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1'6. Abstract 

The s tudy  sought t o  d e f i n e  t h e  important  pa ramet r i c  s e n s i t i v i t i e s  which 
a f f e c t  the  d i r e c t i o n a l  performance limits of commercial v e h i c l e s .  Roll-  
over ,  u n s t a b l e  yaw response o f  t h e  l e a d  u n i t  ( s p i n o u t ) ,  and l i g h t l y  damped 
yaw response of t r a i l i n g  u n i t s  (rearward a m p l i f i c a t i o n )  a r e  i d e n t i f i e d  a s  
t h e  t h r e e  major response modes l i m i t i n g  d i r e c t i o n a l  performance. It i s  
noted t h a t  both  yaw response modes may p r e c i p i t a t e  r o l l o v e r .  The s i g n i -  
f i c a n t  pa ramet r i c  s e n s i t i v i t i e s  of comme~:cial v e h i c l e s  t o  each 
performance mode a r e  i d e n t i f i e d  by ana1yt:ical means. Computer s imula t ions  
of example v e h i c l e s ,  chosen f o r  t h e i r  p e c u l i a r  s u s c e p t i b i l i t y  t o  one o r  
more of t h e  l i m i t i n g  performance modes, a r e  used t o  demonstrate t h e  
parametr ic  s e n s i t i v i t i e s .  

t i o n a l  response,  r o l l o v e r ,  yaw in- 
t a b i l i t y ,  rearward a m p l i f i c a t i o n ,  
t r u c k s ,  t r a c t o r - s e m i t r a i l e r ,  t ruck- 
f u l l  t r a i l e r ,  parameters,  suspension,  
t i r e s ,  i n e r t i a  , geometry 
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APPENDIX A - ?IODIFICXTION OF THE CLASSICAL 
STEADY-TURNING EQUATION TO REFLECT TIRE CORNER- 
ING STIFFNESS DEPENDENCE UPON VERTICAL LOAD 

Consider, from Reference ( I s ) ,  t h e  conven- 
t i o n a l  f r o n t  vhee l  angle-path curvature  r e l a t i o n -  
s h i p  f o r  a s t r a i g h t  t ruck  wi th  t andewaxle  r e a r  
suspension: 

where 

6 i s  the  front-wheel ang le  

R i s  t h e  path rad ius  

U i s  forward v e l o c i t y  

(A- 2)  

and 

is  t h e  "er 'fective" wheelbase, r e l a t e d  to  

i t h e  a c t u a l  v e h i c l e  wheelbase ( f r o n t  suspen- 
s i o n  t o  c e n t e r  of r e a r  tandem suspension) ,  

h one-half t h e  r e a r  tandem a x l e  spread,  

D one-half t h e  d u a l  t i r e  spacing, 

Cs 
t h e  t o t a l  r e a r  tire l o n g i t u d i n a l  s t i f f n e s s ,  

R 

Ct3 
t h e  t o t a l  r e a r  t i r e  cornering s t i f f n e s s ,  and 

C a the  t o t a l  f r o n t  t i r e  cornering s t i f f n e s s ,  
5 

and, 

is t h e  c l a s s i c a l  unders teer  g rad ien t ,  r e l a t e d  to  
the  a d d i t i o n a l  parameters 

:I the v e h i c l s  mass 

a the  d i s t a n c e  from the c.g. t o  t h e  f r o n t  a x l e  

b the  d i s t a n c e  from the  c.g. t o  t h e  cen te r  of 
the  r e a r  suspension 

W1 
t h e  s t a t i c  f r o n t  suspension load 

TJR 
t h e  s t a t i c  r e a r  suspension load 

g t h e  g r a v i t a t i o n a l  acce le ra t ion  
1 

For an a c t u a l  v e h i c l e ,  K is, of course ,  com- 
pr ised of a d d i t i o n a l  elements con t r ibu t ing  under- 
s t e e r ,  such a s  s t e e r i n g  system compliance and 
r o l l - s t e e r  e f f e c t s ,  which a r e  being ignored i n  
t h e  a n a l y s i s  t h a t  follows. 

I f  the  corner ing s t i f f n e s s ,  C d ,  of a s i n g l e  
t i r e  is now t r e a t e d  a s  the  following func t ion  of 
v e r t i c a l  load ,  F,, 

where 

COa 
i s  the  corner ing s t i f f n e s s  p reva i l ing  
a t  t h e  s t a t i c  o r  nominal load,  F 

20 

C l c ,  
i s  t h e  l i n e a r  v a r i a t i o n  of corner ing 
s t i f f n e s s  with  v e r t i c a l  load,  about the  
nominal load,  F, 

0 

and C22 is t h e  quadra t i c  v a r i a t i o n  of corner- 
ing  s t i f f n e s s  with  v e r t i c a l  load,  
about the nominal load,  FZo 

most C, versus  F, measurenents f o r  heavy t r u c k  
tires can be accura te ly  represented by t h i s  
r e l a t i o n s h i p .  Hence, the corner ing s t i f f n e s s  of 
a s i n g l e  t i r e  on the f r o n t  suspension can be 
expressed a s  : 

(A- 7 ) 

and, f o r  a s i & e  t i r e  on tne  r e a r  suspension: 

I n t r o d u c t i o n  of i a t e r a l  acce le ra t ion- indcce i  
f r o n t  and r e a r  side-to-side load t r a n s f e r s ,  
LW1 and %, proport ioned by f o r e / a f t  r o i l  s t i f f -  
ness  d i s t r i b u t i o n s ,  produces t h e  conservst=ve 
s t a t i c  approximations: 

(A-P) 

where 

h is t h e  t o t a l  v e h i c l e  c. g.. he igh t  

T a r e  the f r o n t ,  r e a r  t r a c k  d i s t a n c e s  
1 , R  

W is t h e  t o t a l  v e h i c l e  v e i g n t  

f1 is t h e  f r o n t  suspension r o l i  s t i i f n e s s  

is t h e  r e a r  suspension r o l l  s t i f f n e s s  

and a is the  v e h i c l e  l a t a r a l  a c c e l e r a t i o n  i n  
g13.  



Left and r igh t  prevai l ing loads f o r  both the  
f ron t  and rear  ax les  can therefore  be approxi- 
sa ted  for  any given v e n i d e  Lateral  accelera- 
t ion ,  a?, as:  

wher e 

and 

Subs t i tu t ion  of the above l e f t  and r i g h t  
v e r t i c a l  t i r e  loads,  deriving from load t r ans fe r  
during cornering, i n to  :ha C& (F,) expressions, 
Fquations (A-7, A - a ) ,  and noting t h a t  the l i nea r  
v e r t i c a l  load var ia t ions  cancel one another .when 
summed s i d e  to  s ide ,  we a r e  l e f t  with the follow- 
ing t o t a l  cornering stir 'fness equations for  
f ront  and r e a r  suspensions expressed a s  a quad- 
r a t f c  funct ion of vehic le  l a t e r a l  acce lera t ion ,  

FZ (a,) 
a 

and 

a 7 
- 2  

- 111 (a ) 
3 Y 

r i g h t  a R 

where S is the t o t a l  number of t i r a s  on the r ea r  
suspension. 

Subs t i tu t ion  of these t o t a i  f ron t  and r ea r  
cornering s t i f fnes ses  inco Equations (A-3) and 
(A-5) produces the following l a t e r a l  accelera- 
tion-dependent counterparts ,  LA and K' : 



APPENDIX B - DIRECTIONAL STABILXrY AND CALCULX- 
TION OF CRITICAL FORWARD VELOCITY 

Rewriting Equation (A-1) a s  

where 2; and K f  represent  the  l a t e r a l  accelera- 
tion-dependent expressions (A-13) and (A-14), 
produces, by rearrangement, the path curvature- 
s t e e r  angle re la t ionsh ip  : 

Consideration of i n f i n i t e  path curvature 
f o r  f i n i t e  s t e e r  l eve l s  during steady turning 
leads to  the  s t a b i l i t y  condit ion 

The c r i t i c a l  forward ve loc i ty ,  U c ,  above 
which the  vehic le  becomes d i r ec t i ona l l y  unstable 
is  obtained by solving Equation (B-L) f o r  i t s  
zero condition: 

as:, 1 /2  

uc o 03-5) 

The p a r t i a l  der iva t ives  appearing in Equa- 
t ion  (B-5) a r e  obtained by d i f f e r e n t i a t i n g  
Equations (A-13) and (A-14) with respect  to  ay, 
viz. : Yote t ha t  Equation ( 8 - 5 )  is the c l a s s i c a l  

c r i t i c a l  ve loc i t y  expression except f o r  t he  
add i t i ona l  p a r t i a l  de r iva t i ve  :ems denoting 
dependence of .ti and K' (and hence U,) upon 
l a t a r a l  acce le ra t ion .  i tecal l  t h a t  t he  dependence 
of < and K'  on l a t e r a l  a cce l e r a t i on  is d i r ecz ly  
r e l a t ed  t o  the  side- to-side load ::ansf e r  assump- 
t i on  and v a r i a t i o n  of t i r e  cornering s t i f f n e s s  
with v e r t i c a l  load discussed i n  Appendix A. 



APPENDIX C 

SIMPLIFIED LINEAR ANALYSIS OF REARWARD AMPLIFICATION 

This  appendix p r e s e n t s  a t e c h n i c a l  d i s c u s s i o n  of s i m p l i f i e d  e q u a t i o n s  

developed f o r  p r e d i c t i n g  rearward a m p l i f i c a t i o n .  The e q u a t i o n s  of motion 

p e r t a i n i n g  t o  a conven t iona l  d o l l y  a r e  examined i n  o r d e r  t o  e x p l a i n  t h e  

l a t e r a l  f o r c e  "decoupling" achieved through t h e  use  of a d o l l y .  Then 

f requency domain t echn iques  and i d e a s  from feedback c o n t r o l  theory  a r e  

employed t o  s tudy  t h e  l a t e r a l  a c c e l e r a t i o n  g a i n  between t h e  p i n t l e  h i t c h  

and t h e  c e n t e r  of g r a v i t y  l o c a t i o n  o f  a f u l l  t r a i l e r .  F i n a l l y ,  e x p r e s s i o n s  

d e f i n i n g  t h e  p o r t i o n  o f  t h e  o v e r a l l  rearward a m p l i f i c a t i o n  due t o  p r o p e r t i e s  

of towing u n i t s  a r e  de r ived .  

C . l  Force  Decoupling Achieved Through t h e  Use of S t e e r a b l e  D o l l i e s  

I n  t h i s  s e c t i o n ,  an  examinat ion o f  t h e  e q u a t i o n s  of motion of a 

t r u c k - f u l l  t r a i l e r  combination ( a s  i l l u s t r a t e d  i n  F i g u r e  C . l )  i s  used t o  

i n d i c a t e  why F t h e  l a t e r a l  f o r c e  of c o n s t r a i n t  a t  t h e  p i n t l e  h i t c h ,  i s  
A' 

small. 

For a t r u c k - f u l l  t r a i l e r  combinat ion,  t h e  l i n e a r i z e d  e q u a t i o n s  of 

motion a r e  a s  l i s t e d  below. (These e q u a t i o n s  and symbols a r e  t h e  same 

a s  those  used i n  [ I 9  1. ) 

Truck-Ful l -Trai ler  Equat ions:  (The f u l l  t r a i l e r  c o n s i s t s  of a d o l l y  and 
a s e m i t r a i l e r )  

. 
m (V +url) = 1 I 

- F (Truck l a t e r a l  motion e q u a t i o n )  
4 " i  A (C.1) 

m (; +ur2)  = 1 F 2 i +  FA - F (Dol ly  l a t e r a l  motion equa t ion)  (C.2) 2 2 i B 

. 
m (v +ur ) = 

3 3 3 F 3 i  + F~ 
( S e m i t r a i l e r  l a t e r a l  motion e q u a t i o n )  (C.3) 

where F i s  t h e  f o r c e  of c o n s t r a i n t  a t  t h e  p i n t l e  h i t c h ,  FB is  t h e  f o r c e  A 
of c o n s t r a i n t  a t  t h e  f i f t h  wheel o r  t u r n t a b l e ,  and t h e  Fji  a r e  t i r e  f o r c e s  

t h a t  a r e  l i n e a r l y  r e l a t e d  t o  t h e i r  s l i p  a n g l e s .  



P i n t l e  Hi tch ,  

F igure  C.1. Truck- fu l l  t r a i l e r  combination.  



- F +x F (Truck r o t a t i o n a l  11'1 - X11Fll-X12F12-X13 1 3  1 A  A 
e q u a t i o n )  

1 2 ~ 2  
= +F x +F x -F x (Dol ly  r o t a t i o n a l  e q u a t i o n )  

A 2A 21 21 22 22 (C 5 )  

(F does n o t  appear  i n  (C.5) because  xlB ' 0; t h a t  i s ,  f o r  t h e  d o l l y ,  t h e  B 
c e n t e r  of g r a v i t y  and t h e  t u r n t a b l e  l o c a t i o n  a r e  approximately  i n  t h e  

same p l a c e . )  

I ; = +F x -F x -F x -F x ( S e m i t r a i l e r  r o t a t i o n a l  
3 3 B 3B 31 31 32 32 33 33 (C.6) 

equa t ion)  

Expanding Equat ion (C. 5) wi th  xxll ' x and C Ca22 y i e l d s  
22 a 2 1  

The term, i n  (C.7) r e p r e s e n t s  t h e  yaw moment c o n t r i -  

b u t i o n  from t h e  d o l l y ' s  t i r e  f o r c e s  a c t i n g  about  t h e  t u r n t a b l e  c e n t e r  f o r  

a d o l l y  w i t h  tandem a x l e s .  

I n  Equat ion (C.7) obse rve  t h a t :  

. 
a )  r2  is  n o t  l a r g e  because  t h e  d o l l y  i s  t i e d  t o  two l a r g e  

masses t h a t  do n o t  move q u i c k l y  

b) I2 is  n o t  l a r g e  ( t h e  d o l l y  does n o t  have a l a r g e  moment 

of i n e r t i a )  

X21r2 
<< u ( t h e  forward speed i s  v e r y  much g r e a t e r  t h a n  

t h i s  l a t e r a l  v e l o c i t y  f a c t o r )  

d)  x ~ ~ / x ~ ~  < 0.3 (even f o r  d o l l i e s  w i t h  s h o r t  tongues)  

A s  a consequence of i tems ( a )  through (d )  above,  1 ~ ~ 1  < 200 l b s  f o r  t y p i c a l  

d o l l i e s .  

The preceding d i s c u s s i o n  a p p l i e s  n o t  o n l y  t o  t r u c k - f u l l - t r a i l e r  

combinat ions ,  bu t  a l s o  t o  any combinat ion v e h i c l e  employing f u l l  t r a i l e r s  

w i t h  conven t iona l  p i n t l e  h i t c h  connec t ions  between t h e  d o l l y  tongue and 



i t s  towing u n i t .  The c o n f i g u r a t i o n  of t h e  combination v e h i c l e  ( i . e . ,  

double ,  t r i p l e ,  o r  t r u c k - f u l l  t r a i l e r )  w i l l  no t  a l t e r  t h e  b a s i c  f a c t o r s  

and equa t ions  p e r t a i n i n g  t o  t h e  yaw moment ba lance  f o r  t h e  d o l l y .  

Ana lys i s  o f  t h e  F u l l  T r a i l e r  

For t h e  i d e a l i z e d  d o l l y  employed i n  t h e  a n a l y s i s  p resen ted  n e x t ,  

t h e  f o r c e  of c o n s t r a i n t ,  F  a t  t h e  p i n t l e  h i t c h  is  s e t  equa l  t o  ze ro .  
A' 

This s i m p l i f i c a t i o n  and approximation s e p a r a t e s  t h e  towing u n i t  from t h e  

f u l l  t r a i l e r  i n  t h a t  ( a )  t h e  motion of t h e  t r a i l e r  does  n o t  i n f l u e n c e  t h e  

towing u n i t ' s  motion and ( 2 )  t h e  i n p u t  t o  t h e  t r a i l e r  i s  t h e  movement of 

t h e  p i n t l e  h i t c h  connect ion t o  t h e  u n i t  immediately ahead of t h e  f u l l  

t r a i l e r .  (Also,  i f  t h e  f u l l  t r a i l e r  being analyzed is  t h e  towing u n i t  f o r  

a n o t h e r  f u l l  t r a i l e r ,  such a s  i n  a  t r i p l e s  combination,  t h e  p r o p e r t i e s  of 

t h e  t r a i l e r  being towed w i l l  have no i n f l u e n c e  on t h e  t r a i l e r  being 

analyzed.  ) 

I n s t e a d  of comparing t h e  l a s t  u n i t ' s  l a t e r a l  a c c e l e r a t i o n  t o  t h a t  of 

t h e  l e a d i n g  u n i t  t o  o b t a i n  a  rearward a m p l i f i c a t i o n  f a c t o r  f o r  an e n t i r e  

v e h i c l e ,  t h e  a c c e l e r a t i o n  o r  displacemt2nt of t h e  c e n t e r  of mass of t h e  f u l l  

t r a i l e r  may be compared t o  t h e  a c c e l e r a t i o n  o r  d isplacement  of i ts  h i t c h  

p o i n t  t o  o b t a i n  an a m p l i f i c a t i o n  f a c t o r  f o r  t h e  f u l l  t r a i l e r  a l o n e .  The 

o v e r a l l  a m p l i f i c a t i o n  f a c t o r  w i l l  t hen  c o n s i s t  of t h e  product  of t h e  f u l l  

t r a i l e r ' s  a m p l i f i c a t i o n  f a c t o r  w i t h  o t h e r  a m p l i f i c a t i o n  f a c t o r s  e x i s t i n g  

i n  t h e  combination v e h i c l e ,  

F igure  C.2 i l l u s t r a t e s  and d e f i n e s  t h e  p o i n t s ,  geometr ic  q u a n t i t i e s ,  

dimensions,  and f o r c e s  used i n  t h i s  a n a l y s i s  of t h e  f u l l  t r a i l e r .  (A  

nomenclature d e f i n i n g  symbols and s u b s c r i p t s  i s  g iven  i n  Table  5 of t h e  

main body of t h i s  r e p o r t . )  

Using t h e  approximation t h a t  F == 0,  t h e  s t e e r i n g  of t h e  d o l l y  tongue 
A 

can be determined from t h e  motions o f  ((1) t h e  h i t c h  p o i n t ,  A, and ( 2 )  t h e  

f u l l  t r a i l e r  a s  i n f l u e n c e d  by (a )  t h e  s i d e  f o r c e  from t h e  d o l l y ' s  t i r e s  

a c t i n g  a t  p o i n t  B and (b) t h e  s i d e  f o r c e s  from t h e  r e a r  t i r e s  of t h e  

t r a i l e r  a c t i n g  a t  t h e i r  corresponding a x l e  l o c a t i o n s .  



= d o l l y  ton* length 

heading angle of t h e  do l ly  tongue - heading angle o f  the  t r a i l e r  body 

= ar t i cuIa t iun  angle a t  the  t r a i l e r  turntable  

= lateral displacement of t h e  p i n r l e  h i tch  (point A) - l a t e r a l  dfsplacermnt of the turntable  (point B) - Lateral  displacement of the  t r a i l e r ' s  center  of a s s  

= the dis tance from point B to  the c.g. of the full t r a i l e r  (point T) 

= loca t ioas  of the  t r a i l e r ' s  rear  axles with respect t o  its c.g. - l a t e r a l  t i r e  forces a t  each rear  axle  locat ion - the resu l tan t  of a l l  of the  l a t e r a l  forces  from the dol ly t i r e s .  
This resu l tau t  fa rce  a c t s  a t  the center  05 the turntable. 

Figure C . 2 .  Ful l  t r a i l e r  representation. 



Let  

IT t h e  yaw moment of i n e r t i a  of t h e  f u l l  t r a i l e r  

m T = t h e  mass o f  t h e  f u l l  t r a i l e r  

'B T = t h e  d i s t a n c e  from t h e  t r a i l e r ' s  t u r n t a b l e  t o  t h e  

c.g.  of t h e  f u l l  t r a i l e r  

The s i d e  f o r c e ,  FB, a c t i n g  a t  p o i n t  B on t h e  f u l l  t r a i l e r  ( s e e  F i g .  C.2) 

i s  e q u a l  t o  F 21 p l u s  F22 f o r  a  d o l l y  w i t h  tandem a x l e s .  Hence, i n  t h e  

l i n e a r  range ,  

where 

(C. 10)  

P o i n t s  B and 2 a r e  c o i n c i d e n t  accord ing  t o  t h e  c o n d i t i o n  t h a t  t h e  

c.  g .  of t h e  d o l l y  and t h e  l o c a t i o n  of t h e  t u r n t a b l e  c e n t e r  a r e  approximately  

a t  t h e  same p o i n t .  

For  t h e  sys tem shown i n  F i g u r e  C.2, t h e  e q u a t i o n s  of motion a r e  

(C. 11)  

( C .  12 )  



The s l i p  a n g l e s  needed f o r  e x p r e s s i n g  t h e  t i r e  f o r c e s  can  b e  determined 

f o r  small a n g l e s  ( such  a s  t h o s e  o c c u r r i n g  i n  a lane-change maneuver) from 

t h e  geometry i l l u s t r a t e d  i n  F i g u r e  C . l  and t h e  a p p r o p r i a t e  k inemat ic  

r e l a t i o n s h i p s  p e r  t h e  fo l lowing  e q u a t i o n s :  

= u ( t h e  e n t i r e  v e h i c l e  is moving l o n g i t u d i n a l l y  w i t h  A 
approximately  t h e  same forward v e l o c i t y ,  u )  

Using Equat ion (C.14) w i t h  i = 1 , 2 , 3  and a s s i g n i n g  c o r n e r i n g  s t i f f -  

n e s s  v a l u e s  t o  t h e  t i r e s ,  t h e  f o r c e  and moment summations appear ing  i n  

Equat ions  (C.11) and (C.12) may b e  expressed  as f o l l o w s :  



The i o r c e ,  FB, i s  g iven  by t h e  fo l lowing  e q u a t i o n  

which i s  e q u i v a l e n t  t o  

S u b s t i t u t i n g  t h e s e  f o r c e s  and moment e x p r e s s i o n s  i n t o  t h e  e q u a t i o n s  of 

motion ( (C. 11) and (C. 1 2 ) )  y i e l d s  Equa.tions (C. 15)  and ( C .  16)  g iven i n  

F igure  C.3. 

To o b t a i n  y  and qT a s  needed t o  complete t h e  s o l u t i o n  of (C.15) 
T 

and (C.16), t h e  fo l lowing  k inemat ic  e q u a t i o n s  a r e  employed: 

(C. 17)  

(C. 18)  

By ( a )  combining Equat ions  (C. 15) , ( C .  1 6 ) ,  (C. l 7 ) ,  and (C. 1 8 )  ; (b) us ing  

p  t o  r e p l a c e  t h e  d i f f e r e n t i a l  o p e r a t o r ,  d / d t ,  and ( c )  r e a r r a n g i n g  t h e  

e q u a t i o n s ,  t h e  fo l lowing  two e q u a t i o n s  a r e  ob ta ined :  

(mTp + ~ ~ ) v ~  + (mTu + F~ + % r T  = F (y  - yT) 
P Y A 

(C. 19)  

S ince  t h e  q u a n t i t y  (y - y ) appears  on t h e  r i g h t  s i d e s  of (C.19) and 
A T 

(C. 20) 

(C.20), t h e  c o n t r o l  e n g i n e e r ' s  n o t i o n  of a n  open-loop t r a n s f e r  f u n c t i o n  

comes t o  mind and p rov ides  t h e  b a s i s  f o r  a d d i t i o n a l  development. F i g u r e  

C . 4  i l l u s t r a t e s  t h e  i d e a  t h a t  w i l l  be e x p l o i t e d  here .  



ITrT = - TVvT - TrrT - T yl + T ( y  -v ) 
$ T  Y A ' T  (C .  16) 

where 

Figure C.3. Linearized equat ions of motion f o r  a full t r a i l e r .  



. 
Yo, open-loop transfer 

function 

YT * Y0bA - yT) 
Yo The dosed-loop transfer function Yc - - 

1 + Yo 

F i g u r e  C.4. Feedback c o n t r o l  diagram a s  a p p l i e d  t o  a  f u l l  
t r a i l e r .  

Proceeding i n  t h i s  manner, c o n s i d e r  t h e  f u l l  t r a i l e r  a s  a  mechanical  

servomechanism i n  which t h e  o u t p u t ,  yT,  i s  expected t o  f o l l o w  t h e  i n p u t ,  

yA. (However, i n  t h i s  c a s e ,  y T ( t  + ((rBT+%A)/;A)) should  e q u a l  y A ( t )  i f  

t h e  t r a i l e r  c.g. i s  going t o  f o l l o w  t h e  same p a t h  a s  t h e  h i t c h  point--more 

abou t  t h i s  l a t e r  a f t e r  completing t h e  a n a l y s i s  of t h e  open-loop t r a n s f e r  

f u n c t i o n . )  

Formal ly  s o l v i n g  (C.19) and (C. 20) f o r  vT and rT y i e l d s  

and 

where 

( C .  21) 

( C .  22) 

and D2 = 
[ (mTp + Fy) Ty - T F  1 (Y* - yT) 

V Y  



Noting t h a t  

a l lows  t h e  open-loop t r a n s f e r  f u n c t i o n  t o  be  expressed a s  

(C. 23) 

o r  by r e a r r a n g i n g  t h e  numerator and n o t i n g  t h a t  F T - T F = 0 
Y $  Y $  

(C. 24) 

Although (C. 24) can be expanded f u r t h e r  by s u b s t i t u t i n g  t h e  d e f i n i t i o n s  

t h a t  accompany Equat ions  (C.15) and (C.16), t h e  r e s u l t  does  n o t  appear  t o  

be p a r t i c u l a r l y  i l l u m i n a t i n g .  Ra ther ,  obse rve  t h a t  most t rai lers a r e  

loaded  w i t h  approximately  e q u a l  l o a d s  on a l l  a x l e s  and equipped w i t h  

s i m i l a r  tires on a l l  wheels.  Under t h e s e  c i rcumstances ,  T = F = 0 ,  v r 
t h a t  i s ,  t h e  t r a i l e r  may be d e s c r i b e d  a s  approximately  " n e u t r a l  s t e e r . "  

For t h e  " t y p i c a l "  t r a i l e r  

(C. 2 5 )  

Upon s u b s t i t u t i n g  f o r  t h e  f o r c e  and moment c o e f f i c i e n t s  and r e a r r a n g i n g ,  

(C. 25) becomes Equat ions  (C. 26) , (C. 27) ,  and (C. 28) , expressed a s  f o l l o w s :  



where 

(C. 2 7 )  

The n a t u r a l  f requenc ies  and damping r a t i o s  of YZ and Y a r e  n e a r l y  
PO 

e q u a l  i f  uF F t h a t  i s ,  i f  
v $ '  

(C. 29) 

For many t r a i l e r s ,  Y z  and Y r e p r e s e n t  complex ze ro  and po le  p a i r s  t h a t  
PO 

a r e  l i g h t l y  damped and approximately equa l  ( i . e . ,  (C.29) i s  a reasonab le  

approximat i o n )  . 
I n  a d d i t i o n  t o  t h e  pole-zero pai:r  r epresen ted  by Y z / Y  PO'  t h e  open- 

loop  t r a n s f e r  f u n c t i o n  has  a p o l e  a t  t h e  o r i g i n  and a n o t h e r  r e a l  p o l e  a t  

p = - Fv/mT = - L C  /;A?. These p o l e s  and z e r o s  a r e  sketched i n  t h e  
a 

complex p lane  i n  a manner t y p i c a l  of c o n t r o l  system a n a l y s i s  ( s e e  F i g u r e  

C.5) w i t h  arrows i n d i c a t i n g  t h e  l o c u s  of t h e  closed-loop p o l e s  a s  t h e  

"gain" i s  inc reased .  O f  course ,  t h e  "gain" i s  n o t  v a r i a b l e  i n  t h e  s e n s e  

o r d i n a r i l y  used by t h e  c o n t r o l  system a n a l y s t .  Ra ther ,  i t  is  given by 

+x ) w i t h  t h e  a s t e r i s k s  i n  F igure  C.5 i l l u s t r a t i n g  r e p r e s e n t a t i v e  
'A/(xBA BT 
l o c a t i o n s  f o r  t h e  closed-loop p o l e s .  A s  i n d i c a t e d  i n  t h e  f i g u r e ,  t h e  open- 

loop p o l e s  due t o  Y approach t h e  zeros  due t o  Y Z ,  g iv ing  a closed-loop 
PO 

pole-zero p a i r  i n  t h e  neighborhood of t h e  open-loop ze ros .  The two open- 

loop p o l e s  on t h e  r e a l  a x i s  (one a t  t h e  o r i g i n  and t h e  o t h e r  a t  -Fv/mT) 

become a complex con juga te  s e t  of closed-loop po les .  This s e t  of po les  i s  

t h e  primary f a c t o r  determining t h e  frequency response  of t h e  closed-loop 

system ( s i n c e  t h e  pole-zero p a i r  e f f e c t i v e l y  c a n c e l  each o t h e r ) .  Hence, 

t o  a f i r s t  approximat ion,  t h e  closed-loop t r a n s f e r  f u n c t i o n ,  Yc (where 

Y = Y / l + Y o  = y /y  o r  A / A  ) i s  given by c o T A YT YA 



L 0 - z e r o  ( b o t h  open- and 
c l o s e d - l o o p )  

w Xeal 

w.~O 

F i g u r e  C.5. Root l o c u s  diagram f o r  a f u l l  t r a i l e r .  

x -open-loop p o l e  

* - c l o s e d - h o p  p o l e  

where 

For w < 0.3 wnc ,  t h e  phase s h i f t ,  4 ,  i s  approximately  g iven  by 

where 

(C. 30) 



The i d e a l  phase s h i f t ,  $I I '. 
h i t c h  p o i n t  i s  g iven  by 

r e q u i r e d  f o r  t h e  t r a i l e r ' s  c .g .  t o  t r a c k  t h e  

0 

Also,  f o r  small w ,  Y c  1 .0 .  Hence, a t  low f r e q u e n c i e s  of s i n u s o i d a l  

e x c i t a t i o n  a t  t h e  h i t c h  p o i n t ,  t h e  p a t h  o f  t h e  t r a i l e r ' s  c . g ,  w i l l  p a s s  

v e r y  c l o s e l y  t o  t h e  p a t h  of t h e  h i t c h  point-an expected and d e s i r e d  r e s u l t  

and one t h a t  adds some i n t u i t i v e  conf i rmat ion  t o  t h e  a n a l y s i s .  

With r e g a r d  t o  a m p l i f i c a t i o n ,  a  second-order system such a s  t h a t  

r e p r e s e n t e d  by Y h a s  i t s  maximum response  a t  a  f requency  g iven  by 
c ' 

0 
max 

= w m  
n  

and t h e  g a i n  a t  w i s  g iven  by 
max 

Sometimes t h e  t r a n s f e r  f u n c t i o n ,  Y corresponding t o  A / Y  may 
c2 '  YT A 

be  of i n t e r e s t  i n  r e l a t i n g  t h e  p a t h  of t h e  h i t c h  t o  t h e  a c c e l e r a t i o n  of 

t h e  t r a i l e r .  I n  t h i s  c a s e ,  

However, t h e  f requency of maximum response ,  w i s  now g iven  by 
max2 ' 

and t h e  maximum g a i n  i s  g iven  by 



The b a s i c  r e s u l t s  of t h e  f u l l  t r a i l e r  a n a l y s i s  a r e  summarized by 

t h e  e x p r e s s i o n  f o r  t h e  damping r a t i o ,  cc ,  i . e . ,  Equat ion (C.30). A s  ind i -  

ca ted  by (C.30), t h e  damping r a t i o  d e c r e a s e s  ( the reby  caus ing  t h e  rearward 

a m p l i f i c a t i o n  t o  i n c r e a s e )  i f  ( a )  t h e  forward v e l o c i t y ,  xA, i s  i n c r e a s e d ,  

(b )  t h e  t o t a l  corner ing  c o e f f i c i e n t ,  ZCa/mT, i s  decreased ,  o r  ( c )  t h e  

d i s t a n c e  from t h e  c.g. t o  t h e  h i t c h ,  (xBT + xBA), i s  decreased .  

I tems (b) and ( c )  above fo l low a  square  r o o t  r e l a t i o n s h i p ,  whi le  t h e  

damping r a t i o  i s  i n v e r s e l y  p r o p o r t i o n a l  t o  v e l o c i t y .  Hence, t h e  magnitude 

of forward v e l o c i t y  i s  a  c r i t i c a l  c o n s i d e r a t i o n  when examining rearward 

a m p l i f i c a t i o n .  

C l e a r l y ,  t h e  a n a l y s i s  of t h e  rearward a m p l i f i c a t i o n  o f  t h e  f u l l  

t r a i l e r  has  been reduced t o  t h r e e  fundamental  pa ramete rs ,  namely, v e l o c i t y ,  

c o r n e r i n g  c o e f f i c i e n t ,  and t h e  d i s t a n c e  from t h e  c.g.  t o  t h e  h i t c h  p o i n t .  

The f i r s t  two of t h e s e  parameters  a r e  expected t o  be impor tan t  when con- 

s i d e r i n g  t h e  damping of t h e  d i r e c t i o n a l  r esponse  of any highway v e h i c l e .  

A l e n g t h  parameter i s ,  a l s o ,  expected t o  be  important  and i n  t h i s  c a s e  t h i s  

l e n g t h  parameter  invo lves  t h e  d o l l y ' s  tongue l e n g t h ,  xBA, p l u s  xgT, which 

i s  a  loadingfwheelbase  t y p e  of parameter f o r  t h e  f u l l  t r a i l e r .  

The v a l i d i t y  of t h e  b a s i c  p r e d i c t i o n s  of a m p l i f i c a t i o n  can be  

checked by computing t h e  q u a n t i t i e s  Fr (Tv) , Y z ,  and Y t o  v e r i f y  t h e  
PO 

reasonab leness  of t h e  s i m p l i f i c a t i o n s  employed. Fur thermore,  more d e t a i l e d  

a n a l y s e s  and /or  complete s i m u l a t i o n s  can b e  used t o  examine t h e  c h a r a c t e r -  

i s t i c s  of v e h i c l e s  f o r  which a b a s i c  a n a l y s i s  i n d i c a t e s  l a r g e  amounts of 

rearward a m p l i f i c a t i o n .  

C.3 Towing Unit  Ampl i f i ca t ion  

I f  t h e  h i t c h  p o i n t  of a  towing u n i t  i s  n o t  l o c a t e d  a t  t h e  c .g .  of 

t h e  towing u n i t ,  t h e  l a t e r a l  d isplacement  o r  a c c e l e r a t i o n  of t h e  h i t c h  p o i n t  

may d i f f e r  from t h a t  of t h e  c.g. S p e c i f i c a l l y ,  f o r  a  u n i t  w i t h  a  yaw 

a c c e l e r a t i o n  ; and a  d i s t a n c e  x  from i t s  c .g .  t o  t h e  h i t c h  p o i n t  
1 A  



(where x is p o s i t i v e  f o r  t h e  h i t c h  p o i n t ,  A ,  be ing behind p o i n t  1 ( i . e . ,  1 A  
behind t h e  c.g.  o f  t h e  towing u n i t ) ) .  Or, s i m i l a r l y ,  i n  terms of d i s p l a c e -  

ments 

where $ is  t h e  heading a n g l e  of t h e  towing u n i t .  

I n  t h e s e  c a s e s ,  t h e  a m p l i f i c a t i o n ,  A ,  i s  s imply A /A o r  yA/yl; YA v l  
t h a t  i s ,  A = 1 + AA where AA = -x $ / y  o r  -x ;/A 

1 A  1 1A y l '  
For  example, c o n s i d e r  

a s t r a i g h t  t r u c k  whose response  t o  s t e e r i n g  i s  d e s c r i b e d  by t h e  fo l lowing  

e q u a t i o n s  : 

. 
m(v + u r )  = - F v  - F r + Fg6 

v  r (C. 31) 

. 
I r  = - T v - T r + T 6 6  v  r (C. 32) 

These e q u a t i o n s  can be used t o  w r i t e  t r a n s f e r  f u n c t i o n s  f o r  v  and r ,  having 

t h e  fo l lowing  forms: 

and 

where N i s  t h e  numerator o f  t h e  yaw r a t e  t r a n s f e r  f u n c t i o n ;  N i s  t h e  r v  
numerator of t h e  s i d e s l i p  t r a n s f e r  f u n c t i o n ;  and t h e  denominator,  D ,  i s  

t h e  same i n  b o t h  c a s e s .  The q u a n t i t y  A A  i s  expressed i n  terms of t h e  

numerators of (C.33) and (C.34) by t h e  fo l lowing  equa t ion :  

( C .  33) 

(C. 34) 

(C. 35) 

Equat ion (C.35) shows t h a t  t h e  a m p l i f i c a t i o n  f a c t o r  f o r  t h e  towing v e h i c l e  

depends upon t h e  numerators  of t h e  yaw r a t e  and s i d e  v e l o c i t y  t r a n s f e r  

f u n c t i o n s ,  t h a t  i s ,  i t  depends upon t h e  ze ros  of t h e s e  t r a n s f e r  f u n c t i o n s  



and n o t  t h e  denominator,  t h e  e i g e n v a l u e s ,  o r  t h e  c h a r a c t e r i s t i c  e q u a t i o n  

a s  is  s t u d i e d  t o  determine t h e  s t a b i l i t y  of t h e  v e h i c l e .  

Using Equat ions  (C.31) and (C.32) t o  e v a l u a t e  (C.35) y i e l d s  

For t y p i c a l  v e h i c l e s  

FvTg >> T F 
v 6 

and 

T F. >> T6Fr r o 

implying t h a t  

S u b s t i t u t i n g  f o r  t h e  f o r c e  and moment c o e f f i c i e n t s  i n  terms of d e s i g n  

parameters  y i e l d s  

where xll i s  t h e  d i s t a n c e  from t h e  c.g. t o  t h e  f r o n t  a x l e  and 

( C .  36) 

( C .  3 7 )  

w i t h  



and 

I n  the  frequency domain, AA is  a  vec tor  of t he  form ~ e " ,  which must be 

added to  the  u n i t  vec tor  (1.0) t o  ob ta in  A a t  any p a r t i c u l a r  frequency of 

i n t e r e s t ,  t h a t  i s ,  K and $I a r e  func t ions  of t he  frequency, w .  

I n  genera l ,  

(C. 38) 

where w and cZA a r e  defined a s  before  
nz A 

and a = x /u 
1 A  

and r = ~ U / C C ~ .  

A t  high frequencies  

Note t h a t  t h e  a n a l y s i s  performed f o r  t h e  s t r a i g h t  t ruck  a l s o  app l i e s  

t o  a  f u l l  t r a i l e r  t h a t  is the  towing u n i t  f o r  another  f u l l  t r a i l e r  (as  i n  

a  t r i p l e s  combination). I n  t h i s  case,  the  a r t i c u l a t i o n  angle between t h e  

d o l l y ' s  l ong i tud ina l  a x i s  and the  long i tud ina l  a x i s  of t he  s e m i t r a i l e r  

po r t ion  of the  f u l l  t r a i l e r  p lays  a  r o l e  t h a t  i s  analogous t o  the r o l e  of 

t h e  s t e e r i n g  angle ,  6 ,  employed i n  t he  d iscuss ion  of t he  s t r a i g h t  t ruck.  

The r e s u l t s  f o r  a  f u l l  t r a i l e r ,  t h a t  i s  a c t i n g  a s  a  towing u n i t ,  a r e  

presented i n  Table 4 i n  Chapter 6 .  



The s e m i t r a i l e r  of a t r a c t o r - s e m i t r a i l e r  towing u n i t  is coupled by 

a f i f t h  wheel arrangement t h a t  provides a l a r g e  l a t e r a l  f o r c e  of c o n s t r a i n t .  

Hence, i t  i s  not  poss ib l e  t o  s epa ra t e  t h e  a n a l y s i s  of t h e  t r a c t o r  from 

t h a t  of t he  s e m i t r a i l e r .  Nevertheless ,  t h e  dynamics of t r a c t o r - s e m i t r a i l e r  

veh ic l e s  have been s tud ied  ex tens ive ly  and t h e  l a t e r a l  a c c e l e r a t i o n  gain 

between the c.g. of t he  t r a c t o r  and the  c.g. of t h e  s e m i t r a i l e r  may be 

known o r  r e a d i l y  determined f o r  many t r a c t o r - s e m i t r a i l e r  combinations [20] .  

Assuming t h a t  t h e  "c.g. t o  c.g." ampl i f i ca t ion  f a c t o r  is  known, t h e  

m a t e r i a l  presented next conta ins  a de r iva t ion  of t h e  rearward ampl i f i ca t ion  

between the  c.g. of a s e m i t r a i l e r  and the  l o c a t i o n  of i t s  p i n t l e  h i t c h .  

A s ing le-ax le  s e m i t r a i l e r ,  i l l u s t r a t e d  i n  F igure  C.6, w i l l  be 

considered f i r s t .  

P i n t l e  
Eicch 

F i f t h  

Figure C.6. Single-axle s e m i t r a i l e r .  



The l a t e r a l  a c c e l e r a t i o n ,  A of t h e  p i n t l e  h i t c h  d i f f e r s  from 
YB ' 

t h e  l a t e r a l  a c c e l e r a t i o n ,  A of t h e  ~ . . g .  because of t h e  yaw a c c e l e r a t i o n ,  
Y2' 

r ,  i . e .  , 

(C. 39) 

Consequently,  t h e  a m p l i f i c a t i o n ,  A,  d e f i n e d  by A / A  may be expressed 
YB Y2 

i n  t h e  fo l lowing  manner. 

(C. 40) 

where 

In  o r d e r  t o  e v a l u a t e  AA i t  is  n e c e s s a r y  t o  c o n s i d e r  t h e  e q u a t i o n s  of 

motion f o r  t h e  s e m i t r a i l e r ,  t h a t  i s ,  

and 

where 

(C. 41) 

(C. 42) 

Upon us ing  t h e  e q u a t i o n s  of motion t o  e v a l u a t e  AA, t h e  f o r c e  

of c o n s t r a i n t  a t  t h e  f i f t h  wheel may be e l i m i n a t e d  from t h e  r e s u l t i n g  

e x p r e s s i o n ,  the reby  producing t h e  fo l lowing  r e s u l t :  



(C. 44) 

where 

For s e m i t r a i l e r s  wi th  m u l t i p l e  r e a r  a x l e s ,  t h e  express ion  f o r  AA 

i s  der ived  i n  a manner s i m i l a r  t o  t h a t  used i n  d e r i v i n g  Equation (C.44). 

The r e s u l t  i s  a s  fol lows:  
- 

where f o r  N r e a r  a x l e s  

(C. 45) 



An a l t e r n a t i v e  approach f o r  ana lyz ing  t h e  i n f l u e n c e  of s e m i t r a i l e r  

p r o p e r t i e s  on rearward a m p l i f i c a t i o n  c o n s i s t s  of e v a l u a t i n g  t h e  ampl i f i -  

c a t i o n  f a c t o r  between t h e  f i f t h  wheel and p i n t l e  h i t c h  l o c a t i o n s  on t h e  

s e m i t r a i l e r .  I n  t h i s  c a s e ,  t h e  motion of t h e  f i f t h  wheel,  which i s  a  

p o i n t  on bo th  t h e  t r a c t o r  and t h e  s e m i t r a i l e r ,  i s  taken  a s  t h e  inpu t  

motion t o  which t h e  a m p l i f i c a t i o n  i s  r e f e r e n c e d ;  t h a t  i s ,  i f  t h e  motion 

of t h e  f i f t h  wheel is presumed t o  be reasonab le  and s a t i s f a c t o r y ,  w i l l  t h e  

motion of t h e  p i n t l e  h i t c h  b e  a  g r e a t l y  ampl i f i ed  v e r s i o n  of t h a t  motion? 

Using t h e  n o t a t i o n  i l l u s t r a t e d  i n  F igure  C.6, t h e  r a t i o  of t h e  

l a t e r a l  a c c e l e r a t i o n  of t h e  p i n t l e  h i t c h  t o  t h a t  of t h e  f i f t h  wheel may be 

expressed  a s  fo l lows :  

e r e  AA i s  given by Equat ion ( C . 4 4 ) .  

O r ,  upon s u b s t i t u t i n g  f o r  AA and us ing  t h e  p r e v i o u s l y  de f ined  q u a n t i t i e s  

( C .  46) 



APPENDIX D 

DERIVATION OF THE EQUATIONS OF MOTION FOR THE DYNAMIC MODEL 
OF MULTIPLE-ARTICULATED VEHICLES (YAWIROLL MODEL) 

The equations of motion are derived by the appl ication of the 
Newton's laws of  motion. The derivation i s  organized under the 
following sub-headings: 

1 )  Axis Systems 

2)  Equations of Motion for the Sprung and 
Unsprung Masses 

3) Suspension Forces . 
-, 

y$- ,,' 

4) Constraint Forces and Moments - - 

5) Tire Forces 

A brief out1 ine of the computer code is  presented a t  the end 
of the appendix. .# 

D. 1. Axis Systems 

Three types of axis systems are used i n  the process of develop- 
ing the equations of motion. They are: (1) an inertial axis system 
fixed in space, (2) an axis system fixed to each of the sprung masses, 
and (3) an axis system fixed t o  each of the unsprung masses. For 
example, Figure D .1 shows the axis systems for a four-axle, multiple- 
articulated vehicle with two articulation points, C, and C t ,  

respectively. 

Euler angles are used to define the orientation of the sprung 
and unsprung masses w i t h  respect to the inertial axis system. Since 
all  sprung mass axis systems are defined a1 i ke, the axis transforma- 
tion equations are given below for only one sprung mass. For the same 
reason, the transformation equations for the unsprung mass axis systems 
are derived for a single unsprung mass. 





r1.1.1 Sprung Mass Axis System. The three Euler angles of 
yaw (qs)  , pitch ( e S ) ,  and roll ( $ I ~ )  which are needed t o  describe 
the orientation of each of the sprung mass axis systems are shown in 
Figures D .2,  D .3, and D . 4 ,  respectively . 

The transformation equation between the inertial and sprung 
mass axis systems can be derived using the three sequential steps of 

rotation which are illustrated. For the yaw rotation, $I, 

For the rotation, eS, illustrated in Figure C.3, 

Proceeding along similar 1 ines, the roll rotation illustrated i n  

Figure C.4 yields 



I YAW 
w 

F i g u r e  D , 2  

F i g u r e  D.3 

& 
R O U  

ka 

F i g u r e  D . 4  

Euler angles needed t o  define the orientation of 
each of the sprung mass a x i s  systems. 



The transformation matrix which is needed t o  relate the sprung 
mass axis system and the inertial axis system can now be obtained by 

combining (Z), ( 4 ) ,  and ( 6 ) .  Doing so, we get 

where [A.  .] = [ai j] [bi j] [ci j] 
1 J 

During directional maneuvers, the pitch angl q of sprung masses are 
usually restricted t o  very small h u e s ,  hence the transformation 

. , 

equations can be simplified by replacing sin es by es and cos es by 

1.0. Expanding Equation (7) and applying the small pitch angle 
assumption, we get: 



sin), 

Sprung Mass Angular Velocities: 
I' 

The equations of motion of each sprung mass are written in 
t e n s  of the body-fixed angular velocities (ps,qs,rs) and their 
derivatives. In order t o  determine the Euler angles, the Euler 
angular velocities (is,8s,is) have t o  be calculated from the body- 

fixed angular velocities ( ps ,q, ,rs) and ihen integrated numerically. 
The Euler angular velocities are defined along the 
? + +  

, j  ,k ) directions. Therefore, equating the body-fixed and Euler ('s 2 n 
angular velocities, we get 

From Equation (5 )  we note that 

j2 = cos $,jS - sin 4sks  

A1  so, Equation (8) indicates tha t  

k = -e i + sin lSjS + cos ( ,k ,  n s S 

Substituting Equations (11) and (12)  back i n t o  (10) we get 



+ + 

ks = (-6, sin (s + GS cos bS)kS (15) 

The above three equations can also be written for solving the 
Eul er angular vel ocfties in terms of the body-fixed angular velo- 

cities (ps,q,,rs). In doing so, we get: 
k 

is = P, + (qs sin bs + r S c o s  +JeS (16) 

s qS cos pS - rS sin 4, 

Therefore, Equations (16)-(18) can be numerically integrated t o  o b t a i n  
the Euler angles a t  any time t of the simulation. 

D J . 2  Unsprung Mass Axis System. Each unsprung mass is per- 
mitted only t o  roll and bounce with respect t o  the sprung mass t o  
which i t  is attached. The orientation o f  the unsprung mass with 
respect t o  the inertial axis system i s  therefore defined by the yaw 

angle, q ~ ~ ,  and the roll angle, $,, which are shown in Figures 0 .5 

and D .6, respectively. 

Figure D .6 indicates t h a t  



Figure D.5 

ROLL - 
Figure D.6 

Eul er  angles needed t o  define t h e  orientation o f  each of the 
unsprung masses. 



When Equations (3) and ( 5 )  are combined, we have 

Therefore, combining Equations (1 9 )  and (20)  and substituting for 
[bi j] and [c. .I, we get the transformation equation which relates 

1J 
the sprung and unsprung mass axis systems. . 

D.2 .  Equations of Motion . /  

With each sprung mass assumed t o  possess five degrees of 
freedom and each unsprung mass assumed t o  possess two degrees of 

freedom, the number of differential equations requi red t o  describe 
the directional and roll behavior of a mu1 tiple-articulated vehicle 
is given by 

where n = number of sprung masses 
rn = number of unsprung masses 

D .2.1 Eauations of Motion for the Sprung Masses. Appl ica- 
tion of Newton's laws of  motion leads t o  five equations for each of 

the sprung masses possessed by the assumed vehicle system, viz. : 



Lateral Force Equation: 

' - rns(psws - rSuS) = 2 com~ponent of constraint forces 
tS + c jS component of the suspension forces 

+ msg sin 4s 

Vertical Force Equation: 
+ 

m S i s  - m S ( q S u S  - pSvS) = r &S k component of constraint forces 
+ ks component of  the suspension forces 
+ msg cos l+s 

Rolling Moment Equation: 

- ( I  - 1  hsr ,  = L roll moments from the constraints 
YY s Zz s + c roll moments from the suspensions 

(24 
Pitching Moment Equation: 

- I )P& = z pitching moments from the constraints 
XXs + z pitching moments from the suspensions 

Yawing Moment Equation: 

- I )pSqS = L yawing moments from the constraints 
Yy s + I yawing moments from the suspensions 

Note : - 
In the above equation, the "constraint forces" are the 

forces which arise a t  the points o f  connection between adjacent 
sprung masses. The "suspension forc:esH are defined as the forces 
acting between an axle and the sprurig mass. 



D . 2 . 2  Equations of Motion for the Unsprung Masses. Two 
equations can be written for the roll and bounce degrees of freedom 
possessed by each of the unsprung masses: 

I 
XX" pui 

= roll moment produced by the suspension 

i forces + roll moment produced by the 
t i r e  forces (27 

+ 
m u .  am = 1 component o f  suspension forces 

1 ui. i i 
+ xu component o f  the t i r e  forces 

i 
+ g cos $, 

i i 
(28) 

In order t o  evaluate the right-hand side of Equations (22) 

through ( 2 8 ) ,  the forces produced by the suspension, hitching 
mechanisms and t i res  need t o  be determined. The manner in which 
these forces are treated i s  out1 ined in the following sections. 

D . 3 .  Suspension Forces 

Each suspension i s  assumed t o  consist of a pair of linear 
springs and linkages which establish a roll center, R i .  Figure 0 . 7  

i s  a schematic diagram showing t h a t  the suspension springs are assumed 
t o  remain para1 lel t o  the kui axis of the unsprung mass, and are 
capable of transmitting either compressive or tensile forces only. 
All roll  p7ane forces which are perpendicular t o  the suspension springs 
are assumed t o  act through the roll center, R i  . The roll center, R i  , 
i s  located a t  a fixed distance, Z R ~ ,  beneath the sprung mass, and is 
permitted t o  sl ide along the xui axis of the unsprung mass. 



I I 
60 't i4 

Figure D .7. Suspension and tire forces at each axle. 



Figure D 7 shows that the suspension forces transmitted to the 
sprung mass from any given ax1 e, i , are 

The suspension forces can be defined in the sprung mass co- 
ordinate system by applying the coordinate transformation expressed 

by Equation (21). Upon applying the transformation, we get 

Fsuspi = [- F Ri e s sin ( i + (Fil+Fi2)eSc0~ 4, i ]is + [FR i cos(4 s -4 uj ) 

The compressive or tensile forces, . ., produced by the sus- 
F1 J 

pension springs are calculated using a suitable suspension spring 
model. On the other hand, the force, F R ~ ,  acting through the roll 
center, Ri, is an internal force which can be eliminated by inspect- 
ing the dynamic equilibrium of the axle in the jui direction. Upon 
writing the equation for the lateral equil ibrium of the axle, and 
rearranging, we get: 

4 

- C FZ sin 4 + m g sin pu 
j=l ij i i i 

Of the t e n s  in the right-hand side of (31), the only un- 
known is the acceleration, &. , of the unsprung mass. Since the 

1 
acceleration of the unsprung mass can be defined relative to the 
sprung mass to which it is attached, it can be written as: 



where i s  the acceleration a t  the c. g. of the sprung mass m. 
+ = 
a~ i s  the relative acceleration a t  the roll center, R i  , 

i/ms w i t h  respect t o  the sprung mass c.g. 
+ 

and a i s  the relative acceleration a t  the c.g. of the mu / R i  
i axle with respect t o  the roll center, R i  

We shall now derive expressions for each of the three terms in the 
right-hand side of (32). 

The acceleration o f  the sprung mass along the body-fixed co- 
+ - f +  ,' ordinates ( I ~ , J ~ , ~ , )  i s  given by: 

Since the roll center, Ri, i s  a t  a fixed distance from the sprung 
mass c.g., the acceleration of Ri w i t h  respect t o  the sprung mass 
c.g. (i ) can be derived as follows: R i  /ms 

+ r Ribs = x ? + z c  Ri s Ri s (34) 

+ + 
v ~ ~ / m ,  = r ~ ~ / m ~  = (zRiqs)$ + (-pSzRi 

+ 
+ x  r ) ;  - x  q k  R i s  s R i s s  

. 
+ a + 

= v 
Ri /ms  Ribs = biszR I R i s  s s R i  R i  s s - x  q 2 + p r z  - x  

+ 
+[-6 s z R i  + x  R i  i. s + z R i q S r s + x  q p J j  

R i S S  s 



The third term in Equation ( 3 2 ) ,  ,R , can be derived 

along the same lines as TR /, , viz.: i i 

i s 

Hence, combining Equations (33), (36);" and (39) and trans- 

forming the acceleration defined in the sprung mass coordinate system 

t o  the unsprung mass coordinate system, we get: 

On substituting the right-hand side o f  (40)  for the term 
+ 

( ju ) in Equation (31 ) , we get the following result for FR : 
i i i 



+ x r2]e sin +,, 
, R i S  s 

+ mu g sin ( 
i i 

D .4. Constraint Equations 

The differential equations which describe the motion of the 
sprung mass (Equations (22)-(26) ) contain terms which are re1 ated 
t o  the forces and moments which arise a t  the points of connection 
between the various sprung masses. These forces and moments can be 
determined from the kinematic equations which define the constraints. 
A1 ternatively , the constraint forces and moments could be eval uated 
by considering the coupling mechanisms to be compliant such that the 
forces/moments transmitted through the coupl ing  becomes a function 
of the relative displacement (1 inear and angular) between the lead 
and t rai  1 ing elements .of the coupl ing mechanism. 

Examination of the geometric configuration of the coupling 
units used on heavy-duty trucks and the structures t o  which they are 
attached indicates that these coupl ing elements are re1 atively rigid 
with respect t o  translation b u t  relatively compliant with respect t o  
rotation. Accordingly, two different schemes were adopted to repre- 
sent the constraint forces/mornents that appear on the right-hand side 
of Equations (221 through (26). . Specifical ly, the forces were deter- 
mined from kinematic expressions which state,  i n  effect, that the 
acceleration a t  a coupling p o i n t  i s  the same for b o t h  the 7ead and 



the trail  ing units of the coupl ing. The moments, on the other hand, 
were calculated as a function of the angular  displacement of the lead 
and trailing elements of a given coupling mechanism. 

Four particular coupl ing mechanisms were of interest. These 
mechanisms are diagramned i n  Figure D.8. Note that the f i f th  wheel 
and the inverted fif th wheel arrangement permit the lead and the trail-  
ing units t o  yaw and pitch w i t h  respect t o  one another, b u t  are s t i f f  
in roll. The kingpin-type connection peni ts  only yaw motions. In 
the case of the pintle hook connection, the trailing unit i s  permitted 
t o  roll , bounce, yaw, and pitch with respect t o  the lead u n i t ,  the 
only constraint being that which requires the lateral position of the 
lead coupler t o  be the same as the lateral position of the forward end /' 
of the drawbas. 

Let us consider, f i r s t ,  the procedure by which the unknown 
constraint forces can be determined on the basis of the kinematic , 

conditions which must be satisfied. If the set of k second-order 
differential equations of motion corresponding t o  n sprung masses and 

m unsprung masses are written in matrix notation (recall that 
k = 5n + Zm), we obtain: 

where 

is the inertia matrix of size kxk 

is  a vector of the f i r s t  derivative of the motion 
variables of size k: 

( V  w i ,  r i  , q i ,  p i )  1 ,  , , ( p U  $2" ) i = l , *  # .  ,m 
i i 

i s  a vector o f  size k ,  which i s  a function of z, 
i x and the dimension of the vehicle 

i s  a vector of j unknown. constraint forces and moments 

is  a matrix of s i z e  kxk which i s  a function of veh ic le  

dimensions and z. 



CONVENTIONAL FIFTH WHEEL 

INVERTED FIFTH WHEEL 

PlNTLE HOOK 

Figure D.8. Schematic diagrams of four coupling mechanisms comonly 
used on commercial vehicles. 



The kinematic constraints that exist a t  the various connect- 
ing  points, when written as a se t  of acceleration constraint 
equations, are of the form: 

where 
C i s  a matrix of size j x k ,  which i s  a function of the 

vehicle dimensions and 
+ 
d i s  a vector of size j, which i s  a function of ;, 
9 
x,  and the dimensions of the vehicle. 

.o 

If we solve Equation (42) for 2, we obtain 

On substituting Equation (44) i n  (43), we get 

which, on being solved for the constraint forces, yields: 

+ -1 -1 + 

f c = [ C M  N] i d  -CM-'?} 

The set of differential equations given by Equation (42)  can now be 
solved by substituting Equation (46) back into ( 4 2 ) .  Upon doing so, 
we obtain: 

Since al l  the terms in the right-hand side of (47) are known, 
Equation (47)  can be integrated by any standard integration sub- 
routine. 



Each of the four connections considered here are single-point 

constraints. Specifically, there is a point C c o m on to both the 

lead and the trailing units, about which articulation takes place. 
(See, for example, Figure D-9.) The required equations of constraint 
are obtained by equating the acceleration of point C on the lead unit 
to the acceleration of the same point on the trail ing unit. 

With reference to Figure D.9, the acceleration of point C on 
the lead unit is seen to be: 

Figure D .9. A single point constraint in which the articulation 
takes place about point C. 



The acceleration of the same point in terms of the motion 
variables of the trailing unit is: 

,.' 

Equations (48) and (49) can be equated to each other after transform- 
ing the coordinate system of the lead unit to that of the trail ing 
unit, or vice versa. 

Referring to Equation ( 7 ) ,  we note that: 



But  

Upon combining Equations (50) and (51), we get: 

- s i n  p cos 4 s in(qs -$ ) 
s~ S2 2 s1 

+ s i n  4 e cos pS s in(+ -$ ) 
s2 S2 1 s2 s1 

TZ3 = - s i n  4 cos 4 cos($ -$s ) + cos m S  s i n  4 
1 2 s~ 1 1 2 

- cos 4 cos 4 a s in (qs  -$s ) 
I S2 s1 2 1 

- s i n  $s  s i n  4 e s i n ($  -+s ) 
1 S~ s~ s2 I 

T31 = s i n  4 s in (+  -qS ) - cos 4 e + cos m 9 cos(.$ -Q ) 
2 S2 I s~ s2 s2 ' 3  



T32 sin $ cos(yS -$s ) + cos $ sin 4 
S2 2 1 s2 1 

sin 4 e sin($ -$s 
S2 s1 s2 1 

+ cos 4 cos 4 e sin($ -$s ) 
1 s2 S2 s2 1 

T33 = sin 4, sin 4s cash -yS ) + cos 4, cos p 
1 2 s2 1 1 s2 

+ cos 4 sin $s eS sin($ --pS ) 
1 2 1 7 

- sin 4 cos ( e sin($ - q ~ ~  ) 
S I s2 S2 s2 I 

After the transformation is. appl ied tcr' Equation (51 ) , one 
obtains the following constraint equations: 

Note that Equations (54) and (55) are equivalent to Equation 
(43) above, since the quantities, a,, bl , and cl , etc.,  are accelera- 
tions. Equations (54) and (55)  serve t o  determine the lateral and 
vertical forces acting a t  the coupling point C. In the case o f  the 
pintle hook connection, only Equation (54) i s  required since a 
constraint force cannot exist i n  the vertical direction. 

D.4.T Roll and Pitch Moments for a Conventional Fifth 
Wheel Connection. FigureD . I 0  presents both the side and rear views 
of a conventional f i f t h  wheel arrangement. I t  is observed that the 
conventional f i f t h  .wheel arrangement permits free rotational motions 
of the trai l ing unit along the pitch axis, jsl , of the lead u n i t ,  and 

+ 
along the yaw axis, kS2, of the trai l ing u n i t .  When the two units 

A 
7 

are i n  1 ine, the pitch axis, js2, o f  the trai l ing u n i t  coincides 
w i t h  the 3 axis. Therefore, when the relative yaw angle i s  zero, 

1 



LEADING 
UNIT 

SIDE VIEW - 1' 

REAR VlEW - 
Figure D 10. Conventional f i f t h  wheel arrangement. 

the trai l ing unit i s  free t o  pitch with respect t o  the lead u n i t .  

When the relative yaw angle between the two units reaches 90 degrees, 
+ 

the roll axis, iSZ,  of the trai l ing unit coincides with the pitch 
A 

axis, jS1, making the trai l ing unit free t o  roll with respect t o  the - 
lead unit. 

I t  i s  assumed that frictional couples which exist along the 
t -C 

JS1  
and kS2 directions are sufficiently small that they can be 

neglected. Thus, the only constraining moment that can act on the 
+ 

lead u n i t  i s  a roll moment along the iS1 direction. The roll 



compl iance which exists b o t h  in the tractor and t ra i ler  structures 

and in the coupling device i s  lumped t o  constitute the torsional 

stiffness, K, , shown in Figure D. 11 . A second set  of axes 
+ (Ti,, Ti,,  kil) affixed t o  the f i f th  wheel are also defined i n  

Figure C.11. This axis system has the same yaw and pitch angles as 

those of the lead unit, b u t  has a different roll angle, $4,. The 

gure D. 11. Representation of the conventional f i f t h  wheel 
arrangement in the yaw/rol 1 model. 



difference in the roll angle represents the structural 
compliance. The roll moment acting through the f i f th  wheel can 
therefore be expressed as: 

The construction of the fif th wheel i s  such that the pitch + 
axis, i;, , i s  always perpendicular t o  the yaw axis, ks2. In terms 
of u n i t  vectors, this condition can be written as: 

,/ + + 
Both jil and kS2 can be expressed in terms of the inertial 

+ + 
unit vector ( in ,  J,, kn] using the transform equation ( 9 ) .  Upon 
doing so, carrying out  the d o t  product and solving for $ i l ,  we f i n d  

that Equation (56) can be expressed as 
/ 

sin) . cos(9 -9 )-as  cosm, sin($ 
= .  ; tan[+ ? 

1 X1 a sin+ sin q - ) + cos4 
s;7 S1 2 

I 

The constraining moments acting on the trailing unit are 

and 

where ill and T21 are defined in Equation (53). 



D .4.2 Roll and Pitch Moments for an Inverted Fifth Wheel 

Arrangement. The inverted f i f th  wheel is  an arrangement in which 

the lower and upper halves o f  a conventional f i f th  wheel coupling are 
reversed. 

D.12. 

The 

unit along 
-b 

axis, ksl s 

The inverted fif th wheel arrangement i s  shown in Figure 

coupler permits free rotational motion of the trailing 
+ 

the pitch axis, js2, of the trailing unit and the yaw 

of the lead unit. Unlike the conventional f if th wheel 

arrangement, the pitch axis of the inverted coupler i s  always lined 

up with the pitch axis of the t ra i ler  for a11 values of articulation 

angles. The inverted f i f th  wheel coup1 ing can therefore transmit a 
roll-resisting moment from the lead u n i t  t o  the trailing unit for all  

values o f  the relative yaw angle between the lead and the trailing 

/G 
SIDE VIEW 

1% 
REAR VIEW 

Figure D. 12. The inverted fif th wheel arrangement. 



units. In the case of the inverted f i f th  wheel, the structural com- 
pl  iance in roll i s  modeled by a torsional spring of stiffness K x l ,  

oriented along the is, axis of the trailing unit. Upon carrying o u t  
L 

the derivation, we get: 

The roll and pitch moment acting on the lead unit are given 

where TI ,  and T12 are once again defined' i n  Equation (53).  

0 .4.3 Roll and Pitch Moments for a Kinqpin-Type Connection. 
In a kingpin-type arrangement, only yaw motion is  permitted between 
the lead and the t ra i l  i n g  un i t$ .  Hence, constraining moments act 
i n  b o t h  the pitch and yaw directions. The structural compliance is 
therefore represented by torsional springs, KX1 and Kyl , along the 
p i t c h  and roll axes. , Shown in Figure D. 13 is an axis system 

-t '' k;,) which has the same yaw angle, as the lead u n i t ,  (Ti1, Js, 
b u t  different roll and pitch angles, mil and e;, , respectively. The 

+ 
axis system is so oriented t h a t  the k i l  axis i s  parallel to the ks2  

axis o f  the trailing unit. Therefore, the vector equations 

and 



Figure .13. Representation of the kingpin-type connection i n  the 
yaw/roll model. 

have t o  be sat isf ied.  Equation (64) yields the pitch angle 

e l  = s cos(9, -$, ) + tan $, sin($, -$s ) 
2 2 1 2 2 1 

Therefore 

= K [e, cos(q, -Q, ) + tan 4 s  sin($ - 1 - eS13 
s2 =1 

(67)  
Y1 2 2 1 2 



Equation (65) yields a result which is  identical t o  (58), 
therefore 

The constraining moments, Mx2 and M which act on the t r a i l -  
ing unit are now given by 

Y 2  ' 

and 

where T I , ,  T12, T t l ,  and Tz2 are once again defined in Equation (53). 

D. 5 Forces and Moments a t  the Tire-Road Interface 

In order to obtain a high degree of accuracy in predicting 
roll /yaw behavior, the computer code uti l  i res  measured t i r e  data for 
computing the lateral  forces and aligning moments generated a t  the 
tire-road interface. If the sideslip angle and the vertical load 
acting on a t i r e  are known, the lateral force and a1 igning moment can 
be computed by a linear interpolation of the tabulated t i r e  data. 
Expressions for  the sides1 ip angle and the vertical load a t  the t i re-  
road interface will now be derived in terms of the velocities and 

displacments of the sprung and unsprung masses. 

D.5.1 Sideslip Anqles. Let us f i r s t  express the sideslip 
angle a t  the tire-road interface in t e n s  of the body-fixed velo- 
c i t i e s  of the sprung mass and the axle. The sideslip angle a t  the 
j - t h  t i r e  on axle i i s  given by the expression: 



where 

(Note t h a t  the t e n  di in Equation (71) represents the angle made by 

the wheel plane with respect t o  the longitudinal axis of the sprung 
mass coordinate system. ) 

D . 5 . 2  Vertical toads. The vertical compl iance in the t i res  
is  modeled by linear springs, KTijo Therefore, if  the vertical 
deflection, A ~ ~ ,  a t  the t i r e  is  known, the vertical t i r e  load ,  F z i j ,  

can be calculated from the expression: 

Fz i j = K T i j ~ i j  ( 7 7 )  

The vertical deflection of the t ires can be expressed i n  terms 
of the deflection of the sprung and unsprung masses. The deflection 
of the outer l e f t  t i r e  on axle i i s  given by the equation: 

A i l  
= A i O  + AZs - ZR ( I  - COS 4,) + Z, COS 4 - 

i i " i ''i D 



where 

us is the vertical deflection of the sprung mass c.g. 
+ 

along the inertial axis k, 

Azs = 0.0 a t  time t = 0.0 

i s  the vertical distance between the roll center, 
'uio R i ,  and the axle c.g. a t  time t 0.0 

'io i s  the static deflection o f  the t ires a t  time 
t = 0.0. 

The deflection of the other three t i res  on axle i i s  given by: 

Ai3  = A i 2  + 2Ti sin +u 
i 

A i 3  + Ai sin $, 
i , 

Equations (78) through (81) yield the vertical load on a given 

t i r e  which, in combination with Equation (71), permits one t o  per- 
form a linear interpolation of tabulated t i r e  data t o  determine the 

value of lateral force and aligning morr~ent corresponding t o  the pre- 

vailing load and sl ip angle. 



APPENDIX E 

VEHICLE PARAMETER SETS 



* c r 
L L; 
r L. 
ii 0 0  
i O C C  _ . . .  
t- C C ~  
L i  1. C. 

-- 

c a n  
E . c y ~  t ' d  
3 C - s  

L!' - 
i- 



C 
L 

b 

L 
P 

C 
G 

C 
u 
P 

C 
t 

L 

w 

C 
C 

C 
L 
h 

- 
1; - - - - 
r " g 
I-, 
J .- 

* I  C 
il L 
b L '  

5: L - L 
q 5  - 
3 = - 
$ 
I -. - - 
I,! 



R C O .  
I I 



O O O C  
L C C C  

. . 0 .  

0 0 0  
C D O  



o r o  



5-AXLE-CEYEtJT-MIXER 
1ltIIT I 1 
1 6 S 0 0 b O 0 0 0  

: O F  AXLES OtI  TIiIS U t l l f  = 5 

UETCtlT OF SPRlltIG M 4 S S  = 61000.00 L R .  

ROLL ROMEllT OF I t lERTIA OF SPPUHC, MASS = 100000.00 LLI.IN.SEC**2 

PITCII POMENT OF I t l Y P T I n  O F  SPRUtIG MASS = 600000.00 L R . I N . S E C * * 2  

Y A U  tICt!ENT OF I t J F R T I A  

1 i l l . r  I F F C t !  - ?tlt lF9 T I R F S  ( I N )  

S P R I J ~ I C  ~I:,ss 

AXLE 1 1 
00-300**3b 

1n000.00 

1500.00 

1100.00 

10@.'30 

21.  no 

OF Sl'PllNG MASS = 600000.00 LR.IN.SEC**2  

AXLF I 3 
*4*00+***  

18000.00 

2300.00 

~5OO.PO 

-30.10 

20.00 

RX1.E 0 5 A X L F  # 
000000000 000400000 0 0 9 0 9 L O I O  8 f O O O O 0 O O  





. . . .  
* O S H  

o o m  
0  e C 
rn C m 

0 0 0 0  
O O C O  

a * . .  
U O O P  

0 0 0 0  
O O C G  . . . .  
0 C 0 0 

O O C C  
C ' C C C  . . . .  







FORCE DEFLECTIOtJ 
L R ItICflES 

FORCE DEFLECTION 
L R INCHES 

FORCE DEFLECTIOIJ 
L R ItlCHES 



0 0 0 0  
0 0 0 0  . . . . 
Q O O O  

o a o  
a e u r  
m a m  

0 0 0 0  
O O O C  

0 
Q C O O  . . . .  
f O O O  



0 0 0 0  
G C O O  



0 0 
O C C C  

m ' 2 o . c .  
N O O d  

0 0 
b i  C 
N YI 





O O O C  O G C C  

0 0 0 0 
O C C C  . . . .  0 0 0 0  

C C C C :  . . . .  
D I I C: 

" C C  
C L - r .  r .  

0 0 0 0  
O C C C  

. * . I  

' - 0 0 0  

O O O C  C C C C  

CJ 0 
C O W  
0 9 U  
L O  C 









f e = C  
H i t  
N C C  
o r .  I. 

O C O C  

' . C . C . " .  
m p H t  

e r r  
e s "  

C N 

0 0 0 0  
o o o c  

G O .  C 0 0  0 
a* V O C C  
e o  a as CI 

C N n  

U O C  
d O r  
< P C :  



0 L J O  

hi* 
C t  0 0  
L o q c  
L * .  
c. C. *'! 
I,: r .  h 

c C 
E O O C  
S L  " ' 
PI LJ e Fi C' 
CI b1 N 







O O C C  
C O C C  

0 0 0  
C C O  * * .  
o c o  

a a 
0 V, 
N n 

O O C O  
o q c c  . . 
m o o 0  

N * C I  
o m m  

.1 

0 0 0 0 
C C C C  . . . .  



r: 
U L 
Z C 
c* 
L f  0 0  ". C C C  







C 0 0 0 
C 0 9 C* c. 
CI9 9 

0 0 0 0  c a o o 
r 9 L  0 C: 
U U L  C u 
a * =  m + 
c r Q O &  I 
VIO bra 



0 0 0 0  
o o a c  . . . .  

. . 
c c i o  = Q 0 

k '  N U 

t c c o  
N H O  
0 - w  
H H i Y  

0 0 0 0  
O C C O  . . . .  
m a 0 0  

N a N  
( D m *  

r( d 

0 0 0 0  
C C C C  . . . .  
m o o 0  

e 1 0 0  
o u l u  
N N m  

O O C  

t C . 5  
n i r .  

k C L - C c - C - - 
.z 

N  C 
c. t 

- 0  u 
Q d  0 C 0 

CL C w. 
0 : ? :  

L Q .  * 0 t 
C O W  G h 
t . ( .  > P C  







0 
L 

0 

3 
0 

3 
C 

C - 
i.: 
R 

L: 
C 

L 
L 

e 
0 

il: 
L 
L 
I- 
L: 

L. 
J 
C 
Z 





0 0 0 0  
C O O C  . . . .  
P O 0 0  

N N O  
O r - t  
d r i N  

C O C O  
C C C C  . . . .  

J G d  . * . . 
c a w  d 0 0 0 
L 6 O N N  

m Y ) P  

L C .  ct 0 O G 
C Q C  C N U, 
r c  > * 0 P 





V) 
W 
s 
U z 
Y 

0 
0 . 
c 
rO 

u 

C 
z - 
5; 
P 
L: 

LL: > 
C 
e 
6 

0 
U 

VI 
LC 

5 
L 

U 
Z 
3 
a 
PI 
V) 

L 
0 

!2 
ti 
k 
W .- - 

0 
0 
0 
9 
0 
0 
U 
C 
0 

0 
0 
9 
0 
0 
0 
0 
0 
0 

0 
0 
0 
i? 
Q 
0 
0 
9 
9 

0 
0 
Q 
0 
0 
0 
0 
0 
0 

0 
v 
0 - 0 
4! 

W Q 
i C 
x 0 
a e 

(Ci C 
0 
0 - 0 
0 

LL: 0 
9 

K 0 
C 0 

N 0 
0 
(r 

- 0  
0 

Y 0 
1 0  
x 0 
a e 

& *  
0 
0 

-(I 
9 

t10 
c1 Q 
Y O  
a 0 

C 
0 

0 
0 
0 
N 

0 

3 
0 
C 
m 
N 

0 
0 . 
0 
0 
N 
rn 

n 

2 - 
!2 
& 

U 
W 
LL: 
a 

5 
Y 
L 

@ 

C 

a 

- 
(i 
d 
L 
C 
I- 

LL: 
3 
C, 
a 
0 
c. 

2 
L: 
k 
3 
IL 







9 0 0 C  
0 0 w 
t o m  
C N ~  

0 0 0 0  
O C O O  

0 0 0 0  
c o c a  . . . .  
O O P O  

N I O P  
m o m  
d N  rd 

. . . .  
e o o o  

C Y N O  
O P P  

4 Pi 

0 0 0 0  

9 9 3 4  
" O N E  

b - 0  
m r o m  

N 

L i e u  
3 0 =  
0 0  CI 
E Q C  
C O C  
C Q C  0 0 0  



P r t  

O m 0  

f- 
0 

8 
C( 

2 
d 
3 
U 
k 
k 
a 
P 

L 
C C 
t C 
W Y  
f L  O C  
W C C C  

0 C 
W o o o  zc.. . 
CLu'OrrC 









0 0 0 0  
q o o o  

0 . .  

. - - 
m o o 0  

N W N  
m m m  

y s u  
r.. 0 t 

c o a  - 0 0 0  
W O C  G O O  
L O  iL N U 6  



i 
L 
L ' b- 
ah. 







w O O O O @ O  C O O C O  C 
O O O O e  G 0 o o c . o c  c 



J v 
C; 0 0 0 
Z 0 0 0 
h 9 . . 

0 0 
0 0 0 0 
Z 0 L; b-# 0 
C U L  - P 
c v e  I 
c e  00; 
L n 0 b . r )  

0 0 0 0 0 0 0  
U Q 0 O O C C  
Z C L :  0 r h C C  

r r , e C  



O C O O O O  
0 0 0 0 0 0  . . . . . .  0 0 0 0 0 0  

O O O C O O  . . . . . .  
O Q 9 E S O  
r r * m . r * t  

S a m * -  
r t n m s  

0 0 0 0 0 0  
O G O O O C  . . . . . .  

0 0 0 0 0 0  
O O C C O C  

0 0 0 0 0 0  
C C C C O E  . . . . . .  

- - 
o a o o o o o  

s " , : : s s s :  
E Q W  O rg 0 O - 
c * Y l C O I O  
b *  c r V ) * *  







5 - a x l e  d i r t  truck + 6 - a x l e  f u l l  t r a i l e r  
U I l l T  8 2  
0**0e000+ 

B 3F AVLFS 011 TIIIS  IJtlIT = 3 

VFlr;HT OF SrRllt lG HhFS = 2L00.00 L R .  

POLL MOHEW OF 1EIE9TIA OF SPPUtIC MASS = U 0 0 0 . Q O  L P . I N . S E C Q * Z  

PITCII POHqHT OF I t lKPTIA CF SIRU'IG t 4 A S S  = 8900.00 L D . I N . S E C * * 2  

Y R U  HClPFNT OF IEIPRTTA OF SFR1'NG MASS = 8009.00 L P . I N . S E C * * 2  

IIFXCI~T OF SPRtltIG HRSS CG AFOVE GROUND = 3 6 . 0 0  ItlCtIES 

A X L E  8 6 



0 
0 . 
0 
C 
fl 
I 

0 
0 . 
N 
Ir 
I 

0 
0 . 
0 
m 

I 

CS - 
t: 
L? 
U 
m 
v. 
u 
s 
& 

x 
0 
f 
I.. 

I- 
m 
C 
0 

X 

a 
0 . 
0 
N 

0 

9 
0 
h 

0 
0 

0 
n 

L 

W VI 
>Li 
C = 
E C )  
u =  

n . - 
L' ' 0 
L'= 

5 
Li G 
i Y 
x U 
a 
I.. 
0 

i; 
u 

k - 





0 0 0 0  
O C C C  

C G O  
C C L  

m o o 0  
a u e  
0 n C I  
N N r n  

O O O C  
0 0 0  . .  . C .  
h 0 3 C  

LL: C C C - .t b- C 
C - I* C b'. 
L 
u 

c o o  
9 0 0  . . .  
N G h  

b C b 
I: , . y. c - - - - 
C 

N O  
O t 

0 0  3 
O i  0 0 0 

u e t 7  0 0  0  . . .  c 
; i?.  C 0 s 
P C Y. IL. N 
C . C  > F U 

0 O O C  
L-QL 4 t; q 5 
Z Q  
- 0 4  0 0 0 0 

C C C  

r o d  c o o  2 0 0 0  
C E O  

F4 


