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1. INTRODUCTION

Let P(x, D)= A(x) D*+ B(x)D + C(x) be a system of second order dif-
ferential operators defined on an open interval (a, ) of R. A(x), B(x) and
C(x) are N by N matrices whose components belong to C*(g, b) and

1 d
D= —.
/—1dx
The main result of this paper is the following theorem.

THEOREM 1.1. If p(x, &)= A(x) &>+ B(x) &+ C(x) is positive semi-
definite for any x € (a, b) and £ e R, then given a compact subset K of (a, b)
we can find a constant M >0 such that

b b
Rej (P(x,D)u)ﬁdx;—MKf u|? dx, (1.1)

where u=(u,,.., u,)” and u,e C*(K) for 1 <i<n.

The proof of Theorem 1.1 can easily be generalized to prove that if
P(x, D) is a system of differential operators of order m whose symbol is
positive semi-definite, then

Re [ (P(x, D) u) dx> — Myl s (12)

An inequality of the type in (1.2) with (m—2)/2 replaced by (m—1)/2
was proved by Hérmander [2] for pseudo-differential operators on R”. His
result was generalized by Lax and Nirenberg [3] to systems of pseudo-dif-
ferential operators on R” (still with (m — 2)/2 replaced by (m—1)/2). Fef-
ferman and Phong [1] proved (1.2) for a single pseudo-differential
operator on R".
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2. FOURIER SERIES REPRESENTATION

In this section we will transform (1.1} into an inequality for infinite
quadratic forms.

Since the assumption and conclusion of Theorem 1.1 are invariant under
any affine transformation of the real line, we may assume that
K< (0,2n) < (a, b).

Let ¢(x)=0 be a C* function with compact support in (0, 2n) such
that ¢(x)=1 on a neighborhood of K, then {4 (P(x,D)u) adx=
f2n(¢(x) P(x, D) u)-iidx. We may therefore assume that the supports of
A(x), B(x) and C(x) are contained in (0, 27).

Instead of taking real parts all the time, we can simplify in the following
way. Let Q(x, D) u= D(A(x) Du)+ i[B(x) Du+ D(B(x) u)] + C(x) u, then
Px,Dyu—Q(x, D)u=S,u+ S,u, where S,u=(/—1/2)[4A(x) Du+
D(A'(x)u)] and S,u=[—34"(x)+(/—1/2) B'(x)]Ju. Since p(x, &)=
A(x) &% + B(x) £+ C(x) is positive semi-definite for any £ e R, it follows that
A(x), B(x) and C(x) are Hermitian matrices. Therefore, f%" (s,u)-adxis
purely imaginary and Re (3" (P(x, D)u) i dx=[§" (Q(x, D)u) - udx+
Re |27 (S,u) - i dx. We can obviously find « >0 such that |{3* (S,u) - dx| <
o {2 |u|? dx. Therefore (1.1) is equivalent to

2n 2n
j (O(x, DY u)- ddx > —MKJ |u|? dx. (2.1)
4] Q

From now on K is fixed and we can drop the subscript K.

We can represent u, 4, B and C by their Fourier series, i.e,
Ux)=T e u,, A(X)=37 _, "4, B(x)=Y7 "B, and
Clx)=Yr __e"™C, Here u,=(1/2n)f3e ™ u(x)dx and A,=
(1/2m) [27 e =" A(x) dx, etc.

Since 4, B, C and u are smooth and have compact supports in (0, 2x),
we have

max(|u,l, [4,],1B,],1C,1)=0(n"")  forf=1,2,., (22)

where || is any norm for vectors or matrices.
A simple calculation shows that (2.1) is equivalent to

y I:mnA,,,,,+m—;_—nB,,‘m+C,,vm] Uy il =z —M Y |u,l% (23)

mneZ neZ

Let m,neZ and |m—n| > |n|/2, then we also have |m—n|>1m|. By
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(2.2), we have

|m| + |n|
Y [lml 1l |4, t— 1By —ml + [Co—pul | |t 108,
mneZ
|m—n|2|nl/2
< |eol luol? + —_— |, |
< leol ol L e el
im — n| >,max(l, 1n)/2)
for some ¢ > 0. But
C
Z Y Iuml Iunl
m,ned |m_n|
Im — n| = max(1, |n}/2)
[4
< 5 || |1
&mfz:‘lzl lm—n|?

o0 O s 0 o c
=Y ¥ pludlmad+ XX ]l
k=1m= -0 k=1m=—x

o
sT Z 'um|2'

Therefore in order to prove (2.3), it suffices to prove

Z’ I:mnA,,_m+anvm+Cn~m]um.ﬁn
mneZ 2
>-M Y ju,’ (2.4)

where >’ means the summation is taken over m, n such that |m —n| < |n}/2.
In particular, m and » are either both positive or both negative. We shall
prove (2.4) for m,ne Z ™, the case where m, ne Z~ can be proved similarly.

3. CONSEQUENCES OF THE SYMBOL BEING POSITIVE SEMI-DEFINITE

If A(x) &2+ B(x) £+ C(x) is positive semi-definite, so is 14(x) &2+
B(x) ¢+ 2C(x). Let v,,, n=1, be a rapidly decreasing (i. e., satisfying (2.2))
sequence of N-vectors and v=73, ., e v,. Then we have |2 [14(x) &>+
B(x) £+ 2C(x)]v-vdx>0 and hence

2
Z [%Alrm+53n m+2Cnm] Um.l_)n>0‘ (31)

monzt

505/65/3-10
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It follows that we have

Z [‘é_ A" n + éB’l - M + 2CH I"} e V (; " )2/’4m2 &’—'
monzl 2 m
weo (& myant s o (3.2)
n
If we integrate (3.2), we get
* . 22YA, ,,+EB, . +2C,_
J‘ Z €W(m' " &) [(6 / ) n—m 5 n--m n m] . D >0, (33)

n n=
X ozl mn

where ¥(m, n, &)= — (¢ —m)*/dm? — (& — n)*/4n°.
It follows easily from the analysis below that we can interchange
integration and summation to obtain

Z ['lmnAn—m+1umanfm+C$m,,C”wm] Um~5">0’ (34)
monzl
where
L~ & 1 = t
inm = J‘ elp(”" me) 2 dé, Hpn = —F— J e‘[’(m. n ) é dé
Jmnd = 2 foan * - <
and
5"1’1 _—__LJ“X Pl n &) de.
N/ mrY -~
Now

1 o . L &2
|;"mn‘ < J e*(s—m)2/4m i_dé

* - 2 - « 2 1
mjl |:m2 (6 m;n) + Im? (é mm) +m2] 67'€7"')~’/4"'2; dé

%ﬁf” m2[E2+ 1] e 7 de.

Similarly, we can show that |pu,,| <\/(m%§}x ml[|€] + 1] e <7 d¢
and [8,,,] <2/ (mfn) (= e 7 dt.
Therefore we have

A"Hl:O(mz.\/%)’ /'t”"I:O <m. %)’ 5"”1=0<\/g>' (3'5)
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It follows from (3.5) that 3, woy [1Amal [4n_ml + el Byl +
18l 1Co_ |l 3 10l 13,,] converges, which justifies (3.4).
If we note that [m — n| > n/2 implies |m — n| > m/3, then we have

2 Ul 1Ayl sl 1Byl +18ml 1€l T 10, 15,]

m,onzl
m—n| =n/2
e Y ——vdlvi<e Y —— vl vl
morzl (m_n)2 " " mnz=1 (m_n)2 " §
{m—nj=n/2 jm—njz1

for some ¢ >0, by (2.2). But

T [0,] 0,
2
nronzl (m_n)

lm--nlz1

k2< Z |Um| |Um+k|+ Z lvm| |Umkl)

n=1 m=1

(where we let v, =0 when j<0).
Therefore, it follows from (3.4) that

Z, [imnAn- m+iumanfm+6mnCnfm] Um'UnZ _Ml

monz|

lv.?  (3.6)

1

ﬁMs

for some M, >0, where }' means the summation is taken over m, n such
that [m —n| <n/2.

4. PROOF OF THEOREM 1.1

First of all, observe that |m—n| <n/2 implies that |m —n| <m. Under
the assumption {m — n| <n/2, we want to give an estimate better than (3.5).

Lemma 4.1, A,,=./2nmn+O[(m—n)?], if |m—n| <n/2.

Proof. W(m,n, &)=Y (m,n, &)+ ¥y(m, n, &)+ (m — n)*/8mn, where
m+n\?
2

1
!Prl(m’ n, é)= _%(é—

and
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_(m=n)’

4m*n*

: L
Amnz——“——
2./mn '[ —-x
1 x
— e 1+ ¥ 62 df
2./mn j —x
1 Jw
2/ mn<—w
We can estimate the second integral in the following way. For some
¢>0,

¥y(m, n, &)= &,

e'[’] + ¥+ (m - n)j8mn 52 dé

o1+ 52(1 _e(m-n)2/8mn) df

1

e‘lf|+ ['2) 62(1 _e(m—n)z/Smn) dé‘
2

o _ 2
<——| e g
2./ mnv-=< 8mn

2 2
_clm—n) J <52+m+n§+(m+n)>e:2/2d§

16 \/% 4mn

=0{(m—n)*1].

The last estimate follows from the fact that m and n are comparable.
For the first integral, we have

1 x ¥ Wy g2
e 1+ 26 di
2\/mnjvoc
* e'l’l 62 df-i— 1 J‘x e'1'|(e&”2__ 1)52 df

1
—-2\/;1;[% 2 fmn -

1

2./ mn
1 < 2
< Y. d
Szl e

(m—ny? = [& m+n
2 j x [-Z+2‘/m ¢

1 (m+n) l (m+n)? ] ;e g

8mn /m te mn ¢

=0[m—n) ].

Now

j“ eFi(e*—1) & dé‘

(m+n)?
mn

52

L3
8
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Finally,

1 =)
[" e
mn* —w

L [ o n ey £+ 5 e

2

=%mnﬁ+('";"’ S
e

2 (m—n)’ Q.ED.

21 mn + —

Similarly, we can prove the following lemma:

LEMMA 4.2, p,,,=/2n((m+n)/2)+ O[(m—n)*] and 6,,=2./2n+
O[(m—n)?1, if im—n| <n/2.

Now

Y (m=n) (|4, + 1B, | +1C, ) 1] 10,

m, nzt
v v
< 5 il
m,nz= |1 (m—n)
|m—nlz1

for some ¢ >0, by (2.2). We have already proved in Section 3 that

[0l {04l
m.nzz 1 (m - n)z

im—n|z=1

is bounded by a multiple of ¥*_, |v,,|>. Therefore (3.6) and Lemmas 4.1
and 4.2 imply that

Z, |:mnAn—m+m+n Bn«m+2cnm] um‘ﬁn

m,nz1 2

—M; Y vl (4.1)
m=1
for some M,>0.

Since 3, 51 1Cu_ml |v,] |5, is obviously bounded by some multiple of
S |v.l% we have
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: +
2/ [mnA,,,,ﬂ-T-z—ﬁBn m+Cn m:|vm.ﬁn
m.onzl
>-M Y v} (42)

m=1

for some M > 0.
Equation (2.4) therefore follows from (4.2) if we let v, =u, and the proof
of Theorem 1.1 is complete.
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