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We discuss the prospect and difficulties of having a neutrino with a large magnetic moment and a naturally small mass in the 
SU(3)LXU( 1 ) model. 

Over the last few years, there has been a consider- 
able interest in the neutrino magnetic moment,  ¢t.,. 
in an attempt to understand [ 1 ] the solar neutrino 
problem [ 2 ]. The required value of/~.,, is of  the or- 
der of  ( 1 0 - 1 ° - 1 0 - 1 1 ) f l  B (,uB=e/2m,, is the Bohr 
magneton).  However, among other things [ 3,4 ], this 
scenario suffers from a theoretical difficulty associ- 
ated with the compatibility of  a large #~,, with a nat- 
urally small neutrino mass. Recently, the first step in 
attempting to solve this problem has been taken [ 5 ]. 
The idea is to realize an SU (2 ) ,  symmetry suggested 
originally by Voloshin [6] in viable theoretical 
models. An interesting feature of  this symmetry is that 
even a massless neutrino is allowed to have a mag- 
netic moment.  However, this particular model, as 
pointed out by its authors, cannot solve the natural- 
ness problem completely. Instead, it only makes the 
problem less severe. While most of  the interesting 
features of  the model have been carefully analyzed in 
ref. [ 5 ], the question of  how less severe the natural- 
ness problem actually is has not been fully addressed. 
Since for the first time in many years we finally have 
an explicit model that appears to have the desired 
feature, it is of  interest to see more carefully ( 1 ) why 
the naturalness problem still remains, and (2) to what 
extent such a problem becomes less severe in com- 
parison with the old approaches [7,8 ]. 

The gauge group of  the model is S U ( 3 ) L x U (  1 )x. 
Following ref. [5],  it contains both the standard 
SU(2)L X U (  1 ) ), and the S U ( 2 ) ,  symmetries as its 
subgroups. The particle content of  the method is 
summarized in table 1, from which the quarks and 

the mirror fermions are ignored for simplicity (mir- 
ror fermions are required to cancel the anomaly).  
Also, scalars which couple to the quarks are neglected 
in our discussion. Including these fields will not 
change our conclusion qualitatively. To have the de- 
sired phenomenology, one finds [ 5 ] that it is neces- 
sary to have 

<71o) < (T2, 3 0 = ),2.= > = 0 .  (1) 

The lepton Yukawa interaction of  the model is given 
by 

3 
2'~'.GO+f~, ~u3t/+ + f '  q/t e~ q 

a=l  

"k-g2 ~2 ~ff2 T 2 + g 3  q/3 ~3 T3 + h . c .  (2) 

The assumption of  only seven terms in eq. (2) among 
the ten fields (~/Jl,2,3, eCl,2.3, ~/, T2,3, ~ )  requires three 
U ( 1 ) symmetries. Evidently, one of  them is gauged 
U ( 1 ) x, and the rest of  the two are global U ( 1 ) sym- 
metries which can be regarded as the "muon-"  and 
the "tau-lepton" numbers, which will be denoted by 
L2 and L3, respectively. Notice that L2 and L 3 are not 
the usual lepton numbers. The usual lepton numbers 
do not commute  with the gauge group in this model. 
Rather, they are two global symmetries which trans- 
form, separately, on the second and the third gener- 
ation lepton triplets. Both L2 and L 3 will be broken 
spontaneously o n c e  <(T2,3)~)1>7~0. One can, of  
course, equally break L2, 3 explicitly by introducing, 
for instance, soft terms in the Higgs potential, if so 
desired. 
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Table 1 
Particle content of the model. The vector bosons, quarks and mirror fermions are not presented in the table for simplicity. 

13 July 1989 

Particles (SU (3)L, U (  1 )x)  

 e  on- ri let 
e aL 

lepton-singlet e,~c (a= 1, 2, 3) 

/r °, r°~ r:3) 
scalar-sextets T2.3= ~T°2 T°2 Tfi 

\T+3 T+3 T~3 + 2,3 

scalar-triplets O = (:7)2 , q= (qV)rlZ 

\~o r/o 

(3, -~)  

( l , l )  

(3,-~) ,  (3, -~)  

A conserved electron-lepton number ,  L,,, is re- 
qui red  i f  v,, is to be a Dirac  particle.  It is a l ready seen 
that  L,, cannot  be a global symmetry  of  the model.  
Such a lepton number ,  i f  it exists, must  therefore be 
a l inear  combina t ion  o f  the generators of  the gauge 
and the global U(1  ) symmetr ies  descr ibed above. 
Furthermore,  the assignments of  Lc must  be such that 
fields which get vacuum expectat ion values have 
Le=O. With this constraint ,  we found that, in the 
fundamenta l  representat ion o f  SU (3)  c, L~ is 

Lc=L2 +L3 + ½~f3 2g + ½23 - Q .  (3)  

Here Q is the charge opera tor  of  the model  

Q=X+ ½23 - 2 s / 2 ~ f 3 ,  (4)  

and (20 ) 
2 3 =  1 , 2 8 =  1 0 1 , 

0 -- ~ 0 0 

(5) 

are the diagonal  generators of  SU (3 )c  with the last 
two columns and rows corresponding to the s tandard  
SU (2)  c. The assignments o f  Le according to eq. ( 3 ) 
are summar ized  in table 2, f rom which we see that  
the second and the th i rd  generat ion leptons have the 
same L,, structure and so do the two sextets Higgs 
fields. By contrast ,  the scalar-tr iplets ~ and q have 
different  L,, structure. It is easy to show that  the con- 

Table 2 
The assignments of L,,. Here q/2.3 and/'2.3 carry an L2.3 charge + 1 
and - 2, respectively. 

L,,=L2 + L 3 +  ½V/3 28 + ½23 - Q  

lepton-triplets (:21 
1 \ + 2 / 2 L , 3  L 

lepton-singlets ( -  1 )IL, ( -- 2)2L,3L 

scalar-sextets 

scalar-triplets 

(0 42 
- 4  34 2,3 

\ 0 / 9  +1 , 

servat ion of  Lc, AL,.= 0, follows because AQ = 0 (the 
conservat ion of  charge) and A(L2 +L3 + ½ . ~ 2 8  + 
½23) =0 .  We point  out  that  our Lc assignments for 
the different fields do not agree with that  in ref. [ 5 ], 
where the same Le structure for the first and the th i rd  
generations of leptons  were suggested. We find, in fact, 
that  an L,, assignment  consistent  with that  of  ref. [ 5 ] 
requires 

Le=L2 + ½~f3 28 + ½23-Q. (6)  

In that  case, ( T3)]~ has to carry Le by two units, and 
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consequently L~ cannot be a conserved quantum 
number  because ( ( T 3 ) ° l )  ~0.  Finally, the baryon 
number  of  the model is defined as usual. It is repre- 
sented by a conserved global U ( 1 ) symmetry. 

It is straightforward to show [ 5 ] that the dominant  
contributions to the neutrino mass, m,~, and the neu- 
trino magnetic moment,  /z .... come from diagrams 
with virtual ql.2+ exchanges: 

f / ' '  m21 
m~,,= i~-z~2 m~ l n - - v  - , (7) 

m~2 

f f  em~ [ 1 m 2, 1 m,l~2 "] 
p,,,= 16n2 ~ , ~  l n - ~ -  + ~ T l n - ~ - T j ,  (8) 

where qt,2 are the charged components o f  the r/triplet 
with masses m,~,, m,~2 >>me. From eqs. (7) and (8) 
one sees that rn,,, can be made very small while/z,,, 
maintaining large provided q~ and q~ are very degen- 
erate in mass. The essence of  the model is that in the 
limit the original gauge symmetries are exact, one has 
m,7, = m,~:. As a consequence, m,,, = 0 but/z~,, # 0. 

Unfortunately, nature does not seem to have such 
a symmetry. The original S U ( 3 ) L × U (  1 )y has to be 
broken down to SU (2)L × U (1)y  at an energy scale 
at least of  the order 1 TeV and, consequently, rn,,, is 
necessarily not zero. Assuming m,,, < 20 eV as would 
be required from experiments, one finds [ 5 ] that in 
order to have/z,,, ~ 10-1 l/tB, it is necessary to require 

zXm,~ 
< 10 4-10-5 , (9) 

m;~ 

where Arn~ = I m p , - m  2 ,~2 [ and m,~ > 1 TeV is the av- 
erage of  m~, and m~2. Eq. (9) turns out to be the 
naturalness condition of  the model. 

The reason that this model cannot solve the natu- 
ralness problem completely is because condition (9) 
cannot be realized in the present model in a natural 
way. In fact, since r/l belongs to SU(3)L, it should, 
therefore, have a mass of  the order of  the SU(3)L 
breaking scale. On the other hand, 1/2 is part of  the 
SU(2)L doublet and thus its mass should be of  the 
order of  100 GeV. Consequently, Arn~~m~, and 
hence Am,~/m,~~O(1) which is about 10-4-10  -5 
orders of  magnitude too big. Thus, condition (9) can 
only be realized in the present model by means of  fine- 
tunings. Indeed, ignoring a small contribution from 
the gauge invariant quartic coupling 

f,t,,fa,l~cO,,q~,O*a' q.l,' , ( 9 ' )  

where f i s  the SU (3)L structure constant and a, a', b, 
b', c = 1, 2, 3 are the SU (3) c indices, we find that one 
way of  satisfying condition (9) is to tune the coeffi- 
cients in the coupling 

]~2 ( T2 g/)t ( T2 q) "1"-~-3 ( T3 r/)t ( T3 r/) 

+£2(T~_rl)*(T*~l)+£3(T*3~l)*(T~rl) , (10) 

of  the Higgs potential to be 10-4-10  s orders of  
magnitude smaller than the coefficients in the 
coupling 

(r/+r/) [222Tr( T~ T2) +233Tr( T~ T3)] . (11) 

Such a tuning is required because eq. (10) only con- 
tributes to m,~, and hence to Arn,~, whereas eq. ( 11 ) 

2 contributes equally to m,~, and m~2 and thus to rn,~. 
Including the quartic term in eq. ( 9 ' )  requires an ad- 
ditional moderate fine-tuning of  the order 10 -2 on 
its coupling constant. Alternatively, we may adjust the 
parameters of  the model in such a way that contri- 
butions to Am 2 from different terms, say in eq. (10),  
cancel almost exactly among themselves. Still, one 
sees from eq. (10) that in this case a tuning approxi- 
mately of  the order of  10 -4-10 5 is required. 

Evidently, all such tunings are not natural in the 
technical sense because, for instance, setting 22,3, 
22.3 = 0 does not enlarge the symmetry of  the model. 
For example, even if one chooses 22, 23=0 at tree 
level, divergent radiative corrections to 22 and 23 will 
arise through one-loop diagrams connecting the 
quartic coupling 

(0+r/)* (0*q) ( l l a )  

to terms 

( T2.30)* (T2,30) ( l i b )  

in the Higgs potential. This implies that in order to 
satisfy condition (9), the arbitrary fine-tunings de- 
scribed above have to be carried out through all 
orders. 

That the model makes the naturalness problem less 
severe may be viewed as follows: First, unlike all the 
other models, it has a symmetry which, if unbroken, 
allows a massless neutrino to have a magnetic mo- 
ment. We believe that if there is a model, which is 
able to solve the long standing naturalness problem 
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at all, it mus t  at least have this feature. F r o m  this po in t  
o f  view, it is reasonable  to conc lude  that  the mode l  at 
least has the des i red ( i f  no t  the correct)  l imit .  Sec- 
ond,  the degree of  f ine- tun ing  becomes  somewhat  less 
severe in compar i son  with some other  mode ls  [ 7 -9  ]. 
To be more  specific, we cons ider  #,,, in  SU (2)L × 
U ( 1 ) r models ,  where  one f inds  [ 10 ] that  #,,~ is di- 
rectly p ropor t iona l  to m,,,: 

#., = 6 ×  10_~8 m~,. (12) 

Such a propor t ional i ty  is na tura l  in  the technical  sense 
because  the l imi t  m,,,-~O a n d  # , e ~ 0  cor responds  to 
the usual  chiral symmetry .  For  tha t  reason,  we m a y  
regard eq. (12)  as the na tu ra l  so lu t ion  of  #,,. in  gen- 
eral ~.  By contrast ,  in  mode l s  d iscussed in refs. [ 7 -  
9] ,  one in t roduces  new physics  [7,8] to make  addi -  
t ional  con t r i bu t i ons  to #,,, be p ropor t iona l  to a heavy 
mass  m~rr with m~rr ~ 1-10  MeV [ 9 ]. Fu r the rmore ,  
in  contras t  to the SU ( 3 ) L × U ( 1 )x mode l  where  the 
requi red  f ine - tun ing  is i n t roduced  in  the Higgs po- 
tent ial ,  in these models  it takes place a m o n g  the dif- 
ferent  mass te rms  in the Yukawa  in terac t ion .  The  de- 
gree of  f ine - tun ing  of  these mode ls  can therefore be 
measu red  direct ly in  te rms  of  the na tu ra l  so lu t ion  of  
the S U ( 2 ) L × U ( 1 ) r  mode l  [see eq. ( 1 2 ) ] ,  

m~,, ~ 1 0 _ 6 _ 1 0  7, ( 13 )  
metT 

which is p robab ly  abou t  102-103 t imes  worse t h a n  
that  suggested by eq. (9 ) .  

In  s u m m a r y ,  we have s tud ied  the na tu ra lness  prob-  
lem of  hav ing  u,, with a large P,e an d  smal l  m,,. in the 
S U ( 3 ) L  × U ( 1 ) x  model .  Al though this mode l  has 
m a n y  in teres t ing  features,  it still c a n n o t  solve the 
na tura lness  p rob l em completely.  We have shown ex- 
plici t ly that,  in  order  to genera te  a suff icient ly large 
#~,,, one  has to f ine - tune  the paramete rs  in  the Higgs 
po ten t ia l  so tha t  m,,, can  r e m a i n  small.  We bel ieve 
that  the necessi ty o f  f i ne - tun ing  in this mode l  arises 

A natural solution like eq. (12) with a slightly larger coeffi- 
cient can, in principle, be obtained in extended models if, for 
instance, the model has scalars with masses smaller than Mw. 
The enhancement on /z,,. is typically of the order of (M,./ 
MI~) 2, where MH is the Higgs boson mass. However, if,u~,, is 
generated from one-loop diagrams, the scalar fields have to 
carry charge and hence (Mw/MI~)2< 10. 

because  the or iginal  SU ( 2 ) ,  symmet ry ,  which is pre- 
cisely i n v e n t e d  to p reven t  the f ine- tuning ,  has to be 
b roken  at an energy scale higher  than  that  for gener- 
a t ing #,,,. As a result, the would  be of  interest  SU (2)  
symmet ry  becomes  more  or less i r re levant  for the 
discussion of  the natura lness  problem. Finally,  we add 
that  we have ignored  through our  d iscuss ions  scalar 
fields which do not  couple  to the lep ton  sector for 
s implici ty.  It is easy to show that  inc lud ing  them will 
no t  change our  conc lus ion  quali tat ively.  

The  au thor  wishes to t hank  Professor  L inco ln  
Wolfenste in  for interest ing discussions. He would also 
like to t hank  M i r i a m  Leurer  for her  pa r t i c ipa t ion  in 
an earl ier  explorat ion.  This  work was suppor ted  in 
par t  by the US  D e p a r t m e n t  of  Energy. 
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