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1. INTRODUCTION

Let p(x, &)=3 . p<29ax°2" be a real quadratic polynomial of
(x, E)e R™". Let py(x, &)=Y ., pi—2 a.sx*E? be the second order part of
p(x, &) and P((x, &), (¥, n)) be the polarized form of p,(x, &). Let (-, -) be
the standard symplectic form on R?>". F is the Hamiltonian map of p,
defined by a((x, &), F(y,n))= P((x, &), (y,n)) and tr*p, is defined as the
sum of the positive eigenvalues of —i- F.

Let p*(x, D) be the Weyl operator with symbol p(x, &), ie, p"(x, D) u=
(27) 7 [f pUx + »)/2, &) "7 u(y) dy dE, where ue #(R"), the space of
rapidly decreasing C* functions.

Melin proved in [3] that {p"(x, D)u, u> >0 for any ue ¥(R") if and
only if infp(x,&)+tr* p,>20. In particular, if p(x,&)>0, then
p*(x, D}y=0.

It is a very different case for a system of differential operators. Hérman-
der gave the following example in [1].

Let , :
X X 2.
p(x,é)=[x5 é] (x, )€ R

then p(x, £)=0 but

1 1 1
o[ }[]) =gl wree

where u, =v", u,=i{v—xv') and ve ¥(R") is real-valued and not iden-

tically equal to zero.
In this paper we will study the positivity of systems of operators with the

symbol

ax?+ b&? axé

— 2
p(x,{)—[ axé cx2+d52:|’ (x,&)eR* a,b,c,d=20,

ad+ bec #0.
ga!
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Remark 1.1 By the symplectic invariance of the Weyl operators, given
any (xq,¢,) and wue%(R), we can find u,eS(R) such that
lim,, _, . {p"(x, D) u,, u,>={p(xq, Egyu, u>. See [1] for the details. It
follows that p(x, £) >0 is a necessary condition for p*(x, D) to be positive.
Hence p*(x, D) cannot be positive if one of a, b, ¢, d is strictly negative. It is
also obvious that if a, b, ¢, d >0 and ad+ bc =0, then p*(x, D)= 0 if and
only if o =0. Therefore from now on we will always assume a, b, ¢, d>0
and ad + bc #0.

The main result of this paper is the following theorem.

THEOREM 1.1. P*(x, D) 20 if and only if (1,, 4,) and (2,, 4,) belong to
the domain Q, where

5 _(ad)"? —(bc)? + 4 . (ad)? — (be)'? —ua
=

(ad)? + (bc)? 27 (ad)'P ¥ (be)'?

and Q is a convex closed subset of R?, symmetric with respect to both the
X and the Y axes (Fig. 1). The precise definition of 2 will be given in
Section 3.

In particular, the positivity of p”(x, D) depends only on
((ad)'%, (bc)'2, a). The following corollary is a consequence of the fact that
{(x,y): x>+ y><2} is a proper subset of Q.

COROLLARY 1.1. a?<4d(abed)'” is a sufficient but not necessary
condition for p*(x, D) to be positive.

©,/8)

©0.-./5)

FIGURE 1
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It is easy to see that p(x, £)=0 if and only if a< (ad)?+ (bc)'?,
which corresponds to |4,|+ |4,/ <2. Since € is a proper subset of
{(x, y): |x] + 1y <2}, we see that there exist positive symbols p(x, £) such
that p*(x, D) is not positive.

Moreover, if abcd=0, say b=0, then

_(ad)"? +a _(ad)’ -«

S I A

Since QN {(x, y): x| +[yl=2}={(1,1), (1, =1), (=1, 1), (=1, = 1)}, we
obtain the following corollary.

COROLLARY 1.2. If abed=0, then p*(x, D) 20 if and only if «=0.

Hoérmander’s example is of course just a special case of Corollary 1.2.
The proof of Theorem 1.1 will be given in Sections 3,4 and 5. Section 2
contains some definitions and lemmas that will be needed.

2. HERMITE FUNCTIONS AND INFINITE HERMITIAN MATRICES
Let H (x)=(-1)" e"z(d"/dx") e, n=0,1,2,., be the Hermite
polynomials. The Hermite functions o,(x) = (2"n!(n)"?)~ 2 e~/ H (x),
n=0,1,2,.., form an orthonormal basis of L?(R).
From the well-known formulas [2]

2xH,(x)=H, , (x)+2nH, ()
H;l(x) = 2an--~ l(x)a

it follows that

1/2 1/2
w00 =(5) o) +(5) o0

2

172 1/2
Da,.(x)=i(”“;1) a,,H(x)—i(g) S

where D= —i(d/dx) and o _,(x)=0.
The following lemma is a direct consequence of the previous formulas.

LemMMA 2.1.  Let u belong to & (R). With respect to the basis {7,(x)}*_,,
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74
(i) the map u — x’u is represented by the infinite matrix (a;)o<,;< »
where
32+ 1), i=j=n
a;=({ (n+1)n+2))'?, i=nj=n+lori=n+lj=n
0, otherwise,
ie.
1/2 0 (1/2) 2 0
0 3/2 0 (3/2)'72
(a;)= 12 ;
(1/2) 0 5/2
0 (3/2)'7
(ii) the map u — D?u is represented by the infinite matrix (b;)o< ;< -
where
J2n+1), i=j=n
by= { —H(n+1)(n+2))"?,  i=nj=n+2ori=n+2,j=n
0, otherwise,
Le.,
1/2 0 —(1/2)'2 0
(b.)= 0 3/2 0 ~@32)
Y —(1/2)'7 0 5/2 '
0 —(3/2)'”

(ili) the map u—i(xD+Dx)u is represented by the matrix

(€ido<ij<wr Where

—id((n+1)(n+2))"7 i=nj=n+2
(c;)={ M(n+1)(n+2))" i=n+2j=n
0 otherwise,
ie.,
0 0 —i(12)"” 0
0 0 0 —i(3/2)"

= iz o 0
0 i(3/2)
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DEerFINITION 2.1.  Let A4 be an infinite complex Hermitian matrix; then A4
is positive if (Av, v)> 20 for any complex vector with finitely many non-
zero components.

Remark 2.1. If A20 and T is an infinite matrix with the property that
Tv has finitely many non-zero components whenever v has finitely many
non-zero components, then 747 > 0.

We are particularly interested in band matrices of the form

a b, 0 0

B= bi a, b, 0 s a,b;eR,a,>0.
0 b, a; b,
0 0 b,

The following lemma is obvious.

LEMMA 2.2. B is positive if and only if

n n—1
Y oayxi+2 Y byxyx 20 for n=1,2,.. and x,eR

k=1 k=1
It is easy to see that if |by| < |by|, then

n n—1
a, xi+2 bix,x,,,=0 or any real numbers x,, x5,..., X
k™ k kVkNMk+ 1 1 2 n
k=1 k=1
implies that Y% _ axi+2Yi 1 bixex. =0 for any real numbers
X1y Xoyery Xy

COROLLARY 2.1. If B’ is obtained from B by replacing b, by b}, where
|bi| < |b,|, then B=0 implies B’ = 0.

LemMma 23, If b,#0, i=1, 2,..., then B>20 if and only if det B, >0 for
n=1,2,.., where

a, b,

B, = b, a, '

0 S b,,

bn an+1

Proof. The sufficiency is a well-known theorem in linear algebra. The
necessity will be proved by contradiction. We know that B >0 implies
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det B, =0 for n=1, 2,... Let m be the first integer such that det B,, =0.
Then det B,,, ,=a,,,,det B,,— b2, det B,,_, <0, a contradiction.
Q.E.D.

LEmMA 24. Let B= (%)) <ij< > Where

1, i:]:n,
of.. =
7oba/(ana, )", i=nj=n+1 or j=ni=n+1,

Le.,
1 by /(aya,)'? 0
B= bl/(alaz)l/z 1 bz/(a2a3)”2
0 bz/(aza3)1/2 1

Then B> 0 if and only if B>0.
Proof. B=T*BT and B= S*BS, where T is the diagonal matrix

1/(a))'"?
1/(ay)'"?
and S is the diagonal matrix
e
(02)1/2
The lemma now follows from Remark 2.1. Q.E.D.

3. TRANSFORMATION OF THE PROBLEM

Let

ax’ + b&? axé ]

px, §)=[ ot ex’+dg?

We will assume that a, b, ¢, d> 0 in this section.
Let H be the Hilbert space L*(R)® L*(R) and S be the subspace
ZP(R)D Z(R).
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There exists a bounded operator T- H— H such that
T: S — S is an automorphism and T*p”(x, D) T = q*(x, D), where

_ ﬂx2+yfz axg _ 12 _ 172
e L S B

LEmMma 3.1.

Proof. Let T,: H— H be defined by
7 [%] 2 (cd/ab)"® u
Lol |(abjed) By |
T, is bounded and T,:S—S is an automorphism. T¥p*(x,D)T,=
q7(x, D), where

(x, &) = [(a’ca’/b)l/“x2 + (bcdja)/4E? axé
fix e)= oxé (abc/d)"™ x? + (abd/c) &2 |
Let h=(bd/ac)'*. By the symplectic invariance of Weyl operators [1],
there exists a unitary operator U on L*(R) such that U: #(R) - #(R) is

an automorphism, U*x*U = hx?, U*D*U = (1/h) D* and U*(xD + Dx)/2U
= (xD + Dx)/2.

Let T,: H—> H be defined by T,[“1=[¥], then T¥qy(x,D)T,=
q"(x, D). The proof is completed if we let =T, T,.

Q.E.D.
We now introduce a basis for H. Let

O 0
€ = 0 and € +1= o, I

k
where g, k=0, 1, 2,..., are the Hermite functions. {e,}>_, is a basis of H.
Let w,=((n+1)(n+2)/4)"%, n=0,1,2,...
The following lemma is a direct consequence of Lemma 2.1.

LEmMMA 3.2.  With respect to the basis {e,} _q, q"(x, D) is represented
by the infinite matrix

4, 0 B, ©
0 4, 0 B,
B 0 A4, O
0 Br 0

where A,=[(2n+1)/21(B+y)[§ 91 and B,=w,[2} =]
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LEMMA 3.3. There exists a unitary operator U.H— H such that
U:S— S is an automorphism and U*q"(x, D) U is represented the infinite
matrix

4, 0 C, O

0 4, 0 C,
c¢ 0 4, 0]’
0 Cr 0
where A,=[(2n+1)/2](B+7)[; ] and
- . . .
o, [?77 T a201 moda,
[ —a -7
C,=
o P77 ] n223 moda
L oa f—y

Proof. Let U. H— H be defined by the infinite matrix

v, 0 0
0O U, o0
0 0 U, ’
where
[l 0], nx0,1 mod4,
0 i
)0
[ ] n~2,3 mod4.
0 —i
U*q*(x, D) U has the desired representation. Q.E.D.

LEMMA 34. There exists a unitary operator W:H— H such that
W:S— S is an automorphism and W*q"(x, D) W is represented by the
infinite matrix

A4, 0 E, ©
0 4, 0 E,
E, 0 A4, 0
0 E, 0

B
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where A,=[(2n+1)/21(B+7)[}°] and

w,,[ﬂ'y” 0 ] n=0,1 mod 4,

0 f—y—a
" B—y—ua 0
~2,3 d 4.
(u,,|: 0 fytal nx mo

Proof. Let V: H— H be defined by
y u]_ (u +v)/(2)1"
[v _[(v—u)/(z)”z]'

If we let W=UV, where U is the unitary operator in Lemma 3.3, then
W*q"(x, D) W has the desired representation. Q.E.D.

LEMMA 3.5. There exists a bounded operator Q: H— H such that
Q: S — S is an automorphism and Q*q*(x, D) Q is represented by the infinite
matrix

F, 0 G, 0

0 F, 0 G,
Go 0 F, 0}
0 G, 0 -

where F, = (2n+1)/2[} ?],

AL 0
w, [ 0 ,12], n=0,1 mod4,
G =

n

A, 0
wn[o /1,:" n=2,3 mod4,

Ai=(B—y+a)/(B+7y)and dy=(B—y—a)/(B+7y).

Proof. Let Q,: H— H be defined by Q,[“]=1/(B+7)"*[“]. If we let
Q= WQ,, where W is the operator in Lemma 3.4, then Q*¢”(x, D) Q has
the desired representation. Q.E.D.

Let {,=((2n+ 1)(2n+2)/(4n+ 1)(4n+5))"* and 1, = ((2n+2)(2n+3)/
(4n+3)4n+ 7N for n=0,1,2,....

505/66/1-6
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LEMMA 3.6. ¢"(x, D) =0 if and only if the following infinite matrices N,
N,, N5, N, are positive, where

RN 0 ]
odv 1 Lidy
N,= Gy 1 L4, )
0 Y TN SR SV
{34a
- 1 -
Loy .
Codr 1 044
N2= 51'11 1 Cziz s
o L2 1 G
C3)~1 ’
! A
. Moty ﬂ 0
oAy 1 Ay
N;= Nida 1 N24y
) 24 1 N34z
N34y -
and
1 Mots
Moz 1 N4
Ny= nidy 1 NaAs
UPYS 1 Nali
4,

Proof. By Lemma 3.5, ¢"(x, D) >0 if and only if the matrices

Fy G, 0 F, G, 0
G, F, G, and G, F, G,
G, F, G, F,

0 0

are positive.

If we write out the components of Fy, G, F,, G,,..., we see that the first
matrix is equal to the following one:
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(12) 0 weh, 0
0 (1/2) 0 woh,
wedy, 0 (52) 0 wyi,
wedy 0 (52) 0 @i,
w,d, O (92) 0
0 w4y 0 (972)

This matrix is positive if and only if the matrices

(1/2) g 4, 0 (1/2) w4, 0
wod;  (5/2) wy4, and woty (5/2) w4,
wy4y  (9/2) wyAy (9/2)
0 0

are positive. By Lemma 2.4, these matrices are positive if and only if N,
and N, are positive. Similarly, the second matrix at the beginning of the
proof is positive if and only if N5 and N, are positive. Q.ED.

Observe that N, N, =0 implies N;, N,=0 by Corollary 2.1. We have
therefore proved the following proposition.

ProrosiTiION 3.1. p"(x, D)=0 if and only if N, N, =0.

4. THE DoMAIN

As in Section 3, let {,=((2n+1)(2n+2)/(4n+ 1)(4n+5))'* for
n=0,1,2,... N(x, y) is the following infinite matrix.

DEFINITION 4.1.

- Lox . -
{ox 1 iy
1y 1 {ax
{ox 1 C3y
0 Gy 1

Q= {(x,»): N(x,y)=0}.

The following two propositions give some elementary properties of Q.

PROPOSITION 4.1. (i)

Q is convex.
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(i) If (x,y)eQ, then the rectangle {(a, b} |lal<|x| and
bl <|yl} = Q. In particular, Q is symmetric with respect to the X and Y

axes.
(i1) Q is closed.
Proof. Parts (i) and (ii1) are obvious. Part (ii) follows from
Corollary 2.1. Q.E.D.

ProposITION 4.2. (i) (0, y)e R if and only if y* <15/4.
(i) (x,0)eQ if and only if x* < 5/2.
(iii) If (x, y)eQ, then 2x*/5 4 4y?/15 < 1 unless xy=0.
Proof. To prove (i) oberve that N(0, y) consists of blocks of the form

[ ] C2n+1y:| }’l=0 l 2
Cons1y 1 | T

Since {,,, , is decreasing in n, N(0, y) >0 if and only if

1 (4/15)'7 y
det =0.
) [(4/15)”2y 1
Part (ii) is proved similarly. Part (iii} follows from writing down the
determinant of the first 3 by 3 block in N(x, y) and Lemma 2.3. Q.ED.

From now on we will assume that 0<y®<15/4 and 0<x’<5/2.
Consequently 1 is strictly greater than {,,x? and {,, ., y% for n=0,1,2,....

Let

1 x/2
x2 1 2
M(x, y)= yi2 1 x/2 .
x2 1 y2
0
2

LEMMA 4.1. M(x, y) =0 if and only if |x| + |y <2.

Proof. It is obvious that M(0, y) >0 iff y> <4 and M(x, 0) >0 iff x> < 4.
Let ap=1and a,, ;= 1—x?/4a,. When x=y, M(x, y) >0 iff a, >0 for all
n. It is elementary to show that a,>0 for all n iff x?< 1. Since the set
{(x,y): M(x, y) 20} is a convex set, we can deduce from the information
above that it is exactly the set {(x, y): [x| + |y| <2}. Q.E.D.

PrOPOSITION 4.3. Q< {(x, y) |x| + ]y <2}
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Proof. 1f (x, y)eQ, then by considering submatrices far away we see

that M(x, y)> 0. Therefore Q< {(x, y): |x| +|y| <2} by Lemma 4.1.
Q.ED.

In order to state a sufficient condition for (x, y) to be an element of £,
we introduce the following Mobius transforms. T,(z)=1-(2, ., %/
(1-03,x%2),n=0,1,2,..

Let t,=1-3,,,5% 6,=(3,x* and y,=03,x%/(1-05,,,»°), for
n=0,1,2,... Then T, (0)=1,, T,0,)=o0, TAy.)=0 J,<vy, and
1 -2 x*z>0for z>34,. {r,} is an increasing sequence with limit 1 — y*/4.
{6,} and {y,} are decreasing sequences with limits x*/4 and x?/(4 —y?),

respectively.
Let

[ 1 ox i

Cox 1 Ly 0
Gy |

D,= , forn=0.
1 Can

0 Conx ] Consr Y

| C2n+ly 1

LEmMMA 4.2. If Ty(1)>y,, T, To(1)>y5ey T, i To(1)>y,, then
det D, >0.

Proof. We can reduce D, to the following matrix by row operations.

1 {ox
a &y 0
a
D,= ,
0 Upp_y (20X
Ay Cons1y
B Az 4y
where ag=1—{2x% ay=1— ({3, x%/Ti_ - To(1)) for k=1 and a,,, =

T, - To(1) for k=20.
By the assumption all the diagonal entries of D, are positive, therefore
det D,=det D,>0. Q.E.D.

So far we have found some bounds for £, the following proposition gives
information about the interior of Q.
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PROPOSITION 4.4. {(x,y): x*+y°<2} < Q.

We need one more lemma for the proof of Proposition 4.4.

Lemma 43. (1 — (4k + 5) t/(8k + 9))(1 — (4k + 2) ¢/(8k + 5)) —
(8k +3)(8k + 4)(2 — 1)/(8k + S)(Bk +9)=0 for te[0,1] and k=0, 1, 2,.

Proof. Define F((t) as the left side of the inequality. By direct com-
putation, F;, <0 on [0, 1] and F,(1)=0. Therefore F, >0 on [0, 1].
Q.ED.

Proof of Proposition 4.4. By Proposition 4.1, we only have to consider
the case where x, y > 0. The cases x =0, 0<y<2"?and 0<x<2'? y=0
follow from Proposition 4.2.

If 0<y<x, we are going to prove by induction that 7,--- To(1) =
(4n+5)/(8n+9)=y,,, forn=0,1,2,...

Since 1 — 2x%/5 — 3y¥5 =1 — x¥2 — p*/2 + (x> — y?)/10 = O
To(l)=1 — (3/5)-(4y%/9)/(1 —2x%¥5) = 5/9. Also, 6x*/13+7-8-y%
13-17<6(x>+y?)/13<12/13 < 1, which implies that y, = (5 6x%*9-13)/
(1—7-8y%/13-17)<5/9.

Assume that the inequalities hold for n=0, 1,2,.,k— 1. T, To(1})=1

AV — G Te T2 — 050,000 — Gx?/
(4k + 1/8k + 1)), by the induction hypothesis and the fact that T is increas-
ing on [y,, o). Since 1 — (4k +2) x*/(8k + 5) — (4k + 3)y*/(8k + 5)=1
— X2 = p2 + (& = y)2- Bk + 5))20, T~ To(1) > (4k + 5)/
(8k + 9). Also, (4k + 6)x%/(8k + 13) + (4k + 7)(4k + 8)y*/(8k +
13)(8k + 17)<(x? + y*)(4k + 6)/(8k + 13)<(8k + 12)/(8k + 13) <1,
which implies y, , < (4k + 5)/(8k +9). Hence the inequalities hold for all n
and therefore (x, y)e Q by Lemma 4.2.

We still have to consider the case 0 < x <y (hence x < 1). This time we
are going to prove by induction that T,--- To(1) > (4n+5) x’(8n+9) >
Vos1

To(1)=5x?/9 if and only if (1—5x%/9)(1 —2x?/5)—3-4-y%/(5-9)>0.
On the other hand, (1-5x%9)(1—2x%5)—-3-4-y*(5-9) > (1 —
5x%/9)(1 — 2x%/5) — 3-4-(2 — x?)/(5-9). Therefore To(1) = 5x%/9 by the
case k=0 in Lemmad43. Also, 7/13>7-8-y%/(13-17) implies
1—7-8-p?/(13-17)> 6/13, which in turn implies that y, = (5-6-x*/9- 13}/
(1—=7-8-y%/13-17) < 5x%/9.

Assume that the inequalities hold for n=0,1,.., k—1. T,---Ty(1) = 1

%1 V(L — WXNT - To(1))) = 1 — £2k+1y2/(1 — {3 xY
((4k + 1) x*/(8k + 1))), by the induction hypothes1s By Lemma 4.3, (1 —
(4k + 5) x*/(8k + 9))(1 — (4k + 2) x*/(8k + 5)) — (4k + 3)(4k + 4)
V2/(8k + 5)(8k + 9) = (1 — (4k + 5) x*/(8k + 9))(1 — (4k + 2) x*/(8k
+ 5)) — (4k + 3)(4k + 4)(2 — x?)/(8k + 5)(8k + 9)=0, which implies
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that T, - To(l) = (4k +5) x°/(8k +9).  Also, (4k+7)/8k+13)>
(4k + 7)(4k + 8) y*/(8k + 13)(8k +17)  implies 1 — (dk + 7)(4k +8) y?/
(8% + 13)(Bk + 17) = (4k + 6)/(8k + 13), which in turn implies that v, , , >
(4k + 5) x*/(8k +9). Hence the inequalities hold for all n and therefore
(x, y)e 2 by Lemma 4.2 Q.E.D.

From Proposition 4.4 we know that the points (1, 1), (1, —1), (—1,1)
and (—1, —1) belong to 2 {(x, y): |x| + |y| =2}. We want to show that
they are the only points in the intersection.

If x4+ y=2, we can write N(x, y}=A*A+ (1 —x) B, where

Po él 0
A= P 52 , pk=(2k+ 1/4k+ 1)1/2’ §k=(2k/4k+ 1)1/2
0 P2
and
0 -
& 0 4 0
B= ¢ 0 -G

0 - 0
s -

We now define an infinite vector v by the following formulas, where v, is
the kth component of v. The definition of v depends on a large positive
integer n.

vy =—po=-—1
vy = po/C;=(5/2)".
3= —pop1/E1&=—(1-3" 9/2'4)1/2-

Uk=(_1)k(P0P1"'Pkfz/flfz"'ék—l)
=(—1)(1-3---(2k—3)(4k —3)/2-4--- 2k —2))'/ for k<n.
v;=—v;_4(j—~1))j for jzn+1.

It is obvious that ve/” and (Av),=0 for 1<k<n—1 Also,
(Av);=(=1)Y""v, (n/j)(p;— ;) for j=n.

LEMMA 4.4, [ Av|?=0v2-O(1/n).
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Proof.

(Av)? = v} (P2 — 1)7*/(4 = 3)'2 = (jji + D2)'?/(& + 1) ]
=02 (n*/?)((1/2)'?2-5/4j + R
=v2(n°/j*}(25/32/* + R,),  where |R|< M/

with M independent of .

K

S (Av)=v2on? 3 @Y+ R

022 O(1)
=0v2-0(1/n). Q.ED.

On the other hand, <(Bv,v) =23F (=1 {0 jvevey, =
230 (= G oo A2 (D L v

LemMma 4.5 23020 (=D L yuvpy = (= 1) 022+ (= 1)"b,, where
{b,} has a positive limit.

Proof. Let us define a, =230 (= 1) (o vevpyy + (= 1)1 022=
2 4+ 23—t 3526 — 1)2°4--(2k — 2) + (=)

3. (2n — 3)-(4n — 3)/2-4---(2n — 2)- 2, forn=2.

Hence, a,=0.75, a; = —0.6875, a,=0.71875, a;= —0.6992187, etc. It is
casy to prove by induction that a,>a,>a¢> ""*, —az;< —a,< -,
ay,+a,,, >0 and a,,+a,,, , goes to zero as n goes to infinity.

Therefore &, ={(—1)"a, has a positive limit. In fact, lim ,=0.70---

Q.ED.

LeMMa 4.6, 237, (=D G yvei,y = (=1 T1o2/24 (—1)"+" o2
o(1/n).

Proof. 2 Y, (=1 (i yvuyy = 2 X7, (- LS Y
n’[(k(k +1))=v2-n® ., (= DF 1 (1/(k(k + 1) + R,), where R, = (2,
— D/(k(k + 1))=[2((2k — 1)(2k)/(4k — 3)(4k + 1))? — 1]/(k(k+1)).

It is easy to see that there exists a constant C such that 0 < R, < C/k*,
for k=n, n+1 Therefore &, Ro=0(1/n%).

S, (D Yk(k + 1) = (=) V2 2/((n + 2)(n + 2))n + Y
+ 1)(n + 2] + 2)) = (=1)"*'(2n*) + O(1/n?). The proof is now
complete. Q.E.D.

Combining Lemmas 4.5 and 4.6, we obtain the following corollary.

COROLLARY 4.1. {(Bu,v)=(—1)"8,+(—1)" ' v2-O(1/n).
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Finally, we want to estimate vZ.

LEMMA 4.7. v2=0(n"?).

Proof.

p2=1-3-(2n—3)(@4n—3)/(2-4- - (2n—2))
= (4n—3)(2n— )Y/ (¥~ }((n— 1)1)?).

The proof is completed by an application of Stirling’s formula
nl~Q2rn)'?-n"-e "1+ 1/12n+ -+ ). Q.ED.

We are now in the position to prove the next proposition.

PrROPOSITION 4.5. Q n {(x, y): x| + |yl = 2} = {(1, 1), (1, —1),
(-1, =1, (=1, 1)}

Proof. By Proposition 4.1, we may assume that x+ y=2. From the
discussion above, we know that {N(x, y)v,v) = ||4v||> + (1 — x){Bv,
vy =v2-0(1/n) + (1 — x)((—1)"b, + v2-0(1/n))=0(n""?) + (1 —x)
(—1)"b,. Therefore N(x, y) cannot be positive unless x =1, in which case
we also have y=1. Q.E.D.

We can also use the vector v to show that Q is separated from the boun-

daries of {(x, y): |x| +|y| <2} by smooth curves with positive curvature.
Let

[0 & 0 W
b 00
Ee 0 0 &
&L 00
0 0 0 ¢
{a

LemMma 4.8. <(Ev,v)=0(n*%).

Proof. First we assume n=_2m.

(Ev,v)=2 z Coklok 4 1V2k 42

k=0
ee]

m
=2 Z CokVok 4 1V2p 42+ 2 Z CokVak 41 U2k 42+
k=0 k=m+1
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By the definitions of » and {,, the first sum

=2 S (k)13 (e 1))Q2 4 (dh+2))

k=0

=0 ( Y k‘/2> (cf. proof of Lemma 4.7)
k=0

—0(m*)
=0(n*"?).

For the second sum, we have

s o)

2 Z {okVak 4 1V2k 42
k=m+1

w
=2n"2 Y

k=m+1

x [(4k + 1)(4k + 2)/(8k + 1)(8k + 5)]"*/[ 2k + 1)(2k + 2)]

= 2n%v2- O(1/m)
= 0(n*?),  byLemma4.7.

The proof for odd # is similar. Q.E.D.

PROPOSITION 4.6. © can be separated from the boundary of
{(x, p): |x}+ | y] <2} by smooth curves of positive curvature.

Proof. Tt suffices to prove the proposition in a small neighborhood of
(1, 1).

The infinite matrix N(x,y)=N(2—yp,y)+ (x+y—2)E. By the proof
of Proposition 4.5, (N(2—y,y)v,v>=(y—1)(—1)"b,+ O(n~"?). Com-
bining this estimate with Lemmad4.8, we have <{(N(x,py)v,v)=
(y—1)=1)"b,+1,+(x+y—2)1,, where I,=0(n""?) and I, = O(n*?).

For y # 1, there exists C, >0 independent of y such that C,/(1 —y)?<n
implies /, < |y — 1]{/4. There also exists C, > 0 independent of x and y such
that C,(1 —y)Y* L < |1 —y|/4, if n<2C,/(1 —y)~

Therefore if x+y—2=C,(1—y)* and C,/(1—y)’<n<2C,/(1-y),
then {N(x,y)v,v)>={{(1—y)(—=1)"b,+ |1 —y|/2. When (1 —y)? is small,
we can find both odd and even n to satisfy C,/(1 —y)><n<2C,/(1—y)>.
Since b,>31 for all n, by choosing a proper parity for n, we have
{N(x,y)v,v><0.
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Hence for y close to 1, (1, 1) is the only point on the curve x+y—2=
C,(1 —y)* that also belongs to Q. By the convexity of Q, x+y—2=
C,(1—y)* separates 2 from x + y =2 near (1, 1).

5. PROOF OF THEOREMI.1

We may now prove Theorem 1.1 in two steps. In the first step we assume
a, b, ¢, d>0. From Proposition 3.1, we know that p*(x, D) >0 if and only
if N(4,, A,) and N(4,, 4,) >0, which is equivalent to (4,, 4,) and (4,, 4,)
belonging to 2.

In the second step we look at the general case where a, b, ¢, d>0 and
ad+ bc > 0. Let us assume first that p*(x, D)>0. Given ¢>0, we define
a,=a+e b,=b+¢ c,=c+¢ d,=d+¢ and

a, x>+ b &2 axé ]

e N

Also, 4., =[(a,d,)"” — (b,c,)"” + a)/[(a,d,)"” + (b.c,)"*] and 4,,=
[(a.d)"? — (b.c.)'* — a)/[(a,d)'"* + (b,c,)*]. Obviously, we have
p¥(x, D)= p*(x, D). From the first step we know that (4,,, 4,,) and
(A24. A1,) belong to Q. Since Q is obviously a closed set, (4,,4,) and
(A5, 4,) belong to £ because 4,, and 4, tend to 4, and 4, as ¢ tends to 0.

Conversely, let us assume that (4,, 4,) and (4,, 4,) belong to 2. We may
also assume that at least one of q, b, ¢, d, say b, equals 0 (hence ad > 0). It
follows that A, + A, =2, which implies that 2, =41,=1 (Proposition 4.5).
Therefore a =0 and p*(x, D) is obviously positive. Q.E.D.
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