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The one-loop radiative corrections to vector-boson—vector-boson scattering are calculated in
the limit of high energy and even higher Higgs mass. To parametrize the limit of large Higgs mass
a new particle, the U-particle is introduced.

1. Introduction

Few people would question the assertion that the least understood part of the
Standard Model is the Higgs mechanism. The Higgs particle is necessary for the
renormalizability of the theory but this in itself is a somewhat empty statement: a
Higgs with a mass of, say, 10'° GeV is supposedly very nearly the same thing as
no Higgs at all. One may ask what would the physical consequences be of a very
heavy Higgs particle, perhaps not as heavy as the Planck mass but much heavier
than M, where M is the W or Z mass. It has been known since ancient times that
such a heavy Higgs implies a breakdown of perturbation theory; but as far as low
energy observable consequences are concerned (low energy here means s < M?) a
screening theorem [1] seems to be in operation that makes the Higgs’ absence go
(almost) unnoticed*. As far as we know, upper bounds on my, are not particularly
meaningful, being based upon perturbation theory which, precisely, fails if m is
large.

Screening disappears at higher energies, in particular in WW scattering which
may become observable with future or even present accelerators. When s (the CM
energy squared) gets larger than M2, the amplitude for scattering®* of longitudi-
nally polarized W’s grows like s, at tree level, and this growth continues until the
mass of the Higgs is reached; thereafter, the amplitude stays constant at a value

* In the one-loop approximation.
** To avoid unessential complications, we work in the approximation in which the weak angle vanishes
and thus we have three W’s of equal mass.
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o m3;. This has led some people to suggest an upper bound for m¥ because, if it
were too large, the amplitude would violate the unitarity bound [2, 3]. To be precise,
if we denote isospin indices by a, b,c,d varying from 1 to 3, we have, for
s, t,u> M? but mi>s,1,u,

g2

Fla+b—>c+d)= Ve ———(58,,8.,+ 18,48, + u8,8,,+ constant), (1)

167

where s, ¢, u are the standard Mandelstam variables, and F is normalized so that,
fora=b=c=d,

2Vs
F=2'—- Y (21+1)P/(cos8)sind, e .
'kl /=even

The 2! comes from the identity of particles, and k is the CM momentum, |k| = Vs
when s> M2 Eq. (1) is valid at the tree level; the unitarity limit is reached at
s/2=4M /o%§? = 2 TeV. Of course, this violation of unitarity does not take place
or, if unitarity is violated, it will happen in a less brutal way. This is seen clearly if
we iterate each of the terms in eq. (1). For example, at the one-loop level, the piece

2

g

167 2M2S6ab8¢'d
of eq. (1) is multiplied by a term
B3ayws  my
1+ 32'”_leog + -, (2)

where the dots represent terms of lower order in s. Iterating, the sum of the whole
string of sausages becomes

g* 5

~8,.8. *
ab”cd 16772M2 1-— (3aws/327TM2)10g m%{/(—S)

where the dots represent terms suppressed, order by order, by powers of
log m¥,/(—s). Now expression (3) stays perfectly inside the unitarity limit; the only
effect a large Higgs mass has is a broad enhancement: the partial wave amplitude
approaches the unitarity limit around

2

ays myg
log| —
s

32aM? =1,

ie., at s'/2~ 2.4 TeV /|log m?/s|'/2, and then decreases logarithmically.
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Life would be easy if there were no more than this. Unfortunately, besides the
terms s2log m%;/s like the one in expression (2) there are, already at the one-loop
level, corrections of the type t?logm%/t, and mixed ones, so the summation
procedure of expression (3) is not enough. If we had an SU(N) theory with N large
we could get away with this, for only the term in log m3; /s has a coefficient growing
with N (indeed, the 3 in expression (2) is in reality N2 — 1); in the large N limit,
expression (3) would be exact, a fact already known [4]. Since in the real world
N =2, a not particularly large number, the full one-loop corrections have to be
calculated. Nevertheless, the argument leading to expression (3) indicates that a
perturbation-theoretic violation of unitarity does not necessarily indicate a sick
theory. In this spirit, we present here a calculation of the one-loop corrections to
longitudinal WW scattering [5,6], in the kinematic region M2 <s, t, u << m¥. At
worst, they will serve as a refinement of the tree-level calculation; at best, they may
lead to further understanding of the theory in the limit of large Higgs mass, and
even, with luck, help discover new physics.

Besides the ordinary W- and Higgs particles, and their interactions, we will
introduce a scalar particle that we will call U, assumed to be a singlet under SU(2)
and therefore not coupled to the W. The U allows us to control the limit of very
large Higgs mass in the following way. If we couple U to the Higgs with a strength
proportional to mZ;, then it will still contribute to WW scattering at the one-loop
level with terms quadratic in s, ¢, u.

If m ~ my, then the U contributes to nonlogarithmic terms; but if its mass is
small, say my ~ M, it will yield terms s?logs as well. If my=my and we let
my — oo, the U particle becomes utterly invisible: but with its inclusion the
one-loop corrections to WW scattering can be altered. This shows clearly arbitrari-
ness in the limit my — co.

Besides its use as a theoretical artifact, the U stands for objects that only couple
to ordinary matter via the Higgs (and presumably gravity). If m?, < s the U may be
produced really (and copiously) in WW collisions. The one-loop corrections to this
process could well be the only indications of the existence of U-like particles, other
than their gravitational effects. There is a large domain of speculation here that we
prefer to leave to the appropriate experts™®.

2. The model

The model chosen is a simplified version of the Standard Model. Electromag-
netism is not considered (the weak mixing angle is taken to be zero), and also

* See the proceedings of any conference on dark matter or other exotic subjects.
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fermions are ignored. The gauge group is thus SU,, and the invariant lagrangian is

Ly = —1GAG— MW~ 1(3,H)’ - im*H? - 1(3,9*)( Do)

+4gWe(H,9"— ¢°9,H) — 1g°W2 (9" + H?) — sgMW?H
— rMgH (g + H?) — frg*(9? + H*)' — Mo* 3,0 — 4(3,U)’
—imU? - gg,sMUH — 5878, rU*(H? + ¢7),

r=m?/4M?, H is the Higgs field, and ¢* the Higgs ghost triplet.

The reader may note that we have added a scalar singlet field U, coupled in a
gauge invariant way to the Higgs system, i.e., as (H? + ¢*>)U? before symmetry
breakdown. Two choices for the mass of the U-particle have been considered,
namely m, = m (Higgs mass) and m = M (vector boson mass). The coupling has
been chosen such that it resembles closely the Higgs self-coupling. The U field, and
the associated parameter g, may be understood as a mechanism to specify or
parametrize the behaviour of the theory in the limit of a heavy Higgs. Any
dependence on g, implies sensitivity to details of the way the limit of heavy Higgs is
taken.

It should be noted that the particular choices made here are by no means the only
ones. The range of possibilities and the physics aspects of this Higgs—U (for
unknown) system are not investigated in this article.

The above lagrangian must be supplemented with a gauge breaking term and a
ghost lagrangian. We will work in the Feynman-"t Hooft gauge, and the resulting
Feynman rules are given in appendix A.

3. The tree amplitude

The amplitude for longitudinally polarized vector boson scattering has been
studied before. In particular, Lee et al. [3] have considered this amplitude in the
limit of infinite s (= center-of-mass energy squared). We will generally work in the
approximation of large s (and ¢ and u), but even larger Higgs mass:

M? < s<m?,

where M and m are vector boson and Higgs mass respectively.

Calculating the tree amplitude is a simple matter. The notation used is defined in
fig. 1.

All momenta are taken to be ingoing. The indices a, b, ¢ and d denote the
isospin state of the W’s. The amplitude must be multiplied by four polarization
vectors e, (k), eg(p), and e (p') and es(k’) with ke,(k) =0, etc. We specialize to
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bap cyp’

aak dék’

Fig. 1. Notation.

longitudinally polarized W’s. In the center-of-mass system, with p and k along the
third axis and p’ and k’ in the 1-3 plane one has

k=1(0,0, k,, ik,), k'= —(k,;sin8,0,k, cosb,ik,),

1
e,(k) = 20,0, ko, ik,),

1
es(k’) = — —1‘;(k0 sin8,0, k,cos 8, ik,),

and similarly for p and p’ differing from the above by a minus sign for the spatial
components.

Ignoring terms that behave as a constant for large s, u or ¢ the result is
s? 1

s
+
4AM? 7 AM? —s+m?

Aww = i82(277 )4[8ab8cd (

u u? 1
7t 2 )
a4M 4M* —u+m

+ Bacabd (

t 12 1
2 + 2 2
aM 4M* —t+m

+ 6adSbC (

|

s=—(p+k), t=—(p+p), u=-(k+p),

In here, as usual,

s+r+u=4M2.

If m?> |s|,|t|,|u| then the Higgs exchange terms may be ignored and the
amplitude grows with s (or u or t). If the Higgs mass m <s then the Higgs
exchange terms tend to cancel the other terms and the amplitude levels off to a
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constant. This constant is ig?(27)*m?/4M?. The previously mentioned unitarity
limit [2, 3] is based on this constant.

It should be noted that the amplitude involves already one cancellation due to the
gauge structure of the theory. For example, if there were no four-W vertex the
amplitude would behave as 52, no matter what Higgs mass.

The fact that there is such a cancellation makes the validity of the equivalence
theorem [7] in this case not transparent. This theorem states that the longitudinal W
scattering amplitude equals the p—¢ (¢ is the Higgs ghost) scattering amplitude up
to terms M 2/s. Because of the cancellation mentioned the amplitude is of the same
order as the terms neglected. However, explicit calculation shows that the ¢—¢
amplitude equals the longitudinal W-W amplitude, in accordance with the equiva-
lence theorem

4. One-loop renormalization

The renormalization scheme used is the standard one, as explained in detail in ref.
[8]. In that reference terms proportional to the Higgs mass squared were included in
the renormalization scheme. Here we will go slightly further and include terms
proportional to the logarithm of the Higgs mass. For the WW and WWW amplitude
such terms were computed a decade ago [1]; here we need a few more amplitudes.

As a first step one must calculate

(i) all infinities (poles in n — 4) of all two- and three-point functions;

(i) all terms behaving like m? or log m? for all two- and three-point functions;

(iii) the complete set of tadpole diagrams.

The result of this work can conveniently be described as follows. Make in the
invariant lagrangian only (thus not in the gauge fixing part) the replacements

W we(l+8,), g—g(1+8,),
M
p->o(1+8,), H->HQ1+58,)+—36,
8
M- M(1+38,,), m-om(1+38,).
Now the various § can be chosen such that they reproduce in a tree-level calculation
exactly the terms (i)—(iii). Giving such terms a minus sign would amount to
cancellation of those terms.

Instead of 8,, and §,, we use 8, and &, defined by

8,=8,,+1%8, 8,=8,—8

e
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The terms (i1)—(iii) are reproduced if we take

s im?g? (3 9M2 3m? 1 m? .
= 49—+ — 4= 1o
T a\2 " T T2 M 2 M8 28
, o[ 3 3 M2 9 M? R 3 m? 3 m? .
+in‘g —Z—5m2+5—210gM —ZF-FZMZlogm
3 2 1 mz 1 mz 2 1,7/ 1 2
+;log M —Z—Mzgu+z‘—M2gu10gm —28ut s8ilog M7,
25i7? g2 1 m?
61=-‘ 6 n_4+lﬂzg2(gm+%l0gmz),
ir’g?( 8 9M? 3m? 1m®  1m® |
82:2——4 T3 T2 mE 2 M 328 gl
in2 3 7 m? 3»‘121 241 5 9M21 )
' ———— +1 -
TENT Y T le M? T g 2 BT TR T T g o m
9 m? 1 m? R , m? R
16 2207 1g 28 loem” — oy gab
1 m? 1 m?
‘Emgézl%mz*g‘mgﬂz)’

for 20r 2 3 1 mz 1 2
Sy=in‘g En_4+W+§logm R

by =ingd( 2 biogm?
w g 6n—4 24Ogm s

43i7?2 1
S, = - .
& 6 n—4

In here B, is the two-point function

ijd !
i L ) [(g+ )+ M)
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on mass shell, i.e., p?= —M?2. One has

=

The terms with g, and g/ are the contributions if m ,=m and m = M respec-
tively. The result for 8, needs some discussion. It relates directly to the way the
Higgs propagator is renormalized. We have chosen 8, in such a way that the
one-loop results together with counterterms (i.e., the & with a minus sign) display
for the Higgs propagator an unchanged mass value.

It should be noted that there is no log m? term in the coupling renormalization
factor &, [1].

With counterterms as defined by the above no log m? dependence remains for the
two- or three-point W functions. As shown in ref. [1], dependence on log m? shows
up elsewhere (after renormalization). It is interesting to note what happens with the
four-W amplitude. Computing the log m? terms, and subtracting the log m? terms
in 28, + 48 one finds a non-zero result. Specializing to longitudinally polarized
W’s this result is

By=—=—2.

T2

17T
A — 2 2 2
wwww = g logm [8.0ca(Fast + des” + %1°)

+8,8,4 (Fsu+ Lut+ Ls?) +8,,8, (L + Li*+ Lu?)].

The calculation is done for one-particle irreducible diagrams only, keeping only
terms proportional to log m?.

Since the renormalized self-energy and vertex part contain no log m? dependence
one might think that the above amplitude gives precisely all log m? for the full
amplitude (irreducible plus reducible diagrams). This, however, is not true. Dia-
grams of the type shown in fig. 2 give a non-vanishing contribution even in the limit
of large Higgs mass. The 1/m? behaviour of the propagators is offset by m?
dependence in the vertex and self-energy diagrams.

Fig. 2. Non-vanishing diagrams for large m.
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This is quite unsettling, especially for the second type of diagram. After all,
renormalization was done such that the pole of the renormalized propagator is
unchanged.

It is really very difficult to argue further on these contributions. Are they real, in
the sense that they represent what happens in a theory without Higgs? One cannot
arbitrarily neglect these terms, as that would upset gauge invariance. It is because of
this situation that we have introduced the U-particle. That particle truly represents a
variation, a new parameter in the way the limit of large Higgs mass is taken.

The terms resulting from the diagrams of fig. 2 modify the above quoted result for
Agrwww, 10g m? part such that the coefficients g; occurring in the above become 2.

At this point it is of interest to discuss a remarkable fact, pointed out to us by
Bouamrane [9]. The remark is that of all quantities 8 computed and shown above
only 8, (essentially Higgs mass renormalization) is of any consequence to the
four-W amplitude.

This fact is essentially due to the cancellation of terms of second order in s, ¢ and
u in the tree amplitude. More precisely this can be understood in the following
manner. Write the scattering amplitude for longitudinal W’s, to fourth order in g
and for k2> M2,

c, C,

F—Mzg +M4g + e

We leave out the Higgs contributions for the moment. The coefficients C,, C,
depend on s, ¢t and u. When renormalizing we may replace M? by M?(u?), g? by
g%(pu?), where u? parametrizes the renormalization. C,, being a tree-diagram coeffi-
cient, is independent of p?. As for C,, we may split it:

Co=CP(p?) + CP(1?),
where C{? is quadratic in s, ¢ and u, and C{V is linear. The structure of F is then

cP(w?) ()
F= 2 2( .2 + 4 4 4 e
MZ(M2)g (AU‘ ) M4 g + M4 8 s

where we have taken M*, g* independent of p? in the last two terms. This is due to
the fact that an alteration of p? in M?(u?) or g*(u?) induces changes of higher
order only.

If we alter p2 — p’? then, because the ratio g?(p?)/M?(¢?) is not renormalization
invariant we will get

(2 ) g2 (p?) - 2( ,2) g2 (n?)+ sz)\g",
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where A is defined by

g (w?) _ g*(»?)
M3 (p?)  M2(p?)

(1+2Ag?).

Since F is observable it should not get altered by this. Therefore, the term
C,Ag*/M? above should be cancelled by a similar term elsewhere in F. Now we
must remember that C, is linear in s, t and u: C,Ag*/M? can only cancel against a
variation of C{V(u?)g?/M*, which is the term linear in s, ¢ and u. It then follows
that C{® has to be independent of p? as its variation cannot be cancelled by any
other term. The renormalization for the leading (in terms of powers of s, ¢ and u)
one-loop term shall cancel, as indeed verified by explicit calculations.

The argument is not valid for the Higgs contributions. At the tree level the
contributions to F of the Higgs propagator term are of the form

2

s
F,=a————g?+ similar terms.
H —s+ng

When renormalizing, m? — m? + 8m?, with 8m? of order g2. Thus

52
Fo.=ua — RN
H s+ mi+omt

52 s%8m

2
g—a g 4+ --. .
—s+m? (—s+m2)2

2

=a

It so happens that 8m? contains terms quadratic in m?*:

g
8m2=cm4w+ s
so that
52 m*s?
Fy=a——g*—ac———8*+ -+,
—s+m M?*(—s+m?)
or, in the limit s < m?,
52 2
Fy=a—g*—ac—=g*+ -,
H ng Mzg

showing that the Higgs mass renormalization contributes to terms g*s2.
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5. Four-W amplitude

The calculation of the one-loop amplitude for four longitudinally vector bosons is
rather complicated and it is mandatory to have some checks on the answer. For this
reason we have done three different calculations:

(i) An approximate dispersive calculation. Using the tree amplitude and specializ-
ing to the s-channel (i.e., taking a=5b and ¢ =d and a # ¢ in the equation for the
three amplitude) the one-loop contribution modulo subtraction can be determined
using a dispersion equation.

(i) Calculation of the WWWW one-loop graphs, reducible plus irreducible.

(ii)) Assuming the validity of the equivalence theorem in this one-loop calcula-

tion, and observing that there is no cancellation in the leading terms the four-¢
amplitude should give the same result as (ii). Thus, we calculated the @@oe
one-loop graphs, reducible plus irreducible.
All results (eventually) agreed. Fig. 3 shows the topologies included in the calcula-
tions (it) and (iii). To the diagrams of fig. 3 must be added diagrams that are
obtained from those of fig. 3 by crossing. The set of fig. 3 is the z-channel set. The
s-channel set obtains by exchanging p and k’, and the u-channel set by exchanging
p’ and k’.

From the result one must subtract the counterterms with structure as shown in
fig. 4. To the diagrams in brackets the appropriately crossed diagrams must be
added. The crosses represent factors 8,, etc. For example, one has for the first
diagram, four-W amplitude 2§, + 48y, in case of the four-p amplitude a factor
28, + 48, — 28,. The 8, is related to the factor m?/M? in the vertex.

Throughout the calculation terms small in the sense M? < s, ¢, u < m? have been
neglected. Some details on the actual calculation are given in appendix B.

The result for the one-loop, longitudinally polarized four-W amplitude is

2.4
in’g
-5 Ll 124 5.2, 9.2 1,22
Awwww = YL [8ab6cd( 65t — 36t° + 375° + 555°By + %845 By

s t
- 151+ g(,z)logﬁ —(Lst+ }Qtz)logﬁ
u
—(Lsu+ ‘%suz)logﬁ
+8,8,{s>u, t->s,u>t}+8,,6, {s—>t,tou,u-s}|,

By=7/ V3 —2. The log is always of the absolute value. The absorptive part of the
amplitude is not shown here. The term with g, is the contribution of the U-particle
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p p

AN

K k'
Rg T

T3

X
X
A
X
I’

Fig. 3. Topologies of contributing diagrams.

if m, = m, while the term with g/ shows the contribution if m , = M. The dispersive
calculation mentioned in the beginning of this section gives the result

img? 5 s )

W‘o‘a Boal — s log? + terms without log(s).

The result for the four-¢ amplitude, together with the subtraction terms for that
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A XL A
v Lk k

Fig. 4. Structure of counterterms.

four-p case gives exactly the same result as above. The subtraction terms are
actually quite different, and there is, for example, no clear relation between the
results for certain diagrams (like the topologies R;—R;) for the four-W and four-¢
cases.

6. Discussion of the result

The results of the previous section show dependence of the four-W amplitude on
the U-particle. Thus the resulting terms depend on the details of the limit of large
Higgs mass. As such, at this moment, they must be considered ambiguous. There
simply is more than one theory. A similar fact has been noted before, in the
investigation of two-loop corrections to the p-parameter. There the ambiguity seems
to appear for terms proportional to the Higgs mass squared, but no explicit
demonstration as done here with the U-particles has been given.

If, conservatively, we assume no physically observable U-particles (i.e., m = m)
then the logarithmic terms appear to be well determined in the sense that they are
U-independent. For large Higgs mass they are the leading terms.

Consider now the case that the isospin indices a = b and ¢ =d, but a + ¢. Also,
ignore terms other than logarithms. The ratio of the one-loop amplitude and the tree
amplitude is then

A o
R=—1=——W2—
Aq aM?3s

1.2, s (1 1 2)1 ! (1 1 2)1 u
3287 10g—5 + | g8t + 4517 )log—= + (gesu + zu” Jlog—
32 gm2 % 48 gmz % 28 ng

with (8, is the weak mixing angle)

1 1 1

30 137 sin®6y,

g2
W=
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In case that t = —s (and u = 0) one has

ays 1 . s
M2 24

Remember that this equation has been derived in the approximation M? < s << m?2.
With M =80 GeV, s~ (400 GeV)? and m ~ 2 TeV that might appear reasonable.

In that case we find R= +0.04.

This is still quite small. It should be noted that the unitarity limit of Lee et al.
obtains in the limit of large s, with s> m? Our equations do not apply in that
limit.

On the bases of the above it appears that for energies below TeV the corrections
to the WW scattering amplitude should remain in the 10% region for Higgs masses
up to quite high values. Of course, we do not know what higher-order radiative
corrections will do; in fact, we run already into some ambiguities at the one-loop
level.

Appendix A

In the table below the Feynman rules are given.

a b 8.8
-— ab uv
u v T ME—1e W-propagator
a b ab .
———— . T Higgs ghost propagator
1 . .
sAnnnne i physical Higgs propagator
m* — ie
a b 8.,
Remne W F-P ghost propagator
— ie
1 -
——— P S U-particle propagator
mi — i€
bBp
a ~i8€ape| Suy(k = 4) 8+ 85,(4—P) u + 80p(p — k), ]
k Yang—Mills three-W vertex

cYq
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X

cY dé
cq,
ao -7
k ~.
bp~
q
an

7
[ o O ) =~
g g Q':DVQ
/
\
//\

\\m

3 g
A

7\
/
Sy

4
/
\
\&

\ /
\® %

>< X
/7
oy

- gz[‘gdc‘gba (2 6&7838 - 80:8837 - 801,8678 )“

+ cga’b€ gea (26¢x88y8 - 8a88yﬂ - Sa-ysﬂs) ]
Yang-Mills four-W vertex

%igeabc(P - q)a

3i88,,(P — q).

- %g 28ab8cd 8¢xﬁ

- %g 28ab8aﬁ

- gM 8a bsaﬂ

2rMgs,,, r=m*/4M?

—6rMg

- rgz(aabscd + 8ac8ba' + 6ad8bc)

—rg*8ab

—3rg?

15
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cq_
ax & .
— +lgeabcpa
k \_g\
bp
a
MM(’L/ - %Mgsab
\.*\
k’b/c
a-=---- —(’ %Mgeabc
N
“~b
MN< —2rMg,g
b
Appendix B

CALCULATIONAL DETAILS

The calculation was done with the help of the algebraic manipulation program
SCHOONSCHIP. Given the topologies and the Feynman rules it generated all
diagrams. Certain elementary tricks were used to evaluate the diagrams in the limit
m? > s, t,u>> M? For the WW scattering case the polarization vectors were taken

to be proportional to their momentum [e.g., e (k) =k ,/M].
The basic trick used is to expand Higgs propagators:

1 1

2gp +p?

2gp +p*\’

(g+p)+m> g +m

- q2+m2

q2+m2
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where ¢ is the loop momentum to be integrated over. A product of the form

1 1 1 1 1

2 2 2 o 2 212+M2+'“+M2— 209 Y
(> +M?*)(g>+m?)  (m*-M>) 4 m” (g>+m?)

can be rationalized as shown. Also products of the form

1
(¢*+m?)[(g+p) + M?]

can be worked out this way: first shift the loop momentum ¢’ = g + p and then do
the Higgs propagator expansion.

With this technique any mixed occurrence of Higgs and non-Higgs propagators
can be eliminated. As it happens, for the ¢-g¢ scattering amplitude at most
two-point functions remain, always discarding nonleading terms for m? > s, ¢, u >
M?2. Nonleading terms are actually easily recognizable by the explicit occurrence of
factors M2 To determine how far to expand the Higgs propagators is more
complicated; in the actual calculation terms up to 1/(g? + m?)® occurred (possibly
even higher, but if so they cancelled out).
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