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APPENDIX A - MODIFICATION OF THE CLASSICAL
STEADY-TURNING EQUATION TO REFLECT TIRE CORNER-
ING STIFFNESS DEPENDENCE UPON VERTICAL LOAD

Consider, from Reference (19), the conven-
tional front wheel angle-path curvature relation-
ship for a straight truck with tandem-axle rear
suspension:

)
e S
¢ = —— —— A—

5 3 + K 3 (A-1)

A2 + ch /c c,

=2l R)(J.q-—&)
R Ca
1

w B[ ] -
R [zc (4-2)

'where
3 1is the front-wheel angle
R is the path radius

U is forward velocity

and

a2 + D%C_ /C o
52 %R *R
L= % |1+ A 1+ (A-3)
e L Ca

1

is the "effective'" wheelbase, related to

2 the actual vehicle wheelbase (front suspen-
sion to center of rear tandem suspension),

4 one-half the rear tandem axle spread,
D one-=half the dual tire spacing,

C the total rear tire longitudinal stiffness,

C  the total rear tire cornering stiffness, and

aR the total front tire cornering stiffness,
1
and,
b a
S ET TN (a=4)
1 R
or
W W
1 R R
K C - c. /g (a-3)
1l R

is the classical understeer gradient, related to
the additional parameters

M the vehicle mass

a the distance from the c.g. to the front axle

b  the distance from the c.g. to the center of
the rear suspension

wl the static front suspension load
WR the static rear suspension load

g the gravitational acceleration

For an actual vehicle, X is, of course, com=
prised of additional elements contributing under-
steer, such as steering system compliance and
roll-steer effects, which are being ignored in
the analysis that follows.

If the cornering stiffness, Cy, of a single
tire is now treated as the following function of
vertical load, F,,

' = - - 2 (AA
c (Fz) coa + Cla(Fz on) + czqcFz on) (A=56)

where

COQ is the cornering stiffness prevailing
at the static or nominal load, on

Cla is the linear variation of cormering
stiffness with vertical load, about the
nominal load, F,

)

is the quadratic variation of corner-
ing stiffness with vertical load,
about the nominal load, Fp

and C2
&

most C, versus F, measurements for heavy truck
tires can be accurately represented by this
relationship. Hence, the cornering stiffness of
a single tire on the front suspension can be
expressed as:

¢'(F )=¢€0 +Cl (F_-F_ 6 )
12y 1 R

+C2 (F -F. )° (A=7)
o4 4 2
1 71 ol

and, for a single tire om the rear suspensiom:

¢! (F,) =CO +CL (F, -F, )
ER R R R %o

+ CZQR(FZ -F, Ff (A=8)

Introducszion of lateral acceleration-induced
front and rear side-to-side load tramsfers,
iW; and dWp, proportioned by fore/aft roll stifi-
ness distributions, produces the comservative
static approximations:

. - a5 s
S A e A S

W, - Lw(r& KRKR> (a-10)

h is the total vehicle ¢.g. height

are the front, rear track distances

W is the total wvehicle weight

Kl is the front suspension roll stififness
KR is the rear suspension roll stiffness

and a is the vehicle lataral acceleration in



Left and right prevailing loads for both the
front and rear axles can therafore be approxi-
mated for any given vehicle lareral accelara-
tion, ay, as:

F = A
(ay) Fz + Aw_’_ (ay)
left

right

and

left -

Subscitution of the zbove left and righe
vertical tire loads, deriving from load tramsfer
during cormering, into the Cy(F,) expressions,
Equations (A-7, A-8), and noting that the linear
vertical load variations cancel one another when
summed side to side, we are left with the follow-
ing total cornering stiffness equations for
front and rear suspensions expressed as a quad-
ratic function of venicle lateral acceleration,
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where ¥ is the total numbar of tires on the rear
suspension.

Substitution of these total froant and rear
cornering stiffnesses into Zquations (A=3) and
{A=3) produces the following lateral accelera~-
tion-dependent counterparts, i, and K':

L; = ¢« [1+4A- 3] (A=13)
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APPENDIX B -~ DIRECTIONAL STABILITY AND CALCULA-
TION OF CRITICAL FORWARD VELOCITY

Rewriting Equation (4-1) as

2! 2
soe 2 +:<'%— (3-1)

where 1. and K' represent the lateral accelera-
tion~-dependent expressions (A-13) and (A-14),
produces, by rearrangement, the path curvature=-
steer angle relationship:

R . __L -
S 4 L (B-2)

Consideration of infinite path curvature
for finite steer levels during steady turning
leads to the stability condition
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The critical forward velocity, U., above
which the vehicle becomes directionally unstable
is obtained by solving Equation (B-4) for its
zero condition:

U = (8~3)
a
oa y
The partial derivatives appearing in Equa-
tion (B~5) are obtained by differentiating

Equations (A~13) and (A-14) with respect to ay,
viz.:
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NYote that Equation (B=3) is the classical
eritical velocity expression excapt for the
additional partial derivative terms denoting
dependence of %, and X' (and hence U,) upen
lateral acceleration. Recall that the dependence
of i and K' on lateral acceleration is direc:ly
related to the side-to=-side load cransfer assump=-
tion and variation of tire cormering stiffness .
with vertical load discussed in Appendix A.



APPENDIX C

SIMPLIFIED LINEAR ANALYSIS OF REARWARD AMPLIFICATION

This appendix presents a technical discussion of simplified equations
developed for predicting rearward amplification. The equations of motion
pertaining to a conventional dolly are examined in order to explain the
lateral force "decoupling'" achieved through the use of a dolly. Then
frequency domain techniques and ideas from feedback control theory are
employed to study the lateral acceleration gain between the pintle hitch
and the center of gravity location of a full trailer. Finally, expressions
defining the portion of the overall rearward amplification due to properties

of towing units are derived.

C.1  Force Decoupling Achieved Through the Use of Steerable Dollies

In this section, an examination of the equations of motion of a
truck-full trailer combination (as illustrated in Figure C.l) is used to
indicate why FA, the lateral force of constraint at the pintle hitch, is

small.

For a truck-full trailer combination, the linearized equations of
motion are as listed below. (These equations and symbols are the same
as those used in [19].)

Truck-Full-Trailer Equations: (The full trailer consists of a dolly and
a semitrailer)

ml(vl+url) = i Fli - FA (Truck lateral motion equation) (c.1)
mz(v2+ur2) = E F2i + FA - FB (Dolly lateral motion equation) (C.2)
m3(v3+ur3) =3 F3i + FB (Semitrailer lateral motion equation) (C.3)

i

where FA is the force of constraint at the pintle hitch, FB is the force

of constraint at the fifth wheel or turntable, and the Fji are tire forces

that are linearly related to their slip angles.
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Pintle Hitch,

Figure C.l. Truck-full trailer combinatiom.



Li¥) =y Fyqm%) oF =%y F) o4% By (Truck'rotatlonal (C.4)
equation)

5Ty = +FAx2A+F21x21 29%99 (Dolly rotational equation) (C.5)

[aa)
al
i

(FB does not appear in (C.5) because X, % 0; that is, for the dolly, the

B
center of gravity and the turntable location are approximately in the

same place.)

I3r3 = +FBX3B-F3IX31-F32X32-F33x33 (Sem1t¥aller rotational (C.6)
equation)
Expanding Equation (C.5) with %51 o Xs9 and CaZl E CO‘22 yields
2C . x2.r
+12%2 + a21u21 2
FA = " (c.7)
“2A

The term, 2C 421% 21 2/u in (C.7) represents the yaw moment contri-
bution from the dolly's tire forces acting about the turntable center for

a dolly with tandem axles.
In Equation (C.7) observe that:

a) 52 is not large because the dolly is tied to two large

masses that do not move quickly

b) 12 is not large (the dolly does not have a large moment

of inertia)

c) X517y << u (the forward speed is very much greater than

this lateral velocity factor)

d) XZl/XZA < 0.3 (even for dollies with short tongues)

As a consequence of items (a) through (d) above, ]FA] < 200 1lbs for typical

dollies.

The preceding discussion applies not only to truck-full-trailer
combinations, but also to any combination vehicle employing full trailers

with conventional pintle hitch connections between the dolly tongue and



its towing unit. The configuration of the combination vehicle (i.e.,
double, triple, or truck-full trailer) will not alter the basic factors

and equations pertaining to the vaw moment balance for the dolly.

C.2 Analysis of the Full Trailer

For the idealized dolly employed in the analysis presented next,

the force of constraint, F,, at the pintle hitch is set equal to zero.

This simplification and apgroximation separates the towing unit from the
full trailer in that (a) the motion of the trailer does not influence the
towing unit's motion and (2) the input to the trailer is the movement of
the pintle hitch connection to the unit immediately ahead of the full
trailer. (Also, if the full trailer being analyzed is the towing unit for
another full trailer, such as in a triples combination, the properties of
the trailer being towed will have no influence on the trailer being

analyzed.)

Instead of comparing the last unit's lateral acceleration to that of
the leading unit to obtain a rearward amplification factor for an entire
vehicle, the acceleration or displacement of the center of mass of the full
trailer may be compared to the acceleration or displacement of its hitch
point to obtain an amplification factor for the full trailer alone. The
overall amplification factor will then consist of the product of the full
trailer's amplification factor with other amplification factors existing

in the combination vehicle.,

Figure C.2 illustrates and defines the points, geometric quantities,
dimensions, and forces used in this analysis of the full trailer. (A
nomenclature defining symbols and subscripts is given in Table 5 of the

main body of this report.)

Using the approximation that ¥, = 0, the steering of the dolly tongue

A
can be determined from the motions of (1) the hitch point, A, and (2) the
full trailer as influenced by (a) the side force from the dolly's tires
acting at point B and (b) the side forces from the rear tires of the

trailer acting at their corresponding axle locationms.



F

= dolly tongue length

= heading angle of the dolly tongue

= heading angle of the trailer body

- articula:ian'angle at the trailer turntable

laveral displacement of the pintle hitch (point A)

= lateral displacement of the turntable (point B)

® lateral displacemest of the trailer's center of mass

= the distance from point B to the c¢c.g. of the full trailer
= locations of the trailer's rear axles with respect to its
= lateral tire forces at each rear axle location

= the resultant of all of the lateral forces from the dolly
This resultant force acts at the center of the turntable.

Figure C.2. Full trailer representation.

Igertial
Coordinates

(point 1)

c.g.

tires.
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4

% the yaw moment of inertia of the full trailer

the mass of the full trailer

=}
]

the distance from the trailer's turntable to the

o
3
(]

c.g. of the full trailer

The side force, FB’ acting at point B on the full trailer (see Fig. C.2)
is equal to F2l plus F22 for a dolly with tandem axles. Hence, in the

linear range,

Fg = =Cha1%1 ~ Cy20%2
For Ca21 = Ca22 and Xy = X5y 5
Fg o= 720,59 {0y + ay))
where
V. + XA, T
vyt E Ty
S R — (C.8)
Va = X r
2~ X7
%9 T T4 (C.9)
or
V)
o= =20, (D) (C.10)

Points B and 2 are coincident according to the condition that the
c.g. of the dolly and the location of the turntable center are approximately

at the same point.

For the system shown in Figure C.2, the equations of motion are

mT(VT + xArT) = FB + ? FTi (C.11)
't T %pr's T I Fnifn (€.12)



The slip angles needed for expressing the tire forces can be determined
for small angles (such as those occurring in a lane-change maneuver) from
the geometry illustrated in Figure C.1 and the appropriate kinematic

relationships per the following equations:

XA = u (the entire vehicle is moving longitudinally with
approximately the same forward velocity, u)

R |

D A

g = Y T Xgp¥s

<
—

il

D
(s

o
-3

[a N

(x4

yT = vT + urT
Yp = Vp T o¥pXy

<
=
il
o\
g .
—
[
t

v v, + r
AP S i S (C.13)
u b3 T
A
v, - T ,
Ti X,

Using Equation (C.14) with i = 1,2,3 and assigning cornering stiff-
ness values to the tires, the force and moment summations appearing in

Equations (C.11) and (C.12) may be expressed as follows:

10



ﬁé vT T

F.,.==-—3LC. ,++-1x.,.C

i=1 Ti A1 aTi XA ; T aTi

3 v, rT )

i:‘:l R T T % T R PR )

which is equivalent to

P2 ot Caar¥prr  2Co01 prpal¥r | 2Ch0

B a2l Xy XA XBA Xpa

Substituting these forces and moment expressions into the equations of
motion ((C.11) and (C.12)) yields Equations (C.15) and (C.16) given in
Figure C.3.

To obtain yT and wT as needed to complete the solution of (C.15)

and (C.16), the following kinematic equations are employed:

@ = r (C.

T T

[}

By (a) combining Equations (C.15), (C.16), (C.17), and (C.18), (b) using
P to replace the differential operator, d/dt, and (c) rearranging the

equations, the following two equations are obtained:

F
S - -
(mTp + Fv)vT + (mTu + Fr + > )rT Fy(yA YT) (c.
T
Tovp + (Ip + T+ -p—~)rT = Ty(yA = ¥ (C.

Since the quantity (yA - yT) appears omn the right sides of (C.19) and
(C.20), the control engineer's notion of an open-loop transfer function
comes to mind and provides the basis for additional development. Figure

C.4 illustrates the idea that will be exploited here.

11

Vip + waA (C.

17)

18)

19)

20)
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T e T Ny
Ir’r © Tt LTt T+ ) (C.16)
TGy ¢
E ) .5
def, xA
Caz1®sr = £ XpyCapy 3T Ca = L xCor
F' def *A
2 ..(
o (a2 "ar .
Fw ( ) Fy(xBT + x5,)
T (xgp + x5,
(ZcuZIxB'I' - E &ncun>
T - = F
v i r
A
2
2 %5 * z "%1cari T x2c
T = - ; c 2
T xA er. xA
20, (e + x )
. a217%8r T %A%y .
g %3a BTy T Srih toxgyF,
2321 %y

y Xa b FyxBT

-3

Figure C.3. Linearized equations of motion for a full trailer.

12



Yo’ open~loop transfer
Ty = Yp function

Yp * Yo(yA - YT)

The closed-loop transfer function Yc *17 Yo

T e (emlm)

2 - - -
[Fvl,rp + (FvTr TvFr)P + Tvu.Fv Tvu tv]

o7 Ty up | Pl IRt Tp F 1) - (T, (et )p 7 50

Figure C.4. Feedback control diagram as applied to a full

trailer,

Proceeding in this manner, consider the full trailer as a mechanical

servomechanism in which the output, Yoy is expected to follow the input,

Yy (However, in this case, yT(t + ((xBT+xBA)/xA)) should equal yA(t) if

the trailer c.g. is going to follow the same path as the hitch point—more

about this later after completing the analysis of the open-loop transfer

function.)

and

where

Formally solving (C.19) and (C.20) for Vi and o yields

Ve = Dl/D

rp = DZ/D

T F
- Yy g 4
D (mTp + FV)(ITp + Tr + 5 ) IV(mTu + Fr + 5 ),

[w)
|

T F
L™ [Fy(ITp + T+ Ei) - Ty(mTu +F_+ ;LP-)] (v, = vp) >

o
|

13

(C.21)

(C.22)



Noting that

. pD, + uD
= f + =
Yo f(vT urT)dtdt 5

allows the open-loop transfer function to be expressed as

2 - -
Vo [(Fy)(ITp + Trp + Tw) (Ty)(mTu+Fr)p + Fw) + Eyu(mTp+FV) Tquy]

(v, = vp) p[(mTp+Fv)(If527+ TP+ Tw) = (T,) (¥ )p + F)]
(C.23)

or by rearranging the numerator and noting that F T - TF =20

yu vy
2 - -
Vo [EyITp + (FX’I‘r TyFr)p + ?XF Fv Tvu Fy]
(yA - ¥y p<D

(C.24)

Although (C.24) can be expanded further by substituting the definitions
that accompany Equations (C.15) and (C.l16), the result does not appear to
be particularly illuminating. Rather, observe that most trailers are
loaded with approximately equal loads on all axles and equipped with
similar tires on all wheels. Under these circumstances, TV = Fr = 0,
that is, the trailer may be described as approximately "neutral steer."

For the "typical" trailer

Y = _—}iT—-—. - FyITp i
0 Yy = Y7 plmgp + F)(Ip” + Tp + 1))

24+ FTp+TufF
yr y v

(C.25)

Upon substituting for the force and moment coefficients and rearranging,

(C.25) becomes Equations (C.26), (C.27), and (C.28), expressed as follows:

*A

) <XBT * xBA) o
0 . (kAmT

LC
o

(C.26)

p + l) <Ypo)

14



where

Ip? (zx2C )p
Y = + - T +1 (C.27)
z XBTZCa XAXBT o
2 2
'r'Ba P (e )XBA ° +1 (C.28)
Y = X (Z C )(x )xB '
po (chu)(XBT + XBA)XBT XA’ %pT

The natural frequencies and damping ratios of Yz and Ypo are nearly

equal if qu = FW’ that is, if

10, % I, (XBT XBA) (C.29)
o @ %34

For many trailers, Yz and Ypo represent complex zero and pole pairs that
are lightly damped and approximately equal (i.e., (C.29) is a reasonable

approximation).

In addition to the pole-~zero pair represented by YZ/YPO, the open-
loop transfer function has a pole at the origin and another real pole at
p=- Fv/mT = - ZCa/iAmT. These poles and zeros are sketched in the
complex plane in a manner typical of control system analysis (see Figure
C.5) with arrows indicating the locus of the closed-loop poles as the
"gain" is increased. Of course, the "gain" is not variable in the sense
ordinarily used by the control system analyst. Rather, it is given by
iA/(xBAfxBT) with the asterisks in Figure C.5 illustrating representative
locations for the closed-loop poles. As indicated in the figure, the open-
loop poles due to Ypo approach the zeros due to Yz, giving a closed-loop
pole-zero pair in the neighborhood of the open-loop zeros. The two open-
loop poles on the real axis (one at the origin and the other at -FV/mT)
become a complex conjugate set of closed-loop poles. This set of poles is
the primary factor determining the frequency response of the closed-loop
system (since the pole~zero pair effectively cancel each other). Hence,
to a first approximation, the closed-loop transfer functionm, YC (where

Y, = YO/1+YO = yT/yA or AyT/AyA) is given by

15



\ Imaginary

X e open-loop pole
Q
et * — closed-l00p pole
* @ — zero (both open~ and
I closed-loop)
X s ma g X = Real
A
T
-
X\.o

Figure C.5. Root locus diagram for a full trailer.

1
Y =
c 2 ZCC
—E—— + —p+1
w W
nc nc
where
1/2
) ) (ZCa)
ne (xpg + xg,)my
1/2
| (2C) (xpg + x5,)

¢ 2kA L

For w < 0.3 0o the phase shift, ¢, is approximately given by

o - -2ch
w
nc
where
2[:c - XBA + xTB
wnc XA

16

(C.30)



The ideal phase shift, ¢I* required for the trailer's c.g. to track the

hitch point is given by

~(xp, * %)
. W

X

(b =
I A

Also, for small uw, YC ~ 1.0. Hence, at low frequencies of sinusoidal
excitation at the hitch point, the path of the trailer's c.g. will pass
very closely to the path of the hitch point—an expected and desired result

and one that adds some intuitive confirmation to the analysis.

With regard to amplification, a second-order system such as that

represented by Yc’ has its maximum response at a frequency given by

w = wn vl - 2cZ

max

d the in a is giv
and the gain at W, 1S given by

- 1
g T

Sometimes the transfer function, Yc2’ corresponding to AyT/yA may
be of interest in relating the path of the hitch to the acceleration of

the trailer. 1In this case,

However, the frequency of maximum response, wmax2’ is now given by

w
_ Il

wmaxz - ‘;l—:_i_iz-

and the maximum gain is given by

w2

n

max2 2 E—:fz;r—

17



The basic results of the full trailer analysis are summarized by
the expression for the damping ratio, Ceo i.e., Equation (C.30). As indi-
cated by (C.30), the damping ratio decreases (thereby causing the rearward
amplification to increase) if (a) the forward velocity, éA’ is increased,
(b) the total cormering coefficient, an/mT’ is decreased, or (c) the

distance from the c.g. to the hitch, (XBT + XBA)’ is decreased.

Items (b) and (c) above follow a square root relationship, while the
damping ratio is inversely proportional to velocity. Hence, the magnitude
of forward velocity is a critical consideration when examining rearward

amplification.

Clearly, the analysis of the rearward amplification of the full
trailer has been reduced to three fundamental parameters, namely, velocity,
cornering coefficient, and the distance from the c.g. to the hitch point.
The first two of these parameters are expected to be important when con-
sidering the damping of the directional response of any highway vehicle.

A length parameter is, also, expected to be important and in this case this
length parameter involves the dolly's tongue length, Xppo plus Xppo which

is a loading/wheelbase type of parameter for the full trailer.

The validity of the basic predictions of amplification can be
checked by computing the quantities Fr(Tv), Yz’ and Ypo to verify the
reasonableness of the simplifications employed. Furthermore, more detailed
analyses and/or complete simulations can be used to examine the character-
istics of vehicles for which a basic analysis indicates large amounts of

rearward amplification.

C.3 Towing Unit Amplification

If the hitch point of a towing unit is not located at the c.g. of
the towing unit, the lateral displacement or acceleration of the hitch point
may differ from that of the c.g. Specifically, for a unit with a yaw
acceleration r and a distance X4 from its c.g. to the hitch point

AyA = A.yl = Xt
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(where is positive for the hitch point, A, being behind point 1 (i.e.,

X
1A
behind the c.g. of the towing unit)). Or, similarly, in terms of displace-

ments

Yo T ¥y T EpyY

where y is the heading angle of the towing umit.

In these cases, the amplification, A, is simply AyA/Ayl or yA/yl;
» - = - - * . F R »
that is, A = 1 + AA where AA xlAtp/yl or xlAr/Ayl or example, consider

a straight truck whose response to steering is described by the following

equations:
m(v+ur) = -Fv-Fr+FS$ (C.31)
v T 8
Ir = =Tv-Tr+T.S8 (C.32)
v bo §

These equations can be used to write transfer functions for v and r, having

the following forms:

r_ N (C.33)
B D

and
Y = & (C.34)
g D

where Nr is the numerator of the yaw rate transfer function; NV is the
numerator of the sideslip transfer function; and the denominator, D, is
the same in both cases. The quantity AA is expressed in terms of the
numerators of (C.33) and (C.34) by the following equation:

s = -xlAr _ -xlAp T _ —xlAp Nr .35
Ayl pv + ur pNV + uNr

Equation (C.35) shows that the amplification factor for the towing vehicle
depends upon the numerators of the yaw rate and side velocity transfer

functions, that is, it depends upon the zeros of these transfer functions
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and not the denominator, the eigenvalues, or the characteristic equation

as is studied to determine the stability of the vehicle.

Using Equations (C.31) and (C.32) to evaluate (C.35) yields

XlA mTCS )
- P

a (FT-TF ptl
v §

7 -
FIp . ( T F-T,F_
u(F T,-T F,)" \u(F T,-TF

)) p+1
vs v§

(¢]

AA =

L5 ] 1]
o o

For typical vehicles

FVTS >> TVFS

and
TF.>T
ré

SFr

implying that

N -
1A m
m (p) (va+l)
A= FI T F,
Fr P tFr o Ptl
=3 Vd VS -

Substituting for the force and moment coefficients in terms of design

parameters yields

=X

1A mu
" (p) (Ezr'p + 1)

AA L

Y

where x,, is the distance from the c.g. to the front axle and

11

ZA

2Z;zA

Y, = H— +

zA ws

with

p+ 1,
wnzA
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1/2
) _ xllZCa
nzA I i

2
(ZX ca> 1
u 1/2
(1 xllZCa)

In the frequency domain, AA is a vector of the

and

roj

CzA

form Ke

j¢

, which must be

added to the unit vector (1.0) to obtain A at any particular frequency of

interest, that is, K and ¢ are functions of the frequency, .

A _ u) +1

In general,

2z
2 1 ) Z
(mnzA > <wnzA
A=1+ A=

2 25 _,p
. ]
wnzA wnzA

where w and ¢ , are defined as before
nzA zA
and o = xlA/u
and T = mu/IC_ .
]
At high frequencies
m x,,X
= 1 - gt = - 1Al
A 1 ATWo 4 1 T

(C.38)

Note that the analysis performed for the straight truck also applies

to a full trailer that is the towing unit for another full trailer (as in

a triples combination). In this case, the articulation angle between the

dolly's longitudinal axis and the longitudinal axis of the semitrailer

portion of the full trailer plays a role that is analogous to the role of

the steering angle, §, employed in the discussion of the straight truck.

The results for a full trailer, that is acting as a towing unit, are

presented in Table 4 in Chapter 6.
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The semitrailer of a tractor-semitrailer towing unit is coupled by
a fifth wheel arrangement that provides a large lateral force of constraint.
Hence, it is not possible to separate the analysis of the tractor from
that of the semitrailer. Nevertheless, the dynamics of tractor-semitrailer
vehicles have been studied extensively and the lateral acceleration gain
between the c.g. of the tractor and the c.g. of the semitrailer may be
known or readily determined for many tractor-semitrailer combinations [20].

" amplification factor is known, the

Assuming that the "c.g. to c.g.'
material presented next contains a derivation of the rearward amplification

between the c.g. of a semitrailer and the location of its pintle hitch.

A single-axle semitrailer, illustrated in Figure C.6, will be

considered first.

Pintle 8 ® — A Fifch Wheel

Hitch /r

v
Avy i Ava

n

Figure C.6. Single-axle semitrailer.
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The lateral acceleration, AyB’ of the pintle hitch differs from

the lateral acceleration, Ayz, of the c.g. because of the yaw acceleration,

. 3
r, i.e.,

A = A, ~%._r (C.39)

yB y2 2B

Consequently, the amplification, A, defined by AyB/AyZ may be expressed

in the following manner.

A X T
A= 2B oo 10 Bl (C.50)

A A

y2 y2
where

-X. T

A = A2B
y2

In order to evaluate AA it is necessary to consider the equations of

motion for the semitrailer, that is,

m2<Ay2) = mz(v + ur) = FZl + FA (C.41)
and
Izr = FAXZA - F21x21 (C.42)
where
X, T
- v _ 21
Fa1 = G (u u ) (€.43)

Upon using the equations of motion to evaluate AA, the force
of constraint at the fifth wheel may be eliminated from the resulting

expression, thereby producing the following result:
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/ iB [tp + 1]
A = v (C.44)
\\—g— + 25 p+1
W
o n
where
o B
(x)47%91)C4 01
1/2
(%) *%91)Ch01
“a T I
n 2
X
. 21
¢ = 2u wn

For semitrailers with multiple rear axles, the expression for AA
is derived in a manner similar to that used in deriving Equation (C.44).

The result is as follows:

28
” (tp + 1)
AA = vl ZC (0-45)
37 +=*p+1
W wn

where for N rear axles

i U myXy,
T N
2 (xgptxp4)C
i=1
z:( 1/2
%Xy4¥%1)Co04
“n = 12
N
W 2: (XZA 21)Cu21
- _n i=1
5 2u

> G
et 2A 21 a21
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An alternative approach for analyzing the influence of semitrailer

properties on rearward amplification consists of evaluating the amplifi-

cation factor between the fifth wheel and pintle hitch locations on the

semitrailer.

point on both the tractor and the semitrailer, is taken as the input

motion to which the amplification is referenced; that is, if the motion

In this case, the motion of the fifth wheel, which is a

of the fifth wheel is presumed to be reasonable and satisfactory, will the

motion of the pintle hitch be a greatly amplified version of that motion?

Using the notation illustrated in Figure C.6, the ratio of the

lateral acceleration of the pintle hitch to that of the fifth wheel may be

expressed as follows:

fyﬁ _ A 9~ x2Br
AyA Ay2 + x2Ar
or
BB 1+
A X
yA 1-;3‘3AA
2B

where AA is given by Equation (C.44).

Or, upon substituting for AA and using the previously defined quantities

T, mn, and z,

- XooT X 7
2 1 _ 2B | 2z 2B
A P <w2 u ) te (m u +1
A = vA _ n n
AB XA, T X
yB of 1 2A | 2z 2A
P (Ey + a + p ZT' .7I_ + 1
i n n v o
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APPENDIX D

DERIVATION QF THE EQUATIONS OF MOTION FOR THE DYNAMIC MODEL
OF MULTIPLE-ARTICULATED VEHICLES (YAW/ROLL MODEL)

The equations of motion are derived by the application of the
Newton's laws of motion. The derivation is organized under the
following sub-headings:

1) Axis Systems

2) Equations of Motion for the Sprung and
Unsprung Masses

3) Suspension Forces ’ /

4) Constraint Forces andi;oments f

5) Tire Forces |

A brief outline of the computer code is presented at the end
of the appendix. R

D.]1. Axis Systems

Three types of axis systems are used in the process of develop-
ing the equations of motion. They are: (1) an inertial axis system
fixed in space, (2) an axis system fixed to each of the sprung masses,
and (3) an axis system fixed to each of the unsprung masses. For
example, FigureD.]l shows the axis systems for a four-axle, multiple-
articulated vehicle with two articulation points, C1 and C2,
respectively.

Euler angles are used to define the orientation of the sprung
and unsprung masses with respect to the inertial axis system. Since
all sprung mass axis systems are defined alike, the axis transforma-
tion equations are given below for only one sprung mass. For the same
reason, the transformation equations for the unsprung mass axis systems
are derived for a single unsprung mass.
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D.1.1 Sprung Mass Axis System. The three Euler angles of
yaw (ws), pitch (es), and roll (¢s) which are needed to describe
the orientation of each of the sprung mass axis systems are shown in
Figures 0.2,0 .3, andD .4, respectively.

The transformation equation between the inertial and sprung
mass axis systems can be derived using the three sequential steps of
rotation which are illustrated. For the yaw rotation, Ve

’ - -

?n .cos Vg -sin Ve 0 ' ?]’
En = |siny,  cosy, 0 31 (1)
& K N} g
or -
A3k’ = [a A3k (2)

For the rotation, 8s> illustrated in Figure C.3,

[+ ) u . 9 (> )

11 cos es 0 sin es 12

* H

3]5 =] o0 1 0 3, (3)
<> . -

tk]‘ L-STn es 0 cos es. thJ

or
+ 2 > 7 + > > 7

Proceeding along similar lines, the roll rotation illustrated in
Figure C.4 yields

+ r > )
i, : 1 0 0 i
(3 = |0 cos¢_ -sing V1.1 (5)
2 - s S S
-> . -
k2 _0 sin ¢s cos ¢ kS
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Euler angles needed to define the orientation of
each of the sprung mass axis systems.
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or
T T T T > T |
{129J2’k2} = ECTJ] {1S:anks} (6)

The transformation matrix which is needed to relate the sprung
mass axis system and the inertial axis system can now be obtained by
combining (2), (4), and (6). Doing so, we get

> > >

T T r 2
{1n,Jn,kn} - [A.ij] {1S’Jspks} (7)

where '[Aij] = [aij] [bij] [Cij]

During directional maneuvers, the pitch angles of sprung masses are
usually restricted to very small Q&lues, hence the transformation
equations can be simp1iffedlby replacing sin 8 by 8¢ and cos 8¢ by
1.0. Expanding Equation (7) and applying the small pitch angle
assumption, we get:

-
>
i
-h
7l
n
- | -y ->
e reney . . .
cosy, -siny cos¢, cosusessmqaS siny sing cos¢sescos¢s i
-
. rei . . b bl >
smxpS coswscos¢S s1nwsess1n¢s coswss1n¢s s1nwsescos¢s I
. -5
L -es s1n¢s : cos¢S ] ks
(8)
Also
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¥ Cad -y
[]]

cosy siny, -6 ]

-

1

. ) . . . >
-s1nwscos¢s+coswsessun¢s coswscos¢s+s1nwsess1n¢s sing | {J
' ->

k

. . ) ine wed
.s1nwss1n¢s+coswsescos¢s cosy sing +siny 9 cos¢.  COSo,

Sprung Mass Angular Velocities:

The equations of motion of each sprung mass are written in
terms of the body-fixed angular velocities (ps,qs,rs) and their
derivatives. In order to determine the Euler angles, the Euler
angular velocities (és,és,&s) have to be calculated from the body-
fixed angular velocities (ps,qs,rs) and then integrated numericaily.
TEe Eu]sr angular velocities (&S,és,és) are defined along the
(is,jz,kn) directions. Therefore, equating the body-fixed and Euler
angular velocities, we get

-

: > > . .
Peig * Qg + rks =0 A (o)

From Equation (5) we nbte that

- >

jz = cOoS ¢sjs - sin ¢sks (11)

Also, Equation (8) indicates that

- -> - -+

kn = -g. i, +singd  + cos-¢skS (12)

Substituting Equations (11) and (12) back into (10) we get
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b - . T

Pl = (b = 8o¥)ig (13)
T N

o, = (8 cos o  + sin 9oy )J (14)

rsks = (-es sin ¢ + bg COS ¢S)kS (15)

The above three equations can also be written for solving the
Euler angular velocities in terms of the body-fixed angular velo-
cities (ps,qs,rs). In doing so, we get:

b

4 = Pt (qS sin Ly +‘rs cos ¢S)es (186)
. ) s

8, = gg cos ¢, - ro sin ¢ (17)
by = G sin b + T COS 6 (18)

Therefore, Equations (16)-(18) can be numerically integrated to obtain
the Euler angles at any time t of the simulation.

D.1.2  Unsprung Mass Axis System. Each unsprung mass is per-
mitted only to roll and bounce with respect to the sprung mass to
which it is attached. The orientation of the unsprung mass with
respect to the inertial axis system is therefore defined by the yaw
angle, v, and the roll angle, ¢, which are shown in Figures D .5

and 0.6, respectively.

FigureD .6 indicates that

+> ) = 7 [+ )
” 1 0 0 l]
(3,0 = 1|9 cos ¢, sin¢ { i1$ (19)
\ku L0 -sin 9 cos ¢u_ kl
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Euler angles needed to define the orientation of each of the
Unsprung masses.
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When Equations (3) and (5) are combined, we have

-+ .
h 's
-+ _ +
' J*,» = [b‘l,]] [C.‘JJ JS (20)
- -
kl ksl
Therefore, combining Equations (19) and (20) and substituting for
[bijJ and [Cijj’ we get the transformation equation which relates
the sprung and unsprung mass axis systems.
[+ - . 1 [+
i 8 sin ¢ 8.C0S ¢, 1
- . +
1ju ) = -8,sin ¢ cos(¢s-¢u) -sin(¢s-¢u) {3 (21)
-> ] >
kg k:escos %, s1n(¢s-¢u) cos(¢s-¢u)_ ks

—

D.2. Equations of Motion

e

With each sprung mass assumed to possess five degrees of
freedom and each unsprung mass assumed to possess two degrees of
freedom, the number of differential equations required to describe
the directional and roll behavior of a3 multiple-articulated vehicle
is given by

k = 5n+2m
where n = number of sprung masses
m = number of unsprung masses

D.2.1 Eauations of Motion for the Sprung Masses. Applica-
tion of Newton's laws of motion leads to five equations for each of
the sprung masses possessed by the assumed vehicle system, viz.:
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Lateral Force Equation:

->

mv -m(pw -ru.)= T j_ component of constraint forces
$'S s's’s s'S 5s

+ I js component of the suspension forces
+mg sin ¢ (22)

Vertical Force Equation:

* * [

mw - ms(qsus - psvs) = I ES component of constraint forces
+ I ks component of the suspension forces
+m.g cos ¢ (23)

Rolling Moment Equation:

Ixxsps - (Iyys - Izzs)qsrS = I roll moments from the constraints

+ I roll moments from the suspensions

(24)
Pitching Moment Equation:

Iyysqs - (IZZS - Ixxs)psrS = [ pitching moments from the constraints
+ I pitching moments from the suspensions

(25)
Yawing Moment Equation:
Izzrs - (Ixxs - Iyys)psqs = I yawing moments from the constraints
+ I yawing moments from the suspensions
(26)

Note:

In the above equation, the “constraint forces" are the
forces which arise at the points of connection between adjacent
sprung masses. The "suspension forces" are defined as the forces
acting between an axle and the sprung mass.
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D.2.2 Equations of Motion for the Unsprung Masses. Two
equations can be written for the roll and bounce degrees of freedom
possessed by each of the unsprung masses:

Ixx 5u. = roll moment produced by the suspension
4 forces + roll moment produced by the
tire forces (27)
m 3 + kK. = X component of suspension forces
ujm, ¥ Us

j
+ Eﬁ component of the tire forces
i

+ muig cos ¢“i (28)

In order to evaluate the right-hand side of Equations (22)
through (28), the forces produced by the suspension, hitching
mechanisms and tires need to be determined. The manner in which
these forces are treated is outlined in the following sections.

D.3. Suspension Forces

Each suspension is assumed to consist of a pair of linear
springs and linkages which establish a roll center, R.. Figure D.7
is a schematic diagram showing that the suspension springs are assumed
to remain parallel to the iﬁi axis of the unsprung mass, and are
capable of transmitting either compressive or tensile forces only.
A1l roll plane forces which are perpendicular to the suspension springs
are assumed to act through the roll center, Ri‘ The roll center, Ri’
is located at a fixed distance, Zgi, beneath the sprung mass, and is

permitted to slide along the Egi axis of the unsprung mass.
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Figure D.7 shows that the suspension forces transmitted to the
sprung mass from any given axle, i, are

-> -
Fsuspi : FR.Jﬁ. B (F11+F12)ku (29)

iy i
The suspension forces can be defined in the sprung mass co-
ordinate system by applying the coordinate transformation expressed
by Equation (21). Upon applying the transformation, we get

-
Fsuspi = [- FRiess1n ¢“i + (Fi]+Fi2)escus ¢ui]1s + [FRi C°S(¢s'¢ui)

- .
- (F71+Fi2)5in(¢s-¢U~)JjS = [FR. an(¢s'¢u,)
1 1 1

+ (Fiy#Fapdcos(egs, Ik (30)

i S

The compressive or tensile forces, F1J, produced by the sus-
pension springs are calculated using a suitable suspension spring
model. On the other hand, the force, Fp., acting through the roll
center, R , is an internal force which can be e11m1nated by inspect-
ing the dynam1c equilibrium of the axle in the 3u1 direction. Upon
writing the equation for the lateral equilibrium of the axle, and

rearranging, we get:

4
F [a . 2: cos ¢
Ry ", 1' i=1 yij U;

2: F_ sin +m g sin ¢ (31)

0f the terms in the right-hand side of (31), the only un-
known is the acceleration, Ehui' of the unsprung mass. Since the
acceleration of the unsprung mass can be defined relative to the
sprung mass to which it is attached, it can be written as:
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-> -> -- -
a = 3 +a +a (32)
mu. Mg Rilms rnu./R.
i i
where Eh is the acceleration at the ¢.g. of the sprung mass
s
ER is the relative acceleration at the roll center, Ri’
i/m

s with respect to the sprung mass c.g.

and 3& /R'is the relative acceleration at the c.g. of the
Y;i' Taxle with respect to the roll center, Ri.

We shall now derive expressions for each of the three terms in the
right-hand side of (32).

The acceleration of the sprung mass along the body-fixed co-

s + T >, . -
ordinates (1S,Js,ks) is given by:

3 = g+ i+ (g + i
= - + -
ams uS quS rSvS 15 (vS uSrS pSwS)JS

* (&s * PV - q's“s)ks (33)

Since the roll center, Ri’ is at a fixed distance from the sprung

mass ¢.g., the acceleration of Ri with respect to the sprung mass
c.qg. (Ek /m ) can be derived as follows:
i's

- -+ +>

r = X, 1. +2,Kk (34)

Ri/mS Ri.s Ri ]
- > -

v = 7 = (25 g )1 + (-p_2

R1/ms Ri/mS R:7s"'s 5°R;

-+ -
¥ xRirs)‘]s i xRiqsks (35)

- - . -
a =y =[q.2, =X, G +prz, -x,rN1

Ry/mg Ry/mg SRy Ry’s TssR. "Ry'sTs

-5
¥ I:'psZRi ¥ xRirs * ZRiqsrs * xRiqspsl]s

-n2 - 2 . ~ 1
+[ pszRi * xRirsps ZRiqs xRiqs]ks (36)
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The third term in Equation (32), Eh /R, » Can be derived

. -> . . U i
along the same lines as aRi/ms’ viz.: i
- ->
r = z k (37)
mui/Ri uj Uy
> ; . - -+
v = r =z k -p 2z ] (38)
m Ry MRy Ty Ty
b d -‘P . * . . +*
a =y =z k -(p z +2p 2z )i
LR R R I T e
2, % *
- +
PG.2y Xy p“'r"iZ”iTUi (39)

111

Hence, combining Equations (33), (36); and (39) and trans-
forming the acceleration defined in the sprung mass coordinate system
to the unsprung mass coordinate system, we get:

. - - L] - 1 ] - 2
@ J (”s ¥ qsws lr'svs * qszRi - xRiqs ¥ psrszRi

2 . + . + - - ®
xRirs)essxn ¢ui (vs Ure = P pszRi

xRirs * zRiqsrs ¥ xRiqsps)Cos(¢s'¢u)

+

. - - n
[ws * psvs qs“s pszRi * xR].rsps

zp 92 - X5 q Jsin(e -6 ) - p 2z - 2p Z (40)
Ri S Ri s s u Us Uy Uy uy

On substituting the right-hand side of (40) for the term

-’

(am . ju ) in Equation (31), we get the following result for FR :
U, i i
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5S

= - - - - . - 2
FRi mui{ I:us ¥ qsws reVs * qszRi xRiqs ¥ psrszRi

+(V_+ur_-pw -pz
U, (vs us 3 ps s ps R.

+ x, réle_sin ¢
5 i i

‘ Ris

¥ *R rs ¥ zRiqsrg * xRiqsszc°s(¢s'¢u.) B (ws * psvs

i i

- n2 - 2 . a ; -
qsus pszRi * xRirsps zRiqs xRiqs]s1n(¢s ¢ui)
-p 2z = 2pu'z

U; U, U,

4 4
} + 2 F coseé - 2 F. sing
i i = iy N = &y

1] i 1] i

+ muig sin ¢“i (41)

D.4. Constraint Equations

The differential equations which describe the motion of the
sprung mass (Equations (22)-(26)) contain terms which are related
to the forces and moments which arise at-the points of connection
between the various sprung masses. These forces and moments can be
determined from the kinematic equations which define the constraints.
Alternatively, the constraint forces and moments could be evaluated
by considering the coupling mechanisms to be compliant such that the
forces/moments transmitted through the coupling becomes a function
of the relative displacement (1inear and angular) between the lead
and trailing elements of the coupling mechanism.

Examination of the geometric configuration of the coupling
units used on heavy-duty trucks and the structures to which they are
attached indicates that these coupling elements are relatively rigid
with respect to translation but relatively compliant with respect to
rotation. Accordingly, two different schemes were adopted to repre-
sent the constraint forces/moments that appear on the right-hand side
of Equations (22} through (26). Specifically, the forces were deter-
mined from kinematic expressions which state, in effect, that the
acceleration at a coupling point is the same for both the lead and

41



the trailing units of the coupling. The moments, on the other hand,
were calculated as a function of the angular displacement of the lead
and trailing elements of a given coupling mechanism.

Four particular coupling mechanisms were of interest. These
mechanisms are diagrammed in Figure D.8. Note that the fifth wheel
and the inverted fifth wheel arrangement permit the lead and the trail-
ing units to yaw and pitch with respect to one another, but are stiff
in roll. The kingpin-type connection permits only yaw motions. In
the case of the pintle hook connection, the trailing unit is permitted
to roll, bounce, yaw, and pitch with respect to the lead unit, the
only constraint being that which requires the lateral position of the
lead coupler to be the same as the lateral stition of the forward end
of the drawbar.

Let us consider, first, the procedure by which the unknown
constraint forces can be determined on the basis of the kinematic
conditions which must be satisfied. If the set of k second-order
differential equations of motion corresébnding to n sprung masses and
m unsprung masses are written in matrix notation (recall that
k = 5n + 2m), we obtain:

- | N
MZ=37+Nfc (42)
where
M is the inertia matrix of size kxk
X s a vector of the first derivative of the motion
variables of size k:
[(Vi’ Wis Tis Qs pi) i=1,...,n , (pui,zui) i=l,...,m
¥ is a vector of size k, which is a function of X,
X and the dimension of the vehicle
?c ijs a vector of j unknown constraint forces and moments

N 1is a matrix of size kxk which is a function of vehicle
. N -
dimensions and x.

42



CONVENTIONAL FIFTH WHEEL

INVERTED FIFTH WHEEL

KINGPIN

PINTLE HOOK

Figure D.8. Schematic diagrams of four coupling mechanisms commonly
used on commercial vehicles. ’
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The kinematic constraints that exist at the various connect-
ing points, when written as a set of acceleration constraint
equations, are of the form:

C% = d (43)

where
C is a matrix of size jxk, which is a function of the
vehicle dimensions and X

d 1is a vector of size j, which is a function of 1,
3 . , ,
X, and the dimensions of the vehicle.

If we solve Equation (42) for X, we obtain
TN f -~ (44)

On substituting Equation (44) in (43), we get

-1 1

> - -> -
CM y+CMN fc = d (45)

which, on being solved for the constraint forces, yields:

-1+

Foeewld-conh (46)

c

The set of differential equations given by Equation (42) can now be
solved by substituting Equation (46) back into (42). Upon deing so,
we obtain:

-1

-1 ¥} (47)

> > =l =1y=1 .2
X = M'y+M N[CM 'N]  {d-CM

Since all the terms in the right-hand side of (47) are known,

Equation (47) can be integrated by any standard integration sub-
routine.
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Each of the four connections considered here are single-point
constraints. Specifically, there is 2 point C common to both the
lead and the trailing units, about which articulation takes place.
(See, for example, Figure D.9.) The required equatidns of constraint
are obtained by equating the acceleration of point C on the lead unit
to the acceleration of the same point on the trailing unit.

With reference to Figure D.9, the acceleration of point C on
the lead unit is seen to be:

L4 52 Zep

|

FigureD.9. A single point constraint in which the articulation
takes place about point C.
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3 = [u -

- 2 4+
¢ X, q p.r. 2

+q_ W rov. +q 2
Sy Sy S Sysy o sye Tepsy o Tsys g

-p.z. +x_71

213 Y
X e, g Vg + ps]ws1 51 ¢ C1 59

ur
S 1 1%

-P .
+z q.r. +2z2 g r +x.q r Jj +[w +p_v

->
Q.U =-x.q =p¢z +x r p -2z ¢k
5157 1S TSyep ey syTsy L ToysyTsy

- -
+ bTJs + c1k (48)

<>
a1
15 1 5

The acceleration of the same point in terms of the motion
variables of the trailing unit is:

->
a =

[u, +q_w_ - g2 +p_r, z
¢ sy T Us,'s, Sy Sy Cy

r X
€252

V. +q_2
S8 $2%

- ] L] L]
X, re]i_ +[v. +u_r_ -p.w_ ~-p 2z +x_r
2% %2 %2 (2% 2% 2% 2%

* L ]
+2.q.r. *+x.q P li. +[w, +p.v. -q.u
€3Sy Sy €85 S5°S, S, TSy s, sy s,
L] ) *
-x.q =-p2z +x.r. p -2z q* I
CaSg "SpC C2328; €575,
- - -
=a,1_ +b,j. +c,k (49)
2 Sy 2 Sy 2 S,

Equations (48) and (49) can be equated to each other after transform-
ing the coordinate system of the lead unit to that of the trailing
unit, or vice versa.

Referring to Equation (7), we note that:

1l T T
i = [ ijJ] {]S], JS ’ S% (50)

1
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But

T o
s T T
j = - > >
*52 / [A1J]2 hna Jns kn} (5])
K
521
Upon combining Equations (5Q) and (51), we get:
[+
3
L5 .
> - - -
T (= tagata gy g 30 kg [T]h,.is.ks}T
> 31 1 1 1 1
k
52
(52)
where:
Ty, = cos{y_ -y )
11 Sy 'Sy
Ty = sin(y_ -v_ )cos ¢, - o_sin¢_ + sine_s_cos(y. -¢_)
12 Sy s] 51 S5 s s s] S5 'Sy
Ty, = -s1n(w )sin¢_ -8_cos ¢ +cos ¢ &_cos{y_ -y )
13 5,75, S| Sy 5 R TP
T,y = =cos ¢_sin(y_ -y_) -6_sineé_ +sino_6_cos{y -y )
21 - 'S Sp 84 5 So Sy 52 S9 51
T,, = COs ¢_cos ¢_cos(y_ -¢_ ) + sin o_ sin ¢
22 3 Sy ) s1 5 S5
- sin ¢ 85 COS 4 s1n(ws s )
5 1 52 2 71
+ sin 8 cos ¢_ sin(v_ -y_ )
52 S2 51 S2. 91
Thoqa = =sin ¢_cos ¢_cos(y_ -y ) + cos ¢_ sin ¢
23 51 Sy Sy "8y $1 S5
- cos ¢, COS ¢ sin(y_ -y, )
51 52 51 529
- sin 4 sin ¢ sin(y. -¢y_ )

51 S2 52 S2 '8
Taq = sin ¢, sin(y, -y ) - cos ¢_8_ + cos ¢, 8_ cos(y -y )
3] S5 Sy 7Sy So 5 S5 Sy S5 5
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Tos = =COs ¢_ sin ¢_ cos(v_ -y_ ) + cos ¢_ sin ¢
32 $1 So Sy Sy So 5

+ sin ¢ sin ¢_ 6_ sin(y )
5 S2 51 Sy 51

+cos ¢ COS ¢, § sin(p_ -p_ )
51 5282 S §y
Tan = sin 6 sin ¢_ cos{y_ -y_ ) + cos ¢_ cos ¢
33 5 Sy Sy 'S 5 3
+cos ¢ sin ¢_ 8_ sin{v )
51 525 g s,
-sin¢_cos ¢_ 6. sin(v. -y_ ) (53)
, 51 S2% " S2 Hy
After the transformation is applied to’'Equation (51), one
obtains the following constraint equations:

> >

b2ls, (a7Ty + BTy + ‘1723)352 (54)
- -

°zksz = (agTyy #5yTy + °1T33)"s2 (5)

Note that Equations (54) and (55) are equivalent to Equation
(43) above, since the guantities, a,, b,, and ¢,, etc., are accelera-
tions. Equations (54) and (55) serve to determine the lateral and
vertical forces acting at the coupling point C. In the case of the
pintle hook connection, only Equation (54) is required since a
constraint force cannot exist in the vertical direction.

D.4.T Roll and Pitch Moments for a Conventional Fifth
Wheel Connection. Figure D .10 presents both the side and rear views
of a conventional fifth wheel arrangement. It is observed that the
conventional fifth wheel arrangement permits free rotational motions
of the trailing unit a]ong the pitch axis, 351, of the lead unit, and
along the yaw axis, k52’ of the trailing unit. When the two units
are in 11ne, the pitch axis, 352, of the trailing unit coincides
with the Js] axis. Therefore, when the relative yaw angle is zero,
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TRALILING UNIT -

LEADING -
UNIT ly,
|

1k$|
SIDE VIEW . REAR VIEW

FigureD .10.  Conventional fifth wheel arrangement.

the trailing unit is free to pitch with respect to the lead unit.
When the relative yaw angle between the two units reaches 90 degrees,
the ro]] axis, 152, of the trailing unit coincides with the pitch
axis, 35], making the trailing unit free to roll with respect to the
lead unit.

It is assumed that frictional couples which exist along the
351 and kSz directions are sufficiently small that they can be
neglected. Thus, the only constraining moment that can act on the
lead unit is a roll moment along the 15, direction. The roll
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compliance which exists both in the tractor and trailer structures
and in the coupling device is lumped to constitute the torsional
stiffness, K1, shown in FigureD.11. A second set of axes

(4> 34y ki;) affixed to the fifth wheel are also defined in
Figure C.11. This axis system has the same yaw and pitch angles as
those of the lead unit, but has a different roll angle, ¢5;. The

i,
_ s
i
Kx,
‘ ks. |s‘ C — r;

% — 1
= (¢§fqu
lsp

ksa

ey
ks,

Figure D.11. Representation of the conventional fifth wheel
arrangement in the yaw/roll model.
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difference in the roll angle (¢§]-¢s1) represents the structural
compliance. The roll moment acting through the fifth wheel can
therefore be expressed as:

¢ ) (56)

M = K](¢l S]

3

The construction of the fifth wheel is such that the pitch
axis, 351, is always perpendicular to the yaw axis, k32 In terms
of unit vectors, this condition can be written as:

itek =0 (57)

Both Eé] and k52 can be expressed in terms of the inertial
unit vector (in, Jn, ) using the transform equation (9). Upon
doing so, carrying out the dot product and solving for ¢§1, we find
that Equation (56) can be expressed as

e

T : . 1
sing . cos(y_ -y_ )-8, cose. sin(y_ -y_ )
. )tan‘] S n gy Ty e o
X1 Xq 65151"¢5251n(w52'ws1) * C0s¢, 5
\ o o
(s8)
The constraining moments acting on the trailing unit are
M = -MT (59)
Xo X 1
and

where T]] and T21 are defined in Equation (53).
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D.4.2 Roll and Pitch Moments for an Inverted Fifth Wheel
Arrangement. The inverted fifth wheel is an arrangement in which
the lower and upper halves of a conventional fifth wheel coupling are
reversed. The inverted fifth wheel arrangement is shown in Figure
D.12.

The coupler permits free rotational motion of the trailing
unit along the pitch axis, 352, of the trailing unit and the yaw
axis, ksl’ of the lead unit. Unlike the conventional fifth wheel
arrangement, the pitch axis of the inverted coupler is always lined
up with the pitch axis of the trailer for all values of articulation
angles. The inverted fifth wheel coupling can therefore transmit a
roll-resisting moment from the lead unit to the trailing unit for all
values of the relative yaw angle between the lead and the trailing

ls2 jsz
S ™ ) — e
] i
] 1_..
ksz ksz
SIDE VIEW REAR VIEW

Figure D.12.  The inverted fifth wheel arrangement.
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units. In the case of the inverted fifth wheel, the structural com-
pliance in roll is modeled by a torsional spring of stiffness Kx],
oriented along the Tsz axis of the trailing unit. Upon carrying out
the derivation, we get:

sing_ cos(v_ =-y_ )-6_ cose_ sin{v_ -y_ )
-1 5 A I T T
X X 8_ sine_ sin{y_ -y_ ) + cose

2 1 s2 51 51 s2 51

-4
52

(67)

The roll and pitch moment acting on the lead unit are given

by
Moo= <M T ' (62)
Xy Xo 11
My] = - szT]2 (63)

where TH and T]2 are once again defined in Equation (53).

D.4.3 Roll and Pitch Moments for a Kingpin-Type Connection.
In a kingpin-type arrangement, only yaw motion is permitted between
the lead and the trailing units. Hence, constraining moments act

in both the pitch and yaw directions. The structural compliance is
therefore represented by torsional springs, Kx] and Ky], along the
pitch and roll axes. ~Shown in Figure D.13 is an axis system

(751, Eg], Eg]) which has the same yaw angle, ¥sys S the Tead unit,
but different roll and pitch angles, ¢5] and 951’ respectively. The
axis system is so oriented that the k51 axis is parallel to the k52
axis of the trailing unit. Therefore, the vector equations

oLk 0 (64)
'l Y =
S %

and
ok =0 (65)
51 %2
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Figure D.13.

have to be

el
5

Therefore

My1

Representation of the kingpin-type connection in the
yaw/roll model.

satisfied. Equation (64) yields the pitch angle
= o cos(y_ -v_ ) + tan ¢_ sin(y_ -y_ )
2. %2 % 20 %2 %
= K ! o
~V1(651 e51)
= Ky][eszcos(wsz-ws1) + tan ¢szsin(wsz-us1) - eSTJ
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Equation (65) yields a result which is identical to (58),
therefore

coso_ sin(y_ =v_ )
N 52 2 S % %y
X X 8' sin¢_ sin{y_ -u_ ) + cose
1 1 5 Sy Sy 'Sy S5

sin¢52cos(w -ws1)-es

Tt (68)

The constraining moments, Mx2 and Myz, which act on the trail-
ing unit are now given by

M = -M T, -M T (69)
Xo Xy N 2 12
and
M.y2 = - Mx1T21 - Mlezz (70)

where T,y T15s Toys and T,, are once again defined in Equation (53).

D.5 Forces and Moments at the Tire-Road Interface

In order to obtain a high degree of accuracy in predicting
roll/yaw behavior, the computer code utilizes measured tire data for
computing the lateral forces and aligning moments generated at the
tire-road interface. If the sideslip angle and the vertical load
acting on a tire are known, the lateral force and aligning moment can
be computed by a linear interpolation of the tabulated tire data.
Expressions for the sideslip angle and the vertical load at the tire-
road interface will now be derived in terms of the velocities and
displacements of the sprung and unsprung masses.

D.5.1 Sideslip Angles. Let us first express the sideslip
angle at the tire-road interface in terms of the body-fixed velo-
cities of the sprung mass and the axle. The sideslip angle at the
j-th tire on axle i is given by the expression:

55



) - 8, (71)

/u j

_ -1

axlei ]

where

vaxlei s [Vs - ZRiPsJCOS o * Xuirs/cos ¢ = puiHRicos ¢u1
(72)

utireﬂ = ug * (Ty+hy)rg (73)

Uire,, - Ys T Ti"s (74)

i2

Ups = U, - T.P‘ (75)

tTY‘E,B S i's

utire1.4 = ug - (TyHAyrg | (76)

(Note that the term P in Equation (71) represents the angle made by
the wheel plane with respect to the longitudinal axis of the sprung
mass coordinate system.)

D.5.2 Vertical Loads. The vertical compliance in the tires
is modeled by linear springs, KTij' Therefore, if the vertical
deflection, 845 at the tire is known, the vertical tire load, inj’
can be calculated from the expression:

FZ” = KTysbyy (77)

The vertical deflection of the tires can be expressed in terms

of the deflection of the sprung and unsprung masses. The deflection
of the outer left tire on axle i is given by the equation:

b7 = Byg *+8Zg - zRi(] - ¢OS ¢S) + zuicos ¢u1 - Z“io

- (T;+A,)sin ¢“i - xuies\ (78)
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where

Az is the vertical deflection of the sprung mass c.qg.
-~

along the inertial axis kn

AzS = 0.0 at time t = 0.0

y4 is the vertical distance between the roll center,

“i0 .
Ri’ and the axle c.g. at time t = 0.0

Aio is the static deflection of the tires at time
t = 0.0.

The deflection of the other three tires on axle i is given by:

bip = 841 % Ai sin ¢ui P (79)
bi3 = b4, + 2T, sin ¢“i (80)
big = bis + Ai sin ¢ui ) (81)

Equations (78) through (81) yield the vertical load on a given
tire which, in combination with Equation (71), permits one to per-
form a linear interpolation of tabulated tire data to determine the
value of lateral force and aligning moment corresponding to the pre-
vailing load and slip angle.
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APPENDIX E

VEHICLE PARAMETER SETS
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79

5-AXLE-CEMENT -MIXER

UNIT » 1
BAGHFAGO D

§ OF AYLES ON THIS UNIT = S

HETIGHT OF SPRUNG MASS

ROLL MOMEMT OF INERTIA OF SPFUNG MASS =

= 61000.00 LR,

PITCH MOMENT OF INTRFTIA OF SPRUNG MASS =

YAW MCMENT OF INFRTIA OF SPRUNG MASS =

HEIGHT OF SPRUNG HASS CG AROVE GROUND =

1LOAP 0N FACH AXLE (L.B.)
RYLF WFEIGHT (1R,)

RYLF ROLL M.1 (LB.IN.SFEC®e2)
X BIST FPOM SP MASS CG (1IN)

HETCHT OF AXLE C.G. ABOVE
GrouND {INCHES)

HEICHAT CF ROLL CEMTER ADCVE
GFCUMND  (THCTHES)

HFLE SPRING SPACING (TH)

HI LY TRRCK - THHER TIRFS (IN)
CUAL TIPE SPRCING (TH)
STIFFYHESS OF FACH TINE (Lr/IN)
POLL STEFR CCPFFICIENT
PUY POLL STIFFNESS (IN.LP/DEG)

TERING COULOMD FRICTION -
PFR SFRING (LP)

VISoecus ravPIHG FER SETING
{(LP.5TC/7 1)

SIrIes TRPLF »
COPNERING FCPCE TARLE

FLIGHING TOPCUE TRULE 0

AXLE ¢ 1
COARCATID

18000.00
1500.00
3700.00

140.70

21.70

22.00

16.00

49.%0
.7

fO00.N0
0.0
0.0

250,00

0.0

AXLE & 2
CHENGONEOG

2600.00
1500.00
3700.00

la.90

20.00

22.00

19.00
42.00
0.0
<000.00
0.0
100000.00

250,00

©.0

9

*J

100000.00 LB.IN.SEC®*2
€00000.00 LB.IN.SEC®%2
600000.00 LB.IN.SEC®82
71.70 THCHES
AXLE &8 3 AXIE ¢ 0 AXLE 3 5
it 22 2010 4 pei- 2ol -E 2 -2 1 (A L2122 2 244
18000,00 18000.00 6000.00
2300.00 2300.00 1000.00
4500.00 4500.00 3000.00
-30.10 -80.10 -143.10
20.00 20.00 15.00
29.00 29.00 17.00
19.c0 19.00 19.00
29.00 21.00 36.00
13.00 13.00 0.0
5000.00 “000.00 5000.00
0.0 0.0 0.0
0.0 0.0 10000.00
750,00 750.00 250.00
0.0 0.0 0.0
3 3 2
2 2 2
2 ? 2

AXLF ¢

(2L 2-2 £-2-2-2 4 2222 3-2-2-F ]
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TIT

5-axle dirt truck ¢ 6-axle full traller

UNIT §8 2
L2211 228 ]
8§ OF AYLFES ON THIS UNIT = 3
WEFIGHT OF SPRUNG MASS = 2¢00.00 LA,

POLL MOMENT OF IMERTIA OF SPFUNG MASS =
PITCH MOMENT OF IHEPTIAR CF SIRUNG MASS =
YAY MOMENT OF INEFRTTIA OF SPRUNG MASS =

HEIGHT OF SPRUNG MASS CG APOVE GROUND =

AXLE ¢ 6 AXLE § 7 AXLE 8 @

AOASHAOES  VHGHEVERE  OOGCIVV N

IL.OAD CN EACH AXLFE (LB.) 13217.00 13u17.00 13817.00

AYLF WEICHT (LP.) 1500.00 1%00.00 1500.C0

RXLF ROIL M.T (LP.IN.SFC®22) 3700,.00 3700.00 3700.00

X DIST FROM SP MASS CG (IN) 42,00 0.0 -82.00

HEICHT OF AXLE C.G. ABOVE 20.00 20.00 20.00
GFOUND (INCHES)

HrIGHT OF PDLL CFHNTER ADPOVE 22.90 22.00 22.00
GPOUND (IMNCHES)

HFLF SPRING SPACING (IN) 19.00 19.00 19.00

HFLF TRECY - THHEP TIWNES (IN) 27.00 29.00 29,00

DURT TTIFE SPACING (IN) 13.%0 13.00 13.00

STIFFNFSS OF FACH TIRFE (LB/IN) £N00.00 5000.00 5000.00

RCLL STFFER COFFFICIENT 0.0 0.0 0.0

AUY FOLL STIFFMFSS (IH.LB/DEG) 0.0 0.0 0.0

SIPING CouLore FPICTINN - 750,00 750.00 750.00
PFR SPRING (LP)

VISTeUs DRMEINC PEP SPRING 5.0 c.0 0.0

(Lr.S%c/71)
SFEING TRPLE @ 2 2 2
COFNFRING FOFCE TAOLE 2 ? 2

FLIGHING TOPQUE TARLE @ 2 ? ?

4000.00 LR.IN.SECa22
8000.00 LB.IN.SEC%%2
8009.00 LPR.IN.SEC?92
16.00 IHCHES
AYIE

BOOREOL O SRR ONBANE AP ONOYDO LA 22 22221 4

22 -2-21 -2 2
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