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0

In this paper we study the existence of positive radial solutions for the
Dirichlet problem

Au(x) + f(u(x))=0, xeQ m
u(x)=0, X €09, (2)

where Q is an annulus in R”; ie, 2= {xeR"|0<i<|x| <R}.

The existence of solutions for this problem in general domains has been
widely studied. Most of these results are based on variational methods, and
one finds in these works the following two limitations:

(a) 1t is often required that f(0)>0 and

(b) the growth of f at infinity cannot exceed that of u* with
k<(n+2)/(n-2).

We find positive radial solutions of (1), (2) avoiding these restrictions
whenever possible; namely, we require no conditions on f(0) and no upper
bound for k. However, in the case of 2 an n-ball, requirement (b) is a
necessary condition for existence of solutions, since from a well-known
theorem of Pohozaev’s [3] we have that if f(x)=u*, then k has to satisfy
k<(n+2)/(n—2) in order to have positive solutions of (1), (2). Smoller
and Wasserman [4,5] have proved the existence of radial positive
solutions on a ball when f(0)= O(u*) as u —» 400, 0<k <n/(n—2), with
no conditions on f(0).

Now, if € is an annulus, Pohozaev’s theorem does not apply anymore
since the annulus is not a star shaped-domain. Therefore, there are no
“natural” constraints for the growth of f.
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In fact, if Q is an annulus, Q= {xeR"|A<|x| <R}, n=2, and f
satisfies:

f(u)=0u*) as wu— +o0 with k> —1,

we can prove the existence of positive radial solutions for a wide range of
domains, as well as some non-existence results. For example, let
fo=lim, _, f(s)/s. If fy=0and k>1or f,= +0 and k<1 (e.g., f(u)=u*,
k #1), there is a radial positive solution in any annulus.

Another example would be: assume f(0)<0 and k<1 or f(0)=0 and
k < 1; then there are constants C < C’ such that there is a radial positive
solution of (1), (2) when R— A > C’ and no radial positive solutions when
R—-A1<C. '

In Theorem A, we prove the existence of solutions on “some” domains,
and in Theorem B, we discuss the range for the domains in which existence
is found, as well as some non-existence results. The different cases in
Theorem B come from the behavior of f at infinity (k less, greater or equal
to 1) and at 0.

In Theorem 30 we give an existence result for the exterior problem
(=R"-B,={xeR"| A<|x|}).

These results extend those of our previous note [1].

The main theorems can be stated as follows:

THEOREM A. Let A>0. Given n>=2 and f a continuous real function
satisfying:
(i) there is a A=0, such that F(u)<0 for u<A4 and f(u)>0 for
u> A, where F(s)= [ f(¢) dt; and
(i) f(u)=O(u*) when u— +o0 and k> —1.

Then, there are R’s such that a solution to problem (1), (2) exists which is
radial and positive.

Let us define f, =1im, _, , f(s)/s.

THEOREM B. Let 1> 0. Given n>2 and f(u) a function as in Theorem A,
then the following hold:
Assume A > 0.

(i) If f(0)<0 and k<1 or f(0)=0 and k<1, there are constants
C,< C, such that there is a radial solution to problem (1), (2) when
R — 1> C, and no radial solutions when R— A < C,.

(ii) If f(0)<O and k=1, there are constants C, < C,<(C;<C,
such that there is a radial solution to problem (1), (2) when C3;>R—1>C,
and no radial solutions when R— 1 <C, or R—A>C,.
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(i) If f(0) <0 and k > 1, there are constants C, < C, such that there
is a radial solution to problem (1), (2) when R—A<C, and no radial
solutions when R— 1> C,.

(iv) if f(0)=0 and k> 1, there is a radial solution to problem (1),
(2) for any R> 1.

Assume A=0.

(v) If fo=0 and k<1 or fo< 4+ and k<1, then there is a
constant C >0 such that there is a radial solution to problem (1), (2) if
R — 1> C and no radial solution if R— A< C.

(vi) If0<fy< 4o and k=1, there are constants 0 < C, < C, such
that there is a radial solution to problem (1), (2) if C;<R—4i<C, and no
radial solution if R—A<C, or R—A>C,.

(viil) If O0<fo< 4+ and k>1 or fo=+o0 and k=1, there is a
constant C >0 such that there is a radial solution to problem (1), (2) if
0< R— A< C and no radial solution if R— 1> C.

(viit) If fo=0 and k>1 or fo= 4+ and k<1, there is a radial
solution to problem (1), (2) for any R> 4.

Note. To prove Theorem A we only need condition (ii). If condition (i)
is not satisfied, let 4=min{sy| f(s)>0, s>so}. Then there is a D,
0 <D < A, such that F(D)>0 and f(D)=0. The existence of solutions for
large R’s and p =max{u(r) | A <r < R} near D easily follows. The existence
results in cases (i)-(iv) of Theorem B still hold and, since we pick up more
solutions (we prove the existence of these solutions in a future paper), we
could extend these results case by case depending on the behavior of f at 0.

1

Since we are interested in radial functions u = u(r), we write Eq. (1) in
the following form, where r = |x|.

n+1

u’"(r)+ w(ry+ flu(r))=0, A<r<R, (3)

r

with boundary conditions
u(A)=u(R)=0. (4)

Smoller and Wasserman [4, 5] studied problem (1), (2) when Q is a
n-ball, D%, and gave a description of existence of solutions as well as
uniqueness and nondegeneracy. We adapt their methods to the case of the
annulus.
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Unlike in the case of the ball, since £ is not simply connected, we cannot
fully use the results of Gidas et al. [2] for positive solutions. All that we
know is that the maximum of any positive solution occurs at a point
|xol < (4+ R)/2 and that du/dr <0 for r> (1 + R)/2.

Now for radial solutions of (3), (4), a simple “phase-plane” analysis
shows that there is a unique R, such that «'(R;)=0 and so u'(r)>0 for
A<r<Ryand u'(r)<0 for Ry<r< R. Instead of solving directly problem
(3), (4) we will study the trajectories of (3) with initial data

wW(M)=a>0, u(d)=0 (5)

and find the minimal R(x) for which u(R(2))=0; see Fig. 1. Thus we will
have a solution of (1), (2) in the annulus Q= {xeR"| A< |x| < R(x)}.
Thus we introduce a new parameter, the initial velocity o. We will think of
(3), (5) as a system

u=v (6)

with initial data
u(1)=0, v(d)=a. (7)
We define an “energy function” H(r) by

=)

+ F(u(r)), (8)

where F(s)=j3 f(t)dt. Then, on a trajectory of (6), we see that H is
decreasing; namely,

n—1

H'(r)=v(r) v'(r) + v(r) flu(r)) = — (v(n)y*<0.

r

FIGURE 1
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We have the strict inequality everywhere except when o(r)=0. A first
result.

LemMmA 1. If (u(r), v(r)) solves (3), (4), then v can be zero only once.
(This means that for solutions of (3), {(4) there is a unique local maximum.)

Proof. 1f this is not the case, in the phase-plane we see that the trajec-
tory of (6) will cross itself for >0 (Fig.2a) or hit v=0 tangentially
(Fig. 2b). In the first case we would have r,>r, > 4 with u(r,)=u(r,) =
uy>0 and v(r,)=v(r,)=vy; ie., H(r,)=H(r,). Therefore, v(r)=0 for
ri<r<r, and so v'(r)=0 and f(u(r))=f(u,)=0 for r,<r<r,. This
means that the trajectory (u, v) is trapped at a rest point and thus it cannot
solve (6), (7). The second case leads to v'(r,) =0 and a rest point again. |

We now make the following assumptions on f:
S 1s a continuous real function on R* which satisfies:

there is an A >0 such that Flu)<0if 0<u<4 and f(u)>0if
u> A, 9)

there are b >0, constants d,, d,>0 and k> —1 such that for
u>=b we have d, u* < f(u) < d,u*. (10)

If u(r) is going to be a solution of (3), (4) we need p=max{u(r) |
A<r<R}> A. This follows from the energy function H; namely at r = R,
H(R)=v*(R)/2>0, thus H(r)> H(R) >0 for r < R and in particular for r,
such that u(ry)=p we get H(r,)=F(p)>0, and therefore p > A.

In the next two sections we study the trajectories of (6), (7). First we will
show that they reach the maximum (u(R,)) (Sect. 2), and then that they go
from the maximum to R(a) (Sect. 3).

We prove all the results assuming »> 2. For n=2 the same proofs are
valid with only a slight variation.

FIGURE 2
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2
In what follows C will stand for a generic constant.

PROPOSITION 2. Let f satisfy (9). We define e=max{f(u)|u<A}.
Then, if a>(2(n—2) A/A)+ ((3n—T) Ae/n), there is a t, such that u(t,)=A
and

t <AL+ 0(1/a)). (11)
Also we have

v(t) za(l +0(1/a)) (12)

(if n=2 we would need « > (A/Alog 2) + (34e/2n log 2)).

Proof. If A=0, then ¢, =4 and v(¢,)=a.
Let A>0. If for r, A<r<24, u(r)< A4, from (6) we would have

—(r" Y =rfu)y <t e
We integrate twice from A to r to get

rn_in
nflv> ( )+/‘i”71a‘

r Z s

n
ie.,
A4
o)z -2+ M<—"’+a> (13)
nor n
(r = 42) /l"l(ie )( 1 )
> (= R
ur)> —e m na\w N\TFE TR
—e A (e 1
Z(F—l){a (r+i)+7<7+a>m}, (14)

and for r =24, we get the contradiction u(24)> 4.
Therefore, there is a ¢, <21 with u(t,)=A4.
From (14), since 7, <24, we can write

4> 3e,12+i"*‘ E+a ( 11 >
Z2n "n=2\n P
Solving the above inequality for ¢,, we obtain (11).
Inequality (12) follows by combining (11) and (13). 1
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PROPOSITION 3. Let f satisfy (9), (10). If a>Q2n-2)A/A)+
((3n—7) Ae/n), there is a Ry > t, such that v(R,)=0.

Proof. For t; we have v(¢,)>0. Then once we hit u= 4 we can go a bit
further to ¢, =1, +¢, ¢>0, with v(z,)>0 and u(z,)=A4 +¢; ie., f(u(z,)>0.
Also since H'(r)<0 and k> —1, there is a u* such that F(u*)= H(¢,) and
u(ry<u* for r>1t,.

We have f(u)=2m, >0, for u*2u>2A4+¢ So

— (") = ) B
and integrating from ¢, to r we obtain

—r"o(r) 7 () > (" = ]y m/n.

t\N""Y m, 1
v(r)<06<—5> +—6( ,,E_l—r>,
r n \r

where the right-hand side goes to — oo when r increases.
Therefore v(r) becomes 0 for some r; ie., there is a R, such that
U(R0)=0. l

Then,

It is clear that R, depends continuously on «a, thus Ry= R,(a). We
denote p=u(R,) or p(a)=u(Ry(a)).

In Section 3 we will need to consider large p’s. The next proposition
proves that we can make p as large as we need by choosing « large enough.

PROPOSITION 4. If there is an Ry(a) such that for (u(r), v(r)) satisfying
(6) we have v(Ry(a))=0 and u(Ry(2)) =p> A; then

pla) > +o0 when o — +0

Proof. Forreft,, Ry], from (6) we have v'(r) <0 since f(u(r)) =0 and
o(r) = 0. Therefore 0 <v(r)<v(t;) and

v(r) _v(1,)

0s—=<« .
r b

Let M,=sup{ f(s)| A<s<p}, then

v'(r)= I

~1 _
o)~ f(ur)) > —o(t) L M,

1
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Multiplying both sides by v(r) and integrating from ¢, to R,, we get
2 n—1
o122 —{v(ty) ——+ M, | (p—4).
1

Solving the above inequality for ¢, v(z,) we have
Ho(t)<(n=1)(p—A)+ [(n—1)* (p— 4)*+2M,(p— 4) 1112, (15)
This, together with (11) and (12), proves the proposition. ||

Now, we will focus our attention at the bounds for R, when « is large,
namely p(a)>b. We define #, by u(t,) =b and v(z,) = 0. f will satisfy (10).
We have two cases; namely k> 1 and k< 1.

PROPOSITION 5. If k> —1, then there is a constant C >0 such that
Ry—1t, < Cpt' %72, (16)
Proof. Since H'(v) <0, we have H(r) > H(R,) for 1, <r< R, and so

v*(r)

+ Flu(r)) = F(p).

Thus from (10)

2d,

1/2
k+1 _  k+1y1/2
k+1> (P77 =)

v(r)>(2{F(p)—F(u(r))})”2><

and

o(r)
=1,
k+1_uk+1)1/2/

Lp

Integrating from ¢, to R, gives

no )
Ro—tbSCJ; [pk+l_uk+l]l/2dr‘
b

Let u**+ 12 = ptk+DiZip @; ie.,
2/(k+ 1)
9

u = p(sin §)

and

2
_ : (1 —k)/(k + 1)
du = p(sin ) cos 8 1 db.
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Let us define b, = arcsin(b/p)**!¥2. Then

n/2
Ry— 1, < Cp* 7 [ (sin 6)(1 40k +1) gp,
by

77

Since (1 —k)/(1 +k)> —1, the integral is convergent and this completes

the proof. |

PROPOSITION 6. Assume f satisfy (10), let M(b)=max{ f(u) | u<b}.
Then if a>(2(n—2)b/AY+ ((3n—T) AM(b)/n), there is a t, such that

u(t,)=>5b and
1, <A1+ O(1/a)).
Also we have

o(t,) =z a(l + O(1/x)).

Proof. The proof is similar to the one in Proposition 2. |

COROLLARY 7. If k> 1, then for large a, Ry— A < O(1/a).
Proof. From Propositions 5 and 6
Ro—A=Ry—t,+1,— A< Cp"' 2 4 0(1/a).
From (15) and (12), for large « and k£ > 1, we have
a< Cp(l +k)2
Thus
p(l —k)/2 < Cal! —k)/(1+k) — 0(1/0().

Therefore

Ry—A<O(1/a). |

PROPOSITION 8. If k<1, then for large o Ry— A< Cp1 =972,
Proof. From (16) and (17),

Ry—A=Ry—t,+1,— A< Cp' =%+ O(1/a) < Cp"' =92,

(17)
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3

In this section we will show that there are trajectories of (6) with initial
data

u(Ro)=p,  v(Ro)=0 (18)

such that there is an R so that u(R)=0; cf. Fig. 3.
We begin with a comparison theorem which will be needed in what
follows. Thus consider the systems of equations associated to (6),

i =0, WT)=B
5’=—”:1 i—M, #(T)=gq 1)
Z'=w, z(IN=1~8
w’=—n;1w—M, w(T)=g¢q )

THEOREM 9. Suppose that f(u)>M for 0<u<B, u(T)=B>0 and
(T)=q <0 for some T> Ry. Then u(r)zu(r) for r2T on 0<u< B and if
5(r)<0, T<r< Ty, then z(r) = i(r) on this range.

Proof. We only sketch the proof since it can be found in [4,
Theorem 5]. Let h(r)=u(r)—u(r), then A(T)=#(T)=0 and h"(r)=
—(n—=1) W (r))r— M+ f(u). Thus A"(T)=0 and if A'(r,)=0 for some
r,>T, 0<u<B, then A"(r;)>0. It follows that A'(r)>0 for all r>T on
O<u<Bandso u(r)>u(r)ifr>Ton0<u<B.

Also if g(r)=2z(r)—u(r), then g(T)=g(T)=g"(T)=0 and g"(r)=
—(n—1)w(r)/T+ (n—1)d(r)/r—(n—1)(r)/r*. Thus g”(T)>0 and so
g'(r)>0and g(r)>0for T<r<T,. |

\_/p=U(=R°)
v(R)

FIGURE 3
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LemMa 10.  Suppose that 0 <m(p) < f(u) < M(p), when BLu<p. Then
for any trajectory (u(-,p),v(-,p)) of (6),(7), there is a T> R, with
u(T, p)=B.

Proof. For B<u<p we have
" im(p) <Y (W)= — (" o) <" 'M(p).
Thus integrating from R, to r, we have

M
_'";”) (r"—Rp< —r"" v % (r" = Rg).

We divide by r" ! and integrate a second time to get

2 n
m(p) {%_R_%_ R; ( 172_ nl_z)}sp—u(r)

n R ¢

_Mp) fr? 5_3_123(1 _1)
Son 12 2 n=2\R:% )y

Since the first term goes to + oo when r — +00, we see that the lemma
follows. |

We choose B such that F(B)=0 and B> b. Define g=o(T) where as
before u(T)= B> A.

Lemma 11. (1) Ifk>0, then —q/T is bounded away from zero indepen-
dently of o for large a.

(i) IfO>k> —1, then there is a constant C such that —q/T > Cp*.

Proof. (i) Let k>0. Then there is a m>0 such that f(u)=m for
uz B.
We integrate —(or" ") =" 'f(u)=r"""'m from Ry to T to get

m
—qT" ' >2 (T RY)

q_m Ro\"
3 0-4))

T 452
—[F(p) = F(B)] = ~(n—1) | —adr.

and

Also

H(T)— H(Ro) =

D[S,

505°70:1-6
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and since (v(r))?><2[F(p)— F(u(r))1<2[F(p)— F(B)] for Ry<r<T we

have
2 T—R
L3 R - FBN {1-20- 1) T2
and
9\ 2LAp) —F(B)] T Ry\(Ro)’
B

Now, whenever ¢/T — 0 from (21) we get R,/T — 1 and then the right-
hand side in (22) would behave like 2[F(p)— F(B)]/C when k=1 (by
Corollary 7) or like Cp*+'/p'~* when k <1 (by Proposition 8). In either
case we reach a contradiction. Therefore, there is a C>0 such that
lq/T| = C.

(i1) Let 0>k > —1. In this case, f(u)>d, p* for B<u<p. As above,
if R,/T—1 we would have |q/T| > Cp*. Thus from (21) we obtain
—q/T=Cp". |

We now state the following theorem which can be found in [4]. It will
give the existence of solutions when k> 0. A similar result for 0>k > —1
will be given in Theorem 18,

THEOREM 12. Suppose that f(u)=m >0 for u= B. Then

(1) for any p> B, there is a T> Ry such that u(T, p)=B;

(ii) let g=o(T,p), if —qT - 400 as p— +co, then the problem (3),
(18) has a solution with R= R(p).

Proof. Part (i) follows from Lemma 10. For (ii) consider the system
(20). We shall show that if w(r,)=0 and —qT is sufficiently large, then
2(r;)<0. Thus from Theorem 9 we conclude that u(R, p)=0 for some
R<r,.

Suppose f(u)=u, u<0, and set

B=m—1)T, o=(n—1)q/(Tu)=Phq/p
Equation (20) can be explicitly integrated as
w(r)= g exp(—p(r— T))— [1—exp(—p(r—T))] 4/B-
Thus for r, such that w(r,)=0

r,— T=In(1+3)/B.
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Furthermore,
ri
z(r\)— B= J wi(s) ds
T

= —(exp(—=p(ry—T))— 1) g/ — u(r, = T)/B
— (exp(—B(r, = T)) = 1) w/p?,

SO

z(r})=B+

qT | In(1 + 5)]
n—1 8 '

If ¢(6)=1—1In(l+0)/d then ¢(0)=0 and ¢'(0)>0 for 6>0. Since
0= (n—1)g/(Ty), it follows from part (i) of Lemma 11 that 4(5) is boun-
ded away from zero. Since g7 — —o0 as p > +oo we see that z(r,) <0 for
large p. This completes the proof. ||

At this point we only need to prove that — g7 — +o0 as p » + 0. To do
this we follow [5] and we choose B so that also B> A + 2.

Let us note that 7 depends on p and R,. Sometimes we will write
T=T(p), but since Ry= Ro(2) and p = p(«) we have obviously T'= T(x).

LemMma 13. If k=1, there is a constant C >0 such that
T—Ry,<CBY 97 (23)
If k<1, there is a constant C >0 such that
T— R, <Cp!' =+,
Proof. From (10) we have f(u)>d, u~.
We define C(p, k)=d,B*""if k> 1 and C(p, k)=d, p* =" if k < 1. Then
fu)=C(p, k) u for B<u<p. We make the following change of variables:

s=ar, where a=(C(p, k)"

Then u(r) = w(s), aRy=S,, aT =S, g(w)=a *f(u)>w and Eq. (3) is writ-
ten as

—1
w'(s) + "T w'(s) + g(w(s)) = 0.
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We define 8 by tan § =w’/w. Then for Sy <s< S, —n/2<0<0. We dif-
ferentiate to get

g W) —((n—1)/s) ww' —we(w)— (w')?
oW (W) w?+ (w')?

n—

—1
1 — sin 26,

~=

sin 260 —cos? @ —sin? = —1 —
$

HS>S,+(m+n—1), thenforn—1<s—Sy<m+n—1 we have

S 537500 15 gin2,
n—1" n—1
and so
. -1 . 1
1> — (sin 26) L; ie., < —<.
s 2
Thus

So+r+n—1 1
e((n+n-1)+so)—9((n—1)+SO)=j 6 ds< —5m.

So+n—1

This contradicts 0 > 6(s) > —mn/2. Therefore S—Sy<n+n—1. S0 T—Ry <
a '(S—S,) and (23) follows with constant C=(n+n—1)d; V2% |

COROLLARY 14. Ifk <1, then T< Cp! =572,

Proof. This follows from Proposition 8 and Lemma 13. |

LemMa 15. For p = 2B, u(R,) =p, we define 1(p) by u(z(p))=p/2. Then
t(p)=(Cp' ~* + R (24)

Proof. The existence of 7(p) follows from Lemma 10 for B=p/2. As in
Lemma 10 (now M(p)=d, p* if k>0 and M(p)=d,2~*p* if k <0)

k 2 2 2 k
P (M) R R (L ln-z)}sg”—(r(pV—Ré),
2 n R} 7(p) 2n

2 2 n-2

and (24) follows. |

LemMa 16. If f satisfies (9) and (10), then for large p’s (i.e., B<p/2)

—qT" " 2 Cp*(x(p)" — R3), (25)

where C is a constant.
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Proof. We integrate — (r"~'v)=r"""'f(u(r)) from R, to T, this gives
T T
—qT" ' = —J (r"~'v) drzf r"Yf(u(r)) dr

Ro Ro

t(p) (p)

> [ ety drsd, [ wten et ar
Ry Ro

(p)
>t [ T dr=CpM el — R). W
0

THEOREM 17. Suppose [ satisfies (9) and (10) with k = 0. Then there are
solutions of (3}-(4) with R= R(a) (or R(p)).

Proof. We write —qT= —qT" " '/T""? and use (25) and (24),

—qTr=C

73 LGP+ RyY™ = Ry p.

We claim that for k> 1 (see below)
(Cp' %+ R2)"* — Ry > const R}~ p' .

It follows from this that

R n—2
—qT=Cp*p' * <7°> = Y(k, p). (26)

Since R < Cp"" %2 if k <1 we have a better estimate
(Cpl wk+ R(z))n/Z_Rgz (Cpl —k)n/2> Cp(l fk)n/z'
Thus
—qT? Cpk+(lfk)n/2T7(n—2)= W(k,‘D)

We shall show that ¥(p)— +o0 when p— 400 (ie, a— +00). From
(23), Corollary 7, Lemma 13, and Corollary 14,

¥Y(p)> Cp.

The existence of solutions follows from Theorem 11. |

Proof of the claim. U f(x,b)=(x+b)">—b"* with x>0 and b>0,
then

f(a, b)= (0, b) +af (6, b) = a(0 + b)"~ 22 nj2 > abt"= 22 2.

Now the claim is proved with a=Cp' % and b=R2. |}
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THEOREM 18. Suppose f satisfies (9) and (10) with 0>k > —1. Then
there are solutions of (3), (4) with R= R(a) (or R(p)).

Proof. Let B, g, T be as above and p<0 such that u< f(u) for
O0<u<B Seto=(n—1)q/uT.

From the proof of Theorem 12 we see that in order to have existence of
solutions we need to prove that

T In(t 49
_ 4 <l—n( )>—>+oo as a— +oo.

n—1 o
From Lemma 11 we have § > Cp*, and then

In(1+6) _In(1 + Cpt)
5 OpF

=1— Cp* + O(Cp™).

Thus

qT In(1 +(5)) qT

1— > — k 21
n_1< 5 = [Cp* +0(Cp™)]
As in Theorem 17, —qT = Cp. Therefore, if k> —1,

_q7 <l_ln(l+5)
n—1 )

>>Cp]+"—+ +o00 as a— +oo. |

With this result we have completed the proof of Theorem A.

Remarks. (1) The above argument extends the existence results of
Smoller and Wasserman [5] for the n-ball to —1 <k <n/(n—2).

(i1) The cut-off k> —1 seems to be optimal for the methods we use.
For k < —1, F(s) =j3 f(t) dt is a bounded function, and, since we give no
condition at O, if f(u) is negative and large for » near 0 we will have
F(5) <0 for all s > 0. Therefore there is no positive solution of (3), (4).

In order to prove Theorem B we need to observe the behavior of R(x)
both when « is large and when o is “small” (ie., « bounded). We will do
this in the next series of lemmas.

ProrosiTION 19. Let [ satisfy (9), (10) with k= 1. Given o* large
enough, there is a constant C >0 such that R(a) < C for a > a*.

(In Lemma 27 we will give a better estimate when k > 1.) To prove this
proposition we need



EXISTENCE OF POSITIVE RADIAL SOLUTIONS 85
LemMMmA 20. v(R(a))— +o0 when o — +00.
Proof. Since H(r)< H(T) for r > T. We have
v*(r)<q*+2[F(B)— Fu(r)1< ¢’ +C,
where

C=2 maxB[F(B) — F(s)]=2[F(B)— F(A4)].

O0<s<
Therefore

lv(r) < (¢*+ )",

R p—1

= H(R(2))— H(T)= - |

T

v2(r) dr

n—1 R n—1 R(2)
> 2 > 2 12
J vi(r) dr T (¢>+C) J v(r) dr

T T T
— _Bn-nY +TC)’/2
Thus
2 S 1/2
vV (R(2))=q*>—2B(n—1) (q—+TC—)-—-—+-2F(B). (27)
and

2(R(@) = | L] 14T — 2B AN
=714 | —2B(n—1) 1+? + 2F(B).

By Lemma 11 and Theorem 17 (proof) we see that the r.h.s. goes to + oo
with a. This proves the lemma. |

Proof of Proposition 19. Choose a* so that R(a) exists for o > a* and
(from the last lemma)

min {v?(R(a)), v*(R(a)) — 2F(B)} = v} (R(x)) — C > 0.

oz ot
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}
For T<r< R(a), we have

v*(r)
2

+ Fun) <L + F(B),

ie, |o(r)] < (g +2[F(B)— F(u(r))1)"* < (¢° + C)"? and

v’(r) v*(R(a))
5 + Fu(r)) = >
1e.,
lo(r)] = (v’ (R(2)) — 2F(u(r)))"* = (v*(R(a)) — C)'* > 0.
Then
Hmyqﬂn=—Knjlﬂnmz—ﬁ%lmf+am
and
H(R)— H(T)= —j: "1y dr< —';(_a; [v%(R(x))~ CHR—T).
Thus
B(¢’+C)”? _R(@)-T
T2 BT (R - 0)
and

R@)-T_C (g°+ C)'\”?
R(@) Tv*(R@)—C

From (27), for large a, v(R(2))>— C > Cq® and g —» +oo; thus

R@)-T_ 19 _ C
R(2) T¢® |Tq|’

and therefore

[qT
lqT| - C

R< T( ) when [gq7]| - +o0. (28)

(Recall that T is bounded follows from Corollary 14.) |}



EXISTENCE OF POSITIVE RADIAL SOLUTIONS 87

LemMMA 21. Let a* >0 be given. If A> 0 and f(0) <O then there are con-
stants C,, C, such that if R(a) exists, we have C, < R(a) < C, for a <a*.

Proof. For a <a* if R(x) exists, we will have v(r) < («® — 2F(4))"* and
p(a2)> A. Thus Ry(a) — A > A(a? —2F(A)) > C, for all a <a*.

Also if there is a sequence {«,,} < (0, «*) such that R(«,,) converges to
+ o0, then since v(R(«,,)) € (—a*, 0) we can find a subsequence {a,} which
converges to a < a* and such that (u(r, a), v(r, 2)) - (0, v*) when r - +00.
This is impossible since the only rest point is (4, 0).

Therefore R(a) is bounded from above when a <a*. |

LEMMA 22. If A>0 and f(0)=0, then given any M we can find an o
such that R(x) exists and R(a)> M.

Proof. We know that there is an «* such that for any «>a*
R(x) < + o0 exists. If there is a solution for any a >0 we can choose « so
close to 0 as to have sup; _, < |u(r, 2) —u(r, 0)] < A/2 by continuity of u.
Then u(r, x) < A/2 for A <r < M and therefore R(a)> M.

If there are «’s such that R(a) does not exist, let us call a, =inf{a* | R(a)
exists for all a>a*}>0.

Let us suppose that R(x)< M for all « >, and that there is an ¢>0
such that —uv(R(«))>¢ for all > «,. Then we can find a sequence {«,,}
which converges to «, and such that R(a)— R(x,;)<M and v(R(x)) -
v(R(a,)) < —& < 0. Therefore, by transversality, there is an a, < a, such that
R(a) exists for a > a,. This contradicts the definition of «,.

Thus v(R(a)) - 0 when « — «, and we have (u(r, a,), v(r, a,)) = (0, 0) as
r — R(o;). This is impossible since (0, 0) is a rest point and can only be
reached at infinite time.

Therefore for any M there is a « such that R(a)> M. |}

Let us recall that fy=1lim,_ , f(s)/s.

LEMMA 23. If A=0, f(0)=0 and f,=0, then given any M there is an a
such that R(a)— 1> M.

Proof. First, since f(u)>0 for u>0, we have that the domain of R(x)
is (0, +a0).

Given M >0, we can find u* such that f(u) <u/M for 0 <u <u*. Then if
a* = (2F(u*))"? we will have p{a) <u* when a < a*. For this « we have,
when R, <r < R(a),

u
_(rnflvy:rn—lf‘(u)sA_l rn—lgj‘_pl rn—ll
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Integrating from R, to r gives

n

" P ox " P
—r 10<W(r —R0)$Wr,

so that

r

nM’
and integrating again, we find

14
2nM

pP< (R(2)* — R}).

Thus

2nM < R* (o) — RES R} () — A% |

LEMMA 24. If A=0 and fy= +0o0, then given any £¢>0 there is an o
such that R(a) — A <e.

Proof. Given ¢ >0 we can find a u* such that f(u) > u/e” for u<u*. Let
a* = (2F(u*))"% Then for a < a*, we have u(r, ) <u* when A <r < R(a).
For A <r< R, we have

"0 Koy - Rt > 2,
o
IIRLLETL
and
u) o

(p2 o u2)l/2 =
Integrating the above from 4 to R, we get Ry— A <en/2.
Also when R, <r < R(a) an argument similar to that in Lemma 13 gives
R(a)— Ro<(mn+n—1e |

LEmMa 25. If A=0, f(0)=0, and 0 < f((0) < +00, then given a* >0,
there are constants C,, C, such that C; < R(a)— A < C, for any a <a*.
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Proof. Let u* be such that 2F(u*)=a’. Then u(r,a)<u* for
A<r< R(x) when a < a*,
We can find M >m >0 such that m?u < f(u) < Mu for 0 <u<u*. As in
Lemma 24,
C
R{a)—1<—,
m
and as in Lemma 23,
2n
R¥a)—A2>—.
() %

Then

Now we consider large o’s.

LEMMA 26. If k<1, then there is a constant C>0 such that
R(a)— 4= Cp"' —*2 for large values of o.

Proof. For Ry<r<T(a),

v (r

)+ F(u(r))< F(p)=Cp**'.
Then, since F(u(T)) >0, we have —u(r) < Cp**'"2; and so

~v(r)
WSI-

Integrating from R, to T(a) we have

T(a)— Ry= Cp~**1V2(p— B)= Cp'' ~4)72,
so that

R(a) = A>T(a)— Ry= Cp'' %72 |

LemMma 27. If k> 1, given any ¢ >0, there is an « such that R(x) exists
and R(ax)— A <e.

Proof. Let thus set p* such that (n +n— 1) d2(p*)!! ~%"2 <¢/4. Then,
from Lemma 13, T— R, < ¢/4 for p> p*. From (28), R(a) — T(a) = 0 when
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o — +00. Thus, there is an a* such that R(a)— T(a) <¢&/4 for a > a*, and
therefore there is a large « such that

R(«) — Ro(2) = R(@) — T(a) + T(x) — Rofa) <§.

Now by Theorem 2 in [2] we know that

R(a)+ 4

R
0(“)< 2 s

S0

R(a)— A <2{R(x)— Ro(2)} <e. 1

LeMMA 28. If k=1, then given a* large, there are constants C,, C, such
that C, < R(a)— A< C, for any o> a*.

Proof. From Lemma 26 we get the existence of C,. The existence of C,
follows from Proposition 19. |

Proof of Theorem B. (iii) Let ¥ = {a>0]thereis an R(z)< +o0}. It
is clear that ¢ is closed and as in Proposition 19, there is an a* such that
[a*, +0)=¥%.

Moreover, the set {R(x)|x>a*} is bounded. Also, since for a=0,
H(A, o) = H(4,0)=0; then H(r) <0 for r> A. Thus 0 ¢ ¢, and so there is an
o, >0 such that ¥< [a,, +o0). For ae[a,,a*]n%, let us suppose that
the set {R(x)}, is not bounded; ie, we have a sequence {a,}c
[«,, a*] N % such that R(«,,) goes to + oo with m. Since |v(R(a,,))| <, we
can find a subsequence {a;} < {a,,} which converges to say & and v(R(x;))
converges to some 7. Thus the trajectory ((u(r, &), v(r, &)) goes to (0, 7)
when r goes to + oo. This is impossible since there are no rest points on the
line u=0.

Therefore R(x) is bounded when o € % and this gives the existence of C,.
Now let us call C,=max{R(a)— 4| a>a*}. From Lemma 27 we see that
R([a*, +00))=(0, C,].

The rest of the theorem is proved similarly. Note that when 4 =0,
%=(0,+w). |

4. FURTHER RESULTS

PROPOSITION 29. If; in addition to (9) and (10), f satisfies
F(4)<0.

Then, given an a* >0, there is a constant 6=906(f, a*) such that if
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(u(:, o), v(>, o)) is a trajectory of (6), (7) with H(Ry)=0 and a < a*, then
t,— A<90. (Note that this will always hold for solutions of (3), (4).)

Proof. Let o* be given. We define Q > 4 such that F(Q)=0.
We consider an a<a* such that H(Ry(2))=0. Since H'(r)<0 for
A<r<R,, we see that

H(r)<(a—2)2< (cx;‘)z

for A<r<R,,

and in particular
v3(r) <o’ = 2F(u(r)) < C(a*).
Let us define Ty by u(T,)= Q. Then for A <r< T, we have
vi(r)+ 2F(u(r)) 2 2F(Q) + vX(Ty) = 0

and

v
(—2Fu(r) 2~

Thus, integrating from ¢, to T, we obtain

0 ds
o<l R ©

since — F(s)= f(@)Q —s), for s near Q, and f(Q)>0.
Also

To 2 —_ T
H) = H(T)=0-1) [ S a2 (" v ar
t

n r 0 1

n—1 rT n—1 7o —2F(u) v(r)

> f (= 2F(w) dr >~ jﬂ o
n—1 Q C

>Toc |, (b=

And for A<r<y,,

()3 2H (1) = 2Fr)) > = 2Fulr) > -

0 0

Hence

Co(r)TY? = 1;
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and integrating from 4 to ¢,,
1, — A< ACT? < C(t + C)2

Therefore for o <a*, ¢, remains bounded. ||

THEOREM 30. If f(0)=0 and F(A)<O0, then there is a radial positive
solution for the exterior problem:

du(x)+ f(u(x))=0, xeQ={xeR"||x|>1>0}
u(x)=0, xe o

and
u(x)—-0 as |x| - +oo.

Proof. From Theorem A we know the existence of positive solutions for
(3), (4).

By the last proposition, if there is a solution to (3), (4) then t;— 1 is
bounded.

Also by continuity of the flow if a is very small, then ¢, is very large; i.e.,
for any ¢, >0 there is an ¢ such that if « <e, then

|u(1/e, 0) — u(1/e, a)| < .

Therefore, we conclude the existence of a value a such that if a<a
then «¢% (as defined in proof of Theorem B). Let us define o, =
inf{o | (2, +0)=¥}.

Obviously, «, ¢ % and the only possibility is (u(r, a,), v(r, 2,)) — (0, 0) as
r— +oo with u(r, a;) >0 when A <r < +o0; i.e., u(r, o) is a solution to the
exterior problem. |

Note. Actually, we can find at least as many solutions as the number of
connected components of %.

REFERENCES

1. X. GARAIZAR, Some existence results for semilinear elliptic equations, C. R. Acad. Sci. Paris
Ser. 1300 (1985), 685-686.

2. B. Gipas, W. M. N1, AND L. NIRENBERG, Symmetry of positive solutions of nonlinear
elliptic equations in R* Comm. Math. Phys. 68 (1981), 202-290.

3. S.1. PoHozaev, Eigenfunctions of the equation Au+ if(u}=0, Soviet. Math. Dokl 5
(1965), 1408-1411.

4, J. SMOLLER AND A. WAaSSERMAN, Existence, uniqueness and nondegeneracy of positive
solutions of semilinear elliptic equations, Comm. Math. Phys. 95 (1984), 129-159.

5. J. SMOLLER AND A. WASSERMAN, Existence theorems for semilinear elliptic equations in
n-Balls, to appear.



