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Abstract—The method of generating equation 1s used 1n order to reduce a weakly nonlinear hyperbolic
system to the standard form, 1 ¢ the form which admits an asymptotic treatment based on the averaging
principle

Consider a weakly nonlinear system defined by the following canomcal form
Uy — TUy = Pu + eD(t, X, u, U, u,) 1

along with the boundary conditions

u(r, 0) = u(t, ) = 0,
u(0, x) = f(x),
10, x) = F(x)

@, f and F are assumed to be continuous with respect to all vanables, a, £, and ¢ constants,
O0<eg<1
The solution of the above problem 1s sought 1n the form

x

u(t, x) = 2 v,(t) sin % X
n=]
To satisfy (1), functions v,(f), n = 1, 2, , have to obey the following set of ordinary
differential equations
vn + CU%V,, = £¢n(ts vl9 Vz, s V], Vz, )’ n = la 2’ (2)

with the 1nitial conditions

vn(O) = f’l’ v(O) = F’l’ n = 19 2’ bl

where f, and F, are the Fourner coefficients of f(x) and F(x) with respect to sin Zzl_n x,n =1,

2,

A number of asymptotic techniques can be employed for analysis of the solutions of (2)
(see, for mnstance, Bellman[1]) The purpose of this note 1s to demonstrate how the averaging
principle can be applied to the analysis of (2) Namely, we show that the method of generating
equation, developed by Bellman, Bentsman and Meerkov[2]. reduces (2) to the standard form,
1e to a form which admits an asymptotic treatment based on the averaging principle
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Consider

Vin = Vi (3)
Rl
Vo = T WiV,

According to the method of generating equation, the general solution of (3) gives the following
substitution for (2)

Vin = Yin sin (wnt + yZn),
Vap = WY1, COS ((D,,[ + an), (4)
n=1,2,

The change of the dependent vanables (4) has been known for a long ime However, this
and the analogous substitutions has been introduced somewhat ad hoc The method of generating
equation dertves all these and a number of new substitutions 1n a formal, reguiar manner (see
Bellman et al [2] for more examples)

In terms of varnables y,,, Ya., n = 1, 2, , (2) can be rewnitten as

cos (w,t + ¥,,)
=g

Yin = R D,[¢, yiu sin (@ + y51), Yip SIN (@yF + y), ,
wyy S (Wit + ¥y), @Y S (Wat + yn), I, (9
sin (Wut + ¥a,)
Yin = —& ——y—w—-— D,[2, yyy sin (it + yy), yip sin (wat + yy), ,
1n%n
wyy s (Wit + yy), Wy SIn (Wt + yx), 1, n=1,2,

Equations (5) are in the standard form Applying the averaging principle, from (5) we
obtain

I {cg_s_&w_t:_u q)n}

t Wy

sin (w,t + z,,
—eM {___(."__.2_) ¢n}’
4 Z1p Wy

(6)

N

~

=
I

where

MI{SC, D} = 3() = hm-;—, "S(.ndt

Tox 0

and the existence of the required averages has been assumed

In some tnstances, the structure of (6) 1s simpler than that of (5) (For example, sometimes
(6) admats solution in a consecutive manner whereas (5) does not ) When this 1s the case, the
above procedure might substantially simphify the analysis of weakly nonlinear hyperbolic sys-
tems An example of such treatment can be found in Benney and Niell[3]
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