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Abstract-Simulation of sheet metal forming processes involves large deformation analysis. In this 
paper, the finite element method has been utilized for a consistent analysis of coupled thermo- 
mechanical large deformation of metals. A time dependent elastic-viscoplastic model has been used to 
represent the flow type behavior of metals at elevated temperatures. The proposed model 
incorporates initial anisotropy and temperature dependence of metals. A proper choice of objective 
stress rate, suitable for anisotropic materials has been made. Integration of the rate constitutive 
equations is carried by a return mapping algorithm. A special Lagrangian-Eulerian three dimensional 
finite element mesh description has been used to avoid the typical problems encountered in a 
Lagrangian description. A technique for solving the coupled equations is suggested. 

1. INTRODUCTION 

Hot metal forming processes, such as rolling or sheet metal forming, in general involve large 
inelastic deformation of the workpiece. A coupled thermomechanical analysis of the large 
deformation problem is necessary to properly simulate such a process. A number of metals 
have been noted to exhibit rate (time) dependent inelastic behavior at elevated temperatures. 
The viscous flow of metals at a high temperature, enhances the desirability of an appropriate 
rate dependent elastic-viscoplastic material model for analysis. Researchers like Kobayashi 
[19], Dawson et al. [20] and Taylor et al. [21] are among many, who have tried to simulate hot 
metal forming analysis. In this paper, a detailed theoretical treatment for a coupled 
thermo-mechanical finite element analysis of the sheet metal forming process has been 
presented. 

There exists a considerable body of literature on the analysis of sheet metal forming process. 
A finite element procedure using the nonlinear membrane theory of shells has been developed 
by Wang and Budiansky [22] for rate insensitive materials and has been extended to include 
rate effects, by Wang and Wenner [23]. Most of these analyses use the membrane theory of 
shells and are applicable only in cases where bending is insignificant. The assumptions of shell 
theory restricts the applicability of these models to cases of small strain only. In this paper, we 
have considered a general three dimensional finite element model for the large deformation 
problem. 

Due to the magnitude of deformation and the nature of contact boundary condition, the 
conventional Lagrangian mesh poses difficulties of excessive element distortion and unmatched 
boundaries. These difficulties therefore require remeshing and rezoning of the Lagrangian 
mesh. In an attempt to circumvent these limitations, a special Lagrangian-Eulerian mesh, 
whose motion is not restricted by the movement of the material, has been used for stress and 
temperature analysis. 

A strain-hardening overstress viscoplastic model has been chosen to represent the material 
rate dependence. It is based on a unified viscoplastic model proposed by Perzyna [8] in 1966 
which has been modified to include large deformation, thermal effects and initial anisotropy of 
the prerolled sheet. A static yield criterion has been developed to incorporate the initial 
anisotropy of the material. 

A proper integration algorithm for the rate constitutive equations is essential in large 
deformation analysis because it has to satisfy the conditions of numerical stability, consistency 
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with the constitutive equations and incremental objectivity. A return mapping scheme in 
conjunction with operator split which satisfies the desired requirements, has been implemented 
to integrate the rate type constitutive equations. 

Finally, a global analysis technique has been suggested for coupling the various separate 
algorithms, to be used in the finite element simulation. The analysis is done in discrete time 
steps and within each time step, several different iterations are required, for convergence to the 
incremental solutions. The quasi-Newton iterative schemes have been found to be most 
suitable for the types of equations that evolve in this analysis. Numerical results demonstrating 
the strength of the proposed finite element model, however, have not been discussed here and 
will be presented in a forthcoming paper. 

2. FINITE ELEMENT FORMULATION USING AN ARBITRARY 

LAGRANGIAN-EULERIAN DESCRIPTION 

The arbitrary Lagrangian-Eulerian description introduces a reference system which is not 
constrained to remain fixed in space (Eulerian) or to move with material points in the body 
(Lagrangian). In this description, the motion of the mesh is represented by a set of arbitrary 
independent variables which may also represent pure Eulerian or Lagrangian descriptions as 
limiting cases. The flexibility in the choice of the motion of the reference system exploits the 
advantages of both the descriptions mentioned above. 

An arbitrary Lagrangian-Eulerian mesh was introduced in the context of finite difference 
solution of Navier-Stokes equation in fluid mechanics by Hirt ef al. [l]. Subsequently, it has 
been used in the finite element modelling of fluid-structure interaction problems by Donea et 
al. [2] and Belytschko et al. [3], in viscous flow problems by Hughes et al. [4] and in large 
deformation of solids by Haber [5]. Haber’s description differs from the rest in the fact that, 
while most of the others have used velocity as their primary kinematic variable, Haber has used 
a displacement based ALE method. In his paper, Haber has decomposed the deformation into 
Lagrangian and Eulerian parts, introducing a mapping of each of these onto a reference 
configuration. The present formulation, despite its use of displacements as the primary 
kinematic variable, differs from the above work in the fact that the reference configuration in 
the present formulation moves in the space of motion of the deformable body itself. 

As an alternative to the methods of formulation discussed in [2-41 etc, the Reynolds 
transport theorem has been appplied to an arbitrarily moving control volume with deformable 
boundary to obtain the field equations of mechanics with respect to an arbitrarily moving grid 
point. 

2.1. Continuity, momentum and energy equations with respect to an arbitrarily moving grid 
point 

In the Lagrangian-Eulerian description, the reference configuration comprises of a set of 
grid points which may be identified by a set of three independent coordinates x1, x2 and x3 or 
simply xi. With no loss of generality x may be used to denote the position of a representative 
grid point at time t = 0. 

At any time t, a set of arbitrary grid points constitute a control volume Q(t) in space with a 
deforming boundary r(t) as shown in Fig. 1. It is assumed that system of material particles 
constituting a continuum passes through this control volume. This is possible because of the 
arbitrariness of the motion of the grid points. The Reynolds transport theorem may then be 
utilized to yield the three governing equations as shown next. 

(a) Continuity: From the principle of conservation of mass of a system of particles passing 
through the control volume, Reynolds transport theorem yields: 

$(i,,,,Pdn)+I,,oP(V-W).ndr=O (1) 

where p is the density, V is the material velocity, W is the grid point velocity and n is the unit 
outward normal to the boundary of the control volume at time t. It is to be noted that all of the 
above variables are functions of x, the current grid point location and time t. 
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Fig. 1. System of particles coinciding with control volume at time t. 

In the ALE description, the motion of the grid points may be expressed in terms of the 
coordinates xi by equations of the form 

Xi = xi(Xj, t> (2) 

These equations represent a mapping of the initial configuration of grid points on to the 
current configuration. Although, the motion of the grid points is arbitrary in general, an 
inverse relation is assumed to exists as: 

Xi = Xi(xj3 t> (3) 

The necessary and sufficient condition for the inverse relation to exist, is that the Jacobian 

is nonvanishing. 
An element of the initial control volume Q, may thus be related to a corresponding element 

of the current configuration &2(t) as: 

dQ=JdS&, (5) 

Applying the above relation and the divergence theorem to eqn (1), the following equation 
results. 

I[ I 
Qo dt+J ;(pWW;))]dQo=O 

I 
(6) 

From eqn (6), the fact that the control volume is arbitrary, yields the pointwise continuity 
equation with respect to a grid point moving independently from the material. 

(7) 

(b) Momentum: Using an approach similar to that for continuity, the Reynolds transport 
theorem leads to the global momentum equation for the control voIume Q(t); 

(8) 

Thus, eqn (8) yields the pointwise momentum equation with respect to an arbitrarily moving 
grid point as: 

(9) 
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Here oij are the Cauchy stress tensor components and Gi are the components of body force 
per unit mass. 

(c) Energy: Reynolds transport theorem for energy balance results in a global form of the 
energy equation as: 

which subsequently reduces to the pointwise energy balance equation. 

In eqn (11) ii is the specific internal energy, q is the heat flow vector and f refers to the rate 
of heat addition by a source. 

The internal energy ii may simply be written as: 

ii = c,(e - eref) (12) 

where 8 is the absolute temperature and eref is some reference temperature. 
Noting that the divergence of the heat flow vector may be related to the temperature 

gradient through Fourier’s law of heat conduction and also that the symmetry of the Cauchy 
stress yields the relation 

Uji - = Uji Dji 
3Xj 

(13) 

where D is the rate of deformation tensor, the resulting pointwise energy balance equation has 
the form: 

(14) 

where kij is the heat conductivity of solid. 
The time derivatives of density, stress and temperature in eqns (7), (9) and (14) represent 

the rates of the respective variables at a fixed grid point, identified by x. Depending on the 
value of W in these equations, different descriptions may be obtained. 

(1) When W = V, the grid point moves with the material point and hence the description is 
Lagrangian. 

(2) When W = 0, the grid point is fixed in space and therefore this corresponds to the 
Eulerian description. 

Comparing the continuity, momentum and energy equations in the ALE description with the 
respective Lagrangian forms obtained by the substituting W = V in eqns (7)) (11) and (18)) the 
following relations between time derivatives may be inferred: 

de 
-six at, I I =e +(l+l4$$ 

I 

A similar relation may also be establised for stress rates see [4] as: 

(16) 

(17) 

The above eqns (15)-(18) represent the relations between the material derivatives at a 
material point X and the derivatives at a grid point x. For problems of solid mechanics, where 
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material properties are history dependent, the above set of equations provide the necessary 
link between the time derivatives, for the solution variables to be computed at the grid points. 

2.2. Principle of virile work 

The equation of principle of virtual work may be derived by multiplying eqn (9) by an 
admissible virtual, material point displacement ii and integrating over the current grid volume 
Q(t). Different physical situations require different types of m~ipulations of the boundary 
points. For exampie, in most cases boundary displacements and tractions are prescribed on 
material points, In such cases it is appropriate to choose the corresponding grid points as 
Lagrangian. The entire boundary is an union of displacement boundary (l?,) and the remaining 
boundary, including contact boundary, (I?,) i.e. l?(t) is I&t) U IT&t) for 1 =Z i 6 3, where 

Ui =gi on IiLl(t) 

and 

OjiTZj = 1; on Ii*(t) 

With all the above assumptions, the principle of virtual work becomes 

(19) 

(20) 

I a& _ 
p(t)p at ui dQ + I pGii& dS2 + 

n(t) 

o(I$-R$)zciidQ= &tit dI? (21) 
I I QW I w 

The primary kinematic variable in (21) is displacement, and this equation is used for the 
solution of the incremental displacement discussed next. 

Remark. For modelling an entire solid body with its boundaries, the boundary of the grid 
has to be properly represented. Such circumstances call for an assumption that the material 
boundary never leaves the grid boundary i.e. 

(V-W)*n=O onI? 

where n is an outward normal to the boundary r(t). 

(22) 

In this analysis it has been assumed that the motion of the material with respect to the grid 
points is quasi-static so that the transient term dV/dtl,= 0 in this analysis. The above 
assumption is logical within the realm of slow sheet metal forming processes with no impact. 

2.3. An iterfffiue increme~?~Z a~gori~~rn for solving he equilibrium equu~on 

Nonlinearities in the equation of principle of virtual work (21) arise from (a) the convective 
term, (b) kinematic relations and (c) the material constitutive relations. This calls for an 
implicit iterative scheme for solution, to avoid accumulation of gross and undetectable errors 
and solution instabilities that might arise from the explicit methods, as pointed out in [6, 73. 
The commonly used family of one step algorithms using one parameter has been utilized in this 
analysis for first order system of differential equations. The stability behavior of the commonly 
used algorithms namely the generalized trapezoidal family or the generalized mid-point family 
have shown that both the one parameter ((u) algorithms yield unconditional stability for R 3 f 
for linear problems [6, 241. However, as shown by Hughes [24, 251, the trapezoidal family gives 
unconditional stability only for (Y = 1 for certain nonlinear problems whereas it is second order 
accurate only for LY = $. On the other hand, the mid-point algo~thm is unconditionally stable 
for CY 5 { and second order accurate for LY = 4 for the nonlinear problems. The integration 
scheme using the one parameter integration rule requires evaluation of gradients at time t,+, in 
the Lagrangian-Eulerian formulation. In order to evaluate these gradients using the finite 
eIement method, various variables in the intermediate configuration are desired. Another 
criterion vital to the selection of the algorithm, which was pointed out by Hughes [25], is that 
an incrementally objective algorithm for integrating the stress rates causes no straining for rigid 
body rotations. This is achieved with maximum accuracy by evaluating the displacement 
gradients at the mid-step. All of the above considerations lead to the choice of the generalized 
mid-point strategy for analysis, particularly with LY = $. 

The equation of principle of virtual work at an intermediate configuration S2(t,+,) for 
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0 s (Y 9 1 may thus be written as: 

i 
&9dQ + 

It axi I P(Y - T) dx, I ?!$j.dQ= 
SW.+*) WC,+,) I i 

pc;iiii dB + i’$; dl- (23) 
W”t‘?J I lYf,+, ) 

where all the variables are at an intermediate grid configuration with its position given by 

Xn+a = (1 - (u)x” + ax”+* (24) 

~e~u~~ I. Equation (23) may be solved together with the boundary constraint condition 

(,,+a _ ,n+o) . ff+n = 0 
(25) 

whenever the entire solid body has to be modeled. This condition may be imposed locally at 
boundary nodes. 

Remark 2. The variables in (23), for example, stress, material velocity, grid velocity, 
density, body force etc. at the mid-step are related to their values at times f, and r,+, by the 
relation 

B n+n = (1 - ~)/3” + typn+l = p” + cuAg/3 (26) 

where @ may be any order tensor variable in eqn (23). A major observation that is to be made 
here, is that the increment Agp is at a fixed grid point. This increment Ag of material path 
dependent variables like Cauchy stress, material velocity, density etc, thus has to be related to 
the increments A” at a fixed material point. To obtain this relation, we start with an expression 
for time derivatives similar to eqns (15)-(B). 

(27) 

Equation (27) may be integrated over a time step At between f, and t,+l using the one 
parameter integration rule to yield 

38 
?l+ly 

Ag/I = A”‘/3 -t A@V”,+” - V;+a) 3 (28) 
k 

The significance of this equation may be understood with reference to Fig. 2. A material 
point that coincides with a grid point in the intermediate configuration Q(f,+,) does not 
necessarily coincide with the same grid point in the configurations Q(t,) and Q(f,+,). The 

Fig. 2. The motion of grid points and material points in a time step. 
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incremental values Am/3 implies in equation correspond to those, for a material point which 
coincides with the grid point of interest at the intermediate configuration. 

~e~u~~ 3. Using (28), the increments Ag of the material variables, (r, V, p etc. may be 
evaluated. From Fig. 2 and with the integration rule, 

w”+” _ Agx 
At 

V n+(Y A”u =- 
At 

Thus, the values of Cauchy stress, material velocity and density may be updated to the 
configuration at time t,,+I by the relations: 

a;+l = c$j + A”u, + (Agxk - A”&) + 

SP 
*+a 

P n+l = p” + Amp + (Agxk - A%k) dx”t” 
k 

(30) 

where Vl’ is the velocity of a material point at time tn which coincides with the representative 
grid point in the intermediate configuration. 

~e~u~~ 4. Even though eqn (30) may be used for the density increment, a more direct 
way of solving for the density at the grid points is through the use of the weak form of the 
continuity equation. Multiplying both sides of eqn (7) by a virtual density p and integrating 
over G!(t,+,) the resulting weak form takes the form: 

fo~~“*.,~llPdR+Q~~“*~~~{~(~-~)}~d~+~*~~”+~~~~~d~=O (31) 

When an entire solid body is to be modeled with its boundaries, the constraint condition (25) 
may be applied to eqn (31) to yield: 

The above equation may be solved for (dp/&l,)“+” from which p”+” is evaluated as: 

(32) 

(33) 

An iterative solution of eqns (32) and (33) is required, to solve for the density at the 
intermediate configuration. 

2.4. Implicit iterative scheme for solving the weak form of the energy balance equation 

Evaluation of the stress increments in the coupled thermo-mechanical process requires 
evaluation of temperature increments. The weak form of the energy balance equation is solved 
for the temperature increments using the mid-point strategy, for reasons that have been 
discussed in the preceeding section. The weak form is obtained by multiplying both sides of eqn 
(14) by an arbitrary virtual temperature 6 and integrating over the mid-step grid volume which 
yields: 

fa dlY (34) 

The boundary of the grid configuration may be assumed to be the sum of two basic types of 
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boundaries i.e. r’(t) is lYr(f) U I’;(f), where 

8 = e&. on l-l’<?) 
and 

k,$ n, = qn on r:(t) 
J 

(35) 

Remark 1. In the event where the temperature is prescribed on material points, the 
corresponding nodes may be made Lagrangian. 

Remark 2. The heat flow vector may be assumed to be a combination of flux due to 
convection between environment and the body, radiation from the environment, heat 
transferred between the workpiece and the die, and heat generated by friction. 

Remark 3. The rate of deformation tensor is generally decomposed into a thermoelastic 
part and viscoplastic part. Of the viscoplastic deformation, only a fraction is responsible for 
heat generation, the remainder being used for the change in internal energy due to dislocation 
density change, change of grain boundaries and phase changes etc. 

Coming back to eqn (34), the rate of temperature change at a grid point may be 
approximated as: 

ae 
i I> 

n+e AS$ 
-ST, =ht (36) 

Noting that the variables at midstep are unknown, eqn (34) has to be solved iteratively using 
the equation 

1 

t I 
PC, A868 dSZ = 

I 
ojiD/iQ dS2 + f6 dQ 

Wt.+,) oft”+,) 1 

Equation (37) has to be solved simultaneously with eqn (23) because of the coupling of the 
terms involving stress and temperature and an iterative algorithm is described later. 

3. CONSTITUTIVE RELATIONS 
Hot sheet metal forming of metals is carried out at high temperatures. At elevated 

temperatures, most material behavior is governed by plastic as well as rheologic effects, In this 
analysis, the material is modeled as thermoelastic-viscoplastic, where viscous effects become 
pronounced after the material has yielded plastically. Initial anisotropy is incorporated to 
account for the grain orientation effects. The material is also assumed to be strain-hardening 
and temperature dependent. 

3.1. Stress Rate 

The principle of material frame indifference is embodied in the constitutive theory by the 
requirement that only objective tensor fields must enter the constitutive relations. In large 
deformation analysis, the use of the objective Jaumann’s rate has been fairly standard, till it 
was found by Nagtegaal and de Jong [lo] to give rise to oscillatory stress response in simple 
shear and kinematic hardening. Johnson and Bammann [ll] recommended a remedy by using a 
rate which is more physical in the sense, that the time derivative is taken, after extracting rigid 
body rotation from the deformation. Such a rate was introduced by Green and Naghdi [12]. 
The rotated Cauchy stress is defined as: 

t = RToR (38) 

where u is the Cauchy stress tensor, and R is a proper orthogonal tensor representing pure 
rotation obtained from the RU decomposition of the deformation gradient F. 
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Remark. The 
motions i.e. i’ 

rate of rotated Cauchy stress tensor remains invariant under rigid body 
= t. In the case of anisotropic materials, the above property is desirable, because 

it gives rise to form invariant constitutive relations. A second advantage of using this stress is 
that the yield function for anisotropic materials remain unchanged under rigid body motion. 
On account of these advantages the use of the rotated Cauchy stress in the constitutive relation 
for anisotropic pre-rolled sheet metals seem inevitable. 

3.2. Co~~~iive Relating fur a Thermoel~ric-V~co~l~~c ~uteria~ with initial An~o~ro~~ 

The commonly employed relation between an objective stress rate and the rate of 
deformation tensor for an elastic process is of the form: 

ii = f(o, D) (39) 

The frame indifference requirement restricts the function f to be isotropic in D which makes 
it unsuitable for anisotropic materials. Another argument regarding the use of a Cauchy stress 
rate-rate of deformation type relation was pointed out by Nagtegaal 1131. He showed that the 
integration of the rate of deformation tensor depends on the rigid body rotation of the material 
and thus, is not a pure strain measure. On the other hand, the rotated rate of deformation 
tensor when integrated yields a purely strain measure. These considerations have prompted the 
choice of a constitutive relation of the form: 

i. = F(t, d) (40) 

where d = RTDR is the rotated rate of deformation tensor. This relation was introduced by 
Green and McInnis [28]. However the above eqn (40) is not suitable for hyperelastic materials 
as shown in [29, 111. 

The rate of deformation tensor may be assumed to undergo an additive decomposition into 
an elastic, thermal and viscoplastic part, for which a thermodynamic argument may be found 
within the framework of internal variable theory as discussed by Pinsky et al. [9]. Then the 
rotated rate of deformation also admits the decomposition of the form 

d = d’ + dth + d”P (41) 
where 

de = RTD”R 

d*h = RTDthR 

dV’ = RTDVR 

In order to model the viscoplastic rate of deformation tensor, it is necessary to find g proper 
static yield criterion for initially anisotropic, work hardening materials. 

3.2.1. A static yield criterion for initially anisotropic, work hardening materials 

The directional properties inherent to sheet metals, require the inclusion of anisotropy in the 
static yield criterion of the material. In 1948, Hill generalized von Mises yield criterion to 
include anisotropy [14] which was later extended for strain hardening by Hu [15]. The yield 
criterion suggested by the above authors has been extended for large deformation problems. 

It has been shown by Green and Naghdi 1121 and Johnson and Bammann [ll] that a yield 
function which is a function of Cauchy stress is not appropriate for anisotropic materials due to 
the fact that they are altered under superposed rigid body motions. As an alternative, a yield 
function of the form: 

f@, E’, e) = K(Wp, 0) (42) 

is suggested, where Ep is a Lagrangian plastic strain measure, 8 is the temperature and 
K(W~, 0) is a work-hardening parameter. Since the rotated Caucy stress is invariant under 
superposed rigid body motions, eqn (41) is invariant under such motion and is suitable for 
general anisotropic materials. 

An effective rotated Cauchy stress is defined as: 
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where F, G, H, L, M and N are parameters of anisotropy dependent on the state of strain and 
the temperature. In eqn (43) directions 1, 2 and 3 correspond to the principal axes of 
anisotropy in the unrotated configuration. In sheet metal forming problems we shall assume the 
principal material axes to remain orthogonal in the unrotated configuration, throughout the 
deformation process. It is also assumed that the material is transversely isotropic and rotational 
isotropy exists in the mid-plane of the sheet metal. Under these assumptions, the effective 
stress becomes 

5’ = ; [(F + G)t:, + (F + G)& + 2Gt:, - 2Ft11tzz - 2Gt2& 

- 2Gtll& + 2(G + 2F)& + 6Mt;, + 6Mt:,] 

= ~t~=[AlW 

where {t}’ = {tllt22t33t12t23t31} and 

[A] =; 

F+G -F -G 0 0 0 

-F F+G -G 0 0 0 

-G -G 2G 0 0 0 

0 0 0 2(G+2F) 0 0 

0 0 0 0 6M 0 

0 0 0 0 0 6k I 

(44) 

(45) 

Purumeters for anisotropy. (a) Initial yield: The parameters of anisotropic yield criterion 
are determined by tension tests in the 1 and 3 direction and a shear test in the 2-3 plane. By 
letting all stresses except the one under consideration to be equal to zero, the initial yield 
parameters F,, Go and MO are obtained as: 

(46) 

where ho, 30 t and t230 are the initial yield stresses in the tension and shear in the respective 
direction. If the reference direction coincides with the 1 direction, Z. may be chosen to be tlo 
and the parameters will adjust accordingly. 

(b) Subsequent yield (strain-hardening): The uniaxial static yield stresses for a strain 
hardening material changes with increasing plastic deformation. The parameters in the effective 
stress expression for anisotropic materials are assumed to depend on the plastic work done in a 
static process in which rate effects are absent. These parameters represent the work hardening 
effect in a rate independent elastic-plastic process. Their evaluation is based on an assumption 
that for an equivalent change in the effective stress, the plastic work done each direction should 
be the same. The plastic work may be expressed as: 

(47) 

where a subscript s corresponds to a static condition. The total equivalent plastic rotated strain 
may be written as: 

P = (48) 
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i =t 

EP EP &’ 

11 33 

2 -p EP E 
11 23 

Fig. 3. Equating plastic work. 

Then the parameters are obtained from Fig. 3 as: 

G= 
z 

where I,, So, fro, f30 and t230 are the equivalent current maximum stress, the initial equivalent 
yield stress, the uniaxial initial yield stresses in 1 and 3 directions and the initial yield strength 
in shear in the 2-3 plane respectively. The yield strengths correspond to the static yield 
condition. Also Ep, Epl, EP3 and GP are the slopes of the equivalent stress-plastic strain curve, 
stress-plastic strain in the 1 and 3 directions and the shear stress-plastic shear strain curve in the 
2-3 plane. The equivalent yield strength may be made to be the same as the yield strengths in 
any of the directions and the parameters may be adjusted accordingly. The initial yield 
strengths are all temperature dependent. 

3.2.2. Thermal rate of deformation 

The thermal rate of deformation follows directly from the relations used for small 
deformation problems as: 

0;; = cu,_b (50) 
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where 6 is the rate of temperature change and oij is a temperature dependent coefficient of 
thermal expansion. Assuming that aij is a constant isotropic tensor in this analysis, the rotated 
rate of thermal deformation becomes 

d: = a S,S (51) 

where 6, is the Kronecker delta, The rate of temperature change is obtained by solving the 
energy balance eqn (37). 

3.2.3. Visco-plastic rate of deformation 

The rate of viscoplastic strain introduced in this section follows from the concept of closest 
point mapping. It is assumed that the onset of viscoplastic behavior is governed by a static yield 
condition and the components of the viscoplastic strain rate tensor are functions of stresses in 
excess of the static yield strength. Such a model introduced by Perzyna [S] has been extended 
to account for large deformation. The model suffers the disadvantages of not being able to 
include rate dependent initial yield and time dependent strain recovery. Bauschinger effect is 
also not included in the model. However, this model has been chosen for the sake of simplicity. 
A yield function F is used to characterize the material which may be expressed as: 

F(t, dUp, 0) = i - K(W~, 0) (52) 

where K is the work hardening parameter with values & for initial yield and 1’, subsequently. 
The rotated rate of viscoplastic defo~ation tensor may then be written in the form 

d”J’=y<(D(I-K(W e))>d” ‘I P’ 
atij 

(53) 

where y is a temperature dependent viscosity coefficient and ( ) is the MacCauley operator. 
This model for ~scoplastic rate of deformation satisfies the in~ompressibi~ty condition i.e. 
dz$f = 0. Normality of this strain rate tensor to the dynamical yield surface (I) in the rotated 
stress space is evident from its definition. The function Q>(F) may be chosen to take different 
forms depending on the material and conditions of the numerical experiment. A form 
(P(F) = Fp has been chosen in the analysis for its proven suitability for metals. 

In order to have a complete set of rate constitutive relations, it is important to supplement 
the stress-strain equation with evolution relations for internal variables. They may be of the 
form 

4 = f(o, 9) (54) 

where q are the spatial internal variables and f is a tensor function of stresses and internal 
variables. In this analysis the work hardening parameter K has been chosen to be the internal 
variable and its rate may be defined as: 

where 2P is the effective viscoplastic rate of deformation. It is thus noted that the viscoplastic 
rate of defo~ation governs the change of parameter K. 

The effective rate of deformation tensor dvp is defined through the relation: 

I&’ = t-d?? 11 11 (56) 

The incompressibility condition of the viscoplastic rate of deformation (dg = 0), may be 
used to rewrite eqn (56) as: 

i@ = d:f(t,, - ts3) + d;$(t, - ts3) + Zd;&, + 2d$& + 2d;$‘t,, (57) 

Using the definition of the viscoplastic rotated rate of deformation (53) to eliminate the 
stresses tij from eqn (57), an expression may be derived for the equivalent rotated rate of 
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viscoplastic deformation dVP as: 

d”P, 
2 

y[@(f-K(&, 0)) 

To summarize, the entire set of rate constitutive equations to be used in the analysis are as 
follows. 

t=E:(d-dfh-d”P) 

(59) 

where E, is the fourth order elasticity tensor for a transversely isotropic material, accounting 
for the grain orientations in the sheet metal. 

4. INTEGRATION OF RATE CONSTITUTIVE EQUATIONS OF ELASTO- 
VISCOPLASTICITY 

An integration algorithm for rate constitutive equations should satisfy three basic require- 
ments as pointed by Pinsky et al. [9]. 

(1) Consistency with the constitutive equations. 
(2) Numerical stability. 
(3) Incremental objectivity. 

The first two conditions when satisfied assure the convergence of the integration scheme and 
the third condition satisfies the physical requirement that the algorithm is invariant with respect 
to superposed rigid body motion. A number of algorithms which fall in the general category of 
return mapping algorithms satisfying the above conditions, have been proposed; namely the 
radial return algorithm [16, 171, the closest point mapping algorithm [9] etc. These methods 
have been found to be better in performance than the traditional initial load or tangent stiffness 
methods because of their ability to deal with corners in yield surfaces and also because of the 
relative ease of satisfying the consistency condition. A new class of the return mapping 
algorithms within the framework of the operator splitting methodology is considered in this 
analysis. This method proposed very recently by Ortiz et al. [30], is applicable to a very general 
class of plastic and viscoplastic constitutive models. The authors have proved that the algorithm 
provides a quadratic rate of convergence to the updated plastic state. 

4.1. The Operator Split and the Return Mapping Algorithm 

The return mapping algorithm is obtained as a consequence of the additive decomposition of 
the rotated rate of deformation tensor into the elastic, thermal and the viscoplastic parts as 
shown in eqn (41). The set of evolution equations are given as: 

d = d’ + dfh + d”J’ 

i=E:d 

dfh=cx811 (6’4 

duP = y(@(f - K(W~, 6))); 
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The set of eqns (60) may be decomposed into elastic, thermal and viscoplastic parts as: 
(a) Etfzr~~c: _ 

d = de + dth + dup 

i=E:d 

dth = 0 

d”p = 0 

dK_O 
t- 

(b) Thermal: 
d=d=+-d’h+dv~=O 

t= -E:d”* 

dA = &I 

d”P = 0 

k0 
at- 

fc) visc0p1astic: 

d=d’+dth+dVp=O 

i= -E:d”P 

dih = 0 

dup = y(@(i - K(Wp, 0)));; 

(61) 

(62) 

The decoupled eqns (61), (62) and (63) may be interpreted in the following way. In the 
elastic eqn (61), the thermal and viscoplastic responses are frozen. The entire deformation is 
responsible for elastically straining the material. In the thermal equation, the stresses are 
relaxed due to the rate of temperature increase, in a rigid body since d = 0. The viscoplastic 
response is still frozen. Finally the viscoplastic equation, represent a set of relaxation equations 
for stresses and work hardening parameter for a rigid body under isothe~al ~nditions 
(6 = 0). 

The additive structure of the material rate constitutive relations may be exploited in the finite 
element analysis for solving for stresses and displacements. The equation of principle of virtual 
work (23) after the implementation of the set of constitutive eqn (60) may be written as: 

A2 = B(x) + f (64) 

where A is a coefficient matrix, B is a nonlinear operator and x is a one dimensional array 
consisting of displacements, stresses and internal variables. The decomposition of the 
constitutive equation gives rise to a splitting of the evolution operator B(x) into elastic, thermal 
and viscoplastic parts. 

B=B’+B~+BUf 

Thus, eqn (64) may be rewritten as 

Adr = B’x + Bthx -t Bvp(x) (65) 

A detailed construction of ths eqn (65) may be found in [31]. The product algorithm may now 
be applied as: 

F(x) = F”p(x)F”h(x)F=(x) (66) 
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where P(x) is an integration algorithm for solution of AX = Bex, I?(x) is an algorithm for 
solving kir = B%, and I?( x is an algorithm for solving Ai = Bvp(x). ) 

The product algorithm simply states that a solution algorithm for a thermoelastic-viscoplastic 
problem may be obtained by solving at each time step an elastic dynamic problem first, then 
applying a thermal algorithm to the solution vector of the elastic problem and finally applying a 
viscoplastic algorithm to the solution vector obtained from the thermal algorithm. The 
individual algorithms are briefly discussed next. 

41.1. Elastic algorithm 

In this algorithm, the principle of virtual work is solved in conjunction with the elastic 
constitutive relations (61). The requirements of numerical integration stated before, have been 
proven to be satisfied by the generalized mid point rule. Hughes [32] has proven this algorithm 
to be incrementally objective for ti = 3. The rotated Cauchy stress may thus be integrated over 
a time step At, using the generalized mid-point rule to yield: 

t n+l - t” = A&‘” 0S’LuG.l (67) 

where in+* = (E : D)=+=* Substituting this result to eqn (67), we obtain a relation between the 
increment of the rotated Cauchy stress and the rate of deformation, referred to an intermediate 
configuration as 

Atq = At(EijklRmkRnlDmn)nCar (68) 

In eqn (68) R is the rotation tensor and D is the rate of deformation tensor. To obtain 
second order accuracy and exclude the effects of rigid body rotation, the rate of deformation 
tensor is evaluated with respect to a mid-point configuration as shown in [18]. The rate of 
deformation tensor D”*“, evaluated at an intermediate ~o~figuratiou may be approximated as: 

I (69) 

where A” corresponds to the increment at a material point. 
The increment of the Cauchy stress then follows from the relation (ontl = R(t -I- At)RT) 

between the Cauchy stress and the rotated Cauchy stress to be 

(70) 

T#e above algo~thm is consistent with rate constitutive relations and unconditionally stable 
for ‘& b $. Thermal and viscoplastic strains and the work hardening parameter K (radius of the 
static yield surface) remain unchanged in this phase. 

4.1.2. Thermal algorithm 

The stress obtained by the elastic algorithm are relaxed by integrating the rate eqns (62) 
directly, to give 

(t;+‘>‘h - (t$+l)e = -&,,A@ 

It is to be noted that geometry of the deformed con~gur~tion, viscoplastic strain and 
work-hardening parameter remain unchanged in this algorithm.. 

4.1.3. Viscoplastic algorithm 

The stress obtained from the solution of the thermal algorithm is now treated as the initial 
condition to the stress relaxation problem resulting from the set of viscoplastic eqns (63). The 
body is considered to be rigid and the material properties are temperature independent, For 
simplicity, in the power law model (P(F) = Fp, the exponent p has been assumed to be 1. It has 
been shown in [21], that at relatively low strain rates, the power strain rate law with an 
exponent 1, closely simulates the behavior of metals when compared with experimental results. 
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With this specification the rate dependent plastic relaxation equations become 

aK 

t = Y&F (72) 

where F = 5 - K(W~) and viscoplastic loading (F > 0) has been implicitly assumed. The rate of 
change of the overstress F during the relaxation process may be obtained by chain rule as: 

aF aFat- aFaK 
-_=----‘+-_ 

at at, at aK at (73) 

After appropriate substitution from eqn (72) the rate of change of the yield surface becomes 

1 
(74) 

This equation represents the consistency condition for viscoplasticity. Defining an instan- 
taneous relaxation time as: 

Y 

1 

the rate of growth of the yield function takes the following form 

dF F -- 
dt= t 

(75) 

(76) 

This equation determines the location of a stress state on the return path, which reaches the 
updated dynamic yield surface through a sequence of straight segments as shown in Fig. 4. In 
each of these straight segments (i) describing the return path for a time step At, the relaxation 
time is assumed to remain unchanged and have a value corresponding to the beginning of the 
segment. Then eqn (76) may be integrated in each segment to obtain 

f?‘+l 
I+1 e-AtrI" _ 

F”+l 
I 

(77) 

where Ati = ti+l - t. and FyTl corresponds to the yield surface at the end of the time segment. 
The integration over a time step is executed initially, by controlling the relaxation in which a 

(elastic predictor: 

( previous yield surface ) 

Fig. 4. Geometric interpretation of the return mapping algorithm for viscoplasticity. The elastic 
predictor based on the elastic and thermal algorithm is brought to the current yield surface by 

relaxation over linear segments. 



parameter is defined as: 

The rate eqns (72) and 
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Adi= yF)+'ri 
m-9 

(76) may then be integrated over a time segment to yield the 
following relaxation equations. 

(K);;; = (K);+l- AdiE, 

(t>7i? = (t)?” + zi log (S) 
t+l 

The set of eqns (79) are used successively over a series of segments within the time step, to 
update the stresses and the yield surface till the value of the accumulated time ti+i exceeds the 
value of time step At. At this point, the parameter is redefined as: 

Ad = yF)+lri[l - e-(Af-t’)‘=j 

and the eqns (79) are solved for the final values oft and K. It can be seen that though the stress 
is made to relax over the exact time step At in the above algorithm, the final stress state may 
not always lie on the updated yield surface because of the linearization in each segment. For an 
exponent of the power law different from 1, the equations have to be modified accordingly 
though the procedure will still remain the same. 

5. COMPUTATIONAL PROCEDURES 
Sheet metal forming is a time dependent process and thus, its finite element analysis is 

carried out in increments over a discrete number of time steps. Within each time step 
computation of the displacements, stresses and temperatures are carried out using the schemes 
that have been discussed in the preceeding sections. Owing to the implicit methods used in the 
temporal integration within the discretized weak forms, iterative solution of the resulting 
system of equations is indispensable. In the traditional Newton-Raphson method the stiffness 
matrix has to be computed at every iteration step. However, in this analysis, the nature of the 
constitutive relations and the added terms due to the ALE formulation makes this computation 
very expensive, particularly because of the evaluation of R at each integration point. This, and 
a number of other reasons that have been discussed in [26, 271 makes the quasi-Newton 
methods (e.g. the BFGS method) a more desirable alternative to the Newton-Raphson method 
of iteration for this class of problems. Within an outer loop of iteration for the overall stress 
and displacement convergence, iteration is performed for temperatue increments, stress 
relaxation due to temperature and viscoplasticity. Once the iteration has converged, it is 
necessary to update the path dependent variables to the grid points. Details of the solution 
procedure are not presented in this paper and will be discussed in a future paper. However a 
flow chart showing the overall scheme is given in Fig. 5. 

6. CONCLUSION 

The accurate simulation of the sheet metal forming problem requires careful considerations 
of several important aspects of mechanics. In this paper an attempt has been made to couple 
various observations into a detailed finite element analysis. The correctness of the simulation 
depends on the relative accuracy of each of the algorithms that have been implemented. 
Numerical results may be used to strengthen the validity of the method discussed here which 
will be presented in a forthcoming paper. 
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Fig. 5. Global solution algorithm. 
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