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1. INTRODUCTION

Consider the Dirichlet problem
Au(x)+ f(u(x))=0, xe D}

(1.1)
u(x)=0, x€0D%.

Here f is a smooth function and D% & R", n22, is the open ball of radius
R centered at the origin. If one considers radial solutions, then (1.1)
becomes an ordinary differential equation. Recently, Smoller and
Wasserman [SW 1-SW 3] considered the bifurcation problem for such
radial solutions. Specifically, they investigated the ways in which these
symmetric solutions can bifurcate into an asymmetric solution. When this
happens, we say that the symmetry breaks.

In this paper, we consider the symmetry-breaking problem for the system
of elliptic equations

Au+ f(u,v)=0,
Av+ g(u, v) =0, xe DY, (1.2)
u(x)=0=u(x), x€dD%.
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If we are interested in (positive) radial solutions, then u = u(r) and v=1v(r)
(r=x|) satisfy

'+ 2= W+ f(u,v)=0
n_
v+ v'+ g(u,v)=0 (1.3)
u(r)>0, v(r) >0, O<r=|x| <R,

w(0)=0=0v'(0), wu(R)=v(R)=0.

For general functions f and g, it is quite difficult to even find solutions of
(1.3), let alone to prove that the symmetry breaks. We thus consider the
following (perturbed) problem

Au+ 22 f(u) +eF(u, v)=0
Av+ g(v)+eG(u, v) =0, xe D%, (1.4)
u(x)=0=ruv(x), xedD7%,

where ¢>0 is a small parameter, A >0 is a free parameter to be specified
later, F and G are smooth bounded functions, and f'and g belong to a class
£ to be defined below. Roughly speaking the class . is defined by the
condition that when ¢=0, the de-coupled problems are such that the
resuits of [SW 1, SW 2] apply. Thus the system (1.4) is a perturbation of
two problems each of which admits a symmetry-breaking bifurcation.

We remark that the parameter A is inserted in (1.4) for the following
reason; namely if v solves 4v + g(v) =0 on D%, with v =0 on dD%, then the
problem Au+ f(u) =0 on D%, with u=0 on D%, need not be solvable. On
the other hand, by adjusting A, one can often solve the Dirichlet problem
for Au+ Af(u)=0 on the domain D%. Thus, since our technique in this
paper is to “perturb off of the de-coupled system,” one sees the advantage
of inserting A into the equations.

This paper is organized as follows. In Section 2, we define precisely the
set # and we study the existence of radial solutions of (1.4). In Section 3
we consider the degeneracy problem for these radial solutions. That is, we
prove that under the additional assumption F,> 0, G, > 0 there are radial
solutions the spectrum of whose linearized operator contains zero. Such
solutions are the only ones on which bifurcation can occur, and in
Section 4 we prove that the symmetry actually breaks on these degenerate
solutions. Finally, Section 5 is concerned with some concluding remarks. In
particular, we show that if F, <0 and G, <0, then there exist positive
asymmetric solutions of (1.4). This is to be compared with a result of Troy
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[T], who shows that if f, >0 and g, >0, then any positive solution of (1.2)
must be radial.

We note that systems of the form (1.2) arise in several diverse areas of
applied mathematics; in particular such systems govern the stationary
solutions of the corresponding nonlinear diffusion systems.

2. EXISTENCE OF POSITIVE RADIAL SOLUTIONS

Before stating our theorems, we must define the class . Let 4 be a
smooth function, and consider the boundary-value problem

—1
w"+£——w’+h(w)=0, O<r<R,
4 2.1)
w'(0) =0=w(R),

and the initial-value problem
n—1
w”+—r——w’+h(w)=0, r>0,

(2.2)
w'(0)=0, w(0)=p>0.

We denote the unique solution of (2.2) by w(r, p), r 2 0.
It was shown by Smoller and Wasserman [SW 1, SW 2] that if A
satisfies the conditions

h(0) <0, (h—(ww—)> >0, h"(w)<0, (2.3)

then there exists a p>0, and a smooth function T:[p, o0) -~ R, with
T’ <0, such that if p> p, w satisfies

w(r, p)>0a 0<r<T(P), W(T(P)’P)=0,

N (24)
w'(r, p) <0, 0<r<T(p).
Moreover w(r, p) satisfies
w(r, p)>0,  0<r<T(p), w(T(p),p)=0, 25)

w'(T(p), p)=0.

If we assume that

w, (T(p), p) <0, (2:6)
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then the equation
w(R, p)=0 2.7

defines a function p = p(R) in a neighborhood of the point (T(p), p). We
remark that it was shown in [SW 2] that (2.6) holds for “generic”* 4.

Let R=T(p). Then the function p(R) is defined on an interval [R,, R,]
containing R.

Remark. If h satisfies (2.3) then R, = T(+o0) (cf. [SW 1]).
From (2.7), we have, for R, < R<R,,
w(R, p(R))+w,(R, p(R)) p'(R)=0, (2.8)
and
w'(R, p(R))+ 2w, (R, p(R)) p'(R)+w,(R, p(R)) p"(R)
+w,, (R, p(R)) p'(R)*=0. (2.9)

For R< R, T'(p) <0 implies p’(R) < 0. Thus using w'(R, p(R))<0 in (2.8)
gives w,(R, p(R)) <0.
Now at R= R, since w'(R, p(R))=0, (2.6) and (2.8) show that
P'(R)=0.

"(R) (2.10)
Thus (2.9) gives
w'(R, p(R)) +w,(R, p(R)) p"(R)=0.
But as
w"(R, p(R))= —% w'(R, p(R))— h(u(R, p(R)))
= —h(0)>0,

it follows that

P"(R)=h(0)/w,(R, p(R))>0. (2.11)

Next, it was also shown in [SW 1] that for R, < R< R, w(r, p(R))
satisfies

w(r, p(R))>0 for 0<r<R, w(R, p(R))=0,

(2.12)
w'(r, p(R))<0  for 0<r<R.

! In the sense that any C2-function # can be composed with an arbitrarily small translation
so that (2.6) holds.
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Furthermore, w(r, p(R)) satisfies

w(r, p(R))>0  for 0<r<R, w(R, p(R))=0,

_ _ - (2.13)
w'(r, p(R)<0 for 0<r<R, w'(R, p(R))=0.
Finally, for R < R< R,, w(r, p(R)) satisfies
w(r, p(R))>0, 0<r<R(R), w(R(R), p(R))=0,
w(r, p(R))<0, R(R)<r<R, w(R, p(R))=0,
(r, p(R)) (R) (R, p(R)) (2.14)

w'(r, p(R)) <0, 0<r<1-é(R), W’(ﬁ(R),p(R))=0,
w'(r, p(R))>0, R(R)<r<R,

where R(R) and R(R)> R(R) and are two smooth functions of R.
We can now define the class & to which f and g will belong (c.f. (1.4)).

DermuTiON 2.1. The function 2: R, —» R belongs to & provided that
the unique solution w(r, p) of (2.2) satisfies

w(R, P)=0, w'(R, P)=0, w,(R, P)<0 (2.15)

for some R and p. If p= p(R) is the function defined by (2.15) on an
interval [R,, R,] containing R, then we require (2.10)~(2.14) to hold.

We note that ¥ contains a “generic” set of functions which satisfy (2.3)
(see [SW 2]).

We can now consider the system (1.4). Since f and g are assumed to
belong to the class &, (2.10)-(2.14) are valid for both f and g. Let the
corresponding numbers R, R,, R, and functions p(-) be denoted by

R/, R}, R/, p/(-) and R2, R%, R®, p8(-),
respectively.

We consider positive radial solutions of (1.4). These are functions
u=u(r) and v=o(r) which satisfy

—1
u”+2—r—-—u’+lzf(u)+8F(u, v)=0,

o+ 2 4 g(v) + 6G(w, 0)=0, O<r<R,
r (2.16)

u'(0)=0=u(R), v'(0)=0=10(R)

u(r)>0, v(r)>0, 0<r<R
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In order to study this system, we consider the following initial-value
problem

—1
WAty A3 (u) + eF(u, v) =0,
r

0+ v+ g(v) + £Glu, v) =0 (2.16);

-
u(0)=p>0, v(0)=¢>0, w'(0)=0=1v'(0).

We denote the unique solution of (2.16); by u(r; p, q; 4,¢) and v(r; p,q; 4,¢€).
We can now state the main theorem in this section.

THEOREM 2.1. Let f and g belong to the class . Then there exist
constants ,,>0, 6 >0, and a function A: [0, &3] = R such that the following
statements hold.

A. (Existence) For each ¢ in [0, ey] and each € [A(g) —d, A{e)+ 3],
there exist two constants R, (4, ¢) and R(A, &), and there exist two functions
p=p(R; A ¢) and g=q(R; A, €), defined on the interval [R, (4, ¢), R(4, )],
such that for every Re[R,(4 &), R(A &)], the solutions u(r; p(R, 4, ¢),
q(R, A, ¢); A, ¢) and v(r, p(R, A, €), q(R, A, €); A, &) of (2.16); solve the

boundary-value problem (2.16).

B. (Properties of solution)
(i) For each Ae [A(g)— 0, A(&)) the functions

u(r; Ry=u(r; p(R; A, €), q(R; 4, €); 4, €)

o(r; R)=v(r; p(R; 4, &), 4(R; 4, £); 4, e), 210
for Re[R,(4,¢), R(4, )] satisfy |
u’(R—; R)<0_ and  v'(R, R)<O, i for _R<R(/1, £), 2.18)
W' (R(4, €); R(4, €))<0  and  v(R(e); R(A,£))=0.
(i) For A= A(g), the functions
u(r; R)=u(r; p(R; A(e), €), q(R; A(e), &); A(e), &), (2.19)

v(r; R)=v(r; p(R; A(e), £), q(R; A(e), €); A(e), £),
for Re [R,(A(e), ¢), R(Ale), €)] satisfy
W(R;R)<0 and v'(R,R)<0  for R<R(A(e),s),
W (R(A(e), €); R(A(e), €)) = 0=v'(R(A(e), ¢); R(A(e), ¢)).
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(iii) For Ae(A(g), A(e)+ 8], the functions
u(r; RYy=u(r; p(R; 4, €), g(R; 4, ¢); A, €),

(2.20)
v(r; R)=0o(r; p(R; 4, ¢), q(R; 4, €); 4, €),
for Re [R,(4, &), R(4, €)] satisfy
W(R; R)<0 and v (R,R)<0  for R<R(e) 221)

u'(R(4, €); R(4, £)) =0, V'(R(4, €); R(4, £)) <O0.

Some comments on these statements should prove helpful to the reader.
Thus statement A means that for small ¢ > 0, there is a corresponding A for
which one can solve (2.15). Part B implies that for 4 on either side of a
number A(e), these solutions are nondegenerate, while for A= A(e), the
corresponding solution is degenerate; see Theorems 3.1 and 3.2 for the
precise statements,

In order to prove the theorem, we must first study how solutions of (2.2)
behave under perturbation. Thus let #e.¥ and consider the problems

W+ P b h(w) + eHw, 1) =0,  O<r<R,
r (2.22)
w'(0) =0=w(R),

and

-1
w”+n——w’+h(w)+8H(W,r)=0, r>0

r (2.23)
w'(0)=0, w(0)=p>0,

where H is smooth and bounded; say |H(w,r)|<M. We denote by
w,(r, p), the unique solution of (2.23).

THEOREM 2.2. There exists an e,>0 depending on M, and constants
R, > R, >0, depending only on ¢, and M with the following properties. For
every & 0<e<¢gy, and every smooth bounded function H(w,r), |H(w,r)|
< M, there exists an Re (R, R,) and a function p= p(R), depending on &
and H such that for every Re [R,, R,], the function

w(r)=w,(r; p(R))

which is a solution of (2.23), is also a solution of (2.22). Furthermore the
Sfunction p satisfies

P'(R)=0, p"(R)>0, (2.24)

and the function w satisfies conditions as in (2.12)-(2.14).
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Proof. Since he & (cf. Definition 2.1), there exist constants R”, R?, R*
and a function p*, satisfying conditions (2.12)-(2.14). We denote by w(r, p)
and w,(r, p) the unique solutions of (2.2) and (2.23), respectively. If
p=p"(R"), we have, from (2.12), w'(R", p"(R?)) <0 and w(R’, p"(R?))
=0. It follows that there is an # >0 such that w(R"+#, p"(R")) <0 and"
w'(R" 4+, p"(R")) <0. Since for small ¢ > 0 solutions of (2.23) are close to
solutions of (2.2) on 0<r< R"+ 2y, we have w,(R"+ 1, p"(R")) <0 and
w.(R"+n, p"(R")) <0 if ¢ is small. Thus there exists a continuous function
R, (&) such that R, (0)=R",

we(R; (e), p"(R1))=0,  w.(R(e), p"(R})) <0,

. (2.25)
wy(r, p"(RM))>0 if 0<r<R,(e)

Similarly, if p = p*(R,), if ¢ is sufficiently small, we can find a continuous
function R, () such that R, (0)= R%, and continuous functions R(R), R(R)
satisfying

w.(Ry(e), p"(R3))=0,  wi (R (), p"(R3))>0,
w.(r, p"(R5)>0  if 0<r<R((R3)),

w, (R(R,(¢)), p"(R%:)) =0,

N (2.26)
w.(r, p"(R5)) <0 if R(R,(e)) <r<R(e),

wi(r, P"(RD) <0 if 0<r<R(R,(e)),
wo(r, PM(RE) >0 if R(R,(e))<r<R,(e).

Now since he &£, h has a smallest positive root, say u,. For ¢ small and
0<r<R%, h(u)+¢eH(u, r) has a root u; near u,. For p near u%, the solu-
tion u,(r, p) does not meet u =0, while for p near p”(R,), it meets this line
transversely. Thus there exists a continuous function R(e), R(0)= R*, and
a point p° near p* = p*(R"), such that

wir, p)>0 if 0<r<R(e),  wJ(R(e), p)=0,

_ _ (2.27)
wi(r, p.) <0 if 0<r<R(e), w.(R(g), p,)=0.

If ¢ is small, then from the assumption w,(R" p")<0, we have
(8/0p) w.(R(¢), p.) <0. Thus from the equation w, (R, p) =0, we can solve
for p as a function of R on an interval R,(¢) < R < R,(¢); call this function
p=p(R). Then as in (2.10) and (2.11), we have p'(R(¢))=0, and



NONLINEAR ELLIPTIC EQUATIONS 323

p"(R(g)) > 0. It is also easy to see that w,(r, p(R)) satisfies conditions as in
(2.12)-(2.14). Finally, for &,> 0 sufficiently small, we set

R,= sup R (e) and R,= sup R,(e)
0<e<g 0<e<eg
|H(w,r )| S M |H(w,r)l <M

to complete the proof of the theorem. |

Proof of Theorem 2.1. Since fand g belong to .#, Definition 2.1 implies
that there exist constants R < Rf and R# < R%, such that the problems

u”+n_ u + f(u)=0, O<r<R
(2.28)
w'(0)=0=u(R), R{<R<R]
and
n—
v+ v+ g(v)=0, O<r<R
r (2.29)

v(0)=0=0(R), Rf<R<Rg,

admit solutions u = u(r, p/(R)) and v =v(r, p%(R)), respectively. Now set
A=R{/R¢ and  i,=R{/RE,

Ay <A,. Next set

(@ u)=( sup u(r, p/(R)), inf u(r, p/(R))),

<r<
RSRs R<R<A)

(5,0)=( sup o(r, p8(R)), inf o(r, p*(R))),
0<r<R O0<r<R .
RE<R<FS Rf<R< R}

and then choose M >0 such that for all Ae[A,, A}, uel[u—1,a+1],
ve[v—1,0+ 1], we have

1
7 1Fwo)l<M  and |G )| <M.

Now choose g,> 0 so small that Theorem 2.2 holds for 4 replaced by both
f and g, and the corresponding solutions u and v lie in the range
uelu—1,d+1],ve[v—1, 0+ 1], respectively. The corresponding R, and
R, in Theorem 2.2 will be denoted by R/, R{ and R#, RS, respectively. It
is easy to see that

RI<SR{<Ri{<R,/ and RE<SR{<RI<SRS, (2.30)
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and for R]/R$ <A< R{/R%,

»nf
1y

1= LT’ TJ A [RE, RE]# .

Now we fix ¢ and 4, |e] <&, R]/R% <A< Rj/R%. We shall prove that for
every Rel,, we can find p and ¢, depending continuously on 4, ¢, and R
such that the functions

u(r)=u(r; p,q) and  o(r)=v(r; p, q),

which are solutions of (2.16), satisfy the boundary-value problem

g u' + A (u)+ eF(u, v) =0,

v”+n

r v'+ g(v)+eG(u, v) =0, 0<r<R, (2.31)

u'(0)=0=u(R), v'(0)=0=10(R).

To prove this assertion, we define two transformations 7, and T, as
follows. Let v=uv(r) be such that for 0<r<R,Rel;, v(r) lies in
[v—1,9+1]. Then from Theorem 2.2, there is a unique function u
" satisfying

ol u +Af(u)+eF(u,v)=0, O0<r<R,
(232)

u'(0)=0=u(R).

We set T, (v)=u. Similarly, let ¥ =u(r) be such that for 0<r<R, Rel;,
u(r) lies in [¥— 1,4+ 1]. Then from Theorem 2.2, we can find a unique
function v satisfying

v”+n v'+ g(v)+eG(u, v)=0, O0<r<R

4 (2.33)
v'(0)=0=0v(R).
We set T,(u)=v. Now choose uy=0 and define
v1=Ty(tho); s Vyy 1 = T2(t), -

uy=To(01), sty 1 =T (Vp11)s .
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Using straightforward arguments concerning a priori bounds on solutions
of (2.32) and (2.33), we can show that the sequence of functions
{{(u;, v,)};», is well defined and equicontinuous on 0 <r < R. Hence there
exists a subsequence, also denoted by {(u;, v;)};>, and a function (u, v),
such that {(u;, v;)},», converges uniformly to (u, v) on 0 <r< R. It is easy
to see that (u, v) is a weak solution of (2.15), and using the standard elliptic
regularity results, we see that (u, v) is actually a (strong) solution of (2.15).

Now for a given &, || < &, if 4 is near R{/R§ and ReI,, then (cf. (2.12)
u'(R) <0 and (cf. (2.14)) v'(R)>0. On the other hand, if 1 is near R{/R%
and Rel,, then «’'(R)>0 and »'(R) <0. See Fig. 1.

For R{/R% <A< Rj/R%, we define the following sets:

I{) = {Rel;:u'(R)<0,v'(R)>0},
1P ={Rel,:u(R)>0,v(R)>0},
IP={Rel,:u'(R)<0,v'(R)<0},
IM={Rel,:u'(R)>0,v(R)<0}.

The 1, i=1,2,3,4, are continuous set-valued functions of A (in any
reasonable topology). For A near R{/R%, =1V, I{'=¢, i=2,3,4. We
now increase 4 from near RJ/R%; there then exists 4,> R/R% such that
L=1" for all ,A,>A>RJ/R%, and I,#I'" for A>4,. For A near
Ay A>A,, either I'P =¢ and I =¢, or IV =¢ and I}’ # ¢. We continue
to increase A. Then there exists i,> 4, such that for A,>A>A,, either
I =¢ or I'Y=¢, and for 1> 1,, 4 near 4,, IV #¢, 'Y+ ¢, and I # ¢.
If we continue to increase A, we find A(e)> A, such that I'V#¢ for
A< A(g) and I{" = ¢ for 1> A(e). Thus A(e) is the unique value of 4 such
that

IV £, IM=¢ for A< A(e)

R
RE/ ~— X near R{/R%
RrRY
Rf)z\ }I)\,U'(R)<O,v'(R)>o
1
f
RZ/R); ________ 27 }I) U (R) > 0,V/(R)<O

(}/5 Ny SR < Anear RL/RY

P9

FiGURE 1.

505/80/2-9
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and
V=g, 1Y+£¢ for A> A(e).

It is easy to see that there exists R(e) € 1 4(,), such that I, =19, U1 U

{R(e)} and I, = {Rel,: R>R(e)}, I, = {Rel,: R<R(e)}. Since
I is a continuous set-valued function of 4, we see that we can choose a
sufficiently small 6 >0, such that I} #¢ for all e [A(g)—6, A(e)+6].
Now we set R(4, ) =sup I¥ and R,(4,¢) = inf I¥ for A e [A(g)— 8, A(e)+ 6]
to complete the proof of Theorem 2.1. |

For later use, we need the fact that for the solutions constructed in
Theorem 2.1, the following assertions are valid; namely

—=0(¢) and —=0() (2.34)

To prove these, we shall show that they are valid for each of the above
constructed approximants v,,,=T,(u,), u,., =T (v,..), #=0,1,2,...
Thus, since v, satisfies (2.33), where u = u,(r, p), v,(0, p,q) = g,
v,,(0, p,q)=0, v} ,(0, p,q)=0, we have vy (0, p,q)=0(e) so that
v, , = O(e). Similarly, u, ,= O(¢), and by repeating this argument, we see
that (2.34) is indeed valid.

3. EXISTENCE OF DEGENERATE RADIAL SOLUTIONS

A solution (u, v) of (1.4) is called nondegenerate provided that the only
solution of the corresponding linearized problem

AU+ 2 (W)U +e[F, (u, v)U+ F,(u,v) V] =0,
AV + g (0)V+e[G, (u, ) U+ G, (u,v)V]=0, xe D%, (3.1)
(U(x), V(x))=1(0, 0), xe oD%,

is U(x)=0= V(x). Thus, (u, v) is nondegenerate if and only if zero is not
in the spectrum of the associated linearized operator. If this is not the case,
then (u, v) is called a degenerate solution.

For general functions F and G, the degeneracy problem is quite difficult.
Thus we consider in detail only the case

§£>0 and a—G>O, (u, v)en, (3.2)
ov Ou

where # is a small neighborhood of [u—1,a+ 1] x [v— 1,5+ 1]. We shall
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then make some remarks regarding the other cases. We shall refer to (3.2)
as the “positive interaction” assumption. Here is our first result (cf.
Theorem 2.1).

THEOREM 3.1. Assume that f and g belong to the class ¥, and that (3.2)
holds. If 0<e<egy, Ae[A(g)— 6, A(e)+ 8], and A # A(e), then the solution

u(r)\ _ (u(r; p(R; 4, ), q(R; 4, €); 4, 8))
(v(r)) B (v(r; P(R; 4, €), q(R; A, €); A, )

of (1.4) is nondegenerate if ¢ is sufficiently small.

Proof. We shall only give the details for 4> A(g); the case 1< A(e) is
entirely analogous. Thus from Theorem 2.1B, part (iii), we have

W'(R)<0 and v'(R) <0, (3.3)

for each Re [R,(4, &), R(/, €)]. Our goal is to prove that the only solution
of (3.1) is the trivial solution (U, V)= (0, 0). To this end, we write U and
V in their spherical harmonic decompositions

U=} a,(r)dy(0)
N30 (34)
V=Y a,(r)®y(0), feS" ', 0<r<R,

N20

where for each N, &, lies in the Nth eigenspace of the Laplacian on the
(n—1)-sphere $"~', corresponding to the eigenvalue Ay = —N(N +n—2).
It follows easily that for each N> 0, the functions a, and b, satisfy the
equations

n—1

CTA
ay+ a;v+[r—2’+12f'(u)+sFu] ay+eF,by=0,

n-—

1 A
S T PP

by +
O0<r<R,

and the boundary conditions

a5(0)=b5(0)=0,  ao(R)=b,(R)=0,

(3.5)a
ay(0)=5b,(0)=0, ay(R)=by(R)=0, for N2>1.
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We shall show that for each N, (ay(r), by(r))=(0,0). We begin with
(ay, bo). They satisfy the equations

n_
as+

1
ap+ [A*f'(w)+eF,Jag+eF,by=0

bg+ 1b0+[g(v)+sG]b0+sGa0—O O<r<R, (3.6)
ap(0)=5'(0)=0  ao(R)=bo(R)=0.

For any fixed constants « and f, and 0 <r <R, set
wir)=a @ + B =
v ov
z(r)=«a 'a; +5 E

An easy calculation shows that w and z satisfy

—1
W'+ W g [A2 () + eF, Jw +eF,z =0
-

-1
z”+n Z+[gw)+eG,lz+eG,w=0, O<r<R, (3.7)

w'(0)=2'(0)=0, w(0)=a, z(0)=§.

Comparing (3.6) with (3.7), we conclude that

ao(r)= ao(O) + bo(O)

(3.8)
bo(r)= aO(O) +b0(0)
Using the boundary conditions ay(R) = by(R) =0, we get
ou ou
a,(0) 5;(R) + bo(0) %(R) =0
(3.9)

i
ao(O)é(R)+bo(0)Z—:(R)=
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Now using the assumption that f, ge ¥, we know that (see (2.32)), for
small &> 0,

0
Z(R) 53—(10

det >0. (3.10)

v dv

ZZ(R) —

50 7 ®
Thus the only solution of (3.9) is ao(0)=5(0)=0, and so (3.8) gives
ag(ry=0=by(r).

Next we shall show that (a,(r), b,(r))=(0,0). For this, note that
(a,, b,) satisfies

A
ai+ 2 a’1+[l2f’(u)+sF,,+r—21:Ial+eF,,b1=0
, n—1 , A
0+Tb'l+ gw)+eG,+—= | b, +¢G,a,=0, O0<r<R,
r

a,(0)=5,(0)=0, a,(R)=b,(R)=0. (3.11)

Let w(r)=u'(r) and z(r)=v'(r). Then w and z satisfy (cf. Theorem 2.1B,
part (iii))

-1 y)
w”+n—w’+[12f’(u)+sFu+r—21]W+8F,,2=0
r

A
z”+n z’+|:g’(v)+sG,,+r—;:|z+sGuw=0, 0<r<R,

w(0)=2(0)=0, w(r) <0, z(r}<0, 0<r<Rg,
w(R) <0, v(R)<0. (3.12)

Consider now the following equations
” n—1 ’ 201 j’l
A +TA + lf(u)+8Fu+r—2 A+eF,B=0
n—1 Ay
B”+TB+ g’(v)+e»:G,,+r—2 B+¢G,A=0, r>0, (3.13)
A(0)=B(0)=0.

Let (4,, B,) and (A4,, B,) denote the solutions of (3.13) which satisfy the
initial conditions (A4'(0), B'(0))= (w'(0),0) and (4'(0), B'(0))=(0, z’(0)),
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respectively. Now as (A4,, B,) and (A4,, B,) form a basis for the set of
smooth solutions of (3.11), we can write

w A, A,
<Z> - (Bl> th (Bz>,
and differentiating this equation and evaluating at r=0 gives a=f=1.
Thus

A (r)—w(r)= —A,(r)
and (3.14)
B, (r)y=z(r)— B,(r).
We assert that
A(r)=w(r)+ O(¢)
(3.15)
B, (r)=0Ce),
and
A,(r)=0(e)

(3.16)
B, (r)=2z(r)+ O(e).

To see these, note first that (3.16) follows from (3.14) and (3.15), so it
suffices to prove (3.15). Now as 4, — w satisfies

n—1

(A4, —w)"+

A
- (A,—w)’+[/12f’+sF,,+-r3l] (4, — W)

+¢eF,(z—B,)=0, 0<r<R,
(A1 =w)0)=0= (4, —w) (0),

it follows easily that (4, —w)" (0)=0(e), and thus A, —w=0(e).
Similarly, as (z — B,) satisfies

-1 A
(Z'—Bz),’+nr (Z—’Bz)l+[g/+8Gu+r_2]] (Z—Bz)

+eG,(w—A4,)=0, O0<r<R,
(z—= B )(0)=0=(z— B,) (0),

we have B, =z — B, = 0O(g). Thus our assertions hold.
Next, we shall require more detailed information on B,(r) and A4,(r).
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Let K(r) = B, (r)/e. Then K satisfies
” n_l ’ ’ Al
K +TK+ g(v)+sG,,+;3 K+G,A4,=0, 0<r<R,

K(0)=0, K'(0)=0. (3.17)

Now as 41(0)=w'(0)=u"(0)~ f(0)/n<0 (by (2.3)), then for small ¢ it
follows from the positive interaction assumption (3.2), that for r near
0,r>0,(G,A4,)(r)<0. Thus as before, we see from (3.17) that for small
r>0, K(r)>0. We claim that for 0 <r <R,

K(r)=BlT(r)>O. (3.18)

To see this let R, be the first positive zero of K. Using (3.17) together with
the second equation in (3.13), we have

d
7 [r" YKz’ —~K'z)]=r""'[G,A,z— G, ,wK]

=G,A,zr" '+ 0(e).
If we integrate this from r=0 to R,, we get

R
“RyK(R) 2R = [ Gudyzr 4 0G). (3.19)
0

Now as K'(Ry) <0, z(Ry)<0, and the integral in (3.19) is positive, we
obtain a.contradiction if ¢ is sufficiently small. Thus K(r)>0on 0<r<R.
Hence (3.18) is valid. In a like manner, we can show that on 0 <r<R

_Az(’)
£

J(r)y= >0. (3.20)

We can now complete the proof that (a,(r), b,(r))=(0,0). Thus
comparing (3.11) and (3.13) gives

_4(0) b,(0)
al(r) - W’(O) Al (r) + 21(0) A2(r)
o . (3.21)
by =20 g () 21O g

wi(0) z'(0)
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and comparing (3.12) and (3.13) gives

w(r)=A,(r)+ A,(r)
z(r) = B,(r) + B;(r).

It follows that
A (Ry=w(R)— A,(R)=w(R)—¢J(R)
B;(R)=z(R)— B,(R)=z(R) — eK(R),

SO
A,(R) B,(R)— A4,(R) B,(R)
(W(R) — eJ(R))(z(R) — eK(R)) — e*J(R) K(R)
= w(R) z(R) — e(J(R) z(R) + K(R) w(R)). (3.22)

I

Now from (3.12), w(R) <0 and z(R) < 0; hence
A,(R)B,(R)— A,(R) B,(R)>0. (3.23)

Thus from (3.21) and (3.23) we conclude that a}(0)=57(0)=0, so (3.21)
shows that a{(r)=0=b,(r).
Finally, we show (ay(r), bo(r))=(0,0) for N> 2. We have

-1 A
aly+ - a§v+[/12f’+sF.,+*r§] ay+eF,by=0

—1 A
b;+”——r b'N+[g'+eG,,+r—§“] by

(3.24)
+¢G,ay=0, 0<r<R,
ay(0)=0=>5,5(0), an(R)=0=>by(R).
Consider the equations
" n_l 2 )'N
S +—r—S’+ /If’+eFu+r—2 S+eF,T=0
” n_l ’ ’ A’N
T +—r—T+ g+sG,j+-r—2 T+¢G,5=0 (3.25)

S(0)=0= T(0).
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We denote by (S;, T;) and (S,, T,) the solutions of (3.24) satisfying
(8'(0), T'(0)) = (w'(0), 0) and (S'(0), T'(0)) = (0, Z'(0)), respectively. Then
from (3.24) and (3.25), we have

_ay(0) b (0)
aN(r)_ W’(O) Sl (r)+ Z’(O) SZ(r)
2 (0) 51y (0) (3.26)
bN(r)= W,(O) Tl (r)+ Z’(O) T2(r)'

Using (3.25), it is easy to see (as before) that

T,(r)=0(g) and S, (r)=0(e). (3.27)
Now let H= A, —§,. Then using (3.13) and (3.25), we obtain
-1
H”+n—r——H'+[izf’+aF,,+%] H

A
+ lr2 NS, +¢eF,(B,—T,)=0, (3.28)

H(0)= H'(0)=0.
Now from the first equation in (3.12) and (3.28), we have

g; [r"~Y(HW — H'w)]=r""*(A,— iy) S;w+ O(e). (3.29)

Now §5,(0)=0, and since as before S,(0)=w'(0)=u"(0)~ f(0)/n<0, we
have §,(r) <0 for small r>0. Thus from (3.28), H(r) >0 for small r>0.
We assert that H(R) > 0. If not, let R, be the first positive zero of H. Then
integrating (3.29) from r=0 to R, gives

RS H (Ro)wRe) = [ 73— 4) Sywdr 406 (330)

But as H'(Ry) <0, w(R,) <0, and the integral in (3.30) is positive, we
arrive at a contradiction. Thus H(R) > 0, as asserted. Moreover, it is easy
to see that H(R) is bounded away from zero, uniformly in &, for small £ > 0.
(This follows from (3.28) if we set e=0.)

In a similar manner, we can prove that A(R)= B,(R)— T,(R)>0, and
that A(R) is bounded away from zero, uniformly in ¢, for small ¢ > 0. Now
we compute (cf. (3.22))
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S1(R) T5(R)—=S,(R) T, (R)
=(4,(R)— H(R))(B,(R)— H(R)) + O(¢")
= (w(R)— eJ(R) — H(R))(z(R) — eK(R) — H(R) + O(&?)
= (w(R) — H(R))(z(R) — A(R))
—e[J(R)(z(R) — H(R)) + K(R)(W(R) — H(R))]
+&e2J(R) K(R) + O(e?),
so that S, (R) T,(R)— S,(R) T, (R) >0 for small ¢ >0. Now if we set r=R
in (3.26) and recall that a,(R)=0= b, (R), we see that a)y(0)=0="5}(0),

so from (3.26) it follows that (a,(r), by(r))=(0, 0), N = 2. This completes
the proof of Theorem 3.1. ||

We also have

THEOREM 3.2. Assume that f and g belong to the class ¥, and that (3.2)
holds. If A= A(e), R<R(A(e), &), and £>0 is sufficiently small, then the
solution

(u(r)) _ (u(r; P(R); A(g), €), q(R; A(e), €); A(e), 6)>
u(r) v(r, p(R); A(€), €), q(R; A(e), €); A(e), €)

of (1.4) is nondegenerate.

We omit the proof since it is essentially the same as the last proof.
Finally, we have the following degeneracy result.

THEOREM 3.3. Assume that f and g belong to the class &, and that (3.2)
holds. If 2 = A(e), R= R(A(e), &) = R, and &> 0 is sufficiently small, then the
solution

(u(r)) _ (u(r; P(R); A(e), £), q(R; A(e), €); A(e), 8)>
o(r) o(r, p(R); A(e), ), q(R; A(e), €); A(e), &)

of (1.4) is degenerate. The kernel consists of elements of the form
(U(x), V(x)) = (u'(r), v'(r}) &, (0).

Proof. 1f we expand U and V in terms of spherical harmonics, as in
(3.4), then the same proof as in Theorem 3.1 applies to prove that
{ay(r), by(r))=(0,0) for N=0, and N>2. For N=1, (a,(r), b,(r))=
(u'(r), v'(r)) solves (3.5) and (3.5)a (cf. Theorem 2.1B, part ii). Moreover,
we claim that the solution (#', v")®, is unique in the sense that it spans the
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solution space of (3.1). To see this, we consider (3.21) at r=R. Using
(3.18), (3.20), (3.22), we obtain

_a1(0)

o b(0)

_aO e B0
= w’(O)( eK(R) + 21(0) (—eK(R)).

But as above we can show that (3.18) and (3.20) hold, at r=R, so it
follows that a (0)/w'(0) = b;(0)/z’(0). Thus (3.21) takes the form

1(0
al(r)=%0;ul(r)+x42(r)]
4(0)

b1(r)=m[31(r)+32(r)]-

Thus every solution of (3.11) satisfies these equations. It is clear from this
that the solution (a,, b,)= (', v')=(4,+ A4,, B, + B,) spans the solution
space of (3.5), N=1. It follows at once that (u,v')®, is the unique
solution of (3.1). This completes the proof. |

4. SYMMETRY BREAKING

In view of Theorems 3.1, 3.2, and 3.3, the positive radial solution
u=u(r; p(R; 4, €), q(R; 4, €); 4, €)
v=u(r; p(R; 4, ¢), g(R; 1, ¢); 4, €)
of the system (1.4) is degenerate only at A= A(g) and R = R(A(e), ¢). Since

we are alwlays assuming that f and g are in the class %, it follows that
(cf. (2.32)) for small &> 0,

ou Ou
op oq
v oOv
ap oq

det (R(Ale), e); p(R; Ale), &), g(R; Ale), e); A(e), €)>0.  (4.1)

Thus the equations

u(R; p, q; A(g), e)=0

(4.2)
v(R; p, q; A(e), £) =0
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uniquely define two functions p=p,(R) and g=g¢,(R) on an interval
[R,(g), R,(¢)] containing the point R(A(¢), ¢). Thus for every Re [R,(e),
R,(¢)], system (1.4) has a unique radial solution.

In order to avoid cumbersome notation, we shall suppress the
dependence of our functions on ¢; this should cause no confusion. Thus
we write R, =R,(¢), R,=R,(¢), R=R(A(e), &), A=A(¢g), p(R)=p.(R),
q(R)=gq.(R), and

u(r; p(R), q(R)) = u(r; p(R; 4(e), &), ¢(R; A(e), ¢); A(e), )

o(r; p(R), g(R)) =v(r; p(R; A(e), &), g(R; A(e), &); A(e), ¢).

Let 7=[R,, R,] and define the operator
M: {(u, v)e CA(D})* (u,v)=(0,0) on D7} x I - Co%DYY,

by

M(z,, 2, R)= (Ml(zla 22, R))

MZ(ZI’ZZ’ R)

_(A(z,+u)+R2[A2f(z,+u)+sF(zl+u, zz+v)]> (43)
T\ A(za+v)+ R gz +v) +eGlz, +u, z, +v)] /)’ )

where z,=z,(x), u=u(|x|R; p(R), g(R)), and v=0v(|x|R; p(R), g(R)). It
follows that

M(0,0, R)= (g), forall Rel,

and that the equation
U
M. (0, p,R)(V)
=<AU+Azf’(u)U+e(F,‘U+F,,V))_(0 (4.4)
T\AV+g(0)V+e[G,U+G,V] ) \O '

has an n-dimensional solution set spanned by the functions (cf.
Theorem 3.3)

X

(U .
l_xl—l(v')’ i=1,2,..,n
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THEOREM 4.1. Assume that f and g belong to the class &£, and that (3.2)
holds. If 1= A(e), R=R(A(e), &), then the symmetry breaks on the
degenerate solution

(u(r; P(R; Ae), €), q(R; A(e), £); A(e), 8))

_ _ 4.5
o(r; p(R; Ale), ), (R Ale), ); Ae), 2) (3)

of (1.4).

Proof. As was shown in [SW2, SW31, in order to prove that the sym-
metry actually breaks at R= R, we can verify the following transversality
condition

[ (U, V) M.e00,0,R) (g) #0, (46)

for all solutions (U, V)* of (4.4).
In order to verify (4.6), we compute:

9°M,(0,0, R) 8°M,(0,0, R)

_ 0z,0R dz,0R
M _,(0,0, R)= ! _ 20 .
e ) 0°M,(0,0, R) 9°M,(0,0,R) |’ (4.7)
dz,0R dz,0R
M, (0,0,R) - . I
52.9R =2R[A%f"(u)+¢F,]+R T [Af"(u) +¢F,],
0°M,(0,0,R) _, d
—*W—ZR[EFU]-FR E{. [SFU:],
-9°M, (0, 0, R) d (4.8)
bl A St A I P 54 R ___
5. R 2R[¢G,}+R R [¢G.],
M,(0,0,R) __ L d
W—ZR[g(v)+sGu]+R ﬁ[g(v)-l-eG,,].

But as p’(R)=¢q'(R)=0, we have
i LA (u)+eF, = [A*f"(u)+¢F,,] [LQ (rR; p(R), ¢(R
7R u wl| 2ar u(rR; p(R), q(R})

0 _ _ —
+&F,, [% E» v(rR; p(R), Q(R))],
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d r 0 _ _
—[eF 1= - .
R [eF,] sFuv[Raru(rR, P(R), q(R))]

+eF,, [%—667 u(rR; p(R), CI(R))],
(4.9)
Ror
+¢G,, [% 5 v(rR; p(R), q(ﬁ))],

d 0 = =
R [810) 6.0 = [£70)+ 26,1 | £ 2 o0 R R |

0 _ - —
+ SGuv I:%E_ u(rR; p(R)a q(R))]

Now if a(r)=4'(rR; p(R), g(R)) and b(r)=0v'(rR; p(R), g(R)), then (4.6)
holds if (cf. [SW3])

rl

/ N\
AEJO (a, b) M_(0, 0, R) (‘;) r 1 dr 0.

Now
M, (O, 02 0, R
e j 6M(OR)2+ M (0, )
0z,0R 0z,0R
0*M,(0,0, R) °M,(0,0,R) ,T .,
220k P om0 J’ dr

=f {2R[A7'(u)+eF,,] + RI[AY"(u) +¢F,, ] ia—“} 21 gy
+f {ZR[g( )+¢G,]+ R*[A%g (v)+sGuu] }bz "1 dr + Ofe)
(4.10)
f { [RA(A’f"(u) +¢F,)] a(r)
+E [Rri(g'(v) + £G,)] bz(r)} "~ Vdr 4+ Ofe)
= _,[; Rr? {(Azf’(u) +¢F,) Ed; (a*(r)r"—?)

+(g'(v)+¢G,) gr—} (bXr) "~ %) dr + O(e).
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But 4 and b satisfy

1 —1
B &+ R[A )+ F,Ja——

a’+ a+R*eF,b=0

r2

_1 _
b +"Tb' + R[g'(v)+¢G,1b
(4.11)
n-—-1 >
- b+ R*eG,a=0, O<r<l,

a(0)=0=5(0), a(1)=0=>5(1),a'(1)>0, b'(1)>0,

so that

11 —1 —1
A= —:[a”-{»n PO 5 a] [2ar+(n—2)r""'aldr
o R r r

11 —1 —1
+j -_-[b"ﬂ-r—zb'—"r2 b] [26'F" + (n—2) r"~ ] dr + O(e)

0 R

1
=-1:J i[r"(a’)2+(n~2)r"‘1aa’—(n—1)r”‘2a2] dr
R dr

1
l_'( i[rn(b')2+(n_z)r"“bb’—(n—1)r"'2b2] dr + O(e)
R0 dr

+

[(@(1)*+(5'(1))* ]+ Oe)

= | =

RL(4%(0))* + (£(0))*1+ O(e)
>0,

for small ¢>0. This proves the transversality condition, and we thus
conclude that the symmetry breaks on the solution

(u(r; p(R), g(R)), v(r; p(R), 4(R)));

thus the proof of the theorem is complete. |

5. REMARKS

1. For systems of the form (1.2), Troy [T] has shown that if f,>0
and g, >0, then all positive solutions of (1.2) must be radial functions.
Thus if F,>0 and G, >0, positive solutions of (1.4) must be radial func-
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tions. Our Theorem 4.1 asserts that there are asymmetric solutions bifur-
cating out of the degenerate solution (u(r; p(R), g(R)), v(r; p(R), g(R)).
But since u'(R; p(R), ¢(R))=0=1v'(R; p(R), g(R), the bifurcating asym-
metric solutions cannot be positive for R near R. Thus Theorem 4.1 is
consistent with Troy’s result.

2. From our dislcussion of (3.17), we can show in a completely
analogous manner that

K(R)<0 if G,<0
and ) (5.1)
J(R)<0 if F,<0.

We shall use these to show that the result of Troy [T], which we have
discussed above, is, in a certain sense, the best possible. In fact, we have the
following theorem.

THEOREM 5.1.  Consider the system (1.4), where f, ge &. If F,<0 and
G, <0, then this system admits positive asymmetric solutions.

Proof. Define A(R) (cf. (3.22)) by
A(R)=A4,(R) B,(R)— 4,(R) B{(R), (5.2)

R,(A(e), ) S R< R(A(e),e). Then as we have shown in the proof of
Theorem 3.1 (see (3.22), ff.),

A(R)=w(R) z(R)—e[J(R) z(R) + K(R) w(R)], (5.3)

where w=u' and z=1v". We shall first prove that for some ¢, 0<e<g,,
there is an R such that

A(R)=0. (5.4)

To do this, note that for any R in the above range, Theorem 2.1, part (ii)
implies that »'(R) <0 and v'(R) <0. Thus at £=0, 4(R)>0 for some R,
R,(A(0),0)< R < R(A(0),0). Tt follows that for small ¢ there is an
R, < R(A(e), ¢) with

A(R,)>0. (5.5)

Fix such an ¢ for which (5.4) holds. Now consider (5.3). Since F, <0 and
G,<0, we have that (5.1) holds for all R satisfying R, (A4(e), )< R<
R(A(¢), €). Thus e[J(R) z(R) + K(R) w(R)] > 0. Since (w(R), z(R)) = (0, 0)
as R— R, and J(R) K(R) #0, we see from (5.3) that 4(R) <0 for R near
R, R< R(A(¢), ¢). This, together with (5.5) shows that (5.4) holds.
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Now consider Eq. (3.21) where (w(r), z(r)) = (¥'(r), v'(r)), and

(u(r) ) _ (u(r; P(R; Ae), €), q(R; Ae), e); A(e), 8))

~ — _ ) 56
v(R) v(r; p(R; A(e), &), q(R; A(e), ¢); A(e), €) (56)

Then from (3.21), we have, at r=R,

G(0) ; 1, B0

w0 ")

GO) o B0
w(0) B, (R)+——~ 2(0) B,(R)=0,

and since (5.3) holds, this system has a nonzero solution, ie.,
(a}(0), b1(0)) #(0,0). In fact, a7(0)#0 and b7(0)#0, as follows easily
from (5.1). Hence a,(r)#0 and b,(r)#0. Thus for some R < R(A(e), ¢),
the kernel of the linearized operator about (5.6) is of the form
(a;(r), b,(r)) @,(0), as follows easily from the same sort of arguments as
in the proof of Theorem 3.3. Now as in the proof of Theorem 4.1, since
a;(R)#0 and b (R)#0 (otherwise a,(r)=0=5,(r) since a,(R)=0=
b,(R)), we see that the symmetry breaks on the solution (5.6). Since
#'(R)<0 and v'(R) <0, it follows that the bifurcating asymmetric solution
is positive on |x| < R. This completes the proof. |

3. We note that our results hold for systems of n equations of the
form

duy (x)+ fi(uy(x)) + &, Fy(u(x))=0
A“z(x)'*'izfz(uz( )+ & Fy(u(x))=0

Aun(X)+l,.f,.(un(X))+6nFn(u(X))=0, |x| <R,

with Dirichlet boundary conditions

u(x)= (uy(x), ., u,(x))=0,  |x|=
where each f,e #,1<i<n The proofs for this general case are
straightforward extensions of those which we have given for the case n=2.

For these equations, the analogue of condition (3.2) takes the form
0F;/0u;> 0 for each i # j.
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