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Patterns observed during nonequnhbrium growth display complex ordering on many length scales. We focus on ordered patterns 
which reflect the interplay of m)cro.~co~ ~. and macroscopmc dynamics. The fundamental morphologies which result, an, a which 
are the building blocks of more complex patterns, include dendritic and tnp-splitting growth. The latter gives rise to the two- 
dnmensional dense-br, m~"tn,,t~ ,aorphology (DBM). We review the current understanding of  how dendritic growth and the DBM 
arise from the microscopic dynamics of surface tens,on and surface kinetics. We emphasize the open questions, with particular 
atlention to the question of developing theory "or morphology selection and transitions between dendritic ,~nd dense-branching 
growth, in this context, we review our hypotheses of the selection of the fastest growing morphology, and the existence of  first. 
and second-order-like morpaology transitions. Theoretical mssues are illustrated using the Hele-Shaw and electrodeposition 

experiments. 

I. Introduction 

We are surrounded by a nature ou~ ofequilibrium, 
a nature which presents the scientist with a bewilder- 
tug and mesme.~_-ing :,niverse of patterns. A princi- 
pal ehallen~,e to physicists is to understand the ge- 
omec~' ~f ~hese nJnequilibriura p.z:~er~s, wheq~er 

'.he3 ar~se as physica! objeo.s - mountains, snmv- 
/laRes, dust motes - or as mathematical abstracttons, 

e.g. time correlations, or density fluctuations. The 
quantification of  the geometrical properties of these 

nonequi[ibrium systems, and our understanding of  
the dynamics which gives rise to these geometries, has 
made large gains over the past decade. In large part 
this has followed from a recognition that na.~ure su- 

percedes Euchd's Elemenls, and that much of her 
p,~:teming is best understood with the "fractar" ge- 
o.melD' described by Mandelbrot [ i ]. 

.2"onc~rre~:~, wil!~ the scier.ti~,c cem.~:uni~y's recog. 
r!i~,;o.~ ~]-~6 ~ u T e  is not res:.fieted to pat:eros of Eu- 

c,,dca~ Jt:-ne~is;o~;, these pask fe~' )ears have seed the 
de~ eloDment of  a new understanding of  specific pa.;- 
:ec, v. ~.~,a~t recur d~,fing nonequilibrit 'm gro~ah "' 

These pa.t ler~s, :,he dendrite at,,d dp-sp]i~ling "'finger- 
i,~" ~ ro - -~  agpear or~ sys'~em-depenc~.e~t !engt~': 

F r ' , . n t ] ~  ~q ~i'~.,~lCS . -'t > ,hd:on~,  2 n O  ' F , ~ d c r  ~,.:.'~i.'.or'.~'. 

scales varying by many orders of  magnitude. In ef- 
fect, they are the short-length-scale building block 

morphologies from which are composed the more 
complex patterns visible on larger length scales. While 
the larger patterns which develop durit~g solidifica- 

tion, aggregation, or condensation still require new 
i,asights to explain the global morphology assem- 

blage, significam progress has been made in ,ruder- 

standing the determimng physics of dendritic and tip- 

splitting growth, and their interrelationship as fun- 

damental morphologies. 
The cornerstone of  the recent developmems is the 

recognition of  the interplay of microscopic interfa- 
cial dynamics with external macroscopic forces in the 

determination of  growth patterns. Most of  the re- 
search has Ibcused on systems ~.here the macro- 
scopic dynamics are determined by a diffusion field. 

We nov; understand thai for these systems, the pat- 
terns lhat tbrm, result, fror~ competition between the 

read)' captivated b" the beautiful shapes ol'sno~flakes. ,~hleb 
!s perhaps lhe most sinking e,~amF-le of pattern formalion in 
:.-.~r~aaic s~.lem: See "qso .:c~: [3]. For a review of the pre- 

~ot,s phase of the research on pal~,e~ fonv.atJ ~r~ dunng soh- 
. : I ,"~.3TI, 'pO i..L = :,~= ! ~ ] .  

0'. e'/. 278.9 :'~9/$03 50 ,.c-', Else~ ~er So:once Pubhs.~,ers B.'~". 
i I'.!o~h-HoNa.~ Ph:, stcs F'-Ibh.,hm~. C'i,'ls:on ! 
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diffusion field on the one hand, and the mtcroscop,c 

d~ na,'nics of  the interlace on the other. The patterns 

may be grouped into a small number of typical "'es- 

sential shapes" or morphologies, obser,  ed m ddl'er- 

ent systems and over many different length scales 

( from meters to micrometers).  These are the faceted 

[5], dendritic [41, dense-branching [61 and fractal 

[7,81 =-' morphologies (see fig. I ). it is the purpose 
of  this short review to provide a perspective on the 

advances in the field of  morphology selection with an 

emphasis on general principles and the remaining 

open questions. 

2, The selection problem for dendritic growth 

The principal mystery in how microscopic dynam- 

ics, operative on the scale of  angstroms, is ampli fled 

to the extent that in a system out of  equilibrium it 

controls the macroscopic shape on a scale of centi- 

meters. From a theoretical perspective herein lies the 

rub. The natural inclinat=on is to attempt theories of 

gro~th emphasizing mac:oscopic dynam=cs and rel- 

egate the microscopic d.vnam=cs "o subsequen~ re- 

finements of  theory. Indeed thl~ was how the Iheor3 

ofdendrmc gro~q.h inidall.~ e~ol~ed, in 1947 l~antsox 

sho',~ed [101 th..t propagating solulqons. ~vuh a oar- 

abolic shape, exist tbr a ~ohd Ibrming I'rut;~ ,an u,~der- 

cooled melt by assuming only diffusion control of  the 

heat field but neglecting swface tens/on atut su(face 
kmet/c~. Both the parabohc shape and the predicted 

constant velocity fit well a semi-quantitative descrip- 

tion of a dendrite. Hinderer. a conundoam comes with 

the Ivan,:sov solution: tt specifies only the product of  

the depdri~,e t~p's radms ofcurx ature and velocu., but 

cannot predict either one alone. The 1976 e \pen-  

menls of  Gl~cksman et al. [ 1 I ] dcmenstra~ed ~l~a~ 

under comrolied conditions, ;c; gzr,,'.,t ':;rdc,"c,":.~t.'~g 
the s3me dendr:~.e li.e. ,:ame t~p ~e~oc;~ and rad:u ~. 

of cttrx ature ) is re.?.,roduc~bl.~ .cb,.e;,-, ,.-ft. Th: ~. ~w:~.~:'~ 
a "'selection oroblem": ~br g~ven undercoohng lhe 

Ivantso~ solutlon admits a cont,nuous famd) of par- 
abo]ic solutions, and yet for specified condlt~ons onl.~ 
one is observed. Moreover. ~i ~,as sho~n ~i~a;..~b.-:-s<- 
ivant~o~ solut=ons ~ere also "hnc~d~ uasu~o.~, 

meaning that they would be unable to maintain their 
shape during growth. 

Sensibly the first attempts to resolve the stability 
problems were based on a hope that incorporation of 
surface tension would involve only a minor shape 
modification of Ivantsov's parabolic fronts, while 
stabilizing all parabolas below a characteristic length 
scale. However. the selection problem remained in- 
herent in this. In 1973 Oidfield [12] proposed that 
the selected dendrite was the one movmg w~th the 
min imrm speed (or maximum radms of t ip) for 
v, hich the surface tension ,'an stabilize the underl) ing 
needle-crystal. Oldfield's idea was revwed and elab- 
orated m 1977 by Langer and Mfiller-Krumbhaar 
[ 13]. who performed extensi,e calculations in order 
to lind this marginally stable operating point. 

The real breakthroughs in under., Landing dendr:uc 

grov, th waited until th=s decade, and a r r~ed  ~ ith re- 

suits of bro~der significance for morp't, oiog.~ dc~er- 
~ n i n a t | o n .  T h e  FeSO!~! ,_  ~n r,.',-~UIV~ ~'' ~ ; , ( t ~ . - , ' w ,  c¢,4~,- 

p u l i n g  p m ~ e r  and the subseq ' . ' - en l  a p ~ ! l q a t : , , . ' q  o]" ,2lo~,.: 

a d v a n c e d  m a t h / m 3 t ~ c a !  methods. :o ~r,e.=,erh ~C,:',~'- 

pL'~7"li¢2 l~(' ~.ThCrOscOIOoC d}ndmh?S.  T]!c- _~l-'~,;'e[,,,." ,%1~ 

t!'~.2d O,2'],~_)t~¢ t!~e..r S;T~GIR ! : z - .  _¢,:~-f?:£,~ I~C:'~.'~3" ?.~G .; t , f-  

face kmeucs are singular perturbauons m the d.~ nam- 
~cal equations for interlace e~olut;on. Singular per- 
turbauons, no mauer  how small totally change the 

character of the solu;~on..-~s such, ~he m~croscomc 
d.x nanncs cannot be treated as small corrections .'..,) 

solulions mnlall) de~ermined I'rom the macr,.,scop~c 
d.~r~m~cs. ~,~ ha~ ~as emergec ;s .~hat ~,h,.'~ suffac< 

tension and sur~i~ce krnetics a:, ~ ,.~OtrOp~C..~e.,'v0r~;J," 
gro.~h does m.~ occu- ~."_,,',c?.3 ;:.>-.-.D'e'~n,3- I'in.ger,, 
.!¢~.¢I," 0' ' ,dac l ,n~ .~o i~',~ ,~[C!~5~-~r3.;i21l-~s ,,7.."~l.:,.TL" 11. i og ,  

-~n ;SC~rc~,  ~'..re.qU'rCO'. n "h, :  m . e r ( = c ~ 3 l  Ci~ H2,~.-~t£. • lO 

: [~,jr .i rc~ te~ Of ~..11? l~£dnl dex Lqol~mcrH5 m Ih~ ~lhd~ ol 'd l t ' fu-  

~l,. in-hmr,,.d aggreg-,l~on d DL -~ i ~ r o ~ t h  ~,ee r,'t" ['~ I 

, . a . I nlod~, i o l  '~ This V,,l_,. I'~rq dcmo.q_-,! ,Ih.u in 2 h'lL,]l .>olidd~L.311o.q 

- the b o u n d a ~  la~,,'r mode l  [ 1-1 1 
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- . '  ±i : :... ':i.  :: ,: oi -: ...... : : .~ . .;- 

Fi.~ i The "e~.~¢n~.Lal .~h~pes" m ir~e ! ~ l e - S h ~ ,  ¢,,pc i , ~ m  ;,.~ ,. e e ~pJ3t.-, t~ !he Ic.d ;~e erdL~ss ~-f2~ oJ" sk'la~?s c~n b~." ~¢oL:peJ :rh,b 

sc~ed m dH'ferent %~.qems and o:1 cbfferen~ length scales i f  tom .r,ae~.ers to micrometers L (a.~The dense branching morphology.  The 

charac|e.'=s,,~c m,~rpholog:, in the absence o f  c,'3. sta!lme an;sa~.rop.v can be characlerlsed by Ihe n:ambe." o f  branches ,~s func lmn o f  the 

r-',d,.us ~ ,hc  sp . , c ' . ng  b e , . w e e n  t ~ e  b r a n c h e ~  a n d  t h e  b r a n c h e s "  ~ O ~ h  a r e  t ~ e  e r t ~ r a c t c n s = ~ c  l e n g l h  s c a i e s  l N o t e  t h a i  i t  h a s  a ~ . e l l - d e f i n e a  

¢~rcula r  e ~ x e l a p e  I b . c  ~ D c n d m e s .  A s  ~,.e n o v  u ~ d e r s l . - - a d  a n , a o t r o p )  ~s ~eqt ,  i r , :o  fo r  d e n d n n c  g r o ~ t h  t o  o c c u r .  T h e  d e n d r i t e , . .  ~re  e ~ z r -  

ac LeD :cd b.~ a t~'uf:.k ~:, ~th a ~ a r a b o h c  t ,p m o x  m g  a t  c o n s t a n t  ~ elect ' ,} '  r,.!. I. T:'~e trunk ts  I~a ' .&ered  ,~ ~t~', sade  b r a n c h e s  ~ h i c h  g r o w  o u t w a r d  

,, n,!e be;n~ s , a u c - , a %  ,n d~e la t ,  o m ~ o q  f r a m e .  L a n d e r  s o m e  g r o , < h  c e a d : ~ , , : , n s  s~deb ra r~c l : e s  a r e  obse ; '~ ' ed .  *Vc rc'. 'cr zo , h e  ug.'~eri.~ie..g 

Irunl.. ~lhe d e a c ~ n t e  ~, ~ t h o o t  t h e  s ~ d e b - a e c h e s  ~ a s  a r e e d l e - c r ~ s t a l .  T h e  , a a n d , q ' e s  h."., c c a : t ; a c t e r , , s t i c  ilengt,~ sca~es:  t h e  ragh,, ,s  a f  t h e  t~.c. 

a n d  the  s..'e,..cang b e t , ~ e e n  s~debranches , cl ~ -, ~'r~.c:.:l-I ke s ~ a p e  I r.,. ,7.-.~ !. i,~ , s ,  h a r . ~ c l c n z e d  b.~ ~.hc r rac ta~  d t m e n s t o n  I ,,"e}a:~a t o  'n.e m a s s  

: , i , , o , J , ' > -  a s  a f u n c u o n  o f  the  ,ai.l~t, ~ "TR~s ~s t h e  t.~ p~cal s b n O e  m [he  h.mi~ o f  s m a l l  s u r ( ~ e e  ~ .ees lon  a n d  l a r g e  no~se  !..' a ~ p e a r s  s t m , ; a r  

? ihe s : ' u c r a n e  o , r o d t . c c d  b.~ t he  d , l ' ( d q o ~ . l ; m u e d  as~rcg. .~i ,a , l  t D,L -~ ', v-'mo.:l [ 7 ~ [ 't ~ " a .: 7':; 'a" , : , . a m e : c  o f  a n  .~r D'Bi~,i T l : e  a ~ p h e d  

o~c'~s;,f.i ,s  .aL~oot I .~q~ m b a r  a n d  ' , ;e  sgac , , , ? :  Det~, e e n  ~he p l a t e s  ts a b o h l  O 4 c~,m ~ b ~ .~ {: e ' c a .  e:,ampue c f  a fod r - (o~d  "'SEO~', t',~b;e'" In  3fl 

,2~.,',~,'OM,. b,=lo-"V,l'~,,. , 'e l l  ' . . , ,h  .'. r'o'Jm',? :4 s'. ,..~,..r,..-!.,~. NO~: ..b.e 2 " r a ~ o ! : . :  ~.:12~.? e." :;!.,: '..~..'2- :-':" ca.'?/': 2 ~ ' i  .'!.~e ,~e  ~;.-.:,'I oi" s=.4.r2 ,.a2.rga:',e~?:, 

}I-,,',,-, ,r,..? ."u z , . "m ,73c1"~ .3 ~d Ic  s a,n 0',3Yl-..[..,~C o"  & ""_,nOv :".j] @'" ~.roa. ';e, ,3,'~a'_.Ot~'O,.."1,C ~,71,?-~E,Z,'~ ce]r ,; H'T, • ',1"O1' ~ ~_~,mrg.~b;'.~. '~;'e ~ a :~.;'C~ ~h,? 

.,,- ",l,~d r?,;e:.:~.,; ..-la,-,,-~i] Ih0  ,~r "",.  ~ TII,~ ' ,C'.." ~-. a .-.'c.'_,.-4@ -.' ,. ,: ,, 2 '7.~,'e,l>, >~,,. 7~,~C ] C C : u ,  ~, ' ,  t',.r, ro~l ~, ~'.;" I'.~J .:'S '~re Ca',: ,", 'd  " 

..I...ut.,.-, ~ u', .11.~ .;1,O.t.:~',l r "gllTIO'!, ~.~ "i~ i.~.lIl{'elTaL I¢~,: ls  Ot" it, pe f sa tu r r a t IO '~  {.3 ~ :~ O L " . - , F : ;  .,':.a,'..: ,,.<'. ¢l,:,~'ed m the  c a s e  o f  l a r g e  n.a'~se a n d  

",," ,,J,-fa~7.~ I,?r~Mc, P a ,2ndc,,l '~ .~rr.',} , 3 t ' c t ' 2~ , ae l s  '-. e n g r a ,  ed  o g  ,.~.e be,, ;c, .m ." , ,e  'c. ",':._.,':- b - . , .  ~..'.- ..1: : . . .~-:s  ' i h c  ; u (  r : '~ :c  ~,:'. ¢,1 , , . ( :  g . ,  

.,,1 ,;,. h,-,.~ ,,.-~ .7,r,,? Trl  5 ,, ?-' ,1",2 r'~l,~S ,'." 1~:.'2 ac;. 7,.,:i 1' : h a . " r < l s  -.re ;'~0; c o ' ] n . ~ c l e c  e."..:l:'~g . o . - h " , : g m  c~x nc  .,u,"(7,gr id 7 s i o r ,  
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firmed b.~ both expenmentM [ ~ 5.~6 ] and d~eoreac~,i 

results [ 14. t 7 1 "-~ 

No,>. se!ee: 'en pmb!e.m..s emerge-" '.,'i:E t~e bred_de: 

understanding o f  pattern determi~a:be.n. The puzzle 

is no longer the dendri te 's  veloci ty and shape alone. 

Now the ques t ions  are as to why dendri tes  are se- 

l ;cted for some  parameters,  and tip-splitt ing g r o ~ h  

for others. To s tudy these new selection problems we 

turn to an exper iment  in which the interfacial dy- 

namics is expressed on toe same length scale as the 

pattern [ 15,19,201. These exper iments ,  d!scussed 

b e l o w ,  permit  unambiguous  demons t ra t ion  of  m o r -  

p h o l o g y  selection as a function o f  anisotropy.  

3. The dense-branc'~ir~g morphology 

To study pat ,ern  formation for  i so t rop ic  interracial 

dynamics,  we used a modif icat ion o f  ihe HeleoSha'a 

cell =-~. This  simple,  yet elegant, device  for ,udying 

pattern format ion  consists o f  two  c loseb spaced 

plexig~ass plates sandu']ching a layer a,f riser.us ','nuid 

- here dyed glycerine. The mp piate :s ci-ca'lar and 

o~en ~o air at i~s .edge. Through ..,~. ". r,I._'-" a~ ~he con:or 

of~he lop o!ate a ~ess ~ iscous f~uid i e g. ai:  or ,.,a~er 

is in~ected into ~.~e gb refine. 
I n  f i g .  ! a  a n  e ~ n m p l l , : '  ,cA t h e  , u . . - n s . _ - b ,  a:~..!,,~.~t4 m 2 f -  

pho!,og.~ ~ ~. D~.I ', in, ~,h, cei~ is sho',vr... :! ':,ons.,:,!..'. c.,." ;, 

The regubm' tip-spHV.i,,-,,g ,[ff the f ingers ,d]s?.inguisb, es 

them: from d.endri;es. M o r e o v e r  Lh,e lacunae.at  gaps 

~e~we "n the fingers do no~ grow with lhe area  ofd is -  
p~aeed fluid. Th is  4v:.unguis~es ~he mass  ,di~..~ri~.u~{o~,~ 

of  tb, e '.Dgb.i # e r a  ti~a~ of  .-n ~':azta~ o~ject. -.:,,ch as a 
diff~sian-lim~r,e.4 aggr .e~z~.  ( g,L~.t, where ~,e g~{:,.:. 

gre, w eve,~ lar,~ef ,,,i~h lhe o,':m~l s{:e '>~" ~.',e ,=,v~,,err, 

* '  ~713,': 2 1."?,'.'¢" ; '~,',;~'-~r~1-311C2 t ~ C $ . " I " I D I , ' D ~  ~"~" :I',,2 r~ev, '  ~.2v. ' l f~[2,.  

r.::".::. ~':': ,'e( ! !';! 
° '  71",,- , : , . ~  r . ; '  H : l : . - ' S b ~ . ,  ¢ , : !  : . s  "_, 3 " l g  '2,,37f.3vt :',.:r~l".,'- C2"1-  

:~,'~,',','.' 3 , , ' l ~ ,d  sdn,"l. '~:'i" , ; o  . ? , . . , , , :  ,, . . ,  .')13 , ::  ' ,', v .  t , 5 . . - '  ,C 

sitr,t~ it~. (Lo'., a~, wa'.em a a,.,I,~ ~" ~t,F--. : -~.d, , t2,  !.. ' ,~I'-tlC'Ji: 

,2'.a3-:~,c..::" ' 7 . ' _ ' ] : " ~ L , . :  ,g ,..,. : . ~ ; .  L,  r:,,-'c¢,,",cc, ¢, .~ 

j 2 ."  i ]]1'?,,2 : ' , ; ' g j J a r  ,".-OO.~'l,~"~ ; , , ' ;  " ,rSl,  e a~,'.o~eO b.: .:'a,e,.'sc., 

~r~s~ea,d. [P.: D P . M  g,;ov, s as, .3 [,,,,.o-~men.~.[o.::g:,[ ob- 
ice'. ahhoush in ,_'c, me case.: t~ n',a.s appro~c'[a = =  _ .,.~., 
. . .  . . . . . . . . . .  , - . 

E~erime:, ,~ai  ,;s'lde~-,~.zc 5.ot~or,is ;h:- c::,.-,,'],.~[,, 

that, in the absence o f  anisotropy, the DBM is the 

,a,~0!. This is contrary  to the generic morphology f" "~ 

argument  thaL fractat growth should be the us,,~al 

m a c r o s c o p i c  morphological organization [25 ] ='-" The 

DBM is observed in aggregate growth by e!ectro- 

chemical deposi t ion "" and prec~pi,~afion fro~.~ su~er- 

saturated solution [291: dm-[~g solidiGcatia.'..-. ;,.."~.a 

undercoooled melts [ 3 0 ] ~ :  arising during ar:~o.,- 

phous annealing [ 6 ]: and in spheruihic growth [ 31 ~. 

Our  present unde r s t and ingof the  DBM is based on 

analyzing its branch,rig raze. as opposed to ns mass 

distr ibution or coastline. Generally. we expect ~,~e 

branching rate. or  surface modulanon,  m be the re- 

sult of  the interplay between the macroscopic  diffu- 

sion field, which tends to make the interface irregu- 

lar, and the microscopic effects of  surlhce tension and 

surface !,'.ineucs. T~ese imroduce .:UTtO, f f  U:n'~.h.: -,;,:,' 

define the ~eng,.i~ scale of  e.cdercd g..-c',~ :.~': Tm;~,,);g 
aga{n ~,e. the Hcle-gh.~w e',am'>le :,he g.> e.-r.,'=g e.:,-,a- 

' f ,>r '~ , "  ~'0, ,  ' { " ~  g ' ; ' 7 ~ . - ~ J " -  {' : : ,~:,0 L- -.. '{-" 

' t - ' r ,=0 i Lar.L~ces eoaa,,o.-., ). 

'.7", I.~,1_',_- 7 , -h .7  - 7 , 1 2 7 ,  . . . i  - ,., -' ".,~ . . . . .  . ' 

~'i, 2 
% _ ~'a,. ~ ~ D'.:, .rc,.  's !e,,~ ',,. 

'a,-.L_~re ::'. i÷. '.I~,? pzcs.s,.,r~ m )$.-,~ i'l,uttc' -_.:rt gi,,c inb.~.'f~.:.: 

;:,.~ i: ;he ~rz~.~t,,,re 3pp.l~ed ,,.o :he .e-.- , ,.~.':0.~ s ft,,.:] 
d.. ~ ,.h'e in:.:-rg~.c~a! s:~r,?,.,~-,.~ ~e:Isio.,,-,..', ~s ¢~,q ..',.~r, 3~, ,,r,: 

'70'1C~.'. r,'_ , :  i q~ I " u £ . . ~ , : q - ' f  ,u:g2-'f ,~' '~: " .-~ . . 2 ,  ", ,  . • :.. 

1. 4,r '-,c ", ' 2 ,  ~ l ! :  i. u r c ' [ : ~ 7 , , (  . ~ j , ~ c c  r..~,,,.et. ~ 1, , r , , . ' i .ad i , ._  L . A , . -  

p , ' J .  : ¢ , ' , . ~ L , : ~  " ,a .  ~ .  - , ; . i  ."7, . ' , " '  . "  
. , . .  

~ ia , , ,~n~, .~ , ' , . ,5 ' . , , ,~ . , j , , . , . . , ' , . , . r  - , . ' . . '~ ,~.~,  - , - ' , - ' , ~  - .  , - :  

~111~. d~ [1 . " .  CL . , [ l l ; ' , , .  "r,~ - ; 'C, ' I - ; 'cL ' , '~- '  2.[. I"~, '- I  ?L 'a .ZP . . .~  .,3d , " ~  

~LI.~R,7~t,a L'~['~SC('~cd ~ t ' l ~ l  t i c  ~ r O ~ , i L ;  J,'~ , , , l l ~ . ; " / - - ,  . : q  , ~ ~l , . ' "  

3~ q"lr~;'C~" .,J7¢21.~ 7',,7,3C~, " l~ ,.q'l,~ ',r.-O-~l~i'Li, l " r  ~ 5 ;  IO ,~  .~ ' ,~ , .  ",:,O,-,I,3.e 
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coefficient, b is the spacing between the plates, and q 
is the fluid viscosity. The exponent ~' has been com- 

'~ , _ ? r  . . . . .  • puied as ~ for a u,,,,u,,,, ,,~Lt,.,,~ la)er, would be dif- 

ferent for a non-Ne~:oman fluid, and is taken as un- 
ity in our simple analysis below. Although the 

differential equation for the pressure field here is 
Laplace's, the physics of these equations is nearly iso- 
morphic to problems where, the governing equation 

is strictly the diffusion equation, e.g., precipitation 
from supersaturated solution, or solidification from 

an undercooled melt. 
l_mear stability analysis [ 32 ] "" can be used to in- 

,, estigate the branching rate of the DBM. Indeed. the 
instability of a diffusion-controlled interface to any 

perturbation in the absence of a Gibbs-Thomson-like 
stabthzation, is the Mullins-Sekerka instability. Us- 
ing the above equations, we can compute the relative 

growth rate of  perturbations on a disk of  radius R. 
Taking the perturbatmn to be of  the form r ( 0 ) =  
R +6,,, cos(toO) for small 6 we find that: 

,L,,,d.., 
a , , , I x ) -  [~/R 

+,,,( , , , , ' - , ) ( , ' -  , - ,  
L ' , - t  

F I - , : '  ) ] - '  

,x i ,,~d.-v,( I+, . 

where 

¢_ P¢ - p,-, 
" -  d,,IR,-," 

fi= tah : ; 12qR,, .  

and 

x = R , ' R , ,  . 

R,, the cell radms. Fig. 2 sho~, s that there ' s  a fastest 
~ro~r~ S pev,.u.rb:z.~on E\perimenlaii.~. good agree- 
mere ~s found b,c-:., een ~.ms last grow~n~ mode an,2 

l'.~.~..:'~UtT'a~,~i' ;.2I" ~ ; an~ , i ' l c s  ;~s/.i ' ,k~ci :o i l ,  o f i ' a O l u ~  [ " " I ", L,,.~'-, ]. 

This anal.~ sis ts consistent ~i~h the OLA-!~ke d~men- 

• ' -'. 'qmtlar l inear 3RaI.~ S;S tO that presenled here  v, as p¢,'fOrlT)c,I 

InJeOL~rLjC;,I['. b? 5,,:h".',tOZ ! 33 [ 
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Fig. 2 The  DBM and  the l inear  s tab lh t )  ana lys i s  (a I R e s u h s o f  

the  l inear slabihl.~ ana lys is ,  sho ,~ ,ng  the  imlia l  g rowlh  rate as 

f u n c l , ) n  o f  the m o d e  n u m b e r  m for a s inusoida l  p e n u r b a H o n  d 

o f  a c i rcular  inter lace I_me ( I I is for cons tan t  p res su re  a long  the 

in ter face  I no surface  t en s ion  a n d  no surface kinet ic  1. l ine ( 2 ) ts 

v .hen  surface  t ens ion  is i nc luded  and  line ( 31 is in the  presence  

o f  sur face  kinetics Note  tha t  in the latter case there  is no  fastest  

grov, ing mode.  Line t -11 is in Ihe presence o f  bo th  surl 'ace tens)on 

a n d  sur face  kinetic, t b't shov . s  a c o m p a r i s o n  o f  tile l inear  stabil-  

it.,, and  an expenmen ta l  ~ox~ er spec t rum of the en t e lope o f  a DBM 

de~ eloped in the l--ie~e-Shaw cell. See rcf [201 ;:4 m o r e  detai ls  

s~cn of mass oI" sma!l Heie-Sha~. pa.uerns: howe~ er. 

cnt,cal value, determined b> s}slem parameters, the 
growth :s d=  2 as obse~ ed ,, isualb [ 20 I. 

In the absence ofstab~fizmg effects at the interface. 

, .oh  as surface tension cr  sa.~hce kinetics, the diffu- 
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si~e Mullins-Sekerka instability results in an un- 

stable interlace. The result is nots), apparently frac- 

tal, gro~th. This is what happens in the modelling of 
gro~vth by the DLA algorithm [7,9]. where there is 

no surface tension. This is also the case when two 

miscible fluids are used [ 351, or glass beads are added 
[36], in fluid flow experiments. In both ofthese cases 

the net result is to reduce the interracial stabilization 
effect of  surface tension. 

The nature o f t h e  envelope of  the DBM ~s an inte- 
gral part of  the dynamics of the pattern but its under- 

standing requires a nonlinear analysis ~to. A naive 

understanding is that if one finger outgrows the olh- 

ers, it has more space to spread out; part of  the flow 
goes sideways and lhe finger flattens and slows down. 
In our view, the most pressing unsolved problem is 

to understand the branching rates and velocity of  
DBM growth [ 19,31 ]. The latter is especially intri- 

guing because there may be a selection mechanism 

operating with respect to the branching rate and in- 

terfacml velocity akin to the tip-radius and velocity 

of the dendrite selection problem [ 38 I. 

4. Dendritic growth and m~rphology diagram in the 
anisotropic Hele-Sha~ cell 

The Hele-Shaw cell can also be ased to, slud~, an~- 

sotropic growth, analogous to the solidification of a 
c~stalline material. There is a strikingb, simple way 

to mimic crystalline anisotropy in the fluid cell: one 
engraves channels on one of the plates. The channels 

modulate the spacing between the plates s3 as to cre- 
ate deep and shallow paths for ihe flow of  fluid. When 

the grooved lattice has six-fold symmetn '  t ~hree sets 

of  parallel channels oriented at 120: to each mher ~, 

the air bubble adopts beautiful snowfiake-!ike shape~ 
with s~,i dendrk~c arms. S:nce snowfall on Mars is 

comoo, sed of CO:  ~!ak.e~., ,~ith four&,ld aniso~rop.~, z 
fourfold la~,~ice produ,:es ~he "'t'..~ar~ian ..~n,o,',.!i,~:+..'~. 

.... In ref. [ 37 ] n ~s c lm med  that the c,rculanL~ o f  ~he envelope m 

elcclrec!wm,,:a! .~,.'posmon can be e,,plamed so' :i~ on th,." ba- 

sis of  ]ln~?af slabl]ll~, an2]~,'~l'~ ~.l ¢n 1he aggre~.ale has a fintte 

rt-siSl i~ ID.. 

of  fig. lb. The emergence of dendrites ~n the I-teic- 

Shaw cell I ! 5 ] prox aded the first direct experimental 
demonslralion that an~sotrop) is needed ~ r  dendri- 
tic gro**th to occur. 

But not only dendritic growth is observed in the 
presence ofanisotropy. As we vary the applied pres- 

sure (the driving force) the air bubble assumes d,f- 
ferent shapes. Similarly, different morphologies are 

observed as the "microscop,c" growth conditions are 
changed. For example, we can change the level ofan-  
isotropy simpl), by changing the spacing between the 

plates. The idea of  a "'morphology diagram" to or- 
ganize the observations follows naturally [ 19.20]. 

Fig. 3 depicts a morphology diagram for a cell with 
sixfold anisotrop}. Faceted growth, the DBM. and two 

types of dendrites now occur, for different values of 
the applied pressure. As we will see later on, the ex- 
istence of two types o f  dendrites play an important 
role in our understanding of morphology transitions. 
A morphology diagram is also obsen'ed in electro- 

chemical @posit,on experiments [ 27.28 l. Hele-St'..a~ 
cells using hquid crastals as the v,scous flutd [16]. 

and solidification from supersaturated sol ":..~ns [ 3 °. I. 

trigger dendritic g r o ~ h .  ~nd ~f ~t does. ~h~ t+ ~he 
DBIM still ou;,,:rx e,j? whx  ~,-~ some ,~endr~es a~'pea: 

when ~he %s~em ~.~ dr:, ~,, f=r :'rc, m cqu~i~b,r!u,~. ~,u~ 
~!l~)'e:'.er~t t.'qld<_ .'~p~2: C~,~..~C- [0  ~2,.lli,,ll~,,'uPdT~'~ 2 'l_~ wheT? ,3 

general selection pnnctple that wdl determine -h~ch 

growth will be obsen'ed for specified conditions. 
leading to a iheorefical understandingof mo~holog} 

diagrams? 

The firs~ ",mderst~nding and c!,:ar 4,~men-~tr~',o~ ~F 
! !~c .~ , r , ,~+ l ' l r  n ~ u r , t  ~ ~,d" m~c,..",3~,c3~2i? ~ '~ '~C' . , .  _'~.J ~",~. 

,f~,3 ,,l :.,~- . ;d. .G. ~ ,,7,+" R, . .o vj,r,qK-,,l~ ,rt~c J. 'b~ ( i "  ,v . .?T(~C~..I 

~ro~ '.'h ! I z. ! 7 I- The imbed x~.e ~oa~ m the construc- 

tion e.C ih~s¢ madeBs ~a~ to pir, pomt ~he pi~) s[cal e~'- 

(cots that were essemial (or dc~,,-~c g re~b .  Earke: 
attempts x~ ithout the drasttc stmplifica[:ons of the  Io- 
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F,g 3 Morpholog) d,agram For a s~,ffold an,sotrop,c Hele-$hav, cell (the cell ts the same as described in refs. [ 15.19]. ) Here P, ,s the 
apphed pressure measured roughl) ,n ten.meters  o f  Hg {the actual rna~ometc~ fired v.as .~ I,ght o,I). The anisotropy o f  the call ~s 

measured b) the ratio ~ =  b, / (b.: + b, ). ~.here b, ~s the depth of  the grooves (0.015 in ) and he is the adduional spacing between the top 
plate and the top of the ~roo~ed plate. The mo~hology re.mons are ( ~ ) faceted growth: ( l l  { surface-tension dendritic growth (v~nth 
carcfi" '.n~oectuon it ts possnbl¢ to observe that the dendntes point at an an~le of 30: to the .ruhng or" the grooves ~, ( I l l  ) t ip spli~ting 
&rOU ]h. ¢ l~.' ) k,nel~c d e n d r m c  grox~th. The  needle  crysta!> ~rov, parallel  to the ruled channe l s .  Cross  ha tch ing  of  cur-,es s epa ra t ing  la- 

bel;.'d m<.rphoiog) reg,o,,s ;rid,caries the pass,bin ex,:tence o( nat;o,, regiop.s of other n',orpholog~es. ¢ ~. bci,,'¢eq r¢~o~ ,, ] and ~J .~here ,s 
e, ~dcT)..c (,Dr DBIxi g r o ~ l h  TUn dendr i t e s  point , r ig  at .11) f rom the c~an~e l s  occur  at Iou, er I~ressure. for xvhlch sun 'ace ter.sJon ts Ihe 

,::.,c,:,l f.'-c=er, hence  the name  "'suffao: t o t s , o n  d , :ndn tes" .  In the &rec lnons  of  ~hc t ,ps of  [he , i e n d m e s  ~he .:ha~Be m m~en'a¢~ energy 

,, ". ~.) , : 'a t  ,.m~. d~e .,n:e,l"ace ~s sinai; ~r. malomg ,4 eas~er to bend  the tnce.,'l"~ce. The  effect ive surface  ~ens,on ~s , ,eaker  af,~ t~e surface 

~c,-,H,.,rl :.n,s,.'.lrop.~ p:'r21"C FS' l['t¢],~ d=u'e,z,'.K I~ -'.,'..hi;~_i".. F pfc!~,br¢ II~.c- ;,LJ{"aCC .:l';'I,,?t,,.:S dOiTh"Wa|,,2S. "'~,7~2~'¢-iT'on~.'" d,2FId~'a;CS (hal .  p o i n t  among 

:",- ; ,. .31'r .~ !.] ~ }a]  ',5 L",: r:".F,L,,¢ x~¢!t;q~ cff-',[~,5 21"¢ .~," 2J':CT ,'~RJ the  ,.c10.:l|.X ; iO'; d~c s.-.E1, V~',.".-SL~,r¢ LT.rAJIC'n, ~ iS h ; ] h e r .  ~ ¢ n c , "  tF, e ra,"fl¢ 

• 5un.~ce k m e u c  ~.endntes  . On the d ~  zoing r¢~lme '~il¢ I~O, el lects  ~ surl~c¢ lenslon a ~  SU~'a~¢ Klnet 'cs anisotrop} ~ arc of  coroparalole 

,:(r¢.-gth and cancel each mher .  lead,rig to van,sh~ng otTecfi~e anisotr.,>p.~ at~d hence s ~ B M  g r m ~ h  There  are add{t ional  deta i ls  not  

pc.:scmed :n the m.o~ho ' . oD diagram For e.',~.m.,'awe as ~he p r e s s u r e ' s  inc ,eased  kme'ac dend.":~es ,,,ah ~ifferem s~ruc{ure o f s i d e b r a n c h e s  

are o b s e n  e4. Onb.. the main  I\-:lu.':'cs c (  ~he ma'."vho]%.x & a g r a m  ":,re p resen ted  here ~a t - I  d ) are £aceued. sur, 'ace t ens ,on  dendr i tes .  

DZ.,'., :v',d su,f,-ce ,~,n,:~,c d e n d m e s ,  respect ; ,  el.,, 

c a l  r , ' , ece l s  h a d  f a i l e d  b e c a u s e  o f  ~.h,:. cIt!'t]c~.llt~ o f s c l x -  

,r,~. e e:~ r4,,m?r,cs!l,., ti, e f~l l  di,'Ccs:er, p r o b l e m ,  i.~ 

,~c local mode l s ,  the m~ertace is ,re.~te,cl as ~; :i:'~:,,~a. 
~:~ , : . " ' , : :  ( s  "'s~...-Sr,~" :n two.  d i m e n s i e n s l .  ?k)'sa,za] 

_];,'_,L.r,-,C:',k:. ~r,~- .C?'- '  '~5."?C ~i..-w C2".LCc- i ' .- '~'g:"~';i.O;" 2 !" 

' - ' , ' ~ : .  "."~,.- ;v..?!,, ,,~L'..{.] ~1-/' ~'2.".,' : [  ,. -].- '. v. ',,',,: .].-" 

,r~L~,I;. "',as ~splrec' by soi]d'.f~cat:,en :.'~om an u~- 
:' . c : :  c~;,e,:i n-.e".; i ] 4} (,~ ~., .s e>.. ,die);:-,e .,:~:!,r'~s~,r,n 6ei. : ;  

; ] "C "~S'e : ~ : r "  ~wl" r' C " P t l * : ~ d ~ "  !?,or arcu ,o. 4;¢ ~,s,f,£:,. 
' I -." ~[:~ 3 .  2.3'-  S N  ...]~(- 17, ~,~.. '.;pi } F]~ .:u. _'[" - ),:. : -,] ~.',~j C;~! 

~e~Z~nl ~ol~,,~_on on ~,~¢ compute,," cxp!ici~i), s~,Dwi~g 
d~e irdeffac{~! ~voimion. In this ,~y,' il ~.as F~rst rec- 

c~p,i::cd xl%: in {he .ab.~enc.c o.?~,'-~iso~.ccp.~ , , ip -sp ] i t t i ng  

g,.-c,,~-,h cccuF, z-..d ;i',a.. a~i~.o;r.~?.v ~s Reccssa,m. for 

i tab ! .  ~ .~e~.::!;-,.,i¢ ,~, .,.'. ba~.: ..~.'-.. This ]at!~.- .~ob.SCr. ~',.;,.,:; ,.'a.~ 

.-_.,:.,~:t -,,.:i ,-,.C, -. ,,:,'i_ ,; .0...3,~'q.k ", .-r<,21 ;.~!,.'-. ;.:'., ',~p,i,. 

?j'~e 1.hO ,:_!..'-w{,O,"/t.~tc"&.r.'{£ p. ~{,lbeaniz-,.o.~,Fopic r.,..,,...,a*_., e{~.n,,,. , ,...~" 

~' ,per ,F~7,~ ,', 'aS 11"~,'- ro!~ ~,f ~.~.is,ol[opy " ] :J,?b 

_-.~. £ zi:. ~¢:Q. 
-;. I-'..~-]ISI;IC [I.'.c-..'~RZ..=~'}I '. C'~g'l ~'(] p'rO ~, ;'JO.~ ~0 ,~. '.~)~i~'I, 

t~,] ro ! -  ,:.{ ~,;ZL~"~ 7.,'Z., - - ?,'~]...~~2. 3,;u." -~!~Zl, iRg. 
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the dendrite's tip. Cor,.s~der a paraboia o.f the Form 

.r= -ax- ' .  Let 0 be the angle be~xeen a sarface nor- 
real and the )'-.axis direcuon. The simplest x~a.~ to in- 

troduce anisotropy is in the surface tension d(O) 
where the angular dependence is presumed to arise 
from variations of  surface tension with different 

crystallographic orientations. Explicitly we write the 

Gibbs-Thomson relationship relating ~he surface 
lemperature 7", and the melting temperature TM: 

T ,=TM-d(O)  x 

and 

d(O) = d,;,[ l - d ,  c o s ( 6 0 )  ] 

for the case of  sixfold symmetry. First consider the 

case o f  no anisotrop.,,, d~ = 0 .  Then  the tip, 0=0, is 
the coldest point on the interlace. As such tt experi- 

ences the  maximum temperature gradient and is Lhe 

fastest growing point on the interface. The dynamic 
response of  Lhe system to  this circumstance must be 

d; f fusno~ "~ " ' o~ ~-a, along d;e ia~¢rfac.e ~.o~ard the lip. 
This wi l l  cause the rap to slov, dowry.  We r~arthe.r rea- 
son that symmetrically p!aced  !x:ii~.,s ca~ a.., e!o(~ .,:~:. 

~he interface ,~hich g[o~ mo~e rap, idl) :ban ~he ~]p. 
The result is a spi:tiing of~he ~'~ as ~hese o~.her porto-: 

o' ,er , ; ' i~e!m at. T c  a,.o~d '~~ • IL,,L. s c c . g 3 r P z '  .-.,P,.J , _ a 2 f ' , ' " ~  ,3 

pressed. This is exactly the effect provided by or3 s- 

taHine anisotropy*" ~,','iti~ amsotropy ~he ceides,, 
point moves a,"ay from the Lip .;~-~ a p o i n t  w.,Ah a dif- 

ferent growfl~ direction. For large enough aniso~rc..p~ 
io f the  .0..:'.d.er of  a per,rer,;...)f .:.,o !,. :.r,~s ,,i!l TJead ~o ~. 

raffler ~ubfl. ~ irde~....la) orlhe a~ise.lr,opy and th; pos- 
s,~ble ne.ed!e-e,.3 s~a!. For a giver, anis,_'trop'., or,'.3 q ~  

needle-crys~a~ wish ~he ,.4gb.t ~i~ ~e[c,c[l',' .~.na up cur- 
x ~ , L u r e - v i e  l:~a:~a~',2 : h 2  co ' .dc-$~ . p , , c ~ i  a;[ , h 2  r ~ h ~  [ ~ l -  

.2Ca5 : ;,2 i~g~, :'~ ~ :o,  ,,~ ,.;:.c[I.~ b.3l.~ , ' . , : . ,  h:_ .:, ,., i :'_. 1,a31 [ ;o-5 'c, . . ,~-  

h a !  i i v a n ~ . : , o ;  .~ , : .n,at ir~,.~e.u~ ; ' 3~ {~ , ,  a,J" aar2~.o ! : , . .~  Or'r : '  

, , J , ~ i-)'ih, dF ~.c.3.n.~, O" 3"i'5.2,11OlYk C3nl ?.[5,2 ]~.'3~.I ~O I")C . , ' , r m - [ , ( . ~  .It '  

.:...-rdr,,e~,. st-,.." f . )r  e .a,ni:,!,:. :¢ : . - ] . i  !. 

v,.a~,.,,~,'.,,.... ~h -~pc  ~ C ~ n  s~i~I', - ; ' ,e  .:.,,.dJi~,~ [rO.¢,T!. '~: ~ 

g P . ' ~ , g  r~s.: :~ :, 3 " ' s O l  ', a b ' d ' . , l y ' "  Cl!itc-r,s2,1?, 

Th:,:., ar~u,a'J,c-m n-ue~,.~ :.~,,..,... ~::.. col,-: c, , : . ,  ~d  F .. , ,-, .~ : ,  

ropy in the existence of  stable steady-state needle- 
crystal-like solutions. But. how does this lead to dea- 

drflic gro:v~b composed ofa  needle-cD'stal trunk dec- 
orated wilh sude-branches, and the selection of a spe. 
c(fic dendrite? If we perlarb the needle-crystals, say 

by introdu~mga bulge near Ihe tip. the perturbat,~on 

v, ill grow ~c,'ording to the diffusive mstabiliLv re- 
ferred to above. The bulge will grow outward at a fixed 
position in space, so as the l~p advances, the pertur- 

bation ma~ :s backward if~ ie,~ed from the tip. It can 
be ~magir.e~ ~h~t onl) for the fastesl need[e-c.~s~al 
will the but::.e move backboard faster 1ban ~ts grox~h 

rate, allowing the tip to restore its shape despi~e ,lie 
growing pep.urbadon. This mechamsm resul:s in 
decorating the .ti23;."s/ needte-cr3sml ",yah sFdc 
branches, and turning it into the observed dendrite. 
the onh' one thai can e:,is~. 

The namehcal ;brn~u[a.,,tor, o f  ,~h~s "'mlzrcscog~c 
s.oh. abdfl.,, "" ..r:r, e n o a  ~as c2t,..co, .f¢c-..I ,n.J::-p,:: :,,~,.-r,. d~ 

~ .q [ ' l ( ] - ~ .~a ' , ~C l ' ~  T ' ; . . ] ~ I ; ~  3.?" ~ ",~ ~ - ~ U | Y ' , ~ : ~ . . : a t . ' , ' . " + ' - . "  .,; I ~  

ip. ~he fuj i  so.l :di~:,ra(~o~ p~'ob.~ 'a i-c;, "~ a:",d !:..3r H,.z,~.-o 

.'gha~, in .i char ,  he] , ,~eomelry. T~'.kS. l aUer  ',s I.,:n.c.,..',~ :-~. 

, t h e  S a f f m a n - T a . , ,  ] o r  c . r o b ~ e , m  w i : h  ,,he c h . . z n r . e l  '., .':,]I._: 

~¢.O.x i 4~ lng  ~i',e rJ~2C~.gSTaF: ." :2;S.?. L-Orb: (,o.~" 'S~.IIcL"~.,~,L-)~ t -t~ [. 

tx!!c.s~ "-ece~dy .~r,,,.~b. fi,: ,me~-As t~,. e b.,,eer,~ ,:~e'.:iopea 
i.,2.. C3'.rL:_'3,thC tI~..~ .....: [i.. C',,,.--C~ ' C:SGCs: 3 .~r~ ki";,.e !,&: . i  ... -:,( 'z 7 . 2 : '  

• -'-" . . . . .  . ~' . . ~ , 3  ~ '"'" ~' 

.r'ILl O'OCt'Fk.. ~0':" , ' '7  :.,~'.~. 2" .,31J'~ ~( . .C,.Ci 3 ',~ - .  n~.. ~,'7 ._-.". 'J".",,.: " '  

?O'~.R;,LTi.:L').-'. - i ' ,h  ,;~ 2 :. 7, ,] ~.~- . 'L¢"C, '~F":"~- . i ' . . ' . : .  ,?Z,',, 

A4'C I : :'~- .. i ~ , ,  ~- ; ]  . " - ,  ,C, ' .  ' -'. ," . . . . .  i .  . ' . . .  
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to this question now [48], with the debate focusing 

on the relative role of noise as opposed to determin- 

istic d.snamics in the growth ofs ide  branches. Either 

they emerge as a result of noise that excites the dif- 

fusive instability and linear stability is sufficient to 

predict their evolution, or an additional solvability 

pnnciple is required. We believe the latter to be the 

case: however, we must leave this topic outside the 

scope of  the present article. 

6. The" iastest growing morphology" selection 
hypothesis and the morphology diagram 

Despite the discovery of the microscopic solvabil- 

it,,, criterion, the problem of dendritic growth is not 

lull.,, resolved [49 ]. Time-e,,olulion studies ofthe in- 

terface in the boundary-la)er model, and the aniso- 

tropic Hele-Shaw experiment, present a nagging 

problem. Both show that even with anisotropy pres- 
ent. dendrites are not always obse~'ed. As we de- 

crease the driving force (pressure in the Hele-Shav, 

cell and undercooling in the BLb.I ) there ,s a critical 

value below ,,~ htch dendnuc gro~vth is no longer ob- 

served, ~nstead tip-splitting ~ the DBM ) occurs. Sire- 

riar beha~ ~or ~s also obsen ed during freezm$ of~ ater 

[ 30 ]. These results contradict ~he select~,:m pr'.nc~p[-: 

Ior dendritic growth, v,.hicn suggests that as long as 

anisotrop~ is present, a specific dendrite (corre- 

sponding 1o the fastesl needle-cts, sial ) can exist and 

is linearly stable. The obse~at ion of  the DBM under 

growth conditions suitable for dendrites as v.ell means 

that ~ith present theory the tv~.o morphologies can 

coexist. "'Microscopic solvab~lit)"" can clearl.~ be onl.s 

te, a,'-t of the picture. A more general principle ~s needed 

t,3 d~svnguish bei~een different morphologies and 
deter."mne 'he one which is se!ected. 

+",'e :~'a~ e pro~.osed [ ~ o ] the more general pr~nc=~le 
th,3.[ t" t~ .g',¢ ,',2.~.t~,>i ~tO~tll+ff I,*l,~.,'O.ll,~/~,|" ,~ 'It.']:' <5 . t / l (  ' 

t(telt~..~lttd."/i' 3t'+',t;t I¢'t/ c, hd. T r i a l  is. II" m o r e  than o n e  

morpholog~ ~s possible, onl,~ the fastest one ~s nonI~n- 

earl) stable a.",d ,, ~ll b.e oOserx ed. Thus. one might 

:r:fer ~.I,at below some cr~l~,cal dr~ ing force the ~eloc- 

,~.s of~he D,21'. I ,,~ ht~her ihan th.".t of dendrd~c ~ro~lh. 

and so the former Is selected. Moti,,aled by our Hele- 

Shaw experiment we have also studied the case of 

competing amsotropies. Both surface tension and 

surface kinetic anisotropies are included and they 

have preferred growth directions offset by 30 ¢ as in 

the stxfold Hele-Shaw cell. We calculated the selected 

velocity both along the surface tension and the sur- 

face kinetic directions. The results (fig. 4 ) show that 

above a critical undercooling ,_t,. both types of  den- 

drites are possible, with the surface kinetic ones hav- 

ing the higher velocity. Time-dependent simulations 

of  the BLM demonslrale that ,ndeed the surface ki- 

netic dendrites are the dynamically selected mor- 

phology in this regime. 

Let us explore further the analogy between phase 

and morphology diagrams. For phases in equilib- 

rium, for a given set ofcondit ions the phase that min- 

imizes the free energ?, is the selected one, indepen- 

dent of  the pr ior  h istory of  the system: the concepts 

o f  a selection pr inc ip le and a phase diagram go hand 

in hand. In contrast, nonequi l ib r ium grox~lh pro- 

cesses are ume dependent, so it is not clear a priori 

thai a morphology diagram sl.ould exist ( that is, thai 

the shape ~ dl depend only upon the growth condi- 

t,ons and nol on the hislor 3 ). Hoxvever. if +t does e'~- 

~st. a selcc.z~on principle must e~,~st i f  a given mor- 

ohoiog~ ,s repreduc~ble for a gl,en set of grox~lh 

condmons. Gwen such a morphology selection pnn- 

ciple. ,t is possible to generate a map of  what shapes 

should be obse~,ed Ibr what gro,,¢h conditions. The 

existence of  a morphology diagram has been con- 

firmed experimentally in various s) stems, suggesting 

that a selection principle must exist. Is this principle 

ihe "'fastest gro~ ing morphology" hypothesis that ~e 
ha,,e proposed? We believe that the lauer is not the 

nlost general principle we seek. but ~s a step ,~ the 
right direction. 

When a s.xscem ~s d n , e n  out ofeqm[tbr tum b.,, the 

~mposmor~ of  a gr.sd;ent m on~ of ;.!",: ' ,~:rmo,J)- 

nam,c , ,anables( e.g. the temperature or the cur, era 

~r~ticm ~. the respor,..se of the s)stem is described by 

the conjugate fll,x I ;he heal fl.a\ and panicle flux. re- 

spectRx el.v ~. These fia',es ma.~ 'n general be viewed as 

;.'.30 rs;.,:- (,I" Cq.'tf.Of.,~.k ~fo;~,2'Cl0Ot"~. O!" {]2e r s t e  o f  ap- 
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Fig 4 l a IThe morphology,  d~agram and  Ihe needle -cOsta l  selected ~ ¢locrl,~ :~ I tn lh,.' d,me'.:,,c,n'~-',, d ,u . ,  ,..I ~cl,. [ 1~ ",=I ~ f..:r ~..,rr, p,.i. 

,nb an l so l topues  ~n th~ ~LK|  Both surla~:e t e n s m n  and surface klrlOll£~, a~,'~r, lro~l¢~, ar~ iqc!,aded a n t  I~C. 113'... p'~. '~.r, .d  .t-'r,,'., ~l d,.-,...- 

l ions ellset b} 30 as  in Ihc si~fold Hc ic -Shaw cell t,~,e ha*,e c a i c u l m e d  m e  seleetea ,,elociu. el  born |he  necoie-cr~., s ta ls  po in t ing  m (tl,, 

preferred d i r ec t ,on  o f  the  surface t e n s , o n  an,solrop. ' ,  ( the c rosses  ) a n d  o f  those  p o m l l n g  in IRe sur face  kinetic prelc~[cd d , r e c u o n  Id,a- 

monds ). for m o r e  de la l l s  see rer. I 191 " fhc dashed l ines represent  ou r  expectaLIon o f  the D B M  ~ e loc l t )  The insets sho~, results o f  ~hc 

l lme -dependen l  snmula l ions m the t i t ree reg,mes of  the morpho log~  d~agram, t I I " 'Sun'ace tens ion "  dendn,es  ~ polnl ln~_ ,n uhe sunace 

tensmn pre fcr red grov, lh d , rec l lons  ). ( I! p I ip -spht l ,ng .  and I I I I  ~ sur face klnel lC dendr i tes  h regume HI the t u o  annsom~pne.,, a:e clo~c "n 

el l ' ec t~e  s l r eng lh  ( ~ h c n  aclnng a lone.  ,he  Iv, o lead Io dend r i t e s  ,+~uth ~,nmilar xelocnlws as ns ~.lSCUSSed ,n tel [! c~] ~ The  -esult i., a 

d r ama l l c  dec l ine  nn the  selected ,, Clocni.'~ o f  Ihc sur lhcc  tens ion dendr i t e s .  Ihe d i sappea rance  o f  the  surface knneLic one_-and the appearance  

of  t l p - sph t tmg  -~bo~ e J. lhe sur face  ker, elnc dend r i t e s  ha~c the  h~gher xeh:,clb and are the  obse-x e~ mo-phc,  log,, Tt!crc is a ,.um¢, n -he 

~.olocll.% at J hence  Ihe D B M - - s u r f a c e  ~lnei l¢ dend r i t e s  is a f i~q-order  ~ ra~s , , on  T i e  ~un'ace icn~, ,o: i--DBM i.., a .,ccor~a-,:"2c- .. ,h .m~c 

in the s lope o f  the ~ eloc. l~ as func t ion  o f  J ~ ! b i ( c I and I d ) are examp les  o f  i in ld e~ c eUtlO.ns ;~ re~¢m, s ;. ~ t .,nd II, { .'e~,.",¢c ; ~ cb 

~roach lo~ards  global equq:br ,um, in +'routn pro- 

cesses, sF, ec~fica!l.~..;he drt~ ~t~_ ~brce ¢c.g. ~he under- 

coiling ~n sohd;fical~.zr..~, is ,h:.'- ,qu,,,?..',:~" c.f ~h: 

lhermod.vnamic gradient. Tl~e a~ eragc veloot.x meas- 

ures the rate o f  a~proach t,u~a,'ds equd ibnum,  a;',d 

ser~ es na t , r a l ly  as a response funct;on.  But the global 

rate of change of  the free energy ( at r, he inlerfaee .~ is 

g~en  b.~ ,,he ~nt%ral of the veloe{t.x along ~he inter- 

(ace .  T h u s .  b.~ l h e  t e ~ m  " 'a " .e? ;g ; -  ~.,:~oc ~ , ,  ~' ,.~ m.-. :  '. 

l h e  ~ e ! o c F ,  :'-."£;~.b~.,j . g¢ :o - . , j l ng  -c %,." ~ ' . , - m e l r ,  .?f 

II~.c I : ' , .¢7£a¢: .  a,q~j ~,h,.:b .:?,iv.' , ' [ o  L ~ ; . 7 . . i  ",~. : , ~:1.,,'..,.~ 

Sha.~,c o (  ~,hi o~. [e.c l .  ~+~-'e c \ .~cc~  lhns  " ' 3 ' , e r a o e  ~¢ko.c- 

...t.x'" ~o be :~. impe.n-~nt va-iabtc, but b: no mean,: ~h¢ 

onl) one. It should ha~ c a coanLerp.-.r~ ', aL ..,-:re_,c r,.~ ,m- 

knovm) th'tl X.~l[l represen| :he eouLItbrium proper- 

ties on" Ihe ~merf~..:.: and ~>,e ,~etectec: ~ro~', ~ng 7,1~:~.e 
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The fastest growing morphology is probably a good 
approximation of  the general selection principle far 

enough from equilibrium, where the rate becomes the 

more dominant part in the competition. It may be 
iewed as a high-temperature limit of  an equilibrium 

s~stem coupled to a heat bath where the entropy 

dominates, in the same way we expect that far from 

equilibrium the entropy production is dominant in 

selecting the morpholog). 
The analogy w ith equilibrium systems may be car- 

ried even further. We ha~e proposed the existence of 
two t.~ pes of morphology transitions [ 19 ], as we vary 

the growth conditions, in analogy to phase transi- 

tions in equilibrium. The first kind shows a discon- 

tinuous jump in the ~.elocity at the transition point 

( hence classified as a firsl order morphology transi- 
tion ). In the other type (characterized as second or- 

der), the velocity itself is continuous as the morphol- 
ogy changes, but shows discontinuity in its de6,,ative. 

In fig. 4 we show an example of  both first-order 

and second-order morphology transitions found in 1he 
BLM. Again we wonder: is this a general phenome- 
non or an artifact of the BLM? Chan et al. have made 
a careful study of solidification from supersaturated 
NH,,CI solul~ons [39] .  In particular, their experi- 
mental data include information about the velocity 
of growth which fits well in the framework of mor- 

phology transitions described above. They found that. 
corresponding to changes in crystallographic orien- 

tation of the growing dendrites, there was either a 

j ump discontinuity ( first order) or a discontinuity in 
the slope (second order) of the observed dendritic 

velocity versus supersaturation. 

Experiments in growth by electrochemical deposi- 

tion also produce results in qualitative agreement with 
the characterization of morphology transitions ad- 
vanced here. Sawada et al. [27] ha~e plotted the in- 

terracial ~elocity ~ersus applied voltage and found 

sudden changes in slope when the morphology 
changes. In our own experiments of electrochemical 

,v \: "~ 

. .  

-.~ .. ~'.' " ~ , ~ '  ~/.~,l'G'~a~"~-~ 
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deposition we have obsera, ed similar sudden changes 
in the nnterfactal velocity ~ith associated morphol- 
ogy transitions [381. An example of  morphology 
transitions in an electrochemical deposition experi- 
ment is shown in fig. 5. It demonstrates two aspects: 
the sharpness o f  the transition and a change in the 
microslructure o f  the growing deposit (shown as a 
color change) corresponding to the morphology. 
change. These obserxalions give additional support 
to the use of  morphology transitions nomenclature. 

7. Conclusion 

The field of  nonequilibrmm growth has made 
enormous strides over the pasl several years. How- 
ever. many questions remain unanswered. The most 
pressing is the lack of a theol'3' which can predict 
morphology selection in diffusion-controlled systems 

as a function of  known control parameters. More 

general nonequilibrnum princnples also remain to be 
resolved, with the questton of the nature ofmorphob 

ogy transiti.-as one of the most ir.terestmg. 
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