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1, INTRODUCTION 

T i r e s  and wheels ,  l i k e  any manufactured component, c o n t a i n  i r r e g u -  

l a r i t i es  due t o  t h e  p r a c t i c a l  l i m i t s  of  t o l e r a n c e s  i n  t h e  manufacturing 

p r o c e s s .  C e r t a i n  t y p e s  of i r r e g u l a r i t i e s  may r e s u l t  i n  mass imbalances 

o r  d imensional  runouts .  The combination of t h e s e  e f f e c t s  i n  a  t i r e l w h e e l  

assembly may e x c i t e  v i b r a t i o n s  on t h e  v e h i c l e  on which t h e  wheel is  mounted. 

Though i r r e g u l a r i t i e s  i n  t h e  i n d i v i d u a l  components may be measured 

a t  t h e  completion of t h e  manufactur ing p r o c e s s ,  t h e  way i n  which they  com- 

b i n e  and i n t e r a c t  w i t h  o t h e r  components t o  e x c i t e  v i b r a t i o n s  i n  a motor 

v e h i c l e  i s  n o t  w e l l  unders tood.  S p e c i f i c a l l y ,  t h e  t i r e l w h e e l  assembly 

c o n s t i t u t e s  a  multi-modal dynamic system, t h e  behav ior  of which can on ly  

be p r e d i c t e d  i n  a  meaningful way through i t s  coup l ing  t o  a  load ing  system. 

I n  t h e  manufac tu re r ' s  s e t t i n g ,  t h e  l o a d i n g  system may be one of many 

d i f f e r e n t  t y p e s  of t e s t  machines,  which a r e  dynamically q u i t e  d i f f e r e n t  

than  a  motor v e h i c l e .  The measurements ob ta ined  by t h e  manufacturer  

t h e r e f o r e  have an u n c e r t a i n  r e l a t i o n s h i p  t o  t h e  dynamic e f f e c t s  t h a t  w i l l  

be produced on any given v e h i c l e .  

P a r t i c u l a r l y  w i t h i n  t h e  t i r e  i n d u s t r y ,  manufac tu re r s  o f t e n  moni tor  

t h e  d imens iona l  v a r i a t i o n s  ( f r e e  r a d i a l  runout ,  l a t e r a l  runout ,  and loaded 

r a d i a l  r u n o u t ) ,  t i r e  imbalance,  and /or  t h e  f o r c e  v a r i a t i o n s  produced when 

t h e  t i r e  i s  r o l l e d  a t  c o n s t a n t  r a d i u s  a g a i n s t  a  drum ( e . g . ,  v a r i a t i o n s  i n  

r a d i a l ,  l a t e r a l ,  and t r a c t i v e  f o r c e ) .  Various t y p e s  of equipment a r e  used 

f o r  t h e  measurement of f o r c e  v a r i a t i o n s ,  and t h e r e  i s  on-going concern w i t h  

r e s p e c t  t o  (1) t h e  comparison of measurements from d i f f e r e n t  t y p e s  of 

machines and ( 2 )  t h e  d i s p a r i t y  between f o r c e  measurements on t e s t  machines 

and t h e  dynamic f o r c e s  produced on t h e  v e h i c l e .  

I n  1979, t h e  Motor Vehic le  Manufacturers  A s s o c i a t i o n  (MVMA) i n i t i a t e d  

a  r e s e a r c h  program t o  examine nonunif o r m i t i e s  i n  t r u c k  t i r e l w h e e l  a ssembl ies  

t h a t  may a c t  as s o u r c e s  o f  e x c i t a t i o n  t o  r i d e  v i b r a t i o n s .  Shar ing a  common 

i n t e r e s t ,  t h e  Rubber Manufacturers  A s s o c i a t i o n  (RMA), r e p r e s e n t i n g  t h e  t i r e  

manufactur ing i n d u s t r y ,  has  suppor ted  t h e  r e s e a r c h  by prov id ing  a  t i r e  

u n i f o r m i t y  t e s t  machine f o r  use  i n  t h e  r e s e a r c h  program. 



The program, des igna ted  a s  t h e  "Truck ~ i r e / W h e e l  Systems Research 

Program," i s  organized i n t o  two phases.  Phase I has  t h e  purpose of 

r e l a t i n g  t h e  common industry-measured forms of t i r e / w h e e l  nonuni fo rmi t i es  

t o  t h e  e x c i t a t i o n  f o r c e s  they produce on t h e  a x l e s  of heavy-duty commer- 

c i a l  v e h i c l e s .  Phase I1 has  t h e  purpose of developing methodology by which 

t h e  t i r e / w h e e l  assembly e x c i t a t i o n  f o r c e s  a r e  r e l a t e d  t o  degrada t ion  i n  

t r u c k  r i d e  q u a l i t y .  

Given t h e  i n t e r e s t  i n  measuring t h e  f o r c e  v a r i a t i o n s  produced by 

i i r e / w h e e l  nonuni fo rmi t i es  a t  h igh speeds  (and hence high f r e q u e n c i e s )  i n  

t h e  Truck Tire/Wheel Sys tems Research Program being pursued a t  UMTRI , t h e  

unders tand ing  of dynamic behavior  i s  p a r t i c u l a r l y  c r i t i c a l .  The d i s c u s s i o n  

i n  t h i s  r e p o r t  p r e s e n t s  a n  a n a l y s i s  of t h e  dynamic systems involved i n  t h e  

measurement of f o r c e  v a r i a t i o n s  e x h i b i t e d  by t i r e j w h e e l  a ssembl ies .  The 

a n a l y s i s  i s  keyed toward a  t e s t  machine w i t h  a  dynamic c o n f i g u r a t i o n  com- 

p a r a b l e  t o  t h a t  of t h e  MTS Systems, I n c .  Model 860 T i r e  Tes t  Machine shown 

i n  F igure  1 a s  i n s t a l l e d  a t  UMTRI f o r  t i r e l w h e e l  un i fo rmi ty  t e s t i n g .  

Of t h e  many e m p i r i c a l  and a n a l y t i c a l  a s p e c t s  of t h e  r e s e a r c h ,  t h a t  

d e a l i n g  w i t h  t h e  dynamic i n t e r a c t i o n s  of t h e  t i r e / w h e e l  assembly w i t h  

e i t h e r  t h e  v e h i c l e  o r  t h e  test machine i s  p e r h a p s - t h e  most complex. This 

r e p o r t  summarizes t h e  a n a l y s i s  t h a t  has  been performed i n  t h i s  program t o  

p rov ide  a  s y s t e m a t i c  unders tanding of t h e  i n t e r a c t i o n s  involved.  The 

r e p o r t  f i r s t  d e s c r i b e s  methods f o r  modeling t h e  dynamic sys tems,  t h e n  

a p p l i e s  t h e  models t o  e x p l a i n  (1) t h e  p o t e n t i a l  dynamic i n t e r a c t i o n s  w i t h  

u n i f o r m i t y  t e s t  machines a f f e c t i n g  t h e  measurements ob ta ined ,  and ( 2 )  t he  

dynamic i n t e r a c t i o n s  w i t h  t h e  v e h i c l e s  a f f e c t i n g  r i d e  v i b r a t i o n s  produced. 





2 .  DYNAMIC ANALYSIS 

2 . 1  Impedance Methods 

The dynamic behavior  of mechanical  systems i s  governed by Newton's 

laws of motion,  normally w r i t t e n  i n  d i f f e r e n t i a l  equa t ion  form. The 

e q u a t i o n s  may be so lved  by a number of methods t o  determine how t h e  system 

w i l l  behave; but f o r  complicated dynamic systems t h e  mathemat ical  e x e r c i s e  

may be q u i t e  l eng thy .  

For dynamic systems undergoing s i n u s o i d a l  mot ions ,  shor thand methods 

can be used t o  reduce t h e  mathemat ical  complexity.  The Impedance Method 

[ I ] *  is  one such shor thand method t h a t  a l lows  t h e  dynamic system t o  be 

d e s c r i b e d  by s imple  a l g e b r a i c  equa t ions .  Thus, t h e  emphasis can be placed 

on unders tanding t h e  r e s u l t s  w i t h  minimal d i s t r a c t i o n  from t h e  e f f o r t  

needed t o  f o l l o w  complex mathematical  manipu la t ions .  I n  t h i s  s e c t i o n ,  

t h e  Impedance Method w i l l  be exp la ined  and t h e n  a p p l i e d  t o  develop a 

dynamic model f o r  t h e  t i r e / w h e e l  assembly. The a n a l y s i s  uses  t h e  "black 

box" concept i n  which dynamic systems a r e  r e p r e s e n t e d  by t h e  i n t e r r e l a t e d  

f o r c e  and motion p r o p e r t i e s  a t  one o r  two connect ion p o i n t s .  A f u r t h e r  

advantage of t h i s  method i s  t h a t ,  i n  t h e  case  of complex systems f o r  which 

a n a l y t i c a l  r e p r e s e n t a t i o n  i s  i m p r a c t i c a l ,  p h y s i c a l  measurements of impedance 

p r o p e r t i e s  can be used t o  d e s c r i b e  t h e  system components i n  a q u a n t i t a t i v e  

manner. 

The assumptions a r e  made t h a t  t h e  dynamic system has  l i n e a r  and 

b i l a t e r a l  ( independent of d i r e c t i o n )  p r o p e r t i e s .  Though r e a l  t i r e s  and 

v e h i c l e s  d e p a r t  somewhat from t h e s e  assumptions ,  t h e  l i n e a r  a n a l y s i s ,  none- 

t h e l e s s ,  p rov ides  a s y s t e m a t i c  unders tanding of t h e  dynamic behavior  

adequate  f o r  t h e  purposes  of t h i s  r e p o r t .  

"Numbers i n  b r a c k e t s  i n d i c a t e  r e f e r e n c e s  i n  S e c t i o n  5 .  



For a  mechanical  system, t h e  impedance*, Z ,  i s  d e f i n e d  a s  t h e  r a t i o  

of t h e  d r i v i n g  f o r c e ,  F, t o  t h e  r e s u l t i n g  v e l o c i t y ,  V ,  measured i n  t h e  

d i r e c t i o n  of f o r c e  a p p l i c a t i o n .  That i s ,  

I f  t h e  v e l o c i t y  i s  measured a t  t h e  p o i n t  of f o r c e  a p p l i c a t i o n ,  i t  i s  known 

a s  t h e  " d r i v i n g  po in t "  impedance. For example, i f  a  r a d i a l  f o r c e  i s  app l ied  

a t  t h e  c o n t a c t  p a t c h  of a  t i r e  and t h e  r a d i a l  v e l o c i t y  a t  t h a t  p o i n t  i s  

measured, t h e  d r i v i n g  p o i n t  impedance a t  t h e  t i r e  c o n t a c t  pa tch  is  obta ined.  

I f  t h e  d r i v i n g  f o r c e  i s  a p p l i e d  a t  one p o i n t  and t h e  v e l o c i t y  i s  measured 

a t  a n o t h e r  p o i n t ,  o r  i n  a n o t h e r  d i r e c t i o n ,  t h e  " t r a n s f e r "  impedance i s  

o b t a i n e d .  For example, t h e  r a t i o  of t h e  r a d i a l  f o r c e  a p p l i e d  a t  t h e  t i r e  

c o n t a c t  p a t c h ,  t o  t h e  v e l o c i t y  measured a t  t h e  hub, i s  t h e  tread-to-hub 

t r a n s f e r  impedance f o r  t h e  wheel.  I n  g e n e r a l ,  t h e  f o r c e  and v e l o c i t y  a r e  

s i n u s o i d a l  and a r e  r e p r e s e n t e d  by complex numbers having ampl i tude and 

phase  d i f f e r e n c e s ,  t h u s  t h e  impedance i s  a  complex q u a n t i t y .  

Note t h a t  a l though  v e l o c i t y  i s  t h e  measure of motion a s s o c i a t e d  w i t h  

impedance, i t  i s  d i r e c t l y  r e l a t e d  t o  displacement  i n  s i n u s o i d a l  motion. 

That i s ,  

where 

X = displacement  

o = s i n u s o i d a l  frequency 

*The term "impedance" used w i t h  mechanical  systems i s  analogous t o  
i t s  use  i n  e l e c t r i c a l  t h e o r y ,  where i t  i m p l i e s  t h e  complex r e s i s t a n c e  of a  
network which may c o n t a i n  c a p a c i t o r s  o r  i n d u c t o r s  a s  w e l l  a s  r e s i s t o r s .  I n  
t h e  analogy,  mechanical  f o r c e  i s  e q u i v a l e n t  t o  v o l t a g e  ( e l e c t r o m o t i v e  
f o r c e ) ,  and v e l o c i t y  i s  e q u i v a l e n t  t o  c u r r e n t  ( f low r a t e  of e l e c t r i c a l  
c h a r g e ) .  



Hence, t h e  a s s o c i a t e d  displacement is  p r o p o r t i o n a l  t o  t h e  v e l o c i t y ,  d iv ided  

by t h e  f requency,  and l a g s  t h e  v e l o c i t y  by a  phase of 90 degrees .  Thus, 

a  dynamic system can be r e p r e s e n t e d  by i t s  force-displacement  r a t h e r  than  

f o r c e - v e l o c i t y  (impedance) i f  d e s i r e d .  The force-displacement p roper ty  i s  

c a l l e d  t h e  dynamic modulus*, D;  i . e . ,  

Inasmuch a s  t h e  force-displacement p r o p e r t i e s  of a  t i r e / w h e e l  

assembly a r e  more e a s i l y  comprehended, t h i s  v a r i a b l e  w i l l  be used i n  t h e  

subsequent  a n a l y s i s .  I n  t h e  modulus convent ion,  t h e  r e a d e r  may n o t e  t h a t  

s p r i n g ,  damping, and mass p r o p e r t i e s  have t h e  fol lowing r e p r e s e n t a t i o n :  

Spr ing  K = F / X = D k  . ' . D k  = K 

Damp i n  g  C = F / V  = F/jwx = ~ ~ 1 - j ~  . '  .Dd = j w C  

Mass M = ~ / i  = -F/w2x = -D /a2 . = - w 2 ~  m m 

Note t h a t  t h e  dynamic modulus can be envis ioned a s  a  s t i f f n e s s  f u n c t i o n  

t h a t  may r e p r e s e n t  s p r i n g ,  damping, and mass p r o p e r t i e s  and may v a r y  i n  

magnitude and phase a s  a  f u n c t i o n  of f requency.  For example, a t  low 

frequency,  t h e  modulus p r o p e r t y  of a  t i r e  may be c l o s e  t o  c o n s t a n t ,  repre-  

s e n t i n g  i t s  r a d i a l  s t i f f n e s s  p roper ty .  A t  h igh f requency,  i t  may i n c r e a s e  

w i t h  w 2 ,  r e p r e s e n t i n g  t h e  s t i f f n e s s  ( o r  r e s i s t a n c e )  a t t r i b u t a b l e  t o  an 

i n e r t i a l  mass. And a t  o t h e r  p o i n t s ,  i t  may e x h i b i t  maxima o r  minima 

a t t r i b u t a b l e  t o  resonance o r  ant i - resonance p o i n t s  of t h e  dynamic system 

involved.  

This  method f o r  modeling t h e  dynamic p r o p e r t i e s  of a  t i r e / w h e e l  

assembly i s  n o t  new, b u t  h a s ,  f o r  example, been used by o t h e r  r e s e a r c h e r s  

[ 2 , 3 , 4 ] .  F igure  2a shows t h e  dynamic modulus a t  t h e  t i r e  c o n t a c t  pa tch  

*The term "dynamic modulus" i s  commonly used i n  t h e  t ex tbooks  t o  
d e s c r i b e  t h i s  p r o p e r t y ,  a l though  i t  i s  a l s o  sometimes c a l l e d  "dynamic 
s t i f f n e s s . "  Likewise ,  t h e  r e c i p r o c a l  p r o p e r t y  may be c a l l e d  "receptance"  
o r  compliance. 
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( f o o t p r i n t  s t i f f n e s s )  measured under t h e  f r o n t  wheel of a passenger c a r ;  

whereas F igure  2b shows t h e  m o b i l i t y  ( i . e . ,  t h e  i n v e r s e  of impedance) 

measured a t  t h e  s p i n d l e  of a passenger  c a r  t i r e  w h i l e  r o l l e d  a g a i n s t  a 

drum. 

Perhaps t h e  b e s t  a p p r e c i a t i o n  f o r  t h e  dynamic p r o p e r t i e s  can be 

gained by examining t h e  f o o t p r i n t  s t i f f n e s s  shown i n  F igure  2a. Note t h a t  

i n  t h e  range of 20-40 Hz, t h e  s t i f f n e s s  i s  c o n s t a n t  a t  a v a l u e  of about 

1 . 5  x 10' ~ / m  (850 l b / i n ) .  I n  t h i s  r ange ,  which i s  above t h e  a x l e  

resonance f requency,  t h e  s p i n d l e  remains e s s e n t i a l l y  mot ion less ,  and t h e  

s t i f f n e s s  measured i s  t h e  r a d i a l  s p r i n g  r a t e  of t h e  t i r e .  A t  h igher  

f r e q u e n c i e s ,  maxima and minima occur .  The maxima ( e . g . ,  100 Hz) occur 

a t  an t i - resonan t  c o n d i t i o n s  i n  which t h e  t i r e  v i b r a t e s  i n  a modal shape 

t h a t  i s  n o t  syrmnetric about t h e  wheel. A s  a consequence,  i t  appears  v e r y  

s t i f f  a t  t h e  c o n t a c t  p a t c h  and accord ing ly  a c t s  t o  t r a n s m i t  t h e  v i b r a t i o n  

i n p u t  very  d i r e c t l y  t o  t h e  wheel s p i n d l e  [ 2 ] .  Conversely,  t h e  minima 

( e . g . ,  90 Hz) r e p r e s e n t  symmetric v i b r a t i o n  modes i n  which t h e  t i r e  i s  

a b l e  t o  move f r e e l y  w i t h  t h e  i n p u t  thus  e f f e c t i v e l y  absorb ing  those  motions 

wi thou t  t r a n s m i t t i n g  them t o  t h e  wheel. 

2 . 2  TireIWheel Model 

Nonuniformit ies  i n  a t i r e l w h e e l  assembly cause  t h e  f o r c e s  t o  va ry  

w i t h  t h e  a n g l e  of r o t a t i o n .  The f o r c e  v a r i a t i o n  r e p e a t s  w i t h  each 

r e v o l u t i o n  and t h u s  may be  r e p r e s e n t e d  as t h e  composite r e s u l t  of a s e r i e s  

of s i n u s o i d a l  harmonics [ 8 ] .  I n  t h e  c a s e  when t h e  t i r e  i s  i n  c o n t a c t  wi th  

a r i g i d  drum o r  road s u r f a c e ,  each harmonic may be r e p r e s e n t e d  e i t h e r  by 

a f o r c e  g e n e r a t o r  i n  p a r a l l e l  w i t h  an impedance (Thevenin's  Equivalent  

System) o r  a v e l o c i t y  g e n e r a t o r  i n  s e r i e s  w i t h  an  i n t e r n a l  impedance 

 orto ton's Equiva len t  Sys tem) . Both models a r e  shown i n  F igure  3 ,  w i t h  a 

dynamic modulus shown i n  l i e u  of an impedance and a displacement  g e n e r a t o r  

i n  l i e u  of a v e l o c i t y  g e n e r a t o r .  The o u t p u t  of t h e  system is  a f o r c e ,  
Fh' 

and d i sp lacement ,  5, a t  t h e  s p i n d l e  on which t h e  wheel i s  mounted. F i s  
h 

then e q u i v a l e n t  t o  t h e  c y c l i c  f o r c e  t h a t  would be imposed on t h e  a x l e  of 

a v e h i c l e ,  whi le  Xh r e p r e s e n t s  any movement of t h e  a x l e .  
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The system equa t ion  i s  ob ta ined  by simply summing t h e  f o r c e s  at 

t h e  s p i n d l e .  Those f o r c e s  a r e  obv ious ly  F and F bu t  a l s o  i n c l u d e  a  
w h  ' 

c o n t r i b u t i o n ,  F from t h e  modulus, D . S p e c i f i c a l l y ,  t h i n k i n g  of Dw 
t '  W 

a s  t h e  s t i f f n e s s  of t h e  t i r e ,  i t  is  easy  t o  s e e  t h a t :  

Therefore ,  t h e  f o r c e  a t  t h e  hub i s  

Now i f  t h e  s p i n d l e  i s  a b s o l u t e l y  r i g i d  (% = O), 

and t h e  f o r c e  developed a t  t h e  s p i n d l e  i s  equa l  t o  t h e  nonuniformity  f o r c e  

w i t h i n  t h e  t i r e l w h e e l  assembly. Th is  is,  i n  f a c t ,  t h e  i n t e n t  when f o r c e  

v a r i a t i o n s  a r e  measured. 

On t h e  o t h e r  hand, i f  t h e  f o r c e  a t  t h e  s p i n d l e  i s  he ld  c o n s t a n t  

( i . ,  t h e  f o r c e  v a r i a t i o n ,  Fh, equa l s  z e r o ) ,  then t h e  s p i n d l e  must move 

according t o  t h e  e q u a t i o n  

This  is  t h e  mode f o r  measuring loaded r a d i a l  runout  i n  which c a s e  3 i s  

t h e  runout .  S ince  i t  i s  dependent on t h e  dynamic modulus, one may expect 

t h a t  t h e  loaded r a d i a l  runout  measurement i s  more d i r e c t l y  speed dependent 

than t h e  r a d i a l  f o r c e  v a r i a t i o n .  Never the less ,  Equations (4c) and (4d) 

c l e a r l y  r e p r e s e n t  t h e  f o r c e  v a r i a t i o n  and loaded runout  measurements a s  

being m e c h a n i s t i c a l l y  r e l a t e d  through t h e  dynamic modulus of t h e  t i r e / w h e e l  

assembly. A t  low speed ( o r  f requency)  t h e  dynamic modulus is  e s s e n t i a l l y  

e q u a l  t o  t h e  r a d i a l  s p r i n g  r a t e  of t h e  t i r e .  Hence, t h e  low-speed r a d i a l  

f o r c e  v a r i a t i o n s  and loaded r a d i a l  runout  a r e  r e l a t e d  t o  each o t h e r  by t h e  

r a d i a l  s t i f f n e s s  of t h e  t i r e  [ 5 ] .  



S i m i l a r l y ,  on ana lyz ing  t h e  Norton System, we o b t a i n :  

where 

Ft = f o r c e  produced by Dw 

= DW(x, - xh) 

and X = dimensional  runout  i n  t h e  t i r e j w h e e l  assembly 
W 

Then 

For X = 0 ,  as i n  measurement of f o r c e  v a r i a t i o n ,  t h e  observed f o r c e  is: 
h  

And f o r  measurement of loaded r a d i a l  runout  w i t h  F  = 0 ,  t h e  observed 
h  

runout  v a r i a t i o n  is :  

Thus i t  i s  concluded t h a t  t h e  loaded r a d i a l  runout  i n  a t i r e l w h e e l  assembly 

i s  d i r e c t l y  r e l a t e d  t o  i t s  r a d i a l  f o r c e  v a r i a t i o n .  

Note t h a t ,  i n  g e n e r a l ,  i f  t h e  r e s i s t i n g  f o r c e ,  
Fh' 

i s  ob ta ined  from 

a  compliant  s p i n d l e  of modulus D such  t h a t  Fh = D X,, we f i n d  t h a t ,  s ' s 
on s u b s t i t u t i n g  f o r  5 i n  Equation ( 4 b ) ,  t h e  fo l lowing  r e l a t i o n s h i p  i s  

o b t a i n e d :  

Equation ( 6 )  i n d i c a t e s  t h a t  t h e  a c t u a l  f o r c e  a t  t h e  i n t e r f a c e  of t h e  wheel 

and s p i n d l e  i s  n o t  e q u a l  t o  t h e  nonuniformity  f o r c e ,  F  . Rather ,  t h e  
W 



whee l / sp ind le  f o r c e  r e s u l t i n g  from t h e  e x c i t a t i o n ,  Fw, may be s i g n i f i c a n t l y  

d i f f e r e n t  i n  ampl i tude and phase a n g l e  i n  accordance w i t h  t h e  dynamic 

p r o p e r t i e s  of D and D i n  t h e  combination de f ined  i n  Equat ion ( 6 ) .  Th i s  
W s 

equa t ion  then r e p r e s e n t s ,  i n  a  g e n e r a l  form, t h e  way i n  which t h e  t i r e /  

wheel  assembly i n t e r a c t s  dynamically wi th  t h e  system on which i t  i s  mounted. 

It c h a r a c t e r i z e s  t h e  concept of "impedance coupling" which i s  t r e a t e d  i n  

more d e t a i l  i n  t h e  fo l lowing  s e c t i o n s .  

2 . 3  Tes t  Machine Model 

I n  o r d e r  t o  measure t i r e / w h e e l  nonun i fo rmi t i e s ,  t h e  assembly i s  

mounted on a  t e s t  machine w i t h  p r o v i s i o n  f o r  t h e  wheel t o  be r o l l e d  under 

l o a d  on a  drum. The f o r c e s  o r  d isplacements  a r e  then  measured e i t h e r  a t  

t h e  s p i n d l e  o r  i n  t h e  drum. For t h i s  d i s c u s s i o n ,  i t  i s  assumed t h a t  t h e  

wheel  r o l l s  a g a i n s t  a  r i g i d  drum whi le  mounted on a  s p i n d l e  ins t rumented 

t o  measure f o r c e ,  a s  i s  t h e  case  w i t h  t h e  t e s t  machine being used i n  the  

MW-sponsored r e s e a r c h .  I n  o r d e r  t o  measure f o r c e ,  some d e f l e c t i o n  of t h e  

s p i n d l e  must be a l lowed,  i n  which case  dynamic response  i n  t h e  frequency 

range of measurements may, and indeed does,  occur  w i t h  t h e  t e s t  machine. 

Any dynamic system w i t h  an  i n p u t  and ou tpu t  connect ion,  such a s  t h e  

t r a n s d u c e r  on t h e  t e s t  machine, can b e  r e p r e s e n t e d  by an e q u i v a l e n t  "T" 

o r  "T" sys tem [I]. Figure  4 shows a  "w" system r e p r e s e n t a t i o n  of t h e  

t r a n s d u c e r .  On t h e  l e f t  i s  t h e  i n p u t  which i s  t h e  sp ind le /hub  connect ion 

p o i n t .  The f o r c e  F  may be env i s ioned  a s  t h e  r a d i a l - d i r e c t i o n  f o r c e  coming 
h  

from t h e  t i r e l w h e e l  assembly, whi le  Fc i s  t h e  f o r c e  imposed on t h e  c a r r i a g e  

i n  t h e  same d i r e c t i o n .  D and D a r e  no t  p h y s i c a l l y  connected t o  ground, 1 3 
b u t  i n  t h e  T network r e p r e s e n t a t i o n  of t h e  sys tem,  may be env i s ioned  a s  masses 

connected t o  i n e r t i a l  ground. A t  t h e  r ight-hand s i d e  i s  t h e  connect ion t o  t h e  

machine load ing  c a r r i a g e .  The modulus, D i s  nominally t h e  s t i f f n e s s  of t h e  
2 ' 

t r a n s d u c e r  f l e x u r e ,  whi le  D and D may be  v i s u a l i z e d  a s  the  i n e r t i a l  
1 3 

s t i f f n e s s e s  a r i s i n g  from t h e  masses on each end of t h e  t r a n s d u c e r .  

The t r a n s d u c e r  i s  mounted t o  a  movable c a r r i a g e  which i s  h y d r a u l i c a l l y  

a c t u a t e d  t o  load t h e  wheel a g a i n s t  t h e  drum. The c a r r i a g e  mounting p o i n t  

i s  not  i n f i n i t e l y  s t i f f ,  hence i t  may a l s o  c o n t r i b u t e  t o  the  dynamics of 

t h e  system through i t s  mass, s t i f f n e s s ,  and damping p r o p e r t i e s .  The 
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Figure  4. A "T"  system rep re sen t a t i on  of t h e  t ransducer  on the  
MTS T i r e  Test  Machine. 



ca r r i age  can be represented by a  modulus, 
Dc such t h a t  the  model f o r  

t he  t o t a l  t i r e lwhee l ,  t ransducer ,  and machine system i s  t h a t  shown i n  

Figure 5. It i s  assumed t h a t ,  except a s  represented here,  the  remainder 

of t he  t e s t  machine i s  i n f i n i t e l y  s t i f f  (e.g., per t he  drum s t i f f n e s s  

values included i n  the UMTRI machine s p e c i f i c a t i o n  [ 6 ] )  and does not 

conta in  any e x c i t a t i o n  sources co r r e l a t ed  t o  the  t i re lwheel  exc i t a t i on .  
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Figure 5. Dynamic model for the tirelwheel assembly, force 
transducer, and the test machine. 



3. TIRE TEST MACHINE DYNAMIC EFFECTS 

A dynamic model of a t i r e / w h e e l / t e s t  machine sys tem,  a s  assembled 

i n  S e c t i o n  2 ,  can now be used t o  e x p l a i n  t h e  n a t u r e  of dynamic i n t e r -  

a c t i o n s  t h a t  occur  i n  t h e  measurement p rocess .  The governing e q u a t i o n s  

can be w r i t t e n  by simply summing f o r c e s  a t  t h e  connect ing nodes f o r  t h e  

model shown i n  F igure  5 :  

A t  t h e  s p i n d l e ,  

A t  t h e  t r a n s d u c e r - c a r r i a g e  i n t e r f a c e ,  

Now t h e  f o r c e s  a s s o c i a t e d  w i t h  each modulus a r e  equa l  t o  t h e  modulus t imes  

t h e  d i f f e r e n t i a l  motion a c r o s s  each. Thus Equat ions  ( 7 a )  and (8a) can be 

w r i t t e n  a s  

Equat ion (8b) can be so lved  f o r  Xc ,  t h e  motion of t h e  c a r r i a g e ,  v i z . :  

and on s u b s t i t u t i n g  f o r  X i n  Equat ion ( 7 b ) ,  t h e  fo l lowing  r e s u l t  i s  
C 

o b t a i n e d  f o r  Fw: 



S i n c e  we a r e  n o t  r e a l l y  i n t e r e s t e d  i n  s e p a r a t i n g  t h e  dynamic e f f e c t s  of 

D and Dc,  t hey  can be lumped t o g e t h e r  a s  a  machine modulus, Dm, i . e . ,  
3 

Equat ion (7c) becomes 

Though we now have t h e  governing e q u a t i o n ,  t h e  i n t e r e s t  a t  t h i s  

p o i n t  i s  n o t  i n  t h e  motion of t h e  s p i n d l e ,  Xhy b u t  r a t h e r  i n  t h e  measure- 

ment of F  . Thus f a r ,  t h e  f o r c e  measured by t h e  t e s t  machine, 
W 

Fm, does  

n o t  show up i n  t h e  equa t ion .  It can on ly  be ob ta ined  by d e f i n i n g  how i t  

i s  measured, which i n  t u r n  i s  dependent on t h e  method by which t h e  

t r a n s d u c e r  i s  c a l i b r a t e d .  

3 . 1  C a l i b r a t i o n  

The f o r c e  measurement i n  t h e  test machine i s  o b t a i n e d  by means of 

s t r a i n  gauge measurements of d e f l e c t i o n s  i n  t h e  t r a n s d u c e r  f l e x u r e s .  In 

terms of t h e  model shown i n  F igure  5, F i s  p r o p o r t i o n a l  t o  (3 - Xc), m 
t h a t  i s  

where C i s  t h e  c a l i b r a t i o n  f a c t o r  which i s  a  c o n s t a n t  f o r  a  s t a t i c  c a l i b r a -  

t i o n ,  o r  a  f u n c t i o n  of f requency i n  t h e  c a s e  of dynamic c a l i b r a t i o n .  

Concep tua l ly ,  c a l i b r a t i o n  i s  achieved by imposing a  known f o r c e  

( a  c a l i b r a t i o n  f o r c e ,  
F c a l  ) i n  p l a c e  of t h e  t i r e / w h e e l  assembly t o  

e s t a b l i s h  t h e  c o r r e c t  s c a l e  f o r  t h e  measured v a l u e ,  F  . The c a l i b r a t i o n  
m 

p r o c e s s  i s  r e p r e s e n t e d  i n  t h e  model by s u b s t i t u t i n g  a  c a l i b r a t i o n  f o r c e ,  

F c a l  f o r  t h e  wheel e x c i t a t i o n  f o r c e ,  Fw. Combining Equat ions  ( 7 d ) ,  ( 8 c ) ,  

and ( 9 )  t o  e l i m i n a t e  Xh and Xc:  



The c a l i b r a t i o n  i s  then  simply t h e  de te rmina t ion  of a v a l u e  f o r  C such 

t h a t  F - 
m - F c a l  The c o r r e c t  c a l i b r a t i o n  f a c t o r  i s  obv ious ly :  

The bracketed terms a r e  complex q u a n t i t i e s  whose ampl i tude and 

phase a r e  frequency dependent,  thus  i l l u s t r a t i n g  t h e  need f o r  dynamic 

c a l i b r a t i o n .  However, a t r u e  dynamic c a l i b r a t i o n  i s  n o t  p o s s i b l e .  Thus 

t h e  v a r i o u s  a l t e r n a t i v e  c a l i b r a t i o n  methods a r e  analyzed below t o  i d e n t i f y  

t h e i r  e r r o r  sources .  

a )  S t a t i c  C a l i b r a t i o n .  The wheel i s  removed (D =0) and a r e f e r -  
W 

ence load  c e l l  is  used t o  impose F s t a t i c a l l y .  Thence, each modulus 
c a l  

has  i t s  zero  frequency v a l u e  ( i n d i c a t e d  by a "0" s u b s c r i p t ) ,  and Equation 

(10) t a k e s  t h e  form: 

S e t t i n g  Fm = 
F c a l  

i n  t h e  c a l i b r a t i o n  y i e l d s :  

S u b s t i t u t i n g  t h i s  v a l u e  f o r  "C" back i n t o  Equation (10) then y i e l d s  

t h e  express ion  f o r  t h e  f o r c e  measured by t h e  t e s t  machine: 



From t h i s  e q u a t i o n ,  i t  i s  c l e a r  t h a t ,  i n  g e n e r a l ,  t h e  measured f o r c e  w i l l  

n o t  be e q u a l  t o  t h e  nonuniformity  f o r c e  w i t h i n  t h e  t i r e l w h e e l  assembly f o r  

s e v e r a l  r e a s o n s :  

1) The c a l i b r a t i o n  f a c t o r  i s  a r e a l  c o n s t a n t ,  whereas t h e  

dynamics r e p r e s e n t e d  by t h e  denominator va ry  i n  ampl i tude 

and phase a n g l e  w i t h  f requency.  

2) The p resence  of t h e  wheel modulus i n  t h e  denominator t e n d s  

t o  a t t e n u a t e  t h e  measured f o r c e  even a t  z e r o  f requency.  

Its e f f e c t  can be e s t i m a t e d  f o r  t h e  r a d i a l  f o r c e  d i r e c t i o n  

a t  ze ro  f requency by making t h e  assumptions  

D = t i r e  s p r i n g  r a t e  = 
W Kw 

Dl = t r a n s d u c e r  mass p r o p e r t y  0 

D = machine s t a t i c  s t i f f n e s s  >> D 
m 2 

D2 = t r a n s d u c e r  f l e x u r a l  s t i f f n e s s  

Then 

From t h i s  e q u a t i o n  i t  i s  e v i d e n t  t h a t ,  i f  t h e  t r a n s d u c e r  s t i f f n e s s  i s  on ly  

an  o r d e r  of magnitude g r e a t e r  t h a n  t h e  t i r e  s p r i n g  r a t e  ( e  , D2 = 1 0  Kw), 

t h e  measured f o r c e  w i l l  have approximately  a 10% e r r o r .  I n  p r a c t i c a l  

t e rms ,  Equat ion (15) would i n d i c a t e  t h a t  f o r  measurements on d u a l  t i r e  

a s s e m b l i e s ,  which have a nominal s t i f f n e s s  of 10,000 l b / i n ,  t h e  t r a n s d u c e r  

s t i f f n e s s  must be a t  l e a s t  1,000,000 l b / i n  f o r  e r r o r s  no g r e a t e r  than  1%. 

(This  e r r o r  a n a l y s i s  was t h e  b a s i s  f o r  t h e  t e s t  machine s t i f f n e s s  spec i -  

f i c a t i o n s  developed by t h i s  I n s t i t u t e  [ 6 ]  .) 

A s  an a l t e r n a t i v e ,  one might sugges t  a s t a t i c  c a l i b r a t i o n  p r o c e s s  

i n  which t h e  wheel i s  l e f t  i n  p l a c e  and loaded a g a i n s t  t h e  drum t o  add t h e  

s t i f f n e s s ,  D t o  t h e  c a l i b r a t i o n  f a c t o r  o b t a i n e d .  Aside from t h e  compli- 
wo ' 

c a t i o n  t h a t  t h e  s t a t i c  c a l i b r a t i o n  equipment would have t o  be redes igned  t o  

accommodate t h i s  p rocedure ,  on ly  an  approximate c o r r e c t i o n  is  ob ta ined  

because t h e  s t a t i c  t i r e  s p r i n g  r a t e  d i f f e r s  from i t s  v a l u e  when r o l l i n g .  



With a  s t a t i c  c a l i b r a t i o n  a p p l i e d ,  t h e  numerator of Equation (14) 

is  simply a  c o n s t a n t  and t h e  measured f o r c e  w i l l  be equa l  t o  t h e  wheel 

e x c i t a t i o n  f o r c e ,  
Fw' 

times a  complex f u n c t i o n  r e p r e s e n t i n g  t h e  response 

of t h e  system. That complex f u n c t i o n  may be considered a  response func- 

t i o n  having a  g a i n  and phase i n f l u e n c e  dependent on temporal  f requency.  

An example o f  t h e  response f u n c t i o n  g a i n  f o r  t h e  r a d i a l  d i r e c t i o n  of a  

d u a l  wheel assembly on t h e  MTS Tes t  Machine i s  shown i n  F igure  6a. The g a i n  

i s  measured a s  t h e  t r a n s f e r  f u n c t i o n  between t h e  i n p u t  of a  h y d r a u l i c  e x c i t e r  

a p p l i e d  t o  t h e  wheel i n  t h e  r a d i a l  f o r c e  d i r e c t i o n  and t h e  machine-measured 

r a d i a l  f o r c e  ou tpu t .  The response f u n c t i o n  shows r e g i o n s  of h igh g a i n  

a s s o c i a t e d  w i t h  modal resonances  of t h e  system. The lowest  peak a t  about 

35 Hz is  a  resonance a s s o c i a t e d  w i t h  t h e  wheel mass and t h e  r a d i a l  s t i f f n e s s  

of t h e  t r ansducer .  The h i g h e r  f requency resonances  r e p r e s e n t  more complex 

modes. The e f f e c t  of t h e s e  resonances i s  t o  cause  t h e  t r ansducer  measure- 

ment g a i n  t o  v a r y  w i t h  frequency. F igure  6b i l l u s t r a t e s  t h e  e f f e c t  on t h e  

measured ampl i tude of r a d i a l  f o r c e  v a r i a t i o n s  i n  a  wheel assembly by a  

s p e c t r a l  map of t h e  amplitude a s  t h e  wheel i s  run  a t  d i f f e r e n t  speeds .  A s  

e v i d e n t  on t h e  map, t h e  measured f o r c e s  r e f l e c t  t h e  system resonances  by 

i n c r e a s e s  i n  ampl i tude a t  speeds  where they  i n d i v i d u a l l y  t u n e  t o  t h e  

resonan t  modes. 

b )  Dynamic C a l i b r a t i o n .  I n  o r d e r  t o  c o r r e c t  f o r  t h e  i n f l u e n c e  of 

dynamic behavior  on t h e  measured f o r c e  a s  shown above, a  dynamic c a l i b r a t i o n  

may be cons idered ,  The p rocess  i s  s i m i l a r  t o  s t a t i c  c a l i b r a t i o n  except  

t h a t  t h e  c a l i b r a t i o n  i n p u t  f o r c e  i s  swept through f requency and C i s  measured 

a s  a  f u n c t i o n  of f requency,  w. The c a l i b r a t i o n  f a c t o r ,  C ,  t hen  has f r e -  

quency-dependent amplitude and phase p r o p e r t i e s .  I n  i t s  genera l i zed  form: 

The v a l u e  of Dw depends on whether t h e  wheel i s  p r e s e n t  dur ing  t h e  c a l i b r a -  

t i o n  and whether i t  i s  loaded a g a i n s t  t h e  drum. I n  e f f e c t ,  t h e  dynamic 

measurement of C i s  p a r t  of what i s  o f t e n  c a l l e d  "dynamic c h a r a c t e r i z a t i o n . "  

When a p p l i e d  a s  a  c o r r e c t i o n  t o  t h e  measured f o r c e ,  i t  i s  c a l l e d  "dynamic 

compensation. ' '  I n  t h i s  c a s e ,  t h e  d e s c r i b i n g  e q u a t i o n  t a k e s  t h e  form 
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F i g u r e  6. E f f e c t  of  t i r e  test  machine dynamics on f o r c e  measurements. 



shown below, where t h e  s u b s c r i p t  "C" denotes  t h e  dynamic modulus p r e s e n t  

i n  t h e  c a l i b r a t i o n  p r o c e s s ,  i. e. , 

Now, Equation (17) would i n d i c a t e  v a l i d  f o r c e  measurements i f  t h e  dynamic 

p r o p e r t i e s  dur ing  t e s t i n g  a r e  i d e n t i c a l  t o  those  dur ing  c a l i b r a t i o n .  To 

ach ieve  t h i s ,  t h e  wheel must be mounted d u r i n g  c a l i b r a t i o n ,  and i d e a l l y ,  

even r o l l i n g  t o  e x h i b i t  t h e  p roper  s t i f f n e s s  p r o p e r t i e s .  I n  t h a t  c a s e ,  

t h e  wheel i s  imposing i t s  own e x c i t a t i o n ,  
Fw' d u r i n g  t h e  c a l i b r a t i o n  pro- 

c e s s ;  a l though  t h e o r e t i c a l l y  i t  can be s e p a r a t e d  o u t  because i t  i s  

u n c o r r e l a t e d  w i t h  t h e  c a l i b r a t i o n  s i g n a l .  

Applied i n  t h i s  manner, t h e  dynamic c a l i b r a t i o n  does e l i m i n a t e  

machine and t i r e  dynamic e f f e c t s  from t h e  measured f o r c e  (a l though ,  uninten- 

t i o n a l l y ,  a l s o  i n c l u d i n g  t i r e  modal resonances ) .  However, a  test of t h i s  

approach on t h e  machine has revea led  two major shortcomings t o  i t s  p r a c t i c a l  

implementation.  One, t h e  dynamic c h a r a c t e r i z a t i o n  p rocess  t ends  t o  be 

q u i t e  l eng thy  and time-consuming. Second, t h e  dynamic behavior  i s  q u i t e  

s e n s i t i v e  t o  t h e  o p e r a t i n g  c o n d i t i o n s - s p e c i f i c a l l y ,  t h e  t i r e ,  i n f l a t i o n  

p r e s s u r e ,  l o a d ,  c a r r i a g e  p o s i t i o n ,  and o t h e r  l e s s e r  v a r i a b l e s .  I n  p a r t i -  

c u l a r ,  t h e  resonances  have a  h igh  ampl i tude and narrow bandwidth, making 

i t  d i f f i c u l t  t o  compensate a c c u r a t e l y .  F igure  7 i l l u s t r a t e s  t h e  problem, 

showing t h e  response  i n  t h e  r a d i a l  ( z ) ,  l a t e r a l  ( y ) ,  and t r a c t i v e  (x) 

d i r e c t i o n s  under r a d i a l  e x c i t a t i o n .  When c o r r e c t i n g  f o r  ampl i tude r a t i o s  

on t h e  o r d e r  of 1 0 : l  o r  20:1, good accuracy is d i f f i c u l t  t o  ach ieve  because 

a  s h i f t  i n  t h e  resonan t  f requency of on ly  1-2 Hz causes  l a r g e  e r r o r s .  A t  

b e s t ,  t h e  technique i s  on ly  reasonab le  a t  f r e q u e n c i e s  f a r  from t h e  

resonances ,  which i n  t h i s  c a s e  limits t h e  u s a b l e  range t o  20 Hz and below. 
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F i g u r e  7 .  Forces  measured i n  t h e  r a d i a l  ( F , ) ,  l a t e r a l  (F ) ,  and 
t r a c t i v e  (Fx) f o r c e  d i r e c t i o n s  on t h e  t e s t  rnaczine 
w i t h  r a d i a l  e x c i ' t a t i o n  on ly .  



3 . 2  Cross-Axis Dynamics 

The f u l l  s t o r y  of machine dynamic i n t e r a c t i o n  i s  n o t  e n t i r e l y  repre-  

s e n t e d  by t h e  dynamic e f f e c t s  on t h e  i n d i v i d u a l  axes  a s  r e f l e c t e d  i n  F igure  

6 ,  but  a l s o  invo lves  cross-coupl ing between a x e s ,  a s  ev iden t  i n  F igure  7 .  

Because t r a n s d u c e r  manufacturers  a r e  n o t  a b l e  t o  c o n s t r u c t  load  t r a n s d u c e r s  

t h a t  respond p u r e l y  t o  t h e  i n d i v i d u a l  axes ,  t h e  measurement on each a x i s  

i n c l u d e s  some i n t e r a c t i o n  from t h e  o t h e r  axes  (whether ins t rumented f o r  

measurement o r  n o t )  known a s  c r o s s - t a l k .  On t h e  o t h e r  hand, t h e  p resence  

of compliance w i t h i n  t h e  t r a n s d u c e r  o r  machine w i l l  a l l o w  mechanical  c ross -  

coupl ing of f o r c e s  between axes  through t h e  t i r e l w h e e l  assembly under t e s t  

by means t h a t  w i l l  be d i scussed  l a t e r .  Cross-coupling w i t h i n  t h e  wheel 

assembly i t s e l f  i s  t o  be expected and i s  one of t h e  q u a n t i t i e s  t o  be 

measured a s  a p a r t  of t h e  nonuniformity  e f f e c t .  However, w i t h  a compliant 

t r ansducer  e x h i b i t i n g  mechanical  i n t e r a c t i o n  between a x e s ,  a d d i t i o n a l  c ross -  

coupl ing phenomena w i l l  occur  and add t o  t h e  measurement e r r o r s .  

To unders tand t h e s e  e f f e c t s  s y s t e m a t i c a l l y ,  a genera l i zed  c ross -  

coupl ing model i s  shown i n  F igure  8 f o r  t h e  x t r a n s l a t i o n  a x i s .  The system 

has  f i v e  degrees  of f r e e d o r t h r e e  t r a n s l a t i o n  and two r o t a t i o n .  (The s p i n  

a x i s  r o t a t i o n ,  6 i s  decoupled from t h e  t r a n s d u c e r  by t h e  wheel bear ings  
Y '  

and i s  hence n e g l e c t e d . )  

I n  t h e  f i g u r e ,  c ross -ax i s  dynamics a r e  represen ted  v i a  two mechan- 

isms. F i r s t ,  d isplacements  a long one a x i s  induce a f o r c e  a long  ano ther  

through i n e r t i a l  o r  t i r e  f l e x u r a l  r e a c t i o n s .  These a r e  mechanical  cross-  

coupl ing e f f e c t s .  On t h e  t e s t  machine, f o r  example, a r a d i a l  f o r c e  bends 

t h e  c a n t i l e v e r e d  t ransducer  so  a s  t o  cause  an o v e r t u r n i n g  r o t a t i o n ,  0 . 
X 

The l a t e r a l  movement a t  t h e  t i r e  c o n t a c t  pa tch  then  g e n e r a t e s  a l a t e r a l  

f o r c e .  Hence, F and F f o r c e s  a r e  c l o s e l y  coupled and t h e  presence of one 
Z Y 

i n  t h e  t i r e l w h e e l  assembly r e s u l t s  i n  t h e  measurement of both  on t h e  t e s t  

machine. Th is  phenomenon i s  a p p r o p r i a t e l y  c a l l e d  dynamic cross-coupl ing 

and i s  r e f l e c t e d  i n  t h e  model by t h e  cross-coupl ing moduli D D , e t c .  w'  xz 
Secondly, due t o  t h e  i m p e r f e c t i o n s  i n  f a b r i c a t i o n  of t h e  t r a n s d u c e r ,  loads  

imposed a long  one a x i s  w i l l  f i c t i c i o u s l y  r e g i s t e r  on o t h e r  axes  ( i . e . ,  

t r a n s d u c e r  c r o s s - t a l k ) .  Inasmuch a s  t h e  source  of t h e  c r o s s - t a l k  s i g n a l  
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i s  s t r a i n  i n  t h e  f l e x u r e s  of t h e  loaded a x i s ,  t h e  magnitude of t h e  c ross -  

t a l k  s i g n a l  de r ived  from t h e  loaded a x i s  should always be p r o p o r t i o n a l  t o  

t h e  primary s i g n a l  on t h a t  a x i s .  Hence, c r o s s - t a l k  i s  n o t  a d i r e c t  mani- 

f e s t a t i o n  of machine dynamic i n t e r a c t i o n s ,  bu t  simply an  e r r o r  i n  t h e  a b i l i t y  

t o  c o r r e c t l y  r e s o l v e  t h e  f o r c e  axes  i n t o  t h e  d e s i r e d  o r thogona l  system. 

The c r o s s - t a l k  e f f e c t s  themselves have no dynamic behavior  below t h e  

resonan t  f r e q u e n c i e s  of t h e  f l e x u r e s .  Hence, t h e  a p p l i c a t i o n  of s t a t i c  

c r o s s - t a l k  compensation p r o p e r l y  c o r r e c t s  f o r  t h e  c r o s s - t a l k  i n t e r a c t i o n s  

r e p r e s e n t e d  by t h e  dashed l i n e s  and C C e t c . ,  c o e f f i c i e n t s  shown i n  
XY' xz '  

t h e  f i g u r e .  

The proof t h a t  c r o s s - t a l k  i s  independent of dynamics i s  d i f f i c u l t  t o  

demonstra te  on a t r a n s d u c e r  w i t h  mechanical  cross-coupl ing,  f o r  tests of 

j u s t  t h e  t r a n s d u c e r  a lone  w i l l  always mani fes t  some mechanical  c ross -  

coup l ing  through t h e  mass of t h e  f i x t u r e s  through which t h e  load  i s  a p p l i e d .  

The cross-coupl ing e f f e c t s  d e r i v i n g  from t h e  cross-coupl ing moduli 

i n  F igure  8 a r e  dependent on t h e  a b s o l u t e  displacements  on each a x i s  a t  t h e  

wheel s p i n d l e  l o c a t i o n .  Rederiving t h e  governing equa t ions  e q u i v a l e n t  t o  

t h e  e a r l i e r  Equat ions  ( 7 )  and (8 )  f o r  t h e  cross-coupl ing model i n  F igure  8 

l e a d s  t o  r e s u l t s  of t h e  fo l lowing  form: 

D 0 
xex x 



where a  modulus w i t h  a  s i n g l e  s u b s c r i p t  (of t h e  form Di) i s  t h e  dynamic 

c o e f f i c i e n t  f o r  a x i s  "i" ( i = x , y , z ,  ex  o r  02) and 

A modulus w i t h  a  double s u b s c r i p t  ( t h e  form D . . )  i s  t h e  cross-coupl ing 
1J 

dynamic modulus f o r  a x i s  "j" on "i." Also i n  t h e  above equa t ions :  

xh,yh , zh = hub t r a n s l a t i o n a l  d e f l e c t i o n s  

ex,  ez = hub r o t a t i o n a l  d e f l e c t i o n s  

The above e q u a t i o n s  r e l a t e  t h e  f o r c e s  on each a x i s  t o  t h e  d e f l e c t i o n s  

on a l l  axes .  From Equat ions  (8c)  and ( 9 )  i t  can be  shown t h a t  t h e  de f lec -  

t i o n  a long each a x i s  i s  r e l a t e d  t o  t h e  f o r c e  measured on t h e  a x i s  by an  

e q u a t i o n  of t h e  form shown below f o r  t h e  x - d i r e c t i o n .  

The Equat ions  (18) can then  be  reduced t o  a r e l a t i o n s h i p  between f o r c e s ,  

i . e .  : 



Note t h a t  a  symmetric m a t r i x  i s  e v i d e n t  i n  t h e  e q u a t i o n a l  r e l a t i o n -  

s h i p s .  The c o e f f i c i e n t s  on t h e  main d iagona l  a r e  ob ta ined  from s u b s t i t u t i o n  

of Equat ions  (19) and (20) i n t o  Equat ion (18) and have t h e  form a s  shown 

h e r e  f o r  t h e  x - d i r e c t i o n :  

The e x p r e s s i o n  f o r  o t h e r  c o e f f i c i e n t s  on t h e  main d i a g o n a l  can be ob ta ined  

from Equat ion (22) by s u b s t i t u t i n g  o t h e r  d i r e c t i o n  i n d i c e s  f o r  t h e  sub- 

s c r i p t  "x". It may be  recognized t h a t  t h e  d i a g o n a l  c o e f f i c i e n t s  r e f l e c t  

t h e  r e l a t i o n s h i p  between t h e  a p p l i e d  and measured f o r c e s  on a  given a x i s  

a s  i n f l u e n c e d  by v i b r a t i o n s  on t h a t  a x i s  ( t h e  f i r s t  t h r e e  terms i n  t h e  

b r a c k e t s ) ,  as w e l l  as a d d i t i o n a l  f o r c e s  imposed on t h e  primary a x i s  a s  a  

r e s u l t  of t h e  c o n s t r a i n t  of i t s  motion by mechanical  cross-coupl ing t o  t h e  

o t h e r  axes .  

The o f f -d iagona l  c o e f f i c i e n t s  r e p r e s e n t  t h e  i n f l u e n c e  of c ross -  

coupled motions on t h e  a l t e r n a t e  a x e s ,  and have t h e  form: 

where 

i i s  t h e  primary a x i s ,  and 

j i s  t h e  a l t e r n a t e  a x i s  

The o f f -d iagona l  c o e f f i c i e n t s  r e f l e c t  t h e  f o r c e s  imposed on a  pr imary a x i s  

due t o  motions on t h e  o t h e r  a x e s ,  and p r o v i d e  t h e  p a t h  f o r  dynamic reson- 

ances  on one a x i s  t o  appear  on o t h e r s .  

Reduced t o  t h i s  form, i t  i s  now p o s s i b l e  t o  e v a l u a t e  t h e  complexi ty  

of compensation f o r  cross-coupl ing e f f e c t s .  Mathemat ical ly ,  t h e  p r o c e s s  

is  one of e v a l u a t i n g  t h e  15 c o e f f i c i e n t s  f o r  Equat ions  (21a-e) and then  

o p e r a t i n g  on t h e  measured d a t a  t o  y i e l d  c o r r e c t e d  e s t i m a t e s  f o r  t h e  wheel 

f o r c e  q u a n t i t i e s .  (Note t h a t  i n  p r a c t i c e ,  Fw i s  t h e  i n p u t  and Fm is  t h e  



o u t p u t ,  so  t h a t  a m a t r i x  i n v e r s i o n  o p e r a t i o n  i s  r e q u i r e d  t o  o b t a i n  t h e  

c o e f f i c i e n t s  f o r  Equation (21) . )  The main d iagona l  c o e f f i c i e n t s ,  a s  g iven 

i n  Equation (22) ,  r e p r e s e n t  t h e  dynamic c h a r a c t e r i z a t i o n  f o r  each a x i s .  

I n  t h i s  case ,  t h e  dynamic behavior  i s  f u r t h e r  modified by t h e  cross-coupl ing 

moduli r e f l e c t i n g  i n e r t i a l  p r o p e r t i e s  of t h e  wheel as w e l l  a s  t h e  c ross -  

coupl ing s t i f f n e s s  de r ived  from i t s  c o n t a c t  w i t h  t h e  drum. Gyroscopic 

e f f e c t s  and t i r e  r e l a x a t i o n  l e n g t h  e f f e c t s  t h e r e f o r e  become invo lved ,  

sugges t ing  t h a t  speed assumes f i r s t - o r d e r  s i g n i f i c a n c e  i n  t h e  cross-coupl ing 

dynamics . 
The of f -d iagona l  terms e s s e n t i a l l y  r e p r e s e n t  f o r c e s  imposed on t h e  

primary a x i s  a s  t h e  r e s u l t  of d e f l e c t i o n s  on t h e  a l t e r n a t e  axes .  Their  

magnitude depends on bo th  t h e  cross-coupling moduli and t h e  ampl i tude of 

d e f l e c t i o n s  on t h e  o t h e r  axes .  These terms account  f o r  t h e  obvious cross-  

coupl ing of resonances  t o  o t h e r  measurement axes .  A s  was seen i n  F igure  7 ,  

e x c i t a t i o n  i n  t h e  z - d i r e c t i o n  r e v e a l s  a s h a r p  resonance a t  approximately 

37 Hz. Because t h i s  resonance i n v o l v e s  r o t a t i o n  i n  t h e  o v e r t u r n i n g  moment 

d i r e c t i o n ,  t h e  t i r e  a t t e m p t s  t o  move l a t e r a l l y  a t  t h e  c o n t a c t  pa tch .  When 

i n  c o n t a c t  w i t h  t h e  drum, an F f o r c e  i s  generated and measured, a s  was 
Y 

e v i d e n t  i n  t h e  f i g u r e .  When t h e  t i r e  i s  moved away from t h e  drum, t h e  F 
Y 

response e f f e c t i v e l y  d i s a p p e a r s ,  l e a v i n g  on ly  t h e  r e s i d u a l  component 

a s s o c i a t e d  w i t h  i n e r t i a l  cross-coupl ing e f f e c t s .  

The exper imenta l  procedure f o r  measuring t h e  dynamic cross-coupl ing 

e f f e c t s  necessa ry  f o r  comparison invo lves  two s t e p s .  One i s  t h e  dynamic 

c h a r a c t e r i z a t i o n  a long  each a x i s  e q u i v a l e n t  t o  determining t h e  c o e f f i c i e n t s  

on t h e  main d iagona l  (Eq.  ( 2 2 ) ) .  I n  e f f e c t ,  t h i s  r e l a t e s  t h e  measured 

f o r c e  t o  an i n p u t  f o r c e  on t h a t  a x i s  i n  t h e  presence of dynamic e f f e c t s  of 

t h e  m a c h i n e / t i r e  combination a long t h a t  a x i s .  I n  c o n t r a s t  t o  t h e  dynamic 

c a l i b r a t i o n  exp la ined  i n  t h e  preceding s e c t i o n ,  however, t h e  c h a r a c t e r i z a -  

t i o n  now i n c l u d e s  t i r e  s t i f f n e s s  e f f e c t s  on t h e  primary a x i s  de r ived  from 

cross-coupled motions on t h e  o t h e r  axes .  The t o t a l  of t h e s e  e f f e c t s  i s  

what would a c t u a l l y  be measured i n  an  a t t empt  t o  dynamically c h a r a c t e r i z e  

a p a r t i c u l a r  a x i s .  

The second s t e p  invo lves  c h a r a c t e r i z a t i o n  of t h e  cross-coupl ing of 

each a x i s  t o  t h e  primary axis--the off -diagonal  terms i n  Equation (21) .  



The c h a r a c t e r i z a t i o n  r e p r e s e n t s  t h e  t r a n s f e r  f u n c t i o n s  f o r  t h e  f o r c e  induced 

on t h e  pr imary a x i s  by d e f l e c t i o n s  on each of t h e  o t h e r  axes .  While t h i s  

would imply measurement of t h e  d e f l e c t i o n s  on a l l  a x e s ,  t h o s e  measurements 

a r e  n o t  necessa ry  b u t  can be deduced from t h e  f o r c e  measurements on t h e  

a l t e r n a t e  axes  ob ta ined  from t h e  t r a n s d u c e r  us ing  t h e  r e l a t i o n s h i p  g iven  

i n  Equat ion (20) .  

A s  w i t h  t h e  s i n g l e - a x i s  dynamic c a l i b r a t i o n  desc r ibed  i n  t h e  p rev ious  

s e c t i o n ,  a  v a l i d  compensation f o r  c r o s s - a x i s  dynamics n e c e s s i t a t e s  charac- 

t e r i z a t i o n  a t  a c t u a l  o p e r a t i n g  c o n d i t i o n s .  I n  a d d i t i o n  t o  t h e  recognized 

s e n s i t i v i t y  t o  i n d i v i d u a l  t i r e s ,  i n f l a t i o n  p r e s s u r e ,  l o a d ,  and c a r r i a g e  

p o s i t i o n ,  a f i r s t - o r d e r  s e n s i t i v i t y  t o  speed is  expected as w e l l .  F i n a l l y ,  

t o  accomplish t h e  compensation,  a l l  degrees  of freedom must be ins t rumented 

and employed. I n s t r u m e n t a t i o n  on t h e  o v e r t u r n i n g  moment a x i s  i s  a b s e n t  on 

t h e  Model 860 test machine t h u s  p r e c l u d i n g  t h e  implementat ion of t h i s  

p r o c e s s .  

3 .3  Summary of Machine Dynamic I n t e r a c t i o n s  

I n  summary, i t  i s  s e e n  t h a t  t h e  measurement of t h e  f o r c e  v a r i a t i o n s  

i n  a  t i r e l w h e e l  assembly u s i n g  a compliant  test machine has  t h e  p o t e n t i a l  

f o r  t h r e e  t y p e s  of e r r o r s ,  

1 )  S t a t i c  Force  A t t e n u a t i o n  - A t  t h e  l e v e l  of simply t r y i n g  t o  

measure f o r c e s  a t  v e r y  low s p e e d s ,  t h e  compliance of t h e  machine w i l l  

a t t e n u a t e  t h e  f o r c e  v a r i a t i o n s  produced by t h e  t i r e l w h e e l  assembly.  The 

e f f e c t  i s  d e s c r i b e d  by Equat ion (15) when t h e  primary compliance i s  i n  t h e  

t r a n s d u c e r :  

where 

D2 = t r a n s d u c e r  f l e x u r a l  s t i f f n e s s  

K = t i r e  s p r i n g  r a t e  
W 



For a ve ry  s t i f f  machine: 

For a ve ry  compliant machine: 

The above e q u a t i o n s  simply r e f l e c t  t h e  f a c t  t h a t  t h e  f o r c e  v a r i a t i o n  ob- 

s e r v e d  i s  p r o p o r t i o n a l  t o  t h e  s t i f f n e s s  of t h e  machine on which t h e  measure- 

ment i s  o b t a i n e d ,  and f o r  n e g l i g i b l e  e r r o r  t h e  machine must be nominal ly  

100 t imes s t i f f e r  than  t h e  t i r e l w h e e l  be ing  measured. 

2) Dynamic Resonances - I n  t h e  c a s e  of high-speed t e s t i n g  i n  which 

harmonic e x c i t a t i o n s  i n  t h e  t i r e l w h e e l  assembly approach t h e  resonan t  

f r e q u e n c i e s  of t h e  system, t h e  f o r c e s  imposed and measured on t h e  s p i n d l e  

may be  g r e a t l y  exaggera ted  o v e r  t h e  a c t u a l  e x c i t a t i o n  produced by t h e  

nonuniformity .  The behav ior  i s  d e s c r i b e d  by Equat ion ( 1 4 ) ,  which can be 

reduced t o  t h e  form: 

where 

C = c a l i b r a t i o n  f a c t o r  

Thus, t h e  measured f o r c e  w i l l  d i f f e r  from t h a t  a c t u a l l y  p r e s e n t  i n  t h e  

wheel i n  accordance w i t h  t h e  ampl i tude and phase p r o p e r t i e s  of t h e  o v e r a l l  

dynamic sys tem comprised of t h e  wheel and t h e  machine. The e r r o r  w i l l  v a r y  



with  frequency a s  was shown i n  F igure  6. By t h e  n a t u r e  of t h e i r  combina- 

t i o n  ( i n  t h e  denominator t e rm) ,  t h e  dynamic i n f l u e n c e s  of t h e  t i r e j w h e e l  

assembly and t h e  machine cannot be s e p a r a t e d .  The e f f e c t s  can on ly  be 

e l i m i n a t e d  by dynamic c a l i b r a t i o n s ,  i n  which p rocess  t h e  dynamic behavior 

i s  measured and a p p l i e d  a s  t h e  c a l i b r a t i o n  f a c t o r .  Because of t h e  v a r i a -  

t i o n s  i n  t h e  dynamics w i t h  t h e  test c o n d i t i o n s  (wheel l o a d ,  speed,  and 

i n f l a t i o n  p r e s s u r e ) ,  t h e  c o r r e c t i o n s  must be determined f o r  each t e s t  

cond i t ion .  

3) m a m i c  Cross-Coupling - When t h e  compliance p r o p e r t i e s  of a  

t e s t  machine permit  mechanical  cross-coupl ing between a x e s ,  i n t e r a c t i o n  of 

f o r c e s  w i l l  occur .  As c h a r a c t e r i z e d  i n  Equat ions  (18) - (23) ,  t h e  e f f e c t s  

a r e  dependent on: 

- t h e  dynamic resonances  i n  each d i r e c t i o n  ( i n c l u d i n g  a l l  
degrees  of freedom) 

- t h e  c ross -ax i s  d e f l e c t i o n  p r o p e r t i e s  of t h e  machine 

- t h e  s t i f f n e s s  p r o p e r t i e s  of t h e  t i r e l w h e e l  assembly. 

The consequence i s  c ross -ax i s  e x c i t a t a t i o n  of f o r c e s  ( i . e . ,  f o r c e  v a r i a -  

t i o n s  p r e s e n t  a long one a x i s  w i l l  e x c i t e  f o r c e s  a long o t h e r  a x e s ,  a s  shown 

i n  F igure  7 ) .  C o r r e c t i o n s  f o r  t h e s e  e f f e c t s  r e q u i r e  measurement of both  

t h e  cross-coupl ing p r o p e r t i e s  between a l l  axes  and t h e  dynamic behavior 

on each a x i s .  Because of t h e  v a r i a t i o n s  i n  t h e  dynamics w i t h  t h e  t e s t  con- 

d i t i o n ,  c o r r e c t i o n s  must be  determined f o r  each c o n d i t i o n ,  and i n  t h i s  case ,  

w i l l  be p a r t i c u l a r l y  s e n s i t i v e  t o  t h e  t e s t  speed.  



4.  DYNAMIC INTERACTIONS ON A VEHICLE 

The u l t ima te  need f o r  developing a systematic  treatment of dynamics 

i n  t he  preceding chapter is  t o  understand the  i n t e r a c t i o n s  of t he  t i r e /  

wheel assembly with a vehicle .  I t  is  wel l  recognized t h a t  the  high-speed 

force  v a r i a t i o n s  measured on a t i r e  t e s t  machine a r e  not equivalent  t o  the 

force  v a r i a t i o n s  produced on the  ax l e  of a vehic le .  I n  t h i s  chapter ,  an 

a n a l y s i s  of t he  wheel /vehicle  system w i l l  be performed t o  c l a r i f y  the  

mechanisms involved. Both a n a l y t i c a l  and experimental da ta  w i l l  be used 

t o  i l l u s t r a t e  the  r e s u l t s .  Though these da t a  a r e  inadequate t o  f u l l y  

quant i fy  the phenomena of i n t e r e s t ,  they i d e n t i f y  c e r t a i n  d i f f i c u l t i e s  t h a t  

must be accommodated i n  t he  design of a method f o r  experimentally measuring 

vehic le  s e n s i t i v i t y  t o  t i r e /whee l  exc i t a t i on .  

4 .1  Linear Model 

A wheel mounted on the  ax l e  of a veh ic l e  i s  a n a l y t i c a l l y  s imi l a r  t o  

t he  wheel/machine models described i n  the  previous chapter .  To i l l u s t r a t e  

t he  i n t e r a c t i o n  between a wheel and the  veh ic l e ,  consider t he  dynamic model 

shown i n  Figure 9 .  The veh ic l e  from the  ax le  up is  represented by a "7;" 

model. Fh and , r e spec t ive ly ,  represent  the  fo rce  and motion a t  the hub 

of the wheel which i s  input  t o  the ax l e  or  sp indle  of the  veh ic l e .  Xm 
represents  motion of i n t e r e s t  a t  another  po in t  on the  veh ic l e ,  f o r  example, 

a t  t h e  d r i v e r ' s  s e a t .  

The nodal equations can be w r i t t e n  f o r  t h i s  model, and a t  the ax l e  

takes t h e  form: 

A t  the  nodal point  def in ing  X : 
m 



Figure 9. Dynamic model for a nonuniform tire/wheel assembly mounted 
on a truck. 



The l a s t  e q u a t i o n  r e l a t e s  motions of i n t e r e s t  on t h e  v e h i c l e ,  X t o  those  
m ' 

a t  t h e  hub, %. They a r e  r e l a t e d  by a  t r a n s f e r  modulus, DT, e q u i v a l e n t  t o  

a  t r a n s m i s s i b i l i t y  f u n c t i o n ,  i . e . ,  

It is e q u a l l y  of i n t e r e s t  t o  cons ider  t h e  fo rce /mot ion  r e l a t i o n s h i p s  

a t  t h e  hub inasmuch a s  i t  i s  t h e  p o i n t  of i n p u t  f o r  t i r e l w h e e l  nonuniformity  

e f f e c t s .  The i n p u t  f o r c e  a t  t h e  hub s e r v i n g  t o  e x c i t e  t h e  dynamic system 

i s  t h e  nonuniformity  f o r c e ,  F . Combining Equat ions  ( 2 5 )  and (26 )  t o  
W 

e l i m i n a t e  X l e a d s  t o  t h e  r e l a t i o n s h i p :  m 

where 

D = d r i v i n g  p o i n t  modulus of t h e  t i r e i w h e e l  assembly 
W 

a t  i t s  hub 

DA = 
d r i v i n g  p o i n t  modulus a t  t h e  a x l e  o r  s p i n d l e  of 

t h e  v e h i c l e .  

Note t h a t  t h e  fo rce /mot ion  r e l a t i o n s h i p  i s  determined by t h e  a l g e b r a i c  

summation o f  t h e s e  two s t i f f n e s s e s  and i s  compat ible  w i t h  t h e  n o t i o n  t h a t  

t h e  s t i f f n e s s  observed a t  t h e  hub of a  v e h i c l e  i s  s imply t h e  t o t a l  of t h e  

c o n t r i b u t i o n s  from t h e  t i r e l w h e e l  assembly and from t h e  v e h i c l e .  

Though d e s c r i b e d  h e r e  a s  a  modulus ( s t i f f n e s s ) ,  t h e s e  p r o p e r t i e s  of 

a  v e h i c l e  a r e  o f t e n  c h a r a c t e r i z e d  by t h e  r e c i p r o c a l  v a r i a b l e ,  Xh/Fw, repre -  

s e n t i n g  t h e  motion response  t o  f o r c e  i n p u t .  The v a r i a b l e  i s  t h e  recep tance  

o r  compliance,  and can be f u r t h e r  r e l a t e d  t o  motion a t  o t h e r  p o i n t s  on t h e  

v e h i c l e  a s  f o l l o w s :  



The quan t i t y  "X /F I t  may be considered a s  a  t r a n s f e r  receptance o r  t rans-  
m w  

f e r  compliance. Transfer  i ne r t ance ,  r e l a t i n g  acce l e ra t ions  on the  veh ic l e ,  .. 
X t o  t he  e x c i t a t i o n  f o r c e  of t he  wheel, a r e  only a  t ransformation of t he  
m y  

compliance func t ion ,  i . e .  , 

Equations ( 2 7 ) ,  ( 2 9 ) ,  (30), and (31) descr ibe  a l l  t he  p rope r t i e s  of 

i n t e r e s t  wi th  respec t  t o  the  veh ic l e  and i t s  response t o  t i r e /whee l  non- 

uniformity e x c i t a t i o n .  Note t h a t  t he  v e h i c l e  behavior i s  charac te r ized  by 

th ree  complex funct ions:  

1) Transmis s ib i l i t y  from the  wheel hub t o  the  sprung mass, T 

2 )  The dynamic modulus of t h e  wheel, D 
W 

3 )  The dynamic modulus of t h e  a x l e  o r  sp ind le ,  D~ 

In  p r a c t i c e ,  the  number of v a r i a b l e s  required t o  f u l l y  cha rac t e r i ze  a  veh ic l e  

a r e  mul t ip les  of t h i s  number when mul t ip le  wheel p o s i t i o n s ,  mu l t ip l e  vibra-  

t i o n  d i r e c t i o n s ,  and mul t ip le  po in t s  of i n t e r e s t  on the  veh ic l e  ( i . e . ,  

s e a t i n g  loca t ions )  a r e  considered. 

I n  cha rac t e r i z ing  the  veh ic l e ,  i t  has not been necessary to  inc lude  

the  f o r c e ,  Fh, which i s  the  force  v a r i a t i o n  experienced a t  the ax l e  ( i . e . ?  

t h e  dynamic load imposed a t  the  wheel bea r ings ) .  It i s  c r i t i c a l  t o  d is -  

t i ngu i sh  between t h e  forces  F and F because F i s  t he  f o r c e  v a r i a t i o n  pre- w h  w 
s e n t  i n  t he  t i r e /whee l  assembly which serves  t o  e x c i t e  the  dynamic system, 

whereas F i s  a  f o r c e  r e s u l t i n g  from t h e  dynamic behavior.  The fo rces  a r e  h  
not  equiva len t  but  a r e  r e l a t e d  by the  equat ion:  



The comparison of t h e s e  f o r c e s  w i l l  be  i l l u s t r a t e d  i n  t h e  nex t  s e c t i o n  f o r  

in fo rmat ion  purposes.  However, t h e  f o r c e  on t h e  a x l e ,  F  i s  of l i t t l e  
h  ' 

u t i l i t y ,  i n  g e n e r a l .  Ra ther ,  i n  t h e  i n t e r e s t  of c l a r i t y  i n  d e s c r i b i n g  and 

communicating t h e s e  dynamic phenomena, t h e  a n a l y s t  should t h i n k  i n  terms 

of t h e  e x c i t a t i o n  f o r c e ,  5' of i n t e r e s t  a s  t h e  measure of t i r e / w h e e l  non- 

un i fo rmi ty  and t h e  r e l e v a n t  i n p u t  t o  t h e  v e h i c l e .  

4.2 Examples of W h e e l / ~ e h i c l e  Dynamic Behavior 

The g e n e r a l  behae io r  of t h e  dynamic system comprised of a  nonuniform 

wheel on a  v e h i c l e  can b e  q u a n t i f i e d  e i t h e r  by exper imenta l ly  measuring 

t h e  p r o p e r t i e s  j u s t  desc r ibed  o r  by examining a n a l y t i c a l  models, such as 

t h e  q u a r t e r - v e h i c l e  model shown i n  F igure  10 .  I n  t h e  model, M i s  t h e  

sprung mass moving w i t h  displacement  X of i n t e r e s t  a s  t h e  v i b r a t i o n  inpu t  
m 

t o  t h e  d r i v e r .  The unsprung mass i s  separa ted  i n t o  a  component, 
Ma' 

r e p r e s e n t i n g  t h e  a x l e  mass, and M r e p r e s e n t i n g  t h e  wheel mass. Both move 
w ' 

w i t h  displacement ,  3, w i t h  t h e  f o r c e  between them, F e q u i v a l e n t  t o  t h e  
h  ' 

v e r t i c a l  load  c a r r i e d  by t h e  wheel b e a r i n g s .  

The e q u a t i o n s  of motion can be solved f o r  a  s i n u s o i d a l  f o r c e  inpu t  

a t  t h e  wheel,  Fw. Typica l  examples w i l l  be shown h e r e  f o r  purposes of 

i l l u s t r a t i o n ,  us ing  model parameters  r e p r e s e n t a t i v e  of a  well-damped motor 

v e h i c l e  ( i . e . ,  w i t h  a  sprung mass n a t u r a l  f requency of 1 . 5  Hz, an  unsprung 

mass n a t u r a l  frequency of 12 Hz, and a  damping l e v e l  t h a t  i s  approximately 

35 p e r c e n t  of c r i t i c a l )  . 
Consider f i r s t  t h e  magnitude r a t i o  of t h e  a x l e  f o r c e  t o  t h e  non- 

un i fo rmi ty  e x c i t a t i o n  f o r c e  (F /F from Eq. (32) )  a s  shown i n  F igure  11. 
h w  

A t  ze ro  f requency,  t h e  a x l e  modulus i s  z e r o ,  hence s o  is t h e  r a t i o .  

P h y s i c a l l y ,  t h i s  corresponds t o  t h e  f a c t  t h a t  t h e  a x l e  load  a t  zero  f r e -  

quency is  i t s  s t a t i c  v a l u e ,  and any a t t empt  t o  va ry  t h e  f o r c e  a t  t h i s  p o i n t  

w i l l  produce an i n f i n i t e  d isplacement  of t h e  v e h i c l e .  Approaching 1 Hz, 

t h e  f o r c e  r a t i o  r i s e s  due t o  resonance of t h e  sprung mass. However, because 

t h e  suspension s t i f f n e s s  is  much l e s s  than t h a t  of t h e  t i r e ,  much of t h e  

e x c i t a t i o n  f o r c e  i s  absorbed by t h e  t i r e  and does n o t  g e t  through t o  t h e  



Figure 10. Quarter-vehicle  model. 



Frequency, Hz 

Figure 11. Plot of the ratio of.axle force to nonuniformity excitation 
force for a quarter-vehicle model. 



sprung mass. On t h e  o t h e r  hand,  n e a r  t h e  12 Hz a x l e  resonance,  F becomes h 
much g r e a t e r  than  t h e  e x c i t a t i o n  f o r c e  because of t h e  resonan t  motion of 

t h e  a x l e .  Thence, above a x l e  resonance,  the  r a t i o  d imin i shes  t o  a v a l u e  

between ze ro  and one, depending on whether most of t h e  unsprung mass i s  i n  

the  wheel (\) o r  t h e  a x l e  (f'f,). As poin ted  o u t  i n  e a r l i e r  d i s c u s s i o n s ,  

t h e  v a l u e  of  t h i s  p l o t  i s  on ly  i n f o r m a t i v e  f o r  unders tanding t h e  dynamics 

invo lved ,  b u t  no t  germane t o  t h e  a n a l y s i s .  

A b e t t e r  p i c t u r e  of t h e  dynamics i s  seen  i n  t h e  motion response  of  

t h e  sprung and unsprung masses p l o t t e d  i n  F igure  12a.  A t  low frequency 

bo th  move t o g e t h e r  a t  t h e  ampl i tude determined by the  f o r c e  a c t i n g  a g a i n s t  

t h e  s t i f f n e s s  of t h e  t i r e  i n  c o n t a c t  w i t h  t h e  ground. I n  such a p l o t ,  t h e  

low frequency asymptote i s  t h e  t i r e  compliance ( t h e  i n v e r s e  of i t s  s t i f f -  

n e s s ) .  A t  h i g h e r  f r e q u e n c i e s ,  t h e  motions of t h e  sprung and unsprung masses 

d i f f e r  i n  accordance wi th  t h e i r  resonances .  The i r  d i f f e r e n c e  i s  i n d i c a t i v e  

of t h e  suspens ion  d e f l e c t i o n s ,  account ing f o r  t h e  shape of t h e  a x l e  f o r c e  

response  seen  i n  F igure  11. 

From t h e  s t a n d p o i n t  of unders tanding t h e  i n f l u e n c e  on r i d e  v i b r a t i o n s ,  

i t  i s  more meaningful  t o  look  a t  t h e  a c c e l e r a t i o n  response  of t h e  sprung 

mass i n  F igure  12b.  Though t h e  sprung and unsprung mass d isplacement  

magnitudes a r e  approximate ly  equal  a t  t h e i r  r e s p e c t i v e  resonances ,  t h e  

a c c e l e r a t i o n  exper ienced on t h e  sprung mass i s  much g r e a t e r  a t  a x l e  reson- 

ance due t o  i t s  h i g h e r  frequency.  Thus, t h i s  f i g u r e  would i n d i c a t e  t h a t  

nonuniformity  e x c i t a t i o n  from t i r e l w h e e l  a s sembl ies  may p o t e n t i a l l y  e l i c i t  

t h e  g r e a t e s t  v i b r a t i o n  response  when t h e  nonuniformity  frequency is near  

t h e  a x l e  r esonan t  f requency.  

Though s imple  a n a l y t i c a l  models p rov ide  a q u a l i t a t i v e  i d e a  of t h e  

dynamic behav io r  t o  be expec ted ,  t h e  q u a r t e r - v e h i c l e  model l a c k s  repre -  

s e n t a t i o n  of o t h e r  important  e f f e c t s ,  namely, t h e  m u l t i p l e  response  modes 

t h a t  can occur  i n  p i t c h  o r  r o l l  a s  w e l l  a s  bounce, and t h e  suspension non- 

l i n e a r i t y  e f f e c t s .  Hence, exper imenta l  d a t a  i s  needed t o  e s t a b l i s h  c red i -  

b i l i t y  when d e a l i n g  w i t h  a system a s  complex a s  a motor v e h i c l e .  Experimental  

d a t a  f o r  comparison i s  n o t  r e a d i l y  a v a i l a b l e ,  a l though  s e v e r a l  examples have 

been found. Figure  1 3  shows a p l o t  of mobi l i ty*~measurements  taken a t  t h e  

f r o n t  wheel of a European passenger  c a r .  The curves  r e p r e s e n t  t h e  m o b i l i t y  

*Mobili ty = 1/1mpedance ( see  S e c t i o n  2 .1 ) .  
4 0 



FREQUENCY - HZ 

Figure 12a. Motions of the sprung and unsprung masses caused 
by nonuniformity excitation for a quarter-vehicle 
model. 



FREQUENCY - HZ 

Figure 12b. Acceleration of the sprung mass casued by nonuniformiry 
excitation for a quarter-vehicle model. 



Figure  13.  M o b i l i t y  a t  t h e  f ront -wheel  hub on a passenger  c a r  [ 3 ] .  



of t h e  t i r e  and t h e  v e h i c l e  wheel hub measured s e p a r a t e l y ,  and then  t h e  

t o t a l  f o r  t h e  combination. The m o b i l i t y  i s  $ / F ~ ,  hence t h e  curve f o r  t h e  

"Total" i s  comparable t o  t h e  p l o t  of %IFw (from F i g .  12a)  m u l t i p l i e d  by 

w, t h e  frequency. I n  F igure  13 ,  a low-frequency resonance i s  ev iden t  a t  

about 5 Hz which is  most l i k e l y  t h e  sprung mass bounce resonance.  Likewise,  

a second resonance i s  s e e n  a t  j u s t  above 20 Hz which i s  most l i k e l y  t o  be 

a x l e  resonance.  (Note: It  appears  t h a t  t h e  f requency a x i s  must be s l i g h t l y  

i n  e r r o r  i n  t h i s  f i g u r e  because of t h e  unusual ly  high resonance f r e q u e n c i e s  

i n d i c a t e d . )  The r e l a t i v e  magnitude of t h e s e  two resonances  a g r e e  reasonably  

w e l l  w i t h  t h a t  p r e d i c t e d  from t h e  l i n e a r  q u a r t e r - v e h i c l e  model. Yet ,  t h e  

exper imental  curve shows more f e a t u r e s ,  which may be expected when one 

c o n s i d e r s  t h a t  o t h e r  resonances  i n  p i t c h ,  r o l l ,  frame beaming, and a d d i t i o n a l  

modes w i l l  be p r e s e n t .  Perhaps t h e  most s i g n i f i c a n t  d i f f e r e n c e  from t h e  

quar te r -ca r  model i s  t h a t  t h e  a t t e n u a t i o n  above t h e  a x l e  resonance frequency 

is  somewhat g r e a t e r  as measured on t h e  v e h i c l e  i n  F igure  13.  

A s i m i l a r  measurement on t h e  f r o n t  a x l e  of a t r a c t o r  i s  shown i n  

Figure  1 4 ,  us ing t h e  d r i v i n g  p o i n t  compliance a s  t h e  measurement v a r i a b l e .  

This p l o t  can be compared d i r e c t l y  w i t h  t h a t  of Xh/Fw i n  F igure  1 2 s .  On t h e  

t r a c t o r ,  t h e  compliance shows t h e  sprung mass resonance a t  1 . 5  Hz, along 

w i t h  a x l e  resonance a t  about 12-15 Hz, Between t h e s e ,  o t h e r  resonances  

occur  due t o  t h e  a d d i t i o n a l  degrees  of freedom a s s o c i a t e d  w i t h  t h e  p i t c h  and 

bounce modes o f  t h e  t r a c t o r  and t r a i l e r ,  a s  well a s  t h e  3.2 Hz mode asso- 

c i a t e d  w i t h  "bounce on t h e  t i r e s "  common t o  high f r i c t i o n  l e a f  s p r i n g  

suspens ions .  Each of t h e s e  peaks r e p r e s e n t s  a v e h i c l e  s e n s i t i v i t y  t h a t  can 

be e x c i t e d  by a t i r e l w h e e l  nonuniformity .  The ampl i tudes  and f requenc ies  a t  

which t h e s e  s e n s i t i v i t i e s  occur  w i l l  be s p e c i f i c  t o  each v e h i c l e ,  depending 

on p r o p e r t i e s  a s s o c i a t e d  w i t h  t h e  suspension systems,  l o a d i n g ,  mass d i s t r i -  

b u t i o n ,  wheelbase,  f i f t h  wheel l o c a t i o n s ,  and many o t h e r  f a c t o r s .  

The accompanying v i b r a t i o n  response  i n  t h e  cab i s  shown i n  F igure  15,  

both  a s  d isplacement  and a c c e l e r a t i o n  response.  Because r i d e  v i b r a t i o n s  a r e  

u s u a l l y  c h a r a c t e r i z e d  by t h e  a c c e l e r a t i o n  spectrum,  t h e  a c c e l e r a t i o n  response 

i s  t h e  more meaningful of t h e  two curves .  The resonan t  behavior  i n  t h e  

ranges  of 3-5 Hz and 12-30 Hz i n d i c a t e  a r e a s  of g r e a t e s t  v e h i c l e  s e n s i t i v i t y  

t o  nonuniformity  i n p u t .  Though t h e  h i g h  f requency peaks would appear t o  







r e p r e s e n t  t h e  most s e n s i t i v e  a r e a s  (most markedly a t  21 Hz), i t  should be 

k e p t  i n  mind t h a t  t h e  s e a t  t e n d s  t o  i s o l a t e  t h e  d r i v e r  from t h e s e  cab v ib ra -  

t i o n s  t o  some e x t e n t ,  and i n  a d d i t i o n ,  human t o l e r a n c e  of v i b r a t i o n  i s  much 

g r e a t e r  a t  21 Hz than a t  3-5 Hz .  Thus, one must view t h e s e  types  of measure- 

ments as in format ive  a s  t o  t h e  n a t u r e  of v e h i c l e  response ,  but  inadequate  

f o r  r e a l l y  p r i o r i t i z i n g  t h e  s e n s i t i v i t i e s  of t h e  r i d e r .  For t h a t  purpose,  

t h e  d i r e c t  v i b r a t i o n  i n p u t s  t o  t h e  r i d e r  must be measured a t  t h e  s e a t l r i d e r  

i n t e r f  ace .  

One l a s t  r e l e v a n t  mechanism t o  be considered i n  t h e  a n a l y s i s  of v i b r a -  

t i o n  e x c i t a t i o n  by t i r e l w h e e l  nonuni fo rmi t i es  i s  t h e  i n f l u e n c e  of non l inear  

suspension behavior .  S i n u s o i d a l  e x c i t a t i o n  a t  a  wheel does  not  produce s imple  

s i n u s o i d a l  response of t h e  sprung mass when high f r i c t i o n  l e a f  s p r i n g  

suspens ions  a r e  used. I n  r e c e n t  s t u d i e s  [ 7 ] ,  n o n l i n e a r  suspension behavior 

was examined us ing  t h e  quar te r -veh ic le  model w i t h  a  comprehensive model of 

n o n l i n e a r  l e a f  s p r i n g  c h a r a c t e r i s t i c s .  Using a  smooth road a s  t h e  back- 

ground spectrum on which a  f i r s t  harmonic t i r e / w h e e l  nonuniformity e x c i t a t i o n  

i s  imposed, t h e  model demonstrates two i n t e r e s t i n g  phenomena, which may be 

seen i n  Figure  16.  I n  t h e  f i g u r e ,  t h e  smooth-road a c c e l e r a t i o n  s p e c t r a  on 

t h e  sprung mass a r e  shown w i t h  and wi thou t  t h e  superimposed wheel non- 

un i fo rmi ty  i n p u t .  The a d d i t i o n  of wheel nonuniformity i n p u t  has  t h e  e f f e c t  

of reducing t h e  ampl i tude of t h e  response t o  t h e  broadband road i n p u t ,  most 

v i s i b l y  i n  t h e  r e g i o n s  of resonance a t  2 and 1 0  Hz. F u r t h e r ,  t h e  response 

changes i n  those  a r e a s  of t h e  spectrum a r e  very s i g n i f i c a n t ,  being an o r d e r  

of magnitude o r  more, and a r e  thus  n o t  t r i v i a l  i n  t h e  c h a r a c t e r i z a t i o n  of t h e  

v e h i c l e .  Secondly,  though t h e  nonuniformity  i n p u t  i s  a  pure  s i n e  wave 

e x c i t a t i o n  a t  7 .3  Hz, t h e  sprung mass exper iences  a  s t r o n g  t h i r d  harmonic 

( 2 2  Hz) of t h a t  i n p u t  due t o  t h e  d i s t o r t i o n  of t h e  waveform a s  i t  i s  t r ans -  

m i t t e d  through t h e  n o n l i n e a r  suspension.  I n  t h i s  c a s e ,  t h e  t h i r d  harmonic 

ampl i tude i s  only  about one p e r c e n t  of t h e  primary i n p u t ;  however, on an 

a c t u a l  v e h i c l e  w i t h  h i g h  modal response a t  t h i s  frequency ( a s  was seen i n  

Fig .  1 5 ) ,  a much s t r o n g e r  t h i r d  harmonic would appear .  

A s  Figure  16 would i n d i c a t e ,  c h a r a c t e r i z i n g  t h e  response of a  dynamic 

system w i t h  g r o s s  n o n l i n e a r i t i e s  i s  n o t  a s  s imple  a s  t h e  f a m i l i a r  techniques  



Smooth Road w i t h  
Smooth Road Only -- - 0.10" Runout 

F igure  16.  A c c e l e r a t i o n  s p e c t r a  on a  s imula ted  v e h i c l e  w i t h  n o n l i n e a r  s p r i n g s  
o p e r a t i n g  on a  smooth road ,  w i t h  and w i t h o u t  t i r e l w h e e l  non- 
u n i f o r m i t y  e f f e c t s .  



used w i t h  l i n e a r  systems. N o n l i n e a r i t i e s  d i s t o r t  t h e  motion such t h a t  

e x c i t a t i o n  i n  one a r e a  of t h e  f requency spectrum adds t o  t h e  response i n  

another  a r e a .  Thus, low frequency wheel i n p u t s  can r e s u l t  i n  h igh frequency 

sprung mass v i b r a t i o n s .  I n  a d d i t i o n ,  t h e  suspension damping ob ta ined  is  a  

f u n c t i o n  of t h e  o v e r a l l  spectrum of t h e  i n p u t .  Thus, t h e  v e h i c l e  response 

( i . e . ,  a t r a n s f e r  func t ion)  i s  n o t  unique,  b u t  v a r i e s  w i t h  t h e  ampl i tude 

and spectrum of t h e  e x c i t a t i o n ,  and s imple  r e p r e s e n t a t i o n s  of t r u c k  response 

behavior  such a s  shown i n  F igures  14 and 15  may no t  c l o s e l y  r e p l i c a t e  on- 

road behav ior .  

4.3 Conclusions 

The development o f  a  whee l lveh ic le  model a s  done h e r e  h e l p s  t o  

e s t a b l i s h  a  s y s t e m a t i c  unders tanding of t h e  dynamic system a s  a  b a s i s  f o r  

t e c h n i c a l  communication on t h e  s u b j e c t .  The a n a l y s i s  f u r t h e r  l e a d s  t o  

s e v e r a l  conclus ions  t o  guide r e s e a r c h  on t h e  phenomena which may be sum- 

marized a s  fo l lows :  

1 )  The nonuniformity i n  a  t i r e l w h e e l  assembly i s  b e s t  c h a r a c t e r i z e d  

by t h e  f o r c e  magnitude e x e r t e d  a g a i n s t  a  f i x e d  s p i n d l e  whi le  t h e  wheel i s  

r o l l i n g  a t  normal o p e r a t i n g  cond i t ions .  That nonuniformity f o r c e ,  Fw, i s  

t h e  e x c i t a t i o n  f o r c e  a c t i n g  a t  t h e  hub of a  v e h i c l e  on which t h e  assembly 

is  mounted. The f o r c e  i s  analogous t o  a n  e x t e r n a l  e x c i t a t i o n  f o r c e  app l ied  

t o  t h e  hub, bu t  d i f f e r s  from t h e  a c t u a l  f o r c e  produced a t  t h e  a x l e  a s  a  

r e s u l t  of t h e  v e h i c l e ' s  response t o  t h e  e x c i t a t i o n .  

2) The dynamic coupl ing of t h e  nonuniform t i r e / w h e e l  assembly t o  a  

v e h i c l e ,  and t h e  v i b r a t i o n  response obta ined on t h e  v e h i c l e ,  can be charac- 

t e r i z e d  by t h e  combination of t h r e e  complex f u n c t i o n s  according t o  Equations 

(27) ,  (29) ,  ( 3 0 ) ,  and (31) .  The t h r e e  complex f u n c t i o n s  a r e :  

-The d r i v i n g  p o i n t  modulus a t  t h e  hub of t h e  t i r e l w h e e l  

assembly, D 
W 

-The d r i v i n g  p o i n t  modulus a t  t h e  s p i n d l e  o r  a x l e  of 

t h e  v e h i c l e ,  DA 

-The t r a n s m i s s i b i l i t y  from t h e  s p i n d l e / a x l e  t o  t h e  p o i n t  

of i n t e r e s t  on t h e  v e h i c l e ,  D 
T' 



3 )  The c h a r a c t e r i z a t i o n  of  a  v e h i c l e ' s  s e n s i t i v i t y  t o  f o r c e  e x c i t a -  

t i o n  by t i r e / w h e e l  nonun i fo rmi t i e s  can be  accomplished i n  a  v a l i d  manner by 

measuring t h e  v i b r a t i o n  response  a t  t h e  p o i n t  of i n t e r e s t  t o  f o r c e  e x c i t a -  

t i o n  imposed a t  a  wheel hub. I n  t h i s  k ind of exper iment ,  t h e  accuracy of 

t h e  r e s u l t s  w i l l  depend on the  degree  t o  which t h e  wheel modulus, a x l e  

modulus, and t r a n s m i s s i b i l i t y  d u p l i c a t e  t h o s e  of t h e  o p e r a t i n g  v e h i c l e .  For 

those  v i b r a t i o n  modes which i n v o l v e  n o n l i n e a r  elements of  t h e  v e h i c l e  (such 

a s  t h e  v e r t i c a l  r e sponse  modes i n v o l v i n g  d e f l e c t i o n s  of l e a f  s p r i n g  assem- 

b l i e s ) ,  t,he response  behavior  i s  dependent upon t h e  ampl i tude o r  l e v e l  of 

t h e  o v e r a l l  e x c i t a t i o n  i n p u t .  Thus, t o  determine t h e  c h a r a c t e r i s t i c  response  

p r o p e r t i e s  f o r  t h e s e  modes, a  random road i n p u t  w i t h  a p p r o p r i a t e  ampl i tude 

and s p e c t r a l  p r o p e r t i e s  should  be  used. 
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