfway between the fourths. In this way, for asymmetrical data, the ellipse encloses the most dense group of 
points, Iabeliing the others as outfien. 

APPENDIX B. REVIEW OF LITER.-\TLIRE ON ACEINC AND 

ACCIDENTS IN ARTFCLES WITH STATfSTiCS .4ND 

DATA ANALYSIS 

This Appendix presents the rest&s of a literature review to see what criteria other researchers used to answer the 
question of older drivers’ involvement in traffic accidents. 

Many analysts use data about both accidents and exposure to identify high-risk drivers. They divide the number 
of reported accidents by the corresponding measure of exposure. We first discuss the meaning of driver exposure. 
Then we classify the approaches highway-safety researchers take to analyzing data for accidents on the basis of which 
measure of exposure they use. 

Carroll [ 19711 proposes the following definition: “Driving exposure is the frequency of traffic events which create 
a risk of accident.‘* He calls measures of exposure that the driver controls, direct measures, for example, driving 
distance, driving time, traffic volume on the road he chooses. We favor the more descriptive and more specific term: 
individual exposure. He tails those that the driver does not control, indirect measures. for exampfe, number of registered 
vehicles, number of licensed drivers, gallons of gas consumed by all vehicles. We would choose the expression: group 
exposure. In Fig. 1. the denominator of x = @tumber of accidents)i(papulation in age group) is the population of 
people in a given age group and state. It is a measure of group exposure. This rario takes into account the unequal 
proportions of licensed drivers that occur among states. Table 1 summarizes the ratios in the literature based on both 
individual and group exposure. This table of ratios is particutariy interesting because of the increased possibilities for 
data analysis by isoquants it suggests. 

The words ‘*direct” and “indirect” have a different connotation in the statistical literature (see Mosteller and 
Tukey [ 1977. Chapter 111). so we think it is better not to use them in this context. Both types of exposure data can 
serve as pan of accident rates. The most commonly used measure of exposure is driving distance of one driver expressed 
in miles travelled. 

Either individual or group drivin g exposure comprises one approach of highway-safety researchers to analyzing 
data for accidents and exposure. Another approach is to select a control population. The usual control population is 
drivers deemed not to be responsible in a two-vehicle accident. The road conditions for the responsible and nonresponsible 
driver are then quite similar. We divide the number of accidents “caused” by drivers in a particular category by the 
number of accidents not “caused” by the drivers in that category. The literature refers to the numbers of nunresponsible 
drivers involved in accidents as “induced-exposure data” (Thorpe [ 19631; Car [ 19691: Haii (19701). This ratio requires 
the assumption that there is a responsibie and a non-responsibke driver in every accident. We like the mnemonic title: 
paired exposure. 

Fewer investigators study the relsrion between traffic accidenrs and age of driver using paired-exposure data than 
do fhose using individual and group-exposure data. Table 3 summarizes these ratios. 


