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A WEAK ESTIMATE OF THE FRACTAL DIMENSION OF THE MANDELBROT BOUNDARY
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A techniqueto computefractaldimensionasdefinedby theKolmogorovcapacityis discussed.The methodis usedto compute
fractal dimensionfor severalstandardcurvesandtheboundaryof the Mandelbrotset.This estimateof fractal dimension,al-
though veryrough, refutesMilnor’s conjecturethat theHausdorffdimensionof theMandelbrotboundaryis 2.

1. Introduction 2. The method

The fractal dimensionof an object is currently We beginby statingthedefinition of Kolmogorov
being utilized to explorea variety of physicalphe- capacityd. as given in ref. [51,
nomena [11. Measurementsof fractal dimension
havebeenmadeto gain insights into molecularag- d. = urn log N(~)/log(1 /~)
gregation,galaxies,protein behaviour,andgeologi- .0

cal formations [2,31. The needto estimatedimen- whereif the set in questionis a boundedsubsetof a
sion numericallyhasalso arisenin severalproblems p-dimensionalEuclideanspaceF”, then N( �) is the
connectedwith turbulence theory, the analysisof minimum numberof p-dimensionalcubesof side ~
stochasticityin dynamicalsystems,andin combus- neededto cover the set.
tion theory [4]. Onedefinition of fractal dimension The numericalmethodsusedin the literatureto
is given by the Kolmogorov capacity [5]. The ca- estimatecapacity requirecoveringof the object of
pacity is an upperboundto the Hausdorffdimen- interestwith balls of variousradii. Thedimensionis
sion for all objectsand identicalto the Hausdorffdi- then computedby measuringtheslopeof the log—log
mensionfor a wide classof objects [6]. graphof numberof coverelementsversustheradius

One important and highly complex theoretical of the cover elements.
fractalsetis theboundaryof theMandelbrotset.The The main differencein thesemethodslies in the
Mandelbrotset classifieschaotic behaviourfor all method of determiningthe cover. A standardap-
complexquadraticfunctions [7]. Unfortunately, it proach to forming a cover of a closedcurve is to
is not a strangeattractorandthusnot amenableto “walk” along the curve with uniformly sizedsteps.
more efficient methodsof determiningfractal di- Thishasbeenusedto find the fractal dimensionof
mension[8]. Further,at present,the Hausdorffdi- coastlinesandparticlesin nature [9—111.By walk-
mension of the Mandelbrot boundary (aM) has ing the curve with uniform covers, the numberof
eludedanalyticaldetermination.This paper inves- coverelementsneededto completethecoveris close
tigatesa methodof numericallyestimatingfractaldi- to the minimumnumber.An initial attemptto uti-
mensionwhich is usedto give a weak upperbound lize this methodin investigationof the Mandelbrot
for the Hausdorff dimensionof the Mandelbrot boundaryhasshownto be impractical.The branch-
boundary. ing andcomplexity of v’9M is suchthat computeral-

gorithmsattemptingto traversethis curve with no
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memory of paststepsturn backon themselvesand arypoints.Thisreducesthe numberofcomputations
wanderforever.Adding memoryof all paststepsin- from order n2 to ordern.
volves thebuilding of a datafile of boundarypoints, The methodbegins with a list of sidesof squares
which, again due to the complexity of the Mandel- known to containboundarypoints.Eachelementof
brot boundary,would proveto be uninformativeon the list is sequentiallyexaminedto determineif any
large scalesof length and unreasonablytime-con- of thesix surroundingsquaresegmentsintersectsthe
sumingon small scalesof length. boundary.Sidesof squaresthat contain boundary

Anothermethodof estimatingcapacityis to usea pointsareaddedto thelist. Segmentsin the list that
box-countingmethod.The objectof studyis placed fail to contain boundarypoints are removedfrom
on a grid ofjust-touchingsquareboxesof sidelength further consideration.In this mannera minimum
2”. Let N(n) denotethe numberof boxesof side numberof points are analyzed. From this list of
length2~”which intersecttheobject.It canbeshown squaresides,it is easyto obtain a list ofsquarecover
[6] that the capacityd~is also given by elementsandgeneratethedouble-logplotwhoseslope

estimatesthe fractaldimension.
d~=urn logN(n)/1og2~.

3. Results
Chorinhas usedthis method for the estimationof
zerosof Brownian motion [4], andClarkehasap- Themethodwasappliedto a segmentof the line
plied thismethodto surfaces13]. In contrasttotheir y=x, the unit circle, the Koch snowflake [10), a
studies,however,theMandeibrotboundaryis much space-fillingcurve similar to the Peanocurve, and
more difficult to locate. Consequently,the maccu- the boundaryof theMandelbrotset.All figureswere
racy in determinationof the setallows someboxes restricted to lie in the rectangle —2 ~x ~ 2,
(coverelements)to escapedetection.UsingChorin — 2~<y~2, with the reflectivesymmetryof the fig-
andClarke’s methodof cover construction,smaller ureswith respectto the x-axis (real axis) exploited
coverelementsembeddedin inaccuratelargercover to ignorepointsbelowthe x-axis.Experimentswere
elementsare also lost from consideration.The performedwith the length of a square’ssideat 2~,
methodutilizedin this studyis a modificationoftheir 2—v, 2 0 and2~Il. The useof lengthsthat are re-
technique. ciprocalsof powersof two allowedthe use of cover

The differencebetweenChorin’s methodandthe elementsthatarerepresentedby integers.Thismade
methoddiscussedin this paperliesin the mannerof computationssimpler and more accurate,and al-
generatingcover sets.Ratherthanbeginningwith a lowedtheuseof Richardsonextrapolation[13). The
largestinitial cover,webeginwith thecoverof finest side of cover squarewas considerednot to contain
resolution.From thiscover, larger coversare more a boundarypoint if after checking17 equallyspaced
easilyformed.Further,subsequentcoversare at least pointson thatsegment,no two pointswerefoundon
asaccurateastheir predecessors.Potentialcoverele- different sidesof the boundary.Subsequentcovers
mentsare formedby dividing the planeinto a uni- hadsides that rangedin length from twice to eigh-
form grid of squares.A cover consistsof a set of all teentimesthelength ofthe original coversize.Least
squareswhich contain both interior and exterior squaresanalysiswas usedto determinelowerbounds
pointsof the objectof study. for the dimensionas the absolutevalueof the slope

Theconnectednessof anobject’sboundaryis used of the log—logplotof covernumberversuscoversize.
to reducethe numberof pointsthatneedto be eval- This sequenceof valueswas then acceleratedusing
uatedfor membershipin the object. Douady [121 Richardsonextrapolationto computea bestestimate
showedthat the Mandelbrotset is connected,and for thefractal dimension.
henceis appropriatefor thismethodof analysis.The Although determinationof the boundaryof line
connectednessof a boundary implies that cover segmentsand circles is straightforward,the Koch
membershipcanbe determinedsolely by checking snowflake,the space-fillingcurve, andthe Mandel-
the perimeterof a squarecover elementfor bound- brot set requireiterativeschemes.A point is consid-
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ered outsidethe boundaryof the snowflake if it is
exterior to the original triangledefining the zeroth
iterationof the snowflakeand is exteriorto that tri-
angleafter 32 appropriatetranslationsandrotations.
ThecomputedKochsnowflakeis shownin fig. 1. The
space-fillingcurve is approximatedby a grid of 364

lines in both the x andy directionsrestrictedto the
unit square(seefig. 2). A point ~t is consideredout-
side the boundaryof the Mandelbrotset if the for-
wardorbit of 0 has complexmodulusgreaterthan2
after 256 iterationsof the map J~(z)=z

2—ji.The

Fig. 3. Approximationto Mandelbrotboundary.

ary is shown in fig. 3.computedapproximationto the MandelbrotBound-

4. Analysis and error

In order to verify the method,the programwas
testedon severalcurveswhosecapacitiesequaltheir
Hausdorffdimensionsand are known exactly. The

estimatesfor the capacityof thesecurves are pre-
-~ sentedin table 1, along with an estimatefor theca-

pacity for the Mandelbrotboundary.
Fig. 1. Approximationto Koch snowflake. Theprogramusedwasrun ona 6 mipsVax in dou-

ble precisionFORTRAN. Thefinestcoverof öM re-
quiredapproximately10 hoursof cpu time and800
kilobytesof main memory.The double-logplots of

\\X~~~ In general,smallercover sizesproducebetteres-~ datawith finest resolutionappearsin fig. 4.
timatesof capacity.Hence,estimatesfor eachcurve
are monotonically increasingwith n. As n is in-

________________________ creased,the estimatesof d. approachthe true value
from below. Computer roundofferror entersthe
computationonly in the determinationof the seg-
ments that intersect an object’s boundary. Once

\\\\~ ~i~\~5xe~\ boundarysegmentsare determined,the remainderof thecalculationinvolve only integersandare exact.Further, due to the inherentdrawbacksin the
(0, 0)

computationalmethod,the resultsobtainedfor the
Mandeibrot boundaryshould be takenas a lower
bound,andnotasestimatesof thecapacityitself. We

reprcscn ES he exted or makethis assertionfor threereasons:first, a corn-
Fig. 2. Enlargementof space-fillingcurve. puter cannotcheckall pointson the perimeterof a
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Table I

Curve Capacity Capacity Capacity Capacity Estimated Theoretical
for~=2

8 for ,2~ fors=2’° for~=2.° capacity capacity

line segment 0.99 0.99 0.997 0.999 1.000±0.0003 1
unit circle 0.95 0.965 0.995 0.997 0.997±0.01
Kochsnowflake 1.24 1.25 1.27 1.26 1.26 ±0.02 1.2619
Peanocurve 2.0 NA NA NA 2.0 ±0.01 2

1.29 1.42 1.52 1.61 1.64 ±0.1 unknown

Numerical errors were introducedinto the corn-
= S~owfIako putationfrom two sources:thedeterminationof the

10’ ~Maed~brot boundaryanddeterminationof slope of the curve.
Theerrordue to determinationof theboundarywas

assumedto be normally distributed, so that a least
squaresdeterminationofthe slopeprovidedthe best

io’ estimate.However, the statisticalerror boundsdo
nottakeinto accountthattheslopesarepartof alimit

I - ‘ ‘~, process.It was thereforedecided to use the error
£ . boundspredictedby the Richardsonextrapolation

0’ method.Thiserrorprovedto beaccuratefor all base
curvesexamined.

10’ —----- ~ 5. Conclusions
10’ 10 10’

n (rathus of Cover)

Fig. 4. Double-logplot of coverdataatfinestresolution. It appearsthat the methodyieldsa weak estimate

of the fractal dimensionof objects in a reasonable
coverelementfor membershipin theMandelbrotset, amountof time. Thesimplicity of themethodallows
and hencevery fine featuresof 8M will be over- it to beusedto measurethefractal dimensionsof ob-
looked.In fact, at theresolutionof2~ manyof the jects that are not strangeattractors.As finer covers
finer filaments of 8M were not found.This would are used, the results for the fractal dimensions
tendto decreasethenumberof smallercovers,while monotonicallyapproachthe true valuefrom below.
scarcelyaffecting the numberof larger covers.This Our estimatefor the fractal dimensionof the Man-
disproportionalchangein the numberof cover ele- delbrotboundaryis d

0 ( ÔM) = 1.64±0.1. Thisresult
mentsdecreasesthe absoluteslope of the log—log lendsevidencethat refutes Milnor’s conjecturethat
graphof coverelementsto coversize, and thuslow- the Hausdorffdimensionof ~M is 2 [14].
erstheestimateof thecapacity.Second,the iteration Thismethodfor computationof fractaldimension
processusedto determinemembershipin the Man- canalsobeappliedto the boundariesof anysetsthat
delbrot set allows nearbyexterior points to be con- haveconnectedexteriorsandinteriorswith non-zero
sideredpart of the set.This tendsto thicken the set measure.This extensioncanincludeapplicationto
andobscuresomeof themoredelicatefeatures,which high dimensionssuchas fractal surfacesas investi-
would result in lowering the estimatefor the capac- gatedby Clarke [3]. However, such an extension
ity. Lastly, the definition of Kolmogorov capacity would be increasinglytime-consumingwith higher
appliesin the limit ascover size tendsto zero.The dimensionsandmayproveimpractical.The method
detail of the Mandelbrotboundarybecomesmore canalsobe modified to testthe sensitivity of the es-
complexandintricateasoneexaminesit on smaller timate to the shapeof cover elements.
and smallerscales.
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